The lumped model parameters approach for static
and dynamic power-law beam problems
by
Madi Begzhigitov

Submitted to the Department of Mathematics
in partial fulfillment of the requirements for the degree of

Master of Science in Applied Mathematics
at the
NAZARBAYEV UNIVERSITY
Apr 2019

(© Nazarbayev University 2019. All rights reserved.

Author ..o
Department of Mathematics
Apr 29, 2019

Certified Dy . ...
Piotr Skrzypacz

Assistant Professor

Thesis Supervisor

Accepted Dy .. ..o
Vassilios D. Tourassis
Dean, School of Science and Technology






The lumped model parameters approach for static and

dynamic power-law beam problems
by
Madi Begzhigitov

Submitted to the Department of Mathematics
on Apr 29, 2019, in partial fulfillment of the
requirements for the degree of
Master of Science in Applied Mathematics

Abstract

It is important to estimate the natural frequencies of the structural elements in the
design of mechanical or electromechanical structures. There is a wide use of single
lumped-parameter spring-mass models in the industry for materials . Their behaviour
is linear by Hooke’s law within the geometric and loading conditions. In this work, the
lumped-parameter theory is generalized for Hollomon’s power-law materials and the
lumped-parameters for the corresponding nonlinear restoring force in the spring-like
model for the standard geometric and loading conditions of the power-law Euler-
beams are provided. For each case in the given lumped-parameter model the corre-
sponding effective mass is also calculated. Then, the resulting spring-mass system is
solved to validate the solutions as approximations to the corresponding beam system.
Numerical validations of the proposed lumped models for the cantilever beam with
circular and rectangular cross-sections are presented.
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Chapter 1

Introduction

The power-law defined as

c=K|e|" e

is a well-known constitutive equation which is commonly used in the modeling of the
axial stress-strain relations for annealed metals, where stress is denoted by o, the
strain by ¢, and K and n (0<n <1) are material constants. The above power-law
equation is used to model the work-hardening or strain-hardening materials which
is sometimes referred to as Ludwick or Hollomon materials. For some frequent an-
nealed metals the values of K and n can be taken from the engineering literature or

undergraduate textbooks, e.g., see [2] - [4].

These materials and the power-law equation are broadly presented to the sopho-
more level undergraduate engineering students. There are more complex beam equa-
tions that model the power-law materials but their accessibility is limited to the
students, see, e.g., [5]- [7]. Nevertheless, in the literature there is a shortage of math-
ematical models providing simple bench mark analytic or numerical solutions for

modeling mechanical structures made of these materials.

In the literature about power-law Euler-Bernoulli beams, only the cantilever and
micro-bridge beam designs have been obtained. The following work can be useful
for design and construction of MEMS. In [18] authors provide the pull-in voltage

analysis of electrostatically actuated structures of beams with clamped-clamped and



clamped-free end conditions. In the manuscript by Skrzypacz, Nurakhmetov and
Wei [8] lumped model parameters have been obtained for several power-law beams.
Wei and Liu [1] also derived some analytic and finite element solutions for the power-
law Euler-Bernoulli beams. In addition, many attempts and assumptions are being
made to make the design of beams as simple as possible.

In this work, the nonlinear beam equation for the power-law materials is considered
and the lumped-parameter modeling elements useful for MEMS are studied.

The deflection of Euler-Bernoulli beams made of power-law materials can be de-

scribed by the following nonlinear differential equation:

d2
— | KI,
dx? (

where z is the axial location, v(x) is the transversal deflection of the beam, f(x) is

&
dx?

n— p

the external force per unit length which acts on the beam, and

I, = /| y " dyda (1.2)
A

is the generalized second moment of inertia of the beam with cross section A, see [10].
Furthermore, it is assumed that [, is independent of the axial location x.

The study of the lumped-parameter modeling elements includes stiffness and ef-
fective mass coefficients for various types of Euler-Bernoulli beams. The stiffness and
effective mass parameters are calculated using static solutions to power-law Euler-
Bernoulli beams. These valuable parameters will be used to study dynamic behaviour
of micro power-law Euler-Bernoulli beams. Hence, the objective of this work is to
obtain the stiffness and effective mass coefficients for different types of beams in or-
der to study their dynamic behaviour. The intensive symbolic calculations will be
supported by the computer algebra system Maple. The outcomes of this work can

be used by researchers to predict more precisely the sensitivity and frequencies of

MEMS.



Chapter 2

The model equation for power-law

Euler-Bernoulli beams

In the following, the model equation for the power-law Euler-Bernoulli beams will be

derived based on the results from [10]. Let

_ Ou
€x %a
_Ov
Gy = a—y,
_ Ow
€2 %7

be the strain components,

Oz, Uya Oz, Txya 7-yzw Tza
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indicate the relative components of stress and let u = (u(z, y, z,t), v(z,y, 2, 1), w(z,y, z,t))

be the displacement vector. Let

€z Voy V=
D(u) = Yyz €y Vyz
Yoz Vzy €z

and

D(w)| = [ + &+ e+ 292, + 292 + 202,

A general form of the Hollomon equation can be written in the form of |?]:

Oy 1—v v v 0 0 0 €
oy v 1—v v 0 0 0 €y
o, v v 1—v 0 0 0 €,
=C (2.1)
Tay 0 0 0 1—2v 0 0 Yoy
Tyz 0 0 0 0 1—2v 0 Vyz
Toz 0 0 0 0 0 1—-2v| |72
where
o KD

(1+v)(1-2v)
with v and K denoting material constants. In the case of n = 1, K equals the Young’s
modulus of linear elasticity and v the appropriate Poisson’s ratio. The relation (2.1),
with the assumption that o, = 0,, = 0., = 0 for plane stress problems can be

simplified to

o 1 v 0 €

K n—
oy | = 173 1DW) ly1o e | - (2.2)
Toy 0 0 1—-v Vay

If €, = €y, = €., = 0, then identical version can be also obtained for a plane strain.
Now, let us introduce I(u) which refers to the Lagrangian energy functional for a

power-law elastoplastic material occupying a three dimension body V. This can be

10



defined by the difference of kinetic energy and the elastoplastic potential energy added

to the work done by external forces. It can be written in the following form:

1 1
I(u) = §/p1'11'17d‘/ b /VaerV + /fquV+ /tquS (2.3)

\% |4 ov

where 0 = (Jwa Oy, 0z, Tey, Taz, Tyz) ) and € = (Gz’ €ys €25 Vay) Vazs 7yz)7 f = (fwa fy7 fz) 1s
the body force, 1 = (u,v,w) the velocity, p the density, t = (¢,,t,,t.) the surface
force. It is assumed that for the power-law Euler-Bernoulli beam the components of

the displacement satisfy

ov
U= —y—

y@x’
v =uv(x,t),
w =0,

f=(0,7(x,t),0),

t =(0,0,0).
Consequently,
_Ou D
“=or~ You

_1 @+@ —0
v =5\oz T o)

€y = €4 = €, = €, = 0.

Then, the Lagrangian for the power-law beam is defined as follows

v "
ﬁ

I — l
I(v) = %/p{ﬂ + ni—l—l KI, dx — /f(q:)v(q:)d:c, (2.4)
0 0 0

where [,, = [ ly|" ™ dydz denotes the beam’s generalized moment of inertia. Here, A
A
stands for the cross sectional area of the beam. By the use of principle of virtual work,

the following fourth-order PDE describing the vertical beam displacement v(¢, x) at

11



the time ¢ and at the axial location x can be derived
v 0?
— - —| KI,
Porr ~ a2 (

where f(x) is the vertical load.

0%v

I

"1 o2y

12



Chapter 3

Methods for calculating the lumped

parameters

3.1 Stiffness coeflicient

In order to model the behaviour and analyze the motion of micro-structures it is
important to define their stiffness properties. In the case of Hook’s materials (n=1),

this means defining the coefficient

F

k =
’Umam|
where F is load and v,,,, is the maximum deflection. This indicates the equivalent
stiffness coefficient of the micro-structure and it can be used as a spring constant in
the model. There are several ways of obtaining the stiffness coefficient: experimental,
analytical and computational methods, see [13]. If possible, all the available and
possible techniques should be used and then compared among them to come-up with
a precise estimation. The stiffness coefficient depends on moment or the kind of a
force affecting the micro-structure. For instance, k for a cantilever beam with a point
load at the tip is different from that with distributed load. Thus, when obtaining k
using experimental, analytical or computational technique it is essential to account to

this fact in comparison with what the device experiences under the actual operating

13



conditions. But, anyway, due to different loads the extracted coefficients can be
related and by knowing the other one can infer one. For example, k£ of a cantilever
beam with distributed load(pressure) can be defined given k of the beam with a
point load at the tip. Another fact to note is that the influence of residual stresses
can cardinally affect the stiffness of micro-structures of immovable edges, such as
clamped-clamped beams, and consequently need to be calculated precisely in the
estimation of stiffness.

In the case of beams made of power-law materials, the following stiffness coefficients
is introduced

F

ki = (3.1)

n—1
’Umam | Umaz

3.2 Effective mass

Another essential coefficient for analyzing the motion of micro-structures is the effec-
tive mass coefficient which implies the fact that not all of the portions of a flexible
micro-structure of distributed mass may co-act in a particular mode of motion nor do
they essentially co-act in the same ratio. For instance, the mass near the support of
the cantilever beam mostly does not contribute to the motion. The pre-knowledge of
the stiffness coefficient of a micro-structure and the system’s natural frequency near
the mode of interest to identify an effective mass for the system is one of the methods
to construct a spring-mass model. The natural frequency of the micro-structure can
be identified experimentally, by Rayleigh’s quotient methods and by finite-element
methods, see [17]. Knowing the motion of each point in the system allows the use
of the energy method for distributed mass or multimass systems. In systems where
masses are linked by levers, gears, or rigid links, the motion of different masses can
be shown via the trajectory X (¢) of some certain point and the system is simply one
of a single degree-of-freedom (DOF), because there is only one necessary coordinate.

The kinetic energy at the time ¢ can be written in the following form:

1 .
Ekin = émeffX27 (32)

14



where m.ss denotes an equivalent lumped mass or effective mass at the specified

point. Also, knowing the stiffness coefficient at that point, the natural frequency can

k
Wy = : (3.3)
Mefy

In the systems of distributed mass such as beams and springs, a pre-knowledge of the

be found from the simple equation

vibration amplitude’s distribution becomes essential before the calculation of kinetic
energy. Rayleigh showed that it is possible with a justified assumption from the shape
of the vibration amplitude, the masses that were previously ignored could be taken

into account and for the fundamental frequency arrive at the better estimate, see [19].

3.3 Computing the effective mass

Let us consider the cantilever beam having mass m and let X (¢) denote its deflection
at the free end. The goal in this section is to demonstrate how to calculate the effective
mass for the mass lumped model of the power-law Euler-Bernoulli cantilever beams
made of the well-known power-law materials which are indicated in Table 6.2, [3].
First the following initial value problem for the deflection of the cantilever beam at
its tip is considered

Mepr(M)X + ko [ X" X =0 (3.4)

subject to the initial conditions

P o\ nlit?
X(0) = (2Kln> 2n+1) (3.5)
X(0)=0.

The external force F' at the tip acts only at ¢ = 0 and is directly released. Here,
mesp(n) denotes the effective mass, and k, is the stiffness coefficient. To identify the
equivalent mass mess = meyss(n) for the mass lumped model of the cantilever beam

the Rayleigh method will be used. To this end, let the kinetic energy of the cantilever

15



beam have a form of

1
Eiin = Smeggvr (t,1), (3.6)

where v(t,1) stands for the velocity of the cantilever tip which has a point load at

time ¢.

In section 4.1 it will be shown that, the deflection of the beam v(x) can be written as

o(e) = 020D { (1 —2)

R NEEY

In the method of Rayleigh [13], it is assumed that

+2 [2+1, [2+2
— . 3.7
) e R ey e N (R

+2 [2+1y [2+2
+2)+g+1‘(g+1)(%+2)}'

Sl s

v(t,x) = v(t,1)

2(n+1){ (I—1)
(

i | E+D)

S| s

Then, (3.7) is differentiated with respect to time while keeping z fixed:

+2 [a+ly [2+2
— . 3.8
ey I R ey ) § R

e -2 {5

S| s

Next, the the kinetic energy of the whole beam of length [ can be determined as

l

1
Ekm:/§vf(t,x)m(x)dx, (3.9)
0

where m(x) = m = 7 stands for the constant mass per unit length. The numeric
and symbolic computing environment Maple is used to find the above integral. This

results in the following form of the kinetic energy

In3 +22n2 +17n + 4
90n3 + 177n2 + 114n + 24

Epin = mv?(t,1) (3.10)

Then, the outcomes of (3.6) and (3.10) are equated which leads to

16



Corollary 1 The effective mass for the cantilever power-law beam of mass m and

with a proof mass at the tip is given by

Mepp(n) = pegp(n)m,

where
18n3 + 44n? + 34n + 8

T 903+ 17T + 114n+ 24

fegr(n) (3.11)

1s the effective mass coefficient. O

0.321

<

w

(e}
.

o
)
0

0.261

effective mass coefficient

0.24

0.22

Figure 3-1: The effective mass coefficient .y as a function of power-law index.

Notice that the effective mass m.sy for the case of n = 1 becomes

104
Mesp(1) = 05

see [13].
Figure 3-1 shows the monotonicity of the effective mass coefficient pi.¢¢(n) defined in

(3.11).

17



Notice that

1 1
gm < Mgy < §m
where
1
nh_)rgomeffO’L) =zm and nlirgl+ Meysp(n) = 3

18



Chapter 4

Selected power-law beams

4.1 Cantilever beam under uniformly distributed

pressure

Let us view the cantilever beam under uniformly distributed pressure. In Figure 1
f(z) = P = F/l is constant with respect to x. Consequently, (1.1) has the following

identical form

n—1
& (|d?v| d* P
— | |-— — | = [ 4.1
d:v2<d:v2 da:Q) KI,’ V<< (4.1)
with boundary conditions:
v(0) =0, 2(0)=0 (4.2)

and

V(1) =0, v"(l)=0. (4.3)

19



Figure 1: Cantilever beam under uniformly distributed pressure.

Next, (4.1) have been integrated twice to get

n—1
d? P
Y = ZE2 + lelf + 02 (44)

d*v
de? 2KI,

dx?

Then the derivative of (4.4) and the boundary conditions at x = [ are used to deter-

mine the integration constant C}

d (|| d* &2 " dPu o P o
— — —_— p— n — —_— pu— pu—
dr \ |dx? da? . da? da? l KI, !
Due to (4.4) and (4.3), C; = —KL}R and Cy = %. Then, the following equation
shows (4.4) in the form of complete squares
2o " 2o P
s I | —2)2. 4.
dx? dx? 2KIn( 7) (4.5)

Two cases % > 0if P > 0 and % < 0if P < 0 arise from (4.5) Consequently, it
implies that their solutions are built in a similar way. For the analytic solution v(z)

it follows that

3=
S

2= (55) " 1-o)",

=
(P N\ (-2t
v(x) = (QKIH) Z+1)(2+2) + Csz + Cy

Integration constants C3 and C, are found by boundary conditions (4.2):

20



P \" i+
03 = 2 )
2KT,) Z+1

and

P \" [n+?
Cy=— 5 5 .
2K} (3 +1) (5 +2)
Eventually, the following formula gives the exact solution of the boundary value prob-

lem (4.1)-(4.3), which is given by

- P \*» (I — 3;)%” [2+1, [2+2
e (QKL) {(%+1) (3+2) 2+1 (2+1) (%+2)} (4.6)

where x € (0, 1).
The solution can also have a form of a function of non-dimensional spatial variable

z=ux/l €(0,1):

1

Ey L A L G (2+2)} o

n

v(Z)=al™n { Z51)

where « is the predefined constant in the following form:

The stiffness coefficient

kn - n—1 (48)
‘Umaz| Umax
is set by analogy to the linear case
F
L —
Umaz

Here, v,,,, of the cantilever beam is
—o(l) = P % nla+2
Ymae ==\ 9K, ) 2 +1)

21




Consequently, the stiffness coefficient in (4.8) is given by

b _ 2KL, (2(n+ 1))”' 49)

lLﬂn n

If n = 1, the linear case is recovered

8KI P4
klz 1317 KZE? Umam:U(Z)Z8Eh?

see [13, Chapter 4.1.3].

4.2 Hinged-hinged beam under uniformly distributed
pressure load

Let us observe hinged-hinged beam under uniformly distributed pressure load which

is illustrated in Figure 2. The governing equation for this beam has the form of

n—1
d? (| d*v d?v P
- 2= - | = 4.1
dx2< dz? d:c2> KI,’ 0<z<i, (4.10)
with boundary conditions
v(0) =0, 2"(0)=0 (4.11)
v(l)=0, V" (1)=0 (4.12)

a3 ~- ~- ~- ~- ~- ~- ~- ~- Fa
Zé;;%/ Zé;;%/

Figure 2: Hinged-hinged beam under uniformly distributed pressure load.

Integration of (4.10) yields

22



d*v

L2y P z?
dx?

a2 kI, 2 TOe T

(4.13)
" (0) =" (1) = 0 from (4.11)-(4.12) gives Cy = —5F4— and Cy = 0.
Consequently, (4.13) can be written as
d?v " d2o P
—| = =—xz(r—1 . 4.14
dz? dz? QKInI(x ) O<z< (4.14)

From (4.14) it can be seen that giﬁ <0if P> 0, and f”

— > 0 if P < 0. Therefore,
solutions can be constructed in a similar way. It brings to the following form

%z—(ﬂf]n)i<x<z—x>>

Next, after the following substitution & =

3=

T
T

the above differential equation becomes

d21} 1\~ . AL
di2:_&<i> (z(1—2a))n.

(4.15)
Twice integration of (4.15) results in
. N 1 R
v(T) = —« (7) / / (t(1—1t)) dtds + C3z + Cy. (4.16)
s=01t=0
From v(0) = v(l) = 0 it follows that
1 Los 1
Cs=a(3)" [ [ Q1 —1t)rdtds
s=01t=0
and Cy = 0. The integral in C5 can be written in terms of Euler-Beta integral
1
Blna)= [ =ty et pg>0, (1.17)
0

23



see [15]. Next, the order of integration is changed according to Fubini’s theorem.

1 s 1
1 11
//(t(1—t))idtds—/(1—t)i+1tndt—B(E+2,;+1). (4.18)
s=0t=0 0

see [8]. It results in

v(#) = —a G)l j (t(1 = 1)" dtds + o G)

3=

1 1
B (—+2,— + 1) & (4.19)
n n

s=0t=0
and
N 1 /1 1
= R = t(1—t)rdtds+-B(~+2 = +1
v (z) (QK]n) (¢ ( ) S—i—l <n+ ,n—l— )x
s=01t=0
(4.20)
Remark 2 Applying symbolic integration to (4.15) in Maple results in
11 1 1\ "
U/(Zi') =_9 F1 (1 -+ — ——,2 + —,.f) (0% (—) + 03 (421)
n.on n [
and ) ( )
IN™ 1,.9F} 1441 13414
1A ~Ll49 n' n? n? ~
——al=) &n + Oy + Cy, 4.22
e (3) Sy e 0

where o F} (1 + %, —%; 2+ %,i) is a Gauss hypergeometric function, see [22]. From

v(0) = 0 and v(1) = 0 it follows that C5 = « (%)% 2F1((11++"1’)(’§iz)";1) and Cy = 0.

Consequently, the exact solution can be also expressed as

B 11, 1.4 B 11, 1.
’U(i):—Oé (1) :%%4»22171 (11+n7 711’3+n’x) Oé(1> 211 (1 +1n7 ln’3+n’1)i,.
! (+1)(+2) ! (1) (m+2)

Next, we refer to the following results from [8|

24



Lemma 3 Let n > 0. Then, it holds true

1/2
1 1
B (— +2,—+ 1) = /tl/”(l — )Y/t .
n n
0
O

Corollary 4 Let P > 0. The mazimum value of v(x) occurs at x = /2 and it is

given by

Umaz = 0(1/2)

L2 (4.23)
) P 1 1 /1 1 :
=t —— — 1—1t)n “B| - —4+1) .
z (zmn) //(t( ) dtds+2B<n+2,n+ )
t=0

s=0t=

3=

Alternatively, the mazimum of v(x) can be written in the following form

. :lgﬂ( F )i R (142 L34 1) (1)
e 2K, E+)(E+2)  \2

128 (145, -3+ 51
2 GrYGry) )

O

It can be concluded from Lemma 4.2 that the corresponding stiffness coefficient is

1/2 s -n

F 1
b = l2n+1 // t(1—1t)) dtds+28( +2—+1)
Umaw Uma:r

s=0t=

2K, _ﬂau+——ﬂ3+nq>(gi“ LA+ -3 51))
o (z+1) (+2) 2 2 G+ G+2)
(4.24)

For the case n = 1 it follows that

_ 3 _o1p2 4 3
v(x) 24E11x($ la* 4+ 1%)

25



and
B 1\ 5Pl
fmar =Y\ 3 ) T 384ET,
and the corresponding stiffness coefficient will be

Pl 384EI,

kl B Umazx 503 ’

(4.25)

see |13, Chapter 4.1.3].

4.3 Hinged-hinged beam under point load in the mid-
dle

Let us consider hinged-hinged beam under point load in the middle, as presented in

Figure 3. The governing equation for v(x) has the following form

d?
da?

with boundary conditions

#o
dz?

n—1
d*v F {
27 = - = 4.2
da:2> KI”(S(&: 2), 0<z<l, (4.26)

v(0) =0, "(0)=0, (4.27)

v(l)=0, " (1)=0 (4.28)

Figure 3: Hinged-hinged beam under point load in the middle.

The goal is to find v(z) which is continuously differentiable. Integrating twice (4.26)

26



yields

o
IA
8
IN
oI~

d*v

da?

n—1 d2

—-KI,
dx?

Fz
(% 2
F(l

—(E)
2 I

N~
IN
8
(AN

If FF >0, then g%g < 0. Then, it follows that

d2 n 2K1,?
v
(22} =
- (55)
F(l—x) 1
2K 1, ° §§$§l,

1
F o op2pat? .
- <2K1n) iy TG+ 0y, 0<z <3,
v(z) = (4.29)
1 1
F n ng(l—x)ﬂ+2 I
- (2K1n> a3+ 0y 5 <<l
The integration constants
02:0, 042—03l’ CI+CBZO
and 1 1
oo (F) 2
2 n+1
are found from the boundary conditions v(0) = 0, v(l) = 0 and two continuity

27



conditions on v(x) and v'(z) at x = [/2. Thus,

1 41
_(_F \" () _
Cl_ <2K[n> ) 02_07

and

3|

e () n() o= (4 )nn@)n“g

2K1T, n+1 2K 1T, n+1
Consequently, the deflection of the hinged-hinged beam under the point load in the
middle has the form of

i 1 1141
F n n+2 (*)" 1
<2K[n> (_ (1+%)(1+%) + 21_,'_; x) ) 0 S T S 29

n

v(x) = < (4.30)

RS 1yE+1 LyE+1
(2}?&) (_ " —(2)%x+(2) l), t<a<l

(1+5)(1+3) 1+ 1+1
The following equation expresses the solution in the form of the function of non-

(

3=

n

\

dimensional variable z = 2/l € (0,1):

o
/T
]
—
+
s
~—| 3~
B
o
S~—]
_l’_
—
o=
+
3= :_l:
=
N——
[a=)
IN
=
IN
N

NI
VAN
=>
(VAN

(&) = ' 4.31
@ aahe _mEn . () o
« T = — 2T+ , 1.
The stiffness coefficient is given by

- — 1 ok, (?)mn ((” D+ 2))717 (4.32)

_ n—1
| Umax | Umax

= (5) - (a2) (&) 7o

If n = 1, the linear case is recovered

where
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see |13, Chapter 4.1.3].
The deflection of the beam v(x) by (4.30) can be expressed as

v(t,x) = (4.33)
o(t, L F,(z), L <ax<lI,
where
. (x)_< F )i (n+1)(n+2) ( et (é)i“x>
"\ 2K, a2 1+4H)1+2) 1441
(L))" 2n (I+)1+2) + 5
and

1+ 1)1+ 2)

F\"(n+Dn+2) [ (@—x)a? (O ()
Fo(z) = (2K]n) (%)%+22n <_( 1 ) .

Next, differentiation of the above equation with respect to time while keeping x fixed

yields

vy(t, ) = (4.34)

Figure 4-1 shows the graph of the effective mass coefficient ji.sr(n) defined in (4.36)

Thus, the kinetic energy can be written as

Ekin -

5 (4.35)

n* +12n* 4+ 5502 + 30n + 4 2 l
240n2 + 156n + 24 AN

Next, equating the outcomes of (3.6) and (4.35) results in the effective mass coefficient

n* 4+ 12n% + 55m2 + 30n + 4

= 436
Her 12002 + 780 + 12 (4.36)
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effective mass coefficient
I o I S I -
W (o)) 3 o] e} ()

o
~
|

Figure 4-1: The effective mass coefficient p.sr as a function of power-law index.

In the case n = 1, the effective mass is given by

17

Mesr(l) = Tk
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Chapter 5

(alerkin approach for calculating the

lumped parameters

In this chapter we want to present the alternative approach for calculating the lumped

parameters.

5.1 Hinged-hinged beam under uniformly distributed

pressure load

Let the Galerkin ansatz for the deflection of the beam to be written in the following

form

Ua(m) = ’UﬁO(iL‘), LS (0a l) )

where v; > 0. Multiplying (4.10) by ¢(x) and integrating twice, results in the Galerkin

equation
! !

/ o c(lp (2 2 dxg dx2 /

0
where the basic function ¢(z) is chosen as

16
o(x) = %x(l —z)(=2* +lz+1?), z€(0,1).
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Consequently,

3=

(2) °
Umaz = Va | 5 | = V1 = 1
’ Pop(a) "

/ dx?
0

By (4.24) it follows that the stiffness coefficient can be introduced as

l
/ dQ(p(x) n+1 d
dx? .
];::1: P,l = o :K]nlo ; Umaz > 0.
|Umax|n ! Umar U;L"baa: l
/gp(x)dx
0
Let us introduce the following transformations
.
r=—-
l Y
and define
o(x) = p(al).
Then,
~ 16 N~ 2, A
o(x) = p(Zl) = p(T) = gx(l —T)(—-2°+7T+1), (5.1)
and

dp _dpdv _ dp1
dv  dzdr dzl’
e G 1
dx?  dz2 12

(5.2)

Then, the stiffness coefficient reads as follows
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Figure 5-1: Exact and approximated stiffness coefficients for the hinged-hinged beam under uniformly
distributed pressure load

1 1
9 ~r~\ |n+1 n+1 2 ~r~\ |+l
/ @)L / CO@) |
dz? & K dz?
~ ) )
kn - K]nl 1 = l2n+1 1 ,
[e@na JEGE
0 0
where
16 o~ .
A@) =21 =) (=7 +T+1) >0 for T€(0,1), (5.3)
and

d*o(T) 192 ., .
o —Tx(l —-2)<0 for Te€(0,1).

Employing the symbolic integration in Maple, yields the approximate stiffness coeffi-

clent
T 2K gint3gntls=n=l /7 (n + 2)
n TG 2t 5 :
161 I'(z+n)
2
If n =1, then
P 384 F 1,
Y5 B
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which coincides with the exact result from (4.25). Figure 5-1 shows the exact and
approximated stiffness coefficient for the hinged-hinged beam under uniformly dis-

tributed pressure load.

Now,

» 1 m

[ @
l Kl , [ P \" .
V1 = Umaz = Va (5) = 1 0 = 12+; (ﬁ) G~ )
[2n+2 A2 X

0

where

Then, v,(x) can be rewritten as

P
(o) = 0pl@) =7 () 6ie@),
Next, the following approximation
IR PN
vl 7) = va(t, £) B(E) = 0a(1) B(3), (5.4)

is considered, and the velocity of the beam at the axial position z is calculated by

differentiating (5.4) with respect to time while keeping 7 fixed

l

Ovats ) = Ova(t, 5) p(x) = 01 (1) p(2) = 01 (1) 2(7)
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Then, from (3.6) and (3.9) it follows that

from which the effective mass can be found as
1
Mefr = m/g?(/x\)d/x\
0

In the case of n = 1 the calculated effective mass coeflicient is

3968
r(D) = 2
ferf(1) -

and the effective mass is equal to

3968
meff(l) = ﬁm .

5.2 Clamped-clamped power-law beam under uni-

formly distributed pressure

The governing equations for the clamped-clamped power-law beam under uniformly

distributed pressure is:

n—1
& [ |d*v d*v P
| == — | = [ .
dx2< dz? dxg) KI,’ O<w< (5.5)
with boundary conditions
v(0) =0, '(0)=0, (5.6)



Figure 4: Clamped-clamped beam under uniformly distributed pressure.

Using the transformation (5.1), the calculations can be restricted to the beam of
length [ = 1.
Let the Galerkin ansatz for the deflection of the beam to be written in the following

form

ve(z) =no(x), 7€ (0,1),

where v; > 0. Then, the Galerkin equation reads as follows

1 1
| 22@) " PpE) 233) P
/”1 172 2 da? ““]/KQW@M%
0 0
where
P(7) = 162°(1 —7)*, 7€ (0,1).
Consequently,
1 n
P o
o [ @
0
V1 = Umaz — 1 R )
23"
h/ 2@) 1T s
dz?
0

and the stiffness coefficient is given by

1
/ P@)|"
X
- Pl Pl dz?
k, = - =KI,°
|Umax|n ! Umax U;nna:r !
/ﬂ@ﬁ
0
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Finally, the stiffness coefficient for the beam of length [ reads as

1
!/d%@>+yf

~2

o K1, dx
L DY ’

1
[ s@i
0

where
P(@) =162°(1 —7)* >0, (5.8)
and
*P(2) 2 ~
=R 1927* — 1922 + 32 < 0

for 7 € (0,1). The stiffness coefficient for the case n = 1 according to calculations in

Maple is

~ KL

By analogy to the previous case, the effective mass can be found as
1
- m/ga?(f)da
0

Then, the calculated effective mass coefficient is

128
perr(1) = 577,

and the effective mass is equal to

128
meff(l) = %m .
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5.3 Clamped-clamped power-law beam with a point

load in the middle

The governing equations for the clamped-clamped power-law beam with a point load

d2
da?

with boundary conditions

in the middle is:

d*v

da?

n—1
d*v F l

v(0) =0, '(0)=0, (5.10)

o(l) =0, (1) =0. (5.11)

——

§] N

Figure 5: Clamped-clamped beam with a point load in the middle.

Let us write (5.9) in the following form

l
—0, S+0<z<l (5.12)

l
v!V(z) =0, O<x§§

with boundary conditions

(5.13)



and three continuity conditions at x = [/2

li = 1l
e ") = iR,
1- / — 1- /
)=l V), (514
1~ " — 1 "
AT = )
and one jump condition at z = [/2
l -£  0<z<i-o,
_EI" (5) - (5.15)
< Lyo<a<li.
Integrating equation (5.12), yields
23 x? [
U($)201€+02?+03I+C4, 0<I<§—O,
—1)3 —1)? l

From (5.13) it follows that C5 = Cy = D3 = Dy = 0, and from (5.14) and (5.15) it

can be concluded that

( P
Cr— Dy =—47,

(D1—%)é+CQ+D1é—D2:07

CQ"‘DQ_%:O,

P l l
k(Dl—ﬁ)i‘i‘CQ—f‘Dli—DQ:O

P D, = L. Consequently, the

Pl
S8EI

. . . P
which implies C) = =557, Cy = gz70 D1 = 357

solution of the problem (5.12)-(5.15) is
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( Px?(31 — 4x) }
el S <l _
ISET d<ozs3-0
v(x) = (5.16)
P(x —1)*(4x — 1) .
5+0< [.
(" asEr 0 20T

The corresponding stiffness coefficient for the clamped-clamped beam with a point

load in the middle is given by

P 192EI

k p—
Vrmaz () 37

where

@ =v(L) =2
Umar\t) =Y\ 5 | = 192p]

The deflection of the beam by (5.16) can be approximated as

( I
v <t,§) 19222(31 — 4x)

437 o U=as

!
27

v(t,x) (5.17)

v (t, é) 192(z — 1)*(4x — 1)
\ 481 ’

<zxz<l.

DN | =~

Differentiation of the above equation with respect to time while keeping x fixed leads

to the kinetic energy that can be written as

13 AN

Next, equating the outcomes of (5.18) and (3.6) brings us to the effective mass coef-

ficient of the following form

13
e 1) == )
fregr(1) =0
and the effective mass
13
e 1) = =—
Mesr(1) 70m
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Chapter 6

The vibrating cantilever beam

Multiplication of the ODE (3.4) by X(t) followed by twice integration brings the

implicit formula for the solution X(t) as, see [11] for details

X(t)/A

ds
[ e 1
where
A=X(0)],
Y 2k, An—1
! (n+ D)mess(n) (6.2)

1
C—/ ds
_0 V=i

There is also explicit expression of the periodic solution X (¢) in terms of the gener-

alized trigonometric functions
X (t) = Asing 11 (w,t + C). (6.3)

Here, sing ,,+1(t) is the generalized sine function which is defined as a component of

the solution x(t) of the following initial value problem for the system of first order
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ODEs

y = =), y(0)=1,

where ¢(y) = y and ¥(y) = |z|"!, see [11]. It should be noticed that unless the beam
obeys Hook’s law (n = 1) the angular frequency w, depends on the initial deflection

X (0). The formula for the frequency of the oscillations is

w
fn_ =

- 9
27T2,n+1

where

1
_o ds
a1 =2 | A

0

2
_ 211y
n+1 n+1 2

is the generalized Euclidean number 7. The period 7., is found by the following

formula
1

E .

Table 6.1 shows the values of f,, and T}, for different values of n. The formula

Tper =

ki

= Mesr(1)

can be used in the case of Hook’s materials to calculate the natural frequency. Let us

Table 6.1: The frequency of oscillations and period.

n W, In Ter

0.45 | 1079.89858 154.712678 0.0064635944
0.54 | 569.329722 83.2679994 0.0120094155
1 121.182980 19.2868703 0.0518487440
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denote v(t, z) as the deflection of the vibrating power-law beam at the axial position

x and at the time ¢t > 0 and consider the following problem

QAUtt + (KIn |Uxa:|n71 Uxac) = 07
v(t,0) =0, v,(t,0) =0, v(t,]) =0, vu(t,l) =0,

< P \" ( x)% it 72 (6.5)
v(0,2) =0

\

for x € (0,1), t € (0,7). In the case of the beams consisting of linear materials

Table 6.2: The parameters for the well-known power-law materials, see [2], [3].

Material n K(MPA) ¢ (g/cm?)
304 Stainless Steel, annealed | 0.45 1275 8.00
Copper, annealed 0.54 315 8.91
Steel 1.00 2-10° 7.80

(n = 1), the separation method can be used to obtain the solution in the form of

Fourier series, see [20], [21],

~

)cos (wit), T =—

Z ALY, (Z

where

cosh(A) — cos(A)
sinh(Ag) + sin(Ag)

Y5 (%) = cosh(A\gZ) — cos(A\eZ) — (sinh(A\xZ) — sin(A\2)) ,

and
12\ Ao’

Wg =
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Table 6.3: The calculated lumped mass model parameters for the power-law beams of rectangular
cross sections.

n kD 17

0.45 | 0.0000288251402 8.40118254 - 10~ 17
0.54 | 0.000026631019  2.70134522 - 10~ 7
1.00 | 0.0000168 8.33333333 - 10722

0.0010 1

0.0005 1

-0.0005

-0.0010

1RRRRARRARR

Figure 6-1: The solution of (3.4) for the case n = 0.45.

Here, A, denotes the corresponding Fourier coefficients, and A\, are positive roots

of the equation

cos (Ag) cosh (A,) = —1.

If n # 1, only the numerical approximations to (6.5) can be found, and the analytic

solution to it remains an open problem.

In the following, power-law Euler-Bernoulli cantilever micro-beams of length [ with
rectangular cross-section A of height A and width b are considered. The initial load

F' is applied distributively to the cantilever beam and immediately released. The
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following formula

[D_ 2b ﬁ n+2
"o +2\2

is applied to compute the constant moments of inertia defined in (1.2) for beams with

rectangular cross-section A, see [12].
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Figure 6-2: The solution of (3.4) for the case n = 0.54.
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Figure 6-3: The solution of (3.4) for the case n = 1.
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The results of simulations are presented for beams with length [ = 900 ym and
rectangular cross-section, and made of different types of power-law materials whose
parameters are showed in Tables 6.2-6.3. The height and width of the rectangular
cross-section are h = 10 um and b = 10 um, respectively. The load F' = 1.5-107¢ N is
applied uniformly to the beam at ¢ = 0. The oscillations of the tip for the case of the
cantilever beam under uniformly distributed pressure load are presented in Figures
6-2—6-3 for different values of n. The profiles for X (¢) represent the approximations
for v(¢,1) from (6.5). Clearly, the frequency of oscillations depends on the power-law
index n, as predicted by (6.2) and (6.4). It can be seen that the period increases with

the increasing power-law index n.
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Chapter 7

Conclusions and outlooks

In this work, the nonlinear beam equation for the power-law materials is considered

and lumped-parameter modeling elements useful for MEMS are studied.

Table 7.1: The mass lumped stiffness coefficients k,, for different types of beams of length .

type of beam stiffness coefficient &,

—n

—_

~
[v]
®

/ , 1. (1 1
- t(1 —1t))~dtd -Bl—+2,—+1
(0 - 0)bands + 55 (122 1)

KI
N 384 31 for n=1
N i l
.
1
l \ 92K 1y for n=1
Q ! &

The stiffness and effective mass parameters for power-law materials have been

defined and obtained using static solutions and Galerkin method for the power-law
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Table 7.2: The effective mass m.s¢(n) for different types of beams of mass m.

type of beam effective mass mcy¢(n)

18n3 + 44n2 + 34n + 8
m
. 9013 +17Tn?2 +114n + 24

nt 4+ 12n° 4+ 55n% + 30n + 4

% ! % 120n2 + 78n + 12

. 128
N
—m for n=1
A ; 315
F
. 13
l N\ 7—Om for n=1

Euler-Bernoulli beams. Computer algebra system Maple has been used for the in-
tensive symbolic calculations. The solution to problem (6.5) have been discussed for
the case of cantilever beam under uniformly distributed pressure load using the com-
puted stiffness coefficient and effective mass values. The main results of this work are
summarized in Tables 7.1 and 7.2.

The obtained lumped model parameters can be used for design and construction of

mechanical structures, especially MEMS made of power-law materials.
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