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Stability Analysis for the Inhomogeneous Fourth-Order
Nonlinear Schrodinger Equations with Mixed Dispersions

Altynay Nugmanova
May 4, 2026

Abstract

In this work, we study the strong instability of standing waves for a class of fourth-order
nonlinear Schrédinger equations with mixed dispersions, focusing on inhomogeneous nonlinear-
ities. For the single equation, we derive ground state solutions by using a profile decomposition.
Then, under some conditions, we show that the ground state of the standing wave solution is
strongly unstable by showing blow-up.

For the coupled system case, we establish blow-up criteria by using the localized virial identity
and prove the existence of non-global solutions. Moreover, the strong instability of standing
wave solutions is shown

. In addition, we drop the radially symmetric assumption and extend the results to the general
initial condition. Moreover, we consider both positive and negative signs of the spatial weight
exponent.

1 Introduction

The study investigates the fourth-order nonlinear Schrédinger equation with mixed dispersions

{wt—ﬁwwAw 2l Py = 0, 1)

(0, 2) = vYo(x)

where be R, < 0, 1 : [0,7%) x RV — C is a complex-valued function, ¢y € H?. 0 < T* < o0 and
0 < p < p*, where

520 if N>5.

. +oo, if N <4,
p:

Another problem that we study is the Cauchy problem for the fourth-order nonlinear Schrodinger
system with coupled power-type of nonlinearities and mixed dispersions

{% A%y = pulg = S el Pl P2, )

u; (0,-) = ;.
Here N > 2, j € [1,m], u; : RY x R - C, and b € R, and p, < p < p* such that

4-0

=1
Dx + N

and

[ 1+, ifN>4,
+00, if2< N <4

The blow-up phenomenon have been studied in several cases:



The case when b = 0 for called the classic biharmonic fourth-order NLS. The existence of
blow-up solutions with condition £ < p < p*, pu € R studied in [2]. Moreover, [1] showed the radial
ground state standing wave solutions when g > 0 are strongly unstable via blow-up. Similarly, the
strong instability for the case p < 0 was proved in [4].

Blow-up of radial solutions to |i for b > 0 and p = ?V_—ffl’ was studied in [6]. In addition,
authors extended their work by showing blow-up for non-radial case. Moreover, |3| has blow-up
criteria for non-radial ground state solutions to the L? critical inhomogeneous NLS with 0 < b < 2
and p = %%. In [5] investigates the existence of non-global solutions for the fourth-order nonlinear

Schrodinger system with coupled power-type nonlinearities and establish strong instability.

The aim of this work is to show strong instability of (1.1)) and (1.2]) by blow-up. More precisely,
the study proceeds several steps:

e In the first part of work, we focus on . The study begins from constructing the charac-
terization of ground state solutions for by using a profile decomposition. Then, assume that if
028, (uM)[x=1 < 0, then we will show that radial ground state is strongly unstable by blow-up.
Furthermore, the results are extended to non-radial setting and we consider to obtain blow-up
results the case of positive power of spatial weight.

e In the second part, we study a stability of . We assume the existence of ground state
solutions. Then, we establish blow-up criteria and prove the existence of non-global solutions
using the localized virial identity. Finally, we show strong instability. Moreover, we have
additional results as in the first part.

We adopt proofs from [4] and [5] to show strong instability for (1.1f)-(1.2]).
The work is organized as follows. Section 2 and Section 3 contain the background material and main
results necessary to establish the strong instability of (1.1) and (1.2), respectively.



2 The Fourth-Order Inhomogeneous Nonlinear Schrodinger

Equation with Mixed Dispersions

2.1 Background material

Take the energy space H?, which is usual inhomogeneous Sobolev space with norm

1
|l o= (1 172 + 1A 22)* -
(1.1 satisfies the following scaling invariance
u = )\%bu()\‘lt,)\x) with A > 0.

Define the number
N 4-b
S = — — ——

2 D

called the Sobolev index. We refer the cases s, < 0, s, = 0, and 0 < s. < 2 as mass-subcritical,

mass-critical, and mass-supercritical, respectively. s. = 2 corresponds the endpoint case p =

for N = 5 and called energy-critical.

8—-2b
N—4

(1.1) has a class of special solutions called standing waves of the form e*!u, where w € R is the

frequency and u € H?(RY) is a nontrivial solution of the related to elliptic equation
A%y — pAu + wu — |z 7P ulPu = 0.
Furthermore, (2.1) can be written as S/ (u) = 0, where

1 _
m JRN || b|“|p+2 dx

called action functional. Moreover, denote following functionals

1 W w
Sulw) i= 518ulf + LIVulZe + 5l -

Koo(u) = xS (M), _y = [AulLz + p|Vul7z + wlul: - JRN | ulP*? da

and
2+

p+2

Q) i= 23S0y = 28uls + Yl = 27 [ el

where u* () := A2 u(Az). The family of ground states corresponding to (2.1) is given
Go={ue A, :S,(u) <S,(v) for all v e A, }

where

A, ={ve H*\{0} : S, (v) = 0}.
Define a function

A U2 w
FO) 1= Su®) = S 1Aul3s + L [9ulda + Shulla -

)\Oé

s |l
p RN

where a = ZP + b, X € (0,00). In addition, at A = 1 f(\) reaches its maximum at (0,0).

(2.1)

(2.2)

Lemma 2.1. Let 0 < p < p* and 1o € H?. Then, 3T = T(||1bo||g2) such that has a unique
solution ¢ € C([0,T), H?). Assume that T* is the mazimal existence time of solution ¥ (t) . If

T* < oo, then |Ap(t)| L2 — © ast — T*.
Moreover, the solution ¥ (t) satisfies the mass and energy conservation laws:

M) = [ ot.a)f de = M)



and
B(0) = 5180015 + 51V — — | b WOF* = Bu)

for allt € [0,T%).

Introduce a radial function ¢ : RY — R such that Vig e L(RY), 1 < j <6,

2
. 5 for r <1,
YT e
const, for r > 10,

and ¢”(r) <1 for r = 0.
Take R > 0 and define the radial function

or = R*p (E) :
One can check the following properties of g

r

T xz, forr <R,
Vor(r) = Ry’ (E) {

]zl ~ 10, forr>10R.

IVipg|Le S R* for 0 <j <6.

; {|z| < 10R}, for j = 1,2,
supp(V/or) { {R<|e| <10R), for3<j<6.

For v(t) € H?, the localized virial of 1(t) is defined by

Mg(¥(t)) := 29 . P(t, 2)Vor(2)Vi(t,7) do. (2.7)

Lemma 2.2. (From [9].) Assume that {u,};7_; is bounded in H*. Then, 3 a subsequence of {u,}y_y,
a family {x,}7., of sequences in RN and profiles {U’ Y2, in H? such that

i) for every k # j, |xF — 21| — +o0, as n — owo;

ii) for every | =1 and every x € RN we have
l . .
un(x) = Z Uz — ) + 7t
j=1

with limsup,, ., |74 ||L- — 0 as | — oo for every r € (2,p*). Moreover,

l
lunlZe = D5 10772 + Il Z2 + 0 (1), (2.8)
j=1
l .
IVunlZe = 35 IVU|Za + [V 22 + 0n(1), (2.9)
j=1
l .
|Aunlfz = 3 IAU|Zz + |Ary 22 + 0a(1), (2.10)
j=1

where 0,(1) = 0 as n — oo.



Basic estimates. We will introduce some estimates that will be useful on this work. Interpo-
lation inequalities with weights (see in [7])

[l D7ul - < Cflla]* D™ ul g ] ul 77,

if and only if

and

—a)B,
where p, q, o, 3,7, are real numbers and p,q > 1, - + &,

Moreover, a Strauss inequality [8]

1/2 2
[l (ja >y < CR™N D212 |V 17

2.2 Results
Estimation for nonlinear term

Lemma 2.3. Assume N > 1 and 0 < b < min(N,4), and 0 < p < p*. Then,

2b

+2- &

| et do < 1ol ol

. . _ b .
Proof. See in 7| with v = — 25, j
was obtained from the condition 0 < p < $7=2 for N <5. O

Jj=0, m—p—q=2,a=6=0,andr:p+2. Moreover, b < 4

2.2.1 Localized virial function

Proposition 2.1. Let N > 2, R > 0, and ¢ € C([0,T*),H,q) be a solution to (1.1). Then, on
[0,7%)

d

T MR(¥(t) < (2Np +4b)E((1)) — (Np + 2b = 8)[Ap (1) 72 — (Np + 2b — )| Ve (#) 72

( 1l vw<t>|i2+|w<t>||§2> (2.11)

+ X, () + O 55 + 55 +

YT R2 R2 JrYCEn

where with some constant Ag > 0

0 for p=0
< Ao ’
0 { [V (t) H%z, for u < 0.

Proof. First of all,
Mp(p(1))) = (1), Ty (t)),

where
Iypi=—i(Vor-V+V-Vog).

Then,

%MR( V(1)) = (1), [A%, 0y Je()) + (), [—uA, i0p 1o (1)) + (W (1), [= |2 [ (D)P, Ty, ] (1)

From [2] we have estimations for the linear part

(1), [A2 T J(8)) + (W (t), [—ul, Ty (1)) < B[ AY)|Z2 + 4ul V)T + Xu(W(t)

IV (@)]7
+O<R4+|]§2|+ 72 L>.



Now, one needs to calculate the nonlinear part.

N@(t)) = (), [—|z| [ (t)]P, il 5 ]eb(2)) = 2 f [W(OPVerV (x| |y (t)]?) do

RN

_ p+2 217 da 2| 9 D) e
=2 ([ WP TS e 1 [ a0 S0l i)

=2(= [, e w0 sende = [ s Cenl v e ).
where we apply integration by parts

| e B OPY RV (s OP) e = = | V(e O er) )P de

It can be shown that

2
V() = V@Bl
So,
N@) =~ [PV P ) Verde —2 [ el ()t *Apnds
2 RN RN
— 2 —b +2 _ —b +2
= g [, VU Vel Op e 2 e ot agnds
2

Now, using the definition of pr we get the following: on the region |z| < R, Ap = N and Vp = z.
Thus, the first term is

Np J b p -
)P+ dr + Plb(t)|PT2(ApR — N) da.
P J T OP e g | O Agn - N e
Since |Apr — N|r= < 1 and applying a Strauss inequality, we have
J |~ () [P+ de < R (W) de < RO 22050 a5 0)
|lz|=R |z|=R

_Np=1) z
SR @2 VY 2.

The similar analysis we used for the first term.

—2b -
oLl et an +
2

_ —b-2 _ p+2
Fg |, e (Ton — DOF

One can show that |Vypr| < R and |z - (Ver — 2)| < |2||Ver| + |z]? < |2|?. Then,
2|02 e - (Vor — 2)|[0 ()P < [ Ple ()P < Rl (t)[P*?

on |z| = R and b > 0. Now

fl S O | wrde < B OR O

lz|=R

p(N

< R ()2 [V (8)] s

Finally,
d 2Np + 4b
TMr($@) < 8|AV(M)[72 + 4| Ve #)[72 + Xu(¥(t) - ppfg JRN | Pl ()P da
. (2.12)
1 Vel | Ve
+0 <R4 + |Ri2‘ T ]L(le))pr) :
O



2.2.2 The ground state characterization

Define
Ly (u) := | AulFs + p| Vul7e + wluli..

Moreover, define
wo := —inf {|Av|72 + p|Vo[7. st. ve H? |v| =1},
Then, in the view of (2.13) for every w > wqg, we have:
Loy (v) ~ |Av]Za + [0]Z2 ~ ol
Proof. To prove this, we will use the definition of equivalent norms. So, 3C7, C5 such that
Cr (| 80[3 + [0]32) < Lu(v) < Cs (1Av]Za + [o]22).

From the fact ;4 < 0 it is easy to obtain the upper bound

|Av|Z2 + p|Vole +wlv|Z: < [Av|e +wlv]f. < max{l,w} (JAv|Z2 + [v]72) .-

From (2.13),

L,(v) = (w4 wo)|v]3s.
Moreover, we have

1 1
IVolEs < |Avlzsfols < 51AvIE + Slofa.
Hence, (note that p < 0)
1 1
L) > 18013 + 4 (G180l + 3ol ) + ool

2 —
= 25 aols + (- B0 g,

Now, choose A > 0 such that
w—|—g|+)\(w+wo) = 0.

Using (2.15) and (2.16), we get:

2 — |y K 2—|p
(1+MNL,(v) = T'HAUHQLQ + (w — ‘7 + Mw +wo) | |v)3s = 5 |HAUH%2

As a result, we obtain

2- W| 2
L, (v) > — 1 Ay|2,.
(U) 2(1 +>\) ” vHL2
With (2.15)), it implies
2— |yl
2L,(v) = m”ﬁv\\%z + (w + wo)v] 72,

which provides the lower bound.

Based on (2.14) the following minimizing problem can be solved

d(w) = inf{S, (v) : v e HA\{0}, K,,(v) = 0}.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Proposition 2.2. Let N > 2, u < 0, w > wp, and 0 < p < p*. Then, Ju € H*\{0} that is,

K,(u) =0 and S, (u) = d(w).



Proof. First of all, show d(w) > 0. From K, (u) = 0 we say that
|AulZs + pl Vuls + wlulz. = J |~ ul?*? da.
RN

Now, using [7] we have
Lo(v) = J 2|~ PofP*? de < Clo|22.

Hence,
p+2

Ly(v) < C|o[35* < CLy(v)">.
There exists C; > 0 such that
L,(v)=C;>0.

Thus, one can check that

_ ! _r _r
Sw(v) = p+2Kw(v)+ 2(p_~_2)Lw(v) = 2(p+2)01 > 0.

Taking inf over v, which is d(w) by definition

dw):= inf {S, > 0.
@)=t (5.0}
Now, assume that {v,} = H?\{0} is minimizing sequence of (2.17)), that is, K, (v,) = 0, S, (v,) —
d(w) as n — oo. Hence,
. 2(p +2)
p p

which implies that {v,} is bounded in H2.
Using the profile decomposition in H?, 3 subsequence {v,}, a family {z},}7, € R, and {U7}%, c

Lw (vn) =

d(w),

H? s.t. for every £ > 1 and every x € RV, we have

Uiz —ad) +rt (2.18)

no

[l
<.
2~
i

where - hold. From ., we deduce
¢

Li(vn) = Y. Lu(U7) + Ly (r),) + on(1).

Jj=1

This implies

Kw(vn)sz(vn)fJ || ~° vy, |p+2dx—ZL (U?) + Ly,(rt) — JRN 2| ~b|vn [P da + 0,(1)
j=1

¢
- 3} Kl +Zf 0P di L) = [ el ol e + 0,1,
o RN
Since K, (v,) = 0, and
2 2
f |3:|7b\11n|p+2dm—>wd(w) as n — o
RN p

and Ly (rf) = 0 for all n > 1, we say that

>, K1) Z a2 ) <o (219)

Jj=1

10



or

4
. 2 2
Loy — 2242 4y <o, (2.20)
i=1 P
On the other hand,
2 2 L )
Md(w) = lim 2| |, [PT2 da = ZJ || 70| U7 |P*2 d. (2.21)
p n—o0 JpN o RN
Combining (2.19)-(2.21)) we obtain
&L , 2 2 &L A
N L) < (p; ) d(w), 3 K.(07) <0, (2.22)
j=1 j=1

Claim: K, (U’) = 0 for all j > 1. Suppose that there exists jo > 1 such that K, (U%) < 0. Note
that

Ko (AUP0) = 2L, (U70) — W?f |0 P+2 4 > 0
]RN
for sufficiently small A > 0. Then, )¢ € (0, 1) such that
K,(\U%) = 0.

It follows that,

p
+2)

p

Luol?) = 50755

d(w) < S,(NUP) = 2 ML, (U%) < 5

Together with (2.22)

p .
dw) < L, (U7?) < d(w),
(@) < by LelU%) < d(e)
which is a contradiction. Therefore, there exists only one term U7° # 0.
By contradiction, assume that 3U7 = 0, U’2 # 0, then from (2.22))

Lo (U7) < 2(1);2)(1(@, Lo(U7) < 2(19;2)61(&;)

and by K, (U’') = 0 we say

2(17 + 2) d((,u) < 2(p + 2) Sw(Ujl) _ Lw(Ujl) < Md(w),

p p p

which is a contradiction. Thus, only one term U’° # 0 in the decomposition, and K, (U) = 0,
which yields the inf of the (2.17) occurs at U°. O

Let
M, :={ve H?: S, (v) = d(w), K,(v) = 0,v # 0}

be a set of all minimizers for .
Lemma 2.4. Let N > 2, u <0, w > wy and 0 < p < p*. Therefore, M, c G,,.
Proof. Let u € M,,. Then, v € R is a Lagrange multiplier that is,

0 = Koy(u) = (S, (u), uy = v<K (u), u).

By K, (u) =0 and u # 0, one gets

mum@=@m@wkpﬂmww@+mf

2| P u|PT2 dx = pr 2| 7P |ulP? dz < 0.
RN RN

11



Hence, we have v = 0 and S, (u) = 0, which provides that u € A,,.
For any v € A, we have K, (v) = (S, (v),v) = 0 and v # 0. Therefore, it implies the definition of
d(w)

As aresult, ue G, and M, c G,,. O]

Theorem 2.1. Assume N =2, < 0,w > wp, and 0 < p < p*. Then u € G, if and only if u solves

.

Proof. Aim is to show that G, © M,,. Take u € G,,. By proposition 2.2 Jv € M, and by lemma [2.4]
v € A,. Moreover,

Sw(u) < S, (v) = d(w).
On the other hand, u satisfies K, (u) =0 and u # 0
d(w) < S, (u).

As a result, S, (u) = d(w) and u € M,,. O

2.2.3 Strong instability

Lemma 2.5. Let N > 2,u < O,w > wpy, and S_T% < p < p*. Suppose that u € G, and
338, (uM)],_, <0.
Moreover, suppose that v e H?\{0} is such that

[olZ> < JulZ>, Ku(v) <0, Qv) <0.

Thus,
QW) <4(S,(v) — Su(u)). (2.23)

Remark. From lemma for u € G, satisfying
RSu(uM)|,_, <0

and
{ve HA\{0} : |v]72 < [ulFa, Su(v) < Su(u), Ku(v) < 0,Q(v) =0} = &,

then
0=0QWw) <4(S,(v)—Su(uw) <0

which is a contradiction.

Proof. It K,,(u) = 0, from theorem [2.1| and Q(v) < 0, we have
1
Su(u) < Su(v) < Su(v) = 7Q(v).

Now, consider K,,(v) < 0 and define

(M= 2)2)

A4\
D ygop, + 22—

/\4
i) = Su(0) =7 QM) = G+

N
J || |oPT2dr  with o= =L,
. 2
In addition, as shown above
Ko@) = N80l = 22| Volls +wlolfe =5 [ jal o2 e

Since, limy_,o K, (v*) = w|v|2, > 0 and K, (v) < 0., there exists Ao € (0, 1) that is, K,,(v*) = 0. If
fi(Mo) < fi(1), then from theorem [2.1] and Q(v) < 0

S () < Su(@) < S (0™0) — %Q(v) < Su(v) - iQ(v),

12



which is (2.23). Now, it is sufficient to show that f1(\g) < f1(1), that is

(A5 = 2X8) ] 2 a)\é—4>\8‘f —b 2 —|pl 2 a—4 f —b
AN ALl ) v4 -0 =0 p+2 4 < |V = p+2d .
Thus,
/\372>\3+1| Vo2 < a40¢)\é+4)\8‘J 2|+ di

1 HIVYIL2 = i(p+2) .

and
a—4—ald +4)\¢
Vo2, < 0 0 f ~bl|P*2 da. 2.24
HlIVolEs < o e o Jon [ d (2.24)

In the view of (2.6)), the calculations yield

A UN? w A _
FO) = 5,0 = Sl + B Vulls + ol - =5 | el o

with o = % + b. Moreover,
5§Sw(u)‘)|/\:1 <0,
thus,

a(a—1 _
61l — 4| Vults — YD a2 ac <o, (229
p+ 2 RN
From K, (u) = Q(u) = 0 take
4K, (u) — 5Q(u) = 0.

Then together with (2.25)
4| Aulfs + 4p Ve + dwlul > — 4J a2 de
RN
10| 8wl — 5 VaulZe + —2 [ fe PPt de =0,
p+ 2 RN

which gives
4dp + 8 — b
dwollul[22 = 6] AulZa — |pl[Vul 2. + 2222 f | P |ufP+? dae
p + 2 RN

2

+ 4 8—6

< « D+ (07 J- |I|—b|u|p+2 dr.
p+2

(2.26)

On the other hand, it follows from K, (v*°) = 0 and theorem

p —b p+2d =9 < S Aoy — p f —b|,, o p+2d

T | Jal T e = S < S0 = g [ el s
p a —b +2

=—= ) P2 da.

200 +2) OJRN e

From (2.26) and assumption |ul?. < |v[2. one gets

a? +4p + 8 — 6o
4(p+2)

Now, from K, (v*) =0 and Q(v) < 0 we have

wlvls < 5 | Jal ol .

Vo7 < AFIAv|Z: + A5 wllvl[Z. — A2 JRN o o [P 2 dee

a?+4p+8—6a , o
Alp +2) 0

/\2 /\2 2_6 /\a72
< 21wl + (5005 + g ) [ el P2 a,
RN

< AN Av|2. +

| el oo =3 [ el ol da
RN RN

2(p+2) 4(p +2)

13



Hence,

)\2 )\2 2*6 )\a—2
i (1= ) Vel = (5020 + eyt ) [ el o+ as
RN

2 p+2) 4(p +2)
and , (o2 Jaa-?
2 Ao a® —6a)Ag~
2, < 0 0 by, |p+2
IVl < 5255 (5o + g ) [ o)

From ([2.24) and (2.26)), we need to show that:

2572 g)\4_a+a2—6a <4)\8‘—a)\61+a—4
2-A\27° 4 TN 222+ 1

(2.28)

The rest of direct calculations are the same in [4]. We want to prove:

(2-=MN)ANs —adg+a—4) a4 a? — 6a

a—2/\4 2 = 7)\0 “+
2067°(Ng — 208+ 1) 2 4
Denote o)
g1
A) =
IN = e —oe 5 1)
where

g1(N) = 2(a —2)(a — )X* — (o — 2) (a0 — DA% — a0 — 6)A*"2 — (4o — 8)A? + 4o — 16.

One can show that limy_; g(A) = 0 and 4\*"2(A\* — 2)\2 + 1) > 0. So, it is enough to show that
g1(A\) =1 for all X € (0,1]. Differentiate g;:

g = A2a(a —4)(a —2)A* 2 — (a —4)(a® — DAY — a(a — 2)(a — 6)A*"* — 2(4a — 8))

=\ 92()‘)7
gh(N\) = 2a(a — 2)%(a — A3 —a(a —4)(a® — )X —a(a — 2)(a — 6)(a — 4)A*75
= )\(1—593()\)7
gs(N\) = da(a — 2)*(a — 4\ — da(a — 4)(a? — N3 = Aga(N),
gs(\) = da(a — 2)%(a — 4) — dafa — 4) (A2 = 1)2\2
One can show that
94(1) = —=16a(a — 2)(a —4) < 0
and
94(0) >0, g4(A) <0.
Thus, g4(A) <0 and ¢g1(A) > 0 VA e (0,1). Now I)g € (0, 1) such that
g5(A) >0 VAe (0,\) and g4(A\) <0 VA€ (Ao,1),
92(0) = —2(4a —8)A <0 and g¢2(1) =0,
91(A) = Ag2(A) <0 VA€ (0,1).
g1(1) <0, then g1(A\) >0 VAe (0,1). O
Define the set
B :={ve H*\{0}; S, (v) < Su(u), [v]12 < [ulr2, Ku(v) <0,Q(v) <0}
Lemma 2.6. Let N > 2,1 < 0,w > wo, 5522 < p < p*. Suppose u € G, and 335, (uM)|x=1 < 0.

Then, the set B is invariant with respect to the flow of .

14



Proof. Let 19 € B, then by lemma 3 a unique solution ¥ € C([0,T%*), H?) , that is, if ¢y € B,
then 1o € H*\{0} and also + < p < p*. Moreover, conservation laws will work, then
Sw(¥(t)) = Sultho) < Su(u) and  [(t)]L2 = [o] L2 < ul L2

for any t € [0,7%). By the continuity of the function ¢t — K,,(¢(t)) and theorem if 3tg € [0, T*)
such that K, ((to)) = 0, then

Sew(u) < Su(¥(to))
that contradicts to S, (u) > S, (¢ (¢t)) for all ¢ € [0,7%*). Thus, ¥(t) satisfies K, (¢(t)) < 0 for all
t e [0,7%).
Now, it suffices to prove that if Q(t¢)9) < 0, then
Q(t)) <0 Vtel0,T*).
By contradiction, assume that there exists to € [0, 7%) such that Q(y(to)) = 0. By lemma [2.5]

5(u) < Su(W(t0)) — 7QU(10)) = Su(W(to)).
Thus, we have S, (u) < S, (¥(to)), however, it should be
S, (¥(t)) < Sy(u) for all te[0,T%).
Contradiction. O

Lemma 2.7. Let N > 2, u < 0,w > wo, % < p < p*. Suppose that u € G, and 035, (u*)|r=1 < 0.
Then, u* € B for all A > 1.

Proof. Scaling is u* := A¥ u(A\z) and one can check that
A
lutlzz = lulzz < Julze.

Define g(A) := Ko, (u*) = X [Au|2, + pX2|Vul| 2, + wluf2. — X §on 2|70 ufPT2 do with o = 22 +b.
We assume that
6,2\Sw(uk)|,\=1 <0.
Therefore,
ala—1 _
RS acr = 618l + Pl = SO a2
P + 2 RN
Thus,
90 = 12X Al + 20|Vl - afa— 1A |
R
for all A > 1. Pohozaev identity corresponding to (2.1)), implies that

2|~ |uPT? dz < 0
N

gV < (1) = 4)AufZs + 20| Vul}s — a f 2|~ |ulP*? do < 0.
RN

Then K, (u*) < 0 for all A > 1. Now, from (2.6)):

A UN? w AY _
FO) = Su(0) = Al + SVl + Flule - 25 [ el da,
we say
" 2 2 o ala—1)A*? —by, |p+2
') = 6N Aul gz + pVulz = —————| 2| de
P + 2 RN
< f'(1) = 3Sw(uM)r=1 < 0.
Qu
W — o < 1) = @y = 0
and
S, (u?) < S, (u)
for all A > 1. Hence, we get u* € B for all A > 1. O

15



Theorem 2.2. Let N > 2, u < 0,w > wy, _— < p < p*. Suppose that ground state of (2.1)) u is the
radial and 02 S, (u*)|[a=1 < 0. If |u| is suﬁiczently small, then the standing wave ¥ (t,x “"tu(x)
shows strong instability via blow-up. That is, for any € > 0, g € H? such that ||1pg — uHHz <€ and
the solution ¥(t) to with initial data g blows-up in finite time.

A

Proof. Take ¢ > 0, w > wp and u € G,,. Now, we have u* — u as A — 1 (by Brezis-Lieb’s lemma)

and there exists A\g > 1 such that
Hu)“’ —ulge <e

and from lemma u? € B. By lemma and the assumption that u*° is radially symmetric,
there exists a unique solution 1 (t) € C([0,T*), H2,) with initial data 1o = u?°. Here T* > 0 is the
maximal time of existence.

Now, we will prove that ¥ (¢) blows-up.

Step 1. Claim is 3Cy > 0 such that

Q(w(t)) £ —Cy for any ¢t e [0,T%).
Indeed, ¢(t) € B for any t € [0,7*) . From lemma we have
Q1) < 4[Su(¥(t) = Su(u)] = 4 [Su(u™) = Su(u)] = —Co,

where Cy = 4 (Sw(u) — Sw(uAO)) > 0.

Step 2. The next claim is 3C7 > 0 such that
d

T Mr(¥(#) < —Cr|Av(#)[7

for any t € [0,T%*), where Mg (¢(t)) is virial function. First of all, we show that 3Cy > 0 such that
[AY(t)| 2 = Co  for every t e [0,T%).
We will prove by contradiction that 3{tx} < [0,7*) such that
1A% (k)] L2 — 0.

However, from mass conservation and the interpolation inequalities with weights (|7]), one can say
that

f el PP de — 0, [V (t)]z: — 0 as koo,
R

Therefore, we have

QUo(t) = 2186(6) [ + WV - 5oL | el (e P da -0

2(]) + 2) RN
as k — 0, which contradicts Q(¥(¢)) < —Cp.
Take ¢t € [0,T*) and define

_ 2NplE(o)| | A%| o 22

é 4462 ’
where
5 — w, A= Ag+ Np+2b—4.
Case 1:
A% ()72 <
From deduce

d

S Mr(() < 4Q(¥(1) + Xu[v(®)] + O <

L 189 )7 N 1AV Lz 0l
R4 R? RIN-1)/2p " R2

L ns |l
_4CO+A|W7+O(R4+R2+RN1)/2P+R2

16



By choosing |u| small enough and R large enough, we obtain

T Ma(t) < —20 < -2

2
" 1AV

Case 2:
[AY(#)]Z2 = 7.

It follows from conservation of energy that

2NpE((t)) — (Np = 8)[|Ap()|Z2 — (Np — Du[ Vi ()[[Z2 + Xu[v(1)] <

A2 U 2
INpB(wo) ~ 3D + 2 w3 < s av ()3,
where Al 5
i
V)12 < ol A2 < |2, + | Aw(0) 2. (229)
46 Alpl
Therefore,
d L IVe0Bs | VY0,
M) = =S80 13 + 0 (g + T o DO W),

Choose R > 1 large enough such that
o (1 L IVe®IE: | [V @)170 |u|> 5

2
R4 R2 R(N71)/2p + Rg <§HAw(t)”L2~

Now, we have 5
d
S Mr((1) < —5 1A% @7 (2.30)

Step 3. Suppose that there exists a global solution. If 7% = oo, from (2.30) follows that 3¢; > 0
such that Mpg(¥(t)) < 0 for all ¢ > ¢,. Integrating on [t1,t], we get:

(5 t
Mr($(t)) < =5 t |Ap(s)[22 ds < 0.

One the other hand,

Mp(¥(t)) < C|Vor| L= [6(#)| 2 [V (t) 2 < Clyo)|AY ()] s

Then,
S t t
Mr(4(t)) < —5 t [AY(s)|F2ds < —C(6,R) | Mgr(t(s))"ds.

t1

Define h(t) := S; Mg (1(s))* ds. Hence, h(t) is strictly increasing and nonnegative.
W (8) = M(u(t)" > C(6, R)h(t)!
Integrating this inequality on [t2,t], t2 > t1, we get:

—C(0, R)h(t2)

Mr((0) < =CORMD S F 360 RyihiL)5 (1))

for all ¢t > t5. We now deduce that Mg(¢(t)) —> —oo as t — T*.
Thus, ¢(t) of (1.1)) with initial data 1y blows-up in finite time T*.

17



2.2.4 Additional results

We extend the results to the non-radial case. To estimate localized virial function we faced with this
error term

Bl = |l ep s,
|z|=R
which was estimated via Strauss inequality. Now, we show the same blow-up in [2] but with small

changes in estimating an error term.

Theorem 2.3. Let N > 5,0 < b < min{4, N} and ¢g € H*(RY), and E(1g) < —gu>M (), where
g > 0 a positive constant. Then,

1. If 8 ~ <P < J=4, then the mazimal solution for (n) Y(t) blows-up in finite time or infinite
time, that zs
lim Ay = +o.

> L max

If S_Tgb <p< % then ¢ (t) blows-up in finite time that there exists T* > 0 s.t

lim AW = +oo.
t—T*

8—2b
Proof. Case & ¥ <P < N 1

Suppose that there exists a global solution, that is
[AY|2 < M Yt

Then, the estimation for error term
_ 2— _
B <R fl et s YaglE ol <yon B
z|=R

Now, take R > 0 large enough and (2.11)) with (2.29) become

Mp((t)) < 2NpE(o) — (Np — 2b = 8)[ A7 + Alul|[VeIL: < Np[E(vo) + gp” M (to)],
where A = Ay + Np + 2b — 4. This implies that M} (¢(t)) < —C < 0. Now, using the Fundamental
Theorem of Calculus, we have

(Mr($@)| < [V L2 [Ple So 1AY]72 Sy, M2

Contradiction.

8—2b 8 . Np
Case °~ < p < v implies =F < 2.
From the previous case we have

+2- 2
Bl < RIAE [l g, R+ ROAGIE,

Np
where |Ay|,; 3 <1+ [|A¢|2.. Again, choose R > 0 sufficiently large and

Np+2b—38

5 [AY]Z: < —C = a|Ay[7..

Mp(3(1)) < 2Np[E(vo) + gu® M ()] —
The rest of results are given in theorem [2.2] O
Moreover, we derive the results in the case of a positive power of |z|.

Lemma 2.8. Let N >2,b>0,p> —7 and p < %—fg if N > 4. Then, 3C(N,p,b) > 0 such that

2b—p(N—4

Np—2b 8+2b—p( )
JRN |z[*|p [P+ de < C(N,p,b)|AY[ T ¢l ° Vi € Hpy(RY).

18



Proof. From the radial Sobolev inequality for N > 2 and ¢ € H2,(R") we have
N-1 1 1 1 3
|7 [ < C(N) VY[ 7 ¥] 72 < C(N)[AY] 7] 72
using the Gagliardo-Nirenberg inequality

1 1
IVl < A Z: 417
Then,

[ Ges e G
RN RN

Moreover, for N > 4 and ¢ € H2;(RY) we have

) ™ de < OV 1AL T

2| 5 72| < O(N)| Ay 12

and the Sobolev embedding H2(RY) — L¥%5 (RY) implies

2N+2b N_ 202N
[ b ar= [ (=)™ SR
RN RN

Now, for N T t2<p+2< 2N+2b and by using l||| we obtain

0 1—6
| |x|b|w|“2dx<(f x|b|w|w”l”dz) (f ]l il’dac)
RN RN

OV, p, )| Ag| T 7+~ (0

) )

where 36 € [0, 1] such that

(2.31)

(2.32)

4
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3 The Fourth-Order Inhomogeneous Nonlinear Schrodinger
System with Mixed Dispersions and Coupled Power-Type
Nonlinearity

3.1 Background material

Denote the space
H:=H?>x..x H*= [Hz]m

where H? is Sobolev space
|72 o= 172 + 1A |7

The scaling invariance for is u) 1= A%2 2u()\4 A).
Moreover, the Sobolev index is

N 4-0
Sei= — — ——.
2 2p-2
Let us define respectively, the mass critical and the energy critical exponents
S
DPx = N 9
4-b
p* _ 1+ N—1 if N > 47
o0 if2< N <4
In addition, denote the real numbers
Np—1)+0b
B:=(pf)+ and A:=2p— B.

Now, introduce conserved quantities called the masses, the global mass, the Hamiltonian and the
energy, respectively

M (u;(t)) := J |Ulj(t,.’1?)|2dx = M(v;),
RN

= D M (1) = M(D),
: ;ZJ Byt o+ ZJ Vst ) da
_% Z JRN |x|7b|uj‘p|uk|p dﬂj = H(\I’)a

B(u(t)) = H(u(t)) + 5 M(u(t)).

Define a constraint. For u := (u,...,u,) € H and «, 5 € R we have
1 m M m
Kap(u(t) := 3 > (2a+ (N —4)8)|Auy|72 + 5 2. 2a+( )B) V72
j=1 j=1
b3 DIl 5o D) (pact b)ﬂ)j o
23 2 R¥

Moreover, Q(u(t))) := K _ 2 (u(t)), thus,

2 (p—1)+
Qu(t) ZuAugum ZHVJHLZ— ; b=V S f 2Pl Py P de.

J,k=1
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Definition 3.1. A ground state of the problem (1.2]) is any solution of the following elliptic problem

A2¢; — pAdj + ¢ = 20y 17|70 ok Plos1P 2 9y,

3.1
0¢®::(¢17~"7¢m)6}lrd ( )
and minimizes the problem
dup = 0 (B(w): Kap(u) = 0. (3:2)
Denote some invariant under flow of (1.2]) sets:
A?‘:’ﬁ ={ueH,q: E(u) <dyp & K,up(u) <0},
Al g ={ueHg: E(u) <dap & Kap(u)>0}
In addition, introduce some real numbers
= min{2a + (N —4)8, 2o+ (N —2)8, 2a+ Npj,
7:=max{2a+ (N —4)8, 2a+ (N —-2)8, 2a+ Npj}.
Remark. The problem (3.2) satisfies
. 1
daﬁ = O;élllIég_er { (E — /LK(X”B> (u) : Kaﬁ(u) < O} . (33)
For u € H the localized virial function is
Mg(u(t)) == My, (u(t) :=2 > S U VR Vi dx) : (3.4)
j=1 R

Lemma 3.1. Let C > 0 and r > 1 are two real constants. Then, no positive function f € C1(R,)
exists that satisfies f(0) > 0 and

ff=Cf" onR,.
3.2 Results

Nonlinear term estimation

Lemma 3.2. Assume that N > 1 and 0 < b < min(N,4), and py < p < p*. Then,

m m % m %
>, f |~ Jur |l |P d < © (Z ||Auj|2L2> (Z ||Uj%2> :
k=1 JRY j=1 —1

J
Proof. By |7] one can show

b N(le)er liN(le)#’b
llzl ™2 ul e < ClAuf . ™ ull ™

for all u e CP(RM), 0 < b < N. Hence,

UL b 2p m Np-1+b 9p— Np—1)tb
Dl "7y, <O Y 1AL = Dlul  * -
Jj=1 j=1 j=1
Moreover, b < 4 obtained from p, <p <1+ ;\1,;_’11 for N > 4. O

21



3.2.1 Localized variance identity

The localized variance was given in the form

Mpg(u) :=2 2% (JRN(U‘J-V@R -V, dx) = i@@,ﬂmuj} = i Mp(u;)

j=1 j=1
where
Iypi=—i(Vor-V+V-Vpp)
Lopf =—i(Vor - Vf+ V- (fVer)).
Then
M) = g, TA% T )+ gy [, T T

g, [= 3 |2 PPl P2 T Jug) o= L(uj) + M(ug) + N (uy).
k=1
From |2] we have
L(u;) < 8J |Au;)? + O (R + R7?|Vuy[?),
RN

M) =ty [ 190+ Xw) + O (ulR?)

where with some constant Ay > 0
Xpu(uj) < Ao - {

Now, it is needed to calculate only nonlinear part. Take [X,Y] = XY — Y X. Then,

0, for p =0,
V)22, for < 0.

U

lz |m|_b|uk|p‘uj|p_2v VSOR -V+V- VQOR
k=1

= 3 sl s P (VorVuy + V - (u;Vor))
k=1

- (VWRV (Z fﬂ|buk|p|ug‘|p2ua‘> +V- (Z |I|b|ukp|uj|p2ujV<PR)>

k=1 k=1
m m
=23 |2 Pl P2V oRVuy + Y el P fuk P luy PP u A g
k=1 k=1
m m
=2 30V (|2 lunlPlu [P Puy) Vor = ) el lulPluy P2 us A0k
k=1 k=1

m
2 Z (|22 un P lui P2V — V (2] |ue|Plus[P~uy)) Ver

k=1
= =2 ) V(|2 ur|?|u; [P~ ?)u; Veor.
k=1
Thus,
_<u]'7 —2 Z V(‘.’E|_b‘uk|p|uj |p_2)’U,jVSDR> =2 Z JRN UjV(|{E|*b|uk‘P|uj|P*2)UjV(pR dx
k=1 k=1

=23 [ PVl ol P Vi d
k=17RY
=2 Y [ (el s PP + el PVl Vo)
k=1
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The calculation gives the following

p—2

_ _\p=2 _ _ _
V(|ui P72 us|* = V(ujuzg) = |uy]? = g [P~ (4 Vg + Vi) ug [?

p22

P20
» V(Juyl?) = » V (fu; [7)-

Hence,

m
ZJ ( (2] ?) [u; PV o +

=23 [ (St bt = 2l S )) T

2
1 b|ukpv<|uj|p>w3) da

Using integration by parts, one gets
[, el M hanl? sl Fiomd = = [l Pl P Ao
RN RN
Therefore,
23 [ (el Pl Sen + 2ol sl V(o) Vo) a
N p
Again, integration by parts, we obtain
|t P Vs Verde = = | V(] P V) lusl da
RN RN
== |, (el ) Veprlasl? + ol s s P )
RN

Now,
Nw) =23, [l uPlusPapnds
k=1 VRY
4 _ _
w2 | el Pl A gr + V(] sl Fialus ) do

2
=2 Z ((1 - ) |l gl agnds =2 | v<|x—b|uk|p>wg|uﬂdx) .

Using symmetry, we get

m

Z (J| = g [P )

k,j=1

m
== 2 B bV(IUk\p)\uylva* Z V(|| b)luzc\plujlhr* D0 |2 PV (fuyl?)
pk,]l pk7]1 pk}ﬂl

4 & B 2 & _
=5 PIE] bV(IukI”)Iuj\“; DT V(2] 70) PP

k,j=1 k,j=1
The calculation gives the following

V(2| ugl?) = V(j2| ™) lurl” + 27"V (jux ?)

= —bla|"Palugl” + 2] 7V (jur ).
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Then,

2
—2 31 (1=2) [ | el bl pnds =2 [ 9ol ua)Voriusirds
1

k,j=

_2(p_1> Z J- 2| b\uk|p|uj|pA<de$+* Z f 2|V (|Juk |P) Veor|u,|P da
k,j=1

kjl

+ f —blx|~ —b- 2x|uk|pV<pR|u]|pdx
pkj 1

2
=2<p1) 3 f ol e Plus P A di + 2 3 f V(2™ s Pl ) Vi da
k,j=1

k‘jl

+ J —b|z| 72z ug [PV g |u,|P do
pk] 1

2 m J m
-2(2-1 ol Mfeal P Ande — 2 Y[ fol Ml Agnda
(p >k;1 R ’ ka::1 RY ’
m

+ Z J —bl2| P22 ug [PV o r|u; P dx
kj 1

2( D > Z J |z|~ b|uk|p‘uj|pA90Rdl’+* Z f —bl|z|” b— 2x|uk|PV¢R|u]‘de
k,j=1

k]l

Now, use the equality Apr — N = 0 for |z| < R we decompose

2< ) Z J ||~ |ug [P u; P Ap g dz
k,j=1

_—2N(p-1) -
L5 [t e~ 2 5[l (= )
z|=ZR

k,j=1 k,j=1

Since, [|[Apr — N|L»= < 1 and using a Strauss inequality, for b > 0 one gets

J | =P g [Py [P die < R_bf |un [P u; [P da
|z|=R lz|>R

< R_bHuk Hpsc(|m\;13)Huj||poc(|x|>13) Hua ”2L2
(N—=1)(p—2)

- p=2 p=2 2
R g = V] g

S S e A

SR

Conclusion, we obtain

p—1
P

S [ el el P+ 0 Y0 (Z ||Vuj||2>

Gk=1 j=1

_2N

The next part will be estimated in the same way: we have Vog — 2 = 0 for |z| < R, then

2b b
- 2|22 |ug [PV o r uy [P do
2b 2b b
= s | k[P [P de — = N R|iE| 2 lug[Pluy P (Vg — o) d.
T|=
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Since, |[Vegr|r>» < R and one can show that
|z (Vor — )| < |2l|Ver| + [2]* < |2,
for |z| = R. Now,
| e (Vo= ol Pl de < B[l do
|z|=R |z|=R
< R_(N_l)(p_l)_b_l|‘UHP+1‘|VUHP_1.
We obtain this estimation

ZJ = Jug]” Juj P dx + O | RZVEDEZD= (Z Vugl)

jkl

p—1

Finally, we get the following estimation

p—1
2(N(p—1)+1b) U ’
N < -2ECZDED 57 [ by de + 0 [ R0 (Z wﬂ)
J.k=1 —1
(3.7)
The final estimate for the localized virial will be
d
7 Mr(u SZJ \Auj|2+42 J |V, > + X, (u)
2(N(p—1)+0b)
_((—+ Z j |z~ b|“k‘p lu [P da (3.8)
p 7,k=1

p—1
2

+O | R* + R7?|Vuy|? + |u|R™2 + R~ -D-1-b (Z wﬂ)

3.2.2 Blow-up criteria

Theorem 3.1. Let 2 < N <7, UV := (¢1,...,0m) € Hpa, p € R, & := (¢1,...,0m) be a ground
state solution to and the maximal solution u € Cpx (Hrq) of (-) Assume that 2 < p <5 and
0<s.<?2.

1. If p # 0, we assume that

0, for u >0,
H(Y) < { —gu*M(®),  for p <0

with some constant g = g(N,p) > 0.
2. If u =0, we assume either H(¥) <0 or H(V) = 0 with

2—s¢ 2—s¢

H(O)M(V)*55 < H(®)M(®)

and

2-50 2—s¢

(Z Iij%z> (Z ||w3|m> > (Z A¢jiz> (Z |¢j%z> : (3.10)
Jj=1 j=1 j=1

Then, u blows-up in finite time, i.e. 0 < T* < o0 and

hm sup Z |Au;||32 = +o0.
Jj=1
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Proof. Case 1. p >0 and H(¥) < 0. Then, by (3.8)

Mp(u(t)) SAN(p—1) + HH(W) —2(N(p— 1)+ b—4) Y [Auy[3.
j=1
S Vw3 (S [ Vl3a) "
+0 <R4 R2 + R2 + R(N-1)(p—1)+b

S2NP-1D+0)H(Y) - (Np—-1)+b-4) Z | Az

+Go , Colul +2(N(p— 1) + b)H()

"R

m 0 m p=1_,
+ 2 A2 (—(N( D+b—4)+ -5 Z |Au;lz + 23 D) 1A, 3 ) :
j=1 j=1

On the other hand, from H(¥) < 0 one has

B
m 1 2 m
A3, < EJ | =g Py P dae <Z IAugL:a) <Z Iuj|%2>
Jj=1 j=1

Jj=1

NFS

Since B > 2, one can show

m
N INZI P xe
j=1

on [0,T*). Now, choose R > 0 large enough such that

Mp(u(t)) <2(N(p—1)+b—4)H(W) — (N(p—1) + b—4) i |Au;|2. < 0.

Jj=1

By contradiction, suppose that T* = co. Then,
Mpg(u(t)) < Mg(u(0,))+2(N(p—1)+b—4)H(V)t— (N(p—1)+b—4 J 2 |Au;i(s)|32ds. (3.11)

Thus, 3¢; = 0 such that for ¢t = t; Mr(u(t)) < 0. Moreover,

[Mp(a(®))] < |Ver|rurz[VulL: < C(¥)R|Aul ..

For t > t; becomes
Ma(u(t)) < Ma(u(0,) + 2N (1) + b= HH() = (Vp=1) + b= 4R | | Ma(u(s)* ds.
From H(¥) < 0 we obtain

5J \Ma(u(s)|*ds, Vi >t.

Define z(t) := Sé |Mg(u(s))|*ds for t = t;. Then,

Mg(a(t)) = 2/(t) = 5*24(t), VYt =t.
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The rest of proof is closed by using lemma
Case 2. u < 0and H(V) < —gu?M (V). Again, (3.8)

Mp(u) < 4(N(p—1) + D) H(¥) =2(N(p — 1) + b —4) 3 [ A7 + Alul Y |Vuy| 72

j=1 j=1
m m p—1
Lol Lo M n Zj:l HV“J'HQLQ n (Zj:l HVU’]H?ZQ) 2
R4 R? R? RN=1)(p—1)+b
where A = Ag +2(N(p — 1) + b —2). Then, using
i A|p| i )+b—4
g ‘VUJHL2 = (N(p +b 4 ; |U’JHL2 + A| | Z HAU’JHL2
we obtain
m
Mp(u) S4(N(p—1) + D)H(U) = 2(N(p— 1) + b—4) > |Au]7-
7j=1
b S e (V- b= 0) Y A
NG -1+ & &1l
m m p—1
ol L+ M Zj:l HVUszLz + (Zj:l HV“JH%2) 2
R4 R2 R2 R(N=1)(p—=1)+b '
Using mass conservation, one gets
Mp(w) S 4(N(p—1) +b) [H(Y) + gu® M (V)] = (N(p—1) + b~ Z | Ay 2
m p—1
ol L+ M n Zj:l Hvuj|‘%2 + (Zj:l HVUJ'HH) 2
R4 R2 R2 R(N=1)(p—1)+b :
Taking large enough R > 0 and
Mp(ua 2 |AujH2L2‘

The same conclusion as in the first case.
Case 3. pn =0 and H(¥) = 0. One can check that for

1 m
EENEECD W IR G
j=1 jk 1
1 = CN’p, A
5 g HAUJ”L2 - % <Z |Ay; |L2>
with
2p (A 2 1
— = — -p
Crvpn =2 () r@).

Denote a real number ¢ := CN‘%M 2 (V) and a function

m
1
yr 2 1Ay lE. and FiX e (X—qX?> .
j=1
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Then F' has a local maximum at

and

Using the Pohozaev identity
D 1agilt =3 Y sl = 5> 0 [ Il Pl de
j=1 A j=1 2p jik=1“RY

we have

H(®)

B-2 & B-2 &
=5 Z |Ag;|7 = Y Z 1651172
j=1 j=1

The calculation gives

X, = (2) 53 ) ( . .ABE[V(z)]p—1>M

Bq B[M(¥)]=2 2p- A
(B @\ TR (B paapt) T
AT () AT ()
_ B [M(@®)]
A M)
One can check
(p—1)sc N(p—-1)+b—4 N(p@p—-1)+b 1B
2 4 B 4 27
A 2 _4p—-N(p-1)—0b 2 _2-—s
2 (p—1)s. 2 ‘Np—-1)+b—4 s, '
moreover,
~ Cnypm a_ [M(D)]% 2p AN®
- pp el ===, A[M (@)~ <B>
Now, from Pohozaev identity
2B _ e 12
mH(@) = J; [ A¢;z,
B 2B
Then
B c =2
T M(®) (M(2)) = (M(D)) =
2B 2-sc c—2
= S H(®) (M(®)) 5 (M ()5 = X,
and B_9 B o
F(X.) = 522X, = H(®) (M(2)) 5 (M(0))

The conditions (3.9) and (3.10) imply that

H(V) < F(X,) and Y |A¢;]72 > Xs.

Jj=1
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One deduces that .
D lAu|7. > Xy VEe[0,T%). (3.12)

By contradiction, if 37", |Auj|2, < X, then by continuity in time 3¢; € (0,7%) such that

Z |Aw;(t1)]22 = X

However, this holds
H(¥) = F(Xy)

which is a contradiction.
Now, choose 0 < 1 << 1 such that
2—sc

Then .
) > IAu,]3: > 2B - H(V),

Jj=1

2 |Au;]22 > 4(N(p — 1) + b)H (D).

(B-2)(1 -
(3.13)

2N (p—1) +b—4)(

This implies (3.8)
/ S 2 S 2
Mp(w) <2(N(p—1) +b—4) (1 —n) Y [Ausl7: —2(N(p—1) +b—4) D [Auy[7a
— o)

j=1
. o1
+O | R+ R ) | Vu,|7s + RZNV-DP=D=0 (Z |Vuj||L2>

Jj=1 Jj=1
p—1

m C m 2
< —An(B =2) 3 |AulFe + 5p + 25 Z N (Z |Auj||L2>
J=1 J=1

= C
Z |Aus|3s + 2

J=1

NEIE ( (B Z | Az + RQ(Z |Auj|L2)p;_2>

=1

EA

< =20(B ~2) +or(1) ) [ Au;|Za + or(1),
j=1

with og(1) — 0 as R — oo uniformly in ¢. Taking R > 0 large enough and using the fact
Z;'nﬂ | Ay H2L2 > H(¥) > 0 we say

B—=2) > |Au;|7. on [0,T%).

Jj=1

Mp(a) < —n(
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Now, by contradiction, take T* = oo, then integrating gives the following
t m
Ma(u(t)) < Meu(0) = (B ~2) [ 3 180 ()] ds.
0 j=1
Then, by (3.12)), 3¢; > 0 such that Mpr(u(t1)) < 0 for all ¢ > ¢;. By integrating from ¢; to ¢ we have

Malu(t) < =n(B=2) | 3 18u(s)fads vee[0.77).

1j=1

The same conclusion as in the first case. O

3.2.3 Non-global solutions
Lemma 3.3. The A, 5 and A;ﬁ are invariant under flow of .

Proof. Claim is if u(0) € A 5, then u(t) e 4, 5.
From the energy conservation
E(u(t)) = E(u(0)) < da,p-

Now, we need to show Q(u(t)) < 0. By contradiction, suppose Q(u(t)) > 0 and at t = 0 Q(u(0)) < 0.
By continuity argument, we say that there exists t; such that Q(u(t¢1)) = 0. However, one can show
that

E(u(t1)) = E(®),

which is contradiction. Then, Q(u(t)) < 0.
For A;‘ 5 we have the same argumentation. O

Lemma 3.4. Let ¥ € A_ 5 and u € Cpx(H) be the maximal solution to . Then there exists
0 > 0 such that
Q(u(t)) <-4 Vtel0,T%).

Proof. Suppose that 3t,, € (0,7*) a sequence of positive numbers such that Q(u(¢,)) — 0. From
(3.3) we get (by definition 7 = £-.)

N N
d< (E — 8Q> (u(t,)) < E(¥) — S Q(u(ty)) e E()
U eA, s then E(¥) < d. Conclusion is that Q(u(t)) is negative. O

Lemma 3.5. There exist two positive real numbers a,t; > 0 such that

Mp(u) < —a Z |Auj|2.  on [0,T*), (3.14)

j=1
Mpg(u) <0 on [t1,T*).

Proof. 1. p=0.
Take t € [0,T%).
Case 1.
S A(N(p—1) +b)
Aujl?. < .

Moreover, choose R > 0 large enough such that

. ( Ul S bl S I8l (S Wl S Aumz)’?) s

mTRT R RN D@ 1b
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From lemma and (3.8]) we say
Mp(u(t)) < 4(N(p—1) + b)H(¥)

—2(N(p—1)+b—-4 ij |Au;|3. — (2N(p—1)+b—4 ij Va2
+0 ( + IR%I N Z;-:llRVQujII%z N (Z]j;v_zﬂﬁj:;>

cavatun o (g i+ B BT
s —1) < S ey g a3

Case 2.

S 4(N(p—1) +0)
; |83z > Np-1)+b—4

Mp(u(t)) < 4(N(p— 1) + DH(W) = 2(N(p = 1) + b —4) ) | Auy| 7

j=1
IV IV 2a)
+O 7 + M + Z ” J” + (Zj_]_w ]ﬂL )
R R? R? RIN=-1)(p—1)+b
<-(Np-1)+b-4 ZHA%HLz
1 Co+>", HAujH%Z B u
+0 <R4+ ]R2 ZHA jHL2 B +u
Nip-1)+b—14 Co  Colul
<- : JZluA wlEe + 25 + s
S Np—-1)+b—-4 m
+ 2, Al (‘ L G (3 1o 10 )
j=1

Choose R sufficiently large, one gets

Np-1)+b—4 &
M) < - YEDEIZA S a2,
j=1

Furthermore,

Mp(u(t) = Ma(u(0,) + f < Mp(u(s) ds

Z | Au;(s)]Z2 ds

< M

%

//\

(0 )) — Cot
Hence, Mrp <0 on [W;T*).

2. Consider that p < 0.
Take t € [0,7%*) and
AN(p—1+b)H(W)  A%|u* X7 [5]7
n:= 5 + 152 ,
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where

5=
3
and
A= Ag+2(N( )+b)
Case 1. .
Z Au]HLz x

From (3.8) and lemma

Mp(u(t)) <4(N(p—1) +b)H(¥) = 2(N(p—1) + b — Z |Auj7

—2u(N(p—1)+b—2) Z|Vuj\|%z+Ao|u|ZHVujH%2

— j=1

L m p—1
L Iy I\VUjI\Lz lul (XL IVuy)72) "2
R4 R2 R2 R(N-1)(p—1)+b

1 3
<2NQ(u(t))+A0|u|n+o<+77+77 N |u|>

p—1
2N6+Ao|u|n+0<+n+n . +|”|>.

By choosing |u| small enough and R > 0 large enough

2N5
M (u( Z |Ay; HL2
Case 2. .
> IAu |7z > 0.
j=1
One can show that
AN(p—1)+b)H(U)—2(N(p—1) +b— 2 | A2
—2u(N(p—1)+b-2 Z IVus(32 + Aolpl D [V
=1 j=1
= 4(N(p— 1)+ b)H(T) =35 > |Au;|7= + Alpl Z |V |7
j=1 j=1

Using Young inequality

S Alul
DIVl < Z lujlZs + - A‘ 2 Z | Auy7
j=1

we obtain

AN(p—1)+b)H(¥ —352 | A7 LA

Z I JHL2 + (SZ HAUJ“H
Jj=1

m
Z | Az
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Then,

( X | (23”1||Auj|iz>”5>

MJI?,( —0 Z HAUJ HL2 +0 R2 R2 R((N-1)(p—1)+b

j=1

Now, choosing R > 0 sufficiently large that

m p—1 m
of L, ZimilAulze el (G [Au]z.) 2 LESIN
mtT @ tTmt e 5; | Au; |7
Thus,
6 m
-5 Z | A7

The rest of proof is the same as in the case p = 0.
O

Theorem 3.2. Take 2 < N < 7 and 2 < p < 5 such that p, < p < p*. Let u € Cp«(Hrq) be a
maximal solution to . If 3to € [0,T*) such that u(to) € A] _», then u is non-global solution.
TN

Proof. Assume that u is global solution. Then, integrating (3.14) on [t1,7] and considering that
Mpg(u(t)) <0fort =t

faf ZHAUJ J2ads Vit
t1

In addition,
[Mp(u)| < [V = u()] 2| Va@)] > < C(u(0,-))R|Au(t)]7..

Hence,

< -—a Z |Mg(u(s))|* ds.

tlj 1
Denote z(t) := §; 3" | |Mg(u(s))|* ds and
() = C2Ht) Vt=t,.

Using lemma [3.3] the proof will be completed. O

3.2.4 Strong instability
The scaling is u* := =A% u(\) for A > 0 and u € H,q.

Lemma 3.6. Let u € H,q be satisfying Q(u) < 0. Then, there exists a unique Ag € (0, 1] such that:
1. Q(u*) = 0;
2. Xo =1 if and only if Q(u) =
3. LE(u*) >0 for Xe (0,\) and S E(u) <0 for A& (Ao, 0);
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Proof. One can show that

A )\4 = 2 ,u UL p-h+b b
B = 2 18wl + 2 S Vw3 Dl - X S [l
Jj=1 Jj=1 j 1 J,k=1
Then, calculations give
0
—F
5 Bu?)
S S Np—-1)+b b— b
- § HAWH;Hu;kuirTw A N

p—1+
3 \\Aug|\Lz+fA22 [V jHLz—TW vy, f |~ |P|ukpdx>
j=1

ﬁ(

" =1 7,k=1
_ NV
N 2/\Q(u )
So, L E(ut) = £Q(u) is proven.
Now, compute
Qut) =
Lu3a —AQ \V _g)\f\’(p 1)+ S Pl P d
XY A2 + Zn i~ 3 el Pl
=t J,k=1

1ox Np-1)+b
= *Xl (Z |Au; 17z + 535 Z |V )7 — TA (b=ps) Z =m oy P lug]? da | -
j=1 7,k=1
Now, we will analyze A™*Q(u*). From assumption we have p > py, Q(u) < 0 and it can be shown
that
2
at A =07 then A™*Q(u 2 A3, + MEHVUJHLQ > 0;
j=1 j=1
as A — o, then A~*Q(ut) — —o0.

So, A™*Q(u") is decreasing from a positive to a negative value. By continuity 3\¢ such that
Ap ' Q(up) = 0.

Moreover, it is obvious that at Ao = 1 Q(u) = A\;*Q(u}) =
O

Lemma 3.7. Let ® € H,.q be a ground state, A\ > 1 and u? be a solution to with data ®).
Then

E(ut) < BE(®) and Q(u*) <0 on [0,T*).
Proof. We will start from the definition of the ground state. It is obvious that Q(®) = 0. Then, by
using the previous lemma 3\g = 1 and for A > 1

0 N

aE(@,\) = ﬁ@(q’,\) <0.

By using the invariance we get

Qu*) = Q@) < 0.
Again, by using lemma
CE(®)) <0 for A >1,
E(d))\) >0 forA<1
t Ao

1 (So, E(®) is the largest value for energy). One can

SES

x
we say that F(®,) has a maximum at

show that
E(u) = E(®,) < E(®).
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Theorem 3.3. Take2 < N <7 and 2 < p <5 such that p, <p < p*. Then, every ground state to
is strongly unstable.

Proof. Take u* € Cpx (H,4) which is the maximal solution to (1.2)) with data ®. Then, the previous
lemma says that
ut e AT, on [0,T%).

N

3.2.5 Additional results.

We extend assumptions for b and u(t).
Consider the case for a non-radial solution. The main difference in the proof is the estimation of an
error term

B, | = j | 0k Pl P iz
lz|=R

which appear in the estimation for My(u(t)). We cannot use a Strauss inequality as before to
estimate an error.

Theorem 3.4. Suppose that N =5, 0 < b < min(4, N) and U € H. Thus:

i) Ifl+%<p<p* and
0, for u >0,
H(Y) < { —gu*M(W), for u <0,

then the maximal solution to u(t) blows-up in finite or infinite time, that is,

m
li Au; = +00.
lim 3 A =+

max

j=1
i) Ifpe <p<1+ % and either
0, for 1> 0,
H(Y) { —guPM(¥), for u <0,
or 2 s, 2 s,
H(W)M(0)5° < H(®)M(®)™ (3.15)
with

2-s. 2-sc

(Z |A¢j2m> (Z ||¢j|2m> > (Z A¢j2L2> (Z |¢j%2> ; (3.16)
j=1 j=1 j=1 j=1

and p = 0, then u(t) blows-up in finite time in the sense that IT* > 0 such that

m
LmZ | A2 = +oo,

where ® is the ground state solution to .

Proof. Case 1 + % <p<p*.
Assume that the solution is global in time and satisfies

D Au |2 < MVt
j=1

35



Thus, using Gagliardo-Nirenberg inequality and the mass conservation we estimate an error related
to Mp(u(t))

,1)

— 2_
E,| <R b Z f |u;|P|ug|P de < R™ bZHAU7HL2 ||U7Hp
3,k=1 Jj=1

<u(0,)m R
Then, choosing R > 0 large enough for p > 0 we obtain the following inequality
Mp(u(t)) < 4(N(p—1) + b)H(T).

Since, H(¥) < 0, then My (u(t)) < —C < 0. Using the Fundamental Theorem of Calculus we bound

i 1
|Mp(u)| <r [Vulr2l[ulz2 Sru,) AU} Skue,) M2,

which is a contradiction. Similarly, for u < 0 and H(V) < —gu?M (¥) we obtain

Mp(u(t)) < 4(N(p—1) + DH(Y) + —2(N(p— 1) + b—4) Y |Au;[3. + Alu| D] [Vuy| 32
j=1 j=1
<AN(p—1) + B[H (D) + g2 M ()] < ~C <0,
where
< - A|u| i Y+b—4 &
2
219l < X 18ulielle: < ey 5y 23 b e+ Il

The same conclusion holds as for the case p > 0.

Case py <p < 1+ = implies w <2

Again, by using Gagliardo-Nirenberg and mass conservation
b 2p— N1 —b RS 2

\E,| < R~ Z g g 55 S0 B+ BT A3, (3.17)

j=1 j=1

N(p—1)
simce 27:1 lAw;ll.% <1+ Z;nzl | A, H%2
Negative energy. Choosing R > 0 sufficiently large we get

Mp(u(t)) <4(N(p—1) + b)H(¥) = 2(N(p—1) + b —4) Z |Au;l7- <0

for 4 > 0 and

m
Mp(u(t)) < 4(N(p— 1) + )[H (V) + g> M(¥)] = (N(p— 1) + b—4) Y [Au,[72 <0
j=1
for p < 0. The same ODE argument as in the proof of theorem Hence, it implies finite time
blow-up.
Positive energy. By choosing R > 0 large enough and combining with (3.13]) we have

Mp(u(t)) < —4n(B —2) 3 |Au;7,
j=1
and the rest of proof exactly the same with theorem case 3. O

Moreover, we have a result for a positive power of |z|.
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Lemma 3.8. Let N >2,b>0andp > x5 +1 andp < fN >4 and u € Hyq. Then, the

following inequality
b 4+b—(N—-4)(p—1)
2

m
—1)—
X [ eonb e < 3% 121

J,k=1

1S true.

Proof. Using the Cauchy-Schwarz we obtain

m 3 m
2 [ b < 3 ([ ettwrac) 3 ([ )
jk=1 =1 k=1 \JRY

Then, lemmaﬁ for % +2<2p< %

44b—(N—4)(p—1)
2

m m
> fRN 2| [u; [P dz < ) HA%HLz \IugHLz
j=1 =1

The result is

N f Pl P

J,k=1

N-0)p-1)

m 44b—( N( p71)
<) Ay HLz Huj Iz * D I Aug] g, T HukHLz
j=1 k=1

+b—(N—-4)(p—1)
4

Using the symmetry gives the final inequality.
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