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Stability Analysis for the Inhomogeneous Fourth-Order
Nonlinear Schrödinger Equations with Mixed Dispersions

Altynay Nugmanova

May 4, 2026

Abstract

In this work, we study the strong instability of standing waves for a class of fourth-order
nonlinear Schrödinger equations with mixed dispersions, focusing on inhomogeneous nonlinear-
ities. For the single equation, we derive ground state solutions by using a profile decomposition.
Then, under some conditions, we show that the ground state of the standing wave solution is
strongly unstable by showing blow-up.
For the coupled system case, we establish blow-up criteria by using the localized virial identity
and prove the existence of non-global solutions. Moreover, the strong instability of standing
wave solutions is shown
. In addition, we drop the radially symmetric assumption and extend the results to the general
initial condition. Moreover, we consider both positive and negative signs of the spatial weight
exponent.

1 Introduction
The study investigates the fourth-order nonlinear Schrödinger equation with mixed dispersions

#

iψt ´ ∆2ψ ` µ∆u` |x|´b|ψ|pψ “ 0,

ψp0, xq “ ψ0pxq
(1.1)

where b P R, µ ă 0, ψ : r0, T˚q ˆ RN Ñ C is a complex-valued function, ψ0 P H2. 0 ă T˚ ď 8 and
0 ă p ă p˚, where

p˚ “

"

`8, if N ď 4,
8´2b
N´4 , if N ě 5.

Another problem that we study is the Cauchy problem for the fourth-order nonlinear Schrödinger
system with coupled power-type of nonlinearities and mixed dispersions

#

i B
Btuj ` ∆2uj ´ µ∆uj “

řm
k“1 |x|´b|uk|p|uj |

p´2uj ,

ujp0, ¨q “ ψj .
(1.2)

Here N ě 2, j P r1,ms, uj : RN ˆ R Ñ C, and b P R, and p˚ ă p ă p˚ such that

p˚ “ 1 `
4 ´ b

N

and

p˚ “

"

1 ` 4´b
N´4 , if N ą 4,

`8, if 2 ď N ď 4.

The blow-up phenomenon have been studied in several cases:
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The case when b “ 0 for (1.1) called the classic biharmonic fourth-order NLS. The existence of
blow-up solutions with condition 8

N ă p ă p˚, µ P R studied in [2]. Moreover, [1] showed the radial
ground state standing wave solutions when µ ě 0 are strongly unstable via blow-up. Similarly, the
strong instability for the case µ ă 0 was proved in [4].

Blow-up of radial solutions to (1.1) for b ą 0 and p “ 8´2b
N´4 was studied in [6]. In addition,

authors extended their work by showing blow-up for non-radial case. Moreover, [3] has blow-up
criteria for non-radial ground state solutions to the L2 critical inhomogeneous NLS with 0 ă b ă 2
and p “ 8´2b

N . In [5] investigates the existence of non-global solutions for the fourth-order nonlinear
Schrödinger system with coupled power-type nonlinearities and establish strong instability.

The aim of this work is to show strong instability of (1.1) and (1.2) by blow-up. More precisely,
the study proceeds several steps:

• In the first part of work, we focus on (1.1). The study begins from constructing the charac-
terization of ground state solutions for by using a profile decomposition. Then, assume that if
B2
λSωpuλq|λ“1 ď 0, then we will show that radial ground state is strongly unstable by blow-up.

Furthermore, the results are extended to non-radial setting and we consider to obtain blow-up
results the case of positive power of spatial weight.

• In the second part, we study a stability of (1.2). We assume the existence of ground state
solutions. Then, we establish blow-up criteria and prove the existence of non-global solutions
using the localized virial identity. Finally, we show strong instability. Moreover, we have
additional results as in the first part.

We adopt proofs from [4] and [5] to show strong instability for (1.1)-(1.2).
The work is organized as follows. Section 2 and Section 3 contain the background material and main
results necessary to establish the strong instability of (1.1) and (1.2), respectively.
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2 The Fourth-Order Inhomogeneous Nonlinear Schrödinger
Equation with Mixed Dispersions

2.1 Background material
Take the energy space H2, which is usual inhomogeneous Sobolev space with norm

} ¨ }H2 :“
`

} ¨ }2L2 ` }∆ ¨ }2L2

˘
1
2 .

(1.1) satisfies the following scaling invariance

uλ :“ λ
4´b
p upλ4t, λxq with λ ą 0.

Define the number
sc “

N

2
´

4 ´ b

p

called the Sobolev index. We refer the cases sc ă 0, sc “ 0, and 0 ă sc ă 2 as mass-subcritical,
mass-critical, and mass-supercritical, respectively. sc “ 2 corresponds the endpoint case p “ 8´2b

N´4
for N ě 5 and called energy-critical.
(1.1) has a class of special solutions called standing waves of the form eiωtu, where ω P R is the
frequency and u P H2pRN q is a nontrivial solution of the related to elliptic equation

∆2u´ µ∆u` ωu´ |x|´b|u|pu “ 0. (2.1)

Furthermore, (2.1) can be written as S1
ωpuq “ 0, where

Sωpuq :“
1

2
}∆u}2L2 `

µ

2
}∇u}2L2 `

ω

2
}u}2L2 ´

1

p` 2

ż

RN

|x|´b|u|p`2 dx (2.2)

called action functional. Moreover, denote following functionals

Kωpuq :“ BλSωpλuq
ˇ

ˇ

λ“1
“ }∆u}2L2 ` µ}∇u}2L2 ` ω}u}2L2 ´

ż

RN

|x|´b|u|p`2 dx (2.3)

and

Qpuq :“ BλSωpuλq
ˇ

ˇ

λ“1
“ 2}∆u}2L2 ` µ}∇u}2L2 ´

Np
2 ` b

p` 2

ż

RN

|x|´b|u|p`2 dx, (2.4)

where uλpxq :“ λ
N
2 upλxq. The family of ground states corresponding to (2.1) is given

Gω “ tu P Aω : Sωpuq ď Sωpvq for all v P Aωu (2.5)

where
Aω “

␣

v P H2zt0u : S1
ωpvq “ 0

(

.

Define a function

fpλq :“ Sωpuλq “
λ4

2
}∆u}2L2 `

µλ2

2
}∇u}2L2 `

ω

2
}u}2L2 ´

λα

p` 2

ż

RN

|x|´b|u|p`2 dx, (2.6)

where α “
Np
2 ` b, λ P p0,8q. In addition, at λ “ 1 fpλq reaches its maximum at p0,8q.

Lemma 2.1. Let 0 ă p ă p˚ and ψ0 P H2. Then, DT “ T p||ψ0||H2q such that (1.1) has a unique
solution ψ P Cpr0, T q,H2q. Assume that T˚ is the maximal existence time of solution ψptq . If
T˚ ă 8 , then }∆ψptq}L2 Ñ 8 as t Ñ T˚.

Moreover, the solution ψptq satisfies the mass and energy conservation laws:

Mpψptqq “

ż

RN

|ψpt, xq|2 dx “ Mpψ0q
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and
Epψptqq “

1

2
}∆ψptq}2L2 `

µ

2
}∇ψptq}2L2 ´

1

p` 2

ż

RN

|x|´b|ψptq|p`2 “ Epψ0q

for all t P r0, T˚q.

Introduce a radial function φ : RN Ñ R such that ∇jφ P L8pRN q, 1 ď j ď 6,

φ : r ÞÑ

"

r2

2 , for r ď 1,
const, for r ě 10,

and φ2prq ď 1 for r ě 0.
Take R ą 0 and define the radial function

φR :“ R2φ
´

¨

R

¯

.

One can check the following properties of φR

∇φRprq “ Rφ1
´ r

R

¯ x

|x|
“

"

x, for r ď R,
0, for r ě 10R.

}∇jφR}L8 À R2´j for 0 ď j ď 6.

suppp∇jφRq Ă

"

t|x| ď 10Ru, for j “ 1, 2,
tR ď |x| ď 10Ru, for 3 ď j ď 6.

For ψptq P H2, the localized virial of ψptq is defined by

MRpψptqq :“ 2ℑ
ż

RN

ψpt, xq∇φRpxq∇ψpt, xq dx. (2.7)

Lemma 2.2. (From [9].) Assume that tunu8
n“1 is bounded in H2. Then, D a subsequence of tunu8

n“1,
a family txjnu8

j“1 of sequences in RN and profiles tU ju8
j“1 in H2 such that

i) for every k ‰ j, |xkn ´ xjn| Ñ `8, as n Ñ 8;

ii) for every l ě 1 and every x P RN , we have

unpxq “

l
ÿ

j“1

U jpx´ xjnq ` rln,

with lim supnÑ8 }rln}Lr Ñ 0 as l Ñ 8 for every r P p2, p˚q. Moreover,

}un}2L2 “

l
ÿ

j“1

}U j}2L2 ` }rln}2L2 ` onp1q, (2.8)

}∇un}2L2 “

l
ÿ

j“1

}∇U j}2L2 ` }∇rln}2L2 ` onp1q, (2.9)

}∆un}2L2 “

l
ÿ

j“1

}∆U j}2L2 ` }∆rln}2L2 ` onp1q, (2.10)

where onp1q Ñ 0 as n Ñ 8.
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Basic estimates. We will introduce some estimates that will be useful on this work. Interpo-
lation inequalities with weights (see in [7])

}|x|γDju}Lr ď C}|x|αDmu}aLp}|x|βu}
1´a
Lq ,

if and only if
1

r
`
γ ´ j

N
“ a

ˆ

1

p
´
α ´m

N

˙

` p1 ´ aq

ˆ

1

q
`
β

N

˙

and
γ ď aα ` p1 ´ aqβ,

where p, q, α, β, γ, r are real numbers and p, q ě 1, 1
p ` α

N , 1
q `

β
N , 1r `

γ
N ą 0.

Moreover, a Strauss inequality [8]

}u}L8p|x|ąRq ď CR´pN´1q{2}u}
1{2
L2 }∇u}

1{2
L2 .

2.2 Results
Estimation for nonlinear term

Lemma 2.3. Assume N ě 1 and 0 ă b ă minpN, 4q, and 0 ă p ă p˚. Then,
ż

RN

|x|´b|ψ|p`2 dx ď C}∆ψ}
Np`2b

4

L2 }ψ}
p`2´

Np`2b
4

L2 .

Proof. See in [7] with γ “ ´ b
p`2 , j “ 0, m “ p “ q “ 2, α “ β “ 0, and r “ p` 2. Moreover, b ă 4

was obtained from the condition 0 ă p ă 8´2b
N´4 for N ď 5.

2.2.1 Localized virial function

Proposition 2.1. Let N ě 2, R ą 0, and ψ P Cpr0, T˚q,Hrdq be a solution to (1.1). Then, on
r0, T˚q

d

dt
MRpψptqq ď p2Np` 4bqEpψptqq ´ pNp` 2b´ 8q}∆ψptq}2L2 ´ pNp` 2b´ 4qµ}∇ψptq}2L2

`Xµpψptqq ` O

˜

1

R4
`

|µ|

R2
`

}∇ψptq}2L2

R2
`

}∇ψptq}
p
2

L2

R
pN´1qp

2 `b

¸

,

(2.11)

where with some constant A0 ą 0

Xµ À A0 ¨

"

0, for µ ě 0,
|µ|}∇ψptq}2L2 , for µ ă 0.

Proof. First of all,
MRpψptqqq “ xψptq,ΓφR

ψptqy,

where
ΓφR

:“ ´ip∇φR ¨ ∇ ` ∇ ¨ ∇φRq.

Then,

d

dt
MRpψptqq “ xψptq, r∆2, iΓφR

sψptqy ` xψptq, r´µ∆, iΓφR
sψptqy ` xψptq, r´|x|´b|ψptq|p, iΓφR

sψptqy.

From [2] we have estimations for the linear part

xψptq, r∆2, iΓφR
sψptqy ` xψptq, r´µ∆, iΓφR

sψptqy ď 8}∆ψptq}2L2 ` 4µ}∇ψptq}2L2 `Xµpψptqq

`O
ˆ

1

R4
`

|µ|

R2
`

}∇ψptq}2L2

R2

˙

.

7



Now, one needs to calculate the nonlinear part.

N pψptqq :“ xψptq, r´|x|´b|ψptq|p, iΓφR
sψptqy “ 2

ż

RN

|ψptq|2∇φR∇p|x|´b|ψptq|pq dx

“ 2

ˆ
ż

RN

|ψptq|p`2∇φR∇p|x|´bq dx`

ż

RN

|x|´b|ψptq|2∇φR∇p|ψptq|pq dx

˙

“ 2

ˆ

´

ż

RN

|x|´b|ψptq|p`2∆φR dx´

ż

RN

|x|´b∇φR|ψptq|p∇p|ψptq|2q dx

˙

,

where we apply integration by parts
ż

RN

|x|´b|ψptq|2∇φR∇p|ψptq|pq dx “ ´

ż

RN

∇p|x|´b|ψptq|2∇φRq|ψptq|p dx.

It can be shown that

∇p|ψptq|p`2q “
p` 2

2
∇p|ψptq|2q|ψptq|p.

So,

N pψptqq “ ´
2

p
2 ` 1

ż

RN

|x|´b∇p|ψptq|p`2q∇φR dx´ 2

ż

RN

|x|´b|ψptq|p`2∆φR dx

“
2

p
2 ` 1

ż

RN

∇p|x|´b∇φRq|ψptq|p`2 dx´ 2

ż

RN

|x|´b|ψptq|p`2∆φR dx

“
2

p
2 ` 1

ż

RN

´b|x|´b´2x∇φR|ψptq|p`2 dx´
p

p
2 ` 1

ż

RN

|x|´b|ψptq|p`2∆φR dx.

Now, using the definition of φR we get the following: on the region |x| ă R, ∆φ “ N and ∇φ “ x.
Thus, the first term is

Np
p
2 ` 1

ż

RN

|x|´b|ψptq|p`2 dx`
p

p
2 ` 1

ż

|x|ěR

|x|´b|ψptq|p`2p∆φR ´Nq dx.

Since }∆φR ´N}L8 À 1 and applying a Strauss inequality, we have
ż

|x|ěR

|x|´b|ψptq|p`2 dx ď R´b

ż

|x|ěR

|ψptq|p`2 dx À R´b}ψptq}2L2}ψptq}
p
L8p|x|ěRq

À R´
Npp´1q

2 ´b}ψptq}2L2}∇ψptq}
p
2

L2 .

The similar analysis we used for the first term.
´2b
p
2 ` 1

ż

RN

|x|´b|ψptq|p`2 dx`
2

p
2 ` 1

ż

RN

´b|x|´b´2xp∇φR ´ xq|ψptq|p`2 dx.

One can show that |∇φR| À R and |x ¨ p∇φR ´ xq| ď |x||∇φR| ` |x|2 À |x|2. Then,

|x|´b´2|x ¨ p∇φR ´ xq||ψptq|p`2 À |x|´b|ψptq|p`2 À R´b|ψptq|p`2

on |x| ě R and b ą 0. Now
ż

|x|ěR

|x|´b´2xp∇φR ´ xq|ψptq|p`2 dx À R´b

ż

|x|ěR

|ψptq|p`2 dx À R´b}ψptq}2L2}ψptq}
p
L8p|x|ěRq

À R´
ppN´1q

2 ´b}ψptq}2L2}∇ψptq}
p
2

L2 .

Finally,
d

dt
MRpψptqq ď 8}∆ψptq}2L2 ` 4µ}∇ψptq}2L2 `Xµpψptqq ´

2Np` 4b

p` 2

ż

RN

|x|´b|ψptq|p`2 dx

`O
ˆ

1

R4
`

|µ|

R2
`

}∇ψptq}2L2

R2
`

}∇ψptq}
p
2

R
pN´1qp

2 `b

˙

.

(2.12)
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2.2.2 The ground state characterization

Define
Lωpuq :“ }∆u}2L2 ` µ}∇u}2L2 ` ω}u}2L2 .

Moreover, define

ω0 :“ ´ inf
␣

}∆v}2L2 ` µ}∇v}2L2 s.t. v P H2, }v}L2 “ 1
(

. (2.13)

Then, in the view of (2.13) for every ω ą ω0, we have:

Lωpvq „ }∆v}2L2 ` }v}2L2 „ }v}2H2 . (2.14)

Proof. To prove this, we will use the definition of equivalent norms. So, DC1, C2 such that

C1

`

}∆v}2L2 ` }v}2L2

˘

ď Lωpvq ď C2

`

}∆v}2L2 ` }v}2L2

˘

.

From the fact µ ă 0 it is easy to obtain the upper bound

}∆v}2L2 ` µ}∇v}2L2 ` ω}v}2L2 ď }∆v}2L2 ` ω}v}2L2 ď maxt1, ωu
`

}∆v}2L2 ` }v}2L2

˘

.

From (2.13),
Lωpvq ě pω ` ω0q}v}2L2 . (2.15)

Moreover, we have

}∇v}2L2 ď }∆v}L2}v}L2 ď
1

2
}∆v}2L2 `

1

2
}v}2L2 .

Hence, (note that µ ă 0)

Lωpvq ě }∆v}2L2 ` µ

ˆ

1

2
}∆v}2L2 `

1

2
}v}2L2

˙

` ω}v}2L2

“
2 ´ |µ|

2
}∆v}2L2 `

ˆ

ω ´
|µ|

2

˙

}v}2L2 .

(2.16)

Now, choose λ ą 0 such that

ω ´
|µ|

2
` λpω ` ω0q ě 0.

Using (2.15) and (2.16), we get:

p1 ` λqLωpvq ě
2 ´ |µ|

2
}∆v}2L2 `

ˆ

ω ´
|µ|

2
` λpω ` ω0q

˙

}v}2L2 ě
2 ´ |µ|

2
}∆v}2L2 .

As a result, we obtain

Lωpvq ě
2 ´ |µ|

2p1 ` λq
}∆v}2L2 .

With (2.15), it implies

2Lωpvq ě
2 ´ |µ|

2p1 ` λq
}∆v}2L2 ` pω ` ω0q}v}2L2 ,

which provides the lower bound.

Based on (2.14) the following minimizing problem can be solved

dpωq “ inftSωpvq : v P H2zt0u,Kωpvq “ 0u. (2.17)

Proposition 2.2. Let N ě 2, µ ă 0, ω ą ω0, and 0 ă p ă p˚. Then, Du P H2zt0u that is,
Kωpuq “ 0 and Sωpuq “ dpωq.
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Proof. First of all, show dpωq ą 0. From Kωpuq “ 0 we say that

}∆u}2L2 ` µ}∇u}2L2 ` ω}u}2L2 “

ż

RN
|x|´b|u|p`2 dx.

Now, using [7] we have

Lωpvq “

ż

RN

|x|´b|v|p`2 dx ď C}v}
p`2
H2 .

Hence,
Lωpvq ď C}v}

p`2
H2 ď CLωpvq

p`2
2 .

There exists C1 ą 0 such that
Lωpvq ě C1 ą 0.

Thus, one can check that

Sωpvq “
1

p` 2
Kωpvq `

p

2pp` 2q
Lωpvq ě

p

2pp` 2q
C1 ą 0.

Taking inf over v, which is dpωq by definition

dpωq :“ inf
vPH2zt0u

tSωpvqu ą 0.

Now, assume that tvnu Ă H2zt0u is minimizing sequence of (2.17), that is, Kωpvnq “ 0, Sωpvnq Ñ

dpωq as n Ñ 8. Hence,

Lωpvnq “
2pp` 2q

p
Sωpvnq Ñ

2pp` 2q

p
dpωq,

which implies that tvnu is bounded in H2.
Using the profile decomposition in H2, D subsequence tvnu, a family txjnu8

j“1 P RN , and tU ju8
j“1 Ă

H2 s.t. for every ℓ ě 1 and every x P RN , we have

vnpxq “

ℓ
ÿ

j“1

U jpx´ xjnq ` rℓn, (2.18)

where (2.8)-(2.10) hold. From (2.8)–(2.9), we deduce

Lωpvnq “

ℓ
ÿ

j“1

LωpU jq ` Lωprℓnq ` onp1q.

This implies

Kωpvnq “ Lωpvnq ´

ż

RN

|x|´b|vn|p`2 dx “

ℓ
ÿ

j“1

LωpU jq ` Lωprℓnq ´

ż

RN

|x|´b|vn|p`2 dx` onp1q

“

ℓ
ÿ

j“1

KωpU jq `

ℓ
ÿ

j“1

ż

RN

|x|´b|U j |p`2 dx` Lωprℓnq ´

ż

RN

|x|´b|vn|p`2 dx` onp1q.

Since Kωpvnq “ 0, and
ż

RN

|x|´b|vn|p`2 dx Ñ
2pp` 2q

p
dpωq as n Ñ 8

and Lωprℓnq ě 0 for all n ě 1, we say that

ℓ
ÿ

j“1

KωpU jq `

ℓ
ÿ

j“1

ż

RN

|x|´b|U j |p`2 dx´
2pp` 2q

p
dpωq ď 0 (2.19)

10



or
ℓ
ÿ

j“1

LωpU jq ´
2pp` 2q

p
dpωq ď 0. (2.20)

On the other hand,

2pp` 2q

p
dpωq “ lim

nÑ8

ż

RN

|x|´b|vn|p`2 dx “

8
ÿ

j“1

ż

RN

|x|´b|U j |p`2 dx. (2.21)

Combining (2.19)-(2.21) we obtain

8
ÿ

j“1

LωpU jq ď
2pp` 2q

p
dpωq,

8
ÿ

j“1

KωpU jq ď 0. (2.22)

Claim: KωpU jq “ 0 for all j ě 1. Suppose that there exists j0 ě 1 such that KωpU j0q ă 0. Note
that

KωpλU j0q “ λ2LωpU j0q ´ λp`2

ż

RN

|x|´b|U j0 |p`2 dx ą 0

for sufficiently small λ ą 0. Then, Dλ0 P p0, 1q such that

Kωpλ0U
j0q “ 0.

It follows that,

dpωq ď Sωpλ0U
j0q “

p

2pp` 2q
Lωpλ0U

j0q “
p

2pp` 2q
λ20LωpU j0q ă

p

2pp` 2q
LωpU j0q.

Together with (2.22)
dpωq ă

p

2pp` 2q
LωpU j0q ď dpωq,

which is a contradiction. Therefore, there exists only one term U j0 ‰ 0.
By contradiction, assume that DU j1 ‰ 0, U j2 ‰ 0, then from (2.22)

LωpU j1q ă
2pp` 2q

p
dpωq, LωpU j2q ă

2pp` 2q

p
dpωq

and by KωpU j1q “ 0 we say

2pp` 2q

p
dpωq ď

2pp` 2q

p
SωpU j1q “ LωpU j1q ă

2pp` 2q

p
dpωq,

which is a contradiction. Thus, only one term U j0 ‰ 0 in the decomposition, and KωpU j0q “ 0,
which yields the inf of the (2.17) occurs at U j0 .

Let
Mω :“ tv P H2 : Sωpvq “ dpωq,Kωpvq “ 0, v ‰ 0u

be a set of all minimizers for (2.17).

Lemma 2.4. Let N ě 2, µ ă 0, ω ą ω0 and 0 ă p ă p˚. Therefore, Mω Ă Gω.

Proof. Let u P Mω. Then, Dν P R is a Lagrange multiplier that is,

0 “ Kωpuq “ xS1
ωpuq, uy “ νxK 1

ωpuq, uy.

By Kωpuq “ 0 and u ‰ 0, one gets

xK 1
ωpuq, uy “ BλKωpλuq|λ“1 “ 2Lωpuq ´ pp` 2q

ż

RN

|x|´b|u|p`2 dx “ ´p

ż

RN

|x|´b|u|p`2 dx ă 0.

11



Hence, we have v “ 0 and Sωpuq “ 0, which provides that u P Aω.
For any v P Aω we have Kωpvq “ xS1

ωpvq, vy “ 0 and v ‰ 0. Therefore, it implies the definition of
dpωq

Sωpuq “ dpωq ď Sωpvq.

As a result, u P Gω and Mω Ă Gω.

Theorem 2.1. Assume N ě 2, µ ă 0, ω ą ω0, and 0 ă p ă p˚. Then u P Gω if and only if u solves
(2.17).

Proof. Aim is to show that Gω Ă Mω. Take u P Gω. By proposition 2.2, Dv P Mω and by lemma 2.4
v P Aω. Moreover,

Sωpuq ď Sωpvq “ dpωq.

On the other hand, u satisfies Kωpuq “ 0 and u ‰ 0

dpωq ď Sωpuq.

As a result, Sωpuq “ dpωq and u P Mω.

2.2.3 Strong instability

Lemma 2.5. Let N ě 2, µ ă 0, ω ą ω0, and 8´2b
N ă p ă p˚. Suppose that u P Gω and

B2
λSωpuλq

ˇ

ˇ

λ“1
ď 0.

Moreover, suppose that v P H2zt0u is such that

}v}2L2 ď }u}2L2 , Kωpvq ď 0, Qpvq ď 0.

Thus,
Qpvq ď 4 pSωpvq ´ Sωpuqq . (2.23)

Remark. From lemma 2.5, for u P Gω satisfying

B2
λSωpuλq

ˇ

ˇ

λ“1
ď 0

and
tv P H2zt0u : }v}2L2 ď }u}2L2 , Sωpvq ă Sωpuq,Kωpvq ă 0, Qpvq “ 0u “ H,

then
0 “ Qpvq ď 4 pSωpvq ´ Sωpuqq ă 0

which is a contradiction.

Proof. If Kωpuq “ 0, from theorem 2.1 and Qpvq ă 0, we have

Sωpuq ď Sωpvq ď Sωpvq ´
1

4
Qpvq.

Now, consider Kωpvq ă 0 and define

f1pλq :“ Sωpvλq´
λ4

4
Qpvq “

pλ4 ´ 2λ2q|µ|

4
}∇v}2L2`

αλ4 ´ 4λα

4pp` 2q

ż

RN

|x|´b|v|p`2 dx with α “
Np

2
`b.

In addition, as shown above

Kωpvλq “ λ4}∆v}2L2 ´ |µ|λ2}∇v}2L2 ` ω}v}2L2 ´ λα
ż

RN

|x|´b|v|p`2 dx.

Since, limλÑ0Kωpvλq “ ω}v}2L2 ą 0 and Kωpvq ă 0., there exists λ0 P p0, 1q that is, Kωpvλ0q “ 0. If
f1pλ0q ď f1p1q, then from theorem 2.1 and Qpvq ď 0

Sωpuq ď Sωpvλ0q ď Sωpvλ0q ´
λ40
4
Qpvq ď Sωpvq ´

1

4
Qpvq,

12



which is (2.23). Now, it is sufficient to show that f1pλ0q ď f1p1q, that is

pλ40 ´ 2λ20q|µ|

4
}∇v}2L2 `

αλ40 ´ 4λα0
4pp` 2q

ż

RN

|x|´b|v|p`2 dx ď
´|µ|

4
}∇v}2L2 `

α ´ 4

4pp` 2q

ż

RN

|x|´b|v|p`2 dx.

Thus,
λ40 ´ 2λ20 ` 1

4
|µ|}∇v}2L2 ď

α ´ 4 ´ αλ40 ` 4λα0
4pp` 2q

ż

RN

|x|´b|v|p`2 dx

and

|µ|}∇v}2L2 ď
α ´ 4 ´ αλ40 ` 4λα0

pp` 2qpλ40 ´ 2λ20 ` 1q

ż

RN

|x|´b|v|p`2 dx. (2.24)

In the view of (2.6), the calculations yield

fpλq “ Sωpuλq “
λ4

2
}∆u}2L2 `

µλ2

2
}∇u}2L2 `

ω

2
}u}2L2 ´

λα

p` 2

ż

RN

|x|´b|u|p`2 dx

with α “
Np
2 ` b. Moreover,

B2
λSωpuλq

ˇ

ˇ

λ“1
ď 0,

thus,

6}∆u}2L2 ´ |µ|}∇u}2L2 ´
αpα ´ 1q

p` 2

ż

RN

|x|´b|u|p`2 dx ď 0. (2.25)

From Kωpuq “ Qpuq “ 0 take
4Kωpuq ´ 5Qpuq “ 0.

Then together with (2.25)

4}∆u}2L2 ` 4µ}∇u}2L2 ` 4ω}u}2L2 ´ 4

ż

RN

|x|´b|u|p`2 dx

´10||∆u||2L2 ´ 5µ}∇u}2L2 `
5α

p` 2

ż

RN

|x|´b|u|p`2 dx “ 0,

which gives

4ω||u||2L2 “ 6}∆u}2L2 ´ |µ|}∇u}2L2 `
4p` 8 ´ 5α

p` 2

ż

RN

|x|´b|u|p`2 dx

ď
α2 ` 4p` 8 ´ 6α

p` 2

ż

RN

|x|´b|u|p`2 dx.

(2.26)

On the other hand, it follows from Kωpvλ0q “ 0 and theorem 2.1:

p

2pp` 2q

ż

RN

|x|´b|u|p`2 dx “ Sωpuq ď Sωpvλ0q “
p

2pp` 2q

ż

RN

|x|´b|vλ0 |p`2 dx

“
p

2pp` 2q
λα0

ż

RN

|x|´b|v|p`2 dx.

From (2.26) and assumption }u}2L2 ď }v}2L2 one gets

ω}v}2L2 ď
α2 ` 4p` 8 ´ 6α

4pp` 2q
λα0

ż

RN

|x|´b|v|p`2 dx.

Now, from Kωpvλ0q “ 0 and Qpvq ď 0 we have

|µ|}∇v}2L2 ď λ20}∆v}2L2 ` λ´2
0 ω||v||2L2 ´ λα´2

0

ż

RN

|x|´b|v|p`2 dx

ď λ20}∆v}2L2 `
α2 ` 4p` 8 ´ 6α

4pp` 2q
λα´2
0

ż

RN

|x|´b|v|p`2 dx´ λα´2
0

ż

RN

|x|´b|v|p`2 dx

ď |µ|
λ20
2

}∇v}2L2 `

ˆ

λ20α

2pp` 2q
`

pα2 ´ 6αqλα´2
0

4pp` 2q

˙
ż

RN

|x|´b|v|p`2 dx.

13



Hence,

|µ|

ˆ

1 ´
λ20
2

˙

}∇v}2L2 ď

ˆ

λ20α

2pp` 2q
`

pα2 ´ 6αqλα´2
0

4pp` 2q

˙
ż

RN

|x|´b|v|p`2 dx

and

|µ|}∇v}2L2 ď
2

2 ´ λ20

ˆ

λ20α

2pp` 2q
`

pα2 ´ 6αqλα´2
0

4pp` 2q

˙
ż

RN

|x|´b|v|p`2 dx. (2.27)

From (2.24) and (2.26), we need to show that:

2λα´2
0

2 ´ λ20

ˆ

α

2
λ4´α
0 `

α2 ´ 6α

4

˙

ď
4λα0 ´ αλ40 ` α ´ 4

λ40 ´ 2λ20 ` 1
. (2.28)

The rest of direct calculations are the same in [4]. We want to prove:

p2 ´ λ20qp4λα0 ´ αλ40 ` α ´ 4q

2λα´2
0 pλ40 ´ 2λ20 ` 1q

ě
α

2
λ4´α
0 `

α2 ´ 6α

4
.

Denote
gpλq :“

g1pλq

4λα´2pλ4 ´ 2λ2 ` 1q

where

g1pλq “ 2pα ´ 2qpα ´ 4qλα ´ pα ´ 2qpα ´ 4qλα`2 ´ αpα ´ 6qλα´2 ´ p4α ´ 8qλ2 ` 4α ´ 16.

One can show that limλÑ1 gpλq “ 0 and 4λα´2pλ4 ´ 2λ2 ` 1q ě 0. So, it is enough to show that
g1pλq ě 1 for all λ P p0, 1s. Differentiate g1:

g1
1pλq “ λp2αpα ´ 4qpα ´ 2qλα´2 ´ pα ´ 4qpα2 ´ 4qλα ´ αpα ´ 2qpα ´ 6qλα´4 ´ 2p4α ´ 8qq

“ λ ¨ g2pλq,

g1
2pλq “ 2αpα ´ 2q2pα ´ 4qλα´3 ´ αpα ´ 4qpα2 ´ 4qλα´1 ´ αpα ´ 2qpα ´ 6qpα ´ 4qλα´5

“ λα´5g3pλq,

g1
3pλq “ 4αpα ´ 2q2pα ´ 4qλ´ 4αpα ´ 4qpα2 ´ 4qλ3 “ λg4pλq,

g4pλq “ 4αpα ´ 2q2pα ´ 4q ´ 4αpα ´ 4qpλ2 ´ 1q2λ2.

One can show that
g4p1q “ ´16αpα ´ 2qpα ´ 4q ă 0

and
g4p0q ą 0, g1

4pλq ă 0.

Thus, g4pλq ă 0 and g1pλq ą 0 @λ P p0, 1q. Now Dλ0 P p0, 1q such that

g1
3pλq ą 0 @λ P p0, λ0q and g1

3pλq ď 0 @λ P pλ0, 1q,

g2p0q “ ´2p4α´ 8qλ ă 0 and g2p1q “ 0,

g1
1pλq “ λg2pλq ă 0 @λ P p0, 1q.

g1
1p1q ď 0, then g1pλq ą 0 @λ P p0, 1q.

Define the set

B :“ tv P H2zt0u;Sωpvq ď Sωpuq, }v}L2 ď }u}L2 ,Kωpvq ă 0, Qpvq ă 0u.

Lemma 2.6. Let N ě 2, µ ă 0, ω ą ω0,
8´2b
N ă p ă p˚. Suppose u P Gω and B2

λSωpuλq|λ“1 ď 0.
Then, the set B is invariant with respect to the flow of (1.1).
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Proof. Let ψ0 P B, then by lemma 2.1 D a unique solution ψ P Cpr0, T˚q, H2q , that is, if ψ0 P B,
then ψ0 P H2zt0u and also 8

N ă p ă p˚. Moreover, conservation laws will work, then

Sωpψptqq “ Sωpψ0q ă Sωpuq and }ψptq}L2 “ }ψ0}L2 ă }u}L2

for any t P r0, T˚q. By the continuity of the function t ÞÑ Kωpψptqq and theorem 2.1, if Dt0 P r0, T˚q

such that Kωpψpt0qq “ 0, then
Sωpuq ď Sωpψpt0qq

that contradicts to Sωpuq ą Sωpψptqq for all t P r0, T˚q. Thus, ψptq satisfies Kωpψptqq ă 0 for all
t P r0, T˚q.
Now, it suffices to prove that if Qpψ0q ă 0, then

Qpψptqq ă 0 @t P r0, T˚q.

By contradiction, assume that there exists t0 P r0, T˚q such that Qpψpt0qq “ 0. By lemma 2.5,

Sωpuq ď Sωpψpt0qq ´
1

4
Qpψpt0qq “ Sωpψpt0qq.

Thus, we have Sωpuq ď Sωpψpt0qq, however, it should be

Sωpψptqq ă Sωpuq for all t P r0, T˚q.

Contradiction.

Lemma 2.7. Let N ě 2, µ ă 0, ω ą ω0,
8´2b
N ă p ă p˚. Suppose that u P Gω and B2

λSωpuλq|λ“1 ď 0.
Then, uλ P B for all λ ą 1.

Proof. Scaling is uλ :“ λ
N
2 upλxq and one can check that

}uλ}L2 “ }u}L2 ď }u}L2 .

Define gpλq :“ Kωpuλq “ λ4}∆u}2L2 `µλ2}∇u}2L2 `ω}u}2L2 ´λα
ş

RN |x|´b|u|p`2 dx with α “
Np
2 ` b.

We assume that
B2
λSωpuλq|λ“1 ď 0.

Therefore,

B2
λSωpuλq|λ“1 “ 6}∆u}2L2 ` µ}∇u}2L2 ´

αpα ´ 1q

p` 2

ż

RN

|x|´b|u|p`2 dx.

Thus,

g2pλq “ 12λ2}∆u}2L2 ` 2µ}∇u}2L2 ´ αpα ´ 1qλα´2

ż

RN

|x|´b|u|p`2 dx ă 0

for all λ ě 1. Pohozaev identity corresponding to (2.1), implies that

g1pλq ă g1p1q “ 4}∆u}2L2 ` 2µ}∇u}2L2 ´ α

ż

RN

|x|´b|u|p`2 dx ă 0.

Then Kωpuλq ă 0 for all λ ě 1. Now, from (2.6):

fpλq :“ Sωpuλq “
λ4

2
}∆u}2L2 `

µλ2

2
}∇u}2L2 `

ω

2
}u}2L2 ´

λα

p` 2

ż

RN

|x|´b|u|p`2 dx,

we say

f2pλq “ 6λ2}∆u}2L2 ` µ}∇u}2L2 ´
αpα ´ 1qλα´2

p` 2

ż

RN

|x|´b|u|p`2 dx

ď f2p1q “ B2
λSwpuλq|λ“1 ď 0.

Qpuλq

λ
“ f 1pλq ă f 1p1q “ Qpuq “ 0

and
Sωpuλq ă Sωpuq

for all λ ě 1. Hence, we get uλ P B for all λ ą 1.
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Theorem 2.2. Let N ě 2, µ ă 0, ω ą ω0,
8´2b
N ă p ă p˚. Suppose that ground state of (2.1) u is the

radial and B2
λSwpuλq|λ“1 ď 0. If |µ| is sufficiently small, then the standing wave ψpt, xq “ eiωtupxq

shows strong instability via blow-up. That is, for any ϵ ą 0, Dψ0 P H2 such that }ψ0 ´ u}H2 ă ϵ and
the solution ψptq to (1.1) with initial data ψ0 blows-up in finite time.

Proof. Take ϵ ą 0, ω ą ω0 and u P Gω. Now, we have uλ Ñ u as λ Ñ 1 (by Brezis-Lieb’s lemma)
and there exists λ0 ą 1 such that

}uλ0 ´ u}H2 ď ϵ

and from lemma 2.7 uλ0 P B. By lemma 2.1 and the assumption that uλ0 is radially symmetric,
there exists a unique solution ψptq P Cpr0, T˚q, H2

rdq with initial data ψ0 “ uλ0 . Here T˚ ą 0 is the
maximal time of existence.
Now, we will prove that ψptq blows-up.
Step 1. Claim is DC0 ą 0 such that

Qpψptqq ď ´C0 for any t P r0, T˚q.

Indeed, ψptq P B for any t P r0, T˚q . From lemma 2.5, we have

Qpψptqq ď 4 rSωpψptqq ´ Sωpuqs “ 4
“

Sωpuλ0q ´ Sωpuq
‰

“ ´C0,

where C0 “ 4
`

Sωpuq ´ Sωpuλ0q
˘

ą 0.
Step 2. The next claim is DC1 ą 0 such that

d

dt
MRpψptqq ď ´C1}∆ψptq}2L2

for any t P r0, T˚q, where MRpψptqq is virial function. First of all, we show that DC2 ą 0 such that

}∆ψptq}L2 ě C2 for every t P r0, T˚q.

We will prove by contradiction that Dttku Ď r0, T˚q such that

}∆ψptkq}L2 Ñ 0.

However, from mass conservation and the interpolation inequalities with weights ([7]), one can say
that

ż

RN

|x|´b|ψptkq|p`2 dx Ñ 0, }∇ψptkq}2L2 Ñ 0 as k Ñ 8.

Therefore, we have

Qpψptkqq :“ 2}∆ψptkq}2L2 ` µ}∇ψptkq}2L2 ´
Np

2pp` 2q

ż

RN

|x|´b|ψptkq|p`2 dx Ñ 0

as k Ñ 0, which contradicts Qpψptqq ď ´C0.
Take t P r0, T˚q and define

η :“
2Np|Epψ0q|

δ
`
A2|µ|2}ψ0}2L2

4δ2
,

where
δ “

Np` 2b´ 8

3
, A “ A0 `Np` 2b´ 4.

Case 1:
}∆ψptq}2L2 ď η.

From (2.11) deduce

d

dt
MRpψptqq ď 4Qpψptqq `Xµrψptqs `O

˜

1

R4
`

}∆ψptq}2L2

R2
`

}∆ψptq}
p
4

Lp{2

RpN´1q{2p
`

|µ|

R2

¸

ď ´4C0 `A|µ|η `O

ˆ

1

R4
`

η

R2
`

η
p
8

RpN´1q{2p
`

|µ|

R2

˙

.
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By choosing |µ| small enough and R large enough, we obtain

d

dt
MRpψptqq ď ´2C0 ď ´

2C0

η
}∆ψptq}2L2 .

Case 2:
}∆ψptq}2L2 ě η.

It follows from conservation of energy that

2NpEpψptqq ´ pNp´ 8q}∆ψptq}2L2 ´ pNp´ 4qµ}∇ψptq}2L2 `Xµrψptqs ď

2NpEpψ0q ´ 3δ}∆ψptq}2L2 `
A2|µ|2

4δ
}ψ0}2L2 ď ´δ}∆ψptq}2L2 ,

where
}∇ψptq}2L2 ď }ψ0}L2}∆ψptq}L2 ď

A|µ|

4δ
}ψ0}2L2 `

δ

A|µ|
}∆ψptq}2L2 . (2.29)

Therefore,

d

dt
MRpψptqq “ ´δ}∆ψptq}2L2 ` O

ˆ

1

R4
`

}∇ψptq}2L2

R2
`

}∇ψptq}2
Lp{2

RpN´1q{2p
`

|µ|

R2

˙

.

Choose R ą 1 large enough such that

O
ˆ

1

R4
`

}∇ψptq}2L2

R2
`

}∇ψptq}2
Lp{2

RpN´1q{2p
`

|µ|

R2

˙

ď
δ

2
}∆ψptq}2L2 .

Now, we have
d

dt
MRpψptqq ď ´

δ

2
}∆ψptq}2L2 . (2.30)

Step 3. Suppose that there exists a global solution. If T˚ “ 8, from (2.30) follows that Dt1 ą 0
such that MRpψptqq ă 0 for all t ą t1. Integrating on rt1, ts, we get:

MRpψptqq ď ´
δ

2

ż t

t1

}∆ψpsq}2L2 ds ď 0.

One the other hand,

MRpψptqq ď C}∇φR}L8 }ψptq}L2}∇ψptq}L2 ď Cpψ0q}∆ψptq}
1{2
L2 .

Then,

MRpψptqq ď ´
δ

2

ż t

t1

}∆ψpsq}2L2ds ď ´Cpδ,Rq

ż t

t1

MRpψpsqq4ds.

Define hptq :“
şt

t1
MRpψpsqq4 ds. Hence, hptq is strictly increasing and nonnegative.

h1ptq “ MRpψptqq4 ě Cpδ,Rqhptq4

Integrating this inequality on rt2, ts, t2 ą t1, we get:

MRpψptqq ď ´Cpδ,Rqhptq ď
´Cpδ,Rqhpt2q

p1 ´ 3Cpδ,Rq4hpt2q3pt´ t2qq1{3

for all t ą t2. We now deduce that MRpψptqq Ñ ´8 as t Ñ T˚.
Thus, ψptq of (1.1) with initial data ψ0 blows-up in finite time T˚.
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2.2.4 Additional results

We extend the results to the non-radial case. To estimate localized virial function we faced with this
error term

|Er| “

ż

|x|ěR

|x|´b|ψptq|p`2 dx,

which was estimated via Strauss inequality. Now, we show the same blow-up in [2] but with small
changes in estimating an error term.

Theorem 2.3. Let N ě 5, 0 ă b ă mint4, Nu and ψ0 P H2pRN q, and Epψ0q ă ´gµ2Mpψ0q, where
g ą 0 a positive constant. Then,

1. If 8
N ă p ă 8´2b

N´4 , then the maximal solution for (1.1) ψptq blows-up in finite time or infinite
time, that is

lim
tÑTmax

}∆ψ}L2 “ `8.

2. If 8´2b
N ă p ď 8

N , then ψptq blows-up in finite time that there exists T˚ ą 0 s.t

lim
tÑT˚

}∆ψ}L2 “ `8.

Proof. Case 8
N ă p ă 8´2b

N´4 .
Suppose that there exists a global solution, that is

}∆ψ}L2 ď M @t.

Then, the estimation for error term

|Er| À R´b

ż

|x|ěR

|ψ|p`2 dx À R´b}∆ψ}
Np
4

L2 }ψ}
p`2´

Np
4

L2 Àψ0,M R´b.

Now, take R ą 0 large enough and (2.11) with (2.29) become

M 1
Rpψptqq ď 2NpEpψ0q ´ pNp´ 2b´ 8q}∆ψ}2L2 `A|µ|}∇ψ}2L2 ď NprEpψ0q ` gµ2Mpψ0qs,

where A “ A0 `Np` 2b´ 4. This implies that M 1
Rpψptqq ď ´C ă 0. Now, using the Fundamental

Theorem of Calculus, we have

|MRpψptqq| À }∇ψ}L2}ψ}L2 Àψ0
}∆ψ}

1
2

L2 Àψ0
M

1
2 .

Contradiction.
Case 8´2b

N ă p ď 8
N implies Np

4 ď 2.
From the previous case we have

|Er| À R´b}∆ψ}
Np
4

L2 }ψ}
p`2´

Np
4

L2 Àψ0
R´b `R´b}∆ψ}2L2 ,

where }∆ψ}
Np
4

L2 ď 1 ` }∆ψ}2L2 . Again, choose R ą 0 sufficiently large and

M 1
Rpψptqq ď 2NprEpψ0q ` gµ2Mpψ0qs ´

Np` 2b´ 8

2
}∆ψ}2L2 ď ´C ´ a}∆ψ}2L2 .

The rest of results are given in theorem 2.2.

Moreover, we derive the results in the case of a positive power of |x|.

Lemma 2.8. Let N ě 2, b ą 0, p ě 2b
N´1 and p ď 2b`8

N´4 if N ą 4. Then, DCpN, p, bq ą 0 such that
ż

RN

|x|b|ψ|p`2 dx ď CpN, p, bq}∆ψ}
Np´2b

4

L2 }ψ}
8`2b´ppN´4q

4

L2 @ψ P H2
rdpRN q.
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Proof. From the radial Sobolev inequality for N ě 2 and ψ P H2
rdpRN q we have

|x|
N´1

2 |ψ| ď CpNq}∇ψ}
1
2

L2}ψ}
1
2

L2 ď CpNq}∆ψ}
1
4

L2}ψ}
3
4

L2

using the Gagliardo-Nirenberg inequality

}∇ψ}L2 ď }∆ψ}
1
2

L2}ψ}
1
2

L2 .

Then,
ż

RN

|x|b|ψ|
2` 2b

N´1 dx “

ż

RN

´

|x|
N´1

2 |ψ|

¯
2b

N´1

|ψ|2 dx ď CpN, bq}∆ψ}
b

2pN´1q

L2 }ψ}
2` 3b

2pN´1q

L2 . (2.31)

Moreover, for N ą 4 and ψ P H2
rdpRN q we have

|x|
N
2 ´2|ψ| ď CpNq}∆ψ}L2

and the Sobolev embedding 9H2pRN q ãÑ L
2N

N´4 pRN q implies
ż

RN

|x|b|ψ|
2N`2b
N´4 dx “

ż

RN

´

|x|
N
2 ´2|ψ|

¯
2b

N´4

|ψ|
2N

N´4 dx ď CpN, bq}∆ψ}
2b`2N
N´4

L2 . (2.32)

Now, for 2b
N´1 ` 2 ď p` 2 ď 2N`2b

N´4 and by using (2.31)-(2.32) we obtain

ż

RN

|x|b|ψ|p`2 dx ď

ˆ
ż

RN

|x|b|ψ|
2b

N´1 `2 dx

˙θ ˆż

RN

|x|b|ψ|
2N`2b
N´4 dx

˙1´θ

ď CpN, p, bq}∆ψ}
b

2pN´1q
θ`

2N`2b
N´4 p1´θq

L2 }ψ}
p2` 3b

2pN´1q qθ

L2

where Dθ P r0, 1s such that

p` 2 “

ˆ

2b

N ´ 1
` 2

˙

θ `
2N ` 2b

N ´ 4
p1 ´ θq.

Calculations yield

b

2pN ´ 1q
θ `

2N ` 2b

N ´ 4
p1 ´ θq “

Np´ 2b

4
and

ˆ

2 `
3b

2pN ´ 1q

˙

θ “
2b` 8 ´ ppN ´ 4q

4
.
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3 The Fourth-Order Inhomogeneous Nonlinear Schrödinger
System with Mixed Dispersions and Coupled Power-Type
Nonlinearity

3.1 Background material
Denote the space

H :“ H2 ˆ . . .ˆH2 “
“

H2
‰m

,

where H2 is Sobolev space
} ¨ }2H2 :“ } ¨ }2L2 ` }∆ ¨ }2L2 .

The scaling invariance for (1.2) is uλ :“ λ
4´b
2p´2upλ4¨, λ¨q.

Moreover, the Sobolev index is

sc :“
N

2
´

4 ´ b

2p´ 2
.

Let us define respectively, the mass critical and the energy critical exponents

p˚ “ 1 `
4 ´ b

N
,

p˚ “

#

1 ` 4´b
N´4 if N ą 4,

8 if 2 ď N ď 4.

In addition, denote the real numbers

B :“
Npp´ 1q ` b

2
and A :“ 2p´B.

Now, introduce conserved quantities called the masses, the global mass, the Hamiltonian and the
energy, respectively

Mpujptqq :“

ż

RN

|ujpt, xq|2 dx “ Mpψjq,

Mpuptqq :“
m
ÿ

j“1

Mpujptqq “ MpΨq,

Hpuptqq :“
1

2

m
ÿ

j“1

ż

RN

|∆ujpt, xq|2 dx`
µ

2

m
ÿ

j“1

ż

RN

|∇ujpt, xq|2 dx

´
1

2p

m
ÿ

j“1

ż

RN

|x|´b|uj |
p|uk|p dx “ HpΨq,

Epuptqq :“ Hpuptqq `
1

2
Mpuptqq.

Define a constraint. For u :“ pu1, . . . , umq P H and α, β P R we have

Kα,βpuptqq :“
1

2

m
ÿ

j“1

p2α ` pN ´ 4qβq}∆uj}
2
L2 `

µ

2

m
ÿ

j“1

p2α ` pN ´ 2qβq}∇uj}2L2

`
1

2

m
ÿ

j“1

}uj}
2
L2 ´

1

2p

m
ÿ

j,k“1

p2pα ` pN ´ bqβq

ż

RN

|x|´b|uk|p|uj |
p dx.

Moreover, Qpuptqqq :“ K1,´ 2
N

puptqq, thus,

Qpuptqq :“
4

N

m
ÿ

j“1

}∆uj}
2
L2 `

2µ

N

m
ÿ

j“1

}∇uj}2L2 ´
pp´ 1q ` b

N

p

m
ÿ

j,k“1

ż

RN

|x|´b|uk|p|uj |
p dx.
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Definition 3.1. A ground state of the problem (1.2) is any solution of the following elliptic problem

∆2ϕj ´ µ∆ϕj ` ϕj “
řm
k“1 |x|´b|ϕk|p|ϕj |

p´2ϕj ,
0 ‰ Φ :“ pϕ1, . . . , ϕmq P Hrd

(3.1)

and minimizes the problem

dα,β :“ inf
0‰uPH

tEpuq : Kα,βpuq “ 0u. (3.2)

Denote some invariant under flow of (1.2) sets:

A´
α,β :“ tu P Hrd : Epuq ă dα,β & Kα,βpuq ď 0u,

A`
α,β :“ tu P Hrd : Epuq ă dα,β & Kα,βpuq ą 0u.

In addition, introduce some real numbers

µ :“ mint2α ` pN ´ 4qβ, 2α` pN ´ 2qβ, 2α `Nβu,
µ :“ maxt2α ` pN ´ 4qβ, 2α ` pN ´ 2qβ, 2α `Nβu.

Remark. The problem (3.2) satisfies

dα,β “ inf
0‰uPHrd

"ˆ

E ´
1

µ
Kα,β

˙

puq : Kα,βpuq ď 0

*

. (3.3)

For u P H the localized virial function is

MRpuptqq :“ MφR
puptqq :“ 2

m
ÿ

j“1

ℑ
ˆ
ż

RN

uj∇φR ¨ ∇uj dx
˙

. (3.4)

Lemma 3.1. Let C ą 0 and r ą 1 are two real constants. Then, no positive function f P C1pR`q

exists that satisfies fp0q ą 0 and
f 1 ě Cfr on R`.

3.2 Results
Nonlinear term estimation

Lemma 3.2. Assume that N ě 1 and 0 ă b ă minpN, 4q, and p˚ ă p ă p˚. Then,

m
ÿ

j,k“1

ż

RN

|x|´b|uk|p|uj |
p dx ď C

˜

m
ÿ

j“1

}∆uj}
2
L2

¸
B
2
˜

m
ÿ

j“1

}uj}
2
L2

¸
A
2

.

Proof. By [7] one can show

}|x|
´ b

2pu}L2p ď C}∆u}
Npp´1q`b

4p

L2 }u}
1´

Npp´1q`b
4p

L2

for all u P C8
0 pRN q, 0 ă b ă N . Hence,

m
ÿ

j“1

}|x|
´ b

2puj}
2p
L2p ď C

m
ÿ

j“1

}∆uj}
Npp´1q`b

2

L2

m
ÿ

j“1

}uj}
2p´

Npp´1q`b
2

L2 .

Moreover, b ă 4 obtained from p˚ ă p ă 1 ` 4´b
N´4 for N ą 4.
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3.2.1 Localized variance identity

The localized variance was given in the form

MRpuq :“ 2
m
ÿ

j“1

ℑ
ˆ
ż

RN

pūj∇φR ¨ ∇uj dx
˙

“

m
ÿ

j“1

xuj ,ΓφR
ujy :“

m
ÿ

j“1

MRpujq

where
ΓφR

:“ ´ip∇φR ¨ ∇ ` ∇ ¨ ∇φRq

ΓφR
f “ ´ip∇φR ¨ ∇f ` ∇ ¨ pf∇φRqq.

Then
d

dt
MRpujq “ xuj , r∆

2, iΓφR
sujy ` xuj , r´µ∆, iΓφR

sujy

`xuj , r´
m
ÿ

k“1

|x|´b|uk|p|uj |
p´2, iΓφR

sujy :“ Lpujq ` Mpujq ` N pujq.

From [2] we have

Lpujq ď 8

ż

RN

|∆uj |
2 ` O

`

R´4 `R´2}∇uj}2
˘

, (3.5)

Mpujq “ 4µ

ż

RN

|∇uj |2 `Xµpujq ` O
`

|µ|R´2
˘

(3.6)

where with some constant A0 ą 0

Xµpujq À A0 ¨

"

0, for µ ě 0,
|µ|}∇uj}2L2 , for µ ă 0.

Now, it is needed to calculate only nonlinear part. Take rX,Y s “ XY ´ Y X. Then,
«

m
ÿ

k“1

|x|´b|uk|p|uj |
p´2,∇φR ¨ ∇ ` ∇ ¨ ∇φR

ff

uj

“

m
ÿ

k“1

|x|´b|uk|p|uj |
p´2p∇φR∇uj ` ∇ ¨ puj∇φRqq

´

˜

∇φR∇

˜

m
ÿ

k“1

|x|´b|uk|p|uj |
p´2uj

¸

` ∇ ¨

˜

m
ÿ

k“1

|x|´b|uk|p|uj |
p´2uj∇φR

¸¸

“ 2
m
ÿ

k“1

|x|´b|uk|p|uj |
p´2∇φR∇uj `

m
ÿ

k“1

|x|´b|uk|p|uj |
p´2uj∆φR

´2
m
ÿ

k“1

∇
`

|x|´b|uk|p|uj |
p´2uj

˘

∇φR ´

m
ÿ

k“1

|x|´b|uk|p|uj |
p´2uj∆φR

“ 2
m
ÿ

k“1

`

|x|´b|uk|p|uj |
p´2∇uj ´ ∇

`

|x|´b|uk|p|uj |
p´2uj

˘˘

∇φR

“ ´2
m
ÿ

k“1

∇p|x|´b|uk|p|uj |
p´2quj∇φR.

Thus,

´xuj ,´2
m
ÿ

k“1

∇p|x|´b|uk|p|uj |
p´2quj∇φRy “ 2

m
ÿ

k“1

ż

RN

uj∇p|x|´b|uk|p|uj |p´2quj∇φR dx

“ 2
m
ÿ

k“1

ż

RN

|uj |
2∇p|x|´b|uk|p|uj |

p´2q∇φR dx

“ 2
m
ÿ

k“1

ż

RN

`

∇p|x|´b|uk|pq|uj |
p∇φR ` |x|´b|uk|p∇|uj |

p´2|uj |
2∇φR

˘

dx.
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The calculation gives the following

∇p|uj |
p´2q|uj |

2 “ ∇puj ūjq
p´2
2 |uj |

2 “
p´ 2

p
|uj |

p´4pūj∇uj ` uj∇ūjq|uj |
2

“
p´ 2

p
¨
2

p
∇p|uj |

pq “
p´ 2

p
∇p|uj |

pq.

Hence,

2
m
ÿ

k“1

ż

RN

ˆ

∇p|x|´b|uk|pq|uj |
p∇φR `

p´ 2

p
|x|´b|uk|p∇p|uj |

pq∇φR
˙

dx

“ 2
m
ÿ

k“1

ż

RN

ˆ

∇p|x|´b|uk|pq|uj |
p ´

2

p
|x|´b|uk|p∇p|uj |

pq

˙

∇φR dx.

Using integration by parts, one gets
ż

RN

∇p|x|´b|uk|p|uj |
pq∇φR dx “ ´

ż

RN

|x|´b|uk|p|uj |
p∆φR dx.

Therefore,

´2
m
ÿ

k“1

ż

RN

ˆ

|x|´b|uk|p|uj |
p∆φR `

2

p
|x|´b|uk|p∇p|uj |

pq∇φR
˙

dx.

Again, integration by parts, we obtain
ż

RN

|x|´b|uk|p∇p|uj |
pq∇φR dx “ ´

ż

RN

∇p|x|´b|uk|p∇φRq|uj |
p dx

“ ´

ż

RN

`

∇p|x|b |uk|pq∇φR|uj |
p ` |x|´b|uk|p|uj |

p∆φR
˘

dx.

Now,

N pujq “ ´2
m
ÿ

k“1

ż

RN

|x|´b|uk|p|uj |
p∆φR dx

`
4

p

ż

RN

p|x|´b|uk|p|uj |
p∆φR ` ∇p|x|´b|uk|pq∇φR|uj |

pq dx

“ ´2
m
ÿ

k“1

ˆˆ

1 ´
2

p

˙
ż

RN

|x|´b|uk|p|uj |
p∆φR dx´

2

p

ż

RN

∇p|x|´b|uk|pq∇φR|uj |
p dx

˙

.

Using symmetry, we get

2

p

m
ÿ

k,j“1

∇p|x|´b|uk|puj |
pq

“
2

p

m
ÿ

k,j“1

|x|´b∇p|uk|pq|uj |
p `

2

p

m
ÿ

k,j“1

∇p|x|´bq|uk|p|uj |
p `

2

p

m
ÿ

k,j“1

|x|´b|uk|p∇p|uj |
pq

“
4

p

m
ÿ

k,j“1

|x|´b∇p|uk|pq|uj |
p `

2

p

m
ÿ

k,j“1

∇p|x|´bq|uk|p|uj |
p.

The calculation gives the following

∇p|x|´b|uk|pq “ ∇p|x|´bq|uk|p ` |x|´b∇p|uk|pq

“ ´b|x|b´2x|uk|p ` |x|´b∇p|uk|pq.

23



Then,

N puq “ ´2
m
ÿ

k,j“1

ˆˆ

1 ´
2

p

˙
ż

RN

|x|´b|uk|p|uj |
p∆φR dx´

2

p

ż

RN

∇p|x|´b|uk|pq∇φR|uj |
p dx

˙

“ 2

ˆ

2

p
´ 1

˙ m
ÿ

k,j“1

ż

RN

|x|´b|uk|p|uj |
p∆φR dx`

4

p

m
ÿ

k,j“1

ż

RN

|x|´b∇p|uk|pq∇φR|uj |
p dx

`
4

p

m
ÿ

k,j“1

ż

RN

´b|x|´b´2x|uk|p∇φR|uj |
p dx

“ 2

ˆ

2

p
´ 1

˙ m
ÿ

k,j“1

ż

RN

|x|´b|uk|p|uj |
p∆φR dx`

2

p

m
ÿ

k,j“1

ż

RN

∇p|x|´b|uk|p|uj |
pq∇φR dx

`
2

p

m
ÿ

k,j“1

ż

RN

´b|x|´b´2x|uk|p∇φR|uj |
p dx

“ 2

ˆ

2

p
´ 1

˙ m
ÿ

k,j“1

ż

RN

|x|´b|uk|p|uj |
p∆φR dx´

2

p

m
ÿ

k,j“1

ż

RN

|x|´b|uk|p|uj |
p∆φR dx

`
2

p

m
ÿ

k,j“1

ż

RN

´b|x|´b´2x|uk|p∇φR|uj |
p dx

“ ´2

ˆ

p´ 1

p

˙ m
ÿ

k,j“1

ż

RN

|x|´b|uk|p|uj |
p∆φR dx`

2

p

m
ÿ

k,j“1

ż

RN

´b|x|´b´2x|uk|p∇φR|uj |
p dx.

Now, use the equality ∆φR ´N “ 0 for |x| ď R we decompose

´2

ˆ

p´ 1

p

˙ m
ÿ

k,j“1

ż

RN

|x|´b|uk|p|uj |
p∆φR dx

“
´2Npp´ 1q

p

m
ÿ

k,j“1

ż

RN

|x|´b|uk|p|uj |
p dx´

2pp´ 1q

p

m
ÿ

k,j“1

ż

|x|ěR

|x|´b|uk|p|uj |
pp∆φR ´Nq dx

Since, }∆φR ´N}L8 À 1 and using a Strauss inequality, for b ą 0 one gets
ż

|x|ěR

|x|´b|uk|p|uj |
p dx ď R´b

ż

|x|ěR

|uk|p|uj |
p dx

À R´b}uk}
p
L8p|x|ěRq

}uj}
p
L8p|x|ěRq

}uj}
2
L2

À R´bR´
pN´1qp

2 }uk}
p
2 }∇uk}

p
2 R´

pN´1qpp´2q

2 }uj}
p´2
2 }∇uj}

p´2
2 }uj}

2

À R´pN´1qpp´1q´b}u}p`1}∇u}p´1.

Conclusion, we obtain

´
2Npp´ 1q

p

m
ÿ

j,k“1

ż

RN

|x|´b |uk|
p

|uj |
p
dx` O

¨

˝R´pN´1qpp´1q´b

˜

m
ÿ

j“1

}∇uj}2
¸

p´1
2

˛

‚.

The next part will be estimated in the same way: we have ∇φR ´ x “ 0 for |x| ď R, then

´
2b

p

ż

RN

|x|´b´2x|uk|p∇φR|uj |
p dx

“ ´
2b

p

ż

RN

|x|´b|uk|p|uj |
p dx´

2b

p

ż

|x|ěR

|x|´b´2x|uk|p|uj |
pp∇φR ´ xq dx.
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Since, }∇φR}L8 À R and one can show that

|x ¨ p∇φR ´ xq| À |x||∇φR| ` |x|2 À |x|2,

for |x| ě R. Now,
ż

|x|ěR

|x|´b´2|x ¨ p∇φR ´ xq||uk|p|uj |
p dx À R´b

ż

|x|ěR

|uk|p|uj |
p dx

À R´pN´1qpp´1q´b´1}u}p`1}∇u}p´1.

We obtain this estimation

´
2b

p

m
ÿ

j,k“1

ż

RN

|x|´b |uk|
p

|uj |
p
dx` O

¨

˝R´pN´1qpp´1q´b

˜

m
ÿ

j“1

}∇uj}2
¸

p´1
2

˛

‚.

Finally, we get the following estimation

N puq ď ´
2pNpp´ 1q ` bq

p

m
ÿ

j,k“1

ż

RN

|x|´b |uk|
p

|uj |
p
dx` O

¨

˝R´pN´1qpp´1q´b

˜

m
ÿ

j“1

}∇uj}2
¸

p´1
2

˛

‚.

(3.7)
The final estimate for the localized virial will be

d

dt
MRpuq ď 8

m
ÿ

j“1

ż

RN

|∆uj |
2 ` 4

m
ÿ

j“1

µ

ż

RN

|∇uj |2 `Xµpuq

´
2pNpp´ 1q ` bq

p

m
ÿ

j,k“1

ż

RN

|x|´b |uk|
p

|uj |
p
dx

`O

¨

˝R´4 `R´2}∇uj}2 ` |µ|R´2 `R´pN´1qpp´1q´b

˜

m
ÿ

j“1

}∇uj}2
¸

p´1
2

˛

‚.

(3.8)

3.2.2 Blow-up criteria

Theorem 3.1. Let 2 ď N ď 7, Ψ :“ pψ1, . . . , ψmq P Hrd, µ P R, Φ :“ pϕ1, . . . , ϕmq be a ground
state solution to (3.1) and the maximal solution u P CT˚ pHrdq of (1.2). Assume that 2 ď p ď 5 and
0 ă sc ă 2.

1. If µ ‰ 0, we assume that

HpΨq ă

"

0, for µ ą 0,
´gµ2MpΨq, for µ ă 0

with some constant g “ gpN, pq ą 0.

2. If µ “ 0, we assume either HpΨq ă 0 or HpΨq ě 0 with

HpΨqMpΨq
2´sc
sc ă HpΦqMpΦq

2´sc
sc (3.9)

and
˜

m
ÿ

j“1

}∆ψj}
2
L2

¸˜

m
ÿ

j“1

}ψj}
2
L2

¸

2´sc
sc

ą

˜

m
ÿ

j“1

}∆ϕj}
2
L2

¸˜

m
ÿ

j“1

}ϕj}
2
L2

¸

2´sc
sc

. (3.10)

Then, u blows-up in finite time, i.e. 0 ă T˚ ă 8 and

lim
tÑT˚

sup
m
ÿ

j“1

}∆uj}
2
L2 “ `8.
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Proof. Case 1. µ ě 0 and HpΨq ă 0. Then, by (3.8)

M 1
Rpuptqq ď 4pNpp´ 1q ` bqHpΨq ´ 2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

`O

˜

1

R4
`

|µ|

R2
`

řm
j“1 }∇uj}2L2

R2
`

p
řm
j“1 }∇uj}2L2q

p´1
2

RpN´1qpp´1q`b

¸

ď 2pNpp´ 1q ` bqHpΨq ´ pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

`
C0

R4
`
C0|µ|

R2
` 2pNpp´ 1q ` bqHpΨq

`

m
ÿ

j“1

}∆uj}
2
L2

˜

´pNpp´ 1q ` b´ 4q `
C0

R2

m
ÿ

j“1

}∆uj}
´1
L2 `

C0

R2

m
ÿ

j“1

}∆uj}
p´1
2 ´2

L2

¸

.

On the other hand, from HpΨq ă 0 one has

m
ÿ

j“1

}∆uj}
2
L2 ď

1

p

ż

RN

|x|´b|uk|p|uj |
p dx À

˜

m
ÿ

j“1

}∆uj}
2
L2

¸
B
2
˜

m
ÿ

j“1

}uj}
2
L2

¸
A
2

.

Since B ą 2, one can show
m
ÿ

j“1

}∆uj}
2
L2 ě C

on r0, T˚q. Now, choose R ą 0 large enough such that

M 1
Rpuptqq ď 2pNpp´ 1q ` b´ 4qHpΨq ´ pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2 ă 0.

By contradiction, suppose that T˚ “ 8. Then,

MRpuptqq ď MRpup0, ¨qq`2pNpp´1q`b´4qHpΨqt´pNpp´1q`b´4q

ż t

0

m
ÿ

j“1

}∆ujpsq}2L2 ds. (3.11)

Thus, Dt1 ě 0 such that for t ě t1 MRpuptqq ď 0. Moreover,

|MRpuptqq| ď }∇φR}L8 }u}L2}∇u}L2 ď CpΨqR}∆u}
1
2

L2 .

For t ą t1 (3.11) becomes

MRpuptqq ď MRpup0, ¨qq ` 2pNpp´ 1q ` b´ 4qHpΨqt´ pNpp´ 1q ` b´ 4qCR´4

ż t

0

|MRpupsqq|4 ds.

From HpΨq ď 0 we obtain

MRpuptqq ď ´δ

ż t

0

|MRpupsqq|4 ds, @t ą t1.

Define zptq :“
şt

0
|MRpupsqq|4 ds for t ě t1. Then,

M4
Rpuptqq “ z1ptq ě δ4z4ptq, @t ě t1.
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The rest of proof is closed by using lemma 3.1.
Case 2. µ ă 0 and HpΨq ă ´gµ2MpΨq. Again, (3.8)

M 1
Rpuq ď 4pNpp´ 1q ` bqHpΨq ´ 2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2 `A|µ|

m
ÿ

j“1

}∇uj}2L2

`O

˜

1

R4
`

|µ|

R2
`

řm
j“1 }∇uj}2L2

R2
`

p
řm
j“1 }∇uj}2L2q

p´1
2

RpN´1qpp´1q`b

¸

where A “ A0 ` 2pNpp´ 1q ` b´ 2q. Then, using

m
ÿ

j“1

}∇uj}2L2 ď
A|µ|

4pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}uj}
2
L2 `

Npp´ 1q ` b´ 4

A|µ|

m
ÿ

j“1

}∆uj}
2
L2

we obtain

M 1
Rpuq ď 4pNpp´ 1q ` bqHpΨq ´ 2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

`
Aµ2

4pNpp´ 1q ` bq

m
ÿ

j“1

}uj}
2
L2 ` pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

`O

˜

1

R4
`

|µ|

R2
`

řm
j“1 }∇uj}2L2

R2
`

p
řm
j“1 }∇uj}2L2q

p´1
2

RpN´1qpp´1q`b

¸

.

Using mass conservation, one gets

M 1
Rpuq ď 4pNpp´ 1q ` bq

“

HpΨq ` gµ2MpΨq
‰

´ pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

`O

˜

1

R4
`

|µ|

R2
`

řm
j“1 }∇uj}2L2

R2
`

p
řm
j“1 }∇uj}2L2q

p´1
2

RpN´1qpp´1q`b

¸

.

Taking large enough R ą 0 and

M 1
Rpuq ď ´C ´

m
ÿ

j“1

}∆uj}
2
L2 .

The same conclusion as in the first case.
Case 3. µ “ 0 and HpΨq ě 0. One can check that for

HpΨq “
1

2

m
ÿ

j“1

}∆uj}
2
L2 ´

1

2p

m
ÿ

j,k“1

ż

RN

|x|´b|uk|p|uj |
p dx

ě
1

2

m
ÿ

j“1

}∆uj}
2
L2 ´

CN,p,m
2p

M
A
2 pΨq

˜

m
ÿ

j“1

}∆uj}
2
L2

¸
B
2

with

CN,p,m “
2p

A

ˆ

A

B

˙
B
2

pMpΦqq1´p.

Denote a real number q :“ CN,p,m

p M
A
2 pΨq and a function

y ÞÑ

m
ÿ

j“1

}∆uj}
2
L2 and F : X ÞÑ

1

2

´

X ´ qX
B
2

¯

.
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Then F has a local maximum at

X˚ “

ˆ

2

Bq

˙
2

B´2

and
F pX˚q “

B ´ 2

2B
X˚.

Using the Pohozaev identity

m
ÿ

j“1

}∆ϕj}
2
L2 “

B

A

m
ÿ

j“1

}ϕj}
2
L2 “

B

2p

m
ÿ

j,k“1

ż

RN

|x|´b|ϕk|p|ϕj |
p dx

we have

HpΦq “
B ´ 2

2B

m
ÿ

j“1

}∆ϕj}
2
L2 “

B ´ 2

2A

m
ÿ

j“1

}ϕj}
2
L2 .

The calculation gives

X˚ “

ˆ

2

Bq

˙
2

B´2

“

˜

2p

BrMpΨqs
A
2

¨
AB

B
2 rMpΦqsp´1

2p ¨A
B
2

¸
2

B´2

“

˜

B
B
2 ´1

A
B
2 ´1

¨
rMpΦqsp´1

rMpΨqs
A
2

¸
2

pp´1qsc

“

˜

B
pp´1qsc

2

A
pp´1qsc

2

¨
rMpΦqsp´1

rMpΨqs
A
2

¸
2

pp´1qsc

“
B

A
¨

rMpΦqs
2
sc

rMpΨqs
2´sc
sc

.

One can check
pp´ 1qsc

2
“
Npp´ 1q ` b´ 4

4
“
Npp´ 1q ` b

4
´ 1 “

B

2
´ 1,

A

2
¨

2

pp´ 1qsc
“

4p´Npp´ 1q ´ b

2
¨

2

Npp´ 1q ` b´ 4
“

2 ´ sc
sc

,

moreover,

q “
CN,p,m
p

rMpΨqs
A
2 “

rMpΨqs
A
2

p
¨

2p

ArMpΦqsp´1

ˆ

A

B

˙
B
2

.

Now, from Pohozaev identity
2B

B ´ 2
HpΦq “

m
ÿ

j“1

}∆ϕj}
2
L2 ,

B

A
MpΦq “

2B

B ´ 2
HpΦq.

Then

B

A
MpΦq pMpΦqq

2´sc
sc pMpΨqq

sc´2
sc

“
2B

B ´ 2
HpΦq pMpΦqq

2´sc
sc pMpΨqq

sc´2
sc “ X˚

and
F pX˚q “

B ´ 2

2B
X˚ “ HpΦq pMpΦqq

2´sc
sc pMpΨqq

sc´2
sc .

The conditions (3.9) and (3.10) imply that

HpΨq ă F pX˚q and
m
ÿ

j“1

}∆ψj}
2
L2 ą X˚.
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One deduces that
m
ÿ

j“1

}∆uj}
2
L2 ą X˚ @t P r0, T˚q. (3.12)

By contradiction, if
řm
j“1 }∆uj}

2
L2 ă X˚, then by continuity in time Dt1 P p0, T˚q such that

m
ÿ

j“1

}∆ujpt1q}2L2 “ X˚.

However, this holds
HpΨq ě F pX˚q

which is a contradiction.
Now, choose 0 ă η ăă 1 such that

HpΦqrMpΦqs
2´sc
sc ą

1

1 ´ η
HpΨqrMpΨqs

2´sc
sc .

m
ÿ

j“1

}∆uj}
2
L2 ą X˚ “

2B

B ´ 2
HpΦq pMpΦqq

2´sc
sc pMpΨqq

sc´2
sc

ą
2B

B ´ 2

1

1 ´ η
HpΨq.

Then

pB ´ 2qp1 ´ ηq

m
ÿ

j“1

}∆uj}
2
L2 ą 2B ¨HpΨq,

2pNpp´ 1q ` b´ 4qp1 ´ ηq

m
ÿ

j“1

}∆uj}
2
L2 ą 4pNpp´ 1q ` bqHpΨq. (3.13)

This implies (3.8)

M 1
Rpuq ď 2pNpp´ 1q ` b´ 4qp1 ´ ηq

m
ÿ

j“1

}∆uj}
2
L2 ´ 2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

`O

¨

˝R´4 `R´2
m
ÿ

j“1

}∇uj}2L2 `R´pN´1qpp´1q´b

˜

m
ÿ

j“1

}∇uj}2L2

¸

p´1
2

˛

‚

ď ´4ηpB ´ 2q

m
ÿ

j“1

}∆uj}
2
L2 `

C0

R4
`
C0

R2

m
ÿ

j“1

}∆uj}
2
L2 `

C0

R2

˜

m
ÿ

j“1

}∆uj}L2

¸

p´1
2

ď ´2ηpB ´ 2q

m
ÿ

j“1

}∆uj}
2
L2 `

C0

R4

`

m
ÿ

j“1

}∆uj}
2
L2

˜

´2ηpB ´ 2q `
C0

R2

m
ÿ

j“1

}∆uj}
´1
L2 `

C0

R2
p

m
ÿ

j“1

}∆uj}L2q
p´1
2 ´2

¸

ď ´2ηpB ´ 2q ` oRp1q

m
ÿ

j“1

}∆uj}
2
L2 ` oRp1q,

with oRp1q Ñ 0 as R Ñ 8 uniformly in t. Taking R ą 0 large enough and using the fact
řm
j“1 }∆uj}

2
L2 ě HpΨq ą 0 we say

M 1
Rpuq ď ´ηpB ´ 2q

m
ÿ

j“1

}∆uj}
2
L2 on r0, T˚q.
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Now, by contradiction, take T˚ “ 8, then integrating gives the following

MRpuptqq ď MRpup0qq ´ ηpB ´ 2q

ż t

0

m
ÿ

j“1

}∆ujpsq}2L2 ds.

Then, by (3.12), Dt1 ě 0 such that MRpupt1qq ď 0 for all t ě t1. By integrating from t1 to t we have

MRpuptqq ď ´ηpB ´ 2q

ż t

t1

m
ÿ

j“1

}∆ujpsq}2L2 ds @t P r0, T˚q.

The same conclusion as in the first case.

3.2.3 Non-global solutions

Lemma 3.3. The A´
α,β and A`

α,β are invariant under flow of (1.2).

Proof. Claim is if up0q P A´
α,β , then uptq P A´

α,β .
From the energy conservation

Epuptqq “ Epup0qq ă dα,β .

Now, we need to show Qpuptqq ď 0. By contradiction, suppose Qpuptqq ą 0 and at t “ 0 Qpup0qq ď 0.
By continuity argument, we say that there exists t1 such that Qpupt1qq “ 0. However, one can show
that

Epupt1qq ě EpΦq,

which is contradiction. Then, Qpuptqq ď 0.
For A`

α,β we have the same argumentation.

Lemma 3.4. Let Ψ P A´
α,β and u P CT˚ pHq be the maximal solution to (1.2). Then there exists

δ ą 0 such that
Qpuptqq ă ´δ @t P r0, T˚q.

Proof. Suppose that Dtn P p0, T˚q a sequence of positive numbers such that Qpuptnqq Ñ 0. From
(3.3) we get (by definition µ “ 8

N .)

d ď

ˆ

E ´
N

8
Q

˙

puptnqq ď EpΨq ´
N

8
Qpuptnqq ÝÑ

nÑ8
EpΨq.

Ψ P A´
α,β , then EpΨq ă d. Conclusion is that Qpuptqq is negative.

Lemma 3.5. There exist two positive real numbers a, t1 ą 0 such that

M 1
Rpuq ď ´a

m
ÿ

j“1

}∆uj}
2
L2 on r0, T˚q, (3.14)

MRpuq ă 0 on rt1, T
˚q.

Proof. 1. µ ě 0.
Take t P r0, T˚q.
Case 1.

m
ÿ

j“1

}∆uj}
2
L2 ď

4pNpp´ 1q ` bq

Npp´ 1q ` b´ 4
.

Moreover, choose R ą 0 large enough such that

O

˜

1

R4
`

|µ|

R2
`

řm
j“1 }ψj}L2

řm
j“1 }∆uj}L2

R2
`

p
řm
j“1 }ψj}L2

řm
j“1 }∆uj}L2q

p´1
2

RpN´1qpp´1q`b

¸

ď δ.
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From lemma 3.4 and (3.8) we say

M 1
Rpuptqq ď 4pNpp´ 1q ` bqHpΨq

´2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2 ´ p2Npp´ 1q ` b´ 4qµ

m
ÿ

j“1

}∇uj}2L2

`O

˜

1

R4
`

|µ|

R2
`

řm
j“1 }∇uj}2L2

R2
`

p
řm
j“1 }∇uj}2L2q

p´1
2

RpN´1qpp´1q`b

¸

ď 2NQpuptqq ` O

˜

1

R4
`

|µ|

R2
`

řm
j“1 }∇uj}2L2

R2
`

p
řm
j“1 }∇uj}2L2q

p´1
2

RpN´1qpp´1q`b

¸

ď ´δp2N ´ 1q ď
´δp2N ´ 1qpNpp´ 1q ` b´ 4q

4pNpp´ 1q ` bqHpΨq

m
ÿ

j“1

}∆uj}
2
L2 .

Case 2.
m
ÿ

j“1

}∆uj}
2
L2 ą

4pNpp´ 1q ` bq

Npp´ 1q ` b´ 4
.

M 1
Rpuptqq ď 4pNpp´ 1q ` bqHpΨq ´ 2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

`O

˜

1

R4
`

|µ|

R2
`

řm
j“1 }∇uj}2L2

R2
`

p
řm
j“1 }∇uj}2L2q

p´1
2

RpN´1qpp´1q`b

¸

ď ´pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

`O

˜

1

R4
`
C0 `

řm
j“1 }∆uj}

2
L2

R2
`
C0

R2
p

m
ÿ

j“1

}∆uj}
2
L2q

p´1
2 `

|µ|

R2

¸

ď ´
Npp´ 1q ` b´ 4

2

m
ÿ

j“1

}∆uj}
2
L2 `

C0

R4
`
C0|µ|

R2

`

m
ÿ

j“1

}∆uj}
2
L2

˜

´
Npp´ 1q ` b´ 4

2
`
C0

R2
p1 ` r

m
ÿ

j“1

}∆uj}
2
L2s

p´1
2 q

¸

.

Choose R sufficiently large, one gets

M 1
Rpuptqq ď ´

Npp´ 1q ` b´ 4

2

m
ÿ

j“1

}∆uj}
2
L2 .

Furthermore,

MRpuptqq “ MRpup0, ¨qq `

ż t

0

d

ds
MRpupsqq ds

ď MRpup0, ¨qq ´ a

ż t

0

m
ÿ

j“1

}∆ujpsq}2L2 ds

ď MRpup0, ¨qq ´ c0t.

Hence, MR ă 0 on
”

MRpup0,¨qq

c0
;T˚

¯

.

2. Consider that µ ă 0.
Take t P r0, T˚q and

η :“
4pNpp´ 1 ` bqHpΨq

δ
`
A2|µ|2

řm
j“1 }ψj}

2
L2

4δ2
,
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where
δ “

2pNpp´ 1q ` bq ´ 8

3
and

A “ A0 ` 2pNpp´ 1q ` bq ´ 4.

Case 1.
m
ÿ

j“1

}∆uj}
2
L2 ď η.

From (3.8) and lemma 3.4

M 1
Rpuptqq ď 4pNpp´ 1q ` bqHpΨq ´ 2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

´2µpNpp´ 1q ` b´ 2q

m
ÿ

j“1

}∇uj}2L2 `A0|µ|

m
ÿ

j“1

}∇uj}2L2

`O

˜

1

R4
`

řm
j“1 }∇uj}2L2

R2
`

|µ|

R2
`

p
řm
j“1 }∇uj}2L2q

p´1
2

RpN´1qpp´1q`b

¸

ď 2NQpuptqq `A0|µ|η ` O

˜

1

R4
`

η

R2
`
η

p´1
2

R2
`

|µ|

R2

¸

ď ´2Nδ `A0|µ|η ` O

˜

1

R4
`

η

R2
`
η

p´1
2

R2
`

|µ|

R2

¸

.

By choosing |µ| small enough and R ą 0 large enough

M 1
Rpuptqq ď ´

2Nδ

η

m
ÿ

j“1

}∆uj}
2
L2 .

Case 2.
m
ÿ

j“1

}∆uj}
2
L2 ą η.

One can show that

4pNpp´ 1q ` bqHpΨq ´ 2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2

´2µpNpp´ 1q ` b´ 2q

m
ÿ

j“1

}∇uj}2L2 `A0|µ|

m
ÿ

j“1

}∇uj}2L2

“ 4pNpp´ 1q ` bqHpΨq ´ 3δ
m
ÿ

j“1

}∆uj}
2
L2 `A|µ|

m
ÿ

j“1

}∇uj}2L2 .

Using Young inequality
m
ÿ

j“1

}∇uj}2L2 ď
A|µ|

4δ

m
ÿ

j“1

}uj}
2
L2 `

δ

A|µ|

m
ÿ

j“1

}∆uj}
2
L2

we obtain

4pNpp´ 1q ` bqHpΨq ´ 3δ
m
ÿ

j“1

}∆uj}
2
L2 `

A2|µ|2

4δ

m
ÿ

j“1

}uj}
2
L2 ` δ

m
ÿ

j“1

}∆uj}
2
L2

ď ´δ
m
ÿ

j“1

}∆uj}
2
L2 .
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Then,

M 1
Rpuq ď ´δ

m
ÿ

j“1

}∆uj}
2
L2 ` O

˜

1

R4
`

řm
j“1 }∆uj}

2
L2

R2
`

|µ|

R2
`

p
řm
j“1 }∆uj}

2
L2q

p´1
2

RpN´1qpp´1q`b

¸

.

Now, choosing R ą 0 sufficiently large that

O

˜

1

R4
`

řm
j“1 }∆uj}

2
L2

R2
`

|µ|

R2
`

p
řm
j“1 }∆uj}

2
L2q

p´1
2

RpN´1qpp´1q`b

¸

ď
δ

2

m
ÿ

j“1

}∆uj}
2
L2 .

Thus,

M 1
Rpuq ď ´

δ

2

m
ÿ

j“1

}∆uj}
2
L2 .

The rest of proof is the same as in the case µ ě 0.

Theorem 3.2. Take 2 ď N ď 7 and 2 ď p ď 5 such that p˚ ă p ă p˚. Let u P CT˚ pHrdq be a
maximal solution to (1.2). If Dt0 P r0, T˚q such that upt0q P A´

1,´ 2
N

, then u is non-global solution.

Proof. Assume that u is global solution. Then, integrating (3.14) on rt1, ts and considering that
MRpuptqq ď 0 for t ě t1

MRpuptqq ď ´a

ż t

t1

m
ÿ

j“1

}∆ujpsq}2L2 ds @t ě t1.

In addition,
|MRpuq| ď }∇φ}L8 }uptq}L2}∇uptq}L2 ď Cpup0, ¨qqR}∆uptq}

1
2

L2 .

Hence,

MRpuptqq ď ´a

ż t

t1

m
ÿ

j“1

|MRpupsqq|4 ds.

Denote zptq :“
şt

t1

řm
j“1 |MRpupsqq|4 ds and

z1ptq ě Cz4ptq @t ě t1.

Using lemma 3.1 the proof will be completed.

3.2.4 Strong instability

The scaling is uλ :“ λ
N
2 upλ¨q for λ ą 0 and u P Hrd.

Lemma 3.6. Let u P Hrd be satisfying Qpuq ď 0. Then, there exists a unique λ0 P p0, 1s such that:

1. Qpuλ0q “ 0;

2. λ0 “ 1 if and only if Qpuq “ 0;

3. B
BλEpuλq ą 0 for λ P p0, λ0q and B

BλEpuλq ă 0 for λ P pλ0,8q;

4. B
BλEpuλq “ N

2λQpuλq.
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Proof. One can show that

Epuλq “
λ4

2

m
ÿ

j“1

}∆uj}
2
L2 `

λ2µ

2

m
ÿ

j“1

}∇uj}2L2 `
1

2

m
ÿ

j“1

}uj}
2
L2 ´

λNpp´1q`b

2p

m
ÿ

j,k“1

ż

RN

|x|´b|uj |
p|uk|p dx.

Then, calculations give

B

Bλ
Epuλq

“ 2λ3
m
ÿ

j“1

}∆uj}
2
L2 ` λµ

m
ÿ

j“1

}∇uj}2L2 ´
Npp´ 1q ` b

2p
λNpp´1q`b´1

m
ÿ

j,k“1

ż

RN

|x|´b|uj |
p|uk|p dx

“
N

2λ

˜

4

N
λ4

m
ÿ

j“1

}∆uj}
2
L2 `

2µ

N
λ2

m
ÿ

j“1

}∇uj}2L2 ´
p´ 1 ` b

N

p
λNpp´1q`b

m
ÿ

j,k“1

ż

RN

|x|´b|uj |
p|uk|p dx

¸

“
N

2λ
Qpuλq.

So, B
BλEpuλq “ N

2λQpuλq is proven.
Now, compute

Qpuλq “

4

N
λ4

m
ÿ

j“1

}∆uj}
2
L2 `

2µ

N
λ2

m
ÿ

j“1

}∇uj}2L2 ´
p´ 1 ` b

N

p
λNpp´1q`b

m
ÿ

j,k“1

ż

RN

|x|´b|uj |
p|uk|p dx

“
4

N
λ4

˜

m
ÿ

j“1

}∆uj}
2
L2 `

µ

2λ2

m
ÿ

j“1

}∇uj}2L2 ´
Npp´ 1q ` b

4p
λNpp´p˚q

m
ÿ

j,k“1

ż

RN

|x|´b|uj |
p|uk|p dx

¸

.

Now, we will analyze λ´4Qpuλq. From assumption we have p ą p˚, Qpuq ď 0 and it can be shown
that

at λ “ 0` then λ´4Qpuλq «
4

N

m
ÿ

j“1

}∆uj}
2
L2 `

2µ

N

m
ÿ

j“1

}∇uj}2L2 ą 0;

as λ Ñ 8, then λ´4Qpuλq Ñ ´8.

So, λ´4Qpuλq is decreasing from a positive to a negative value. By continuity Dλ0 such that
λ´4
0 Qpuλ0 q “ 0.

Moreover, it is obvious that at λ0 “ 1 Qpuq “ λ´4
0 Qpuλ0 q “ 0.

Lemma 3.7. Let Φ P Hrd be a ground state, λ ą 1 and uλ be a solution to (1.2) with data Φλ.
Then

Epuλq ă EpΦq and Qpuλq ă 0 on r0, T˚q.

Proof. We will start from the definition of the ground state. It is obvious that QpΦq “ 0. Then, by
using the previous lemma Dλ0 “ 1 and for λ ą 1

B

Bλ
EpΦλq “

N

2λ
QpΦλq ă 0.

By using the invariance we get
Qpuλq “ QpΦλq ă 0.

Again, by using lemma 3.6
B

BλEpΦλq ă 0 for λ ą 1,
B

BλEpΦλq ą 0 for λ ă 1

we say that EpΦλq has a maximum at λ0 “ 1 (So, EpΦq is the largest value for energy). One can
show that

Epuλq “ EpΦλq ă EpΦq.
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Theorem 3.3. Take 2 ď N ď 7 and 2 ď p ď 5 such that p˚ ă p ă p˚. Then, every ground state to
(1.2) is strongly unstable.

Proof. Take uλ P CT˚ pHrdq which is the maximal solution to (1.2) with data Φλ. Then, the previous
lemma says that

uλ P A´

1,´ 2
N

on r0, T˚q.

3.2.5 Additional results.

We extend assumptions for b and uptq.
Consider the case for a non-radial solution. The main difference in the proof is the estimation of an
error term

|Er| “

ż

|x|ěR

|x|´b|uk|p|uj |
p dx

which appear in the estimation for M 1
Rpuptqq. We cannot use a Strauss inequality as before to

estimate an error.

Theorem 3.4. Suppose that N ě 5, 0 ă b ă minp4, Nq and Ψ P H. Thus:

i) If 1 ` 4
N ă p ă p˚ and

HpΨq ă

"

0, for µ ą 0,
´gµ2MpΨq, for µ ă 0,

then the maximal solution to (1.2) uptq blows-up in finite or infinite time, that is,

lim
tÑTmax

m
ÿ

j“1

}∆uj}L2 “ `8.

ii) If p˚ ă p ă 1 ` 4
N and either

HpΨq ă

"

0, for µ ą 0,
´gµ2MpΨq, for µ ă 0,

or
HpΨqMpΨq

2´sc
sc ă HpΦqMpΦq

2´sc
sc (3.15)

with
˜

m
ÿ

j“1

}∆ψj}
2
L2

¸˜

m
ÿ

j“1

}ψj}
2
L2

¸

2´sc
sc

ą

˜

m
ÿ

j“1

}∆ϕj}
2
L2

¸˜

m
ÿ

j“1

}ϕj}
2
L2

¸

2´sc
sc

, (3.16)

and µ “ 0, then uptq blows-up in finite time in the sense that DT˚ ą 0 such that

lim
tÑT˚

m
ÿ

j“1

}∆uj}L2 “ `8,

where Φ is the ground state solution to (1.2).

Proof. Case 1 ` 4
N ă p ă p˚.

Assume that the solution is global in time and satisfies

m
ÿ

j“1

}∆uj}L2 ď M @t.
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Thus, using Gagliardo-Nirenberg inequality and the mass conservation we estimate an error related
to M 1

Rpuptqq

|Er| À R´b
m
ÿ

j,k“1

ż

RN

|uj |
p|uk|p dx À R´b

m
ÿ

j“1

}∆uj}
Npp´1q

2

L2 }uj}
2p´

Npp´1q

2

L2

Àup0,¨q,M R´b.

Then, choosing R ą 0 large enough for µ ą 0 we obtain the following inequality

M 1
Rpuptqq ď 4pNpp´ 1q ` bqHpΨq.

Since, HpΨq ă 0, then M 1
Rpuptqq ď ´C ă 0. Using the Fundamental Theorem of Calculus we bound

|MRpuq| ÀR }∇u}L2}u}L2 ÀR,up0,¨q }∆u}
1
2

L2 ÀR,up0,¨q M
1
2 ,

which is a contradiction. Similarly, for µ ă 0 and HpΨq ă ´gµ2MpΨq we obtain

M 1
Rpuptqq ď 4pNpp´ 1q ` bqHpΨq ` ´2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2 `A|µ|

m
ÿ

j“1

}∇uj}2L2

ď 4pNpp´ 1q ` bqrHpΨq ` gµ2MpΨqs ď ´C ă 0,

where
m
ÿ

j“1

}∇uj}2L2 ď

m
ÿ

j“1

}∆uj}L2}uj}L2 ď
A|µ|

4pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}uj}
2
L2 `

Npp´ 1q ` b´ 4

A|µ|

m
ÿ

j“1

}∆uj}
2
L2 .

The same conclusion holds as for the case µ ą 0.
Case p˚ ă p ă 1 ` 4

N implies Npp´1q

2 ď 2.
Again, by using Gagliardo-Nirenberg and mass conservation

|Er| À R´b
m
ÿ

j“1

}∆uj}
Npp´1q

2

L2 }uj}
2p´

Npp´1q

2 Àup0,¨q R
´b `R´b

m
ÿ

j“1

}∆uj}
2
L2 , (3.17)

since
řm
j“1 }∆uj}

Npp´1q

2

L2 ď 1 `
řm
j“1 }∆uj}

2
L2 .

Negative energy. Choosing R ą 0 sufficiently large we get

M 1
Rpuptqq ď 4pNpp´ 1q ` bqHpΨq ´ 2pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2 ă 0

for µ ą 0 and

M 1
Rpuptqq ď 4pNpp´ 1q ` bqrHpΨq ` gµ2MpΨqs ´ pNpp´ 1q ` b´ 4q

m
ÿ

j“1

}∆uj}
2
L2 ă 0

for µ ă 0. The same ODE argument as in the proof of theorem 3.1. Hence, it implies finite time
blow-up.
Positive energy. By choosing R ą 0 large enough and combining with (3.13) we have

M 1
Rpuptqq ď ´4ηpB ´ 2q

m
ÿ

j“1

}∆uj}
2
L2

and the rest of proof exactly the same with theorem 3.1 case 3.

Moreover, we have a result for a positive power of |x|.
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Lemma 3.8. Let N ě 2, b ą 0 and p ě b
N´1 ` 1 and p ď N`b

N´4 if N ą 4 and u P Hrd. Then, the
following inequality

m
ÿ

j,k“1

ż

RN

|x|b|uk|p|uj |
p dx À

m
ÿ

j“1

}∆uj}
Npp´1q´b

2

L2 }uj}
4`b´pN´4qpp´1q

2

L2

is true.

Proof. Using the Cauchy-Schwarz we obtain

m
ÿ

j,k“1

ż

RN

|x|b|uk|p|uj |
pdx ď

m
ÿ

j“1

ˆ
ż

RN

|x|b|uj |
2p dx

˙
1
2 m
ÿ

k“1

ˆ
ż

RN

|x|b|uk|2p dx

˙
1
2

.

Then, lemma 2.8 for 2b
N´1 ` 2 ď 2p ď 2N`2b

N´4

m
ÿ

j“1

ż

RN

|x|b|uj |
2p dx À

m
ÿ

j“1

}∆uj}
Npp´1q´b

2

L2 }uj}
4`b´pN´4qpp´1q

2

L2 .

The result is
m
ÿ

j,k“1

ż

|x|b|uk|p|uj |
pdx

À

m
ÿ

j“1

}∆uj}
Npp´1q´b

4

L2 }uj}
4`b´pN´4qpp´1q

4

L2

m
ÿ

k“1

}∆uk}
Npp´1q´b

4

L2 }uk}
4`b´pN´4qpp´1q

4

L2 .

Using the symmetry gives the final inequality.
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