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Elements of Potential Theory
on Stratified Groups

In this chapter, we discuss elements of the potential theory and the theory of
boundary layer operators in the setting of stratified groups. The main tools for this
analysis are the fundamental solution for the sub-Laplacian and Green’s identities
established in Section 1.4.4.

From a different perspective than ours, comparable problems have been
considered by Folland and Stein [FS74], Geller [Gel90], Jerison [Jer81], Romero
[Rom91], Capogna, Garofalo and Nhieu [CGNO08], Bonfiglioli, Lanconelli and Uguz-
zoni [BLUO7] and a number of other people. A general setting of degenerate elliptic
operators was considered by Bony [Bon69]. However, it seems that the potential
theory on stratified group based on the layer potentials is an ingredient missing in
the literature, and here our presentation follows the development of such a theory
in [RS17¢] on general stratified groups and in [RS16¢| on the Heisenberg group.

Elements of the developed potential theory and the constructed layer poten-
tials are then used in this chapter to discuss several applications. In particular,
we describe new well-posed (i.e., solvable in the classical sense) boundary value
problems in addition to using it in solving the known problems such as Dirichlet
and Neumann problems for the sub-Laplacian. Furthermore, the developed po-
tential theory is used to derive trace formulae for the Newton potential of the
sub-Laplacian to piecewise smooth surfaces, and using these conditions to con-
struct the analogue of Kac’s boundary value problem in the setting of stratified
groups which is related to Kac’s “principle of not feeling the boundary” for the
sub-Laplacian.

In this section G will be a stratified group of homogeneous dimension Q) > 3.
Since our analysis is based on the fundamental solution for the sub-Laplacian we
will be restricting our discussion to the case of @) > 3. This is not restrictive since
it effectively rules out only the spaces R and R? where the fundamental solution
assumes a different form and where most things presented in this chapter are
already known.
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11.1 Boundary value problems on stratified groups

In this section, we show how Green’s identities established in Theorem 1.4.6 can
be used to provide simple proofs for the well-posedness for a number of boundary
value problems. In particular, we provide examples of different boundary condi-
tions, such as Dirichlet, Neumann, Robin, mixed Dirichlet and Robin, or different
types of conditions on different parts of the boundary. For simplicity we restrict
the considerations in this section to zero boundary conditions only, otherwise these
problems may become very delicate due to the presence of characteristic points,
and we can refer to [DGNO6] for a thorough analysis in this direction, and to
Remark 11.1.7 for some discussion.

We also note that in the subsequently considered boundary value problems,
we can assume without loss of generality (in the proofs) that functions are real-
valued since otherwise we can always take real and imaginary parts which would
then satisfy the same equations.

In this section € is always an admissible domain as given in Definition 1.4.4.

The following result is known by other methods but given Green’s first for-
mula in Theorem 1.4.6 its proof becomes elementary.

Proposition 11.1.1 (Dirichlet boundary value problem for sub-Laplacian). Let §2
be an admissible domain in a stratified group G. Then the Dirichlet boundary value
problem

Lu(x) =0, € Q, (11.1)
u(z) =0, z €09, (11.2)

has the unique trivial solution u = 0 in the class of functions C*(Q) (N C*(Q).

Proof of Proposition 11.1.1. Setting v = u in (1.86), by (11.1) and (11.2) we get

Vuudy = / (%uu + u£u> dv = / w(Vu, dv) = 0.
Q Q 09

Therefore
N
/ Z | Xpu|?dv = 0,
Q35
that is, Xpu = 0, £ = 1,..., Ny. Since any element of a Jacobian basis of G is
represented by Lie brackets of {X71,..., Xy, }, we obtain that u is a constant, so
u=0onQ by (11.2). O

This result has the following simple extension to stationary Schrodinger op-
erators:
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Proposition 11.1.2 (Dirichlet boundary value problem for Schrodinger operator).
Let Q2 be an admissible domain in a stratified group G. Let q : & — R be a non-
negative bounded function: ¢ € L>®(2) and q(x) > 0 for all x € Q. Then the
Dirichlet boundary value problem for the Schrodinger equation

—Lu(z) + q(x)u(x) =0, = € Q, (11.3)
u(z) =0, z € 9Q,

has the unique trivial solution u = 0 in the class of functions C*(Q) (N C*(Q).

Proof of Proposition 11.1.2. Using Green’s formula (1.86), from (11.3) and (11.4)
we obtain

; Vuudy = /ﬂ (%uu + uﬁu) dv — /Q a(y)|u(y)2dv
- /mu(%u,dw - /Qq(y)\u(y)de
-~ [ awlut)as

Therefore, we have
Ny
0= / > [ XpulPdv = —/ q(y)|uly)[*dv <0,
Q. Q

that is, we must have u = 0 because of (11.4). O

Similarly, we can treat von Neumann type boundary conditions.

Proposition 11.1.3 (Neumann boundary value problem for sub-Laplacian). Let €2
be an admissible domain in a stratified group G. Then the boundary value problem

Lu(z) =0, x € Q2 CG, (11.5)
Ny
> Xju(X;,dv) =0 on 09, (11.6)
j=1

has only constant solutions u = const in the class of functions C%(Q) (N C*(Q).

Remark 11.1.4. Note that von Neumann type boundary value problems for the
sub-Laplacian have been known and studied, see, e.g., [DGN06]. However, Propo-
sition 11.1.3 provides a new measure type condition for the von Neumann type
boundary value problem.
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Proof of Proposition 11.1.3. Set v = u in (1.86), then by (11.5) and (11.6) we get

Vuudy = / (%uu + uﬁu) dv
Q Q

:/ w(Vu, dv)

[219]
/ ZX w(X;,dv)
[219]

J=1
=0.

Therefore

/ Z | Xpu|?dv = 0,

Q.

that is, Xpu =0, k=1,..., N;. Since all vector fields in g are represented by Lie
brackets of {X7,..., X, }, we obtain that u is a constant. O

Similarly, the Robin type boundary conditions can be also considered.

Proposition 11.1.5 (Robin boundary value problem for sub-Laplacian). Let 2 be
an admissible domain in a stratified group G. Let a, : 0 — R, k=1,..., Ny, be
bounded functions such that the measure

N
aj<Xj,dV> 20 (11.7)
2

18 mon-negative on OS). Then the boundary value problem

Lu(z) =0, x € Q2 CG, (11.8)
Ny
> (aju+ Xju)(X;,dv) =0 on 0Q, (11.9)
j=1

has only constant solutions u = const in the class of functions C*(Q) (M C(£2).

Moreover, if the integral of the measure (11.7) is positive, i.e., if

/ZaJX dv) >0, (11.10)
o0

then the boundary value problem (11.8)~(11.9) has the unique trivial solution u =0
in the class of functions C?(Q) (N CH(Q).
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Proof of Proposition 11.1.5. Set v = u in (1.86), then by (11.8) and (11.9) we get

/%uudyz/ (%uu—l—uﬁu) dv
Q Q
:/ w(Vu, dv)
o
= U X; u( X ,dv)
>

J=1

= — u? aXdV
[

J=1

This means that

Ny
/ Z\Xku|2du——/ uQZaj<Xj7dV>.
Q o i

k=1

Therefore, we must have

/2Z‘XkU| dv =0 and /asz Za] X, dv)y = 0.

k=1 j=1
As before the first equality implies that u is a constant and the first part of
Proposition 11.1.5 is proved.

On the other hand, by the assumption (11.10) the second equality implies
that u = 0 on 0L, and this implies that « = 0 on €. O

The problems where Dirichlet or Robin conditions are imposed on different
parts of the boundary can be also considered:

Proposition 11.1.6 (Dirichlet and Robin boundary value problem for sub-Lapla-
cian). Let Q be an admissible domain in a stratified group G. Let aj : 00 — R,
k=1,..., Ny, be bounded functions such that the measure

Zlaj<Xj,dV> 20 (11.11)

is non-negative on 9. Let O C 99, Q1 # {0} and 9Qs := OQ\OQy. Then the
boundary value problem

Lu(z) =0, z€QCG, (11.12)
u=0 on 00, (11.13)
Ny
Z(aju+Xju)<Xj7dV> =0 on 09s, (11.14)
j=1

has the unique trivial solution u = 0 in the class of functions C*(Q) (N C*(Q).
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Proposition 11.1.6 can be proved in the same way as Proposition 11.1.5.

Remark 11.1.7 (More general boundary value problems). In principle, one is cer-
tainly also interested in boundary value problems for non-zero boundary data or,
more generally, for example in the Dirichlet case, for an admissible domain 2, in

{ﬁu:f in Q,

11.15
u=¢ ondf. ( )

In the Euclidean case, when L is the Laplacian, which is elliptic, the boundary
value problem (11.15) has a classical solution in C?()NC* () for reasonably good
functions f, ¢, for example, for f € C*(Q) with a > 0, and ¢ € C(99).

However, in general, this fact fails completely for the hypoelliptic boundary
value problem (11.15). Thus, already on the Heisenberg group H™, even if the
domain {2 and the boundary datum ¢ are real analytic and f = 0, D. Jerison
[Jer81] gave an example when the solution of the Dirichlet problem (11.15) is not
better than Holder continuous near a characteristic boundary point, that is, the
solution is not classical.

We recall that the characteristic set of Q (related to vector fields {X7, ...,
Xn, } giving the first stratum of a stratified group G) is the set

{r €0 : Xy(x) € T,(0Q), k=1,...,N1},

with T, (09) being the tangent space to 92 at the point . We refer to Section
11.2 more discussions on characteristic points, and also to [CGNO0S8, Section 4]
for an extensive discussion on boundary value problems and additional conditions
allowing one to partially handle the appearing characteristic points.

The appearance of characteristic points is hard to avoid, see the next section.

11.2 Layer potentials of the sub-Laplacian

Let D C R be an open set with boundary 0D. Let D be a domain of class C",
that is, a domain such that for every xp € 0D there exist a neighbourhood Uy, of
Tg, and a function ¢,, € C1(U,,), with

Vi, | > a>0
in U,,, where V is the standard gradient in R", such that

DNU,, ={x €Uy | ¢z, (x) <0},
0D NUy, ={x € Uy, | ¢pg,(x) = 0}.

A point xg € 9D is called characteristic with respect to vector fields {Xq, ...,
Xn, }, if for Uy, ¢u, as above we have

Xlgbwg ($0) = 07 ey Xngbwo (gjo) =0.
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Usually, bounded domains have a non-empty collection of characteristic points.
For instance, any bounded domain of class C* in the Heisenberg group H" with
the boundary homeomorphic to the 2n-dimensional sphere S?7, has a non-empty
characteristic set, see, e.g., [DGNO6].

11.2.1 Single layer potentials

We start by defining single layer potentials for the sub-Laplacian and then analyse
their basic properties.

Definition 11.2.1 (Single layer potentials). Let the function e(y,z) = e(z,y) be
the fundamental solution of the sub-Laplacian as in (1.89). We define single layer
potentials for an admissible domain €2 as the functionals

S;u(z) := /BQ u(y)e(y, z)(X;,dv(y)), j=1,...,Ny, (11.16)

where (X, dv) is the canonical pairing between vector fields and differential forms,
and V7 is the dimension of the first stratum of G.

Remark 11.2.2. In [Jer81] Jerison used the single layer potential defined by

Soulz) = /8 )=l 2)aS(),

However, it is not integrable over characteristic points of 952, see [Rom91] for
examples. On the contrary, as we will show in Lemma 11.2.3, the single layer
potentials (11.16) are integrable over the whole boundary 92 including the set of
characteristic points.

We recall from (1.89) that
e(w,y) = [dz,y)]*~9 = [d@=""y)]*7, (11.17)

with d being the £-gauge as in (1.75).

Lemma 11.2.3 (Single layer potentials are well defined). Let 002 be the boundary of
an admissible domain € in a stratified group G of homogeneous dimension QQ > 3.
Then

| e, anw)
o2
is a convergent integral for any x € G such that x© ¢ 0S.

Proof of Lemma 11.2.3. Let Bg := {y : d(z,y) < R} be a ball such that Q C Bp.
In view of (11.17) we can estimate

/[d(%y)]%@(Xj’dV(y)): X;jld(z, )~ Ydv(y)
o0 Q
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< /S | X;[d(e, )29 | du(y) < /B | X;[d(, )2 | dv(y)

R

R
= C’/ =@l dr < oo,
0

where we have used the polar decomposition from Proposition 1.2.10 with respect
to the L-gauge d. This proves Lemma 11.2.3. 0

We now establish the main basic properties of the single layer potentials.

Theorem 11.2.4 (Continuity of single layer potentials). Let 9Q be the boundary of
an admissible domain € in a stratified group G of homogeneous dimension @ > 3.
Let u be bounded on 92, that is, u € L>°(9Y). Then the single layer potential Sju
1s continuous on G for all j =1,..., Ny.

Proof of Theorem 11.2.4. Let first zo € G be such that z¢g ¢ 0Q2. Then

|Sju(z) — Sju(wo)| =

[ el 2) = (020 (X )|
o0

< sup )| [ <o) = et (5 )|
yeoN o0
This means that
lim S;u(z) = S;u(zo),
T—xT0

that is, the single layer potential S;u is continuous on G\9f2.

Now let zg € G be such that zg € 9€2. Let us denote
Qe :={y e Q:d(zo,y) <€}

Then we have

|Sju(e) = Sju(zo)| =

[ ww)etw. ) et 70 (X, dv(y»]
oQ

= sup (o)l | [ (a(w)—a(y,xo>><xj,du<y>>\
yeIN o0

— sup Ju(y)| \ [ Xitetw e(y,zo»du(y)]
yeIN Q

IN

Xj(e(y, x) — £(y, xo))dv(y)
Q\Q.

sup |u(y lim(
sup u(y)|Jimy

| et <t Io))dV(y)‘ )

+
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where the first term tends to zero when © — z9. Now what is left is to show that
the second term tends to zero. This follows since

lim [ X;(e(y,2) — e(y, 20))dv(y)
Qe

= lim < Xje(y, x)dv(y) —
Q.

e—0

stwo)du(y))
Q.

= lim(C/ r1=QrQ=1dr) = C'lime = 0.
0

e—0 e—0

This completes the proof. 0

11.2.2 Double layer potential

In this section, we discuss double layer potentials and establish Plemelj type jump
relations for them.

Definition 11.2.5 (Double layer potential). We define the double layer potential as
the operator

Du(z) := /@Qu(y)ﬁg(y,x),dy(y)), (11.18)
where N
65 = Z(XkE)an
k=1

with vector fileds X}, acting on the y-variable.

We now describe the Plemelj type jump relations for the double layer poten-
tial D.

Theorem 11.2.6 (Plemelj jump relations for double layer potential). Let Q C G be
an admissible domain in a stratified group G of homogeneous dimension QQ > 3.
Let uw € CHQ)N C(Q). For zg € 090 define

POulry) = / u(y)(Ve(y, mo), dv(y)),
o0

Dtulzy) = lim / u(y) (Ve (y, ), dv(y)),
o0

T—x0, TESY

and

D u(zo) := lim /a . u(y)(Ve(y, ), dv(y)).

T—x0, TEQ

Then D u(xzg), D~ u(zo) and Du(zo) exist and verify the following jump rela-
tions:

D u(zo) — D u(xg) = u(o),



460 Chapter 11. Elements of Potential Theory on Stratified Groups

D u(xg) — D u(wo) = J(xo)u(zo),
Dt () — DOulxo) = (1 — T (x0))u(xo),

where the jump value J (o) is given by the formula

T (o) = /a (Ve z0).dv(1),

in the sense of the (Cauchy) principal value, and where

N

65 = Z (Xk(-j) Xk.

k=1
In order to prove Theorem 11.2.6 we will need the following property.

Lemma 11.2.7. Let Q C G be an admissible domain with the boundary 02 and let
zo € ON. Let u € CH(Q) N C(Q). Then

Jim [ fu) ~ ula)) (Fep, o)) = [ [u(o) = uloo) (Ve(y. z0), dv(y)
0Joq o

Proof of Lemma 11.2.7. To simplify the notation in this proof we will use the
following Einstein type convention: if the index k is repeated in an integrand, it
means that it is a sum over k from 1 to N;. For example, we abbreviate it as
follows:

| ) =0 Xie(y.2) (X ty) z /3 ) )] Xie(y, 2) (X ().
First, let us show that

lim X {(uly) — u(z)) Xpe(y, z)} dv(y) = 0.

€~ d(z,y)<e

By using the divergence formula in Theorem 1.4.5, we can estimate

tig | [ X)) ety ) dvt)
SO e F W
dlim [ () - u) X0 Xee(, ) )

=0 Jd(z,y)<e
€

< (C'lim dr = 0.

e—0 0
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Therefore, we have

/Q X {[u(y) — u(@)| Xpe(y, )} dv(y)
- /QXk {luly) — u(z)] Xre(y, )} dv(y)

+ lim Xi {(uly) — u(x)) Xre(y, )} dv(y).

=0 Ja(a,y)<e

If we take Q. = {y € G : d(z,y) < €}, then by the divergence formula in Theorem
1.4.5 we have

lim [ fu(y) — u(x)]| Xee(y, 2)(Xk, dv(y))

o Joq
= tim [ X {luly) — u Xact )} oty
= Jim hr%{ X {luty) — wle) Xeely. )} )
ne— a\Q.
/ X {[u D) Xeely, )} dv(y )}
/Xk{ — u(x0)| Xre(y, xo)} dv(y).

That is, we have
lim [ [u(y) — uw(@)] Xpe(y, 2)(Xy, dv(y))
= /QXk {[uly) — u(zo)] Xre(y, xo)} dv(y)

:/ [u(y) — w(z0)] Xie(y, x0)(Xk, dv(y)).
o0

Recalling the summation convention over the repeated index k, we get
lim [ [u(y) - w(@)|(Ve(y, x), dv(y)) =/ [u(y) — ulz0)){Ve(y, z0), dv(y)).
TEo Joq o0

This proves the statement of Lemma 11.2.7. 0
Proof of Theorem 11.2.6. We have

lim [ u(y)(Ve(y, =), dv(y))

T—xQ,
go0 00

=i ([ ) = ol Fel ) dvl) + o) [ (Tt vt

r—xo,
F-2519)
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Choosing u = € and v = 1 in Green’s first formula (1.86) we get

1, €,

| Fetnanam = {5 255

see Corollary 1.4.9. Therefore, using Lemma 11.2.7 we obtain

DFu(zo) = /BQ [u(y) — u(z0)|(Ve(y, 20), dv(y)) + ulo) (11.19)
and

D ulao) = | [uo) ~ u(eo)] (Tl z0), (), (11.20)
This gives the first jump relation
DHu(zg) — D~ u(zo) = u(zo).
We also have
Dou(eo) = | ulu)(Fe(y.a0). dv(y)
[219]
— [ {uly) - o)) Tty ). ()
[219]
+ule) [ (Fewao). dnly)
— [ {uto) = )] (Tl 20): dv(w)) + T o)uan).
o0
So we obtain
Dlulao) = /a [y) — ()] ( Vel w0). duy)) + T (wo)ulzo).  (11.21)
Now we get the second jump relation by subtracting (11.20) from (11.21), and
subtracting (11.21) from (11.19) we obtain the third one. O
11.3 Traces and Kac’s problem for the sub-Laplacian

Let © ¢ R4, d > 2, be a bounded domain. Then it is well known that the solution
to the Poisson equation in (2,

Au(z) = f(z), x€Q, (11.22)

is given by the Green formula (or the Newton potential formula)

u(x) = /Q ca(z —y)fy)dy, x€Q, (11.23)
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for appropriate functions f supported in 2. Here ¢4 is the fundamental solution
to A in R? given by

1 1
2, 423,
ca(z —y) = { (B Dalz (11.24)
or loglz —yl,  d=2,
d
where s = 13?5) is the surface area of the unit sphere in R?. A question related
2

to the so-called Kac’s boundary value problem in €2 is

what boundary condition can be put on u on the (piecewise smooth) boundary
02 so that equation (11.22) complemented by this boundary condition would
have the solution in € still given by the same formula (11.23), with the same
kernel ;4 given by (11.24)7

This question is equivalent to finding the trace of the Newton potential (11.23) on
the boundary surface 02.

It turns out that the answer to these questions is the integral boundary
condition

= e+ [P, [ ooy o
oQ

ds, =0 o9, (11.25
2 3ny a0 8ny Y T E ’ ( )

where 82 is the outer normal derivative at a point y on 9€2. Thus, the trace of the
Y

Newton potential (11.23) on the boundary surface 92 is determined by (11.25).

The boundary condition (11.25) and the subsequent spectral analysis are
often called “the principle of not feeling the boundary” and it has originally ap-
peared in M. Kac’s work [Kac51], with further extensions in Kac’s book [Kac80].
Such an analysis has several applications to the spectral theory and the asymp-
totics of Weyl’s eigenvalue counting function. Spectral problems related to the
boundary value problem (11.22), (11.25) were considered in the papers [KS09],
[KS11], [RS16b] and [RRS16]. In general, the boundary value problem (11.22),
(11.25) has several interesting properties and applications, for example discussed
by Kac [Kach1, Kac80] and Saito [Sai08].

11.3.1 Traces of Newton potential for the sub-Laplacian

The analysis of the trace of the Newton potential or of related Kac’s boundary
value problems will be relying to certain results of Folland and Stein established
in the setting of anisotropic Holder spaces. We now define these spaces following
[FS74] and [Fol75].

Definition 11.3.1 (Holder spaces on stratified groups). Let 0 < a < 1. Define the
anisotropic Holder spaces I',,(2) on Q C G by

o o @) = W)
La(Q) ={f:2—C: ;z [d(z, )]

< 00}
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For k € N and 0 < a < 1, one defines T'y;,(Q2) as the space of all f: Q — C
such that all derivatives of f of order k belong to I',,(€2). A bounded function f is
called a-Hdolder continuous in Q C G if f € T', ().

We now define the analogue of the Newton potential in the setting of stratified
groups. Here and in the sequel we adopt all the notations of Section 1.4.3 and of
the subsequent sections.

Definition 11.3.2 (Newton potential for sub-Laplacian). Let Q@ C G be an admis-
sible domain in a stratified group G in the sense of Definition 1.4.4. The sub-
Laplacian Newton potential is defined by

u(z) = /Qf(y)a(yw)du(y), reQ, fel.(Q), (11.26)

where

e(y,x) =e(z,y) = ey 'z,0) = e(y 'z)

is the fundamental solution (1.89) of the sub-Laplacian L, i.e.,
e(z,y) = [d(z,y)]*~,
where d(z,y) = d(y~'x) is the L-gauge on G.
Remark 11.3.3. It was shown by Folland in [Fol75] that if f € T',(Q2) for a > 0
then w defined by (11.26) is twice differentiable and satisfies the equation
Lu = f.

The following theorem describes the trace of the integral operator in (11.26)
on 0f). This is equivalent to finding a boundary condition for u such that the
equation Lu = f has a unique solution in C?(£2) and this solution is the Newton
potential (11.26).

Theorem 11.3.4 (Trace of Newton potential and Kac’s boundary value problem).
Let 2 C G be an admissible domain in a stratified group G of homogeneous di-
mension Q > 3. Let e(y,x) = e(y~'x) be the fundamental solution to L, so that

Le=6 onG. (11.27)

Then for all f € To(Q), 0 < a < 1, suppf C Q, the Newton potential (11.26) is
the unique solution in C*(Q) N CH(Q) of the equation

Lu=f in (11.28)
with the boundary condition
u(y)(Ve(y, ), dv(y))

@ (11.29)

(1= T(@))ulz) + /3
/8 e(y,2)(Vuly), dv(y)) =0 for = €0,
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where the jump value is given by the formula
T (x) = /iaQ<§E(y7x)7dV(y)>7 (11.30)

with V = ﬁy defined by
Ny

ﬁg = Z(ng)Xk.
k=1

Proof of Theorem 11.3.4. Since the Newton potential (11.26) is a solution of
(11.28) it follows from Remark 11.3.3 that u is locally in T',42(€2,loc) and that it
is twice differentiable in 2. In particular, it follows that u € C?(2) N C* ().

We will use the following representation formula for functions v € C?(Q) N
C(Q2) shown in Corollary 1.4.10, Part 1, for all z € Q:

u(z) = [ f(y)e(y, z)dv(y) + / u(y)(Vely, z), dv(y))
Q oQ

- (11.31)
- / ey, 2) (Vuly), d(y)).
o0

Since u given by the Newton potential formula (11.26) is a solution of (11.28),
using it in (11.31) we get, for all = € €,

/ u(y)(Ve(y, 2), dv(y)) - / £y, 2)(Vu(y), dv(y)) = 0. (11.32)
oQ

[219]

When z € Q approaches the boundary 92 from the interior we can use Theorem
11.2.4 and Theorem 11.2.6 yielding the identity

(1= T@)u(e) + [ uly) (Telyoa),dvly)
o0 (11.33)

- / e(y, z)(Vu(y),dv(y)) =0 for any x € O
1)

It follows from (11.26) that w is then a solution of the boundary value problem
(11.28) with the boundary condition (11.29).

Let us now prove its uniqueness. Assuming that v and u; are two solutions
of the boundary value problem (11.28) and (11.29), their difference

w=u—u; € C*Q)NCHQ)
satisfies the homogeneous equation

Lw=0 in Q, (11.34)
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and the boundary condition (11.29), i.e.,

(1= J(x)w(x) +/ w(y)(Ve(y, =), dv(y))
o0 (11.35)

f/ e(y, 2)(Vw(y),dv(y)) =0, € €.
oQ

The representation formula from Corollary 1.4.10, Part 2, yields the formula
for w as

w@) = [ wl)(Felpaidy) - [ cn)Fo@hd@), (1130
aQ aQ

for any = € Q. As above, when x € Q approaches the boundary 9Q from the
interior we can use Theorem 11.2.4 and Theorem 11.2.6 by using the properties
of the double and single layer potentials as © — 9 from interior, formula (11.36)
implies that for every x € 02 we have

mm:ufﬂmmm+/

[219]

w(y)(Ve(y, z), dv(y)) - / ey, @)(Vw, dv(y)).

[219]

Comparing this with (11.35) we obtain that w has to satisfy
w(x) =0, z € I, (11.37)

By Proposition 11.1.1 the boundary value problem (11.28) with the boundary
condition (11.34) has a unique trivial solution w = 0 in C?(2)NC*(2) which shows
that © = uq in Q. O

11.3.2 Powers of the sub-Laplacian

We now extend the analysis of Section 11.3.1 to traces and boundary value prob-
lems for powers of the sub-Laplacian on stratified groups. Here we naturally un-
derstand the powers by

LM = LLm 1, (11.38)

for all m € N.

Let Q@ C G be an admissible domain in a stratified group G of homogeneous
dimension @ > 3. Then for m = 1,2,..., for a given f € T',(2), we consider the
equations

LMu(x) = f(z), x €, (11.39)

Definition 11.3.5 (Generalized Newton potentials). Let e(y,z) = e(y~'z) be the
fundamental solution of the sub-Laplacian £ as in (1.89). We define the generalized
Newton potentials by

u(r) = ; fW)em(y, z)dv(y), (11.40)
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where &,,(y, z) is the fundamental solution of (11.39) such that

m—1 _ —
L Em=¢ m=12 ...

Namely, with a proper distributional interpretation for m = 2,3, ..., we take
cnlna) = [ enaln Q€)@ paeR (114D
)
with

51(3/7 .%‘) = 5(3/7 l‘)

We note that in general higher-order hypoelliptic operators on stratified
groups may not have unique fundamental solutions, see Geller [Gel83], or [FR16,
Section 3.2.7] for a detailed discussion. However, in the case of the iterated sub-
Laplacian £™ we have uniqueness in the sense of the next theorem and of the
uniqueness argument in its proof.

Theorem 11.3.6 (Traces of generalized Newton potentials and Kac’s boundary
value problem). Let Q@ C G be an admissible domain in a stratified group G of
homogeneous dimension Q > 3. For any [ € T (), 0 < a < 1, suppf C Q, the
generalized Newton potential (11.40) is a unique solution of the equation (11.39)
in C?™ () N C?™=Y(Q) with m boundary conditions

— T2\ Liu(x N Itiy v Lmelsi m(y, ), dv .
(1—J(@)Lu(z) + JZ% /BQE (y)(VL em(y, ), dv(y)) (11.42)
m—i—1
— Z £m_1_j5m(y,x)(%ﬁjﬂu(y)du(g/)) =0, xe€09,
= Joa

foralli=0,1,...,m —1, where V is given by
N
Vo= (Xkg) X
k=1
and J(x) is the jump function given by the formula (11.30).

Remark 11.3.7. From Theorem 11.3.6 we have that the kernel (11.41), which is a
fundamental solution of the equation (11.39), is the Green function of the boundary
value problem (11.39), (11.42) in €. This presents an example of an explicitly
solvable boundary value problem for the iterated sub-Laplacian in any (admissible)
domain €2, which can be regarded as the higher order version of the original Kac’s
boundary value problem.

Proof of Theorem 11.3.6. For each = € (), applying Green’s second formula from
Theorem 1.4.6 we obtain

u(z) = | f(yem(y,z)dv(y) = / L"u(y)em(y, z)dv(y)
Q Q
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) L™ u(y) Lo (y, 2)dv(y) — , L™ u(y)(Vem(y, o), dv(y))
* /652 €m(y7 l’) <6Em*1u(y)’ du(y))
= [ £t Centyaavty) ~ [ L7 2u(u)(FLon(y,a),dvly)
Q o0
+ /asz Lem(y,2) (VL™ 2u(y), dv(y)) — /asz L u(y) (Ve (y, o), dv(y))

* /652 €m(y7 l’) <6Em*1u(y)’ du(y))

Z VL e (y, @), dv(y))

+ Z/ L ey (y, 2) (VL u(y), dv(y)), = € Q.

This implies the identity

Z VL e (y, @), dv(y))
(11.43)

- Z L ey (y, 2) (VL u(y), dv(y)) =0, x € Q.
We note that the first term of the first summand, i.e., the term with 7 = 0 given by

/ u(y)(Ve(y, 7). dv(y))
o0

is the double layer potential analysed in Theorem 11.2.6. The other terms in the
above sum are single layer type potentials. In particular, by Theorem 11.2.4 they
are continuous functions on G. By using the properties of the double and single
layer potentials as x approaches the boundary 952 from the interior, from (11.43)
we obtain the equality

1-J )+ Z £ WVL™ e, (y, x), du(y))

S e, ) () vl =0, € o0
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From this relation we obtain the first boundary conditions for (11.40). The re-
maining boundary conditions can be derived by writing

L Liu=f, i=0,1,....m—1, m=12,..., (11.44)
and carrying out similar arguments as above. Indeed, we have
D) = [ f)Lenma)iny) = [ £ L)L 0 )dn)
:/Em_l_lﬂzu(y)ﬁﬂam(%x)dy(y)
Q
= [ e L) (T L ). dvly)
a0
+ [ Llem(y, a)(VL T L uy), du(y))
a0
= [ £ e v i)
Q
- [ e L) (T LL e () i)
o0
+ [ LLé(y,x) (VL™ 2L uly), dv(y))
o0

,/ L () (V Liem (y, ), dv(y))
o0

+/ Ligm(y, 2)(VL™ 7 Liu(y), du(y))
o

/Eiu(y)ﬁm_i£i€m(y7$)dV(y)

m—i—1

Z / £ Luly) (VL™ Liey (y, 7). dv(y))
o0

N Z / LT Ll (g, o) (VL Liuly), d(y))

m—i—1
- D [ LTu@)(VLn T ey, x). dv(y))
7=0
m—1—1
3 / L e (y, ) (VL u(y), dv(y)), @€ 9,
o0

where Lie,, is a fundamental solution of the equation (11.44), that is,

LML, =6, i=0,1,...,m—1.
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From the previous relations, for all x € Q and ¢ = 0,1,...,m — 1, we get the
identities

m—1—1

Z /BQ LIy (VL ey, (y, @), dv(y))
j=0

m—i—1

— mel=ie (y,x V LIty ,dv =0.
Z /mﬁ (v, 2) (VL7 u(y), dv(y)) = 0

By using the properties of the double and single layer potentials in Theorem 11.2.6
and Theorem 11.2.4 as = approaches the boundary 9€) from the interior of €2, we
find that

m—i1—1

— J(@)Liu(z Ity VL e ,x),dv
(1= J(x) L u(x) + JZO /mﬁ W)(VL em(y, ), dv(y))

m—i—1
= > | LT ey, 2) (VL T uy), dv(y) =0, x €09,

= Joo

are all the boundary conditions of (11.40) for each i =0,1,...,m — 1.

Let us now show the uniqueness: if a function w € C?*™(Q) N C?m~1(Q)

satisfies the equation £™w = f and the boundary conditions (11.42), then it must
coincide with the solution (11.40). Indeed, the function

vi=u—we C*(Q)NCTHQ),

where u is the generalized Newton potential (11.40), satisfies the homogeneous
equation

LMy =0 (11.45)
and the boundary conditions (11.42), i.e.,

m—i—1
L)(x) == (1— (@) L)+ Y aQcﬂ‘*"v(y)<%£m-1—jsm<y,ac),clv<y)>
j=0
m—i—1
= Y [ L e (g ) (VLT u(y), du(y)) =0,

= Joa

1=0,1,...,m—1,

for x € 092. By applying the Green formula from Theorem 1.4.6 to the function
v € C?™(Q)NC?*=1(Q) and by following the lines of the previous calculation we
obtain

0= /Q Emv(i)ﬁlsm(y, «I)dl/(y) = /ﬂ L:m*ZL:l,U(l_)EZEm(y? I’)d}/(y)
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LM o(x)LL e (y, z)dr(y) — L Y(z) (VL (y, ), dv(y))
Q o9

b [ enty @ o))
o
- / L7720 (@) L2 Le (y, @)dv(y) - / £ 2o(@) (VL ey, 2), dv(y))
Q o0
+/ Uﬂem(%x)(%ﬁm”v(x),dV(y»*/ LM o(@)(VL em(y, ), dv(y))
o0 o

Q

b [ enty @ o))
o0

m—1—1

Z /{m LIy (VL™ ey, z), dv(y))

m—1—1

+ Z / L (g, o) (V LIu(y), dvly)), i=0,1,...,m— 1.

By passing to the limit as x — 02 from interior, we obtain the relations
L'(x) |zeo0=1;(v)(@) |zeo0=0, i=0,1,...,m—1. (11.46)
We claim that the boundary value problem

LMy =0,

(11.47)
vlpa=0, i=0,1,...,m—1,

has uniqueness trivial solution v = 0 in C?™(Q) N C?*™~1(Q).

Assuming this claim for the moment we get that v = u—w = 0, for all z € Q,
i.e., w coincides with « in . Thus (11.40) is the unique solution of the boundary
value problem (11.39), (11.42) in 2.

Let us now show the above claim, that is, that the boundary value problem
(11.47) has a unique solution in C?™(2) N C?™~1(Q). Denoting

b= L,

the claim follows by induction from the uniqueness in C?(2)NC* () of the bound-
ary value problem

The proof of Theorem 11.3.6 is complete. 0
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11.3.3 Extended Kohn Laplacians on the Heisenberg group

In this section we describe more explicit formulae for the traces of the Newton
potential presented in Section 11.3.1 in the setting of the Heisenberg group. In this
analysis we adapt the complex description of the Heisenberg group as described
in Section 1.4.8, so we follow all the notation introduced there. The presentation
in this and the following sections follows [RS16c].

In particular, we will use the coordinates on the Heisenberg group H" given
by variables z = (¢, t), so that a basis for the complex tangent space of H" at the
point z is given by the left invariant vector fields

0 .0

Denoting their conjugates by

0 0
X, = X = — 1

J J 8zj Zzat7

we will be dealing with the extended Kohn Laplacian
Lop=> (aX;X;+bX,X;), a+b=n. (11.48)

j=1

As described in Section 1.4.8, this operator has a fundamental solution given by
a constant multiple of (1.110). Moreover, in [FS74], Folland and Stein defined

the Newton potential (volume potential) for a function f with compact support
contained in a set  C H,, by

u(z) = /Q F(E)e(e 2)dw(©), (11.49)

with dv being the volume element: this is given by the Haar measure on H,, which
in turn coincides with the Lebesgue measure on C™ x R. More precisely, they
proved that
£a,bu = Ca,bf7

where the constant ¢, is zero if a and b= —1,-2,...,n,n+1,..., and ¢, p #0
if aorb# —1,-2,...,n,n+1,..., given by (1.112) for a ¢ Z. For different
approaches to the fundamental solutions of L, we can also refer to Greiner and
Stein [GS77].

With the notation for e, = ¢ as in (1.110) the distribution Calbe is the
fundamental solution of L, ;, while € satisfies the equation 1

Ea,b5 = Cayb(s. (11.50)

In order to make our presentation compatible with the accepted ones in [FS74]
and [Rom91], in this section we will also work with the function e although there
is a constant ¢, appearing in the identity (11.50).
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Therefore, throughout this and next sections we assume that ¢, # 0, which
means that a and b satisfy the condition

aand b# —1,-2,....n,n+1,....
In addition, without loss of generality we may also assume that a,b > 0.

We recall the anisotropic Holder space T',(€2) from Definition 11.3.1. Since
all homogeneous quasi-norms on homogeneous groups are equivalent for such a
definition we can also use an explicitly defined distance on H" given by

] = (Il + J¢1%) /2.

Thus, for 0 < a < 1, the anisotropic Holder spaces I',(2) from Definition 11.3.1
can be also described by

< o0

Fa(Q)=<f:Q—>C: sup |f(z2)71— 1)
21,22€50 |Z2 Zl|a
21722
Remark 11.3.8. In addition to Remark 11.3.3, in the setting of the Heisenberg
groups we have that if f € T'y(Q2) for a > 0 then u defined by (12.43) is twice
differentiable in the complex directions and satisfies the equation

£a,bu = Ca,bf~

There are several different approaches to show this result by Folland and Stein
[FS74], Greiner and Stein [GST77], and Romero [Rom91]. Moreover, Folland and
Stein have shown that if f € ' (Q,1oc) and L, pu = cqpf, then f € T'y12(€,1oc),
for naturally defined localisations 'y (£2,loc) of the anisotropic Holder spaces
L. (Q).

We will be using the single layer potentials introduced in Definition 11.2.1,
namely, the operators

S;9(2) = /a 9(E)e(6. ) (X, ()

where (X, dv) is the canonical pairing between vector fields and differential forms,
which are well defined by Theorem 11.2.3. Moreover, specifically in the setting of
the Heisenberg group, it was shown in [Rom91, Theorem 2.3] that if the density
of g(¢)(X;,dv) in the operator S; is bounded then Sg € I'y(H,,) for all a < 1.

The double layer potentials have been introduced in Definition 11.2.5 on
general stratified groups. However, it will be now convenient to adapt its defini-
tion slightly to the extended Kohn Laplacians £, . Thus, for every differentiable
function g we define the vector field

n—1
Vg =" (aX;9X; +bX,9X;). (11.51)

Jj=1



474 Chapter 11. Elements of Potential Theory on Stratified Groups

Consequently, we will be working with the double layer potential

Wu(z) = / w(E(V¥Pe(€, 2), dv(€)). (11.52)
o0

Let us now record the Plemelj jump relations for double layer potential which
follow from Theorem 11.2.6.

Corollary 11.3.9. The double layer potential Wu in (11.52) has two limits

Whu(z) = lim_ [ w(@)(V*’e(, ), dv(€))
;g)gé o0

and

Wou(z) = lim [ w()(V*e(€, 20), dv(€)),
and the principal value

Wou(e) = pov- Wale) = i |l (T e(E 2)dv(6).

For u € Ty () and z € 09 the above limits exist and satisfy the jump relations

Wu(z) — Wu(z) = cqpu(z),
Wou(z) — Wu(z) = H.R.(2)u(z), (11.53)
Whu(z) — Wou(2) = (cap — H.R.(2))u(z),

where H.R(z) is the so-called half-residue given by the formula

H.R(z) = lim (V®Pe(€, 2), dv(€)). (11.54)
020 Joa\{le-12|<s}

The first two jump relations in (11.53) follow by an adaptation of the argu-
ment in Theorem 11.2.6 keeping in mind the appearing constant ¢, ;. The third
jump relation in (11.53) follows by subtraction of the first two. The statement of
Corollary 11.3.9 was shown in [Rom91, Theorem 2.4].

Then we have the following analogue of Theorem 11.3.4.
Theorem 11.3.10 (Trace of Newton potential and Kac’s boundary value problem
for Lop). Let e(€,2) = e(€712) be the rescaled fundamental solution to Lap, so

that
Lope =cqpd on H,. (11.55)

For any f € To(Q), 0 < a < 1, suppf C Q, the Newton potential (12.43) is the
unique solution in C?(2) N CL(Q) of the equation

Loyt =capf (11.56)
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with the boundary condition

(Cap — H.R(2))u(z) + lim u(E(V¥Pe(€, 2), dv(€)) (11.57)
020 Joa\{|¢~12|<6}

- [ e gy 0. forzeom,
o0

where H.R(z) is the so-called half-residue given by (11.54).
Proof of Theorem 11.3.10. Since the Newton potential

u(z) = 5 f(&)e(&, 2)dv(§) (11.58)

is a solution of (11.56), from Remark 11.3.8 it follows that w« is locally in
Coi2(Q,loc) and that it is twice complex differentiable in Q. In particular, it
follows that u € C?(Q2) N C1(Q).

From Green’s second formula in Theorem 1.4.6, similarly to Corollary 1.4.10,
Part 1, by taking into account constants c, p, for every u € C%(Q) N C*(Q) and
every z € {2 we have the representation formula

Captt(2) = Cap | f(E)E(E 2)dr(§) +/ u(€)(VPe(€, 2), dv(€))
Q o0 (1159)

- / £(€, 2) (VP u(€), du()).
oQ

Since u(z) given by (11.58) is a solution of (11.56), using it in (11.59), for every
z € 2 we have

| uewrtee @) - [ cle )T u. ) =0 (1L60)
o0 0

The fundamental solution £(z) is homogeneous of degree 2 — Q = —2n; this is
a general fact (see, e.g., [FR16, Theorem 3.2.40]), or can be seen directly from
formula (1.110) since

e(A\2) = 2729720 (2) = \72"¢(2)  for any A > 0,

since a + b = n. It follows that € and its first-order complex derivatives are locally
integrable. Since (¢, z) = (£ 12), we obtain that as z approaches the boundary,
we can pass to the limit in the second term in (11.60).

By using this and the relation (11.53) as z € Q approaches the boundary 92
from the interior, by passing to the limit, for every z € 002 we get

(cap — H.R(2))u(z) + lim w(€)(V*Pe(€, 2), dv(§))
00 Jaa\{|¢-12|<6}

(11.61)
- / £(€, 2) (VP u(€), du(€)) = 0.
o0
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This shows that (11.58) is a solution of the boundary value problem (11.56)
with the boundary condition (11.57).

Now let us show the uniqueness which can be done similarly to the proof of
the uniqueness in Theorem 11.3.4. If the boundary value problem (11.56)-(11.57)
has two solutions u and u; then the function w := u—wu; € C?(Q)NC*(Q) satisfies

the homogeneous equation
Lopw=0 inQ, (11.62)

and the boundary condition (11.57), that is,

(Cap — HREwE +Jmy | w(E){V*e(€, 2),dv(9))

(11.63)
- / €€, 2)(VP w(&), du(€)) = 0,
oN

for all z € 09.
Using the representation formula (11.59) for solutions with f = 0 we have
the following representation formula for w:

= w ab z),dv - 21V v
Ca,bw(Z)—/aQ (E(V97e(&, 2), dv(€)) /896(57 V7w (E), dv(§))

for all z € Q. As in the existence proof, by using the properties of the double and
single layer potentials as z — 0f), we obtain that

Capw(2) = (cap — H.R(2))w(z) + lim e als) w(E)(V*Pe(€, 2), dv(€))

- / £(€, 2)(TPw, du(€))
oQ

for all z € 9. Comparing this with (11.63) we see that w must satisfy
w(z) =0, z € 0. (11.64)

By an argument similar to that in Proposition 11.1.1, the homogeneous equation
(11.62) with the Dirichlet boundary condition (11.64) has a unique trivial solution
w = 0 in €. Therefore, we must have u = wy in . This completes the proof of
Theorem 11.3.10. 0

11.3.4 Powers of the Kohn Laplacian

In this section, we carry out the analysis similar to that in Section 11.3.2 for the
powers of the extended Kohn Laplacian £, 3.
As before, let © be an admissible domain in H". For m € N, we denote

m . m—1
£a,b — £a7b£a,b .
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Then for m € N, we consider the equation
Liyu(z) = capf(z), 2 €€ (11.65)

Let (€, 2) = (£712) be the rescaled fundamental solution of the Kohn Lapla-
cian as in (11.55). Let us now define the Newton potential for the operator Ly, by

2) = /Q F(€)em(€, 2)di(©), (11.66)

where &,,(&, z) is a rescaled fundamental solution of (11.65) satisfying
Emb Em = E.

With a suitable distributional interpretation, for m = 2,3, ..., we can write

e(62) = [ cnnal€QelC O, Ezen (11.67)

with

51(5, Z) = €(£a Z)'
Theorem 11.3.11 (Traces and Kac’s boundary value problem for powers of Kohn
Laplacians Lqp). For any [ € To(2), 0 < o < 1, suppf C €, the generalized

Newton potential (11.66) is a unique solution of the equation (11.65) in C*™(Q)N
C?m=Y(Q) with m boundary conditions

(Cap — H.R(z))ﬁz,bu(z)

T Z lim LI () (VLT e (€, 2), dv (€))

020 Joa\{je-1z|<6}

m—1—1

Z | i enle N L u@me) = 0. zeom,

fori=0,1,...,m— 1, where H.R(z) is the half-residue given by (11.54).

Proof of Theorem 11.3.11. Applying Green’s second formula from Theorem 1.4.6
for each z € (2, similarly to (11.59) we get

Capti(2) = Cap / F(E)em (&, 2)dv(€)
:/ﬂgfbu(g)gm(gvz)dy(g) :/£Z:Lb_1u(£)£a,b5m(€7z)dy(£)
Q Q
- / LI u(E) (Ve (£, 2), dv(€)) + / (£, 2) (VP9 L u(€), di(€))
o0 oQ
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L7 2u(€)Lh yem (€, 2)dv(€) — /a . L7 Pu(E) (VP Lo pem (€, 2), dv(€))

Q

+ / Ea,bsm(€7 Z)<vb’a£:;?b_2u(€)7 dy(€)> - / Ezglu(£)<va’b€m(€7 2)7 dy(€)>
oQ o0

4 / (€, 2) (VP LI u(E), di(€)) = - -
oQ

m—1

= capt(z) = Y | L@ (VPLY e (€, 2), du(€))

=0 Joa

" 2/ L e VL (). dv(E), e

It follows that

m—1
Z /{m L, ulEUV LT em(€, 2), dv(€)
7 (11.69)

— Z L e (€, 2) (VLD u(€),dv(€)) =0, z€Q.

o0

By using the continuity of the single layer potential and Corollary 11.3.9 for the
double layer potential as z approaches the boundary 9€) from the interior, from
(11.69) we obtain

,_n

m—

(cap — H.R(2))u(z) + Z L] (&) (VLY e (€, 2), dv(€))
=0
1

OON{|E-12<8}

/8 L (€ 2V (). €)= 0, 2 € 08
0

<.

This relation is one of the boundary conditions (11.68). Let us now derive the
remaining boundary conditions. For this, we will rewrite the equation as

Ll yu=capf, i=0,1,....om—1, m=12,..., (11.70)

7

and then use a similar argument. Thus,
o) = o | HOLzn(€ (€)= [ £17 L OL p0nE,2(6)
= | £ L Lanl ol (e
- [ e (VL el ). )

+ / L pom(€ ) (TP LTT UL u(E), di(€))
o0
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- /S L7 L u(€)L2 y Ly (6, ) ()
- /8 LR gl (T L (€ 2), ()
[ Lol NP L2 u(€) dv(E)

- EZ"b L (€)Y UL yem (€ 2), dv(€))

+ / Ci e (€ )T LT u(E), di(€)
o0

/Q i ul(€) LT L (€, )V ()
m—i—1
- > c%.’,bcz,bu@)<va’b£zﬁ;i‘1‘jﬁz,bsm<§,z>,du<5>>

7=0
m—i—1

+y / 0L (€ 2) (VP2 L yu(E), du(E))
m—i—1
RCETICEDY /a LT LT e 2), ()

m—i—1

+ Z / £ e (6, 2)(VP LI u(E), dv(€)), =€ 9,

where we used that L} ., is a rescaled fundamental solution of Lm " asin (11.70).
This implies the identities

m—i—1 .
Z / ()L e (€, 2), du(€))

mzl

Z / Loy em(& ) (VL u(€), dv()) = 0,

forallz € Qandi=0,1,...,m—1. As before, by using the continuity of the single
layer potential and Corollary 11.3.9 for the double layer potential as z approaches
the boundary 92 from the interior, we find that for all z € 9 we have

(cap — H.R(2))L; pu(2)

m—i—1

n Jim LI (VLI e (€, 2), dv(€))
— 070 aa\{lg-12]<06)
m i— 1
/ Lov e )<V”’“EﬂiU(£),dV(£)> =0,

which are the boundary conditions (11.68) for all ¢ = 0,1,...,m — 1.
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Let us now show the uniqueness, that is, if a function w € C?™(Q)NC?™~1(Q)
satisfies the equation £y w = f and the boundary conditions (11.68), then it must
be given by (11.66). Indeed, with u given by (11.66), the function

vi=u—w € C*(Q)NC*HQ),

satisfies the homogeneous equation

£mbv =0
and the boundary conditions for all ¢ = 0,1,...,m — 1,
Ii(v)(z) :== (Cap — H.R(z))ﬁfl’bv(z)
m—1—1
+ Z lim LI (VLY e (€, 2), dv(€))

00 Joa\{|e-12|<6}

m -1

/ £ (€T L), dv() =

for z € 0Q2. Applying the Green formula from Theorem 1.4.6 to the function
v e C?™(Q) N C?*™ Q) we obtain

0= [ L) Een(e () = [ L2 p0() Ll v )
Q Q
= [ £ L s (€ O — [ LI T Ll 6,2 dv(E)
Q oQ
4 [ L pem(€ L (), dv(6)
o2

m—i—1
= capLiyo(z) — > /a Qz;fﬁ(g)(va’b,cgj;lﬂsm(g,z),dy(g»
=0

m—1—1

+ Z / L e (& 2) (VL 0(E), dv(€)), i=0,1,...,m— 1.

By passing to the limit as z — 02, we obtain the additional relations
£fl7bv(z) lzcoo=I;(v)(2) |.co0=0, i=0,1,...,m—1.
We claim that the boundary value problem

m
Ea,bv = 07

: ) (11.71)
ﬁ;,bv lon=0, i=0,1,...,m—1,
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has a unique trivial solution. Assuming this for a moment, we would get that
v = u —w = 0, which means that w coincides with w in €2, so that (11.66) is the
unique solution of the boundary value problem (11.65), (11.68) in .

To show that the boundary value problem (11.71) has a unique solution in
C?m () N C?™=1(Q), we denote ¥ := £Z”jb711)7 and then the statement follows by

induction from the uniqueness in C?(Q) N C*(9) of the problem
Lop0=0, 0 |aa=0.

The proof of Theorem 11.3.11 is complete. 0

11.4 Hardy inequalities with boundary terms
on stratified groups

In this section we demonstrate how the developed potential theory for the sub-
Laplacian can be used to derive a refinement to Hardy inequalities. The basic
inequality that we are referring to here is inequality (7.4) which says that on a
stratified group G of homogeneous dimension @ > 3, for all u € C§°(G\{0}) and
a > 2 — (@ we have

_9\?2 2
/da|VGu|2dVZ <Q+a 2) /da|v62d‘ lul? dv, (11.72)
o 2 d

2
and the constant (Q+§_2 is sharp. We refer to Remark 7.1.2 for a historic

discussion of this and other related inequalities.

We will now derive a version of (11.72) over domains in G in such a way
that the boundary term appears as well, in the case the function does not vanish
on the boundary. Certainly, the following inequality implies (11.72) if we take the
domain €2 in such a way that it contains the support of a compactly supported
function u. As before, d stands for the £-gauge and we also write

Ve=(X,...,XnN,)

for the horizontal gradient. A discussion from a point of view of more general
weights was also done in Section 7.7.

Theorem 11.4.1 (Hardy inequality with boundary term). Let Q C G be an admis-
sible domain in a stratified group of homogeneous dimension Q) > 3 with 0 € 0S2.
Let « €R and a > 2 — Q. Let u € CY(Q) (N C(). Then we have

-2\? df?
/da|VHu|2dl/Z (Q+o¢ > /do‘|vH | lu|? dv
Q 2 Q

2
Q+a—2

(11.73)
Qta—2),,12(72-Q
2(Q —2) /agd u V™, dv).
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Remark 11.4.2.
1. If u =0 on 9N then (11.73) reduces to (11.72).

2. The boundary term in (11.73) sometimes can be of different sign. To show

this, take u = e~ 24 for R > 0. Green’s first formula in Theorem 1.4.6 allows
us to calculate

/ dQ+a7267Rd<6d27Q’ dI/>
[219]

~ 1
= [ V(d9to2e B 2=Qqy + / deto—2e= R a2~ Qdy
Q d JQ

:/6(d9+a—2e—Rd)d2—Qdy

Q
Ny

— 2/ X (d9Fo 2 R X d> Py
k=179

Ny
- Z/ ((Q + a—2)d?te2" e fiX; d — RA9Ho2e~RiX,d)
k=171

X (2-Q)d* 9 Xyddv.
Let o = 0, @ = 3, and QB = {0}, where By = {z € G : d(z) < R}
Then we get

N
/ de  BUVA™! dv) = Z/(Rd‘l —d?)e B Xpd)? dv > 0
a0 P 0)
is positive. On the other hand, if u := C = const, then we get

/ dQ+a—2C2<§d2—Q’dy>
a0
N1
=(C? Z/ ((Q +oa— 2)dQ+O‘_2_1Xkd) (2 — Q)dQ_Q_leddy
k=179

Ny
=-C*Q+a-2)(Q-2) Z/ d*"%(Xpd)*dv < 0,
k=179

which shows that the boundary term can also be negative.

2
3. Since it is known that the constant (Q+20‘_2> in (11.73) (or rather in (11.72))

is sharp, the local inequality (11.73) gives a refinement to (11.72), and even
more so if the boundary term is positive.

4. Note that in comparison to (11.72), we do not assume in Theorem 11.4.1 that
0 is not in the support of the function u since for a > 2 — @ all the integrals
in (11.73) are convergent.
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5. Even if 0 € 092, the statement of Theorem 11.4.1 remains true if 0 &€ 9Q N
Supp u.

6. Without the second (boundary) term inequality (11.73) was studied on the
Heisenberg group in [GL90] for a particular choice of d(z), or on Carnot
groups [GKO08] for L-gauges d(z). We can refer to these papers as well as to
[GZ01] for other references on this subject. From the point of view of the
boundary term the inequality (11.73) can be thought of as a refinement of
the usual Hardy because, also as it was pointed out in Part 2 of this Remark,
this boundary term in (11.73) can be positive. We call these inequalities local
due to the presence of a contribution from the boundary.

Proof of Theorem 11.4.1. By an argument similar to that in Remark 2.6, Part 3,
without loss of generality we can assume that u is real-valued. In this case, recalling

that
Ny

(%u)u = Z(Xku)Xku = |Vyul?,
k=1
the estimate (11.73) reduces to

e Q+a—2\> [ _(Vdd
/Qd (Vu)udv > ( ; > /Qd (d2) u? dv

(11.74)
/ d9He22(Vd*= 9, dv),
o0

Q+a—2

2(Q —2)
which we will now prove. Let us set u = d7q for some v # 0 to be chosen later.
Then we can calculate

N
(Vuyu = (Vd'q)d"q =Y Xp(d"q) X (d"q)
k=1
N1 Ny N1
=72d* 72 (Xpd)?q® + 29d> g Y Xpd Xpq + d* ) (Xiq)?
k=1 k=1 k=1

=2 2(Vd)d)g? + 2vd® 1 q(Vd)q + d* (Vq)q.

Multiplying both sides of this equality by d* and applying Green’s first formula
from Theorem 1.4.6, we get

/ d*(Vu)udy = ~? / dTD2(Vd)d) 2dv + / GV dy)
Q Q a+2y Jaq

vy / Eda+2’y 2 / a+27 (o
— gdv+ [ d Vq)qdv
a+ 2y Q( ) Q (Va)

> [ P (VA)d) v+ / (VAo dy
/ (aya+ T, [ )

Y a+2vy 2
— LAY g dv. 11.75
a+2y /ﬂ( e )
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On the other hand, it can be readily checked that we have

— T LAt = (et 2y + Q — 2)d*T(Vd)d —

Y dot2 Q-2 2-Q
a4+ 2y —

2
Since ¢ = d~?7u?, substituting this into (11.75) we obtain

*(Vu)udy % — ~(« — a(%d)duzy
[ @G > (=52 =r(a+ Q=2 [ @)

- / L Q)aH9 22 de + / A~ (Vo dy

Recalling that for Q > 3, ¢ = (4d*>~@ is the fundamental solution of the sub-
Laplacian £, we have

/ (Ld?= a9 2 %de = 0, a > 2 — Q,
Q

independent of whether 0 belongs to § or not, since Ld?>~¢ = /31d 6 in G. It follows
that

/d”‘(%u)udu
Q
Vd)d ~y - _
> (—% — oy [ e °d /d%? Aot dv).
> (=0 Q=) [ @0 T [ e @a )
Taking v = 2~ %™, we obtain (11.74). O

As usual, a Hardy inequality implies several uncertainty principles.

Corollary 11.4.3 (Local uncertainty principle with boundary terms). Let Q@ C G
be an admissible domain in a stratified group G of homogeneous dimension @ > 3,

with 0 ¢ Q). Then for all u € C1(Q) N C(Q) we have

d2 dI?|ul?dy wl?dy
(/ Vsl )(/ﬂvm )
72 2 2

> (977) ([ 1wnaplupar) (11.76)

1 ~
+ / A2 uX(Vd*~9, dv) </ dQVHd2|u2dz/>
2 Joq Q

and

d2
</ VHd2u|2dy> (/ VHu|2d1/) (11.77)
Q Q
Q2)2(/ > >1/ Q=21 12/ 2-0 (/ R >
> d d Vd*=9.d dv ).
> (977) (Lwkar) 5 [ a@2up@eean ([ oF . luka
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Proof of Corollary 11.4.3. Again, assuming u is real-valued, and taking o = 0 in
the inequality (11.74) we get

(/ﬂ dQ((%d)d)uﬁdu) (/ﬂ(%u)udy)

> <Q22>2 </ﬂ d?((%d)d)updl,) /Q (z?duﬁdy
1

+ /dQ*2|u\2<€d2*Q,du> (/ d?VHd2|u2dy>
2 Joa Q

> (Q22>2 (/Q«%d)d)wdv)Q

1 ~
+ / d972u>(Vd*~ 9, dv) (/ dQVHd2|u2du> ,
2 Joa Q

where we have used the Hélder inequality in the last line. This shows (11.76). The
proof of (11.77) is similar. O

11.5 Green functions on H-type groups

In this section we discuss applications of the described potential theory to the
construction of solutions of boundary value problems. We restrict our attention
to the prototype H-type groups discussed in Section 1.4.10. The examples of the
prototype H-type groups are the Abelian group (R%; 4) and the Heisenberg group
H?. The fact that will be important for our purposes in this section is that the
fundamental solution to the sub-Laplacian in this setting is explicitly known, see
Theorem 1.4.20. Our presentation in this section follows [GRS17].

Thus, in this section, let G >~ R™ x R" be a prototype H-type group and
let £ be the sub-Laplacian on G as defined in (1.119). We consider an open set
Q C G with piecewise smooth boundary 92, and study the Dirichlet problem for
the sub-Laplacian

{ Lu=f mQ (11.78)

uw=¢ ondf.

As discussed in Remark 11.1.7, there are several difficulties in solving such bound-
ary problems in view of the usually present characteristic points.

However, it turns out that there are still a number of cases of interest when
the Dirichlet boundary value problem (11.78) can be solved in the classical sense.
This is achieved by constructing a well-behaved Green function for the problem
(11.78). In view of Jerison’s example discussed in Remark 11.1.7 one wants to
avoid the characteristic points which is not always possible, since even ball-like
bounded domains on (non-Abelian) H-type groups have non-empty collection of
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characteristic points. However, domains that are unbounded may have no char-
acteristic points. Thus, in this section we present such an analysis for so-called
l-wedge and [-strip domains. This includes domains such as half-spaces, quadrant-
spaces and so on.

An important tool for this analysis will be the fundamental solution for the
sub-Laplacian £. More precisely, recalling Theorem 1.4.20, the function

() = c (ja]* + 16]¢2) >/ (11.79)
is the fundamental solution of the sub-Laplacian, that is,
LIy = =d¢, (11.80)

where I'¢(§) = T'(¢™! 0 &) and 6, is the Dirac distribution at ¢ = (y,7) € G.

Definition 11.5.1 (Green function for Dirichlet sub-Laplacian). We define the
Green function for the Dirichlet sub-Laplacian in € by the formula

GQ(€7 C) = F(Cil © 5) - hC(€)7
where h¢(€) is a harmonic function, that is,
Lhe(€) =0 inQ, (11.81)

having the same boundary values on 92 as the fundamental solution I's with pole
at ¢ € Q.
In particular, we have

Gal&,0) =0, £€0q. (11.82)

11.5.1 Green functions and Dirichlet problem in wedge domains

We first define the class of domains that we will be working in.

Definition 11.5.2 (I-wedge domains). Let 1 < I < m and let G* be the [-wedge
space
GH:={¢=(z1,...,Tmit1,....tp): T1,..., 21 > O}.

Let the point ¢ = (y,7) = (y1,Y2, -+, Ym,T1,---,Tn) lie in this I-wedge space, so
that y; > 0,...,y > 0. The point ¢, defined by

Cﬂik = (y17"-7_yk7-'-7ym77—17'-'77—n)

is said to be symmetric for the point { with respect to the hyperplane xj = 0.
Consecutively, the point

kaws = (y17-"7_yk7"'7_y87"'7ym77—17-~-77—n)

is said to be symmetric for the point (,, with respect to the hyperplane x5 = 0,
and this process can be continued further.
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It is clear that the symmetry indices are invariant under permutations. We
will also use the notation

L((¢jpy)) ' o) for j <1,

meaning that we take the sum of the functions I'(( ;k 0&), j <1, over

all possible combinations of the symmetry arguments x, - : here in order to
reduce the number of subindices we write (C(j’l))_l o¢ for 05. For example,

if1 =3, j =2, then
F((C(2,3))71 © €) = F((Cﬂ?ﬂm)il © €) + F((thxs)il o f) + F((Cﬂfsﬂ?z)il o f),
and if [ = 3, 7 = 3, then

F((C(B,S))_l o 5) = F((<w1$2$3)_1 o 5)

Ty xk]

In this notation the Green function for the Dirichlet sub-Laplacian in wedge
domains takes the following form, for any 1 <1 < m.

Proposition 11.5.3 (Green function for Dirichlet sub-Laplacian in wedge domains).
Let G* be an l-wedge domain for 1 <1< m. Then the function

l
Ge:(6,() =T(C 1o é) + Z(_l)jr((C(jyl))_l 0&) (11.83)

is the Green function for the Dirichlet sub-Laplacian in G*.

Proof of Proposition 11.5.3. Since any symmetric point ((; ;) is not in G*, for any
j=1,...,1, it follows from (11.80) that

LD(Ga) ™" 0€) = —dc,, = 0 in G,

for any ¢ € G* and j = 1,...,1. Thus, the function

l

> (1T ((Cay) o8

Jj=1

satisfies condition (11.81), i.e., it is harmonic in G*. Now let us verify boundary
condition for the domain G?*, that is, the function Gg: should become zero at
x1 = 0 and at infinity. Recall that

d(¢,¢) = (¢ 0g)) >

is an actual distance on G defining a norm (and not only a quasi-norm, see,
g., [Cyg81]). Now it is easy to see that the d-distance from any point of the
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hyperplane z; = 0 to the points ¢ and (;, is the same, that is, Gg: satisfies the
Dirichlet condition at the hyperplanes 1 = 0,...,2; = 0 and it is also clear (by
the construction) that the function Gg: is zero at the infinity. It proves that

Ge:(6,() =0, &€aG
that is, Gg: is a Green function according to Definition 11.5.1. O

In the next theorem we will use the anisotropic Holder space I', from Defi-
nition 11.3.1. We consider the Dirichlet problem for the sub-Laplacian

{Eu:f in G,

uw=¢ ondG. (11.84)

Theorem 11.5.4 (Dirichlet problem for sub-Laplacian in wedge domain). Let f €
I'o(GY) for 0 < a < 1, and assume that supp f C G*, and that ¢ € C=(dG*). Then
the boundary value problem (11.84) has a unique solution u € C?(G*) N C*(GY)
and it can be represented by the formula

ul€) = / Go: (6, 0L~ [ S(O(TCe (€ Q). dv(Q), € € G, (11.85)
G* oGt

where
m

VG = Y (XxGg:) X
k=1

Proof of Theorem 11.5.4. Let us take u € C?(G*) N C*(G*) and assume that u
tends to zero at infinity. By Remark 1.4.7, Part 2, we can apply Green’s identities
in G*. Thus, Green’s second formula (1.88) applied to the functions u and v({) =

G (&, C) yields

ul€) = /G GOS0 — [ 00T (€0), av(c))

oGt
Here by using the properties of the Green function, we have
GGI (ga C) = 07 C € 8Gia

and, by construction the function Gg: is symmetric, that is,

G (§,¢) = Gg: (¢, )

in G¥, so
£CGG1 (57 C) = _567
where & is the Dirac distribution at & € G*.
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Let us now show that the function defined by (11.85) belongs to C?(G*) N
C*(G*). Since f € T',(G*) and supp f C G*, the volume potential (i.e., the first
term of the right-hand side in (11.85)) belongs to C?(G*) by Folland’s theorem
(see [Fol75, Theorem 6.1], see also [FS74]). Hormander’s hypoellipticity theorem
(see [HOr67]) guarantees that every harmonic function is C*°, hence the Dirichlet
double layer potential (the second term of the right-hand side in (11.85)) is in
C?(G*). On the other hand, since ¢ € C*(9G*), supp¢ C {x1 =0,...,2; = 0}
and the boundary hyperplanes {z; = 0},...,{2; = 0} have no characteristic
points, that is, recalling that the characteristic set of G¥ is the set

{x € 0G*: Xy(z) € TL(0GY), k=1,...,m},
with 7, (0G*) being the tangent space to dG* at the point x, so we see that
Xy (z0) € T,{0G*} for all 2y € {x; =0},...,{z; =0}
(see [GV00, Section 8] for more discussions on the non-characteristic hy-
perplanes in G). Thus, the Dirichlet double layer potential is continuous on the

boundary by the Kohn—Nirenberg theorem (see [CGNO08, Theorem 3.12], which is
a consequence of [KN65, Theorem 4], see also [Der71]-[Der72]). O

Remark 11.5.5. Let us point out some special cases and extensions of Theorem
11.5.4 and Proposition 11.5.3.

1. Let GT be the half-space.
Gt ={¢=(x1,...,Tm,t1,...,tn) : o1 >0}
Let the point ¢ = (y,7) = (Y1,Y2, - - Ym,T1, - - -, Tn) lie in this half-space, so
that y; > 0. The point
C=W\T) = (—Y1,Y2, -+, Ymy Tly -, Tn)

is said to be symmetric for the point { with respect to the hyperplane x; = 0.
As a direct consequence of Proposition 11.5.3 we have that the function

Ge+(6,0) =T((T10&) =T((¢") " 0¢)
is the Green function for the Dirichlet sub-Laplacian in GT.

Let now f € To(GT), 0 < a < 1, with suppf C GT, and let ¢ €
C*®°(dG™) with supp ¢ C {x1 = 0}, and consider the Dirichlet sub-Laplacian
problem

_ ot
{'Cu_f inG7, (11.86)

u=¢ ondGT.
As a consequence of Theorem 11.5.4 we get that the boundary value problem

(11.86) has a unique solution u € C?(G*T)NCY(G*) and it can be represented
by the formula

u(€) = /G G (€ OO — [ 9OTC(6,0), (), €€,

oG+
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2. Let us point out another consequence for the quadrant-space in G. Let G®

be the quadrant-space
G® = {6 = (21,22, .., Tm, b1, tn) s 21 >0, 29 > 0}.

Let the point ¢ = (y,7) = (Y1,Y2,- - YmsT1,- -, Tn) lie in this quadrant-
space, so that y; > 0, y2 > 0. Denote by

C* = (y*77—) = (_y17y27"'7ym77—17~-~77—n>
and
C: (y?T) = (yla7y2a"'7y’m’7-17"'a7’n)

the symmetric points for ¢ with respect to the hyperplanes 1 = 0 and o = 0,
respectively. The point

C = (y*77—) = (7y177y27"'aym77-17'"77-71)

is the symmetric point for (* with respect to the hyperplane xo = 0 and
the symmetric point for ¢ with respect to the hyperplane z; = 0. Then as a
direct consequence of Proposition 11.5.3 we have that the function

Goo (6,¢) =TT o) +T((¢) 10 &) =T((¢") 1 o&) ~T((() ' 0 &)

is the Green function for the Dirichlet sub-Laplacian in G®.

Furthermore, if f € Tx(G®), 0 < a < 1, with supp f C G¥, and
¢ € C(0G?P) with supp ¢ C {z1 = 0}, then the boundary value problem

Lu=f inG?,
u=¢ ondG?,

has a unique solution u € C*(G¥) N C'(G#) and it can be represented by
the formula

ul€) = / Goe (€, OF(QOdw(C) - / (O (VGge (€.0), dv(Q)), € € G2,
G® oG®

The statements of Theorem 11.5.4 and Proposition 11.5.3 can be extended in
a straightforward way to shifted I-wedge like spaces, for any a = (ay,...,q;) €
R! defined by

Gﬁ ={= (21, Ty b1, oy tn) 2 XL > a1, ..., 2 > A}

In this space the Green function G has the same formula as in (11.83) if
we choose the symmetry points now with respect to the hyperplanes {x; =
ar},...,{x; = a;}. In this case Theorem 11.5.4 remains true and can be
obtained by the same argument.
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11.5.2 Green functions and Dirichlet problem in strip domains

Similarly to wedge domain we can carry out a similar analysis in strip domains.

Definition 11.5.6 (I-strip domains). Let 1 <1 < m. We define GF to be the I-strip
space if it is given by

GF = {€= (21, .., Tm,t1,. .. tn) 1 a>x; >0}

Let the point ¢ = (y,7) = (Y1, -+, Ym, T1,- -, Tn) lie in this I-strip space, so that
a >y > 0. We will use the notations

Crji=Wis -y —2ad, .. Ym, 1, - Tn),
and

C—,j = (l/17~-~7—l/l +2aj7"'7ym77—17"'77—n)7
forall j =0,1,2,....

The Green function for the Dirichlet sub-Laplacian in the strip domains takes

the following form, where compared to Proposition 11.5.3 in wedge domains, the
formula is now given by an infinite series.

Proposition 11.5.7 (Green function for Dirichlet sub-Laplacian in strip domains).
Let G be an l-strip domain for 1 <1< m. The function

o0

Gee(&,0) = Y (Do) -T(Zh09) (11.87)

j=—00
is the Green function for the Dirichlet sub-Laplacian in GF.

Proof of Proposition 11.5.7. The formula (11.87) consists in the j = 0 term, i.e.,
the term F(C;}O o ¢), which corresponds to the fundamental solution, and all the

other terms which are subharmonic functions in GF. Let us check that traces of
(11.87) vanish on hyperplanes x; = 0 and 2; = a. If 2; = 0, then (11.87) gives

G (&0 z=0
=c i ((((1’1 )2 (4 205)2 4 (T — ) ?) 2 16]E— 7[2) PO/
j=—00
— (21— 10)>+ -+ (1 —2a§)> + -+ (T fym)z)Q+16|t—7\2)(2_Q)/4> =0.

If 2; = a, then (11.87) gives
Ge (&0 n=a

=c i ((((m )2 (a— 1y +205)2 4 (T — ym) D)2 4 16]¢ — 7[2) F D/

j=—00

(=0 e (b= 200 e (o — P 16— 72) )
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o0

Z (x1—y1) +~~~+(a—yz+2aj)2+~~~+(xm—ym)2)2+16|t—7—\2)(27@/4
=0

— o3 (@1 =+ b @ =20k (= )P 16— ) O
j=1

+CZ (x1—v1) +~~~+(a—yl+2aj)2+...+($m_ym)2)2+16‘t_T|2)(27Q)/4
j=-1

7C§(((I17y1)2+"'+(a+yl72aj)2+"'+(xm*ym)2)2+16‘th|2)(2_Q)/4
§=0

=0.

Here the first term (j = 0 term) of the first sum is cancelled with the first term
(j =1 term) of the second sum and the second terms of the first sum is cancelled
with the second term of the second sum and so on, that is, the first two sums give
zero. Similarly, the first term of the third sum is cancelled with the first term of
the last sum and the second term of the third sum is cancelled with the second
term of the last sum and so on, that is, the last two sums also give zero. As a
result, the trace vanishes at x; = a. O

For f € T'4(GF), 0 < a < 1, with supp f € GF, and for ¢ € C*(0GF)
with supp ¢ C {z; = 0} [{z = a}, we now consider the Dirichlet problem for the
sub-Laplacian

{cu = f inGF,
(11.88)

u=¢ ondGF,

Theorem 11.5.8 (Dirichlet problem for sub-Laplacian in strip domain). Let f €
I'o(GF), 0 < a < 1, with supp f € GF, and let ¢ € C®(OGF) with supp ¢ C
{z; = 0} U{z1 = a}. Then the boundary value problem (11.88) has a unique
solution u € C?(GF) N CY(GF) and it can be represented by the formula

ul€) = / Gon (6.0FQdnQ) — [ $O(FCar (€.0), dv(Q)), € € GF,
GF oG

where
m

VGer =Y (XiGer) Xi

k=1

Proof of Theorem 11.5.8. The proof is almost the same as the proof of Theorem
11.5.4, so we omit it. O
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11.6 p-sub-Laplacian Picone’s inequality
and consequences

In this section, we present Picone’s identities for the p-sub-Laplacian on strati-
fied Lie groups, which implies a generalized Diaz—Sad inequality for the p-sub-
Laplacian on stratified Lie groups. As consequences, a comparison principle and
uniqueness of a positive solution to nonlinear p-sub-Laplacian equations are de-
rived. The presentation of this section follows the results of [RS17a].

First let us introduce the functional spaces STP(€).

ol.p
Definition 11.6.1 (Functional spaces S1P(Q) and S (Q)). We define
SPP(Q):={u: Q = R; u, |Vyu| € LP(Q)}.

Consider the functional

1/p
Ip(u) == < ., VHu|pd;1:> ,

olLp
then we define the functional class S (€2) to be the completion of C}(€2) in the

norm generated by J, (see, e.g., [CDG93)).
In an admissible domain @ C G with smooth boundary 092 we study the
p-sub-Laplacian Dirichlet problem:

—Lyu = F(z,u), inQ,
11.89
{ u =0, on 0f2. ( )

Here we assume that

(a) The function F' : Q@ x R — R is a positive, bounded and measurable, and
there exists a positive constant C' > 0 such that

F(z,p) <C(pP~" +1)

holds for a.e. z € Q.

(b) The function
F(z, p)
prt

is strictly decreasing on (0, c0) for a.e. x € €.

olLp
As usual, if a function w € S (2) N L>°(Q) satisfies

/\VHu|p72(€u)¢dl/:/F(;l:,u)qi)dy
Q Q

for all ¢ € C§°(£2), then it is called a weak solution of (11.89).
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Keeping in mind the stratified group discussions in previous sections for any
set Q C G we denote, for any 1 < p < oo,

ulP=2

f)

)|u

f'()]
2(v)

72 ‘p\vHU\P. (11.90)

L(u,v) := \VHuP’—p‘ uVHu~VHv|VHv|p_2—|—

We also denote
|ul?

fv)

a.e. in 0. Here f : RT™ — R™ is a locally Lipschitz function such that

R(u,v) := |Vyul’ = Vg ( ) |Vao[P Vv, 1<p< oo, (11.91)

(p— DIFOI < f(1) (11.92)

holds a.e. in RT. Then we have the following Picone identity on a stratified Lie
group G.

Lemma 11.6.2 (Picone identity). Under the above assumptions we have
L(u,v) = R(u,v) >0

a.e. in 2, where u and v are differentiable real-valued functions and Q@ C G is
any set.

Proof of Lemma 11.6.2. We have the equality

i (U0 ) < PP T ST
H =

f(v) f2 )
_ plulP~2uV yu () |ulPV v
f(v) f2(w)
It implies that
R(u,v) = |Vgul’ = Vg (;él;) |V goP~2V o
-2 /
= |Vyul” — pl}':v) UV oP 2V g Vo + f}gi;;"’ IV ol
= L(u,v).

Now it remains to show the non-negativity of R(u,v) (that is, alternatively, of
L(u,v)). Since

plulP~t
f)

plulP~?

fw)

IV PV g Vi < IV 0[PV g,
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by applying the Young inequality to the right-hand side of this inequality we obtain

p—2 Py P
plul u|VHv|p_2VHu Vv < |Vyul’ + (p—1) [l |p | .
f(v) froi(v)
Thus, we have
’ P P P P
PONPITal T
f2(v) fro1(v)
By assumption (11.92) we have (p — 1)\‘)"(15)|Z:f < f(t), which means that 0 <
R(u,v), completing the proof. O

Lemma 11.6.3. Let 1 < p < oo and let f : Rt — R™ be a locally Lipschitz function
such that

(p—DIFOIT < £(1)
01717

holds a.e. in RY. Let Q C G be a bounded open set and let v € S () be such
that v > € > 0. Then for any u € C§°(Q) we have

Jul?

5 f(v)(ﬁpv)dzg/ |V gulPde. (11.93)

Q

oLp
Proof of Lemma 11.6.3. Let v € S () be such as in the assumptions, that is,
v > € > 0. Then by the density argument we can choose v € C3(Q), k=1,2,...,
such that vy > § in  and vy — v a.e. in . By using Lemma 11.6.2 we have

OS/R(u,vk)dx,
Q

for each k. That is,

jul?

Qf(vk)(—ﬁpvk)dxS/Q\VHuP’da:.

olp ,
Since £, is a continuous operator from S (Q) to S~ (Q), p' = 01> we have

Lyvr — Lyvin S~H2(Q) and f(vg) — f(v) pointwise since f is a locally Lipschitz
continuous function on (0,00). Thus, by the Lebesque dominated convergence
theorem and using the fact that f is an increasing function on (0, 00), for any
u € C§°(92) we arrive at the inequality

|ul?
o f(v)
proving (11.93). O

(—Lpv)dx < [ |VgulPde,
Q
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As a consequence of the Harnack inequality for the general hypoelliptic oper-
ator (see [CDGY93, Theorem 3.1]) one has the following strong maximum principle
for the p-sub-Laplacian.

Lemma 11.6.4 (Strong maximum principle for the p-sub-Laplacian). Let 1 < p <
Q, let Q C G be a bounded open set and let F : Q x R — R be a measurable
function such that

[F(z,p)] < C(p" +1)

olLp
forallp>0. Letuw e S (Q) be a non-negative solution of
—Lyu=F(z,u), inQ,
u=20, ondf.
Then u =0 oru > 0 in Q.

olip
Proof of Lemma 11.6.4. Since v € S (§2) by using the Harnack inequality
[CDGY3, Theorem 3.1] for 1 < p < @ there exists a constant C'r such that

esssupu < Cressinfu
B(z,R) B(z,R)

holds for any z €  and quasi-ball B(0, R). This means that v = 0 or u > 0
in Q. 0

Combining Lemma 11.6.3 and Lemma 11.6.4 one has the following general-
ized Picone inequality on G, which is a key ingredient for proofs of both a compar-
ison principle and uniqueness of a positive solution to nonlinear p-sub-Laplacian
equations.

Lemma 11.6.5 (Generalized Picone inequality). Let Q C G be a bounded open set
and let g : 0 x R — R be positive, bounded and measurable function such that

g(z,p) <C(PP~ +1)
for all p > 0. Then we have

|ulP
o f(v)

olp

forallv,ue S () and v(£0) >0 a.e. Q € G such that

(—Lpv)dx < / |[VyulPde, 1<p< oo, (11.94)
Q

—L,v = g(z,v).

Proof of Lemma 11.6.5. By Lemma 11.6.4 we have v > 0 in 2. Let
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Then we have L,vp = L,v in S~ (Q), v — v a.e. in Q and also f(vy) = f(v)
olp
pointwise in Q. Let uj, € C§°(€2) be such that u, — win S (£2). For the functions

uy and vy Lemma 11.6.3 gives

|ug [P

o f(vk)

Now since f(v;) — f(v) pointwise, by the Fatou lemma we arrive at

(fﬁpvk)dzg/ |V gug|Pda.
Q

Jul?

o f(v)
This completes the proof. O

(—va)dxg/ |V gu|Pde.
Q

Lemma 11.6.5 implies the following comparison type principle:

Theorem 11.6.6 (Comparison principle for p-sub-Laplacian). Let @ C G be an
admissible domain. Let 0 < g < p—1 and let F' be a non-negative function such

olLp
that F # 0. Let u,v € S (Q) be real-valued functions such that

(11.95)

—Lyu>F(z)u!, u>0 inQ,
—Lyv < F(z)v!, v>0 1inf.

Then we have v < u a.e. in €.

Proof of Theorem 11.6.6. Tt follows from (11.95) that

ul v? —Lyu Ly
P (ol = ) < e

P

Multiplying both sides by w = (v? — uP) 4 and integrating over  we have
a a q a
/ F(x) ( u71 - v1> wdr = / F(x) ( u71 - v1> wdz
[v>u] u? vP Q up vP

o Lo (11.96)
P P
< /Q ( -1 + vp1> wdx.

Moreover, we have
—Lyu Ly
/Q ( -1 + v?’l) wdx
b ()
Q up

s v
Q vP
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. P — uP

= |VHu\p Vau-Vg 1 dx

QNv>u] uP

P __ P
[ e (U0 ) as
QN[v>u]
P

ol (2) o)

QNfv>u] uP

P
“r/Q : | (VHUP_2VHU . VH (1;51) — VHu|p> dx
Njv>u

:Il +IQ7

where

p
I := / <VHu|p2VHu -Vu < U_1> — |VHv|p> dz
QNv>u] uP

p
Iy = / (VHUPQVHU -V ( u1> — VHUP> dx.
QNv>u] vP

We notice that

and

P

I = / IV aulP2Vgu - Vi ( ”1> d —/ IV yvlPda
QN[v>u] uP QN[v>u]

D
- Y Loudr — |V govPde <O0.
p—1"P
Qnfv>u] U QNv>u)

In the last line we have used Green’s first identity (1.90) and the Picone inequality
(11.94). Similarly, we see that Iy < 0. Thus, we obtain

7£pu+ Lyv wdzx < 0.
Q up—l ,Up—l

Consequently, (11.96) implies that

F u4 ve . iy .
_ <0.
/&'\Zﬁ[v>u] (m) (Upl T UP1> (7} u ) RS

On the other hand, we have

u v
o< r@ (04 o)

on the set [v > w]. This means that |[v > u]| = 0. O

As another consequence of Lemma 11.6.5 we have the following Diaz—Saa
inequality on stratified Lie groups.
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Lemma 11.6.7 (Diaz—Sad inequality). Let Q2 be an admissible domain. Let functions
olp

g1 and g2 satisfy the assumption of Theorem 11.6.5. If functions uy, uz € S ()

with uy, us(£ 0) > 0 a.e. Q € G are such that

—Lyur = g1(x,u1) and — Lyus = ga(z,uz),

—L Ul L ug
0< /Q ( u’lﬁl + u’::l) (u) — ub)dx.

Proof of Lemma 11.6.7. Let functions u; and ugy satisfy the assumptions. Then by
the inequality (11.94) with f(u) = uP~! as well as for u; and ug we have

then we have

|z [P

p—1

(—Epug)datg/ |V gy |Pde.
Q Uy Q

Using Green’s first identity (1.90) we get
—L L
0< /Q ( u;jﬁ“ + uﬁf) wldz. (11.97)
1 2

Again, by the inequality (11.94) we have

|ual? »
L (=Lpur)dr < [ |V gus|Pde.
o uf Q
As above, this implies
L L
0< / A RY 2% (11.98)
o\ uf ub
Now the combination of (11.97) and (11.98) completes the proof. O

The established properties allow one to show the uniqueness of a positive
solution for the equation

{ —Lyu=F(z,u), inQ, (11.99)

u =0, on 012,

where €2 is an admissible domain. For convenience, we recall once again the as-
sumptions on F(x,u):

(a) The function F': Q x R — R is a positive, bounded and measurable function
and there exists a positive constant C' > 0 such that

F(z,p) <C(p"~" +1)

holds for a.e. z € Q.
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(b) The function
F(z, p)
pr—t

is strictly decreasing on (0, 00) for a.e. x € Q.

P

Theorem 11.6.8 (Uniqueness of positive solutions). There exists at most one pos-
itive weak solution to (11.99) for 1 < p < Q.

Proof of Theorem 11.6.8. First, assuming that u; and us are two different (u; #
uz2) non-negative solutions of (11.99) and using Lemma 11.6.4 for these functions
we conclude that u; > 0 and us > 0 in 2. Then Lemma 11.6.7 implies that

—L L
0§/< P ,’,’i‘f)(u?—@dz-
2\ W Uz

Moreover, from the assumption (b) it follows that

/Q <F(a;,_111) _ F(zf)) (uf — uB)da < 0.

uy Uy

On the other hand, we have

—Lyuy  Lyus F(z,u1)  F(z,u9)
/ < p111 + 5—1 ) (uf — up)dx = / ( p—1  —  p—1 (uf — uf)dz,
2\ W Uz Q\ W Uz

and this contradicts that both w; and us (u1 # us2) are non-negative solutions of
(11.99). O
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