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Abstract

We prove the global L?-boundedness of Fourier integral operators that model the
parametrices for hyperbolic partial differential equations, with amplitudes in classical
Hormander classes S;T, s (R for parameters 0 < p < 1,0 < § < 1. We also consider
the regularity of operators with amplitudes in the exotic class S's(R"),0 < § < 1 and
the forbidden class ' Zl»l (R™),0 < p < 1. Furthermore we show that despite the failure
of the L?-boundedness of operators with amplitudes in the forbidden class S? L (R™),
the operators in question are bounded on Sobolev spaces H* (R") with s > 0. This
result extends those of Y. Meyer and E. M. Stein to the setting of Fourier integral
operators.
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1 Introduction

In this paper we investigate the local and global regularity of Fourier integral operators
(FIOs) of the form

T £ (x) = /R 00D a(x, £) FlE) de,

2m)"

with amplitudes in Hormander classes SZ’, s R") consisting of functions in C*°(R" x
R") satisfying

020 a(x, &)] = Cap(1 + )" P+,

for0 < p < 1,0 < § < 1. More specifically we consider the boundedness in
LP(R™) and H* (R") (Sobolev spaces) for FIOs that model the parametrices of variable
coefficient wave equations where the rank (nggo(x, &)) = n — 1. The corresponding

investigation for the other extreme case, i.e. rank (8§$¢(x, £)) = 0 which is the pseu-
dodifferential operator-case, was carried out by J. Alvarez, and J. Hounie in [1]. In that
paper the authors consider the L”-boundedness of pseudodifferential operators with
symbols in SZ" s(R") where 0 < p < 1,0 < § < 1. It was then shown that for these
ranges of p and § and 1 < p < oo one has the L?”-boundedness of pseudodifferential
operators provided that

1 1 §—p
<—(n-— - — == 0, —). 1
m<—(n n,o)‘p 2‘ nmax( > ) @))

However, we shall also emphasize that here we are not putting any assumptions on
rank (8525 @ (x, £)) inour theorems. Therefore the results that we obtain are also valid for
pseudodifferential operators, although they are not necessarily optimal for these kind
of operators. For instance, we obtain L”-boundedness results for pseudodifferential
operators with exotic amplitudes i.e. those with amplitudes in Sg's(R"), 0 < § < 1
(which was missing in [1]). The case of p = § = 0 was treated (using methods that
are different than ours) by R. Coifman and Y. Meyer in [5], see also [24].

The first main result of this paper regarding the L?-boundedness of FIOs is
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Theorem1 Letn >1,0<p<1,0<6§ <1,

m:—(n—p)‘%—%‘—nmax(O ST'O>,

and a € SZ’,S(R”). Assume that ¢(x,&) € C®(R" x R"\{0}) is a strongly non-
degenerate phase function, positively homogeneous of degree one in the frequency
variable & satisfying the following estimate

sup i
(x, &)eR" xR"\ {0}

02009 (x. §)| = Cup.

for any pair of multi-indices o and B, with |a| + |B| = 2. Then the FIO T, is L?-
bounded for 1 < p < oo.

Prior to this investigation, the only source for results regarding L?-regularity of
FIOs in S’” s-Classes were those by A. Seeger. C. Sogge and E. M. Stein [23], where
the authors estabhshed the local L”-boundedness for p € [1/2,1]and § = 1 —

Regarding global L”-boundedness, the results of M. Ruzhansky and M. Suglmoto
[22] are global extensions of those of Seeger-Sogge-Stein, however they are confined
to the amplitudes with p = 1 and § = 0.

If one goes outside the aforementioned Hormander classes of operators, then global
boundedness results have been proven in various settings for example in the papers
by S. Coriasco and M. Ruzhansky [9,10] and E. Cordero, F. Nicola and L. Rodino
[7,8]. Recently, A. Hassell, P. Portal and J. Rozendaal [13] obtained results regarding
global boundedness of Fourier integral operators, that go beyond those in [22]. More
precisely in [13] the authors also establish the regularity of FIOs with amplitudes
that decay faster than those in S’" (R”) (with p € [1/2, 1]), when differentiated
in the radial direction in the frequency variables. In [11] D. Dos Santos Ferreira and
W. Staubach considered amplitudes in very rough classes (that also contain all the
Hormander classes S/’?’ sR™)), and proved global L”-boundedness of corresponding
FIOs. However, due to the roughness of the amplitudes, the order m (which depends
on p and §) is not as good as the expected one for smooth amplitudes, and further
work is needed to achieve the right order of decay required for the L”-boundedness
of, for example, FIOs that yield parametrices for variable coefficient wave equations.

As one of the justifications of this investigation, we would like to mention that
the work of R. Melrose and M. Taylor [18], and also the study of FIOs on certain
nilpotent Lie groups (other than the Heisenberg group) motivates the consideration
of FIOs with amplitudes in Hormander classes 533,2 /3 (R™), for which, so far, no

LP-boundedness results have been available. Regarding L?-boundedness of operators
with general Hormander-class amplitudes, in [11] Dos Santos Ferreira and Staubach
showed that T is globally L?-bounded, provided that p,8 € [0,1], § # 1 and
m = min(0,n(p —8)/2),orp € [0,1],§ =l andm < n(p — 1)/2. ThlS result is
sharp. In this paper we also discuss the global L?-boundedness of FIOs with forbidden
amplitudes S/’)”I(R") 0 < p < 1. For instance, it was shown in [11, Theorem 2.17]
that FIOs with strongly non-degenerate phase functions and amplitudes in S{" 111 (R") are
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LP-bounded ifand only if m < —(n—1)|1/p —1/2|, aresult which parallels the well-
known facts about pseudodifferential operators with forbidden symbols. However, the
endpoint case of S?,l (R™), which is not covered by the results above, is of particular
interest. Indeed as Y. Meyer [19] and E. Stein (unpublished) have shown, despite the
lack of, say L?-boundedness ([24, Prop. 2, p. 272]), the pseudodifferential operators
with symbols in S0 1 (R™) map Sobolev spaces H*(R") with s > 0 continuously to
themselves. This remarkable fact has had a large impact on the applications of J. M.
Bony’s paradifferential calculus [2] to a systematic study of various nonlinear partial
differential equations, see [25] for a comprehensive presentation. Our second main
result in this paper is

Theorem2 Leta € S ?, | (R"™) and ¢ satisfy the same conditions as in Theorem 1 above.
Then for s > 0 the FIO T, is bounded from the Sobolev space H*(R") to H* (R™).

The paper is organised as follows; in Sect. 2 we recall some definitions, facts and
results from microlocal and harmonic analysis that will be used throughout the paper.
In Sect. 3 we reduce the FIOs to a form that is amenable for Ruzhansky-Sugimoto’s
globalisation technique, which will in turn be adapted to general classes of Hormander-
class amplitudes. In Sect. 4 we first prove a general composition formula for the
left-action of a Fourier multiplier on an FIO with amplitude in general Héormander
classes. Our result extends the known results to the global setting and all values of p, §
(although the case of § = 1 has to be excluded). Thereafter, in Sect. 5, we extend the
method of Seeger-Sogge-Stein to the case of FIOs with general classical Hormander-
class amplitudes, and decompose the Fourier integral operators into certain pieces
for which we establish the basic kernel estimates. In Sect. 6 we prove Theorem 1
above (for FIOs with amplitudes in the exotic and classical Hormander classes) as a
combination of the results of Propositions 6.2 and 6.4. Finally in Sect. 7 we prove the
H*-boundedness for FIOs with amplitudes in the forbidden class S? | (R") fors > 0
and thereby extend the result of Meyer and Stein to the FIO-setting. This is done by
using an auxiliary class of amplitudes C, SO’ 11 (R"™) which contains the class SO’ 11 @R,
for all ¥ > 0 and showing that for max(0, r — 1/2) < s < r, FIOs with amplitudes in
C;S?’I(R") map H*(R") to itself.

2 Preliminaries

As is common practice, we will denote positive constants in the inequalities by C,
which can be determined by known parameters in a given situation but whose value is
not crucial to the problem at hand. Such parameters in this paper would be, for example,
m, p, s,n,and the constants connected to the seminorms of various amplitudes or phase
functions. The value of C may differ from line to line, but in each instance could be
estimated if necessary. We also write @ < b as shorthand for a < Cb and moreover
will use the notation a ~ b ifa < band b < a.

Definition 2.1 Let ¢p € C°(R") be equal to 1 on B(0, 1) and have its support in
B(0, 2). Then let

Vi€ == 1o (277) = yo (270 %), @)
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where j > 1 is an integer and ¥ (§) := v (§). Then ¥;(§) = ¥ (27U~ Dg) and one
has the following Littlewood-Paley partition of unity

Y v =1, forall &£ €R".
=0

It is sometimes also useful to define a sequence of smooth and compactly supported
functions W; with W; = 1 on the support of ¥; and ¥; = 0 outside a slightly larger
compact set. One could for instance set

Vi=vjn+v;+v-1,

with ¥_1 1= .

In what follows we define the Littlewood-Paley operators by
D) 10 = [ w506 Fler e a.

where d& denotes the normalised Lebesgue measure d&/(27)" and

& = / e f(x)dx,
Rn

is the Fourier transform of f. Using the Littlewood-Paley decomposition of Definition
2.1, we define the Sobolev space H* (R™) in a somewhat unusual way. One can however
show that this is equivalent to the standard definition of H*(R").

Definition 2.2 Let s € R. The Sobolev space is defined by
s (R7 ' o s NV
HY @) = {f € " @) Wfllmscany = (24710 (D) 1) < 0],
Jj=0
where . (R") denotes the space of tempered distributions.

Remark 2.3 Different choices of the sequence {; };?';0 in Definition 2.1 give equivalent
norms of H*(R") in Definition2.2, see e.g. [26]. We will use either {1 };?":0 or {¥; }Cf;o
to define the norm of H*(R").

Remark 2.4 By Fubini’s theorem, one can change the order of the norms in Definition
2.2,1.e.

o 1/2 o 1/2
171 oy ~ H{;‘“ s P (;wij)fniw)) .
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Also, using fairly standard Littlewood-Paley theory one can show the following
well-known result:

Lemma2.5 Let {f;}72, C S (R™) be such that
supp fj C {€ e R": [£] S 27}, j=0.
Then, for s > 0, one has

00 00 ' 5
HzfjHHS(]Rn) 'S H{Z4]S|f]| ]
j=0 j=0

1/2

L2Rn)’

For a proof, see e.g. [25].

In proving the L”-boundedness of FIOs (1 < p < 00), the standard procedure is
to first show the boundedness of the operator (and its adjoint) from the Hardy space
AV (R™) to L' (R™) and thereafter interpolate the results with the L2-boundedness.
In proving the Hardy space boundedness, the main tool is to use the so-called Hardy
Space atoms.

Definition 2.6 Let p € (0, 1]. A function a is called an 7’ -atom if for some xo € R”"
and r > 0 the following three conditions are satisfied:

(i) suppa C B(xo,r),
(i) la(x)| < [B(xo,r)|~1/7,
(iii) fRn x*a(x)dx =0 forall || < N forsome N >n(l/p—1).

Then a distribution f € 277 (R"), has an atomic decomposition

o0
f= Z/\ja,-,
j=0

where the A ; are constants with

1/p

Lfllep@n =inf | D117 < oo.
J

and the a; are JZ’”-atoms.

Remark 2.7 Different choices of N in (iii) above give equivalent definitions of the
P -norm.

Next we define the building blocks of the FIOs and the pseudodifferential operators.
These are the amplitudes (symbols in the pseudodifferential setting) and the phase
functions. The class of amplitudes considered in this paper were first introduced by
L. Hormander in [14].
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Definition 2.8 Let m € R and p,d§ € [0, 1]. An amplitude (symbol) a(x, §) in the
class S/’D’fé(R”) is a function a € C*°(R" x R") that verifies the estimate

oofat, &)| S (P,

for all multi-indices o and 8 and (x, ) € R” x R”, where (¢) := (1 + |£%)/%. We
shall henceforth refer to m as the order of the amplitude. Following the folklore in
harmonic and microlocal analysis, we shall refer to the class S(’)"’ s(R™) as the exotic
class and to SZ” 1 (R™) as the forbidden class of amplitudes.

Towards the end of this paper, in connection with the amplitudes with low spatial
regularity and also the forbidden amplitudes, we will use the Zygmund class C! (R")
whose definition we now recall.

Definition 2.9 Let r € R. The Zygmund class is defined by

CLE" = {f € 7@ < I llexen) = 092715 (D) flwqen) < 00}
JZ

If C"(R"), r € Ry, denotes the Holder space, and C"(R") denotes the space of
continuous functions with continuous derivatives of orders up to and including r, then
one also has that

CL(R")=C"(R") for r e Ry\Zy and C"(R") C Ci(R") forr € Z+. (3)

In connection to the definition of the Zygmund class, there is another class of ampli-
tudes which have low regularity in the x-variable, which were considered by G.
Bourdaud in [3].

Definition 2.10 Letm € R,0 < § < 1 and r > 0. An amplitude (symbol) a(x, &) is
in the class C{ST's(R") if it is C°°(R™) in the & variable and verifies the estimates

19gaC, &)l o@n S (&)™,

and
logaC, E)licrrmn < (gyn—laltr

for all multi-indices « and & € R”". Here C}(R") is the Zygmund class of Definition
2.9.

It is important to note that S{’fl(R”) C CiS{'fl(R”), for all » > 0, which follows from
3).

Given the symbol classes defined above, one associates to the symbol its Kohn-
Nirenberg quantisation as follows:
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Definition 2.11 Let a be a symbol. Define a pseudodifferential operator (VDO for
short) as the operator

at D) f )= [ a6 T

a priori defined on the Schwartz class . (R").

In order the define the Fourier integral operators that are studied in this paper, following
[11], we also define the classes of phase functions.

Definition 2.12 A phase function @(x,£) in the class ®F is a function
(x, &) € C®°(R" x R"\{0}), positively homogeneous of degree one in the frequency
variable £ satisfying the following estimate

sup &l

(x, §)eR" xR"\ {0}

02009 (x, §)| < Capps )

for any pair of multi-indices « and g, satisfying || + |8| > k. In this paper we will
mainly use phases in class ®2 and ®!.

We will also need to consider phase functions that satisfy certain non-degeneracy
conditions. These conditions have to be adapted to the case of local and global bound-
edness in an appropriate way. Following [23], in connection to the investigation of
the local results, that is, under the assumption that the x-support of the amplitude
a(x, &) lies within a fixed compact set K, the non-degeneracy condition is formulated
as follows:

Definition 2.13 Let /C be a fixed compact subset of R”. One says that the phase function
@ (x, &) satisfies the non-degeneracy condition if

det <8§j5k<p(x, g)) £0, forall (x, &) € K x R"\{0}.

Following the approaches in e.g. [11,21,22], for the global L”-boundedness results
that were established in those papers, we also define the following somewhat stronger
notion of non-degeneracy:

Definition 2.14 One says that the phase function ¢(x, &) satisfies the strong non-
degeneracy condition (or ¢ is SND for short) if

‘det (Zﬁjskgo(x, S))‘ > 4, for some § > 0 and all (x, &) € R" x R"\{0}. (5)

Having the definitions of the amplitudes and the phase functions at hand, one has

Definition 2.15 A Fourier integral operator (FIO for short) T with amplitude a and
phase function ¢, is an operator defined (once again a-priori on . (R")) by

n

T f(x) = / 8 q(x, £) F&)dE, (6)
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where ¢(x, &) € C*°(R" x R"\{0}) and is positively homogeneous of degree one in

£.

In this paper, the basic L?-boundedness result which we shall utilise for the FIOs,
is the following proposition which could be found in [11] as Theorems 2.2 and 2.7.

Proposition2.16 Let p,5 € [0,1], § # 1. Assume that a(x,&) € SZ”S(R”) and
@(x, £) is in the class ®* and is SND. Then the F1O T, is bounded on L>(R") if and
onlyifm = —n max(0, (§—p)/2). Incase p € [0, 1], 8 = 1 then the L*-boundedness
is valid if and only if m < n(p — 1) /2.

A global result concerning the boundedness of FIOs with amplitudes of order zero,
which will be used in the proof of Proposition 7.2 goes as follows:

Lemma2.17 Leta(x,£&) € S?’O(R”). Assume also that ¢(x, &) € ®2, is SND. Then
fors € R, the FIO T is bounded from the Sobolev space H* (R") to H* (R™).

Proof This follows immediately from [16, Theorem 5.7 part (ii)], by noting that the
Besov-Lipschitz space BZ, q (R™) in that result reduces to the Sobolev space H*(R")
when p =g = 2. O

We also state the following version of the non-stationary phase lemma, whose proof
can be found in [21, Lemma 3.2].

Lemma 2.18 Let KL C R”" be a compact set and Q D K an open set. Assume that ® is
a real valued function in C*°(2) such that |V®| > 0 and

[0%®| < [V,

Sor all multi-indices o with || > 1. Then, forany F € C2°(K), A > 0, and any integer
k>0,

| /R CFE) O] < Crpn ™ ) fK |9 F ()] IV ()|~ d&.

| <k

Finally we recall a composition result, whose proof can be found in [20, Theorem 4.2],
or in a more general setting in [4, Theorem 3.11], which will enable us to keep track
of the parameter while a parameter-dependent WDO acts from the left on a parameter-
dependent FIO. This will be crucial in the proof of the boundedness of FIOs with
forbidden amplitudes on Sobolev spaces.

Proposition2.19 Letm < 0,0 < ¢ < 1/2 and Q := R" x {|§| > 1}. Suppose that
a(x,§) € SI’fO(R”) uniformly int € (0, 1] and it is supported in Q, b(§) € S?,O(R”)
and ¢ € C*(R2) is such that

(i) for constants C1,Cy > 0, C1|&| < |Vyp(x, )| < C1l&]| forall (x, &) € 2, and

(ii) for all le|, 1Bl = 1, [9%p(x, &) S (&) and |0¢0Fp(x, &) < |&'719, for all
(x,&) € Q.
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Consider the parameter dependent Fourier integral operator Ta(f, given by (6) with
amplitude a;(x, &), and the parameter dependent Fourier multiplier

buD)f00) = [ i) e

Then the composition b(tD)Ta(‘[7 is also an FIO with phase ¢ and amplitude o; which
is given by

oy (x, £) = f / ar(y, £) b(tn) ! e Ziv gy gy,
R xR”

Moreover, for each M > 1, we can write o; as

lot]
016, ) = bUVagp(x D@, )+ Y ooutx &) + M, x,6),

O<|a|<M

fort € (0, 1). Moreover, for all multi-indices B, y one has

sup \ayafaaa,x,s)t'“'“—” S ()20 for 0 < o) < M,

te(0,1)

and
sup |a70fr (e, x,6)| 5 ()M,
te(0,1)

3 Reduction

We start by describing how the problem of L?-boundedness of FIOs with SND phase
functions that belong to the class ®2, can be reduced to the case of operators that are
well-suited for the Ruzhansky-Sugimoto’s globalisation procedure.

Thus let 7,/ be an FIO given by (6), with ¢ € ®> and SND, and an amplitude
a(x,&) e SKS(R") withm € R, p,§ € [0, 1]. We start by localising the amplitude
in the £ variable by introducing an open convex covering {Ul}lﬁi | of the unit sphere
S"=!, where M is finite (due to compactness of S"~!) but large enough, and the sets
U; have diameters of at most d. Let E; be a smooth partition of unity subordinate to
the covering U; and set

ai(x.§) = a(x.§) :l(%)

Define
Tif(x) = /R alx, £) el Fg) dg,
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and fixapoint; € U;. Thenforany & € Uy, Taylor’s formula and Euler’s homogeneity
formula yield

0x,8) =@, )+ Vep(x, &) - (§ — &) +A(x, §)
=Ax,8) + Vep(x, ) - &,

where A is the remainder term and its dependence on ¢; has been suppressed due the

fact that §; was fixed. Thus for & € Uy, using the fact that 9, ¢ (x, §) is homogeneous
of degree zero in &, we have

¢
ke, 6) = g (x, 1) — e, ),

and hence the mean-value theorem and the definition of class ®? yield

g9l a(x, &)| < ClE|' 1,
for all |B] > 0, and for |¢| > 2. One also observes that due to the homogeneity of
A(x, &) in & and the mean-value theorem, one also has that |V A(x, &) < |&]. We
shall now extend the function A(x, &) to the whole of R” x R"\{0}, preserving its

properties and we denote this extension by A(x, &) again. Now this A belongs to the
class ®'. Hence the Fourier integral operators 7; defined by

Tif (x) = /R al(x, §) eV DS Fi) ag,

are the localised pieces of the original Fourier integral operator T and therefore

M
T=YT.
=1

Now, let us investigate the L”-boundedness of each piece 7;. To this end we observe
that due to the SND assumption on ¢, the map t;(x) := Veo(x, &) is a global diffeo-
morphism and composing 7; f (x) with the inverse of t; results in the FIO

(MAHW (x) = A@ @t (x), £) M0 OOHEE Ty g

Observe that all the derivatives of tl_l are bounded and indeed the phase function
)»(tl_1 (x), &) + x - & is SND (note also that the diameters d can be picked as small
as we like). Therefore the study of the global L?-boundedness of 7; is reduced to the
study of the global L”-boundedness of FIOs of the form

/ o (x, £) 0 Fe) de,
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where o (x, £) belongs to the same amplitude-class as a(x, &) (i.e. SZ’, sR™), 0 € !
and 0(x, &) + x - £ being SND.
In a similar way, one can show that, for an FIO of the form

[ ateeoomi roacay,
n XRI’L
with ¢ € @2, matters can be reduced to FIOs of the form

/ f o (3. £) dPOEHODE £(1)de dy,
HXRYI

where o (y, &) belongs to the same class as a(y, &) and 0(y, &) € ol

4 Composition of Fourier multipliers and FIOs

We start with a composition theorem which allows us to left-compose a Fourier mul-
tiplier with an FIO. The difference between Theorem 4.1 below and Proposition 2.19
lies in the fact that, although the latter deals with the parameter dependent case, it only
covers amplitudes in S7'((R"). Also the method of proof of Proposition 2.19 is quite
different from that of the following theorem whose proof is not just a modification
of the former. The difficulties arise exactly when § > p, but they can be overcome.
However, as we shall see, the forbidden case of § = 1 has to be excluded.

Note that the composition theorem below also allows us to compose our more
general FIOs with Bessel potential operators (see i.e. Lemma 6.3) in order to obtain
crucial ##7 — L? estimates that are in turn used in the proofs of the L”-boundedness
results (Proposition 6.4).

Theorem 4.1 Letm,m' € R, p € [0,1],8 € [0, 1) and Q := R” x{|&| > 1}. Suppose
that a(x, &) € SmB(R") and it is supported in Q, y (§) € ST 0(]R”) and ¢ € C*(Q2)
is such that

(i) for constants C1, C> > 0, C1]|&| < |Vyp(x, &) < C2|&| forall (x, &) € Q, and
(ii) forall x|, |B] = 1, |0Fe(x,&)] < (E)and|8§‘8§¢(x,§)| S L forall (x,6) € Q.

Consider the Fourier multiplier and the Fourier integral operator

yO)f )= [ @ Fee and 17700 = [ @09 ate 6 Ferde,

Rn

Then the composition operator Th‘p = y(D)TY is also an FIO (with the same phase
as T ), and with amplitude given by

b(x, £) = / / AL E) TSy gy ()
nX n

Moreover b € Sm+m (R™).
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Remark 4.2 Tt is easy to show that if a phase function ¢ € ®? is SND then it satisfies
all the requirements of Theorem 4.1.

Proof of Theorem 4.1 The expression in (7) can easily be derived through a simple
calculation. Set

cx,&n)=akx,&ymn

and

Px,y, & m = x—y) -1+ &) — ek, 8§).
Then the following estimates are valid:

(Vp®) = (x —y),

(Vy®) > Cr(§ —1n), <R, R>0,
Vi@ S |+ & —nl,

IVe®@| < [x — yl.

®)

Indeed the first equality is trivial, and for the second one, setting

A(-x’ E) = go(x, é) —X- ‘5,

we note that for |§] < R and R > 1, triangle inequality and condition (i) on the phase
yield that

2(C2+ DR + [Vy@]) = 2(C2 + DR + [V D|
=2(C2+ DR+ |Vy(p(y,8) —y - n)l
=2(Co+ DR+ |Vy(y - —n) + Ay, §))]
=2(C2+ DR+ & —n+ VyA(y, §)]
>2(C2+ DR+ & —n| — (C2+ D§]
>2(C2+ DR —(C2+ DR+ |§ — 1]
=(C2+ DR+ 15 — 7|
> (I+ 1§ —nD.

On the other hand, for || < R and R < 1, condition (i) on the phase implies

1
(C2+ DA+ [V, @) = (C24+ 1) + EIV)@I
1
=(C+ D+ Elé —n+ VyA(y, §)l

1 Cr+1
>(Co+ 1)+ | —n|—
_(2+)+2|§ ul 5

151
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R(Cy + 1 1
(cz+1)—%+5|§—n|

1
5(1 + 15 —nb.

v

v

To show the third estimate in (8) we observe that condition (i) on the phase yields
Vi@ = [Vi(x - (n — &) — A(x, 6| S 1E —nl + (C2+ DIEI S & —nl + [§].

Finally to show the fourth estimate in (8) we observe that the mean-value theorem and
condition (ii) on the phase yield that

IVe®@| = [Veg(y, §) — Vep(x, §) < lx — yl.
Using Faa di Bruno’s formulae and estimate (8) we can also show that
1000 e'®| < (x — )11+ €1 + € — nP)P12, ©)
Introduce the differential operators

Ly = (V;®) (1 —iV,®-V,)
Ly = (Vy®) 2 (1 —iV,® - V),

and integrating by parts we have

bex.6) = [ /R Mo 6 mandy,
)1>< n
for large positive N and M. Note that
08080 c(y, £, m)| S ()" PRIy I (10)

for all multi-indices «, B, y. It follow from this and (8) that b(x, &) is bounded
on R? x B(0, R) for R > 0, and using (9) one can also show that, for any multi-
indices «, B, 8? afb(x, &) is also bounded on R} x B(0, R) and therefore b(x, &) €
C;P (R} x B(0, R)) (the subscript b indicates the boundedness of all the derivatives).
It also follows from condition (i) on the phase that

IVy®| = [Vyo(y,§) —nl = Cil§] — Inl. Y

Now let x € C2°(R") be such that 0 < x(x) < 1 and x(x) = 1 when |x| < 1/2 and
x(x) =0 when |x| > 2/3. Set

x1(n, &) = X(%@ﬂ)
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Since |n| < 2C1(£)/3 on the support of x1, (11) yields (on supp x1)

2
vy0l = €1 (lgl - 5(6)).
At this point, we observe that since

lim C1<E—%) _a

glmoo T \(E) 3/ 37
it follows that there exists Ry > 0 and C > 0 such that on supp x; N {|€] > R;} one
e 1 IEP | §)%\12 20
Vol =CE) =C(5+5+5-)  2A+EP+mAY a2
Setting

bix, &) = // e e 06 ¢ andy,

Ly = —i|Vy®| 2V, ® .V,
and integrating by parts yields
b = [ DM (0,6 ey £ ) dy.
n X n
Since b(x,&) € C°(R} x B(0, R)), estimates (9) and (12) yield that by (x, &) €
ST(R™) (first we show using (10) that by (x, &)| < (E)_N, forall N > 0, then using
(9) we boost up this result to all the derivatives of b(x, &), for more details on these

type of calculations, see e.g. the somewhat similar proof of Theorem 3.11 in [4]).
Now define x2 := 1 — x; and consider

b, &)= [[ et a0 O andy,

To simplify the calculations from here we set

1
I(x:)’,S) :zv/(; VxA()"i‘S(x_)’),é)dS
Noting that Vy@(x, &) = VA(x, &) + &, rewriting

q>(xsy,§’77)=(X—y)'(77—§—I(x,)’vf)),

making the change of variables

zi=y—x, {=n—§—-1(x,y8),
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and then defining

(& m = xon+1(x,y,8),8c(y,§n+1(x,y,8)),

we obtain

by(x,£) = //n o e e (x + 2, €, €+ 0)AC dz.

Moreover, by (x, &) in turn can be split into b3(x, &) + ba(x, &) with

b3(x,§) := //n . e 0, E) e (x + 2, €, 6 + 0)dC dz

and

by(x,§) = // . e (L E) e (x + 2,6, € + 0L dz

We observe that on the support of x2(¢, &) one has that

1
IZ] = §C1($)

and on the support of xo(I(x, y, &) +& + ¢, £),

1
(x,y,6)+&+¢]1 = §C1(€)~

Therefore integrating by parts we can show that
by(x.§) = // e g 2N
Rt xR
x (=AM (@) 7N A = AN (2@, ) c1(x +2,6.6 +0)))dL dz,

to conclude that b3(x, §) € ST (R").
Defining

oy, &) =xm—-§2%8c.&n,

we see that

a(y,En=x1m—-§8xm+1(x,y,8),8c(y.&n+1(x,y,8)),

and b4(x, &) can be written as

ba(x, &) = // y e ey(x + 2, €, & + O)dr dz. (13)
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Using the definition of c>(y, &, ) we see that

2
In—§l < §C1<$)

1
|77+ I(X, yvé)l Z §C1<s)’

on the support of c2(y, &, n).

In what follows we shall denote the derivative of c2(y, &, n) with respect to y by
d1ca, the derivative of c3(y, &, n) w.r.t. £ by dxc2, and the derivative of c2(y, &, 1)
w.r.t. n by 93¢2. Now using (13) and Taylor’s formula we have that

v
ba(x, &) = Z ( l) // . *’”(8 05 c2)(x +2z,&,86)dc dz

|u|<N

| — gN-1
+NZ Fa-oMt s) // e (@YY e2)(x + 2. £, & + s£)dz dz ds.
leRVl

lv|=N
For s € [0, 1], set
o(x+2,6 & +50):= (3]0 c2)(x +2.§, &+ 50).

Let us now study the behaviour of the derivatives of

rs(x, §) = // . e o (x + 2,6, & +50)dc dz.

" RM
To this end observe that
dgafrs(x, &) = //"an e Og0Po (x + 2.6, + 50)dg dz.
Now for M > n/2 we write

¢ = (L (E)P1P) A+ (6) P (A )M
and integration by parts yields that

Ol ry(x, &) = / / - e 0 Ry (x, £, 7, )¢ dz, (14)
with

Ry(x.£.2.0) == (A+E) P2 MA+E P (AN 00 o (x+2. &, E+50). (15)
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We also have that

[+ (E? (=AM 02000 o (x + 2,8, & +50)]

< @M @ 8303 o) (x + 2,6, € + 50)
A<M

+ )P @ 0P ) (x + 2,6, 6 + 50)

A<M (16)
< Z (5)23|)L| <%—>m+3|ﬁ|+5\}/\*p|a\ (& —i—s{)m/*zl)“l
I\|<M
n Z (£ (gymHSIBLSIYL (g 4 ooy =212l lal
A<M

Divide the domain of integration in ¢ in (14) into three pieces A := {|¢| < (£)%/2},

B :={(£)°/2 < |¢] < (§)/2} and C := {|¢| = (§)/2}.
We observe that for s € [0, 1], [¢] < (§)/2 we get

(6)

1 n
650y = @1 =|s [ 3¢ e+ esc [ <,
k=1

since |9g; (§ +¢s¢)| < 1. This implies that for s € [0, 1], [¢] < (§)/2 we have

© e <28 a7

Moreover (16) and (17) also yield that in A U B we have
R (x.&.2.0)| S (14 (§)2 [z~ (gymtm'—elel 3161

Hence

Rn

‘/ / e—iz.; RS dZd§ S <§>m+m’—p|a\+8|ﬂ|—6n/ (1 + |M|2)_M dl/ldé‘
A JR" A
<

<§>m+m/—p|a\+5|ﬂ| .

~

Next we observe that since
197 (14 €)1z ™) < &) (1 4 (8)?|z1H ™M, (18)
one has

(=AM R| < (g)mTm =PIl HBIBIF2MS (1 4 (£)28)712)=M
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Therefore

‘/ [ e roazas H/ [ e cag M Roazag
Rn n
< (gymm'—plal ol Bl M - n)5/ |§|72M/ (1 + [uP)~M dude

< (gymim'—plal+3181

On the set C we have (§) < 2|¢| and for all s € [0, 1] that

(§ +s8) = (&) +1¢] = 3¢
Hence the definition of Ry in (15) and (16), (18), yield that
(—O2)Ry| S [ e OFIPHMERII L (gym (1 4 (€)M
Therefore integrating by parts and choosing N so large that
max(m’, 0) + §|B| +2M8 — 2N(1 —§) < —n

and
m + 8|B| + max(m’, 0) +2M8§ —2N(1 — &) + (1 —&)n <m +m' — pla| + §|B]

(observe once again that § < 1), we obtain

‘/ / e*iz{ Rs dZd;‘ — ‘/ / e*iZ'g |§|*2N (_Az)NRS dZdé‘
C JR" C JR"

5 (E>m—n6/ |§.|max(m ,0)+5‘ﬁ‘+2M§—2N(1—5)d€

< (§>m+m/—l)\a|+5|/3| .

This concludes the proof. O

5 Decomposition of the FIOs

In connection to the study of the L”-regularity of FIOs, based on an idea of C. Fef-
ferman [12], Seeger, Sogge and Stein [23] introduced a second dyadic decomposition
superimposed on a preliminary Littlewood-Paley decomposition.

Note that, since we are dealing with FIOs with amplitudes in general Hérmander
classes, the constructions in [23] have to be generalised to this setting. Here we follow
the rendition of the Seeger-Sogge-Stein decomposition, as was given in Dos Santos
Ferreira-Staubach [11].
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To start, one considers an FIO T, with amplitude a(x, £) € SZf sRM,0<p =<1,
0 <8 < 1,m € Rand the SND phase ¢ € ® and its Littlewood-Paley decomposition

TY =) Tfy;(D) =) Tj. (19)
j=0 =0

where the kernel K ; of T is given by

Kj(r,y) = / O ) a(x, £ d

_ zjnp/ ORIV § 0E) a(x, 200 ) dE

Here each v; is supported in a dyadic shell {2j I <jg| <2/ ‘H} (as in Definition
2.1) so the &-support of the integrand in the second integral is

Aj =g e R": 2/U=P71 < g < 2/ (=Pl (20)

The shells A ; will in turn be decomposed into truncated cones using the following
construction:

Definition 5.1 Foreach j € Nand 0 < p < 1, we fix a collection of unit vectors {Ej”}
that satisfy the following two conditions.

Q) [&) — €| = 27002, if v # v,

(ii) If & € S"~!, then there exists a 51‘.’ so that |$ — 51"| <277r/2,
To do this we take a collection {éj‘.’} which is maximal with respect to the first property
of Definition 5.1.

Let 'Y denote the cone in the &-space, with the apex at the origin, whose central
direction is EJ‘.’, ie.

Vo n,i_u
rv=leer: o

<2. z—fpﬂ}. 1)

One also defines

v

XV:L
DI ¥

where

1) = 0 (25 - &)

and ¢ is a non-negative function in C2°(R") with ¢ (u) = 1 for [u| < 1and ¢p(u) =0
for |u| > 2.
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Now turning back to the shells (20), we decompose each A into truncated cones
F; N A; and observe that since the diameter of the set F; N{&; |&| = 1} is of size
277P/2 ysing elementary geometry, it is clear that the diameter of the set F}f N{; 1€ =
2/(=P+1} 5 of size 2/ =P)277P/2 Therefore, for each truncated cone TN A;j there
are n — 1 directions with length (roughly) equal to 2/(1=”)277#/2 and one direction
with length roughly equal to 2/(1=#) (which is the thickness of A j)- Hence we infer
that

NIV (2—/p/221<1—p>)(”‘” 2i(1=p) _ nintp(1-3m)/2) 22)

Using this, it also follows that there are O (2~/ pn=1)/ 2) such truncated cones needed to
cover one shell A ;, and thus there are at most O (2f pn—1)/ 2) elements in the collection
{éj‘.’}, with regard to v’s.

For the following lemma and throughout the rest of the paper, we choose the coor-
dinate axes in &-space such that & is in the direction of 51‘.‘ and &' = (&,...,&,) is
perpendicular to EJ‘.’.

Lemma 5.2 The functions X]‘f belong to C*° (R"\{0}) and are supported in the cones
F;. They sumto 1 inv:

Y xlE) =1, jeN andé #0

and moreover they satisfy the estimates

o 1) ()| S 2102 g 1 (23)
for all multi-indices o and
0} ®)| < Culel™, for N =1, 4

Proof In proving (23) we note that the argument of n}f contains a factor of 2/°/2
followed by a factor that is homogeneous of degree zero. Hence « derivatives yield a
factor of 2/°1%1/2 and a function that is homogeneous of degree — |«|. To prove (24)
one observes that in the support of X}) one can write

¥, =8+ 0Q P2 . Vg,

where 0, is the radial derivative and BrN xl‘.‘ = 0 since X}) is homogeneous of degree
zero. O

We will split the phase ¢ (x, §) — y -& into two different pieces, (Ve ¢ (x, éj‘.’) —y)-&
(which is linear in &), and ¢(x, §) — Vep(x, 5/‘?) - &. The following lemma yields an
estimate for the nonlinear second piece.
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Lemma5.3 For j,v > 1, define
Y. €) = p(x, §) — Vep(x, &) - &,

Thenfor 0 < p <l andfor&in A; N 1"; (see (20) and (21)), one has that

E]1E el =1 _
gt e =2

oY, 6)| S {
and for N > 1

ol 0| < [/ eV s 2,
Proof The proof is based on simple Taylor expansions and homogeneity considera-

tions, see [24, p. 407]. Also observe that |§’| < 27043072 O

Remark 5.4 Note that by the previous lemma, one has the estimate
Veh'i(x, )| S 277772, (25)

forall ¢ € F;, due to the fact that Vgh‘]f (x, &) is homogeneous of degree zero in &.

In [23] the authors define an “influence set” associated to the SND phase function
¢. We have to make a similar definition but it has to be fitted to the more general
classes of amplitudes that we are considering here. To this end we have

Definition 5.5 Assume that ¢ is an SND phase function in the class ®2, and let y € R”
be the centre of a ball B with radius » < 1, and p € (0, 1]. Define for j, v > 1,

R} := [y eR":|y—Fl <27, ‘n;(y - y)‘ < cz—ﬂf/2],

where 7" is the orthogonal projection in the direction £} and c is a large constant
depending on the size of the Hessian matrix of ¢ but independent of j, to be specified
later. We also define R’ as the preimage of R} under the mapping x — Veo(x, §}),
i.e.

RV = v e R 1 [Vep(x, 8)) = 51 = 270, |nl(Vep(x£)) — )| = c270i2).
26)

B = J UR] @7)

2=i<r V

Now set

and recall from the discussion following Definition 5.1 that the number of v’s in the
union above is O (2/7=1/2),

In this connection we have the following estimates.
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Lemma 5.6 Lety € R" be the centre of a ball B with radius r < 1
and let B* be defined as in (27). Then for p € (0, 1]

(i) One has the following estimate for the measure of B*
|B*| <rP.

(ii) If x € R"\B*, y € B(y,r) and the integer k > 1 is uniquely chosen in such a
way that 2~ *=D < r < 27 then for ¢ in (26) large enough, we have

217 | (Veg(x, €)) = i | +27721(Vep(x, £)) = )/ 2207002, j > k. (28)

Proof (i) Since R" is of size O(27/”) in the &}-direction and O0(277°/2) in the other
n — 1 directions, we have for0 < p < 1

EXED> Z‘ij, S 3 /0D etp (D) <

2=i<r V 2-i<r

(ii) Observe that (28) is equivalent to
2P| (T, £1) = 1| + 2P (Vep(x, €)= 01 21, j 2k,
Moreover, it is enough to show that
2| (Veg(r, €)= | + 22 (Veg(x, €)= 01 2 1. 29)
Since E}’ € S"~!, by Definition 5.1 part (ii), there exists a unit vector & " such that
Y — &) < 27k (30)

Furthermore, since R"\B* C R”\R,‘(’/ then the assumption x € R\ B* yields that
x eR”? \R,‘C’/ and therefore by definition (26) we have

201w (Vep(x, &) — 9| + 202 Vep(x, ) — 5| = e,
which in turn implies that
25| (Vep(x, ) — 91|+ 25072 | (Vep(x, &) — 7| = ¢/2, (31)
for ¢ sufficiently large. Moreover we also have that

Vep(x, &) — Veo(x, &) S 2750/, (32)
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Indeed, we observe that since ¢ € ®2 one has that |3€2§¢)(x, & < |E | =1, for all x and
all £ # 0. Therefore the mean-value theorem and (30) yield that for some 7 € [0, 1]
and all k > 1 one has

Vew(x. €9) — Ve (x, &)

<& —&1E) + & — e
S 2—kp/2(1 _ tz—kp/2)—1 S 2—](,0/2(1 _ 2—p/2)—1 § 2—kp/2.

Note that (32) trivially implies
(Vep(x. £)) — Veo(x, &) S 27472, (33)
We also claim that (30) yields
(Vep(x, ) — Vep(x, &) - £ S 275 (34)
To see this, using the homogeneity of ¢ (dictated by the ®2-condition) we have

(Vep(x,£)) — Vep(x, &) - &
= (Vep(x. ) — Veo(x. &) - (& — ) + o(x. &) — Vep(x. &) - £}
= (Vep(x. E)) — Vep(x . &) - (& — &) +h} (x. &),
where
hy (x,£) = p(x. £) — Vep(x. &) - £.
Moreover, by (25) one has the estimate

|(Vehy ) (x, )| < 275072, (35)

forall & e I} = {&; é—l — & < 2-27%0/2) (which is a cone with vertex at the

origin and central direction E,f/). Recalling that &}’ isin S*~!, (30) shows that S}’ also

belongs to the cone 'Y, and so forall € [0, 1], the expression E]‘.’ + I(EI:/ - %‘j”) which

represents the line segment joining &7 and & ' belongs to 'Y, due to the convexity of
the cone. Therefore, (35) yields that for all € [0, 1]

((Veh)(x &) +1(E) — £V)| S 27%012,

Now we also observe that hz/ (x, E,l’,) = 0. Hence, using the mean-value theorem
and (30), one readily sees that hz/ (x, Ej‘.’) = 0(27%°). For the term (Veo(x, SJV) -

Vep(x, &) - (5 — &) we just use the Cauchy-Schwarz inequality, (30) and (32),
which concludes the proof of (34).
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Now having (33) we claim that

|(Veg(x. &) — Veg(x, & N1] < 275 (36)

This is because our initial convention that Sj‘.’ lies along the & -axis, the triangle inequal-
ity, the Cauchy-Schwarz inequality, (30), (32) and (34), yield that

(Vep(x, £0) = Vep(x, £ 01| = [(Vep(x. £)) — Vep(x, &) - £)| =
= |(Vep(x. £)) = Vep(x. ) E) — &) + (Vep(x. £)) — Vep(x, &) - &

< [Vep(x, £)) = Vep(x £ IE) — &1+ 1(Vep(x. ) — Veo(x, &) - £
< ke,

Finally to show (29) (which as we mentioned above implies the desired estimate (28)),
we use the triangle inequality, (31), (33) and (36) to obtain

2 | (Vep(x, &) — v |+ 252 (Ve £) = |
=2 |(Vep(x, £)) = 5 = (6 = D), |+ 27| (Vewx, 6)) = 5 = v = ) |
> 24 |(Vep(x, 8)) = 5), | = 2 Iy = 1l + 22| (Ve (x, £) — 5) |
=252y 5]
> 2| (Veg(x.8)) = )| + 27| (Vep(x, §)) = §)'| = 240217 — 2%0/2p1
= 24| (Ve (x, &) — Veo(x, &) + Veo(x. &) — 7),|
+ 22| (Veg(x. ) = Vep(r, ) + Veo(x, §) = 3) | - 25217
_ okp/291-k
> 24| (Veo(x, &) = 3),| = 2 |(Veo (. &) = Veo (. &),
+ 22| (Veg (e, 6) = 3)'| = 22| (Veo(x, 8)) — Veo(x. &) |

_ 2kp21—k _ 2k,0/221—k

= 2| (Vep (e, §) = )| + 22| (Vepx ) = )|
_ zkpAz—k _ 2kp/2C2—k/2 _ kazl—k _ 2](,0/221—/(

> % _okp gp—k _ cokp/29—k/2 _ pkppl—k _ okp/291-k

— c_ A2 k(U=p) _ cp=k(1=p)/2 _ pl=k(1=p) _ »l=k(1=p/2)
>C _A—Cc—4

p— 2 9

where the constant A stems from estimate (36) and C from (33). Therefore picking c
large enough we obtain (28). O
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6 LP-results

In this section we prove our main L”-boundedness results for FIOs with general
Hormander-class amplitudes. This generalizes the results of Seeger—Sogge—Stein in
two ways. First of all this is a global regularity result and opposed to the local one
in [23]. Second, we consider all possible values of p’s and §’s as opposed to just
pell/2,1]andé =1 — p.

Remark 6.1 We note that in what follows we can confine ourselves to the case of
amplitudes a(x, &) that vanish in a neighbourhood of the £ = 0. To see this we take
Yo € C°(R") be equal to 1 on B(0, 1) and have its support in B(0, 2), and split the
amplitude into the pieces a(x, £)¥o(§) + a(x, &)(1 — Yo(€)) and observe that the
first term is in S?,lo for all m. Thus as was shown in [11, Theorem 1.18], the FIO with
amplitude a(x, £)¥o(§) is an LP-bounded operator for 1 < p < oco. This means that
our analysis can be concentrated on the amplitude a(x, &) (1 — 19(£)) which belongs
to S[’f s(R") and vanishes near £ = 0.

6.1 Exotic amplitudes

We start by proving the L”-boundedness of exotic FIOs with amplitudes in a €
SKS(R”) withp =0,0<48 < 1.

Proposition6.2 Letn > 1,0 <§ < 1,a € S{)’TB(R"), and assume that ¢ € @2 js
SND. Then for

the FIO T is LP-bounded for 1 < p < oo.

Proof Using the discussion in Sect. 3, we shall from now on assume that Tf is of the
form

rr@ = [ a6 d OO0 Fee, G7)

where 6 € ®! and (x, &) + x - & is SND.

Since the result has already been proven for the case when p = 2 (see Proposition
2.16) it only remains to show that 7 and its adjoint map 7 (R") to L? (R") continu-
ously, for some p < 1, and thereafter interpolate these with the L?-boundedness (see
[6] for interpolation of Hardy spaces).

Due to the atomic decomposition in Definition 2.6 of an element of o777 (R"), we
would need to show that

Av ITa(x)|? dx (38)

is uniformly bounded for every .77 -atom a, where the atom is supported in the ball
B := B(y, r). To prove the assertion in the case 2 < p < oo we also need the uniform
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boundedness of (38) for the adjoint operator 7*. However since the proof is almost
identical to the case of 7', we confine ourselves to this case.

We split R” into 2B and R"\2 B and start with the case of 2B (note that 2B is ball
B(¥, 2r). By Holder’s inequality and the L?-boundedness of 7', we have

2— 2
ITalLresy S ITall 2o 1 20e-m o) S llall g2 r" P72

< 1 (p=2)/2p .nQ2=p)/2p _ 1 (39

We proceed to the boundedness of || 7al|Lr®m\25). Now we consider what we call
a "generic Littlewood-Paley piece" of the operator T given by (37). The generic
Littlewood-Paley piece is the FIO with the amplitude a;, where a;(x,§) =
a(x,&)y;(§),and j > 1 due to Remark 6.1, and the phase function x - & + 0(x, §).
We denote this operator by S; and note that the integral kernel of §; is given by

Ki(x,y) = / aj(x, &)L qe (40)
Rn
We claim that
10— 0% K0, ) 2y S 27 IPIFmn 2800072, (41)

for all multi-indices « and S. Since differentiating (40) 8 times in y will only introduce
factors of the size 27181 it is enough to establish (41) for 8 = 0. Now the global L>-
boundedness (41) of the kernel can be formulated as the L2-boundedness of a kernel
of the form

k?(x,x —y) = ‘/Rn aj(x, €) (x — y)* @O Eqe
To this end, take W; as in Definition 2.1, integrate by parts and rewrite
KY(x,x —y) = /Rn aj(x, §) 00O (—j)lel ge i€ e
=il /1% o [aj(x, g)ei%c,s)] FEVE Y (6) s

= Y Con [ 8y 09000 IO e

atar=a R
o]
= Z Cal,az,kl,...kr/‘ 85 aj(x,E)
atoar=u R"
At Ay =an

X 971 0(x, £) - 870 (x, §) &8 IS w(6)ag

— Jj(m+ns/2) ay,o2,A 1,00
- Z Cal»“Z»)lls---)\rQ’ bj "

o1tor=u "
At Ay =an
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X (x, £) DT TR ()
= D Capapin.s, 2T ST W (),

o tor=u
M-t A =02
where szl,az,xl,...m is an FIO with the phase function 6(x, &) 4+ x - § and amplitude
B ) given by

BRI () = 27D 900 (x £) 0110 (x, £) L0 O(x, §).

Moreover |A ;| > 1 and 7_y is a translation by —y.
(I ga/ 2(R”) uniformly in j, since a €
Sg's(R™) and 6 € @'

Therefore by Proposition 2.16, S?” @2 M5br o an L2-bounded FIO, so

> i L2 A, Ay
1KY G x = laeny S Y, 272 ssre2 i (o W)y

a)tar=«a
ALt tAr=an

< 2IHID ||y S 2240312,

(R

which proves (41).
Now, the estimate in (41) yields that for any integer M, if one sums over |o| < M,

< 9J(n/2+m+n8/2) @2)

M g
[CRARESURR SISOl H

We now observe that for r € [0, 1], x € R"\2B and y € B, one has
x =y Slx =y —t(y =l 43)
Next we introduce
\—M
g i=(1+1x=731)

where M > n/q and 1/q = 1/p — 1/2. The Holder and the Minkowski inequalities
together with (42) and (43) (with t = 1) yield

I,alrnan = | [ Kyt a0 dy]
1
g(x) Jp

S /B ”% K;(x,y) a(y)’

LY (R"\2B)

K;(x,y)a(y)dy llgllLarm

L2(R"\2B)

d
LZ(R"\2B) Y
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dy

<
< [ 1o .

< pn=n/p pi(n/2m+ns/2) < n=n/p yj(n=n/p) (44)

(I+1x —yDM Kj(x, y)

sincem = —n(1/p — 1/2) — nd/2.
On the other hand, taking N := [n(1/p — 1)] (note that N > n/p —n — 1), a
Taylor expansion of the kernel at the point y =y yields that

—_ )8
ISEREDY %a;?(mx,y»“zy
[BISN ’

b !
+WN+D Y %/0 (=N 0P (K. )1 srys A
|BI=N+1

and due to vanishing moments of the atom in Definition 2.6, (iii), we may express
the operator as

1y — 58
Sja) =N +1) Y /B/O %(1—0N

|Bl=N+1
(K (e Y,y @) di dy.

Noting that |(y —_— ] < rN+1 and applying the same procedure as above together
with estimates (41) and (43), we obtain

N+1—-n/p+n 2j(N+l+m+n/2+n6/2) < rN+l+n—n/p 2j(N+l+n—n/p).
(45)
Now we split the proof in two different cases, namely when the radius r of the

support of the atom a is less than or greater or equal to one.
For r > 1, (44) yields that

IS;jallr@n2py Sr

o0 o
p 1P np—n ~j(np—n)
NTall] oy S D 1Sjal]pnam S D" "2 Sl
j=1 j=1

Assume now that r < 1. Choose ¢ € Z, such that 27¢~! < » < 27¢ Using the
factsthat 2~ ¢ ~r, N+ 14+n—n/p > 0,n —n/p < 0, together with (44) and (45)
we conclude that

o0
(’,N+l+n7n/p2j(N+]+n7n/p))p_,’_ Z (rnfn/pzj(nfn/p))p
1 j=t+1
(rN+l+nfn/p 2€(N+1+nfn/p))p 4 (rnfn/p Zi(nfn/p))p

M~

P
” Ta”LP(]Rn\2B) 5

~.
Il

N

~ rN+l+n—n/p r—(N+l+n—n/p))p + (rn—n/p r—(n—n/p)>p
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R

Putting this together with (39), yields the uniform boundedness of (38).
The proof of the adjoint case is identical, except for the fact that (41) becomes

Ig;?‘(y, X —y):= /Rn aj(y, &) (x — y)* e P05 ge
and when applying § derivatives in the y-variable the y-dependence in both arguments
has to be taken into consideration. O
It is also evident that Proposition 6.2 yields the L”-boundedness of pseudodiffer-

ential operators with exotic symbols and thereby completes the investigation in [1].

6.2 Classical amplitudes

We proceed by proving a global L?-boundedness result for classical FIOs with ampli-
tudesina € SKS(R”) with0 < p<1,0<6§ < 1.

Before doing that, we need the following lemma which provides .7#°7 — L? estimates
for FIOs with amplitudes in general Hormander classes.

Lemmaé6.3 Letmy<0,n>1,p€[0,1],6 €[0,1) and

m = mg — n max (O (ST'O)

Suppose that a € SZ’, s(R") and that a(x, §) vanishes in a neighborhood of & = 0.
Also, let ¢ be an SND phase function in the class ®*. Then Ty, defined in (6), satisfies

TS fll 2@y S NN ygansa-2m) gny- (46)
Also for the adjoint operator one has
ICTD* fll2@ny S SN yponan-2me) gy (47)

Proof Since the operator 7, (1 — A)~"0/2 is an FIO with the phase ¢ and an amplitude
in S, _" max(0.(3=p)/2) (R™) it is L2-bounded by Proposition 2.16. This L?-boundedness
to gether with the estimates for the Bessel potential operators reformulated in terms of
embedding of Triebel-Lizorkin spaces (see [27, Corollary 2.7]) yield

ITE fll 2@y = ITEL— A2 (1 = A" £l 12 gy
SUA =A™ fll 2@y S N lLean,s

with 1/q — 1/2 = —mg/n, which proves (46). Here observe that the choice of the
range of m( implies that 0 < g < 2.
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Nextwe prove (47). By Theorem 4.1 the composition (1— A)~™0/2T¥ is an FIO with
the phase ¢ and an amplitude in S;g max(0.(3=p)/2) (R"), and therefore L2-bounded.
Finally, observing that

ITEY* (1 — A2 o, 2 = [[(1 = A)T™2TE| 12,

one can proceed as above. O

Now we are ready to state and prove our main L”-estimate for FIOs with general
classical Hérmander-type amplitudes.

Proposition 6.4 Letn > 1, a € SZI,«S(RH)’ @ be an SND phase function in the class
@2 and let Tf be given as in Definition 2.15. For0 < p < 1,0 <§ < 1 and

1 1 §—p
m=—(n—,0) - — = —nmax(O,—),
p 2 2

the FIO T, is LP-bounded for 1 < p < oo.

Remark 6.5 In Proposition 6.4 it is not possible to consider the case p = 0 for several
reasons. First, the definitions of the rectangles in (26) turn out to be inadequate. Second,
the choice of M in the proof of (53) below would not be possible. Third, the choice
of L > n/p in (68) would be problematic.

Proof of Proposition 6.4 For n = 1, it is well known that FIOs are special cases of
pseudodifferential operators and hence the result follows from the corresponding the-
ory for those operators (see e.g. [24]). Therefore, from now on we concentrate on the
case n > 2. We will initially assume that a(x, £) is supported in a fixed compact set
in the x-variable. This will however be removed later on in the proof. Since the result
has already been proven for the case when p = 2 in Proposition 2.16, the only thing
that is left to prove is that 7, and its adjoint map 77! (R") to L' (R") continuously,
when a(x, &) € SKS(R”) with

n—p §—p
m=— —nmaX(O, —)
2 2

Due to the atomic decomposition in Definition 2.6 of a member of 7 L(R") we need
to show that

/ |TYa(x)|dx (48)
Rn

is uniformly bounded for every .7#!-atom a, where the atom is supported in the ball
B(xo, 7).
Step 1 - Estimates of ||T, al|y1gn, whenr <1

Recalling the set B* in (27), we split (48) into two pieces, namely

IITfCtIILl(Rn) = ||Tfa||L1(B*) + ||Ta(pa||Ll(Rn\B*) =:1+1I.
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Using the first part of Lemma 5.6, the Cauchy-Schwarz inequality, and Lemma
6.3 we can deduce that I is uniformly bounded. Indeed take b = |B|'~!/9a with
g =2n/(n —2m'). Note that since ||b|| j7¢(rr) = 1, we have

o) 2
LS P ITEll2eny S O 6l -2

2 — 2 —
— pP/2Hn/q—n ”6“%2"/(%%,)@% — pP/24n/q—n _ 1,

provided that
m' = . (49)

Now we have to deal with the last and most complicated part of the proof, that is
the boundedness of II. To do this, we use a partition of unity and decompose 7,/ as in
(19). Recall that for j > 1 the kernel K; of T is given by

Kj(x,y) =2/ f eI 210 a(x, 207 8) .

Rn

By Remark 6.1 it is enough to consider j > 1. We would first like to prove that
/Rn |VyK;j(x, y)| dx <27, (50)
which immediately yields
fRnIKj(x,y)—Kj(x,Z)ldx§2j|y—1|. &1V

Now we make a second dyadic decomposition of K; using Lemma 5.2, where each
piece has the form,

Kj(x,y) =2/"" / eV OV y )y (208 a(x, 208 dE,

n

where xj‘f (&) are as in Lemma 5.2. To justify (50), set

hi(x, &) = g(x,8) — & Vep(x, &)

and observe that

i i2iPE.V, EVY—i2iPy.
VyK;(x,y)zzjnp /Rn ¢ EVep(x.§))—i ysb‘;(x,f)dé,

with the vector b}’. (x, &) given by

bY(x.§) == —i2/PE a(x, 2P8) X} (&) ¥;(200E) D),
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Table 1 The estimates on the size of the factors of b}f (x, &) after being acted upon by differential operators.

The second sum is taken over all partitions of the multi-index N> and is bounded by 2/1M2lp

Factor Bglel Bg N2

a(x,2/°¢) 2im ojm

Xj &) 1 2/INalp

2/P¢ wj(szg) 2J 2J

S S plavy-ier S aJarrgiarn/? | gjexpyiaxn/?
0<a<2N) ay+Fae=2N,

Note that on the £ —support of each component of b;f (x, &) one has that || ~ 2/(1=p),
Therefore to estimate the size of the derivatives of components of b‘; (x, &), we use this
information and Lemmas 5.2 and 5.3. The estimates have been summarised in Table 1.

Hence if we define the differential operator
. 2 —Jj
Li=(1-92)(1-27a¢),
it is clear that for N > 1
i VY inj . N . 2\ N
LN 2 S Veo ) =i2l0y e _ jiEVep(n£p)=ivE (1 +2%0P ‘(sz(x, &) — y)l‘ )

2\ N
1)

x (1 42 ‘(Vg(p(x, ;

Finally using the information given in Table 1, we deduce that
’LNb‘j(x, 5)‘ < gim+), (52)
Now using integration by parts

VKV, y)

2jnp / eiszg'vi"p(xsé}))_isz)"gLNblj{(x’ S)dg
r''nA

2)N ’
where F‘; N A; is the support of b"(x &) and A; and F" were defined in (20) and

(21) respectively. Let g¥ ; be a smooth cut-off functlon that is constantly equal to one
on the &£-support of b; and vanishes outside a compact set which is slightly larger the

(1 +22jp ‘(Vg(p(x, £ = ‘2)N(1 + 20k ‘(ng(x, §)—y)
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aforementioned &-support. Now set t(x) := Veo(x, f;‘/‘f) and define

S;:i:/g‘;(x) = 2_j_jm’2jﬂ)0/ eiZ-/'Px'%' {Lbe(t_l(X + y)’ %‘)}?;(E)dé

v

Then because of (52), the choice of m” in (49), and that t is a diffeomorphism, S;’ ;V is

a VDO of order —n max(0, (§ — p)/2) and hence L2%-bounded, by Proposition 2.16,
uniformly in y and j. Observe that Vy K }’ (x, y) can be rewritten as

274 ($5Y 8V (Vep(x, £)) — y)

VyK}-’(x,y)z Z)N
Now using the compact x-support, Cauchy-Schwarz inequality and that t(x) is a
diffeomorphism, we have

(/]Rn ‘V),K}-’(x,y)‘ dx)z

(1+2200 ‘(Vg(p(X,E;)—y)l‘ ) (14277 |(Veox, €1 —yy

22]+2/m ”SV N v

V1% o
< 7.y SjVL2(Rr) dx
™ Jre i R 2N ) 12\2N
(1+2 m\wgw(x,;,.)—yn) ) (1+2-w\(v§<o(x,§,>—y) )
< 92j+2jm’ = j(p+(n—1)p/2) ||g}{ ||i2(Rn) < 02j+2jm = j(n+1)p/24j(n+p(1-3n)/2)

<2J (2+p72np)7

where recalling (22) we have that ‘F‘; n Aj‘ ~ 27(1p(1=3m/2) ‘Therefore, summing

in v and observing that since there are roughly 2/°?*~=1D/2 terms involved, we obtain

/ [VyK;0x, )| dx < 32702002 < o
R~ v

which is (50).
Our next goal is to show that

/ IK;j(x, Dldx £ @17, yeB, r>27/. (53)
R\ B*
To this end, define

Syt gy = 2imaime [ e NG (k. g) gy @as,

v
T

with

E;(x, £) :=a(x,2/P¥) X;(é) wj(szé)eiﬂphj(xf).
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We observe that the same reasoning as in the proof of (52) reveals that for N > 0
VB 0| s 20,

which in turn implies that g;;v is a DO of order —n max (0, (§ — p)/2) and hence

once again L2-bounded.
A similar calculation as in the case of VK ;(x, y) and estimate (28) yield that

(L.
<
R"\B* (

K}’(x, y)‘ dx)2

2i v, N
2 Jm ”S] y g})”Lz(R"

2
1 4 22ip ‘(Vgﬂ(xvé:;) - y”’ )
1

(14277 | (Vo &) -y

n2jm’ ”SVN v
<,
R\ B (

2N+2/p—2/p

2>2N+2/,072/,0 dx

.y gj ”Lz(R"

)4/p

200 | (Vo x. £1) = v+ 208 | (Vo tx, &) = vy

1
X (1 +22ip ((wp(x, £) = w1 ‘2)21\/,2/[)
1
(1 +2ip ‘(V(p(x’ S\_)) —yy 2>2N—2/p dx

2(j—k) n2jm’ || QvsN v
272k g2 5N gu2,

’ )2N 2/p

<)
BB (14229 | (Vo(x, £)) = )
1
X
(14277 |(Vox.g)) =y
<2” 2(j=k) p=jlp+(n=1)p/2) y2jm' lg"
J

2>2N—2/p dx

”Lz(R")
< 9720(j=k) p=jp(n+1)/2) 221m 2J(n+p(1=3n)/2)
— 272(=k) pj(1=2n)p

Hence,

/ 1K (x. y)| dx < ZZ G=h) 9 (1=2mp/2 < 9=G=k) (2 py~1,
R7\ B*
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Finally, given an atom a with support in the ball B := B(xo, r) withr < 1 we write

Tfax)= Y Tia@)+ Y Tjax),

27 <r—1 2/ >p-1

where as before, r is the radius of the support of the atom a. Now observe that property
(iii) of Definition 2.6 implies that

/ Kj(x,y)a(y)dy =0,
B
so this together with Minkowski’s inequality, (51) and (53) yield that

II:”Ta‘pa”Ll(R”\B*)S Z ||Tja||Ll(R"\B*)+ Z ||Tja||L](Rn\B*)

2Jj<p—1 2jsp—1

S Z /I;HK]‘(X,)’) — K, lizi@npe la(y)] dy

2/ <=1

+ 5 [ IK @l a0l dy

2/ >p—1

< Z /Berr_"dy+ Z /B(er)_lr_"dy
2i>p—1

2J<p—1

< Y 2r+ Y @' 5L

2Jj<r—1 2J>r-1

The corresponding proof of the .7#! — L' boundedness of the adjoint (7, )* is similar to
the one above with few modifications. First, regarding the L?-boundedness in Lemma
6.3, estimate (46) in that Lemma has to be replaced by (47). Second, the x and y
dependencies of the kernel are reversed. This means the following replacements:

Vep(x, &) — x,

y — Vep(y,§)),

5 — Vep(5. €.
Otherwise the proof remains the same.

Step 2 - Estimates of ||T;Cl||L1(Rn) whenr > 1

Now we turn our attention to atoms with supports in balls of radii » > 1. In this
case, using the compact support of the amplitude a and the L2-boundedness of T,/
(Proposition 2.16) we have

1T all ey S ITY all 2y S llallp2gey S rr (54)
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To prove the boundedness of the adjoint (7,¥)*, we split the L!-norm into two
pieces, namely

/ (T)* a(x)| dx =/ |(Tf)*ﬂ(x)|dx+/ (T) a(x)]dx, (55)
Rn B’ R?\ B’

where B’ is the ball centered at the origin with radius 2K and

K= sup IVeo(y, £)I.
(y.§)€suppa N (R" xS*~1)

We treat the first term of (55) as in (54). For the second term we observe that the kernel
of (TY)* satisfies

o 1
/ elx‘sf”p(y’g)a(y,é)d.f < |x|N’ (56)

for |x| > 2K. This follows from the fact that, on the support of a(y, &), the modulus
of the gradient of the phase of the oscillatory integral above satisfies

Ix = Vep(y, &) = x| — K = [x]/2. (57)

Now if

Vo) + ) v e =1

j=1

is a Littlewood-Paley partition of unity with supp ¥ inside a fixed annulus (see Defi-
nition 2.1), then using Remark 6.1 (i.e. omitting the term where j = 0) we have

n o R

o
=Yoo [ e nga| oy
=1
with A := 27 |x|,

x-5—9(.8)
D(x,y,£) = Lo O

|x|

and

b(y, £) == V(&) a(y,2/¢),

with compact support in y and annulus-support in §. Now since for all multi-
indices o, |8§‘b(y, &) < 2/™ and since for (y, &) € suppb(y, &), (57) yields that
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[VeD(x,y,8)| = ﬁ |x—Ve@(y, £)| 2 1,the non-stationary phase estimate of Lemma

2.18 could be used to deduce that

/ eim(x,y.é)b(y’g)dg‘ <2/m@ix)N,

for any N > 0. Thus using this in (58) and summing in j, (56) follows. Hence

1
/ |(Ta‘p)*a(x)|dx§/ —N(/ la(y)] dy) dr S 1.
R\ B’ rR\B' X[ N B

Step 3 - Globalisation of Steps 1 & 2

At this point we once again use the conditions on the phase function to reduce our
analysis to the case of operators 7, with a phase function ¢(x, £) = 6(x, &) + x - £,
0 e ®' and O(x, £) + x - & is SND (see Sect. 3).

As far as the amplitude of T,/ is concerned, we assume that a(x, &) is as in the
previous steps of the proof, albeit without the assumption of the compact support in
X.

Our actual goal here is to globalise the results that we have obtained so far for both
7Y and (T,0)* at the same time. Whenever we write T we refer to both 7, and (7,7)*.

Now with the reduction mentioned above we proceed to describe the globalisation
procedure. In [22], Ruzhansky and Sugimoto developed a new technique to transfer
local boundedness of Fourier integral operators, which was proven by Seeger, Sogge
and Stein [23], to a global result, where the amplitudes of the corresponding operators
do not have compact spatial supports.

Let us consider the FIO given by

17w = [ atn et fyy ayae 69

where o (x, y, &) € C*(R" x R" x R") satisfies the estimate

0¢afol o (x, v, &)| S (g)nPlaITAIBEYI (60)

withm < 0,0 < p <1,0 <6 <1 for all multi-indices «, 8 and y and (x, y, &) €
R™ x R" x R" (thus note that the case of p = 0 is excluded due to a technical reason in
the proof of Lemma 6.7 below). Here the phase function ¢ (x, y, &) is either 6 (x, &) or
—6(y, &), with & € ®! and is assumed to be smooth on the support of the amplitude

o(x,y,8).
Then one defines the function

)

H(x,y,z) = inf |z+ Ved(x,y,§)
EGR”

and
A ={(x,y,2) e R" xR" xR" : H(x, y,z) > r}. (61)
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We also define

H(z):= inf H(x,y,z)= inf |2+ Vet (x, v, 8)|
,yeR" x,y,E€R”

X

and _ ~
A= {ZGR” :H(Z)Zr}, (62)
and set
M=) sup @D oo ry,6)|
‘y‘sLx,y,EeR
and

Ne= 3 swp @ 0z oe v 6.

1<lyl<L Xy 5 <R

Here we observe that N; < oo by the ®!-condition on # above. Given these definitions
one has the following lemma.

Lemma 6.6 Letr > 1 and L~z 1. Then we have ]R”\er Cc{z: |zl < @4+ Np)r}.
Furthermore forr > 0, x € Ay, and |y| < r we have

H(x) <2H(x,y,x — ) (63)

and therefore (x, y,x —y) € A,.

Proof For 7 € R"\KQ,, we have H (z) < 2r. Hence, there exist xg, yo, &0 € R" such
that

|z + Ved (x0, Yo, &0)| < 2r.
Since, r > 1, this yields that
|z = |z + Ved (xo, yo, §0)| + [Ve¥ (x0, o, 80)| = 2r + N < 2+ Np)r.
The claim that (x, y,x — y) € A, follows from (63) and the deﬁmition of A,.

Therefore it only remains to prove (63). Now, if [y| < r and x € A, then since
H(x) > 2r, we have that

H(x) < |x+ VO (x,y,6)] < |x —y+ VOx,y &)+l
H(x)
Slx—y+Vox,y, 6+ —

From this, (63) follows at once. ]



121 Page 40 of 54 A.J.Castroetal.

In order to prove the global boundedness, the following result is of particular impor-
tance.

Lemma 6.7 Leto(x,y, &) satisfy (60) with some p € (0, 1]. The kernel associated to
the operator T in (59) that is given by

K(x,y, z):= / TETIVCNE) 6y y, £)dAE (64)

is smooth on U,~oA,. Moreover, for all L > n/p and r > 1 it satisfies
IH K | La,) < C(L, Mp, NL11), (65)

where C(L, My, Ny+1) is a positivg constant depending only on L, M| and Np41.
For L > n andr > 1, the function H(z) satisfies the bound

IH "l 1(x,) < C(L, NLy1). (66)

Proof If one introduces the differential operator

(z+ Vett) - Vg
Di=—"—
ilz+ Vglﬂz

with the transpose D*, then integrating by parts L times yields
K(.X, y, Z) — / eiz-%‘-ﬁ-iﬂ(x,y,é) (D*)L a(x, y, g)dé

Now (65) follows from the relation
r<H(x,y,z) <lz+ Ved(x, 5, 6)l,
which is valid for (x, y, z) € A, and & € R". Moreover
|z] < lz+ Vet (x,y,8)| + Np4a,

for any & # 0, which yields that

|2l < H@) + Npt1.
Hence for |z| > 2N 41 one has

Izl < H(z) + Izl/2
and therefore

lz| <2H(z).
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Using this we get

~_ L - ~_ I - y—L ~
IH "N &,) = 1H & ngzr<ovey 100 & agz=angan

§r_L/ dz+2L/ 1z| 7L dz
[2|<2Np 41 [2|>2Np 41

C(L, Nr+1),

IA

which proves (66) . O

Now at this point we have all the tools that would help us to achieve our globalisation,
and this amounts to prove that

/ ITa(x)]dx < 1
Rn

when there is no requirement on the support of the amplitude. To this end, first we
observe that a global norm estimate for 7'a with a supported in a ball with an arbitrary
centre, would follow from a norm-estimate that is uniform in s for 77 rya, with an
atom a whose support is inside a ball centred at the origin. Note that here 7, is the
operator of translation by s € R". This is because by translation invariance of the
L'-norm one has that

||Ta||Ll(Rn) = ||T;kT'CST_XCl”LI(Rn).
Thus our goal is to establish that
”'L';kT'CSCl”LI(Rn) § 1,

where the estimate is uniform in s and a has its support in a ball centred at the origin.

Now letr > 1, L > n/p and s € R”" and suppose a is an .7 -atom supported in
a ball B, centred at the origin, with radius . We use the notions that were introduced
in connection to the globalisation procedure in Section 3 and split the L'-norm of
7T 7;a into the following two pieces:

[ T:TTSaHLI(R”) = | Ts*TTSa”Ll(Zz,) + HT;TTSC(HL'(R"\er) ’
where Zr is defined in (62). First let us show that

leiTzsa| 1z, , < Cn, M, Npyy).

(A2
By Lemma 6.6, for x € ZZ, and |y| <r, we have

H(x) <2H(x,y,x — ) (67)
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and (x, y, x —y) € A,. Now since for the kernel of the operator T given by (64) one
has that

Kiryox—y) = [ 000 oy,
(67) and Lemma 6.7 yield for any atom a supported in B(0, r) that

Tao)| < 2L H (o)t / Hx,yox — E K e, yax — y)ya(y)]| dy

lyl<r
<2PH@)TEIH K o) llall L1 @
<C(n, L, My, Npyy) Hx)™F, (68)

since ||a||Ll(Rn) < 1. Therefore, if r > 1, choosing L > n/p, Lemma 6.7 and the
monotonicity of A, yield

ITall 1z, S IH® 0, < C My, Nea).

Observe that the phase function and the amplitude of 17T 7, are of the form 6 (x +
s, &)+ (x —y)-&and o(x + s, &) respectively when T = T (a similar property is
also true for (7,¥)*). Therefore the conjugation of T by t, renders the constants My,
and N4 unchanged and therefore the estimate above also yields the very same one
for 7T 7. This means that

[z Teal iz, S 1

On the other hand for ”TS*TTSGH L Lemma 6.6, Holder’s inequality and

the properties of the atom a yield that

(R™\Az)’

”T:Ttsa”Ll(R"\AZ,) < [R"\Ay "2 |z TTY“”LZ(R"

S el ST =1

Now if the atom is supported in a ball of radius r < 1 then clearly suppa C B(0, 1).
Now write R"” = A2 U (R"\Az) and observe that we can now use Lemma 6.7 with
r = 1 to conclude that

Ta(x)| < H@x)™,
which in turn yields that
||T;TTSC‘”L1(52) S 1.
Finally, in view of the first part of Lemma 6.6 we see that R”\Zz C B(0,2+ Np)
which together with the local boundedness result that we established in Steps 1 and 2

implies

Iy Trsall pign &y S 1T T 0l 0,248, S lall i@y S 1.
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Now that we have boundedness from .71 (R") to L' (R") for both 7, itself and its
adjoint, as well as L?-boundedness, we can use a standard Riesz-Thorin interpolation
argument to conclude that 7,/ is bounded from L” (R") to itself. O

6.3 Forbidden amplitudes

The case of operators with amplitudes in S”f’ 1 (R™) with 0 < p < 1 is rather special

since the involved FIOs are, in general, not L?%-bounded. However, Proposition 2.16
yields thatif m < —n(1— p)/2 then the associated FIO is indeed L2-bounded, and this
result is sharp. Here, only for the sake of completeness of exposition we state the result
proven in [11] regarding the L?”-boundedness of FIOs with forbidden amplitudes.

Proposition 6.8 Let a € SZ’ﬁ1 (R™), ¢ be an SND phase function in the class ®* and
let T be given as in Definition 2.15. For 0 < p < 1 and

11 1 1

m < —n(l — p) max (—, -) — - 1)‘— — —‘

p 2 p 2

the FIO T is LP-bounded for 1 < p < oo.

Proof See [17, Propositions 2.3 and 2.5] for the case n = 1, which is essentially the
pseudodifferential case, and [11, Theorem 2.17] for n > 2. O

7 Sobolev space boundedness of FIOs with S?,1 -amplitudes

It turns out that just as in the case of pseudodifferential operators, the FIOs with
forbidden amplitudes, say in S ?’ | (R™), despite failing to be L?-bounded are bounded on
H*(R™) withs > 0. As it was mentioned in the introduction, the proof of the Sobolev-
boundedness in the pseudodifferential case goes back to E. Stein and independently to
Y. Meyer. Other proofs were given by Bourdaud [3] and Hérmander [15]. Following
Bourdaud, we establish the Sobolev boundedness of FIOs with amplitudes in the class
5P @R™).

Proposition 7.1 Letr > 0, a € C}, S?,l (R™) and ¢ be an SND phase function in the
class ®°. Then for max(0,r —1/2) < s < r, the FIO Ty is bounded from the Sobolev
space H* (R") to H* (R™).

Proof We divide the proof into five steps.

Step 1 - Reduction of the FIOs with amplitudes in C% S?’I(R“) class
Following [3], for an amplitude in C, S?’ | (R™) one has the decomposition

a(x,&) =Y Mi(x) (&), (69)

k=0
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where Y was introduced in Definition 2.1 and My (x) satisfies
M@ S L IMellern S 25 (70)

The C! -norm is given in Definition 2.9.

We treat the case k = 0 (the low frequency portion of the FIO) separately, so for
now assume that k > 1.

Using the Littlewood-Paley partition of unity / = 27‘;0 ¥ (D) and setting

Myj(x) = ¥;(D)My(x), fi:=vyx(D)f and Fi:=T/ f,

(the amplitude of the FIO Tl(p is identically equal to one) we have that for k > 1 and
j=0 _
| Myl 27477 and (1 Fell 2@y S el 2geny. (71)

Denoting the inverse Fourier transform of a function v by v, the first estimate in
(71) can be shown using the bound | Mkl crwny < 2K the properties of the Zygmund
class given in (3) and that

/nzjwv(%) dyzjﬂ‘wv(y) iy =0,

as follows

[ (DY MO 5 | /R 2y (55) (Mete = ) = M) dy|

2—J
< zfjr+kr /

for j > 0. For j = 0 this is a consequence of the L°°-boundedness of (D) and the
first estimate in (70).

The second estimate in (71) is of course a direct consequence of the L2-boundedness
of FIOs with amplitudes in S ;(R").

Using the above notation we can now decompose 7,/ as

2y () B 20

TYF() =) M) Ty fi(x) = Y Mi(x) Fi(x).
k=1

k=1
At this point, taking into account the properties of the SND phase function ¢ € &2

(i.e. [Vxp(x, §)| ~ |&]), Proposition 2.19 and choosing a smooth annulus-supported
Y with ¢ - (Y o Vie(x, -)) = ¢, we have for any integer N| > Oandany 0 < ¢ < 1/2

Fr(x) = /R ) Ur(Vep(x, £)) €959 fi(&)ds
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N —ke|a|
= (D)F(x)— ) TS fix) = 275N T £ (x)
O<|a|<N;
= Fl(x) + F}(x) + F} (0), (72)
with
0w, )] 5 (6)~ VO a2 0,
suppe o k(. €) = [& € R €12% < Jg] = €22t}
and

oLl n(x, )] < gy~ (1AM,

where the estimates above are uniform in k.
Thus

TYf(x) =Y Mi(x) Bl )+ Y Mi(x) FE(x) + Y Mi(x) F (x).

k=1 k=1 k=1
Step 2 - Analysis of Y 1 ; My (x) FL(x)
Now to analyse Fkl we write
oo o0
ﬂh:==j£:¢q(lnﬂ4k==IjZ:ﬂ4m
j=0 j=0

and split the sum in j into the following pieces

00 00 oo k—1 0o 00

Y M@ FLe) =30 M) Bl oo+ Y. Mg (o) Bl (x)

k=1 j=0 k=1 j=0 =1 j=k (73)
=:A+B.

Firstly, we establish the H®-boundedness of A. To this end we have

oo k—1 00
Z Z My, (x) Fl(x) = Zbk(x).
k=1

k=1 j=0

The Fourier transform of by is given by

k—1
bi(n) = Z/Rn Vi — &) Mi(n — &) Y (§) Fr(§) dé.
Jj=0
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By recalling the defining property (2) of the Littlewood-Paley decomposition and the
telescoping property of their partial sums, we see that the Fourier transform of by
satisfies

k—1
bi(n) = Z/w,/(n — &My (n — &) Vi (&) Fi(§) A8
j=0

= f Vi1 — E)My () — £) Y (6) Fy (§) &

= f YoR™* D () — &) Mi(n — &) Yn(§) Fr(§) d&.

Note using the information in Definition 2.1 regarding the support of 1y we see that
[n—&| < 251 and due to the fact that 1& is supported in an annulus, we have |&| ~ 2F.
Therefore the support ofl;; is bounded above by |n| < |n — &| + |§] < 2k 4+ 1),
and from below by |n| > |&] — |n — €] 2 2%(1 — 271). From this it follows that the
spectrum of by is contained in an annulus |n| ~ 2%, Hence by Lemma 2.5 it follows
that for s > 0,

A

[ee) k—1
{ 241@ ZMkj Fk1’2}1/2’

k=1 j=0

(0.¢]
|Xml,
BV )

L2(R")

A

— 4k& M 2 Fl 2 1/2
DA Ml oy 1P| )
k=1
o 1/2 o° 1/2
S [ Z4ks |Fk]|2} L@y [ Z4ks I Fi ”iz(R'U]
k=1 k=1

% ks 2 172
S U} S 1 N,
k=1

where we have used Remark 2.4 and that

k—1
‘ZMkj‘ S IIMill ey S 1.

j=0
Now for term B in (73), applying Lemma 2.5 to
J
hj(x) =) Myj(x) F (x),
k=1

we obtain (using Fubini’s theorem for sums, (71) and Young’s inequality for discrete
convolutions)
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ee]

00 oo
M~F1H <H M~F1H
H 12}( kj Tk HS (R?) ~ 21; kj Tk HS (R?)
J: =

k=1 j=
00 o 12
=[]y S U4 3P}
Z ks ey ™ Z s L2R")
j=1 j=1
© J . 271/2
S (2t |r)
SE (E )
j=1 k=1
0 21172
— ()(s—r) Os | gl
- IZ<2 *2 F(')(J)D] ‘LZ(]R”)
j=0
S 2=V S (25 5o )1
SN 50|,

S I as @®ey,

because of Remarks 2.3, 2.4 and r > s.

Step 3 - Analysis of > > ; Mk (x) Fﬁ (x)

To establish the Sobolev boundedness for the term Z,fi] M (x) F, k2 (x), we need
to analyse the action of the Littlewood-Paley operator v; (D) on this term in order to
use Definition 2.2 together with Remark 2.4. Here we also assume that r € (s, s + ¢),
where ¢ € (0, 1/2) is given in representation of Fj (x) in (72).

Then, for an integer Ny > 0 and 0 < ¢’ < 1/2, write

¥ (D) (Mi(o) FE) = My(o) ¥, (DYFR(6) + [ (D), M FE(3)

2 —kelal 2—Jje'lBl
— 2
= My (x) Z a! ( Z B! Taa,ﬁ‘k,_j

O<|a|<Ny ’ |Bl <N

4 o-iEN Tr‘f.k> fex)
+ [V (D), My F?

=: 1+ I+ 11, (74)
with
(0202 00k, 6. §)| S ()TN0 g >0, 1] 2 0,
Supp; 0 k. (%, §) = {§ € R': €12 < 18] = G2/
and

0200 rj k. )] 5 ()~ V2mOMI= 2=
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where both estimates above are uniform in j and k. Moreover, since in the decom-
position (69) of a(x, &), we are at present considering the parts supported outside a
neighbourhood of the origin in the &-variable, i.e. those for which k > 1, we also have
that r; x (x, &) vanishes in a neighbourhood of & = 0.
For term I, and in view of the support properties of oy, g k. j, we claim that (uniformly
in j and k)
175,

o, Bk, j

Flzgey S I1Y;(D) fll 2 wn)s (75)

where W; is a Littlewood-Paley-type frequency localisation that is equal to one on the
support of o gk, ;. Therefore Té’;_ﬁ’k“/ f= T‘fx,ﬁ,k,j V(D) f, and it is enough to show
that

175, 50 fl2@ny S W2 n), (76)

uniformly in k and j. To see this, we proceed by studying the boundedness of §; :=
To, ik (To, sx,) "+ A simple calculation shows that

S5 () = /}R K, v) f()dy,

with
Kj(x,y) = / eWEETIO0E) ot (X, E) O pk (s E)AE.

Now, since ¢ is homogeneous of degree one in the & variable, K ; (x, y) can be written
as

Kj(x,y)=2" fR bi(x, y,2/E) ¥ PO g,
with
D(x,y,8) =0, 8) —o(y,§),
and
bj(x,,€) =00 p k(&) oapk(y,E)

Observe that the &-support of b;(x, y, 2/£) lies in the compact set K := {C| < ||
< C3}. From the SND condition (5) it also follows that

[Ve®(x,y, &)~ |x —y|, foranyx,yeR"and& € K. amn
Assume that N3 > n is aninteger, fix x # yandset¢(§) := ®(x, y,§),0 = |Vg¢|2.

By the mean value theorem, (4) and (77), for any multi-index « with |«| > 1 and any

& ek,

2H©)| S IVed(x, v, )| = 012
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On the other hand, since

RN WIIRTRIN

v=1 <«

it follows that, for any |«| > 0,

Bg 1% ‘ < ©. We estimate the kernel K ; in two different
ways. For the first estimate, (77) and Lemma 2.18 with F(§) := b (x, y, 278), yield

IKj(x, y)I
. s j - -
|a|<N3 R
Sz_jN3 |x_y|—N3 Z 2]‘(1'/ 8?17/()6,}’»5)‘6&
|a|<N3 R
. . 7N3
S oiJn (2./ |x — y|) s 7

where the fact that the &-support of b lies in a ball of radius ~ 2/ and that for || > 0
o, (x, v, )] 2770, 9

have been used. By (79) we also obtain
K.yl < 2f"/ bj(x, v, 276) | ag 5 27", (80)

Rn

and when combining estimates (78) and (80) one has

N3

Kol 2 (1427 1x = yl) 81)

Thus, using (81) and Minkowski’s inequality we have

in . —N3
18 Fliaen < | [ 27 (14201) 7 £C=dy

L2(RM) 5 ||f||L2(]Rn)-

The Cauchy-Schwarz inequality yields
@ * 2 _ @ @ *
1T ) oy = (T, (TE, ) F0F) .
S S Fllg2qny 112 ey
S IF172 gy



121 Page 50 of 54 A.J.Castroetal.

Therefore

||Tg'uﬂk] lz2@®my— 2@y = lI( gaﬁ,”) l2@my—r2@ny S 1,

and (76) is proven.
Observe that (70), Cauchy-Schwarz inequality, Fubini’s theorem, (75), and the
definition of the Sobolev norm yield

) i 00 7 —kelal 2—j€/|ﬂ| p 2

> 4 ZMk(x) > a! 2 B! T"“’ﬂvk’ffk‘L%R")

j=0 = 0<|a|<N; |Bl<N2
o [ee) o
S 227 AW D) fel oy S D027 W felTgs ey S 1 sy (82)
k=1 j=0 k=1

For term II, we decompose Trfv . into Littlewood-Paley pieces as follows:

TS () = Z/ D) 1 L (x ) Yo (€) F(E)AE = Z TY, FO0),

where the v,’s are defined in Definition 2.1. By a proof identical to the one of (75),
we see that
1T, Fl2@ny S 1We(D) fll2@n)-

Thus
oo oo
T fllegn S Y ITE g S Y 1%eD) fll2@n)- (83)
=0 =0

Note that the estimate (83) is uniform in j. Then we claim that for s > 0 one has
T¢ H'RY) — L*(RM).

Indeed the Cauchy-Schwarz inequality yields

o0 o0
174, Fllizgeny S 20 WD) fllzagen = D027 (22 19(D) Fll 2 )

£=0 =0

o 26\ /2 (N 2t 2 172
S (X2) (2D o) S I s,
£=0

=0
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The last step follows from the definition of H* (R"), see Remark 2.3. Thus, for Ny > %,
o N p—kela|
—Jje
DM T
k=1

&
00
24"
j=0 O<|a|<N;

i 2 .,
S (D27 D ey S 1 Wy
k=1 j=0

2

L2 (Rm)
(84)

For term III of (74), the second estimate in (70) and relations (3) yield that

‘[Wj(D),Mk] (sz)(x)‘ < ‘/R 20m Y (x

2—J
< zfjr+kr‘/

<27 M2 (x),

) (My(y) — My (x)) FZ(y)dy

j lx =yl
2y (55)| S IR dy

(85)
for j > 0, where M is the Hardy-Littlewood maximal function. For j = O this follows
from the L°°-boundedness of 1o(D) and the first estimate of (70). Therefore using the
L2-boundedness of Hardy-Littlewood maximal function, Proposition 2.16 (on 79 )
and the commutator estimate above, we obtain

2
k(r—e)
o 3 (§ 2CONTE il e )

| Z[w, INTAL

O<|a|<N; k=1
° 2
<4 (32D N fell o)
k=1

Hence, if r € (s, s + ¢), by Cauchy-Schwarz’s inequality we obtain

>

Jj=0

2
- 24/« 2 (szv—f) 27825 il 2 e

k=1
S Z4j(5—r) (24/((7’—8—5))(24/{3 ”fk”LZ(Rn )
j=0 k=1

~ 2
S 1 -

Z[WD) mar|;

LZ(R")

Thus putting this, (82) and (84) together, we obtain

oo
m, 7| < Fll s .
sz_:l k F H»y(Rn)NllfllH(R)
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We note that since we assumed that s > 0 and r € (s, s + €), and since ¢ € (0, 1/2),
these force s to belong to the interval max(0, » — 1/2) < s < r, which is the claimed
range of s in the proposition.

Step 4 - Analysis of Y ¢~ ; Mk (x) F3 L (X)
Finally we turn to the Sobolev boundedness of the term

> Mi(x) F (x).

k=1

Once again, using the definition of F k3 above, we have

Y (D)YMy (x) F (x) = 27N My (x) 91 (D) T fi(x)
+ 27Ny (D), MATY fi(x).

The commutator term can be treated as term III in Step 3, since we can choose arbi-
trarily fast decay in k. After taking the sum in k of the first term, using (70), then
taking the L?-norm, multiplying with 4/% and then taking the £>-norm in j one has
the estimate

Zz_kgzvl (Z HzJ My (x) ¥ (D)T; fk(x)(x)‘ 2@ ) 1/2
< Zz—keN1 (Z szs Y (D)T; fk(x)(x)‘ 2(Rn) ) -
k=1 Jj=0
< 22NN feolan S D27 N fllas e S 1 .

k=1

».
Il
.

where we have also used Lemma 2.17.

Step 5 - Analysis of the case k = 0
We have, using the second estimate in (70), a similar argument as in (85), and the
Sobolev-boundedness result in Lemma 2.17

(Z » )1/2
LZ(R”
< E 4]5 )1/2
Lz(R”)

j=0
1/2
L2(Rm) )

S

v/ OMTY fo|

Mo j(D)T| fo

[v; (D), Mo]T“’fo
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o 1/2
SITY follscany + (34N foll2 o)
j=0

S ol as ey + I foll 2y S 1 ITas @ey-

As a corollary we obtain Theorem 2 in the introduction of the paper, namely

Corollary 7.2 Leta € S?_y | (R"™) and ¢ be an SND phase function in the class ®2. Then
for s > 0 the FIO T} is bounded from the Sobolev space H* (R") to H* (R™).

Proof Note that by Proposition 7.1 we have the H*-boundedness of T witha(x, &) €
Cl S?’l (R™), formax(0, r —1/2) < s < r. Moreover it is well-known that S?’l ®R" c

Cc.S ?’1 (R™) for all r > 0, see [3,19]. Therefore the arbitrariness of r would then yield
the desired result for amplitudes in S?’l (R™). O
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