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We study the complete gravitational collapse of a class lwéimogeneous perfect fluid models obtained by
introducing small radial perturbations in an otherwise bgeneous matter cloud. The key feature that we
assume for the perturbation profile is that of a mass proféeithseparable in radial and temporal coordinates.
The known models of dust and homogeneous perfect fluid c@lapn be obtained from this choice of the mass
profile as special cases. This choice is very general andgatilyswell motivated and we show that this class
of collapse models can lead to the formation of a naked sémijylas the final state.
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I. INTRODUCTION

One of the issues that is central to black hole physics toslalya realistic description of the dynamical formation cfdi
holes. The basic paradigm for black hole formation from gedional collapse is based on the Oppenheimer-SnyderfD&D)
[1] model which describes the complete collapse of a spakrioud of non interacting (i.e. dust) particles with an loganeous
density profile. In the OSD model the central shell-focusiimgularity that forms at the end of collapse is always hidolehind
a trapping horizon thus showing that a Schwarzschild blask s indeed the final state of collapse. Nevertheless the OS
model is too simplistic, as it assumes pressureless matteh@mogeneity. Therefore it is legitimate to wonder howegahis
the result obtained for homogeneous dust. This questioratvide heart of the original formulation of the Cosmic Ceshigry
Conjeturel[2], which stated that every natural collapse@ss must lead to the formation of a singularity that is ceddry a
horizon at all times, and has been a very fruitful area ofaedefor many years.

Over the past decades there has been substantial analyiséesprbperties of spherically symmetric dust collapse lmothe
homogeneous (OSD) case as well as in the inhomogeneougltasenaitre-Tolman-Bondi (LTB) collapse model) [3]. Fee
studies show that the behaviour of the free functions deisgyithe mass and velocity distributions of the particlethm cloud
are the crucial elements that determine the final outcomelt#fpse (see for example [4]). Several studies aimed afylay
the role of pressures in collapse models have also been @dnia [order to determine the end states, resulting in a eaer
singularity or otherwise (see![6] and references theréle key result that emerges from the many models studiedtbeer
years is that there are essentially two possible scenaridadcribe relativistic gravitational collapse:

1. In the black hole case the horizon forms at an outer radiferé the formation of the singularity thus leaving it hidde
from far away observers.

2. In the naked singularity case the singularity and thedoorform at the center at the same time thus leaving the ghitgsib
for geodesics to escape the singularity and reach far anssroérs.

The naked singularity in these models must be understood-egi@n where the fluid model and possibly the relativistie de
scription break down, therefore they just underline thdtnof the classical theory and offer a possible window orga/n
phenomena.

Nevertheless today is still not clear how different kind cdgsures affect the final outcome of collapse. Also howstaknd
generic are the known solutions that present naked sirigesais still a matter of debate. One very fruitful approasiased
on the study of small perturbations in the initial data ofwnaollapse models. The key issue is to understand and wartkeu
stability and genericity aspects of black holes or nakedugarities as they may occur in different models, by varytimginitial
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parameters and observing the effect of the same on the fitedme of collapse. For example starting with the homogesieou
OSD model and incorporating small inhomogeneities in titelrdensity one can see that the space of final outcomesisligq
divided between black holes and naked singularities [7s $een that the introduction of small pressure perturbatio dust
models, can drastically change the outcome of the collajse €overed to naked singularity or vice versa and that bmeh t
black hole and the naked singularity final outcomes are inessamse stable in these cases, with the exception of somialspec
cases. From this perspective, once suitable definitiongécity and stability are provided in this context, ona sae that
naked singularities must be considered a stable and gem#gdome of spherically symmetric collapse models just ashnas
black holes|[8].

We consider here endless gravitational collapse of a mass$ar, under the influence of its own gravitational field. The
collapse initiates from regular initial conditions, whehere is no trapping of light and no singularity. As matteurse we
consider a perfect fluid where small inhomogeneities am@dhiced in the initial pressure profile and where no equatfon
state is required. Still the fluid source is required to $atisandard energy conditions. The end states resulting och a
collapse of a massive cloud, has been an active area of cesaaning to give precise mathematical formulation for@wesmic
Censorship Conjecture, which still remains to be estabtish

The paper is organized as follows: In secfidn Il we reviewghgeral setting for relativistic collapse in spherical syetry.

In sectior1ll we study the solution for the system of Einstiequations under certain physically reasonable assangpfor
the fluid source. Finally in sectidn 1V we briefly discuss theplications of these result for possible astrophysicatokations.
Throughout the paper we make use of natural units whete G = 1 and we absorb the fact@mr appearing in Einstein’s
equations into the definition of energy density and pressure

II. THE EINSTEIN'SEQUATIONSFOR SPHERICALLY COLLAPSING CLOUD

The most general spherically symmetric metric describingllapsing cloud in co-moving coordinatesandt is given by
ds? = e 4 2O ar? 4 R(t,1)2dQ 1)
The energy momentum tensor is

T =—p, Tr =pr, T§ =T =po ,

wherep is the energy density angy andp, are radial and tangential pressures. In the case of a pdid@tsource we have
pe = pr = p and Einstein’s equations in this case take the form
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whereH andG are given byH = e=2’R2, G = e~ 2¥ R’? andF is the Misner-Sharp mass of the systém [9].

There are thus, five equations in the six unknowng, F', v, ¢» andv, meaning that one of the functions is free to choose.
However the system becomes closed after prescription ofjaati®n of state for the matter content that relates demsit/
pressure. In the following analysis we proceed without asisg any equation of state. This is due to the fact that atgmtes
we do not know the properties of matter under strong grawitat fields even though we know that the classical desoripdif
fluids, as given by barotropic or polytropic equations ofestwill not remain unchanged towards the formation of tingslarity.
Therefore it makes sense to consider matter fields that hplagsically reasonable behaviour in the weak field while reihd
subject to the constraint of a fixed equation of state.

There are several assumptions that need to me made in ordbefeystem to be physically viable. We shall discuss them
briefly here (refer to [6] for a more detailed treatment). \Walkconsider an initial time; = 0 for which the matter functions
andp are regular and present no cusps at the center. This imphéthte Misner-Sharp mass takes the fdri, t) = r3M (r, t)
with M a suitably regular function. Furthermore we shall consatdy collapse scenarios where the weak energy conditions,
given byp > 0 andp+ p > 0, are satisfied throughout the whole evolution. The systesralsealing degree of freedom that can
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be fixed by choosing the area-radius funct@®mt the initial time. We shall seR(r, t;) = r thus introducing an adimensional
scale factow(r, t) that describes the rate of collapse for which

R(r,t) = rv(r,t) . 7

For a homogeneous perfect fluid we have p(t) andp = p(t). This implies a Misner Sharp mass of the foFitr, t) = 73 M (t)
(fulfilling all the regularity conditions), thus makinty depend only orit’ andv = v(t). Using the definition of7 and H we
can rewrite equatiof.[6) as

. 1/ .
G= QETUG , (8)
which can be integrated once we define a functign, ¢) such that

/

. 1 .

A= i (9)
Then we get

G = b(r)e*4 (10)

whereb is a free function coming from the integration and relatetheoinitial velocity of the infalling particles, usuallyfesred
to as the velocity profile. Then regularity requires thatrriba centeb has the form

b(r) =1+ rbo(r) . (11)

In the following we will consider the marginally bound casg imposingby(r) = 0. Matching with a Schwarzschild or
generalized Vaidya exterior can always be performed at thmaving boundary radiug, which corresponds to a shrinking
area-radius?, (t) = R(rp, t), while matching to a Vaidya solution can be done if one carsidn evolving boundary (¢) [10].

1. INTRODUCING INHOMOGENEITIES

We shall now proceed to integrate the system of Einsteinisitgns for some inhomogeneous perfect fluid models. Glven t
absence of an equation of state we shall consider the mafile grbas the free function of the system. Then we can consider
inhomogeneities in the density and pressure profiles bgduiring radial inhomogeneities in the mass prafil¢t) — M (¢, 7).
This in turn leads ta(t) — v(r, t). Note that given the monotonic behaviouroflose to the center and close to the formation
of the singularity we can consider a change of coordinates fhe co-moving framér, ¢t} to the area-radius frame given by
{r,v} and considep as a new coordinate to label time. This implies that for amcfion X (r, ¢t) we can consideX (r,v) =
X (r,t(r,v)) so that the radial derivatives in the old coordinates becathe- X ,. + X, v', whereX,, is the radial derivative
in the new coordinates and has now to be understood as a function andv.

Introducing inhomogeneities in the pressure profile thealdioesult inp andp having a radial dependence given by

p(v,7) = po(v) + pi(v)r + %pz(v)r2 ; (12)
p(0,1) = po®) + () + 5pa(o)r? (13)

where the forms o, (v) andp;(v) depend upon the specific choice of the mass functibriFor simplicity we shall now choose
the Misner-Sharp mads in such a way thad/ be separable in andv so that has it has the following form

M(r,v) = m(v)[1 +€(r)], (14)

wheree(r) can be seen as the radial perturbation to the mass profile ififwassumed to be ‘small’ with respectio in order
to study the departure of the system from the well known hanegus solutions. We also assume thagiven above be at
leastC? in r and at leasf* in v. We see then that in order for the regularity conditions tedtésfied, the following is required:
Expanding) in powers ofr, nearr = 0, and choosing the mass function up to second ordemie must have

M(r,v) = My(v) + My (v)r + %MQ(’U)TQ . (15)

Also, since we do not want the initial density and pressuteatee cusps at the origin, regularity of the initial data fieggithat
M, vanishes at = 0. ThusM; (v) = m(v)e' (0) = 0, which givese’(0) = 0. We also assumeg0) = 0 for consistency, so that
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at the center the cloud the system behaves like the homogspase described by(v). This is only a further gauge fixing that
does not restrict the generality of the model. Finally wedtavwrequird M| << My, from which we obtair”(0) << 1.
Given the continuity required fat/ we see that the form of.(v) can be taken as

m(v) = mo+ myv . (16)
Given the above definitions once we expand pressure andglaesirr = 0 we obtain

_m(v),v _ lm(v),v "

plor) = =TS - SIS0 17)
p(U,T) — 3mv§v) 4 %(5m(1;)2€”(0))742 . (18)

Since we assume, for a realistic matter model, that the tedscreases away from the center, it is clear that we must the
requitec”(0) < 0.

By simplifying equation[(6), using the form &f given by equatior {10) we can obtain the equation of motionte system
as

M be24 —1
l') = *61/ — + 672 , (19)
v T
which, once solved for a given choice of the free functidisandb, allows to solve the system of Einstein’s equations com-
pletely. As said before, in the following we assume the metly bound velocity profile given by(r) = 1. To evaluate
the solution of the above equation we need the explicit esgioas forr and A in terms of the only free function left. From

equations[(b) and{9) we get

R'd7 | (20)

) o / Mavrv+ 7UUU72M7’U)U/
(BM 4+ rM,, —M ,, v)v

M7’U7U+ ,UU’U—QM,U)’U/
A - v . 21
(v, 7) / BM + 1M, —oM,y )0 0 (21)

Given the expansion fab/ we obtain the corresponding expansion fifw, ) nearr ~ 0 asA(v,r) = Ag(v) + A1 (v)r +
Az (v)r? + Az(v)r® + A4(v)r* + ... from which we see that using the form of the mass profile giveaduation[[Ib) implies
Ag=A; =A3=0and

L oM, 2 my€e”(0)
A = — 2 == 1—wv). 22
) = | =3 1) 22)

Then we can invert equation (19) to obtain, v) as

e~ Vv i
v
v VM + 2450+ 2r2 A v

t(r,v) =t; + (23)

Given the regularity of the functions involved the solutign v) is in general at leagt? near the singularity and therefore can
be expanded as
t(v,r) = t(0,v) + x1(v)r + x2(v)r? 4+ o(r?) , (24)

wherey; = %|T:0 andys = er |T o- The singularity curve(r), representing the time at which the shell labelledrby
becomes singular, can be written as

e Vv
to(r) =t(r,0) =t; dv , 25
() (r,0) * VM + 2450 + 2r2 Ayw v (25)
and according to equation {24) it can be expanded as
to(r) = to +1x1(0) 4+ r2x2(0) + o(r?) . (26)

To obtain the expressions fgr andy. we must derive(r, v) with respect ta-. Then from

dt /1 y/e*l/\/ﬂ 1 e*V(M,T +4TA41))\/5 d (27)
— = v
dr 2 (M + 2A5v + 2r2 Ayv)3/2 ’

VM + 2450 + 2r2 Ay




evaluated at = 0 we obtain the following expression fon
1t Mi\/v
=—= ———dv. 28
a(v) =3 / (Mo + 2450)372 " (28)

For simplicity we shall assume that the fourth order ternhefexpansion ofi(v, ) be negligible and thus we will také, = 0.
Then similarly we obtain the expression fgr as

1 2 1 2
3 M v 1 M+ 24%
_[[3 _ _ ! d 29
xz(v) /U {8 (Mo + 2450572~ /My + 2490 2 (Mo + 2A50)3/2 Vudv, (29)

SinceM; = 0 we finally gety (0) = 0. Therefore the first non vanishing coefficient in the expamsif the singularity curve is
the second order teriy, (0). Thenys is given by equatiori (29) evaluated for= 0 and gives

1 Yo" (My + 2A50) + My + AZv
XQ(O)Z——/ (Mo 20) + My + Ay Vudv . (30)
0

2 (MO + 2142’1})3/2

As it was shown inl[12] it is the value of2(0) that determines the nature of the singularity and its lotsability. Positivity
of x2(0) implies that the singularity curve is increasing in the coving timet and thus the singularity forms at first at the shell
r = 0. Positivity of x2(0) is also the necessary and sufficient condition for the apypdrerizon to be increasing ihand it
is possible to show that this is a necessary and sufficierditton also for null geodesics to escape the central simgylénat
forms att,(0). Now by using the expression fdr, and M, in terms ofm ande as given byM, = m(v) = (mo + myv) and
M = m(v)e”(0) we can obtain the expressions féf and A, up to first order inny /mg, from equationd(20) and{R1) as

7 1my "
_ 1 1
v 3mo€ 0)v, (31)
_ 2™ gy —
Ay = SEL0)(1L ). (32)

from which we get

1 _%%6//(0)1)3/2[7%0(1 + mLy) 4 %%6”(0)@(1 —v)] = 2[mo(1 + %U)GI/(O)]Ul/Q
XQ(O) = 3/2 my 4 my €'(0) 3/2 dv . (33)
0 mg [1+m—0v+§m—0m—0v(17v)]
Keeping terms up to orden, /m, and neglecting higher order in the same, the expressiois read
1 n 1/2 "
6(0)[U m1(732 €'(0) 372 5/2
0:—/——+— — 3% - L (32 — P/ dv 34
XQ( ) 0 m(l)/g 2 mo 12 mo ( ) ( )
which, after performing the integration gives
€'0) (1 mq (7T 4 €(0)
0) = — SRS i 35
x2(0) ml/2 (3+m0 30 35 mo (35)
Since we expedt” (0)|/mo < 1 we can ignore the last term in the above due to smallness afitiigplying factor and write
€”(0) 7 my
0)=——%(14+——) . 36
x2(0) 3m? ( T 10mg (38)

As we have discussed earlier, physically reasonable gemsifiles require that” (0) < 0, then the sign ok- is decided by the
quantity in brackets. Itis clear that for small departurestthe homogeneous perfect fluid model we must hamgmg| < 1,
regardless of the sign ofi; in the above. It follows that the quantity in brackets is afg/@ositive, which in turn implies that
x2(0) is always positive. We then conclude that for scenariosrdest by small deviations from the homogeneous perfect fluid
model as described above collapse results in the formatiatozally naked singularity.

By looking at the final expressioh (36) we can see how the almmdel can be related to the well known homogeneous perfect
fluid and dust models.

1. We can retrieve the OSD collapse model in the case wheande”(0) (and all the higher derivatives efr) atr = 0)
vanish. In this case the mass function reducesfte= m, which implies thaty2(0) = 0 and we obtain a simultaneous
singularity resulting in a black hole final state.



2. In the same manner we can obtain the homogeneous peridanidadel by imposing that”(0) and all higher derivatives
of the same at = 0 are zero. In this cas®&/ becomes a function af only, throughv(¢) and again the singularity is
simultaneous thus resulting in the formation of a black hole

3. To obtain the inhomogeneous dust collapse describededy™® model we must impose:; = 0. Then the mass profile
becomes a function of only given by M = mg(1 + ¢(r)) and we gety2(0) = —€”(0)/(3./mo) which, fore”(0) < 0
leads to the formation of a naked singularity.

Thus from the above framework we recover the widely studasis of spherical collapse that lead to the formation of ekbla
hole, namely homogeneous dust and homogeneous perfectdllagse, as well as the inhomogeneous dust model leading to
a naked singularity. The important result of the above agiglig that we immediately see how the addition of a smallqunes
perturbation to a known collapse model can change the owadmollapse from black hole to a locally naked singularity.

IV. CONCLUSION

In the present paper we have investigated how the presersmaalf pressure perturbations in the known collapse soemari
of dust and homogeneous perfect fluid affect the final outcohwellapse. We have chosen a very general class of physicall
valid mass profiles given by a separable mass function. Bygusiich a form foM it is easy to see how the introduction of
inhomogeneities in the dust and homogenous perfect fluidehraitainges the behaviour of collapse of a spherically symenet
cloud. Our calculations show that inhomogeneous perfeictsfican collapse to a naked singularity and that the homagyene
case is somehow ‘special’ in the fact that it leads to a siam@ous singularity, a result that agrees with what was puely
found in [7].

This analisys suggests that towards the final stages ofps@lla star could reach a stage with arbitrarily high deissitighe
center before the formation of the trapping horizon. Thiglmhhave important astrophysical consequences as theeeagimre
‘quantum gravity’ effect become important might be caysathnnected with the outside universe thus changing dedistic
the classical picture for collapse (see for example [13kfume studies on how quantum effects might change the firgésta
of collapse). In recent years a lot of attention has beentdevim the theoretical study of observational features ékda
singularities (see for example [14]) in the hope that futobservations will be able to provide much needed experiatent
evidence on whether black holes are the only necessaryroetob collapse or if other possibilities, as allowed by tletical
models such as the ones discussed here, do occur in nature.

Our result support the idea that gravitational collapselaglbholes as described in the OSD model might not be the most
general paradigm to describe the final moments of the lifestéa Different density and pressure profiles contributiéooc-
currence of naked singularities within theoretical mod8isch singularities, that signal a breakdown of the class@ativistic
description, might in turn indicate the existence of an olmgle window into the physics that dominates at small scadeen
the gravitational field is large.
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