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Abstract

This thesis investigates the critical behavior, finite-time blow-up, and sharp lifespan
estimates for solutions to semilinear higher-order parabolic equations. The research provides
a comprehensive analysis across three primary analytical frameworks:

o Exterior Biharmonic Problems without Forcing: We examine the semilinear
biharmonic heat equation u¢ +A?u = |ulP in an exterior domain D¢ under six distinct
homogeneous boundary configurations. By constructing specialized trial functions
involving harmonic and biharmonic kernels, we prove the nonexistence of global weak
solutions in the subcritical and critical regimes. The Fujita critical exponent for these
exterior problems is identified as pp,; =1+ 4/N.

e Influence of Inhomogeneous Forcing term: We further analyze the exterior
biharmonic problem subject to a spatial forcing term f(z). We demonstrate that the
presence of forcing fundamentally shifts the critical threshold to pc..s, which is defined
as oo for N < 4 and N/(N—4) for N > 5. In sub-critical dimensions, no global-in-time
weak solutions exist for any p > 1. In the supercritical regime, we identify a second
critical exponent in the sense of Lee and Ni, denoted as weyrir = 4p/(p — 1). This
threshold is governed by the spatial decay rate of the forcing term f(x) at infinity.
We prove that slow decay results in blow-up, whereas sufficiently fast decay allows for
the existence of global stationary solutions.

e Polyharmonic Cauchy Problem and Lifespan Estimates: For the higher-order
parabolic Cauchy problem u; + (—A)™u = |ulP in RY, we establish sharp asymp-
totic estimates for the maximal lifespan 7T, of mild solutions. Utilizing the test func-
tion method combined with Faa di Bruno’s formula to manage higher-order spatial
derivatives, we prove that the lifespan follows a power-law T, ~ 6_(1)%1_%)71 in the

subcritical regime and exhibits exponential behavior T, ~ exp(e~(P~1)) at the critical
threshold ppy,; = 1+ 2m/N.

Keywords: Polyharmonic heat equation, Semilinear biharmonic heat equation, Finite-time
blow-up, Lifespan estimates, Fujita critical exponent, Second critical exponent, Exterior
domain, Forcing term.



AHgarnoa

Byn nmuccepranusijibik 2KyMBICTa XKaPThLIAH ChI3BIKTHI XKOFAPBI PETTI MapabOIaJIbIK TEH-
JleyJiep IiermiMIepiHiH KPU3KUCTIK dpeKeTi, akbIpJIbl yakbiTTa Kupaybl (blow-up) »xone emip
CYPY Y3aKTBIFBIHBIH J0J1 Oarajayiapbl 3epTTe/Ie/l. 3epTTey YKYMBIChI VI HEri3ri aHaJIuTh-
KAJIBIK, OAFBIT OOMBIHITIA KEIIEH/ I Ty bl YChIHAIbL:

BurapMoHusIJIBIK 2KbLTY TeHAey ecebi: bis aarer Typsi GIipTeKTi Iekapasbik
mapTTap KOHbLran D¢ cIpTKbI 06/bICHIHIA Uy + A2y = |u|P »kapTbLIail CHI3BIKTHI O1-
TapMOHUSIIBIK, KbLIY TEH/IEYIH KapacTbIPaMbI3. |'apMOHUSIIBIK, KoHe OUTapMOHUSIIBIK,
SIIpOJIApAaH KYpPbLUIFaH apHailbl TecT (pyHKIMSIIAPBIH Mai1aaaHy apKbLIbl 013 cyOKpH-
BUCTIK YKoHE KPU3UCTIK PEXKUMIEPIe TI00AIBI OJICI3 MIennMIepIiH >KOKTHIFBIH JT9JIeI-
neiimiz. Ocbl coIpTKBI ecentep yimin PymxKura KpusncTik KopeeTkint pp,; = 14+4/N
peTinjie aHbIKTAJIJIbI.

ChIpTKBI 9cepi 6ap GUrapMOHUSIIIBIK XKbLILY TeHaeyi: bis kenicrikrik f(x) cbip-
TKBI ocepi 6ap OMTapMOHUSIIBIK, €CcemTi omaH opi TaimaiiMbrs. CeIPpTKBI 9cepi 6ap 60-
JIybl KPU3UCTIK MEKTi poy¢ MOHIHE Tybereitsi e3repretinin kepcereMmis; mynma N < 4
6ouca, porit = 00, an N > 5 6oisca, porit = N/(N —4). Cy6rpusuctik eJimemiep-
Jie Ke3 KejireH p > 1 ymrin xkKahaHIbIK yakbIT OOUBIHITIA 9JICI3 IIermiMIep OoIMaliIbl.
Cynepkpusucrik pexxum/ie Jlu xkone Hu MarbiHachiHnarsl werie = 4p/(p— 1) nen 6es-
IlIeHeTIH eKiHIT KPU3UCTIK KOPCETKIIT aHbIKTaiiMbi3. Byir mekTi MoH f(x) ChIpTKBI
OCEPIHiH, MIEKCI3TIKTEr] O1Ty KBLTIAMIBIFBIMEH AHBIKTAJIAJIHI.

Ionurapmonnsnsik, Komm ecebi >xaHe eMip cypy y3akThiFbiH Garajay: RY
kericriringeri vy + (—A)™u = |ulP xoraper perti mapabonansik Komm ecebi ymrin
uaTerpasbik (mild) rmermimMzepis MakcuMas bl OMip Cypy Y3aKThiFbl T, YIIH J10J1
ACUMIITOTUKAJIBIK Oarasiayiaapabl Oesrieimis.  2Korapbl peTTi KeHICTIKTIK TYbIH-
gputapabl backapy yiria @aa jgu Bpyno dopwmynacbiMen 6ipikTipiarer Tect dyHK-
UsIAPbl OMICIH KOJIJaHa OTBIPBIN, OMIP CYpPy Y3aKTLIFbI CYOKPUBUCTIK PEXKHM/IE
Te ~ e_(ril_%)_l JIPPEKeTiK 3aHJIbLIbIKKA OAFbIHATBIHBIH JKOHE Pry; = 1 4 2m/N
KPU3UCTIK IIEriH/Ie SKCIOHEHIINAJIIBI CUTIATKA Me OOJIATHIHBIH ToJIe I IeiiMI3.

Tyiiiaai cesaep: IlosmrapMoHUsIBIK Kby TeHAeyl, 2KapThliail ChI3BIKTHI OUTapPMOHUSI-

JIBIK >KBLJTy TeHJIeyl, AKBIPJIBI yaKbITTarbl KUpay, OMip cypy y3akTeirbiH Oarasiay, Oymkura

KpHU3HUCTIK Kopcerkimnti, Exinmi kpusncrik kopcerkint, CBIPTKBI 00JIbIC.



Contents

Introduction
1.1 Historical background . . . .

1.1.1  Organization of the manuscript . . . . . . . ... ... ... ... ...

Exterior biharmonic heat equation

2.1 Mainresults . . . . . .. ...

2.1.1 Properties of test functions . . . . . . ... ... ... ... ..

2.1.2  Proof of Theorem 2.1.1
2.1.3 Proof of Theorem 2.1.4
2.1.4 Proof of Theorem 2.1.6
2.1.5 Proof of Theorem 2.1.8

Exterior biharmonic heat equation with forcing term

3.1 Mainresults . . ... ... ..
3.2 Properties of test functions .
3.2.1 Proof of Theorem 3.1.2
3.2.2  Proof of Theorem 3.1.2
3.2.3 Proof of Theorem 3.1.2
3.2.4 Proof of Theorem 3.1.5

to the problem I and problem VI . . . . . . ..
to the problem IT . . . . ... ... . .....
to problems III-V . . . . .. ... ... ....

Higher-order parabolic equation

4.1 Mainresults . . . . . . .. ..

4.1.1 Preliminaries for the Test-Function Method. . . . . . . . . . . . .. ..

4.1.2 Proof of Theorem 4.1.2

Appendix

10
25
28
29
32

34
35
38
44
46
49
50

52
52
93
54

60



WCrit

PCrit

PFuj

u(z,t)

uo(x)

List of Symbols

Laplace operator

set of all natural numbers

standard gradient

divergence operator

class of all smooth functions u :  — R with compact support in €

space of all measurable functions u :  — R such that [, |f|dz < co
for all compact subsets K C 2

space of all essentially bounded measurable functions u : 2 — R
space of all measurable functions u : © — R such that [, |u[Pdz < oo
Small positive parameter

Second critical exponent (Lee-Ni type)

Cut-off test function

Biharmonic operator

Normal derivative

Divergence operator

Forcing term

Power of the nonlinearity (p > 1)

Critical exponent (varies by dimension)

Fujita critical exponent (1 +4/N)

Lifespan of the mild solution

Solution to the biharmonic heat equation

Initial data

Set of all natural numbers

i



Co(©)

DC

N-dimensional Euclidean space
Set of all nonnegative real numbers

Space of smooth functions with compact support in (2

Closed unit ball, B(0,1)
Exterior domain (complement of D)

Space-time cylinder [0,7T") x D¢

il



Chapter 1

Introduction

1.1 Historical background

In his seminal 1966 paper, Hiroshi Fujita [Fuj66] pioneered the study of critical behavior
in nonlinear evolution equations by investigating the competition between linear diffusion
and nonlinear reaction in the whole Euclidean space.

ur — Au = uP, in RV x (0,00),
(1.1.1)
U(ZL‘, 0) = UO(:E)) in RNa

He established a sharp critical threshold, now known as the Fujita critical exponent, pp =
1+ % He proved the following:

(i) If 1 < p < pp (the subcritical case), there is no global non-negative solution to the
problem (1.1.1) other than the trivial one. In this regime, the nonlinearity dominates
diffusion, causing the solution to blow up in finite time for any non-trivial non-negative
initial data ug, regardless of how small it is.

(ii) If p > pp (the supercritical case), global solutions exist provided the initial data is
sufficiently small and decays rapidly enough at infinity. Specifically, Fujita demon-
strated that if the initial data ug(x) is bounded by a small Gaussian heat kernel, such
that

0 < ug(w) < 6(4my) N exp(—|z[* /47)

for some small § > 0 and v > 0, then the diffusion is strong enough to prevent blow-up,
yielding a global classical solution.

However, Fujita’s original work left the critical case p = pp unresolved, as his theorems
initially addressed only the strictly subcritical and supercritical regimes. Consequently, de-
termining whether the critical exponent itself belongs to the blow-up or global existence
regime remained an open challenge. This gap at the threshold was subsequently bridged by
Hayakawa [Hay73| for dimensions N = 1,2, and by Sugitani [Sug75] and Kobayashi et al.
[KST77] for N > 3. Their findings confirmed that the critical case p = pp indeed belongs
to the blow-up regime. Subsequently, Weissler [Wei81]| significantly advanced the theory by
analyzing the Cauchy problem in the framework of Lebesgue spaces LI(RY), rather than
relying on the pointwise Gaussian bounds used by Fujita. He investigated the existence and



long-time behavior of solutions as curves in L? spaces. Weissler established that in the sub-
critical and critical regimes, all non-negative solutions belonging to certain L9 classes blow
up in finite time. Furthermore, for the supercritical case, he proved that global solutions exist
provided the initial data is sufficiently small in the LY norm, where ¢ = w. This result
was pivotal as it identified the scale-invariant norm required for global existence, broaden-
ing the class of admissible initial data beyond the Gaussian decay originally proposed by
Fujita. Furthermore, Zhang [Zha02] extended the classical Fujita blow-up theory to include
sign-changing initial data. Zhang proved that if the initial data satisfies [pn ug(z)dz > 0,
then the critical exponent remains the classical Fujita exponent. Specifically, he demon-
strated that for 1 < p < pg, no global solutions exist under this integral condition, even if
the solution takes negative values. Additionally, Zhang investigated the problem in conical
domains with a potential V(z) ~ |z|?, successfully resolving an open question regarding the
critical case. He proved that the critical exponent p* = 1+ (2 + o)/(IN + m) belongs to
the blow-up regime. Complementing these findings, Pinsky [Pin05] investigated the delicate
borderline case where the initial data has vanishing total mass. He established that the
non-existence of global solutions persists in the subcritical and critical regimes p < pg, even
for sign-changing initial data satisfying the zero-mass condition:

/ uo(z)dx =0, wuyZ0.
RN

In the supercritical regime p > pp, the global existence of solutions depends heavily on
the asymptotic behavior of the initial data at infinity. Lee and Ni [LN92| made a break-
through by introducing the concept of a second critical exponent related to the spatial decay
of the initial value. By considering initial data bounded by a polynomial decay

uo(x) ~ |27 as [z] = oo,

they identified the threshold w. = 2/(p — 1). They established that solutions generally fail
to exist globally when the decay rate satisfies w < ]%. Conversely, in the regime where
w > p%l, they proved that a global solution exists, provided the initial data wug is sufficiently
small.

Having established the conditions under which solutions blow up, the focus naturally
shifts to determining when this phenomenon occurs. Specifically, we are interested in es-
timating the lifespan of the solution, defined as the maximal time interval [0,7.) during
which the solution exists. Lee and Ni [LN92]| derived precise asymptotic estimates for this
lifespan when m = 1 in (1.1.6). They established that if the initial data decays sufficiently
fast at infinity and is scaled by a small parameter ¢, the lifespan satisfies the following sharp
asymptotic estimates:

—1
€7<ﬁ7%> ’ 1<p<pF7

exp (e=®7V), p=pp.

Following the extensive study of the Cauchy problem in the whole space R, attention
shifted towards understanding how domain geometry and boundary conditions influence the
blow-up phenomenon. A natural and significant extension was the investigation of the semi-
linear heat equation in exterior domains. Notably, Bandle and Levine [BL89| investigated



the problem under Dirichlet boundary conditions:

ur — Au = uP, in D¢ x (0, 00),
u(z,0) = up(z), in DC, (1.1.2)
u(z,t) =0, in 9D x (0, c0),

where D€ represents the exterior domain. They stated that problem (1.1.2) admits no global
positive solutions in the subcritical regime 1 < p < pg, whereas global solutions do exist
in the supercritical regime p > pp. The critical case, where p = pp, was subsequently
addressed by Suzuki [Suz96| for dimensions N > 3 and by Ikeda and Sobajima [IS19b] for
the two-dimensional case N = 2, confirming blow-up behavior at the threshold as well.
Moreover, the two-dimensional exterior case exhibits a distinct behavior compared to the
whole space. Notably, if ug € H}(D¢) x L?(D¢) and uglog |x| € L*(D€), then the lifespan
for (1.1.2) satisfies the upper bound

Ce 5 (loge )P'if 1 2
LifeSpan(u) < e+ (loge™) Hl<p<s
exp exp (Csfl) if p=2.

The double exponential type phenomenon is attributed to the recurrence property of Brow-
nian motion in R?, prompting further investigation into whether this recurrence effect simi-
larly induces a unique blow-up rate in the inhomogeneous setting. Moreover, higher dimen-
sional N > 3 lifespan observed in [[S19b]. They found that the upper lifespan of solutions
to problem (1.1.2) is same as the case of whole space RY for N > 3.

Subsequently, Levine and Zhang [LZ00] investigated the problem under Neumann bound-
ary conditions to determine if the nature of the boundary interaction shifts the critical
exponent. They considered the following initial-boundary value problem:

up — Au = uP, in D¢ x (0, 00),
u(z,0) = up(z), in DC, (1.1.3)
fulr) — in D x (0,00),

where denotes the outward unit normal vector on 0D. They established that the critical
exponent remains the Fujita exponent, indicating that the Neumann boundary does not
alter the critical threshold compared to the whole space or the Dirichlet case. Specifically,
they proved that if 1 < p < pp, every non-trivial non-negative solution blows up in finite
time, whereas if p > pp, global solutions exist for sufficiently small initial data.

In addition to Dirichlet and Neumann conditions, Rault [Raull] examined the problem
under Robin boundary conditions:

ur — Au = uP, in D¢ x (0, 00),
u(z,0) = up(z), in D¢, (1.1.4)
Ou(x,t)

o +oau(z,t) =0, indD x (0,00),

where a@ > 0 is a constant. Utilizing a truncation argument combined with a compari-
son principle, he established that the critical exponent remains the same as the classical



case. This result further confirms that the Fujita critical exponent is robust with respect to
standard homogeneous boundary conditions in exterior domains.

A distinct and significant shift in critical behavior occurs when the equation includes
a spatial forcing term. Bandle, Levine, and Zhang |[BLZ00] analyzed the inhomogeneous
semilinear heat equation in exterior domains, considering the problem:

ug — Au = |[ulP + f(x), in D¢ x (0,00),
u(z,0) = up(z), in D€, (1.1.5)
u(z,t) =0, in 9D.

Their investigation yielded the following classification regarding global existence and blow-
up:

(i) If p < &5 and the forcing term satisfies Jpe f(z)dz > 0, then Problem (1.1.5) admits
no global solutions.

(ii) If p > % and N > 3, then for sufficiently small forcing f(z) and initial data wug(x),
global solutions exist.

(iii) For any p > 1, there exists a negative forcing term f(x) such that the equation admits
a global solution.

This study highlights a fundamental phenomenon: the presence of the spatial forcing term
f(x) alters the critical threshold. Consequently, the critical exponent shifts from the classical
Fujita exponent 1 + % to the exponent %

A natural generalization of the classical second-order theory involves higher-order diffu-
sion operators. Now, consider the following higher-order problem

w4+ (—A)mu = [uf?, i RY x (0,00),
(1.1.6)
u(z,0) = uglw), RV,

where m > 1 is an integer. Assuming bounded integrable initial data, they established that
the critical exponent is given by pp = 1+2Wm. Specifically, they proved that if 1 < p < 1+2Wm,
solutions blow up in finite time, whereas if p > 1+ QWm, global solutions exist for sufficiently
small initial data. Complementing this, Galaktionov and Pohozaev [GP02| proved that in
the supercritical regime p > ppyj, the problem admits globally existing solutions, provided
the initial data is sufficiently small. Subsequent research focused on the specific behavior
of the biharmonic operator and the influence of the spatial decay of initial data. Caristi
and Mitidieri [CM03] demonstrated the existence of global solutions for p > 1+ % even for
slowly decaying initial data satisfying 0 < ug(z) < C(1 + |z|)7#, provided that 3 > p%l'
Gazzola and Grunau [GGO7] further extended these global existence results to the equation
with the nonlinearity |u[P~'u (for m = 2), establishing the precise decay threshold 3 = p%l'
For additional results in this direction, we refer the reader to [FGG08; Gaz13; GG09]. Most
recently, the influence of a spatial forcing term on the higher-order problem was investigated
by Majdoub [Maj23|. He analyzed the problem (1.1.6) with an additive source term f(x)
and determined that the presence of the forcing term shifts the critical threshold to the

new exponent p = 125—. It is also worth mentioning that Caristi and Mitidieri [CM03],




and subsequently Sun [Sunl0|, investigated the higher-order semilinear parabolic equation
(1.1.6) subject to slowly decaying initial data. They proved that any nontrivial solution
blows up in finite time and established an explicit upper bound for the lifespan

-1
1 K
T <o )
This analysis was conducted for initial data satisfying the lower bound

57 |$‘ < €0,
up(z) > (1.1.7)
Colz|™", |z| > eo,

where d > 0 and €y > 0 are constants, and the decay rate parameter x falls within the
specific ranges:
(N, %), 1<p<pr,
K€

(OaN)v P = DF.

These results reveal that the spatial decay of the initial data fundamentally influences the
blow-up time, indicating that a slower rate of decay leads to a faster blow-up.

It is important to highlight that numerous papers have investigated several extensions of
the nonexistence of the higher-order semilinear parabolic equations in RY [Ego+04; GP02;
Phil5] and evolution equations with higher-order time-derivatives [JKS19; Lap03a; Lap03b|
in exterior domains.

While compiling an exhaustive list of contributions to this vast field is nearly impossible,
we have highlighted the developments most pertinent to this thesis. For a comprehensive
overview of studies on Fujita exponents prior to 1990, we refer the reader to the survey
paper by Levine [Lev90], while for subsequent developments, we refer to the survey by Deng
and Levine [DL00| and the comprehensive monograph by Quittner and Souplet [QS07].

1.1.1 Organization of the manuscript

The present thesis is structured into six chapters, organized as follows:

Chapter 1 provides an introduction to the research topic. It presents the historical
background of Fujita-type blow-up problems, outlines the scope of the study, and details
the organization of the thesis.

Chapter 2 investigates the initial-boundary value problem for the semilinear biharmonic
heat equation in an exterior domain D¢ = R\ B(0, 1) with a zero forcing term. The problem
is analyzed under six distinct homogeneous boundary conditions, including Navier, Dirichlet,
and Neumann-type conditions. We construct specific test functions involving harmonic and
biharmonic functions to prove the non-existence of global weak solutions in the subcritical
and critical Fujita regimes and establish upper bounds for the lifespan of solutions.

Chapter 3 extends the analysis to the exterior biharmonic heat equation with a spatial
forcing term f(z). We examine how the asymptotic behavior of the forcing term influences
the critical exponents. Specifically, we identify a second critical exponent in the sense of
Lee and Ni, which serves as a threshold for the existence of stationary global solutions. The
chapter distinguishes between necessary conditions for blow-up and sufficient conditions for
global existence based on the decay rate of f(z).




Chapter 4 focuses on the Cauchy problem for the higher-order semilinear parabolic
equation u; + (—A)™u = |ulP in the whole Euclidean space RY. We define mild solutions
and derive sharp asymptotic estimates for the lifespan T.. This includes establishing a
lower bound using a contraction mapping principle and an upper bound employing the test
function method adapted via Faa di Bruno’s formula.

Chapter 5 summarizes the main conclusions and contributions of the thesis.

Chapter 6 provides supplementary information, including essential inequalities and tech-
nical lemmas used throughout the proofs.



Chapter 2

Exterior biharmonic heat equation

Chapters 2 and 3 are adapted from the following article:

[TT26b] N. N. Tobakhanov and B. T. Torebek. On the critical behavior for the semilin-
ear biharmonic heat equation with forcing term in exterior domain. J. Differential
FEquations, 451, Paper No. 113758, 53, 2026

In Chapter 2, we investigate the following fourth-order parabolic problem in an exterior

domain:
ug + A%u = |uP, in D¢ x (0, 00),
(2.0.1)
u(z,0) = up(z), in DC.

where D = B(0, 1) denotes the closed unit ball in RY, and D¢ := RY \ D represents its
exterior. Our analysis focuses on the interplay between the biharmonic operator A% and
the power-law nonlinearity |u|? under various boundary constraints. We investigate problem
(2.0.1) under six distinct sets of boundary conditions, all evaluated on 9D x (0,00). For
convenience, we assign a Roman numeral to each configuration:

(I)  Navier boundary conditions:

u(z,t) =0, in 9D x (0, 00),

(2.0.2)
Au(z,t) =0, in 0D x (0,00);
(IT)  Dirichlet boundary conditions:
u(z,t) =0, in dD x (0,00),
(2.0.3)
% =0, indD x (0,00);
(ITII)  Dirichlet-Navier boundary conditions:
u(z,t) =0, in 9D x (0, 00),
(2.0.4)
92ulw) — o, in AD x (0,00);
(IV)  Kuttler-Sigillito boundary conditions:
w =0, in 9D x (0, 00),
(2.0.5)

Mgir(f’t) =0, indD x (0,00);



(V)  Neumann-Navier boundary conditions:

Au(z,t) =0, in 9D x (0,00),

(2.0.6)
%ﬁf’t) =0, indD x (0,00);
(VI) Neumann boundary conditions:
% =0, in 9D x (0, 00),
(2.0.7)

Au(z,t) =0, in 9D x (0,00),

where n denotes the outward unit normal vector on dD. For convenience, we label the
boundary conditions using Roman numerals. For instance, Problem I refers to the semilinear
equation (2.0.1) equipped with the Navier boundary conditions, and so forth.

Before presenting our main results, we must first establish several preliminary concepts,
with a particular focus on the properties of the test functions. In each of the following
subsections, we construct specific test functions to the boundary conditions of the respective
problem. Moreover, we establish test function estimates that are essential for our main
proofs.

Definition 2.0.1. Let @ := [0,7] x D°. We say that a function v € L (Q) is a weak

loc

solution to Problems [-VI if there exists T > 0 such that the integral identity
/ |ulP; da dt +/ uo(z)p;(x,0)dx = —/ ulyp; dx dt +/ ul?p; dx dt
Q De Q Q

holds for every j € {1,2,3,4,5,6} and for all test functions ¢, satisfying:
(i) ¢j € iz (@ NC(Q) and ¢; > 0;
(ii) ¢j(t,-)=0forallt>T;
(ili) ¢;(-,x) =0 for all |z| > R (where R > 1).

Properties (i) through (iii) are universal for all test functions. A subsequent property, which
we will denote as (iv), will identify the weak solutions for each of the respective boundary
value problems I-VI.

(iv)
Problem I 01 =Ap; =0o0n dD; Problem IV %84 = 92¢i — ( on HD;

on on
Problem II g = % =0on 0D; ProblemV Ags;= agf =0on dD;

Problem III 923 = Ap3 =0 on @D; Problem VI g = 2525 =0 on 9D.

2.1 Main results

Theorem 2.1.1. Assume ug € L (D). If [} uo(z)dz > 0with ug # 0, then problems

loc
III-V associated with (2.0.1) admit no global weak solution for
4
1 <p<pryj = 1+N-



Remark 2.1.2. Theorem 2.1.1 assumes that [, uo(x)dz > 0, ug # 0. This means that
the initial data ug that satisfy ch uo(z)dxr = 0, but ug # 0 is also included in this class of
functions.

Remark 2.1.3. Theorem 2.1.1 addresses the subcritical and critical cases, but does not
contain results for the supercritical regime p > 1+ %. However, we note that the exponent
Pryj = 1+ % coincides with the known Fujita critical exponent for the biharmonic heat
equation given in the whole space RY (see [GP02; CM03; GGO07; Ego+04]):

ug + Au = |ulP.

Consequently, we conjecture that if

4
p>pFuj:1+N7

then problems I-VI admit global-in-time solutions for sufficiently small initial data wg. Prov-
ing this supercritical case relies on analyzing the properties of the Green’s functions associ-
ated with Problems I-VI, an extensive study that requires separate consideration.

By following the standard theory for local existence, it can be verified that there exists
a unique local-in-time nonnegative solution to (2.0.1). Accordingly, we define the upper
bound for the lifespan T of a local solution u. as follows:

T. :=sup{T > 0 : u. is a weak solution to problems I-VI in [0,7") x D}.

With this definition, we present the following assertion regarding the relationship between
the lifespan and the small parameter e.

Theorem 2.1.4. Let u. be the unique local weak solution to (2.0.1) subject to boundary
conditions III-V. Suppose 1 < p < pryj, N = 3, and ug € L}OC(DC) satisfies:

/ uo(x)dr >0, wug #0.
Then, there exists a threshold eg > 0 such that for any e € (0, &¢], the following upper bounds
hold:
e G DI ,
TE < g \P pr € (LpFug)v
exp (Cs_(p_l)) if p = PPy

Remark 2.1.5. At present, lifespan estimates for local solutions in the one- and two-
dimensional cases remain undetermined. This limitation arises because the test function
method employed in this work relies on specific kernel properties that do not scale appro-
priately for N < 3.

Theorem 2.1.6. Let H(z) be defined as in (2.1.6), and assume ug € Li (D°). If

/ uo(x)H (z)dx >0, with ug #Z 0,

then problem I and problem VI associated with (2.0.1) admit no global weak solution for

4
1 < p < pryj i=1+N-



Moreover for N = 2, LifeSpan(u) has the following upper bound:

_2(p—1) _
T < e i (log 5*1)p ! if 1 <p<3,
~ |expexp (5_2) if p=3.

Remark 2.1.7. The lifespan of the higher domain N > 3 case is the same as the previous
theorem 4.1.2.

Theorem 2.1.8. Let N > 3, and B(x) be defined as in (2.1.20), and assume ug € L (D°).
If

/ uo(z)B(x)dr >0, with ug # 0,
then problem II associated with (2.0.1) admits no global weak solution for

4
1 < p < pruj ¢=1+N~

Moreover for N = 4, LifeSpan(u) has the following upper bound:
- —1y-1
T < 52p(log5 ) if 1l <p<2,
exp exp (57’*1) ifp=2.

Remark 2.1.9. The lifespan of the higher domain N = 3 and N > 5 cases are the same as
theorem 4.1.2. However, the case when N = 2 is left open. The reason is that our method
is not proper to show the nonexistence of a critical case.

2.1.1 Properties of test functions

Properties of ¢ (x,t).

Let us construct the test function ¢ for Problem I by separating the temporal and
spatial variables. We define

pi(t,z) =n(t)y(x), (t,z) € Q. (2.1.1)
For a sufficiently large time 7' > 0, the temporal component is given by
ot
nt)=¢ (=), t=0, (2.1.2)
T
where £ > %, and ¢ € C*([0,00)) is a smooth cut-off function satisfying
1, if0<s <y,
((s) = { decreasing, if 1 <s <1, (2.1.3)
0, if s > 1.

Similarly, for a sufficiently large radius R > 1, the spatial component is defined as

|

Y(x) = H(z)ek < R) , x €D (2.1.4)

10



where £ € C*([0,00)) is a smooth spatial cut-off function such that

1, if0<s<1,
&(s) = ( decreasing, if 1 < s < 2, (2.1.5)
0, if s > 2,

and H(x) is a harmonic function in D¢ given explicitly by

In |z, if N =2,
H(z) = 2.1.6
(=) {1—|$|2_N, if N> 3. (2:1.6)

Lemma 2.1.10. The function H(x) satisfies the following properties:
(i) H(z) > 0;
(i) AH(z) = A’H(x) = 0 in D

(i) H(z) = AH(z) = 280@) — ¢ on 9D,

Proof. Property (i) is clear from the explicit definition of H(z) given in (2.1.6), as |z| > 1
in the exterior domain D€. Property (ii) follows immediately from the fact that H(z) is a
harmonic function, which trivially implies it is also biharmonic. Finally, property (iii) holds
because evaluating (2.1.6) at |z| = 1 yields H(xz) = 0 on 9D. Furthermore, since AH(z) =0
everywhere in D¢, its normal derivative on the boundary 9D is zero. 0l

Moreover, the definition of the harmonic function in (2.1.6) requires us to treat the cases
N =2 and N > 3 separately.

The case N = 2

Lemma 2.1.11. For N =2 and R < |z| < 2R, the following estimates hold for sufficiently
large R:
H(z) <ClmR and |VH(z)]<CR™.

Proof. For N = 2, the harmonic function defined in (2.1.6) is H(z) = In|z|. Within the
annulus R < |z| < 2R, we can estimate H(x) as follows:

H(zx) <In2R) =InR+I2<2lmhR=ChR.

By direct computation, the gradient is given by

X

VH(z) = FER

Taking the norm and applying the lower bound |z| > R, we obtain

1
VH(z)| = — < R,
|z
which yields the desired gradient bound with C = 1. This completes the proof. O
Lemma 2.1.12. For N = 2, assume R > 0 and T" > 0 are sufficiently large. Then, the
following estimate holds:

1
1

/ o, " (t, ) 0sp1(t, 2)[P dadt < CT'V P R*InR.
Q

11



Proof. Using the structure of the test function defined in (2.1.1) and the fact that p’ — ;;%1 =
1, we can deduce that

1

1 ’ _ 1 /
1 " () [Orr (t,2)[” = (@) P (1)]0m (D)
This relation allows us to decouple as

Afﬁ“@@@wmwﬁma:(Dymmﬁ(A%p%@@wwdﬁ.

For the spatial integral, using the definition of ¢(z) from (2.1.4) and applying the bound
from Lemma 2.1.11, we have

0= [ ()

o (2.1.7)
<ChR ¢t (””) d
1<|z|<2R R
Passing to polar coordinates, we obtain
2R
Y(x) dr < C’lnR/ rdr < CR*InR. (2.1.8)
De 1
For the temporal integral, the properties of the cut-off function ¢ given in (2.1.2) and (2.1.3)
yield
T 1 ’ / T £ t r (1 t P
Tri(t O dt =T BT = WG e Vel ety | R
| @ o) foer () (7)) (7
(Tt
<CT™P / ¢t <T> dt
r (2.1.9)
1
= C’Tl_p// ¢t7 (s) ds
1
2
<CT'7,

where we used the substitution s = t/T and the fact that ¢ > p/. Finally, combining
the spatial bound (2.1.8) and the temporal bound (2.1.9) yields the desired result. This
completes the proof. O

The subsequent estimate arises from the standard calculation. The function £ is radial,
which means the estimate can be directly calculated by changing to the polar coordinates.
The power of R provides a relation of the derivatives to the cut-off function.

Lemma 2.1.13. For R < |z| < 2R, the following estimates hold:

(e ()
se()]eore ()

12
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Furthermore, applying the product expansion for the biharmonic operator to (2.1.4), we
obtain

st = ¢ (') a2 + av(amo) vt ()

+6AH (2 )Agf(‘ |> +4VH(z) - <A5’5<|2|>> (2.1.10)

H(z)A%! (g)

Since H () is a harmonic function, we know from Lemma 2.1.10 that AH (z) = A?H(z) = 0,
and consequently V(AH (x)) = 0. This significantly simplifies the expansion to

8%(a) = s’ () +avii) v (ast ().

Applying the bounds derived in Lemmas 2.1.11 and 2.1.13, we can estimate this expression
for sufficiently large R < |z| < 2R as follows:

|A%p(2)| < C(R™* IR+ R*) ¢ <|‘2‘>
(2.1.11)

< —41 l—4 m )
CR*InR¢ <R

Lemma 2.1.14. For N = 2, assume R > 0 and T" > 0 are sufficiently large. Then, the
following estimate holds:

l
/gpl “(x,t) ’A o1z, t ’p drdt < CTlR (lnR)
Q

Proof. Using the separable structure of the test function defined in (2.1.1), we deduce

1

o1 7 () | A2 (1, 2)] = (e T (2) | A2p(2) [P

This relation allows us to decouple as

/gol (t,2) [A%p1 (¢, 2)|" Y dedt = (/()Tn(t)dt) (/l)clﬁ_”ll(ﬂf)lﬁzw(x)!p/ dx>‘

By the definition of the temporal cut-off function in (2.1.2), we evaluate the first integral as

/OTn() / gf( >dt CT/ ¢‘(s)ds = CT. (2.1.12)

Moreover, using Lemma 2.1.10 and the bound (2.1.11), we can estimate

| v@late) a- [ o [H(w)éf ('2’)} T sl s

< CR™ (n R)77 / gt (‘x'> de  (2113)
R<|z|<2R R

_2(pt1) D
<CR »1 (InR)r-1?

where we used the substitution r = |z|. Combining (2.1.12) and (2.1.13) yields the desired
result. This completes the proof. O
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The Case When N > 3
>3

Lemma 2.1.15. For N and R < |z| < 2R, the following estimates hold:

H(z) <C and |VH(z) < CR'™N.

Proof. For N > 3, the harmonic function defined in (2.1.6) is H(z) = 1 — |2[>~". Since
the exponent 2 — N is negative, the term |22~ is strictly positive for all |z| > R > 0.
Therefore, we immediately obtain the upper bound

H(z) <1<C.

By direct computation, the gradient is given by

L (N—2)

VH(z) = —(2 — N)|z|'™N R

||
Taking the norm and applying the lower bound |z| > R, we deduce

N —2
VH(z)| = —— < (N —=2)R'"N < CR'™V,
|ZL’|N 1

which establishes the desired gradient bound. This completes the proof. O

Lemma 2.1.16. For N > 3, assume R > 0 and T" > 0 are sufficiently large. Then, the
following estimate holds:

/ Lpl(x,t)fp%l \Btgpl(:c,t)\p/ dzdt < CT'P RN,
Q

Proof. Using the separable structure of the test function defined in (2.1.1), we first decouple
the integral into spatial and temporal components:

e ool dra= ([ vwas) (| R wno) ).

We evaluate these two components separately. Using the definition of ¢ in (2.1.4) and the
upper bound H(z) < C established in Lemma 2.1.15, we can bound the spatial integral.
Passing to polar coordinates, we obtain

2R
Y(x)de < C ¢ (M) dz < C/ rN-ldr < CRM. (2.1.14)
De 1<|z|<2R R 1

The temporal component is evaluated exactly as in the N = 2 case. As previously derived
in (2.1.9), this integral satisfies

T ) ,
/ T ()07 dt < TV (2.1.15)

0
Multiplying the spatial bound (2.1.14) by the temporal bound (2.1.15) directly yields the

desired result, completing the proof. O
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Since H(z) is a harmonic function, we know from Lemma 2.1.10 that AH (z) = A2H(z) = 0,
and consequently V(AH (x)) = 0. This significantly simplifies the expansion to

A%)(z) = H(x)A%’ <|le> +4VH(z) -V (Ag‘f ('””R‘)) .
Applying the bounds derived in Lemmas 2.1.13 and 2.1.15, we derive

|A%y(z)| < C (R + RV"NRT?) ¢ ("”')

R
< —ap0—q 2]

(2.1.16)

for R < |z| < 2R.

Lemma 2.1.17. For N > 3, assume R > 0 and T' > 0 are sufficiently large. Then, the
following estimate holds:

__1 / ’
/ o, Pt @) ‘A2g01(t, $)|p dzdt < CTRN=,
Q

Proof. Using the separable structure of the test function defined in (2.1.1), we first factor
the integral into temporal and spatial components:

/ngl_pil(t,x) \A2gp1(t,x)|p/ dx dt = (/OTn(t) dt) (/D 7 () |A2¢(x)yp’ dx) _

As previously established in (2.1.12), the temporal integral evaluates directly to

/T n(t)dt = CT. (2.1.17)
0

Using Lemma 2.1.15 and the bound (2.1.16), we estimate the spatial component. Passing
to polar coordinates, we obtain

/ W7 (@) |A%()]” de < CRY / g (’””‘) da
De R<|z|<2R R

2R
<0R4p’/ N1 (2.1.18)
R

A
< ORN-%,

Combining the temporal evaluation (2.1.17) and the spatial bound (2.1.18) yields the desired
result. This completes the proof. O

Properties of ¢pa(x,1).
We introduce a second class of trial functions, denoted by @2 (t, z), which are defined as

|z

eattia) =)o) =< (1) B (1), wweq 1)
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In this formulation, 7(t) is the temporal cut-off function defined in (2.1.2), £ is the spatial
cut-off function defined in (2.1.5), and B(x) is a biharmonic function in D¢ given by

|72 In|z| — |z|? + In|2| + 1 if N=2
|z| 71 + |z| — 2 if N =3,
B(z) = 2.1.2
@)=Y 2me| + |22 -1 if N=4, (2.1.20)

PN -1+ 82 (1= [2*N) if N>5.

Lemma 2.1.18. The function B(x) satisfies the following properties:
(i) B(x) >0 in D¢
(ii) A2B(x) =0 in D%

(iii) B(z) = 28 =0 on 0D,

The asymptotic behavior of these test functions depends on the dimension IN. In particular,
the cases N = 2 and N = 4 involve logarithmic singularities that require a separate treat-
ment from the cases where N =3 or NV > 5. Consequently, we shall analyze the properties
of the biharmonic function (2.1.20) and the resulting integral estimates by distinguishing
these dimensional regimes.

The case when N = 2.

Lemma 2.1.19. For R < |z| < 2R, the following estimates hold:

B(z) < CR*InR,
VB(z)| < CRIn R,
|AB(z)| < CInR,

and
|V -AB(z)| < CR™L.

Proof. Let r = |z|. From the definition of B(x) in (2.1.20) for N = 2, we have
B(z) =7*Inr —r? +Inr+1 < CR?’InR,
for R < r < 2R. Differentiating with respect to r yields the radial derivative
W(r)y=2rlnr —r+r L.
Since VB(x) = h'(r)%, it follows that [VB(x)| = |#’(r)|. To compute the Laplacian, we find

the second radial derivative:
R'(r) =2Inr+1—r2

Using the expression for the Laplacian in radial coordinates for N = 2, we obtain

1
AB(z) =h"(r) + =1 (r) = 2lnr +1—r"3) + 2lnr — 1+ 7 2) =4lnr.
T
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Thus, we immediately have |AB(z)| < C'ln R. Finally, the gradient of the Laplacian is given
by

4
V(AB(x)) = V(4In|z]) = W
which leads to the bound 4
IV(AB(2))| = Tl <CR™.
This completes the proof. O

Lemma 2.1.20. For R > 0 and T > 0 sufficiently large, the following estimate holds:
1 / ’
/ oy 7 (8,2) |Orpa(t, ) dzdt < TP RV R,
Q

Proof. Based on the separable structure of the test function ¢9 defined in (2.1.19), we factor
the integral into its spatial and temporal components as follows:

[ e vt wai= ([ swac) ([T o ojmol a).

To estimate the spatial integral, we utilize the bound from Lemma 2.1.19. For £ > p‘%pl and
R sufficiently large, we obtain
_ o |l
o(x)dx = B(x)¢ 7 dx
De 1<|z|<2R (2.1.21)

< CR? lnR/ ¢t <|x|> da.
1<|z|<2R R

By passing to polar coordinates and evaluating the resulting integral, we find
2R
o(z) dz < CR? lnR/ rdr < CR*InR.
D¢ 1
The temporal integral is evaluated in the same manner as (2.1.9). Combining these spatial

and temporal estimates completes the proof. O

By combining the estimates for the biharmonic kernel B(x) from Lemma 2.1.19 with
the derivative bounds for the cut-off function established in Lemma 2.1.13, we arrive at the
following combined estimates for the spatial component.

Lemma 2.1.21. For R < |z| < 2R, the following estimates hold:

‘B@:)A%Z (';') < CRZInR¢ ('xR‘) :

‘VB(:J;) -V (Ag’f <|$R|>> < CRZInReH <|‘g) :

'AB(x)Agf <’””R‘> < CRZInReH <’xR‘> :
‘V(AB(:U)) vt ("g) < CR2¢! <‘Z|> :

where - denotes the standard inner product in RV,
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Lemma 2.1.22. For N =2, let R > 0 and T > 0 be sufficiently large. Then, the following
estimate holds:

1 /
/ 902 Y(t,x) ‘AQQOQ t, x)| dx dt < C’TR_P%(IHR)#
Q

Proof. By utilizing the separable structure of the test function (o, the integral factors into
temporal and spatial components:

/nggpll(t,x) |AZp(t, x)|p' dr dt = </0T n(t) dt) (/D qﬁ—ril(x) |A2¢(x)\p' dx) .

Applying the product expansion formula for the biharmonic operator in (5.0.2) and incor-
porating the estimates from Lemma 2.1.21, we find that for R < |z| < 2R:

A’p(z)| < CR?InRe 21y (2.1.22)
R

Furthermore, the lower bound for the biharmonic function B(z) in the region R < |z| < 2R
is provided by Lemma 2.1.19. Substituting these into the spatial integral and passing to
polar coordinates, we obtain

[ @y a= [ B (’;’)] I8%(@)|" da

2R
< —2p’ p (P2 —%
<CR P (InR)? (R°InR) »1 /R rdr (2.1.23)

_2p _p_ 2R
< CR 7 I(InR)r-1 / rdr
R
__2 o
<CR »I(InR)r1
Finally, by combining the temporal evaluation from (2.1.12) with the spatial estimate in
(2.1.23), we arrive at the desired outcome. O

The case when N =4
Lemma 2.1.23. For R < |z| < 2R, the following estimates hold:

B(z) < ClnR,
IVB(xz)| < CR™,
|AB(x)| < CR™2,

IV(AB(x))| < CR™

Proof. Let r = |z|. From the definition of B(x) in (2.1.20) for N = 4, we have
B(z) =2Inr+r2-1<ChR,

for R < r < 2R. Differentiating with respect to r gives the radial derivative
2 2 2
Wir)y==-—=S==(1-r2).

(r) r 3 ( r )
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Since VB(z) = R/(r)Z, it follows that |VB(z)| = |h'(r)|. For large r, the term 2r~!
dominates, yielding |[VB(x)| < CR™!.

To compute the Laplacian in four dimensions, we find the second radial derivative:

2 6

P2 AT

hl/ —
(r) r r

Substituting these into the radial Laplacian formula for N = 4, we obtain

AM@zh%ﬂ*?ﬂ”:<ﬁi+i)+3(2—2>:t~

r\r 73

This yields the estimate |AB(z)| < CR™2. Finally, the gradient of the Laplacian is computed
as

vanen=v () =&

which leads to the bound

8
yvuuﬂmn:;§<034.

This completes the proof. O

Lemma 2.1.24. For N =4, let R > 0 and T > 0 be sufficiently large. Then, the following

estimate holds: .

@y "L (L, ) |Orpalt, 2)[P dedt < CT' P R*InR.
Q

Proof. By the separable structure of the trial function ¢y defined in (2.1.19), the integral
factors into independent temporal and spatial components:

[ e vt wai= ([ owac) ([T a1 ojmnl a).

To estimate the spatial integral for the N = 4 case, we apply the bound B(z) < C'ln R from
Lemma 2.1.23. For ¢ > % and R sufficiently large, we have

da = ‘ m)d
chb(x) ! /1<|:p<2RB(x)£ (R !

<ClnR Z<m)d
" 1<|:z:\<2R5 R

By transforming the integral into polar coordinates

(2.1.24)

2R
amwgomR/ r3dr < CR*InR.
De¢ 1

The temporal integral is evaluated according to the standard cut-off derivative bound derived
in (2.1.9). Combining these two estimates provides the desired result and completes the
proof. O

By noting the estimates for the biharmonic function B(z) from Lemma 2.1.23 with
the derivative bounds for the cut-off function established in Lemma 2.1.13, we obtain the
following spatial estimates for N = 4.
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Lemma 2.1.25. For R < |z| < 2R, the following estimates hold:

B(z )A2§" (|}UE|) < CR4InRe4

(

o v (a¢ () )| <eme ().
'AB(x)Aﬁg (’;‘) < CR ¢ <‘a”|>
)

R

R
vian@) v ()| < onte- (4

where - denotes the standard inner product in RV,
Lemma 2.1.26. For N =4, let R > 0 and T > 0 be sufficiently large. Then, the following
estimate holds:

/QOQ (t,z) ‘AQQOQ t,x) |p dz dt < C’TR_PLLTl(lnR)ﬁ
Q

Proof. By the separable structure of the test function ¢s, we get

/Q% (t,2) | A2 (t, z)|" Y dudt = (/OTn(t)dt> (/DC¢;,11(33)|A2¢(I)|;)' dx>'

Using the biharmonic product expansion from (5.0.2) and the derivative estimates for B(x)
and &¢ provided in Lemma 2.1.25, we find that for R < |z| < 2R:

|A%p(z)| < CR*InRE <|;|> (2.1.25)

Next, we estimate the spatial integral. Recalling the Lemma 2.1.23 and utilizing the bound
(2.1.25), we obtain

| e@ et = | o [B(x)é’f ('“””R')] T st e

< CR™(InR) (InR) 71 / gt <|$|> dz.
R<|z|<2R R
(2.1.26)

By passing to polar coordinates in R*, we deduce

1 2 p 2R 3 -4 2
/ & Pfl(x)‘A | de < CR »- l(lnR) / r°dr < CR #»1(ln R)r-1
De R

Combining the temporal estimate foT n(t)dt < CT with this spatial bound yields the re-
quired result. O

The case when N =3 and N > 5

Lemma 2.1.27. For R < |z| < 2R, the following estimates hold:
|B(2)] < C?

[VB(z)|

|AB(z)]|

IV(AB(z))|



Proof. From the definition of the biharmonic function in (2.1.20), we have

_ N -2 _

Since N > 3, the terms |2|>~" and |z|*~" remain bounded for |z| > R > 1, which directly
implies |B(z)| < C. To derive the remaining estimates, we define the radial profile h(r) as

h(r) = r? 1+7x_4( —r4_N).

Differentiating with respect to r yields the first and second radial derivatives:

W(r)=(2— NN 4+ (N —2)r3 N,
B'(r)=(2-N)1—-N)r " +(N-2)(3- N>~
In the region R < r < 2R, the term 73~V dominates the first derivative, leading to |VB(z)| =

|n'(r)] < CR*N. Substituting these derivatives into the radial Laplacian formula for N
dimensions, we find

AB(x) =h'(r) + ?h’(r)

=[2-N)1-N)+ (N -1)2-N)]r N
+[(N=2)(3=N)+ (N —1)(N —2)]r2V
= Q(N— 2)7‘271\/

This confirms the estimate |AB(z)| < CR?>~YN. Finally, by taking the gradient of the
Laplacian, we obtain

_ T
V(AB(z)) =V (2(N = 2)[z[* ) =2(N - 2)(2 - N)W,
which results in the bound
2(N —2)|12 - \
V(aB(G)| = 20 CRN.
This completes the proof. O

Lemma 2.1.28. For N =3 and N > 5, let R > 0 and T" > 0 be sufficiently large. Then,
the following estimate holds:

1
/ @y " (L, ) |Orpal(t, 2)|P dzdt < CT'"P' RN,
Q

Proof. By the separable structure of the test function ¢o defined in (2.1.19), the integral
factors into independent temporal and spatial components:

[ e vt wai= ([ swac) ([T o ojmnl a).
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To estimate the spatial component, we recall Lemma 2.1.27

00 = [P0 () o

x|
<C ¢ (’) da.
1<|z|<2R R

By transforming the integral into polar coordinates, we get

(2.1.27)

2R
d(z) dx < c/ rN=ldr < CRVN.
D¢ 1
The temporal integral is evaluated as in (2.1.9). Combining these spatial and temporal
estimates yields the stated result directly. O

By combining the derivative bounds for the cut-off function from Lemma 2.1.13 with
the estimates for the biharmonic function B(x) and its derivatives from Lemma 2.1.27, we
obtain the following spatial estimates for the cases N =3 and N > 5.

Lemma 2.1.29. For R < |z| < 2R, the following estimates hold:

‘B(w)A%ﬂ <‘f%'> SOR %! <\ny> ,

oo v o ()| cem e (7).
‘AB(x)Agf (‘g) < CR Negt ('g) :
vian) ve (I < onve (1),

where - denotes the standard inner product in RY.

Lemma 2.1.30. For N =3 and N > 5, let R > 0 and T" > 0 be sufficiently large. Then,
the following estimate holds:

N ’ ,
/ 0y " (1) [APpo(t,2)[” dudt < CTRN ™.
Q
Proof. By the separable structure of the trial function ys, we get

/nggpil(t,x) | A%t x)|p' de dt = (/OT n(t) dt) (/D ¢*ri1(g;) |A2¢(m)|1" dx) _

Applying the expansion for the biharmonic operator in (5.0.2) and incorporating the spatial
estimates from Lemma 2.1.29, we observe that for R < |z| < 2R:

|A25(2)| < C (R + R ¢t ('xR')
< CR ¢ (‘g) :
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Since |B(x)| < C, the spatial integral is bounded as follows:

[l w=[ s (";‘)]_ A% dz

< CR™Y / IS <’“"‘> dz.
R<|z|<2R R

By transforming the integral into polar coordinates, we obtain

(2.1.28)

, , 2R ,
/ 6 71 (2) |A20(x)[” de < CRT / rVldr < CRNY,
D¢ R

Recalling the temporal estimate from (2.1.12) and combining it with the spatial bound
above, we arrive at the desired result. O
Properties of the Test Function ¢3(t, x).

We consider a standard class of trial functions defined by

lz]

eattin) =) = (1) (). e, (2129

where R and T are sufficiently large constants. Here, 1(t) is the temporal cut-off function
defined in (2.1.2), and ¢ is the smooth spatial cut-off profile defined in (2.1.5).
Lemma 2.1.31. For R > 0 and T > 0 sufficiently large, the following estimate holds:

1
1

/ 0y P (t, ) |Ops(t, )P dodt < CT' PRV,
Q
Proof. By the separable definition of ¢3 in (2.1.29), we get

[ a7 el dai= ([ xiwaz) ([ o )

From the properties of the spatial cut-off function in (2.1.5), the spatial integral over the
exterior domain D¢ is bounded by

2R
/ x(x)dx = / ¢ <|33|) dr < C/ rN=ldr < CRY, (2.1.30)
c 1<|z|<2R R 1
where we have employed polar coordinates. Combining this with the temporal derivative
estimate from (2.1.9) leads directly to the desired result. O

Lemma 2.1.32. For R > 0 and T > 0 sufficiently large, the following estimate holds:

__1 / ’
/ 0y T (t, ) ‘A2303(t,x)|p dzdt < CTRN=W,
Q
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Proof. Based on the definition of the test function 3 in (2.1.29), the space-time integral
factors into its temporal and spatial components:

/ng;pil(t,x) ‘A2(p3(t,$)‘pl dx dt = (/OTn(t) dt) </D X (2) |A2X(;¢)\p’ dm) ,

Utilizing the derivative estimates for the spatial cut-off function from Lemma 2.1.13, we
have the following bound for the biharmonic operator in the region R < |z| < 2R:

sl <ot ()

Applying the temporal estimate fOT n(t)dt < CT and substituting the spatial bound into
the remaining integral, we obtain

1 / , ’
/ s Pt ) ‘A2cp3(t,m)‘p dxdt < CTR™P / gt (|$|> dx
Q R<|z|<2R R
2R

< CTR™Y / PN gy
R

< CTRNY
where we have employed polar coordinates to evaluate the spatial volume. This completes
the proof. O
Properties of the test function .

Let us consider the following family of space-time cut-off functions:

ntat = [o (DO ey [or (WD) Gy

for all (z,t) € D¢ x [0,00). Here, the profile function ¢ € C*°(]0,00)) is a non-increasing
smooth function satisfying:

1 ifsel0,1/2],

P(s) =\« ifse(1/2,1), and ¢*(s) = {
0 ifse[l,o00),

0 ifsel0,1/2),
o(s) ifse[l/2,00).
Based on these profiles, we define our composite test function as:
Y(x,t) := A(x)Yg(x,t), forall (z,t) € D x|0,00), (2.1.32)
where A(z) corresponds to the stationary biharmonic profile defined in (3.1.1).

Lemma 2.1.33. Let 9r and 9}, be the cut-off functions defined in (2.1.31). For a positive
constant C, the following estimates hold:

R~ [Yp(x,1)]
R~ [Yp(x,1)]

|0cR(,1)]
|A2¢R($at)|

)

Y= W=

<C
<C
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Proof. Let sgp(z,t) = L}?‘IH. For the first inequality, a direct application of the chain
rule yields:

Opr(x,t)] = 4p' R [¢ (sr(x, )] 1 (sr(x,1))].
Since the derivative ¢/(s) is supported only on s € [1/2,1], we can replace ¢ with ¢*.
Furthermore, noting that 4p’ — 1 = 4713/ + 3, and because ¢ is bounded, we have:

!

RV (6" (sr(@ )] [0 (s, D) |6 (sr(x.1)|

On(e, )] < CR™
R [, )] .

<C
<C

The second assertion regarding the biharmonic operator A2 follows similarly. By differen-
tiating the radial profile, each spatial derivative d,, pulls out a factor of R~Y4 from the
argument (|z| — 1)*/R. Consequently, the fourth-order operator A? produces a factor of
(R_l/ )4 = R~!. Combining this with the same power-counting argument for the profile
function ¢ completes the proof. Detailed proof will be in Appendix. O

2.1.2 Proof of Theorem 2.1.1

(i) Subcritical case p < pru;-.

We establish the non-existence of global weak solutions by employing the method of
contradiction. Suppose u(z,t) is a global weak solution to Problems III, IV, or V. According
to the weak formulation provided in Definition 2.0.1, the following integral identity holds
for any valid trial function:

/ |ulPys dx dt + / uo(z)ps(z,0)de = — / uOpps dx dt + / ul%ps da dt.
Q De Q Q
Applying Young’s inequality with € to the terms on the right-hand side, we obtain:

/u(m, t)Orpj(z, t)dadt
Q
1

< 61/ [u(z,t)[Po;(z, t)dedt + C(El)/ (pj_ﬁ(:l/‘, t) \atgoj(x,tﬂp/ dzdt,
Q Q

and
/ u(w, t)A*p;(z, t)dzdt
Q

_1 ,
<o [ Jula, )P 00t +c(e2) [ 0,7 (w,1) | Ao 0 dod,
Q Q

Applying Young’s inequality with e = 1 to the terms on the right-hand side, we derive

4
the following upper bound:

1

2/ |U’p903d:vdt+/ uo(x)e3(z,0) dx

¢ ’ 1 e (2.1.33)

SC/ P3 p_l\A2<p3|p/ dxdt—i—C’/ 3 p_llatg03]p/dxdt.
Q Q
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By invoking the estimates for the temporal and spatial integrals from Lemma 2.1.31 and
Lemma 2.1.32, respectively, we obtain:

1
2/ \u\pgogdxdt—i—/ o(x)ps(x,0) dx C(TRN 'yt pRN).
Q

By choosing the scaling relation 7' = R*, the inequality reduces to

1 7 L
2/ / |u(z, t)|[Pes dx dt —|—/ uo(x)e3(z,0) dr < CRN (2.1.34)
0 c c

In the subcritical range p < 1 + %, the exponent N — p%l is strictly negative. Taking
the limit as R — oo, the right-hand side of (2.1.34) vanishes. By applying the Monotone
Convergence Theorem to the space-time integral and the Lebesgue Dominated Convergence

Theorem to the initial data integral, we find:

1 oo
/ / ]u(:n,t)\pdxdt—i-/ up(x) dz < 0.
2 0 c DC

Since |u[P is non-negative and ug(x) satisfies [}, uo(x)dz > 0 by assumption, this result
provides the required contradiction. Consequently, no global weak solution exists for the
specified range of p.

(i) Critical case p = ppy; . In the critical regime where p = pp,;, the estimate derived
in (2.1.34) implies the following bound:

R4
/ / |u(z, t)[Pos(z, t)dzdt + / uo(z)ps(x,0)dr < C.
0 1<|z|<2R

1<|z|<2R

Given the non-negativity assumption on the initial data, ch uo(x) dz > 0, we may pass to
the limit as R — oo in the aforementioned inequality to obtain:

oo
/ / |ulP de dt < C
0 c
which implies that v € LP (Q).
By the weak formulation provided in Definition 2.0.1, the following integral identity holds:

/ \u|pcp3dxdt+/ uo(x)ps(z,0)dr = —/ uatgogda:dt+/ ulA*pzdadt.
Q De Q Q

Utilizing the scaling T = R* and the specific support properties of the test function defined
n (2.1.29), we can isolate the regions where the derivatives of the cut-off functions are
non-trivial. This leads to the following refinement:

//|u|p<,03dxdt+/u0( )3 (x,0)d //u@twgdxdt—l—/ / uA%psdadt.

0 De De R4 De 0 R<|z|<2R
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Applying Hoélder’s inequality in combination with the estimates from Lemma 2.1.31 and
Lemma 2.1.32, and specifically considering the critical exponent p =1+ %, we obtain

//u@tgagdxdt //]u\pgogdxdt //cpg lﬁtcp3|p dxdt

p/

R4 De R4 De R4 De
1
Ri b
| [uredadt |
g
and
R* R4 B v
//UA2tpgd.%'dt < / / |u|Ppsdxdt / / AP dadt
0 Dec 0 R<|z|<2R 0 R<|z|<2R
R4 E
=C / / |ulPpsdrdt
0 R<|z|<2R

By combining these estimates, we establish the fundamental inequality for the critical case:

R4
[ [P esdsdc+ [ uo@one0)ds
0 D¢ De
1 (2.1.35)
P
//\u|pcp3dxdt +C / / |ulPpsdxdt
it D 0 R<|s|<2R
Since u € L} ([0,00) x D), the integral property implies
R z R B z
lim //]u\pgpgdaﬁdt = lim //]u\pwgdxdt—//]u]pgogda:dt
R—o0 R—o0
R4 De 0 De 0
2
oo o0 D
= lim //]u|pg03dxdt—//|u|pg03dazdt
R—oo
0 Dec 0 De
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and

R4
1
lim (/ / ]u\pgogdxdt)p
R—o0
0 R<|z|<2R
R* R* %
= lim / / |u]pg03da:dt/ / |u|Ppsdzdt
R—o0
0 0<z|<2R 0 o<lz|<R
1
oo o ;
= lim / / ]u\pcpgdmdt—/ / |u|Ppsdadt
R—o0
0 0<lz|<oo 0 0<|z|<oco

=0.

Hence, passing to the lim R — oo in (2.1.35), we get

R4
lim <//]u\p<p3dxdt+/uo(m)gog(a:,O)dx)
R—o0
0 Dec D¢
://|u|pdﬂsdt+/uo(:c)d:c
0 De D¢
<0,

This inequality implies that | ug(z)dz < 0, which directly contradicts our initial assumption
Dc

that [,.uo(x)dz > 0 for non-trivial, non-negative initial data. This contradiction ensures

that no global weak solution exists, thereby completing the proof of the theorem.

Remark 2.1.34. Note that the nonexistence of the global solution in the critical case
provided above will be similar to the Navier boundary when N > 3 and for the Dirichlet
boundary when N =3 and N > 5.

2.1.3 Proof of Theorem 2.1.4

In this subsection, we derive the upper bound for the lifespan of solutions to Problems
ITI-V. As the test function method applies to all considered boundary conditions, it is
sufficient to demonstrate the proof for a single case without loss of generality.

Assume that Ry := 2r¢ < LifeSpan(u.). According to the definition of a weak solution 2.0.1,
we satisfy the following integral inequality:

/OT/c lu(t, x)|P¢(t,x)da:dt+5/Dc ug () (0, x)dx

T
2
< /0 /D e 2)] (e, )|+ [ A2, 2)]) o
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From lemma 4.1.5 and noting that A(z) is independent of ¢, it follows that
O (A@)vn(t) - A (A@)bn(t,2))
= ‘Bt (A(x)YR(t,x)) — AVA(x)VAYR(L, z) — A(z)A%Yp(t, x)’
2C 1 C 1 1
S R A@) Rt 2)]7 + S A(@) Wkt 2)] + L A(2) [Wa(t2)]P

SR
< A RO,

= Q

C

B =

making some algebraic improvements and noting ug(z) € L}, (D¢)

T
coe + /0 / ult, 2)P A n(t, )
T 1
<CR™ / / ult, )| AG) [h (1, )] deds

Rl </ /C (t, 2)PA(2) V5 (¢, x)dxdiﬁ) ;

T
co<€+/0 /c|u(t,x)pA(x)1/JR(t,x)da:dt

<cr v (Fd </ / u(t, 2)PA( )wR(tx)dxdt> ,

using lemma 5.0.3 with w(z,t) = |u(z,t)[PA(x) and 0 = p%l - %, we have the desired
results.

which is

Remark 2.1.35. Note that the upper lifespan of solutions provided above contains a Navier
boundary when N > 3 and the Dirichlet boundary when N = 3 and N > 5.

2.1.4 Proof of Theorem 2.1.6

The theorem is proved using the method of contradiction. Suppose that u is a global
weak solution to Problem I.

[ w00 0dzdi [ un(w)e (o 00z
Q De
= —/ u(x,t)0ppj(x, t)dadt + / u(w, t)A%p;(z, t)dadt.
Q Q
Applying Young’s inequality with € to the terms on the right-hand side, we obtain:

/u(x, t)Oppj(z, t)dadt
Q
1

61/ lu(z, t)|Pp;(z, t)dxdt+c(61)/ cpj “H(z,t) |Owpj(w, t)|p dxdt,
Q
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and
/ u(w, t)A*pj(z, t)dzdt
Q

1

< 62/ |u(z, t)|Ppj(x, t)dedt + 0(62)/ goj_ﬁ(:v,t) | A2g0j(x,t)|p/d:vdt.

Q
By choosing €; = €3 = 5 and absorbing the terms into the left-hand side, we arrive at the
fundamental 1nequahty
| @0
N (2.1.36)

1 / _— /
/ 90] Tz, 1) |A%p)(n t)’ da:dt+/ @; " (2, 1) |Opp (2, 1) [P daedt.
Q Q

(i) The case N = 2. Based on the construction of the trial functions, it is observed that
1 satisfies the boundary requirements specified in Definition 2.0.1 for both Problem I and
Problem VI. Consequently, establishing the result for Problem I is sufficient. By invoking the
estimates for the temporal and spatial integrals derived in Lemma 2.1.20 and Lemma 2.1.22,
respectively, we can evaluate the right-hand side of the fundamental inequality (2.1.36) for
N =2:

/ uo(x)e1(z,0)de < C <T1R2_4p,(ln R)ﬁ + TP R?In R) .

To balance the growth rates, we choose the scaling 7' = R*. Recalling that p’ = T the
inequality can be rewritten as:

/ uo(2)pr (,0)dr < CT' R (In R)#° 7,
Selecting T = R*, we arive at
/ wo(2) 1 (z,0)dz < CR® 71 (In R)7-1

When1<p<1+%,weget

2 4 <0,
p—1

then passing to the limit R — oo in (2.1.37), we arrive at
lim uo(x)p1(z,0)dz = / up(x)H (z)dx < 0.
R—00 J1<|z|<2R c

This result contradicts our initial assumption that [,.uo(z)H (x)dx > 0. Therefore, the
proof of part (i) for N = 2 is complete.

Now, we consider a two-dimensional critical case for the Navier boundary condition. We
use the same method as in [IS19a]. From the definition of weak solution and Lemma 5.0.8,
we get

/ P ole dadtre | uwe)ile,0)ds < //P " (Ul H(2) [03(8)] dodt

<CR( / H(z da:dt) ( // ()P H( )w;;(t)dxdt>
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Therefore noting that
/ H(z)dzdt < ﬂ'R(Ri +1)? log(R% +1),

and since [ uo(2)¥(z,0)dz > 0, we deduce

coe + // (0)[P H (2)br(t)dzdt < CRZ 3 (log R)¥' ( // (6P H( )w}%(t)dwdt>

SEL

or

coe+ // (O H (2)n(t)dudt < CR™Z520) 7 (1og B) 7 ( //P , [HOPHG w;iz(t)dzdt)p

for some positive constant C' > 0. Applying Lemma 5.0.6 with w = |u|PH(z) , we have the
desired estimate for LifeSpan(u). The proof is complete.

(ii) The N > 3 case. In this regime, we employ the test function defined in (2.1.1), where
the spatial component incorporates the harmonic kernel H(z) for N > 3. By reiterating the
procedure from the previous case and applying the fundamental inequality (2.1.36) alongside
the estimates from Lemma 2.1.28 and Lemma 2.1.30, we deduce

/ up(x)e1(z,0)de < C (TlRN_4p, + Tl_leN> .

By setting the scaling relationship 7' = R* and recalling that p/ = p%l, the right-hand side
simplifies as follows:

R4
/ / |u(z, t)[Por(z, t)dedt + / up(x)e1(z,0)dzr < C'RN_ﬁ7 (2.1.37)
1<|z|<2R 1<|z|<2R

when1<p<1+%,weget

4
N-——<0,
_1<

then passing to the limit R — oo in (2.1.37), by Dominated Convergence Theorem, we arrive

at -
lim / / |u(z, t)|Pp1(z, t)dxdt —I—/ uo(x)e1(z,0)dz
R—oo \ Jo 1<|z|<2R 1<|z|<2R

:/OOO/C|u(x,t)|pH(x)dajdt+/Dc uo(z)H (z)dx
<0

Since both terms on the left-hand side are non-negative, this inequality implies that
Jpe uo(x)H(x) dz < 0, which contradicts our initial assumption that [, ug(z)H (x) dz > 0.
Furthermore, it implies that « = 0, which is inconsistent with the non-trivial initial data.
This completes the proof for the N > 3 case.
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2.1.5 Proof of Theorem 2.1.8
N=4 case. We follow the same methodology as established for the Navier boundary

conditions. Starting from the fundamental integral inequality derived from the weak formu-
lation and Young’s inequality, we have

1 ,
/ o(2)p2(z,0)dz / 0y 7" pr | A2, " dxdt+/ 0y "1 |Orpal? dadt.
c Q Q

By invoking the estimates for the temporal and spatial integrals from Lemma 2.1.24 and
Lemma 2.1.26, respectively, we obtain:

/ wo(2)pa(2,0),dr < CT* P R*In R+ CTR 71 (In R)7-7. (2.1.38)
Setting the scaling relationship 7' = R*, we get
/ uo(2)p2(z, 0)de < CRN ™71 (In R) 7. (2.1.39)

For N = 4, the subcritical condition p < 14 % implies p < 2, which means the exponent 4 —

% is strictly negative. Consequently, the power-law decay of R dominates the logarithmic

growth of (In R)P%1 Taking the limit as R — oo, the right-hand side of (2.1.39) vanishes:
lim uo(x)p2(z,0)dr = / uo(x)B(x)dzx < 0.
R—o0 J1<|z|<2R c

This result contradicts the initial assumption

/C uo(x)B(x)dz > 0.

This proofs the subcritical case of the theorem for N = 4. From the definition of weak
solution and Lemma 5.0.7, we get

/ Pz, t)dxdt—i—z-:/ o () //P(R) (| B(2) [0 (t)]F dudt

<CR< / Blx dmdt) ( // (1) B(x (t)dxdtf.

Therefore noting that
// B(z)dwdt < TR(R + 1) log(R1 + 1),
P(R)

and since [ uo(2)Y(z,0)dz > 0, we deduce

coe + // (&) B(a)yr(t)dzdt < CR> % (log R)? ( // ()PB(z (t)dwdt>
P(R)
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or

CoE w(t)|PB(z T (%L’o )P T :
0+//P(R)|(t)3( Vor(t)dzdt < CR™070) 7 (1og B)7 // ()P B(2) 0 (t) dadt

for some positive constant C' > 0. Applying Lemma 5.0.6 with w = |u|PB(z) , we have the
desired estimate for LifeSpan(u). Thus, the proof of non-existence for N = 4 is complete.

The Case N = 3 and IN > 5. Following the methodology established for the Navier
boundary conditions, we utilize the weak formulation and Young’s inequality to derive the
following integral bound:

/ o(z)pa(z,0)dx C’/ ch” 1 wg\p da:dt—i—C’/ ch" 1|8t<p2|p drdt.  (2.1.40)

By substituting the estimates for the temporal and spatial integrals from Lemma 2.1.28 and
Lemma 2.1.30, we obtain:

/ uo(x)p2(z,0)de < C <TRN_4p/ + Tl_leN) . (2.1.41)
Choosing the scaling T = R*, the right-hand side simplifies to a single power of R:
N——4_
up(x)p2(z,0)de < CR™ ™ p-1. (2.1.42)

Given the subcritical condition 1 < p < 1+ %, the exponent N — 1% is strictly nega-
tive. Consequently, as R — oo, the right-hand side vanishes. Applying the Dominated

Convergence Theorem to the left-hand side, we find:

lim uo(x)p2(z,0) de = / uo(x)B(z)dr <0,
R—00 J1<|z|<2R c

where B(x) is the stationary biharmonic profile. This result contradicts our assumption
Jpe uo(x)B(x) dz > 0, thereby establishing the non-existence of global weak solutions. The
proof of Theorem 2.1.8 for problem II is thus complete.
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Chapter 3

Exterior biharmonic heat equation
with forcing term

In Chapter 3, we consider the following model

ur + A%u = |ulP + f(z), in D¢ x (0,00),
{ oy

u(x,()) = UO(x)a in D¢,
where D = B(0,1) denotes the closed unit ball in RV, and D¢ := RY \ D represents its
exterior. We investigate problem (3.0.1) under six distinct sets of boundary conditions, all
evaluated on 9D x (0,00). For convenience, we assign a Roman numeral to each configura-
tion:
(I)  Navier boundary conditions:

u(z,t) =0, in 9D x (0, 00),

(3.0.2)
Au(z,t) =0, in 9D x (0,00);
(IT)  Dirichlet boundary conditions:
u(z,t) =0, in 9D x (0,00),
(3.0.3)
Bua(i’t) =0, indD x (0,00);
(III)  Dirichlet-Navier boundary conditions:
u(z,t) =0, in 9D x (0,00),
(3.0.4)
%ﬁ:ﬁi) =0, indD x (0,00);
(IV)  Kuttler-Sigillito boundary conditions:
Quld) — o in AD x (0,00),
(3.0.5)

%ﬁ:ﬁi) =0, indD x (0,00);
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(V)  Neumann-Navier boundary conditions:

Au(z,t) =0, in 9D x (0,00),

(3.0.6)
Mgiff’t) =0, indD x (0,00);
(VI) Neumann boundary conditions:
Quiet) — 0, in OD x (0,00),
(3.0.7)

Au(z,t) =0, in 9D x (0,00),

where n denotes the outward unit normal vector on 0D. For convenience, we label the
boundary conditions using Roman numerals. For instance, Problem I refers to the semilinear
equation (3.0.1) equipped with the Navier boundary conditions, and so forth. We denote
the Fujita critical exponent by pcyi¢, which is defined as:

{oo, N =234, (308)
pCTZ't = N U

In accordance with established terminology, the regimes corresponding to p < poyit, p =
porit, and p > porie are referred to as the Fujita subcritical, critical, and supercritical cases,
respectively.

3.1 Main results

This section is dedicated to establishing the proofs for the primary theorems presented
in this work. We begin by examining the criteria for the existence and non-existence of
solutions within the first critical regime. Subsequently, we extend our analysis to the second
critical case, where the corresponding existence results are proven.

The local existence of solutions to Problems I-VI is a direct consequence of the results
presented in [Paz83|. Therein, the author establishes the existence of a unique local classical
solution for a general class of abstract parabolic problems, of which our models are specific
instances.

Consequently, we take the local existence as a given and focus our attention on the
long-term global behavior and blow-up phenomena associated with solutions to Problems

I-VI.

Definition 3.1.1. A function w is said to be a weak solution to Problems I-VTI if there
exists a time 0 < T' < oo such that v € L (Q) and the following integral identity holds:

/|u|p<pjdacdt—|—/f(:v)gpj(x,t)dxdt—i—/ uo(z)p;(x,0) dx
Q Q ¢
_—/ udsp; d:cdt—i—/ uA2<pj dx dt,
Q Q

where @ := [0,7T] x D¢. This identity must hold for every non-negative test function ¢; €
01’4(6) satisfying:

t,x
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Y

(i) @j(t,-)=0forallt >T
(ii) ¢j(-,2) =0 for all |z| > R where R > 1.

While properties (i) and (ii) remain consistent across all cases. (iii) — will differentiate the
weak solutions for each of the six boundary conditions.

(iii)
Problem I 1 =Ap; =0on dD; Problem IV % = 8@54 =0on dD;

Problem II P9 = % =0on dD; ProblemV Ags;= 8@55 =0 on 0D;

Problem III % = Apsz =0o0n dD; Problem VI w6 = 8@56 =0 on 9D.

Furthermore, if the existence of the weak solution u can be established for any arbitrary
choice of T' > 0, then u is referred to as a global weak solution to the problem.
Below, we formulate our first primary result regarding the global behavior of solutions.

Theorem 3.1.2. Suppose that ug € L}, .(D°) and f € L}, (D) N L>® (D) satisfy the follow-
ing positivity condition:

/C A(z) f(x)dz > 0,

where the stationary profile A(x) is defined according to the specific boundary conditions as
follows:

The harmonic function (2.1.6), for Problems I and VI,
A(x) := { The biharmonic function (2.1.20), for Problem II, (3.1.1)
1, for Problems III-V.

Then, the following assertions hold:

(i) Sub-critical Dimensions: If N € {2,3,4}, then for all p > 1, Problems I-VI admit
no global-in-time weak solution.

(i) Critical and Sub-critical Regimes: If N > 5 and 1 < p < porit = %, then
Problems I-VI admit no global-in-time weak solution.

(i1i) Super-critical Regime: If N > 5 and p > pcyrit, Problems I-VI admit global (sta-
tionary) solutions for sufficiently small initial data ug > 0 and source term f > 0.

Let us consider the problems I-VI for the following semilinear biharmonic Poisson equation:
A%u(x) = |u(z)[P + f(z), in DC. (3.1.2)

Then the following statement holds.

Corollary 3.1.3. Assume that f € L} (D) N L®°(D) and f > 0. Then:

loc

(i) If N € {2,3,4}, then for all p > 1, Problems I-VI for the equation (3.1.2) admit no
weak solutions.
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(i) f N > 5and 1 < p < perit = g, then Problems I-VI for the equation (3.1.2)
admit no weak solutions.

(iii) If N > 5 and p > pcyit, Problems I-VI for the equation (3.1.2) admit positive solu-
tions.

Remark 3.1.4. An analysis of the results presented in Theorem 3.1.2 and Corollary 3.1.3
allows us to draw the following conclusions:

(a) The critical exponent

{oo, N =1,23,4,
PcCrit ‘= N
v V=5

for the exterior Problems I-VI coincides with the critical exponent for the correspond-
ing problem in RY obtained by Majdoub in [Maj23]. Additionally, the parabolic
equation (3.0.1) and the biharmonic Poisson equation (3.1.2) share the same criti-
cal threshold pcyit. It is noteworthy that the source term f(x) does not shift this
threshold, and the results of Corollary 3.1.3 remain valid for f(z) = 0.

(b) Theorem 3.1.2 part (iii) establishes global existence specifically for stationary positive
solutions. Currently, information regarding global non-stationary solutions remains
unavailable. This is attributed to technical complexities in analyzing the Green’s
functions for Problems I-VI, which need dedicated studies.

(c) Of particular interest is the critical behavior when the forcing term satisfies
Jpe f(x)A(z)dz = 0 with f # 0. Our current approach does not encompass this
case, leaving it as an open question. A analogous problem was posed by Bandle et al.
in [BL89| for the classical heat equation and remains unresolved to date.

(d) Unlike the case D¢ = RY | where the assumption Jgn f(x)dx > 0 is standard, the
exterior domain problem requires the weighted condition [p,. f(x)A(x)dx > 0. Here,
the weight A(x) is the stationary profile given by (3.1.1).

In part (iii) of Theorem 3.1.2, it was established that for p > pcyit, a global solution
exists only for sufficiently small ug and f. Therefore, it is natural to consider this regime
separately and investigate the second critical exponent in the sense of Lee—Ni. To facilitate
this analysis, for w < N, we define the following sets:

Iy ={feCD:f>0 and f(z)>Clz|™* for sufficiently large ||},
and
I, = {f €eC(D:f>0 and f(z)<Clz|™ for sufficiently large \:c|},

where C' > 0 is a positive constant.
We are now ready to formulate the second main result of this work.

Theorem 3.1.5 (Second Critical Exponent). Suppose p > poyit, ug € Li,.(D°), and f # 0.
(i) If f € I} and w < 0, Problems I-VI admit no global positive weak solutions.
(i) If f € T and 0 < w < wepir = 4P Problems I-VI admit no global positive weak

p—1’
solutions.
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(117) If werit < w < N, Problems I-VI admit positive global classical solutions for suffi-
ciently small f € I, and ug > 0.

Remark 3.1.6. We highlight two significant consequences of Theorem 3.1.5:

(a) Given the supercritical assumption p > pery = % for N > 5, the set of decay

exponents w satisfying % < w < N is guaranteed to be non-empty. This confirms
that the fast-decay regime defined in part (iii) is mathematically well-posed.

(b) The second critical exponent weyi = % for Problems I-VI is determined by the
asymptotic behavior of the forcing term f, rather than the initial data ug. While the
magnitude of ug affects global existence, the threshold for blow-up versus global-in-
time solutions is governed by the spatial decay rate of the external source.

3.2 Properties of test functions

Test Functions with Logarithmic Arguments ¢ (%, x).

Let us introduce a modified class of test functions utilizing logarithmic spatial arguments.
For (t,z) € Q, we define

In (M

In(

i (t,z) € Q, (3.2.1)

S

erlta) = neo(e) = ¢¢ (1 ) @)

where H(z) is the harmonic function defined in (2.1.6), (¢) is the temporal cut-off function
given by (2.1.2), and F : R — [0, 1] s a smooth spatial cut-off function satisfying

1, if —1<s<0,
F(s) = < decreasing, if0<s <1, (3.2.2)
0, if s > 1.

Lemma 3.2.1. For N > 5 and p =
Then, the following estimate holds:

%, assume R > 0 and 7" > 0 are sufficiently large.

1 ,
/ o 7 (4, 2) Do (8,2 dadt < TR, (3.2.3)
Q
Proof. Using the separable structure of the test function defined in (3.2.1), we first factor the
integral into its spatial and temporal components. Noting that for p = %, the conjugate

exponent is p’ = %, we obtain

1

[ et wa=( [ vwa) (Lol a).

Applying Lemma 2.1.15 and noting the support of the logarithmic cut-off function F, we
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can bound the spatial integral. Passing to polar coordinates, we find

o (12l
/Cw(x)dx—/l<|x<RH(x)]:£ M dx

In(vVR)
In <ﬂ>
VR
<C Fl —Y=4 | da 3.2.4
1<|z|<R In(vR) ( )
R
< C/ rN=ldr
1
< CRM.

As derived previously in (2.1.9), the temporal integral containing the derivative of the cut-off
function evaluates to

T N
/ 0T ()| At |4 dt < CT'" 7. (3.2.5)
0

Multiplying the spatial bound (3.2.4) by the temporal bound (3.2.5) directly yields the
desired estimate (3.2.3). This completes the proof. O

The proof of Lemma 3.2.2 relies on straightforward direct computations exploiting the
radial symmetry of the composite function, and is therefore omitted.

Lemma 3.2.2. Let F be defined as in (3.2.1). Then the following estimates hold:

|| ||
V- AF¢ 1n<\/ﬁ> <C 1 Fl4 ln<\/§>
InvVR |z[3In VR InvR |’
and || ||
AZF n (ﬁ) <o 1 —. (ﬁ)
InvR T z)fln VR InvVR

Using the harmonic properties of H(x) and the expansion formula (5.0.2), we deduce

A*y(x) = H(z)A*F* “A\VR) <%) +4VH(z) -V [ AF ( )
InvR
Applying the bounds derived in Lemma 3.2.2, alongside the gradient bound |VH (x)| <
C|z|'=" from Lemma 2.1.15, we can estimate

_ 1
ol <o oy e ()

lz]4InvR  |z3InvVR

)
i/

3.2.6
. N ( el ) (3.2.6)
]a:|4ln\/ﬁ InvVR

where the second inequality holds because N > 5 and |z| > 1

39



Lemma 3.2.3. For N > 5 and p = %, assume R > 0 and T > 0 are sufficiently large.
Then, the following estimate holds:

_ 1 /
/ 0 Pt T) ‘A2<p1(t,x)‘p dx dt < CT(lnR)_%H.
Q

Proof. By the separable structure of the test function defined in (3.2.1), the integral factors
into temporal and spatial components. Specifically, we have

/Qgpl_pil(t,x) | A2, (¢, g;)|p’ dx dt = (/OT n(t) dt) (/D 7 () |A2w(x)‘1’/ d:c) :

The temporal integral is evaluated directly as in (2.1.12). To estimate the spatial component,
we utilize the bound for |A%)(z)| from (3.2.6). Recalling that p’ = & when p = £, and
restricting our focus to the support of the derivatives, it follows that

n ﬂ)
—o57 A2 P’ dz < C —4p’' (\/E
[ @) e R

N
4

(\x]_4(ln \/E)_1> dx

<C(nR)> / 2 da.
VR<|z|<R
By passing to polar coordinates, the remaining integral evaluates to
R 1
/ NN ldr=InR—InvVR=-InR.
VR 2

Combining these temporal and spatial bounds leads to the desired estimate, which completes
the proof. O

Test Functions with Logarithmic Arguments 2 (t, x).

We introduce a class of test functions for the critical case, defined as

t In ()
p(t,2) = n(t)(x) = C* (T)Bmff ) oea G2

where B(x) is the biharmonic function defined in (2.1.20), n(t) is the temporal cut-off
function from (2.1.2), and F is the smooth logarithmic profile defined in (3.2.2).

Lemma 3.2.4. For N > 5 and p = %, the following estimate holds:
1 , N
/ oy 7 (8,2) [Ohpa(t, ) dadt < T ¥R, (3.2.8)
Q

Proof. Based on the separable structure of the test function in (3.2.7) and noting that p’ = %
for the critical exponent, the integral factors into temporal and spatial components:

[ e ettt aa= ([ o) ([T rwlono) o).
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To estimate the spatial integral, we observe from Lemma 2.1.27 that B(x) is bounded for
N > 5 in the exterior domain D¢. Consequently, we have

In (‘i')
vR
gbwdzx:/ B(z)F' | —Y=£ | da

De (=) 1<|z|<R (=) InvR
3.2.9
ach o

<C FOlEL) g
1<|z|<R InvR

Transforming the integral into polar coordinates and evaluating the N-dimensional volume
integration yields

R
o(x)dr < C'/ rN=tdr < CRYN.
De 1

The temporal integral is bounded as (2.1.9). Combining these spatial and temporal bounds
yields the result in (3.2.8) directly. O

The proof of the following lemma is established by synthesizing the estimates for the
biharmonic function from Lemma 2.1.27 with the logarithmic derivative bounds from Lemma
3.2.2. The introduction of the biharmonic kernel B(x) slightly modifies the resulting decay
rates.

Lemma 3.2.5. The following estimates hold:

V(AB(x)) - VF! hin(f%) <C;H¢Ejv 7 11%))

VB(z)-V | AF hin(\l/}’l;;%) <%fe_4 h;f\\/%%))
B(x)A2F! hff%) <lcn’”%3< ) Fe- (lln(f%) ,
AB(z)AF r;n(\l/}g < Ch’lm\‘/g#—“ hin(\/%) ,

where - denotes the standard inner product in RV,

Lemma 3.2.6. For N > 5 and p = %, the following integral estimate holds:

NP4

1 ’
/ 0y P (t, @) ‘A2g02(t, x)}p drdt < CTR*(InR)™*. (3.2.10)
Q
Proof. Utilizing the properties of the test function ¢y as defined in (3.2.7), we get

/ng;pil(t,x) | A2t x)‘p/ dx dt = </OT n(t) dt> (/D o~ 71 (2) |A2¢(x)|?’/ d$> _
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Applying the biharmonic expansion (5.0.2) and the derivative bounds from Lemma 3.2.5,
we establish the following estimate for the spatial operator
x|
in (77)

C
InvVR InvVR

Given that p/ = % in the critical case and using the spatial behavior of the biharmonic
kernel B(z), the spatial integral (3.2.11) can be bounded as:

T (2) | A2(2) |7 de = B(z) 71 F i1 |A26(x)[” d
[ @@l dr= [ s ) de

lz|
gC’(ln\/R)_JZ/ |z|2 N FEN (\F> dx.
VR<|z|<R nvR

|A%¢(2)| < (Jal = + o =) F

(3.2.11)
By transforming the integral into polar coordinates, we obtain

/ R R
/ 6 7 (2) |A20(2)|” dw < C(n \/R)‘N/ NN dr = C(lnR)‘Ji/ rdr.
De VR VR

Evaluating the integral leads to the bound CR?(In R)f% Finally, combining this with the
temporal estimate fo t)dt < CT from (2.1.12) yields the desired result in (3.2.10). O

I

The Case of Logarithmic Arguments @3(t, x).

For the critical regime, we introduce a third class of trial functions defined by

In (2l
p3(t,z) = n(t)x(z) = ¢* (;) Ft 15\\;%) . (t,x) eqQ. (3.2.12)

In this configuration, 7(t) represents the temporal cut-off function defined in (2.1.2), while
F : R — [0,1] is the smooth logarithmic profile introduced in (3.2.2). These functions are
particularly effective for capturing the precise blow-up rates.

Lemma 3.2.7. Let N > 5 and p = NN4 For R > 0 and T > 0 sufficiently large, the
following estimate holds:

1
/ ©q "L (L, ) |3t x)|p dedt < CT'" TRV,
Q
Proof. By the separable construction of the trial function @3, we get

[ e v wa= ([ s@a) ([ o opmora).

To estimate the spatial integral, we consider the support of the logarithmic cut-off function
in D¢. For R sufficiently large, we have

ln<| |>
VR
x(z dx:/ FOl —Y2L ) de
/C (@) 1<|z|<R InvR

R
< C/ rNldr < CRV,
1

(3.2.13)
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where we have employed polar coordinates for the N-dimensional volume integration. Given
that p’ = N/4 in the critical case, the temporal derivative estimate from (2.1.9) yields a
bound of order CT'~N/4. Combining these spatial and temporal estimates leads directly to

1 )
/ o0 7 () |0ups(t, )P dwdt < CT' Y RV,
Q

which completes the proof. O
Lemma 3.2.8. Let N > 5 and p = %. The following integral estimate holds:

=

_ 1 /
/ 05 7 (L) |A2p3(t, 2)|” drdt < CT(InVR)'™
Q

Proof. By factoring the space-time integral according to the definition of ¢3 in (3.2.12), we
obtain:

/Q 037 () [ A2t )| dadt = ( /0 " dt) < /D C X7 (@) | A% () dx>.

The temporal integral is bounded (2.1.12). For the spatial component, we use the
logarithmic-derivative bounds from Lemma 3.2.2. In the region VR < |z| < R, the bi-
harmonic operator acting on the logarithmic profile satisfies

||
< Cla|™ oy (I (x/ﬁ)
= InvR InvR

Substituting this into the spatial integral and setting p’ = N/4, we have

[A%x ()]

, In (2L
[ T s de< cnvR) Y 2 N FN () .
De VR<|z|<R InvR

By changing to polar coordinates and noting that the volume element is V="' dr, the integral

simplifies to:
-N B N oNa !
|z| ™" do = r oy dr = —dr
VR<|z|<R VR VRT

=InR—-InVvVR=mnVR.

Combining these results, the spatial integral scales as
1 /
/ X 1 ‘A2x‘p dz < C(InvV/R)!=N/A4
DC

Multiplying by the temporal bound C'T' completes the proof. O
Lemma 3.2.9. For sufficiently large R > 0, the following integral evaluations hold:

[ t@eienasa=cr [ saawe (15) @

1<|z|<2R R

alternatively, under logarithmic scaling:

/f(x) (x t)dxdt:CT/ F(z)A(z)F ﬁ "
@Q o 1<|z|<R In(vR) ’

where A(z) corresponds to the stationary profile defined in (3.1.1).
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Proof. Applying the identity for the temporal component fOT n(t)dt = CT, we derive:
' 2
/ f@)pj(x,t) dedt = / n)dt [ fz)A(z)E" () dx
Q 0 De R

_or /1 o Fa) A(z)e! (’?) da.

A similar calculation yields the second integral evaluation, taking into account the logarith-
mic support of the test function F*. O

3.2.1 Proof of Theorem 3.1.2 to the problem I and problem
VI

The theorem is proved using the method of contradiction. Suppose that u is a global
weak solution to Problem I.
By definition 3.1.1, we have:

/ lu(z,t)|Poj(x, t)dedt +/ f(x)pj(x,t)daxdt + / uo(z)p;(x,0)dx
Q Q De
= —/ u(x,t)0pp;(x, t)dxdt —I—/ u(w, t)A%p;(z, t)dzdt.
Q Q
Applying Young’s inequality with € to the terms on the right-hand side, we obtain:

/u(az, t)0ppj(x,t)dadt
Q

<e / (e, )P (2, ) dadt + ¢ (1) / 05 7 (1) |Orspy )7 dadl,
Q Q
and

/u(w,t)Achj(:r,t)dxdt
Q
1 ,
< 82/ lu(z, t)[Ppj(x, t)dzdt + 0(52)/ p; " (a,) | A%p;(z, )P dadt.
Q Q

By choosing €1 = €2 = % and absorbing the terms into the left-hand side, we arrive

/f(x)«pj(a:,t)dxdt +/ up(z)p;(x,0)dx
Q L b , L (3.2.14)
< / ®; Pz, t) |A2g0j(x,t)‘p dazdt—i—/ ®; Pz, t) |Oppj(z, 1) [P dadt.
Q Q
(i) The case N = 2. As previously observed, the test function defined in (2.1.1) satisfies
the necessary boundary conditions in Definition 3.1.1 for both Problem I and Problem VI.

Consequently, it is sufficient to demonstrate the proof for Problem I. From the integral
estimates derived in Lemma 2.1.12 and Lemma 2.1.14, we have the following inequality:

/ f(@)p1(x,t) dxdt +/ uo(x)p1(z,0)de < C <TRZ—4p/(ln R)p%l + TP R21n R) ‘
Q De
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By setting the temporal scaling 7' = R’ with j > 4 and applying the results of Lemma 3.2.9,
we can rewrite the expression in terms of the spatial source term:

x
[ twawe () a<or [ w0 ds
1<|z|<2R 1<|z|<2R
+CR>* (InR)7 1 + CRP*2InR,

where A(z) corresponds to the harmonic profile (2.1.6) for the specific boundary configura-
tion.

As R becomes sufficiently large, and noting that ug € L; OC(DC), the first and third terms
on the right-hand side decay rapidly due to our choice of j. Thus, the inequality simplifies

to:
/ flx)A(z)e <“”|> de < CR™*2mR.
1<|z|<2R R

Since p > 1, it is immediate that 2 — 4p’ < 0. By applying the dominated convergence
theorem as R — oo and observing that:

Jn e () a@eo - 1) 3219

we obtain:

lim ﬂ)()&(“ﬁ o= [ s <o

R—00 J1<|z|<2R

which directly contradicts our initial hypothesis that
f(@)A(z)dz > 0.
Dec

The proof of case (i) for N = 2 is thus complete.

(ii) The subcritical case. In this subsection, we employ the test function defined in
(2.1.1), noting that for N > 3, the stationary profile A(x) follows the dimensionality of the
exterior domain. Following the estimation procedure established in the previous proofs and
applying Lemma 2.1.16 and Lemma 2.1.17, we obtain:

/ f(x)p1(z,t) de dt +/ uo(z)p1(x,0)de < C (TRNJLP’ + Tlfp/RN> .
Q c

By utilizing the temporal scaling T = R/ (j > 4) and invoking Lemma 3.2.9, we derive
the spatial inequality:

[ iwaw C‘)d <R [ @, 0)ds
1<|z|<2R 1<|z|<2R
L C (RN—4p’ + R—jp’+N) .

For the dimensions N € {3,4}, the exponent satisfies N — 4p’ < 0 for all p > 1. Similarly,
for N > 5, the inequality N — 4p’ < 0 holds when 1 < p < %.

Consequently, as R — oo, the right-hand side tends to zero. Applying the dominated
convergence theorem to the left-hand side, we find:

lim ﬂ)()#(“@ — [ f@)A@)dr <o,
1<|z|<2R De

R—o00
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which directly contradicts the assumption that [, f(z)A(x)dx > 0. This completes the
proof for the subcritical case.

(ii) Critical case (p = pcrit). The proof for the critical regime follows a similar method-
ology to the subcritical analysis, with the adjustment of employing test functions with
logarithmic arguments as defined in (3.2.1). By applying the inequality (3.2.14) and incor-
porating the estimates from Lemma 3.2.1 and Lemma 3.2.3, we arrive

/f(:n)gpl(a:,t) d:vdt—i—/ uo(x)p1(z,0) dx
Q De
<CT ((mR)*%“ + R%(l—%(m}z)*%) .

Utilizing the scaling T = R’ and applying Lemma 3.2.9, the inequality is expressed as

[ iwaws ()

N N N N
_WE Y e < lmR)"IFH + RZ(-F)(InR) T
1<|z|<R InvR [( ) ( ) }

—i—CR_j/ luo(x)|¢1(z,0) dz.
Dec

Taking j > 4 and passing to the limit as R — oo, we note that the right-hand side tends
to zero since —% + 1< 0 for N > 5. Furthermore, by the dominated convergence theorem
and the property, we get

In (2L
lim F' M = Fl(-1) =1, (3.2.16)
n

which yields to

In (il>
. ¢ VR -
ngréo 1<|$‘<Rf(x)A(:L‘)]: VR dx = . f(z)A(z)dx < 0.

This contradicts the positivity assumption [, f(2)A(x)dz > 0. This concludes the proof
of Theorem 3.1.2.

3.2.2 Proof of Theorem 3.1.2 to the problem II

The test function s satisfies the prescribed conditions for a weak solution to Problem
II, as defined in Definition 3.1.1. For this specific boundary configuration, the stationary
profile A(x) is given by the biharmonic function (2.1.20).

By substituting this profile into our integral identity and proceeding with the scaling
analysis for R and 7', we obtain the non-existence results for the clamped Dirichlet case as
stated in Theorem 3.1.2.

(i) The case N = 2. By Definition 3.1.1, the weak solution for Problem II satisfies the
following integral identity:

/WMWMﬁ+/ﬂ@m@wMﬁ+/1mmmwmm
Q Q De

= —/ udypo dxdt+/ qugag dx dt,
Q Q
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where the test function 9 is provided by (2.1.19). Following the standard estimation pro-
cedure, the inequality (3.2.14) for the specific case of 9 is expressed as

/f(x)ch(:v,t)da:dt—i—/ uo(z)p2(z,0)d
0 c

__1 / /
< / 0y P (2, t) }A2<p2(x,t)|p d:):dt+/ @y P (2, 1) |Orpa(x, 1) [P dadt.
Q Q

By synthesizing the results from Lemma 2.1.20, Lemma 2.1.22, and Lemma 3.2.9, we derive
the following integral estimate:

T 1
[ sa <>sf<' ') dr<gn [ Ju@lea(s,0)de
1<|z|<2R ST 1<|z|<2R
L OTPR'mR+ R 7 1(InR)7T,

where A(x) is the biharmonic profile (2.1.20). By setting the temporal scaling parameter
= RJ for j > 4, we obtain:

[ iwaw (‘ ') i <OR [ Juo(@)lgae,0)de
1<|z|<2R 1<|z|<2R
+ ORI IR+ R 7 1(InR)7T

By taking into account the limit property (3.2.15) and passing to the limit as R — oo in
the aforementioned inequality, we arrive

lim f(x)A(x)E <‘ ’) dx = . f(z)A(x)dz <0,

R—oo J1<|z|<2R

which contradicts our initial assumption that

f(@x)A(z)dx > 0.

DC

This concludes the proof for the current case.
(i) The case N = 4. In dimension N = 4, the inequality (3.2.14) for the test function 9
takes the following form

/ f(x)pa(x,t) dxdt +/ uo(x)p2(z,0) dx
Q c
1 / 1 ,
< / 0y P71 |A2902’p dxdt—l—/ 0o P71 |Oppo|P dx dt.
Q Q
By applying the results from Lemma 2.1.24, Lemma 2.1.26, and Lemma 3.2.9, we derive
¢ ‘$| 1 —p' d __4 _p_
fz)A(x)¢ dr < — luo(x)|2(z,0)de + CT P R*In R+ R r-1(In R)r—1
DC CT DC
Upon setting T = R’ for j > 4, we obtain
€ _
[ wawe (1) w<or [ it 0)ds
1<|z|<2R 1<|z|<2R
+CR* 7 In R+ CR 7 (InR)71
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Finally, by accounting for (3.2.15) and passing to the limit as R — oo, it follows that

lim ﬂ)()#(”@ — [ f@)A@)dr <o,
1<|z|<2R De

R—o00

which contradicts the assumption [, f(x)A(x)dz > 0. The proof for N = 4 is concluded.
(ii) The subcritical case. By applying the estimates from Lemma 2.1.28 and Lemma
2.1.30, we arrive at the following inequality:

ﬂ;ﬂm¢xxJMMdﬁ+/¥ wo(@)pa(e,0) de < C (TRY + T VRY).

Invoking Lemma 3.2.9 to evaluate the spatial integral of the source term, we have:

|z |>
A dr < =% 0)d
/1<|x<zRf(x) ()¢ ( <CT /1<|z|<2RU0(55)|802(95, ) dx
+C (RN_% +T—p'RN) ‘

Setting T = R’ with j > 4, the inequality becomes:

/1<|:e<2Rf<x)A( =)t (’ ‘> 4 SOR™ /1<|x<2R\uo($)\<p2(x,0)dx
—I—C(R P I—I-R —]p>‘

Given that N — ;‘Tpl < 0for N =3 (for all p > 1) and for N > 5 (whenever 1 < p < %),
we pass to the limit as R — oco. This yields:

i Z|$| = )A(x) dx
;g)KﬂdEﬂ><>f( ) o= [ r@aw <o,

which contradicts the positivity hypothesis [,. f(x)A(x)dz > 0. The proof for this case is
now complete.

(ii) Critical case (p = pcrit). Using the results from Lemma 3.2.4, Lemma 3.2.6, and
Lemma 3.2.9, we obtain:

CT/1<|$<Rf(m)A(x)J: ( VE )d +/1<|1<R o(z)p2(z,0) d

<C( (InR)F + Tlf%RN).

By assigning the scaling 7' = R7, the inequality can be rewritten as:

¢ ( In(Jz|/VR) _;
/1<|z|<R f(l')A(l’)Jr (M) dx <CR J /1<x|<R|uO($)|(p2(],‘,O) dx

+C ((mR) T +R‘]74>) .

Taking j > 4 and passing to the limit as R — oo, the right-hand side vanishes since 1— % <0
for N > 5. Consequently, we find:

f(x)A(z)dx <0,

Dc

. In(|z|/v'R)
ngréo 1<|x\<foAx]: ( ln\/ﬁ ) I

which contradicts the positivity assumption [,. f(x)A(x)dx > 0. The proof is thus finalized.
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3.2.3 Proof of Theorem 3.1.2 to problems III-V

The test function @3 satisfies the boundary and support conditions prescribed in Def-
inition 3.1.1 for Problems III-V. We employ @3 to establish the non-existence results for
these three boundary configurations simultaneously. Since the stationary profile A(z) = 1
for these problems, the integral estimates follow the same scaling laws as the previously
analyzed cases.

(i) The subcritical case. By Definition 3.1.1 and the application of inequality (3.2.14) to
the test function @3, we obtain

/f(ar)npg(x,t)dxdt+/ uo(x)ps(z,0) dx
0 c

_1 , _1 ,
< / P3 Pt |A2§03’p dZEdt—{—/ P3 Pt |8t<,03|p dx dt.
Q@ Q
From Lemma 2.1.31 and Lemma 2.1.32, the integral bound is given by

/ f(x)ps(x,t) dx dt +/ uo(x)ps(xz,0)dx < C (TRN_4p/ + Tl_p,RN) :
Q De

By invoking Lemma 3.2.9 and setting 7' = R’ for j > 4, we derive

[ swe ('9”’) do<OR7 [ Ju(@)a(e,0)ds
1<|z|<2R R 1<|z|<2R
+C (RN 4 RN

For large R, the inequality reduces to

/ f(z)€ (“) dr < CRN-%'.
1<|z|<2R R

Given that N —4p’ < 0 for N € {2,3,4} (for all p > 1) and for N > 5 (whenever 1 < p <
), we pass to the limit as R — co. Using (3.2.15), we find:

lim f(x)§ <| |> dr = flx)dx <
R—o0 Ji<|z|<2R De

which contradicts the positivity hypothesis [}, f pe f(x)dx > 0. This concludes the proof for
subcritical case.

(ii) Critical case (p = pcrit). Using the integral inequality (3.2.14) as established in the
subcritical analysis, and specific logarithmic estimates from Lemma 3.2.7 and Lemma 3.2.8,
we arrive at

/ f(z)ps(x,t) dx dt —|—/ uops(0,z)dxr < C (T(ln \/TE)I_% + Tl_%RN) .
Q c

By applying Lemma 3.2.9 and adopting the scaling T' = R’ (j > 4) for the critical exponent
p= %, the inequality becomes

/1< |<Rf($)f£ (W) de < C ((ln \/E) + R N(] 4))

L CR / o ()3, 0) dz.
1<|z|<R
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Upon letting R — oo, the right-hand side vanishes for N > 5 since the logarithmic and
power terms possess negative exponents. We thus obtain

i gt (Ul VR
R—o0 1<|z|<R ln\/ﬁ

which provides the desired contradiction to | pe f(x)dx > 0. The proof of Theorem 3.1.2
for the critical case is thus complete.

(iit) The supercritical case (p > pcrit). In this regime, we establish the existence of
global solutions by constructing a stationary supersolution. Let us define:

) dr = f(z)dx <0,
Dc

4
v(x) =¢l|z|™™, with e > 0 and ——<m< N — 4. (3.2.17)
p—

Note that the range for m is non-empty since p > % for N > 5. A direct computation of
the biharmonic operator yields:

A%v(z) =eM|z|™™ 4, M =m(m+2)(m— N +2)(m— N +4).
Consequently, we have:
A?y(z) — vP(z) = || ™4 (M — ep_1]$|_mp+m+4) .

Since —mp +m +4 < 0 and |x| > 1, it follows that |z|~™P+™+4 < 1. For sufficiently small
e, we define f(z) := A%v(z) — vP(x) > 0. Furthermore, evaluations on the boundary 9B
confirm that v satisfies the non-negativity requirements for the trace and Laplacian terms
associated with Problems I-VI.

By the comparison principle, u(z,t) < v(z) for all (z,t) € @, which establishes the
existence of a stationary positive supersolution. The proof of Theorem 3.1.2 is thus complete.

3.2.4 Proof of Theorem 3.1.5

Cases (i) w < 0 and (i) 0 S w < p—_pl. By applying the integral inequality (3.2.14), we
obtain:

lz]

. fx)el ( I ) dr < CR™ / ) up(x)e(x,0)dz + Cy (RN*ZL”/ + R*jp/+N> . (3.2.18)

Considering the asymptotic behavior f(z) > Clz|™ for f € Z7, the left-hand side of
(3.2.18) is bounded from below as follows:

fla)e! <\ny> dx > C 2| “dr > ORN ™. (3.2.19)
DC

1<|z|<R

For sufficiently large R, substituting (3.2.19) into (3.2.18) results in:
CRN™ < €y (RN 4 RN,
Normalizing by RN~%, we deduce:
C <Oy (RFT 4+ R,
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In both cases, w < 4Tpl, the exponents of R are negative for j > 4. Letting R — oo, we
arrive at the contradiction 0 < C' < 0, which completes the proof.
Case (1) z% < w < N. To establish existence, we construct a stationary supersolution

(x) = &|z|~™ with £ > 0. We select the exponent m to satisfy:
w—4<m<N —4.

From the biharmonic estimates established in the proof of Theorem 3.1.2; we seek to satisfy
the inequality A% (x) —aP(x) > f(z). For sufficiently small £, this requirement is dominated
by the linear part:

fz) < Céla|™m 4,

Applying our lower bound for m, we have:
f(@) < Cgla| =071 = Cgla| .

This demonstrates that f € Z7 is a sufficient condition for the existence of a stationary
positive supersolution. By the comparison principle, Problems I-VI admit global positive
solutions in this regime. The proof of Theorem 3.1.5 is now complete.
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Chapter 4

Higher-order parabolic equation

Chapter 4 is adapted from the following article:

[TT26a] N. N. Tobakhanov and B. T. Torebek. A note on lifespan estimates for higher-
order parabolic equations. Bull. Lond. Math. Soc., 2026

In this chapter, we investigate the higher-order parabolic Cauchy problem:

—A)"y = |ulP eRN ¢t >0,

u(z,0) = eup(x), r € RV,

where m > 1 is an integer, p > 1, and € > 0 is a small parameter.

This equation represents a fundamental shift in diffusion modeling, particularly in the
study of thin film dynamics [BF90| and surface tension models [PT12]. Unlike second-order
problems, these equations often lack a maximum principle, necessitating an analysis of the
fundamental solution to establish critical exponents and blow-up conditions.

In this chapter, we refine and extend the above results by considering initial data ug €
L' (RN ) N L (]RN ) without any decay assumption. We establish both upper and lower
estimates for the lifespan of solutions to problem (4.0.1), including the critical Fujita case
P = pryj - Our analysis is based on the test function method and the semigroup theory.
These findings offer a more detailed understanding of the blow-up mechanism and extend
several known results for the higher-order semilinear parabolic equations.

4.1 Main results

We begin by characterizing the solution to (4.0.1) through the integral formulation pro-
vided by Duhamel’s principle. This definition is central to establishing the local-in-time
existence and the subsequent blow-up analysis.

Definition 4.1.1. Given an initial datum ug € L*(RY) N L>®(R¥Y), a function
u e C([0,T:); LY(RY) n L= (RY))

is termed a mild solution of (4.0.1) if it satisfies the integral equation:
t
u(t) = ee A"y —I—/ e =R 1y (s)|P ds, (4.1.1)
0
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where e t(=2)™ denotes the semigroup generated by the polyharmonic operator. The maz-

tmal lifespan T, is defined as:
T.:=sup {T >0|3ue C([0,7); L"(RY)NL*(R")) satistying (4.1.1)} .

Theorem 4.1.2 (Global Existence and Lifespan). Consider the initial datum ug € L*(RY)N
L (RY) such that [pn uo(x)dx > 0. The Cauchy problem (4.0.1) possesses a unique mild

solution
u € O([0,T2); L (RY)) N L®((0, T-); L*(RY))

for a mazimal lifespan T, > 0. Moreover, as the parameter €, the lifespan satisfies the

following estimates:
1 N

—1
T, ~ e (5t 2) , 1<p<1+322, (4.1.2)
exp (5_(1’_1)) , p=1+ ZW’"

Remark 4.1.3. The results of Theorem 4.1.2 can be compared to those of Caristi et al.
[CMO3]| and Sun [Sunl0] in the following ways:

(i) While previous works [CMO03; Sunl0| analyzed the lifespan of solutions to problem
(4.0.1) using slowly decaying initial data as in (1.1.7), we instead utilize the condition
ug € LYRYN) N L>®(RY).

(ii) Previous estimates for the lifespan T} often relied on an auxiliary parameter k. Our
approach provides a more specific bound for the subcritical regime. Additionally, for
the critical case p = pp, we identify an exponential behavior T, ~ exp(e~®~1), which
offers a more detailed view of the solution’s lifespan in this particular case.

Remark 4.1.4. A comparison between the estimates in (4.1.2) and the existing literature
yields the following observations:

e In the case m = 1, the estimate (4.1.2) corresponds to the lifespan results for the
classical semilinear heat equation developed by Lee and Ni in [LN92|. Thus, our
findings include the Lee—Ni estimates as a specific case.

e We also note that an upper bound for the biharmonic case (m = 2) in an exterior
domain was recently investigated in [TT26b]. The results in (4.1.2) are consistent
with those bounds when the domain Q€ is taken to be the whole space RV,

e To our knowledge, the estimate (4.1.2) represents a new contribution for the poly-
harmonic case m > 2, specifically for the semilinear biharmonic heat equation
ug + A%u = |ulP.

4.1.1 Preliminaries for the Test-Function Method.

To establish the upper bound for the lifespan, we first introduce the following cut-off
functions, which are necessary for the integration by parts procedure:

vaart) = |o (W)Y

aen=fo (52
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for all (z,t) € Q, where | = 2mp’. The smooth function ¢ € C*°([0,00)) is defined as:

1 if s € [0,1/2],
¢(s) = { non-increasing if s € (1/2,1),
0 if s € [1,00),

and the associated function ¢*(s) is given by:

{0 if s €[0,1/2),

#(s) = o(s) if se€[l/2,00).

By using these functions, we can effectively manage the spatial and temporal growth of

the solution within the integral framework.

Lemma 4.1.5. Let ¢r and 9}, be the cut-off functions defined in (4.1.3). For all sufficiently
large R > 0, there exists a constant C' > 0 such that

|0cr(t,@)| + [A™ Rt @) < CRT Wit o)) 77
for all (t,x) € Q := (0,00) x RV,
Proof. We introduce the scaled variables:

T t

= — 7':—7
Y R

|lz|>™ 4t
RI/Cm) :

S(yaT) = ‘y|2m + 7, SR(x7t) = R

The operators scale as 9y = R™10,1) and AT = R_lAymw. For the time derivative, a
direct calculation gives

0cr(t2)] < CR™' [ (sr)]™ " ¢/ (sr)] < CR™ [W(t2)] /7.

For the polyharmonic operator, we use Fad di Bruno’s formula [Joh02] for the composite
function ¢ (s) = ¢(s)2™'. For |a| = 2m, we have

|a

k
05(w(s))] =D h0(g(5) Y Car [ 07 (9(5))] - (4.1.4)
k=1 =1

Since ¢ is smooth and its derivatives are bounded, we obtain
|ATVR(sR)| = R AT (s)] < CRg(s)*™ ™ < OR ™ [U(sr)] 7.

This concludes the proof of the lemma. O

4.1.2 Proof of Theorem 4.1.2

The proof for the lifespan T is divided into two parts, each using a different analytical
strategy.

The derivation of the upper bound is based on the test-function method introduced by
Ikeda and Sobajima [IS19b|. To handle the spatial derivatives of the polyharmonic operator
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(—=A)™, we utilize Faa di Bruno’s formula. This allows us to manage the higher-order terms
that arise during the integration-by-parts process.

The lower bound is established using a fixed-point argument. This approach makes use
of the decay and smoothing properties of the heat kernel for the polyharmonic equation. By
applying these kernel properties, we can determine the time interval over which a unique
mild solution is guaranteed to exist.

o Lower estimate. To determine the lower bound of the lifespan T, we apply the con-
traction mapping principle. We begin by defining the following norm

M(t) = sup {1+ 03 u(lloe + u(r)lz |-

Using the mild solution formulation (4.1.1), the L! norm can be estimated as

¢
J)lzr < Cellunllr +C [t
Applying Hélder’s inequality, we bound the nonlinearity by
-1
lu() 170 < lu)l e ()7 -
Finally, substituting the definition of M (t) into the integral, we obtain

N(p—1)

t
Ju()|| L2 <Cf-:+CM(t)p/ (1+7) " 2m dr.
0

Next, we derive the estimate for ||u(t)||ze. For the short-time regime 0 < ¢ < 1, applying
the L>° — L estimate to (4.1.1) results in:

t
u+w%mwmm<cwmmm+c/uwﬂwwh
0
< Ce + CM(t)P.

For the long-time regime ¢ > 1, the L' — L™ estimate leads to:
N N t/2 N
(1 +8)2mflut)||zee < Celluollpr + C(1+t)2m / (t —7) 72 |[[u(m) [Pl dr
0
N [
s+ [ u(r)lfadr
t/2

N(p—1)

t
<Ca+C’M(t)p/(1—|—T) 52 g7,
0

By combining the L' and L> bounds, we arrive at the following integral inequality:

_ N(p—1)

M(t) < Coe + C1M(t)P /t(1 + ) s dr (4.1.5)
0

To complete the lower bound estimate, we let 7} denote the smallest time such that M (t) =
2Che. Substituting this condition into the integral inequality for M (t), we obtain:

1 N
Csp(l%—Tl)(ﬁ_ﬁ)(p_l) if 1 <p<pr,
CeP log(Tl + 1) ifp = PF.
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Given the smallness of e, these inequalities lead to the following lower bounds for the lifespan
T.:

_(L_i>_l _
T.>T > Ce \p—1 2m ifl <p<pp,
exp (Cs_(p_l)) if p=npp.

This concludes the proof of the lower bound for the lifespan.

e Upper estimate. The derivation of the upper bound follows the test-function framework
developed in [IS19¢|. We start with the mild solution representation (4.1.1), multiply by the
test function v g, and integrate over RV

¢
/ wppdr = 5/ e A ugip pda +/ (/ e~ =R 1y () ]pds> Yrd.
RN RN rY \Jo

Differentiating with respect to t yields two primary terms. The contribution from the initial
data is

5/ {—e_t(_A)muo(—A)msz + e_t(_A)mu08t¢R] dzx. (4.1.6)
RN

Similarly, the nonlinear component results in

[ wtorsnde— [ ([[e0 a0 usas ) -8y nda
+ /]RN </Ot e(ts)(A)m|u(s)]pds> Opprdz.

Combining the results from (4.1.6) and (4.1.7) leads to

(4.1.7)

d

uwRdx—/ |u(t)|Pyprdx
dt RN RN

t
_/ <e—t(—A)muO+/ e—(t—s)(—A)’"u(S)’pd5> o) pda
RN 0

t
L ([ s (-
RN 0

Recognizing the mild solution (4.1.1) within the right-hand side, we obtain

d

— uwRdaz—/ |u(t)prdx:—/ u(—A)m¢Rdx+/ uOpprdx.
dt Jp~ RN RN RN

Finally, by integrating over [0, 7] and utilizing the property ¢¥r(-,T) = 0, we establish the
weak identity

5/ uor(x,0)dr + / |u|Pypdadt = / u(—A)"prdrdt — / uOpppdadt. (4.1.8)
RN Q Q Q
Following the estimates established in Lemma 4.1.5, we deduce

/ |u]p1/JRdxdt—|—E/ uo(x)YR(0,x) / lu| (|0pr| + |(—A)™R|) dxdt

RN (4.1.9)

<CR™! / |u|(1/)}%)5 dxdt.
Q
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We then apply Holder’s inequality to the right-hand side of (4.1.9)

1
7

L T P
R / lu| (%7 dedt < B~ ( / \um;}dagdt)p / / dadt
Q Q 0 Ji=<lzPm<R

1

,E<L,A) P
<cr 7 ( / ]u\pwj}dxdt> ,
Q

which remains valid for R € (2Ry,T). Consequently, we obtain the following bound

1
_p=1(f 1 N P
/ |u]p1/JRda:dt+E/ uo(2)Yr(0,z)dr < CR E (P—1 Qm) </ ]u\%ﬁ}}dmdt)p. (4.1.10)
Q RN Q
To analyze the critical regime, we introduce the auxiliary quantities

X(r) ::/Q\u(t,$)|pwr(t,$)dxdt,

Y(r) = /Q (u(t, 2) [P (+, ) dadt,

and define the logarithmic average

R
d
W (R) = / Y(r)=.
0 T
From these definitions and the inequality (4.1.9), we deduce

,L(L,A) 1
X(R)+Ce SR » \r 1 2n)Y(R)?, (4.1.11)

where C' > 0 is a constant. Additionally, following the properties of the cut-off functions

established in [GP21], we have
2

log 2
Combining the relations (4.1.11) and (4.1.12) yields the following estimate

W(R) < X(R). (4.1.12)

2?:;];) ree<r T TR (wiR)

This inequality can be rearranged into a differential form

1 N

pE—25)e-n-1 CW'(R) (C’s +

)

By identifying the right-hand side as a derivative, we obtain

(A-2)p-n-1 _ Clog2 d 2W(R)\' P
-1 2m < P . .
i Soi—pdr \“F " g2 (4.1.13)
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To finalize the proof, we integrate (4.1.13) over the interval [2Ry, T|. The integration of the
left-hand side gives

[
2R

1 N 1 N
_ T(ﬁ_myp_l) - (2R0)<ﬁ_ﬁ>(p_1) if1<p<pp,
log (%) if p=pp.
For the right-hand side, we have
log2 [T W (R)\ ' P
Cog/ (e PVEN T 4R < g,
2(1 —p) 2R, dR 10g2

In the subcritical case, assuming ¢ is sufficiently small, we obtain

T < 57<P%17%)71.

In the critical case, we find
T < exp (E*(pfl)) .

This concludes the proof of Theorem 4.1.2.
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Chapter 5: Conclusions

In this thesis, we have investigated the critical behavior, blow-up phenomena, and lifes-
pan estimates for the semilinear biharmonic heat equation. We examined the problem in
three distinct settings: the exterior problem under various boundary conditions, the ex-
terior problem with a spatial forcing term, and the Cauchy problem in the whole space
RY. Additionally, we extended our analysis to a system of higher-order semilinear evolution
equations.

The main results and contributions of this thesis can be summarized as follows:

1. The Exterior Problem and Fujita Critical Exponent. In Chapter 2, we ana-
lyzed the problem in an exterior domain D¢ under six different homogeneous boundary
conditions, including Navier, Dirichlet, and their variations. We proved the non-
existence of global weak solutions in the subcritical and critical regimes, identifying

the Fujita critical exponent as:
4
PFuj = 1+ N
Using constructed trial functions involving harmonic and biharmonic functions, we
demonstrated that if 1 < p < ppyj, no global weak solutions exist for non-negative
initial data. Furthermore, we provided an upper bound for the lifespan of solutions

in the exterior domain for dimensions N > 3.

2. The Effect of Inhomogeneous Forcing. In Chapter 3, we investigated the influ-
ence of a spatial forcing term f(z) on the solvability of the exterior problem. We
identified a second critical exponent, wcyi¢, which depends on the decay rate of the
forcing term at infinity. Specifically, we showed that:

e If the forcing term decays slowly (w < I%), global solutions do not exist.

e If the forcing term decays sufficiently fast (w > 4%’1), stationary global solutions
P
can be constructed.

This result highlights the interplay between the nonlinearity and the spatial inhomo-
geneity in determining the global existence of solutions.

3. Lifespan Estimates in RY. In Chapter 4, we studied the Cauchy problem for the
higher-order semilinear parabolic equation u¢+(—A)™wu = |u|P in the whole space. We
established sharp asymptotic estimates for the lifespan T, of solutions. By employing
the test function method developed by Ikeda and Sobajima, together with Faa di
Bruno’s formula, we derived upper bounds on the lifespan. Complementary lower
bounds were obtained via a fixed-point argument using the heat kernel properties.
We confirmed that the lifespan behavior in the biharmonic case (m = 2) parallels
that of the classical heat equation (m = 1) and generalizes established results for
higher-order operators.

Future Perspectives: While this thesis resolves several open questions regarding the
biharmonic heat equation, several interesting problems remain. Notably, the lifespan esti-
mates for the exterior problem in low dimensions (N = 1,2) remain an open challenge, as
the specific test function construction used here is not directly applicable. Additionally, the
existence of global solutions in the supercritical regime for the exterior problem with general
boundary conditions warrants further investigation using Green’s function estimates.
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Chapter 5

Appendix

Young’s inequality.
Let a,b>0and1<p,q<oowith%4—%:1. Then

€ - Young inequality.
Let a,b>0and1<p,q<oowith%—1—%:1. Then

ab < ea? + C(e)b?

where C(€) = (ep)~9/Pq~ 1.
H(')'lder s inequalz’ty
Let 1 < p, ¢ < oo with 1 —|— = = 1. For any functions u € LP(U),v € LI(U), we have

/U fwvlde < Jull oo ol oo

Interpolation inequality.
Let the exponents 1 < s < r < t < oo satisfy the interpolation relation % —|— 120 for
some parameter § € [0,1]. If a function u belongs to L¥(U) N LY(U), then u € L’"(U) and
the following estimate holds:

HUHLT(U) ||U||Ls U)||U||

Faa di Bruno’s Formula.
Assuming f and g are sufficiently smooth, the m-th order derivative of the composition go f
admits the following expansion:
) bj

dm !
i) = X it IT (£
j=1
Here, the sum is taken over all partitions of the integer m, represented by non-negative
integers by, ..., by, such that Z;n:lj ~bj = m, with k = Z;nzl b; representing the order of
the derivative of g.
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Lemma 5.0.1 ( [Pok13], Lemma 3.1). Consider an integrable function w € L'(RY) with
a strictly positive total integral. One can construct a smooth, compactly supported cut-off
function ¢ € C°(RY), taking values in [0, 1], for which the integral remains positive:

/ wodx > 0.
RN

Proposition 5.0.2 ([MOT18|, Proposition 6.1). For initial data f € LP(R™), it is well
known that the solution to the associated linear problem decays in the Li-norm. Specifically,
for 1 < p < q < oo, we have the estimate

He_t(_A) fH < Ct Y fllpe, with n < ) )
L 2m \p ¢

for some positive constant C.

Lemma 5.0.3 (Lemma 3.10 [IS19b]). Let 8, C, R; be positive constants and 6 > 0. Suppose
w € LL ([0,T); L*(D®)) is a non-negative function. If the following integral inequality holds
for every R € [R1,T):

T , T %
5+/0 /cw(a:,tWR(x,t)dxdté CoR™ v (/0 /Cw(:p,t)w}}(a:,t)da:dt) ,

then the time T is bounded from above. Specifically,
1
- (R?‘”G + (log 2)0595*@*1)) ®=1)9 i >0,
exp (log Ry + (log2)(p — 1)~1CHs~ P~V if § = 0.

Lemma 5.0.4 (|GP21], Lemma 3.2). Let g : [0,00) — R be a measurable function such
that g(s) = 0 for s € [0, 3] U [1,00), and g is non-increasing on the interval (3, 00). Then,
for any R > 0 and A > 0, the following logarithmic bound holds:

IOEREE
OgT2 T\QQRQ'

Lemma 5.0.5 ([Fin22|, Lemma 14). Let m > 1, > 2m, and ¢ is

¢(z) = ¢(|z]) = {

<1
0 if |z] > 2.
Then, the following estimate holds:
’Am <¢K>) < C¢Z—2m
for some C = C(m,¢) > 0.

Lemma 5.0.6 ([IS19a]). Let § > 0,Cy > 0,R; > 0,0 > 0,k € Rand 0 < w €
LL.([0,7); L'(Q)) for T > R;. Assume that for every R € [Ry,T), and

5+//P(R)w(x,t)w3(x,t)da:dt

1
r P
gC’RG’logR’<// xthth)da:dt) .

61

(5.0.1)



Then T has to be bounded above as follows:

C575 (log (571))?  if6 >0,k €R,
,

1
T < {exp <C5_1*~P*1)> if9:0,/i<1%,

exp exp (05—(;;—1)) if0=0,k= 1%‘

Lemma 5.0.7. Consider the test function ¢ defined in (2.1.31) and the biharmonic function
B(zx) given by (2.1.20) in dimension N = 4. Then, there exists a constant C' > 0 such that:

3=

|A%P(2)] < 5 B(x) [rR(1)]7

0 ()| < 5 B(x) [YR(H)]7 .

Q= Q
3=

=y

Proof. By applying the biharmonic operator to the product ¢(x) = r(x,t)B(x), we obtain
the following expansion

A% (x) =gr(z,t)A2B(x) + 4V(AB(x)) - Vir(z,t) + 6AB(z) Apg(z, )

, (5.0.2)
+4VB(z) - V (Avr(z,1)) + B(x) A Yr(2,1).
Direct computation of the derivatives of B(x) yields
2 2
VB= (2 - =
(|x|2 |a:|4) "
4
AB= —_ (5.0.3)
|z[?
V(AB) = - 4
R

Similarly, for the spatial cut-off function ¥, we compute the successive derivatives. The
first derivative is

d

x| — 3
Vi = 2 (s ) =D

5.0.4
e (5.0.0)

followed by the Laplacian

d? 16(|z| — 1)8

Ay = @(”(SR)W) R2

d o (12(|2] = 1)* | 12(|x] — 1)°
# atu(om ™) (P B

(5.0.5)

The third-order derivative terms are given by

VAYR = [dg(n(sR)4p’> 64(Jx| — 1)°

ol | dst, R3
d*(n(sr)"') (144(Jx| —1)° | 48(Ja| — 1)
i 2 e (5.0.6)

d(n(sr)”) (24(lz| = 1) | 36(Jx| —1)* 12(|2] —1)*
dsgr < R + R|x| R|z|? >]’

_|_

+
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and finally, the biharmonic operator applied to g yields

d*(n(sr)*") [256(|z| — 1)2
A2 — (nc(l;;) ) [ (I }Iz4 ) ]

L Pllsr)™) [1152<|x —1)° |, 384(e| - 1)9}

ds%, R3 R3|z|
?(n(sr)*) [816(|x! - 1) N 864(|z| —1)5  48(|x| — 1)6} (5.0.7)

ds%, R? R?|x| R?|x|?

n d(n(sr)*") [24 144z —1) | 36(|2[ —1)*  12(|z| - 1)3]
dsp R R|x| R|x|? R|z|?

< CR™ [(1)]7 .

To establish the desired bound, we estimate each term in the expansion (5.0.2) individ-
ually. For the term involving V(AB(x)), we have

8 (e Al )P
|_\xr4”” (gtoton " )'

S (] 1)
|_\xr2 (gt )‘

By employing the elementary inequality 1 — &, < log|z| for 2 € D¢, and utilizing the

|z
properties of the cut-off function 7, this can be bounded as

[V(AB(x)) - Vor(z,1)]
(5.0.8)

C .
V(ABE) - Tl )] < S log allf (sr) (s1)
C ap
= 5 logla] 1’| n(sp)r

= Zlogfa| /5| o 0 (sR) 77 (5.0.9)

QX Q

4

< 4 logla] 7% oo ™ (sR)P—T

C 1
= g loglel [VR(1)]7 -

Proceeding similarly for the next term in the expansion, we find

AB(%‘)AIbR(:C, t)

4 (& o 16(jz —1)°%  d o (12(z] =17 12(]z| — 1)3
= o (o) s oy (P 220 )
C ,

2
< log (di%m(sm@’) + =L (o) >)

C / / /
= 5 loglz| (=202 + ¥ =y 4 1o )

C Ap_ g
= 3 loglzln (sg)7~" (> + " +n’n)

C 4
== log |x|n (sg)?—T (?72(77/)2 + 030" + 77377,) )

(5.0.10)
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which implies that

C
[AB(z)A¢r(z, 1) < 5 log |z]n (sr) 7 =) |7 (') + 0’0" + ||
C
< 5 loglaln® (sr) - w22 + P+ | e (5.0.11)
= S tog o] [W(0]F

Finally, for the term involving VB(x), we obtain
IVB(xz) -V (A¢r(z,t)) |
22\ [l 64 1)
> falt |fC| ds%, R?

d*(n(sr)*) <144(|w! —1)°  48(j2| - 1)6>

_|_

ds%, R? R2|z|
d(n(sp)™) (24(z| = 1) | 36(jz[ —1)* 12(jz| —1)*
L ( R * Rlz|  Rlz]? > ] ‘ (5.0.12)
2 | B ((sp)™) 64(J2| — 1)°
|| ds¥, R3
d*(n(sp)™) (144(|z| = 1)° | 48(Jz - 1)°
* ds%, < R? + R?|z| >
d(n(sp)*) (24(je[ = 1) | 36(|z| —1)* 12(jz| — 1)
R < R " Ral  RlP ) ] ’

which yields
IVB(z) - V (A¢r(z,1)) |

Pllsn)) | Ea)™) | dnisn)™)

_C, a4
— p—
S glosleln (sr) ds%, ds?, dsn

(5.0.13)

Q

4

< Zloglaly” (sr)7 T .

ZJU

We can now combine these individual estimates to bound the full biharmonic operator
applied to our test function. Recalling that B(x) is a biharmonic function, the leading term
Yr(z,t)A?B(z) identically vanishes. The remaining terms in the expansion (5.0.2) have each

1
been shown to be bounded by & % log|z| [5(t)]». Summing these respective contributions
yields the first desired inequality

8%(a)| < & B(a) [6(1)

S =

To establish the second estimate regarding the time derivative, we apply the operator
0y directly to the test function ¢ (z). Because the spatial function B(xz) is independent of
time, the derivative acts exclusively on the cut-off function

|0 ()| = B(2)|0:pr(z,1)]
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Utilizing the standard scaling properties of the time-dependent cut-off ¢z, we can bound its
1

derivative by CR™! [/%(¢)]». Multiplying this upper bound by the spatial component B(x)

directly provides the second inequality

C

0(@)| < ZB() [Wa(t)]

3=

This completes the proof. O

Lemma 5.0.8. Consider the test function v defined in (2.1.31) and the harmonic function
H(z) = In|x| given by (2.1.6) in dimension N = 2. Then, there exists a constant C > 0
such that:

3=

8%()| < 5 el R (1)

0 ()| < 5 el W]

RS

Proof. We begin by applying the biharmonic operator to the test function ¥(x) =
Yr(z,t)H(z). Because H(z) = In|z| is a harmonic function in R?\ {0}, we know that
AH(x) = 0, which inherently implies A2H(z) = 0 and V(AH(x)) = 0. These proper-
ties significantly simplify the product expansion compared to the higher-dimensional case,
leaving us with the non-vanishing terms

2
A?¢(z) = H(z)AYg(x,t) + AVH (2) - V(Apg(2, 1) +4 > 0;H(2)0ijthr(z, 1)
ij=1
We can now estimate each of these surviving terms individually. For the leading term,

we leverage the bound on the fourth spatial derivative of the cut-off function established in
the previous estimates, yielding directly

[H(2)A%g(2, 1) < CR™ Inla| [pi(6)]7

Next, we consider the first mixed term. Given the explicit gradient VH (z) = #, we

can compute the inner product with the gradient of the Laplacian of ¥g
4
[4VH (z) - V(A¢r(z,1))] < HW(A%&R(CM))\

Using the inequality 1; < In|z| valid for € D¢ and applying the previously derived bounds

||
for the third-order derivatives of ¥ r, we obtain the estimate

C NG|
[4VH () - V(Avg(e, 1) < S nfz| [VR(E]7
For the remaining second-order cross terms, the Hessian of H(x) decays as ﬁ, and the

corresponding second derivatives of 1¢)r are bounded by the scaling properties of the cut-off
function 7. Applying the same logarithmic inequality bounds this contribution as well

2
132 0y H@)Obn(n.0)| < &l WH(O]?

ij=1
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Summing these individual bounds gives the complete spatial estimate for the biharmonic
operator

8%(a)] < & Info] (0]

To secure the time derivative estimate, we differentiate the test function with respect to
t. Since the spatial function H(z) is time-independent, the derivative applies exclusively to

wR(xat)
0y (2)| = In |z[[Oppr(z, 1)

Invoking the scaling properties of the cut-off function ¥r bounds its time derivative by
1
CR™ % (t)]7, which immediately provides the final required inequality

()| < 5 R (0]

This completes the proof. O
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