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Abstract

For some semilinear parabolic problems of reaction-diffusion, a
dead core - region of zero reactant concentration - may be formed in
finite time. We study the large time behavior of the solution and give
an estimate for the asymptotic behavior of the solution of a semilinear
heat equation with Robin boundary condition.
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1 Introduction

In a heterogeneous reaction sequence, mass transfer of reactants first takes
place from the bulk fluid to the external surface of the pellet. The reactants
then diffuse from the external surface into and through the pores within
the pellet, with reaction taking place only on the catalytic surface of the
pores. At some “critical” Thiele modulus the concentration reaches zero at
the center of the pellet. This region devoid of reactant is defined as “Dead
zone” and/or “Dead core.”

Let © € R be a bounded smooth domain. In this work, we consider the
boundary value problem in Q = Q x (0, +00)

Up — Uz + AP =0, in Q (1.1a)

Uy + Bip(u—1)=0, on 09 x (0,00), (1.1b)

u, =0, on {0} x (0,00), (1.1c)

u=1, in Qx{0}. (1.1d)

where p € (0,1) is the order of the reaction, and w; = max{w,0}. Bi,, >0
stands for a Biot number.

We study the problem only for p € (0,1) because if p > 1 then the
dead core is empty, by the maximum principle, while for p < 1 the dead core
phenomena takes place. In particular, a dead core occurs for some sufficiently
large A. The physical explanation is that if the reaction rate remains high as
the concentration decreases, diffusion may not be strong enough to draw the
reactant from the boundary into the central part of 2. Mathematically, it
means that there exists a t* such that a set N; = {z € Q : u(z,t) =0} # 0O
for t > t*. For any t, N; C N, where N is the null set of the family of elliptic
problems (S))

Uz + AP =0, in (1.2a)
Uy + Bip(u—1) =0, on 0% x (0,00) (1.2b)

where A > 0. Notice that if N = @, then there is no dead core and u(z,t) > 0
for any ¢t. The dimensionless steady-state mass balance for a single n-th order
chemical reaction and diffusion in the catalytic pellets of various geometries



is given by
1 d, .du

—_— — —_— p p—
xS dx (@ dx) Auy =0,
du
) =0, (1.3)
d
ﬁ(m + Bip(u(l) — 1) =0,

s = 0,1,2 is the shape factor corresponding to the planar, infinite length
cylinder and spherical geometries, respectively.

This paper aims to to study the asymptotic behavior of the solution of
problem (1.1). In this direction, many papers have been written [1-5] and
one of them is by Ricci [6], who investigated the asymptotic behavior of
the solution of the dead core problem and proved that the convergence is
exponentially fast.

We show that the solution converges to a stationary solution as t tends
to infinity and evaluate its rate of convergence.

Theorem 1.1 Let 0 < p < 1 and let 2 C R be a bounded C*T domain.
Then there exist two positive constants Cy and Cy such that

| w(z,t) — oo () ||poo(@)< Cre” 2. (1.4)

In Section 2 we review essential elements that are relevant to our study
and give a brief overview of function spaces used throughout the paper along
with their basic properties. In Section 3 we show a result on existence,
uniqueness and in Section 4 prove a monotonicity and boundedness of solu-
tions. Section 5 is devoted to prove the Lipschitz continuity of u(-; A) when A
varies in R™. In Section 6 we construct upper and lower solution for problem
(1.1) and we prove Theorem 1.1.

2 Function Spaces

In order to formulate precise theorems of existence, uniqueness, continu-
ous dependence we need to specify the spaces in which solutions lie and to
give a precise meaning to convergence in those spaces. Detailed explanation
are to be found in [7-11]

If o is a multi-index (ay, ..., o), then |a|= > oy, 2% = 27" .28, Simi-
larly, if D; = 0/0x;, then D* = D{"*...D%~ denotes a differential operator of
order |a.



Definition 2.1 A norm on a vector space X is a real-valued function f on
X satisfying the following conditions for any z,y € X and ¢ € R (or C):

1. f(z) > 0and f =0 if and only if x = 0,
2. flex) = [e|f(z),
3. flz+y) < fla)+ fly).

A vector space equipped with a norm is known as a normed space. The norm
on X will be written as || - ||x. The norm induces a metric on X given by

d(z,y) =z -y

A sequence {z,} in a normed space X is convergent to the limit x¢ if and
only if lim,, o || Z, — xo ||[= 0 in R.

A subset S of a normed space X is said to be dense in X if each z € X
is the limit of a sequence of elements of S. The normed space X is called
separable if it has a countable dense subset.

A sequence {x,} in a normed space X is called a Cauchy sequence if and
only if for every € > 0, there is an integer N such that || z,, — 2, ||x< ¢ holds
whenever n,m > N. X is complete and a Banach space if every Cauchy
sequence in X converges to a limit in X. An important class of Banach
spaces in functional analysis is L,, spaces, also called Lebesgue spaces.

We say the normed space X is embedded in the normed space Y, and we
write X — Y to designate this embedding, provided that

1. X is a vector subspace of Y,

2. The identity operator [ is defined on X into Y by Ix =z for all z € X
is continuous.

Let Q be a domain in R?. For any nonnegative integer k let C*(€2) denote
the vector space consisting of all functions g which, together with all their
partial derivatives D®g of orders |a|< k are continuous on §2.

Definition 2.2 (The Space LP(Q2)) Let 2 be a domain in R? and let p be
a positive real number. We denote by LP(Q) the class of all measurable
functions u defined on 2 for which

/Q|u(x)|pdx < 00
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for which the norm provided 1 < p < oo

1/p
| f e )= (/Qlf(x)Ipdx> < 0.

In other words, the Lebesgue spaces are defined using Lebesgue integra-
tion, not Riemann integration. Since LP spaces are outside the scope of this
work, for detailed explanation see ().

Vector subspaces of Lebesgue spaces LP(2) are the Sobolev spaces of
integer order. They are vector spaces of functions equipped with a norm that
is a combination of LP-norms with its weak derivatives up to a given order.
One motivation of studying these spaces is that solutions of partial differential
equations may not have strong solutions with the derivatives understood in
the classical sense, while in appropriate Sobolev space there exist its weak
solutions. For more information, there are excellent books by Maz’ya (1985)
called “Sobolev Spaces” and by Adams and Fournier (2003).

Definition 2.3 (Sobolev Norms) We define a functional | - ||xp, where £ is
a positive integer and 1 < p < oo as follows:

1/p
| w by = Z | D% || for 1<p<oo
0<|a|<k (2.1)
|| u ||k,oo = max || D%u ||oo
0<|a|<k
for any function u for which the right side makes sense, || - ||, being the norm

in LP(Q).

Definition 2.4 (Sobolev Spaces). For any positive integer k£ and 1 < p < oo
we consider vector spaces on which || - ||, is a norm:

a Whr(Q) ={u e LP(Q) : D e LP(Q) for 0 < |a|< k}, where D*u
is the weak partial derivative;

b WEP(Q) = the closure of C5°(Q) in the space WH?(Q).

Equipped with the appropriate norm (2.1), these are called Sobolev spaces
over ).



Observe that WoP(Q) = LP(Q), and if 1 < p < oo, WIP(Q) = LP(Q)
because C§°(£2) is dense in LP(2). For any k, we have the following chain of
embeddings

WaP(Q2) — WHP(Q) — LP(2).

Remark Tt is worth noting here that the claim of Lipschitz continuity will
serve to guarantee the fulfillment of the properties of density and embedding
in the generalized Sobolev spaces. We will prove it in the next section.

Further, we will need to construct upper and lower solutions, thus let us
define the spaces V = LP(0,T; W'"(Q)),p > 2, Vo = LP(0,T; Wy*(R2)) and
its dual as Vj = L¥' (0, T; W~=17(Q)).

We assume that for any function u defined in 2 the function {(x, ¢, u(x,t),
Uz (x,t)) satisfies the Caratheodory conditions. That is,  is measurable in
(x,t) € Q and continuous for almost any fixed (x,t).

Definition 2.5 If u is an upper solution then @ > u a.e. in Q x (0,7).
Similarly, if (u) is a lower solution then u < u a.e. in Q x (0, 7).

3 Existence & Uniqueness of Weak Solutions

The existence of weak solutions follows from a very general second or-
der nonlinear parabolic boundary value problem proved in [12] under the
assumption that a lower v and an upper % solutions are known.

Definition 3.1 u is a weak solution of the problem (1.1) in (0, T) if u €
Vo,us € V' ju(-,t) — 0 in L*(Q2) as t — 0+ and

T T T
/ dt/utvdx+/ dt/um-vmdx = )\/ dt/upvda:.
0 Q 0 Q 0 Q

Definition 3.2 A function u € V with u, € V' is called a lower solution of
the boundary value problem if w,(x,t) < Bi,,(1 —u) on I'r,u(x,0) < ug(x)
in 2, and

T T T
/ dt/gtvdx+/ dt/um-vmdx < )x/ dt/gpvdx,
0 Q 0 Q 0 Q

for any nonnegative v € V. Conversely, @ is an upper solution, if the in-
equality signs are reversed.

Uniqueness of a weak solution follows from works in [13-15].
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4 Boundedness & Monotonicity

Lemma 4.1 Let u(z) be the weak solution to the boundary value problem
(1.3). Then, it holds true 0 < u(x) <1 forall 0 <z < 1.

Proof Multiplying the differential equation in (1) by z*(u(z) — 1);, and
integrating by parts over the domain Q = (0, 1) yields

oot au—1), du—1),
0—/0 2= (2) P (z)dz

(u(z) = V)2 52 (@)

X

—/0 A2 (u(z) — 1)l (2)dz =0

from which we infer

_ /01 . {%(z)} e = Bin(u(l) — 12 + /01 A (u(z) — 1) 4l (2)dz.

Consequently, (u(x) — 1)y = 0 due to the fact that the right hand side of
the last equation is non-negative but the left hand side is non-positive. This
means that u(z) —1 <0 forall 0 <z <1, ie. u(x) < 1. To find the lower
boundary, let u_ = min{u, 0} denote the negative part of u. In order to show
that the solution u(x) is non-negative for all 0 < z < 1, we multiply the
differential equation (1.3) by z*u_(z) and integrate by parts. We obtain

1

so0u

u_(x)x %(x) _/0 zs%(z)%(z)dz—/o Ntu(2)uf (z)dz =0

0

from which we deduce

1 2 1
—/ 2* {%(z)} dz + Binu_(1) = Bijzu_(1)u(l) +/ AzPu_ (2)ull (2)dz.
0 0
Here notice that the left-hand side is non-positive, while the right-hand side
is non-negative. It implies that u_(x) = const. For the Robin boundary
condition to hold, 94(1) = Biy(1 — u(1)) = 0, we infer that u(1) = 1.
Consequently, u_(z) = 0. Thus, u(z) >0 for all 0 <z < 1.
Let us show the monotonicity of solutions to problem (1) with respect to
the reaction rate constant k£ > 0.



Lemma 4.2 Let k& > ko > 0,n € (0,1), and u; and uy be solutions to
the boundary value problem (1.3) with reaction rate constants k; and ko,
respectively. Then, u;(x) < ug(x) for all 0 < x < 1 with Bi,,, = Bip,.

Proof Since u; and uy solve the boundary value problem (1.3) with reaction
rate constants k; and ks, respectively, we have

10 aul 1 0 au2
sty 9 A\ )
w* O (JC Ox > xs Ox ( ox ) 1fm]t 2[uall]
in 2. Multiplying the above equation by z°(u; — uz); and integrating by
parts yields

! 8U1 8u2 8([u1 — UQ]+)
[ = (Geo-G2m) (M0 )
= (Biny (1 = w1 (1)) = B (1 = (1) (1) = (1)
- / 2 (i (2) — Aafual? () (s — ). (2)d

from which follows

/= [M@] 0 = (Binny (1 (1))~ By (1—5(1))) (s (1)—us(1))

0z
/0 2 (Ai[wl(2) = Aofual (2)) (wr — ua) 4 (2))dz = =B (u1 (1) — ua(1))
/0 2 (Murlf (2) = Mfualf (2) + Ar[ua]? (2) = Aofualf (2)) (w1 — u2)4(2))dz.

= — B (u1(1) — uy(1))* — )\1/0 2 ([ur](2) = [uali (2)) (w1 — u2) 1 (2)dz

1
=) [ sl 2) ) ()
0
Then one can observe that

/01 s [W(z)rm < “Bin(ui(1) — us(1))? = Ay /01 (] (2)
— [ual(2)) (w1 — u2)+(2)dz



under the assumption that k; > ko > 0 and (vf — o} )(u —v); > 0 for

€ (0,1). Notice that the left hand side is non-negative, while the right
hand side is non positive. As a result, [u; — us]; = const = 0 in §2. This
means that u; < us in €.

Lemma 4.3 Let ky > ko > 0,n € (0,1), and u; and usy be solutions to the
boundary value problem (1) with reaction rate constants k; and ks, respec-
tively. Then, u;(z) < ug(z) for all 0 < x < 1 with Biy,, > Bip,.

Proof As in the previous lemma, since u; and us solve the boundary value
problem (1) with reaction rate constants k; and ks, respectively, we have

1 a aul 1 a 8u2
P~ - = D _ _
P Ox (:v ox ) P Ox (x or ) Aud]f = Aofuslf

in Q. Multiplying the above equation by xP(u; — us), and integrating by
parts yields

! 8u1 8u2 8([U1 — U2]+)
/= ( (2 - E@) (—82 <z>) &z
= (Bimll(l —u1(1)) = Bip, (1 —ua(1)))(u1(1) — ua(1))
- / 2 (furl?(2) — Aeluzl?(2)) (1 — 102) s (2)dz

from which follows

[ [P ) e = (i (1 (1) - B0 1) (1) a(1)

- / Ol () el () e —2) 1 (2))d= = (B (1=t (1))~ By (1-2(1)
B, (1= (1)) = By (1~ ug(1)) (s (1) — ua(1))
- / Ol (2) — Ml )+ Al (2) — Aafll (2)) (r — ) ()i
= (Big (1) = 30+ (B, = B, )1 = (1)1 = ). (2

Y / 2 ([ (2) — . (2)) (tr—2) 4 (2)dz— (Mg —o)

2)(ur—ug)4 (2)dz.

N
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Using the Lemma 1, observe that
(Biim, (u2(1) = u1(1)) + (Bim, — Bim, )(1 = uz(1))) (w1 — u2)1(2) <

(Biim, (u2(1) = w1 (1)) = Bim, (u2(1) — 1 (1)))(ur — uz)4(2) = 0
This implies that

o [ o [ )] e < [l -l ) ) 2

under the assumption that k; > ky > 0 and (v, — o} )(u — v)y > 0 for

n € (0,1). As a result, [u; — ug]y = const = 0 in Q due to [u; — ug]y = 0.
This means that u; < uy in €.

In similar fashion, we can work out for every parameter and all results
will lead to the monotonicity of the solution.

Another important property is the Lipschitz continuity w.r.t. A of the
solution in the C°(Q) norm.

5 Lipschitz Continuity

Lemma 5.1 (Lipschitz continuity) There exists a constant K, depending
only on 2, such that

| w5 A1) — a5 A2) [[co@ < KA1 — Agf. (5.1)

Proof Take A\; < Ay, then from the monotonicity lemma, v(z) = u(x; Ay) —
u(z; A1) < 0. Let v(z) be such that v(x) < z(z) where z is the solution of
Zez = Ao — A1, 02\ 0x + Biyz = 0.

Observe that vy, = AguP(x9; A\o)—A1uP(x1; A1) and the boundary condition
for v(z) becomes v, = —Bi,,v on .

Then

Ve = AP (T2; Ny) — MuP (25 A2) + AuP (we; Ag) — AquP (215 A1)

= (A2 = M)ug + Ar(ug — uf) < (A2 — Arug < (A — A1)

since v — u} <0 and u(z) <1 for p € (0,1).



But if z(z) = (A — A\g)Z(z) where Z solves Z,, = 1 with BC 02 \ 0z +
Bi,zZ = 0, then for equation (4) to hold we can deduce that from the last
equation

K = mgxé(x) = —m{%n Z(z) (5.2)

The proof is a standard application of the method of upper and lower
solutions.

Remark. This paper works with a derivative of v w.r.t. A in the following
way. From Lemma 4 and the fact that € is bounded in (0, 1) we have, for
any g > 1,

(5 M) = w5 A2) lpa) < KIQIYA = A
i.e., the map A : A — wu(-;\) is uniformly Lipschitz continuous from R*
into any L?(€2). According to Ricci (1988), since L%(£2) is a reflexive Banach

space, there exists the derivative of A for almost every \; i.e. for a.e. A there
exists the limit

w(-; A —u(; A

lim (A +e) —uls ):—u
e—0 g O\

in the sense of the L9 convergence. Moreover, since the L> norm is preserved

in the L7 limit we can say that

(5A) € L) (5-3)

<K.

Leo(Q)

|35t

From the monotonicity property we have du(-; A)/0A < 0 and we want to
refine it by giving a sharp lower bound.
The average rate of change for v:
u(A+¢) —u(5A)
£

ve(z) =

Let us take e > 0, then v.(x) < 0 in Q because of the monotonicity and
ve(z) = 0 if there exists a dead-core, and dv./0x + Binv. = 0 on 0f).
Furthermore, observe that

1
Av. = g{()\ +e)uP(z; A +¢€) — AP (z;\) (5.4)
Since u(x; A + ¢) < u(z; \), we have

WPz A+ e) — uP(z;0) = p& (@) (u(z; A + €) — u(z; )
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for some £(z) € (u(z; A+ €);u(z; A)), and since p < 1
uP (3N 4 &) — uP(a; ) < puP (o M) (u(z; A+ ) —u(z; \)) (5.5)
Substituting the latter into former gives
Av(z) — ApuP (23 N () < uP(z; X + &) < uP (x5 \), (5.6)

in Q, = Q\N,. We can now obtain the requested estimate applying the
following;:

Lemma 5.2 Let 0 < p < 1, and let w € C°({,) satisfy

Aw — A\puP~Hx)w = g(x), in Qy,
w=0, on 09, (5.7)
w=0, in Ny,

Proof: For € > 0, we consider v.(z) = (u(; A+ ¢) —u(-;A))/e. We have
ve(z) < 0 and v, = 0 in N, if Ny # 0, and v, Jv + [Sv. = 0 on JS). Inside
2, Eq. 5.6 holds. Based on the work by Ricci [cf], we define

1 (up(x :A)
AL —p) p

Then z € C°(£2,) and z = 0 on 99,. Furthermore

2(z) = ve(x) +

— u(; A)) .

_
A1 =p)
Au — ApuP~'u) = g(z) +

Az — AP~z = g(z) + (p(p — V)P ?|Vul|*+puP~ Au — A\pu?~'u)

1
- p(p — DuP 2| Vul?) —uP < 0
et ST P~ D vl
where u(-; A) is indicated by u. Since z cannot have interior negative minima,
z(x) > 0 on ). Moreover z =0 in N,, and the lemma is proved.

Then z(x) solves

Az —dpuP™'2 <0, in O

z=0, on ON, (5.8)
0z ,
. + Biyz =~(x), on 0N

11



where

— Bi 1 1_pup T WP \) —
() = B s (o 2w + i) - 1)

Since u(z;A) < 1 on 0Q,v(x) > 0, so z cannot have a negative minimum on
0, and z(z) > 01in Q, i.e.,

1 uP(z; \) )
ve(T) 2 — —u(z; ) ] . 5.9
@2 5 (T - ute (5.9)
Taking the limit ¢ — 07, the L™ estimate is preserved and we get
ou 1 uP(z; \)
0> —(z;\) > — —u(z; \) | . 5.10
> e > g (P ). G0

To show the asymptotic behavior of the solution we need to construct
upper and lower solutions.

6 Construction of Upper and Lower Solutions

The candidate for the lower (or upper) solution is a curve w : t — u(+; A\(¢))
from R into the family of the solutions of elliptic problems.
Let u € C*([0,+00)) be a positive function. We define

Uz, t) = u(z; p(t)),

where u(x; pu(t)) is the unique solution of elliptic/Dirichlet problem with A =
wu(t). That is because if Bi,,,p, and 2 are fixed then u(z, \) is a decreasing
function of A\, as u — 0o, Robin type problem becomes the Dirichlet problem.

Observe that @ € C°(Qr), (-, t) € C**A(Q) for any t, and @ € L>®(Qr).
In particular this implies @ € V and a, € V', for any T" > 0. Then we can
rewrite the problem as

L) = e~ N+ = o 1)) (1) — 0 (1)) + ).

Here note that Aa = Au? = p(t)uP(z; u(t)) since @ is the solution of elliptic
problem.

12



Suppose now that 4/(t) > 0. Then, be simplifying the inequality Eq. 5.10

. ou, uP(z; \)
a_/\@j’ )‘) > _)\(1 _p)p7
we get i i
; W P
L(a) = i —pp T (@; (1)) (6.1)

Conversely, if p/(t) < 0, the sign in Eq. 6.1 is reversed and it becomes:

!/

I

L(u) < |—————+1—p|uP(z;put 6.2

(@) 0= g (; p(t)) (6.2)

To find an upper solution, now it is enough to choose u(t) such that
p=pp(l —p)(1—p). (6.3)

Observe that depending on (1 — u) term in Eq. 6.3, we consider two cases:
If 4(0) < 1, then g/(t) > 0, from the monotonicity property we know that
L(@) > 0 and @(x,t) is an upper solution of the Equation 1.1 with initial
datum

u(z; 1) <wug(x) = u(z; u(0)) < 1, in Q. (6.4)
If 4(0) > 1, then p/(t) < 0, L(a) < 0 and @(z,t) is a lower solution of the
parabolic problem (P) with initial datum

u(z; 1) > up(x) = u(z; u(0)) >0, in Q. (6.5)

where u(x; 1) is the stationary solution of our problem because of p(0) = 1
in Eq. 6.3.

Let us derive u(t) from Eq. 6.3 to summarize the results in the following
theorem.

= pp(l —p)(1 - p)
[t = va-m

o
log(p) —log(1 —p)| =p(1—p)t
1
T = op(p(l = p)t)
o

=1+ (1/po — 1) exp(—p(1 = p)t)] "

13



Theorem 6.1 Let u(t) = [14(1/po—1) exp(—(1—p)pt)]~'. Then, if o < 1
(o > 1), the function a(x,t) = wu(z;u(t)) is an upper (lower) solution of
the Eq. 1.1, corresponding to the datum wy(z) = u(x;pg) > u(x;1)().
Moreover

11/ 10 — 1]exp(—p(1 — p)t)
1+ (1/po — 1) exp(—=p(1 — p)t)’

where K is the constant in Eq.(5.2).

[u(z; 1) = a(z;1) loo@ < K

(6.6)

Note that this estimate resulted from the Lipschitz continuity of wu(-; \).

Finally, to prove the asymptotic behavior of the solution of the parabolic
problem given by Theorem 1.1, by the same technique used in [15] we show
the finite time extinction of the solution of Eq. 1.1 at an interior point of
the dead core so that it satisfies

u(z, to) < u(w; ), in Q. (6.7)
For po € (0,1), define
iz t) = u(w; po)+v(t) where v(t) = [1—(1—p)(1—po)pt]*"™™, 0<t<T

where @(z;t) is an upper solution of the problem (1.1) and wu(z; o) is the
solution of the stationary problem (1.2). For t5 = [p(1 — p)(1 — po)] ™" we
have u(x;ty) < a(z;ty) = u(z;pp) and we can apply Theorem 6.1 starting
from t =¢,.
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