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Abstract: Let T, = tridiag(-1, b, -1), an n x n symmetric, strictly diagonally dominant tridiagonal matrix
(b| > 2). This article investigates tridiagonal near-Toeplitz matrices T, = [£;;], obtained by perturbing the

(1,1 and (n, n) entry of T,,. Letfy1 = = b # b. We derive exact inverses of T,. Furthermore, we demonstrate

that these results hold even when |b| < 1. Additionally, we establish upper bounds for the infinite norms of the
inverse matrices. The row sums and traces of the inverse provide insight into the matrix’s spectral properties
and play a key role in understanding the convergence of fixed-point iterations. These metrics allow us to
derive tighter bounds on the infinite norms and improve computational efficiency. Numerical results for
Fisher’s problem demonstrate that the derived bounds closely match the actual infinite norms, particularly
forb > 2withh <1andb < -2 with b = -1. For other cases, further refinement of the bounds is possible. Our
results contribute to improving the convergence rates of fixed-point iterations and reducing the computation
time for matrix inversion.
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1 Introduction

Banded near-Toeplitz matrices are a special class of structured matrices that arise in various applications such
as interpolation problems, differential equation modeling [10,16,35,41], time series analysis [26,32], and auto-
regressive models [1,2,37]. For instance, in solving differential equations [30], the finite difference discretiza-
tion often results in a system of equations involving a banded near-Toeplitz matrix, where boundary condi-
tions slightly perturb the strict Toeplitz structure. In nonlinear differential equations, a fixed-point iteration
method is commonly used to solve the system, and the convergence of this method is closely related to the
properties of the inverse of the underlying near-Toeplitz matrix.
As an illustration, consider the differential equation

2.
% =f(u), x€Q=(0,L),
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with some boundary conditions at x € {0, L} and some nonlinear function u. Examples are the so-called Fisher
equation, with f(u) = ku(1 - u), and the Gelfand-Bratu equation, with f(u) = ke“. Consider an approximation
to the second derivative using the central difference scheme

d’u 1
@(Xi) = ﬁ(um = 2U; + Ujrq), (LD

where x; = th € [0, L], with h being a constant step size and i = 1,..., n = L/h, and u; = u(x;). This approxima-
tion process results in a system of nonlinear equations, which can be written as

T = W (w), (1.2)

where T, is an n-by-n tridiagonal near Toeplitz matrix and u = (t, ...,u;)” € R™. Starting from an initial guess
of the solution u°, an approximate solution of the differential equation can be computed via the fixed-point
recurrence

ukt = TP b), k=1,2,..., (1.3)

provided that the recurrence converges. Assuming that f is a Lipschitz continuous function in the domain Q,
the sequence of solutions generated by the fixed-point iteration satisfies the inequality, for p € {1, 2, =},

~-1 _ ~-1 _
Ikt = wky = T, ) = Fa Dy < RIT, pLellut = w2,

where L. is the Lipschitz constant, which depends on the nature of f(u). To ensure the convergence of the
fixed-point iteration method, we require h2L||T, 1||,, < 1. Here, an upper bound of ||T, 1||p is useful in the
convergence analysis.

The study of inverses of certain classes of Toeplitz matrices has a rich history. Early work explored explicit
inversion formulas, such as those presented in [11,20], which were later extended in [24,33,39,40]. These
explicit formulas have proven valuable for investigating properties such as row sums, traces, and bounds,
particularly in statistical modeling and econometrics. Historical studies [28] also reviewed inversion techni-
ques for symmetric tridiagonal matrices and discussed efficient computational algorithms for their inversion
[15,19,31]. Moreover, the inverses of tridiagonal Jacobi matrices and k-Toeplitz matrices were discussed in
[9,38], respectively. Subsequent research built on these foundations, focusing on bounds for the inverse matrix
norms and the rate of decay of its elements along rows and columns [3,6,22,23,29].

Determinants and recursive properties of Toeplitz matrices and their inverses have also gathered con-
siderable attention. Recursive formulas and estimates for determinants were discussed in [4,27,36], while
further results on Toeplitz determinants and their inverses were provided in [5,21,34]. The periodicity proper-
ties of determinants of (0, 1) double banded matrices have been extensively discussed in [12-14]. The deter-
minants of near-Toeplitz matrices have been expressed in terms of Fibonacci numbers in [17], with their
inverses being described using Lucas numbers.

Eigenvectors and eigenvalues of near-Toeplitz and Toeplitz matrices have also been extensively studied.
Initial work began with [25] and was further developed in [7], which considered matrices arising from
differential equations after discretization. Additionally, a comprehensive summary of research related to
eigenvalues of Toeplitz matrices has been presented in [8].

In this article, we present properties of the inverse of an n x n symmetric tridiagonal near-Toeplitz matrix

b ¢ b -1
e b . -1 b
'I;[: '.' '.' '.. :—6 '.. '.' '.' = —éﬁ,
14
. S (1.4)
¢ b -1 b

)

with n > 3, such as the one arising in (1.2). Here, b = -p/é¢ and b = -b /€. Since T;l is a factor of T, we will
primarily focus on the latter. The eigenvalues of related near-Toeplitz matrices have been examined in [18].
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The near-Toeplitz matrix T, in (1.4) can be expressed as a rank-2 decomposition
T,= T, + (b - HUUT, (15)
where T, = tridiag(-1, b, -1) is the Toeplitz part of 7, and the matrix U” is given by

10.. 00

T =
v 00 . 01]

(1.6)

The inverse of the Toeplitz part T, if it exists, can be characterized and explicitly expressed by the roots of the

polynomial p(r) = -r% + br - 1 [11]. If T,, is diagonally dominant, meaning |b| = 2, then p(r) has either two

distinct real roots or equal roots, with the latter occurring when b = 2. Otherwise, p(r) has two complex roots.
Suppose the inverse of T, exists. Applying the Sherman-Morrison formula, the inverse of 7, is given by

T'=T'- (b - DT, UM UTT;, (L7
where M = L + (b - b)UTT;'U € R?2. Let T, ' = [fi}l], T,' = [t;}], and B = b ~ b. Then, for M = [my]; -1, we
have

my=my =1+ - b)t;1 =1+ Bty
my =my = (b - bty = Bta],

due to the symmetry and centrosymmetry of T,,. Furthermore,

YR _mIZ]

A" my | 18)

where 4 = mf - m = (1 + Bt;3)* - BA(t;3)% With this, the (i, j)-entry (with i > j) of the inverse of T, is given
explicitly by the formula
1

4 B - - , - -
ti,j = ti’]-l - Z[ti,ll(mlltl,jl - mlzt,,}) + ti,rll(_mlztl,]‘l + mntn,})]. 1.9

The trace of T, ' can be calculated using the formula

Tr(T,) = Zf&l Zt

i=1 A

ng((t D+ (t;D?) - 2mlzZt,‘11tn l], (1.10)

i=1

due to the symmetry of T,,. The sum of the elements in the ith row of the inverse is given by

|

n
tii{my Z t1] myy z f_l

+ tin m122t1]+mnzt
j=1 j=1 j=1 j=1 j=1
S B S (11D)
= Zti}l 2 tii(my - mlz)zt b+ tia(=myp + mn)Ztn] ’
j=1 j=1

i — t‘l)Z

Moomy + le

I
~.
M =

after making use of the centrosymmetry of T, and T}, with
My + My =1+ B(t] + toy).

We note that a similar class of matrices was explored in [37] and [24]. In [37], the inverse of these matrices
was expressed using a recurrence formula involving Chebyshev polynomials of the second kind, while [24]
derived more general results for their inverses. This article also investigates properties of the inverse, such as
row sums, trace, and bounds, with applications to statistical models like the AR(1) plus noise model. In
particular, explicit formulas for the trace and bounds for the row sums of the inverse are derived when
b = 2. Our work extends this analysis by establishing new bounds for the row sums of the inverse matrices and
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further explores bounds for norms. To provide effective bounds, we consider several distinct cases, namely: (i)
[b| > 2, (ii) |b| = 2, and (iii) || < 2. This article focuses on the first case, |b| > 2, where the Toeplitz part is strictly

diagonally dominant.

This article is organized as follows. In Section 3, we will derive explicit formulas for the trace and bounds
for the rowsum and the norms of the inverse matrix when b > 2. Section 4 will delve in the cases where b < —2.
Section 5 presents numerical experiments demonstrating the effectiveness of the upper bounds and a con-

vergence rate comparison to Fisher’s problem.

2 Preliminary results

The inverse of the Toeplitz matrix T, = tridiag(-1, b, —1), with |b| > 2, in (1.5) can be characterized by the two
roots of the polynomial p(r) = -r2 + br - 1: 1 = %(b +b*-4)andn = %(b - Vb - 4)[11]. Lety, = rf — rf

with y, = 0 and y, = Vb* - 4. Its inverse is given by

ijn+1—i . .
—2 s 12],

tijjl ={vb* - 4Vn+1
tih, i<j.

Now, we list a couple of intermediate results, pertaining to r, y,, and b.

Lemma 2.1. Let b > 2. For any integer k > 2, the following holds true:
@ Vi + Vi = DYis

@ 5 <rs’ s

D) Vysr-Yior = Vhei = YastVoo

where y, = rf - r¥.

Proof. Using the definition of y,,

_ k-1 -1 k-1 -1
Vet Vea =11 (ntr) -1y (n+r1y),

from which Part (i) is derived via a direct calculation. From Part (i), V.1 = DYy — Vi_q < by Also,

K+l _ ket K K k-1 _ k-1
Veer _ 1 71 nn-nn n-n r, = n(n/rk
=k ShtnhT g sb-—————=b
Ve n-n n-n n-n

after using the fact that nr, = 1. Since r; > 1y,

Yert 5y _ n(l - (/")

—b—r—r>2
Ye 1= (n/n)k Ty

completing Part (ii). For Part (iii), using nr, = 1,

_ _ »n+2 _ .n-2i _ ,.n-2i n+2 _ ..n n-2i
her-iier = Vih-i =N I o+ R W

- T‘1n+1l"11 _ r1n+1r21 _ rzn+1 1 n+1,1 _

Lemma 2.2. Let |b| > 2. For any integer p = 1, the following relations hold:
. 1

(l) Z£=1Vk = E(Vpﬂ - yp - Vl))

. 1

(i) Ti-iky, = 52DV — (P + 1Y),

where y, = rff - r¥.

L+ T = Yl

21
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Proof. For Part (i),

p+l _ 1 I-“'l -1

p
r
rl—rz)-Zr1 1- Yrf+1=2 Lk
k=0 n-1 n-1
p+1

B o - -r)-(n-n) _
B b-2 = o2 T h T

M's
M'u

Ve =

=
n
-
=
n
-

-
""v:s

For Part (ii),

P P p
Zh¢=ZMﬁ—Q)—nZk —@szl
k=1 k=1

p Y Pt - p+1 _ 1Y

-1| o -1
- K k|l =p, 2
—r r -r r = -r

prf’+2 (o en pf - 4
(r - 1)? (r - 1)?
- el prfT - 41
b-2 b-2
1
=5 2P~ (P D). O
Lemma 2.3. Forb > 2 andn 2 3,
b-1<p-2< B _pp
b Vn + yl

The detailed proof of Lemma 2.3 is provided in Appendix A.

3 Trace, rowsum, and norms of the inverse matrix: b > 2

In this section, we derive inverse properties of the near Toeplitz matrix T,, when b > 2. Our first result is on
non-singularity of T,.

Lemma 3.1. (Non-singularity of T,) Let T, be as defined in (1.4) with b > 2. Then T, is nonsingular if
b#b- V"” =biorb#b- y"” = b,. Furthermore, it holds that 0 < b, < b; < 1.

Proof. The first term on the right-hand side of (1.9) exists for b > 2, and nonsingularity requires that the second
term involving 4 does not vanish. In this case, with t, 1= YilV+1 and t,;ln = Y/Vy+1, We have

_ Ve * 20— Dy + B = DY - )

2
Vn+1

:0’

for b € {by, by} defined in the lemma. It is worth noting that b, - b, = i};lf";i > 0, which implies that b; > b,.
n 1

Vn+1 Vn+1

s by < 1. Finally, from the non-negativity of b,,

B,=b- It _ by, = by; = Y _ha” by, _ha™h >0,

N h N h~h W
after using Lemma 2.1(i) and the fact that y, = by,, with equality occurring when n = 3. O

Furthermore, withb - 1 < (Lemma 2.3), wehaveb -

Next, we introduce the compact form of the element of T,, ', This form is particularly important when we
derive some upper bounds when considering the case b < 1. The proof is presented in Appendix B.



6 —— Bakytzhan Kurmanbek et al. DE GRUYTER

Lemma 3.2. Let b > 2 and b such that T, is invertible. For i = Jj, we have
-1
tij = COharoi * YD) + By

_ Yn+1 - no_
where C = 5 g Grn ad B =D - b.

3.1 Trace of the inverse

The general formula for the trace of the inverse matrix T, Uis given by (1.10). With t yl/ynﬂ, n, A = Yol Vosrs

my=1+(b - by, /v, and myy = (b - b)y:/y,.1, the diagonal entries of the inverse matrix Tn are given by

b| Vs + (B - b)vn[[vm_i] [ )

Vn+1

yl Vyn+1 i

yn+1 Vn+1

~1_ .,
Gi =t; — 2

” 2(b - by—

Vn+1 Vn+1

(3.1

(b = b)(pay *+ (b — D))
- n+1 5 n (Vlz + Vf_',l_i)-
Ayn+1

_|y, 2B -bPer-a)|
Ayn+1 v

The trace formula (1.10) can then be written as

2B - YA - 4)
Ay?

n+1

n b - b)Y+ (B - by &
Zt{}( )1 + ( )Y, Z{V,

i=1 Ayn+1

Vn+1 i (3'2)

Tr(T, ) = l
The first sum in the right-hand side is the trace of T,", whose formula is given by the following lemma:
Lemma 3.3. For b > 2 in T,

Tr(T;Y) = (3.3)

n+1 2r"+1 b
b2

Jp? - 4 Yoot -4

Proof. Expressing the trace of the inverse matrix T, in terms of its elements given by (2.1), we have

n
TH(I) = 36 = e Y - e i)
i=1 et i=1
n+1 - L .
=y T — = Y T
1+ 1h+1 i=0
-1 -1 3 3
(r n+1+rn+1) 1 {rln tr -t -
V1Vn+1 Vibh+1 A-rHa-rp
_n+ 1 VetV
_ (rl n+1 + r2n+1) + n+1 22
V1Vn+1 Vithe1 4= D
2rypt b
b2

Vn+1

n+

[byy, = by,]

n+1
b2 -4

1+

For the second sum, we have the following lemma, which is proved in Appendix C.

Lemma 3.4. For b > 2,

_Dhhr 4n+1).

n
Zl{yl Vn+1 1} - \/— Vn+1 + 2] Vn+1

The following theorem gives an explicit formula for Tr(T, 1), which is proved using Lemmas 3.3 and 3.4:
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Theorem 3.5. (Trace) Let b be such that, forb > 2, T is nonsingular. Then,

ne1 Vit b A+ 1)
To(T, ") = K 2 - —Ki[ 2 +zy— "= ,
1\/ P-4  Vun b* -4 ? b2 -4 VnTl Vet Vst

(B = D)yer *+ B - D)y
Wsr + B = D)2 - (B - D22 - 4)

[aar * B = D)yJ* + (B - b)(b* - &)
Dot + (B = by 1% = (b - Y2 - 4)

where K, = and K, =

3.2 Rowsums of the inverse

The general formula for the rowsum of the inverse of T is given by (1.11). We need to evaluate each term in the
right-hand side of equation (1.11).
For the first term of the right-hand side of (1.11), with ¢;; ! given in (2.1),

n

n n
Y=+ S -3 1o

j=1 j=itl j=1 j=i+l

Vn+11
= Vi Y
e w—m;k

Var1-i Vi [ 4
- (V+1 yl) (V +1 V-i — Vl) 34
Jb? - Vn+1b21 VB2 =y, (b -2t
= ®- z)mynﬂ(})nﬂ—iyiﬂ = Vhs1-i = Vhaei ~ V)
- yn+1 B Vn+1—i B Vl
(b - 2)Vn+1 ’
after the use of Lemmas 2.2 and 2.1(iii).
For the second term of the right-hand side of (1.11), with ;] = y,/},.; and t,5 = Y,/V.1» We have
Myt + my =1+ (5 - p (35)
Vn+1
Next, With t;] = Y1/ Vper @0 tip = tat = Vil Yyey, We Obtain
.+ ).
til+tin= USERA.S (3.6)
Vn+1
Finally,
z 2 Vi1
-1 ]
= ( +1 - ), (37)
jg n,j Z\/—yn+1 Vn+1 ZV] (b Z)Vn+1 Vn 1 Vn yl
due to Lemma 2.2. Substitution of (3.4)-(3.7) to equation (1.11) gives
R(i) = %f Va1 = Vi ~ W (b = D)Wy + Vi)EVn’rl Y%~ V)
j=1 (b - 2)Vn+1 (b - Z)Vn+1(yn+1 + (b - b)(V1 + Vn))
Ry(D) Ry(i) (3.8)

1 +b—5—1 Vi ¥ Vosroi
b-2 b-2 Vn+1+(5_b)(yn+y1)‘

We begin with the positivity of the inverse matrix T, when b > 1, summarized in the following lemma.
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Lemma 3.6. (Positivity) Let b > 2, b 21, and n = 3. The inverse matrix Tn_ ! is positive.

Proof. Note that, by Lemma 3.1, the matrix 7, is nonsingular. Consider the decomposition T, = S, + D,, where
S, is defined by T, in (1.4) with b =2, b =1, and D, = diag(h - 1,b - 2, ...,b - 2,b - 1). For any x € R", we
have

n-1

XTTx = XISx + XTDpx = xXTSyx + (b - Dx¢ + (b= 2) Y xF + (b - 1)x2 > 0,
k=2

because S, is symmetric positive semidefinite, b -1>0,and b - 2 > 0. Therefore, T isa Stieltjes matrix,
whose inverse is positive. O

Lemma 3.7. Let b > 2 and b > 1. For the rowsums of T,, 1, the following holds:

(i) ifb > b - 1, then the maximum of rowsums is attained ati = (n + 1)/2 and the minimum is attained ati = 1
andi = n;

@) if b = b - 1, then the rowsums are constant;

(iii) ifb - ﬁ <b < b - 1, then the maximum of rowsums is attained at i =1 and i = n and the minimum is
attained ati = (n + 1)/2; and

(iv) ifb <b - ﬁ then the maximum of rowsums is attained ati = (n + 1)/2 and the minimum is attained at
i=1landi=n;

Proof. Note that 7, and, hence, Tn_l are centrosymmetric. Thus, the rowsum R(i) is symmetric along
i = (n + 1)/2. Differentiating R(i) gives R’(i) = R{(i) + R;(i), where

R/(D)= (I)——Z)ym((rln - rhInn - (i - ) 1),
b - DY Wpur = Vo = W)
(b = 2Y1Gpsr + (b = DYy + W)

Ri(D) = (P = I = (11 = rIngy),

Thus,

R() = L E~_ b (7 = ) Inn = (1 - ) Ingy).
(b = 2DWpr + (b = b)Y, + 1)
The aforementioned derivative vanishes if (i) b = b - 1, Vi, implying that R(i) is constant, or (i) i = (n + 1)/2,
the critical point of R(7). The type of the critical point can be evaluated using the second derivative of R:

_ 1+b-b |
(b - 2y + B - D)y, + )|

The bracketed term is always positive. So the sign of R”((n + 1)/2) depends on b, which can be determined via
standard algebra and leads to the results stated in the lemma. (I

R"(i) = .

o In?n o

2 n+1-i i n+1-i i

n°ry|(r +r - (I +r
of (11 )lnz ™ (3 2)

Theorem 3.8. Let T, be as in (1.4), with b > 2 and b > 1. Then, the rowsums of the inverse matrix T, ! satisfy the
following:

() forb >b -1,
1 [ 20+b-b)b-1Vy|

< R(@) < 1 5
M <35 ; -

1
(ii) forb =b -1,

RO = 7=



DE GRUYTER Explicit inverse of symmetric, tridiagonal near Toeplitz matrices == 9

(ii)) fors <b <b-1,

- h - - n+1
1 1+Z(b b~1)(b 1)V_Z <R(i)<~b+1;
b-2 b -~ bb -2
(iv) forb <n,
nolpiy< s 2(b—5—1)(b—1)@]
-2 -n) b-2| bh-1 Yot
Proof. From the formula of the rowsum (3.8),
yn+1 - yn - Vl
RQ) = = , (3.9
(b =2)Wpuy + (b = b)Y, + 1))
= Yust
Rn+1= 1 _2(1+b b) e . (310)
2 b-2 b-2 Vn+1+(b‘b)(}/n+)/1)

Setting b = b - 1, we have R(1) = 1/(b - 2). By Lemma 3.7(ii), R(i) = R(1), proving Part (ii).
For Part (i), with b > b - 1,

1 1 1

A+B =BG+ 1+5-bl b-1

RQ) =

>
(b—Z)[1+ Vet~ Y~ 1 ] (b—2)l1+ b-2

after using Lemma 2.3. For (3.10), note that

+(E—b)(yn+y1)=1_yn+y1+(1+5—b)(Vn+V1)

1
Vn+1 Vn+1 Vn+1
1 @Q+b-b 1 b b
<l-—+—7——""=—-—+ < .
b b-1 b b-1 b-1
Therefore,
R[n+1]_ 1 20+b-b 1 221
2 b-2 b-2 1+(5—b)(Vn+V1))/n+1

Yn+1
Ll 2+b-b) 1 Yy 1 [1_2(1+I3—b)(b—l)ﬂ
b-2 b-2 B/(b-1DYs b-2| b Yot )

Combining the two inequalities and Lemma 3.7 leads to Part (i).
For Part (iii), due to Lemma 3.7, with 1 + b-b< 0, and using inequalities we have, we can see that

~ ~ ~ 2
R (S DI e B s
A b-1-2 b-1-7

A+b-D)p+n

and since 1 + —— N 0, for% <b < b -1, we obtain the following upper bound:
n+1 n 1

1 1 b-1-3 P-b-2 _ b+1

= < = — = — .
b—21+ A+b =)y, +y) (b—Z)(E—%) (b-2)bb-2) bb-2
Yns1 =™ N

R(i) < R(1) =

For the lower bound,
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. n+1 1 20+b -b) yna
R({) =R = - =
b-2 b-2 Vn+1+(b—b)()’n+)’1)
_ 1 2~ b-1 1 Yrea
_b_z b-2 1+7(1+5—b)(y"+y1) Vn+1_yn_yl
Vsi™h N
_p - n+1
. 1 R 2(b-b -1 1 : Y
b-2 b-2 1+@+b-bygha " h~h
_ 1 200DV ha Wt h
b-2 (b - z)b yn+1 Vn + yl yn+1 - yn - yl
1 1+2(b—b—~1)(b—1)E’
b - 2 b Vn+1
after applying Lemma 2.3.
For Part (iv), first, note that
I p<n+b-b=b-n
Vn + Vl
Since y,,, + (b - b)(y, + yp) < 0, for all b < r,, we have
R() = 1 i~ h— N . 1 _ N 1~ i " h =N N n _~1 .
b-2 yp+n P b-2)b-1r) hth (b-2)b -n)
Furthermore,
1+ 000+ o bbb
Yas1 b-1 b-
Therefore,
. n+1 1 2(b-1-b) VYt 1
< = . e
R =R -2 b-2 Yas 1 4 @-D0* W
Yn+1
1 +2(b—1—5)(b—1)g
b=2 b-2b-D %
This completes the proof. O

For b - yy"f; <bs< %, we, however, cannot obtain a meaningful upper bound; the derived upper bound
n 1

grows faster toward infinity and does not capture the growth of the exact trace of the inverse toward infinity
as b approaches either end of this interval. Similarly, we at the moment are not able to derive a meaningful

Va1

lower bound for the trace of the inverse whenr, < b < b - ——
n 1

3.3 Norms of the inverse matrix

. ~-1 =~ =1 _ 1 =1 =-1 ; ;
Since T),” 2 0 for b 2 1, we havelt;;| = ¢;;. Hence, Z?=1|ti,- | = Z;thu , and the ®-norm of the inverse matrix can

be bounded from above using the same upper bound as for the rowsum. Thus,
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Theorem 3.9. Let b > 2 and b = 1 such that T, is nonsingular. Then,

1 20+b -b)b-1) ¥y -
b_zl_ 1+ 5)( )V_Z’ for b >b-1,
n+1
~_1 -
1T <L forb=b-1,
Ebb+l for1<h <b-1.

For b < 1, an upper bound for the ©-norm of T, s given in the following theorem:

Theorem 3.10. Let b < 1 be such that, for b > 2, the matrix T, is nonsingular. Then, the following inequality
holds:

B T K] |KB|
1 n
||Tn ||°° < (b _ Z)V 21 + b - 2( Vl)(yn+1 Vn - yl) + myn—lynﬂ; (3'11)
n+
- B -7
where K = G B =G and B=Db - b.

Proof. We can rewrite (A2) in Appendix B as follows for i = j:

~1 _ yjyn+1—i
ij =
Vit

= KOper-s1-j + W) = KBWar-iVpj + Vi1

B

where K = O B = Gt Therefore, we can bound its absolute value as
n+1 n 1
~-1 yjyn‘rl—i
|61 < ET + K| War-Vprrsj + W) + KBl Ghar-i¥aej + Wj-1)-
n+
For j =i + 1, we have
~— ~— VV +1-j
1 1 tn+l-j
|t1]| = |t/ 1| < + |K|(yn+1—iyn+1—j + VIV,) + |Kﬁ|(yn+1—jyn—i + V]Vl—l)
1/n+1

First, note that

Z{Vn+1 D1 * V3= Y- IZVM_, ¥, ZV, Q- VJZV,
j=1 j=1 j=1

= b - Z(Vn+1—i + Vi)(yn+1 “h- V1)

and

Z{Vnﬂ—jyn i y]Vl 1} Z{Vnﬂ an—] + VV] 1} + Z {yn+1—]yn l+ V]Vl 1}

j=i+l

yn+1 IZVn—] Vl ZVJ 1 Vn i z yn+1—} yl Z V]

=i+1 =i+1
V+
. l(yn /R I 1) "V~ Vl)
Y
b ot = Vet = 1)+ 5Ot = = Yo *+ )

1
= b - Z(VnHVn—i ) P Vn+1yi—1)'

Therefore,
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n

n
Z |fl,_/1| s Ztl + |K| Z{Vrﬁ-l 1yn+1—] + szj} + |Kﬁ| Z{Vrﬁl 1yn—] VzV] 1}
j=1 J=1 j=1 J=1

1 = Vrr-i ~ N K|
s zb _ 2)1)} ) + b - Z(Vnﬂ—i + yi)(ynﬂ W 120, (312)
n+

IKBI
(yn+1yn i Vn—lyn+1—i + yn+1yi—1)'

Now, note that for the first term on the right-hand side, with Inr; = -Inn,
Ohet = Ya = W = (@ =) Inn + (75 - i )1y
= e T -l - )y
= Prerayna Inn.
The critical point corresponds to yrera = 0, which is attained ati = HT” (.e., y, = 0). Thus,
m?X{Vnﬂ = Yos1-i = W = Ypr T 2P
Applying a similar analysis to ),,,_; + ); in the second term of the right-hand side, we obtain

MaXY1i + WS K+ W
For the last term, note that y,..), ; = Y-Vhs1-i + Yasa¥ica < Yer1Ojoi * Vioy), Where
maX{Vn itV SVt Vo= her

Substituting the aforementioned bounds for the maximum to inequality (3.12) leads to the bound stated in the
theorem. O

To derive a sharper upper bound, consider the case where i > j. Using (A3), we express |fi;1| as follows:

~—1 By/ 1| ,__1
Itljl V1 | llI

For the case when j > i + 1, the expression becomes

~1, _ IVn+1—] ﬁyn—] ,__1
6] = ————ltul.
1

Combining these cases, the overall summation is represented by equation (3.13)

< d d t; 14 |n1|
Zt =Z DN 1ZIV,+BV, g+ ZIVM_] By (313)

j=i+l 11 j=1 ! Jj=i+l

This representation allows us to study the sign change of /s BVH and 4 + By,_;» providing a more accurate

upper bound.

-j

4 Trace, rowsum, and norms of the inverse matrix: b < 2
In this case, let b, = —=b and b, = -b, where b < -2, so b, > 2. We make the following observations:
o+ NF D) = - - B4 = n,
= %(b -V -a)= —%(m + b2 -4)= -n..
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Furthermore,
Vo=t - = COR - i) = CDR Yy
B=b-b=-b.+b.=-p,
Using the aforementioned relations, entries of T, with b < -2 can be related to the b > 2 case in the following
way: fori 2 j,
Voot GOy GOy Y sYurt-ie

t71= = - = (-1
Y V1Vn+1 (_1)2yl,+(_]‘)n 2yn+1,+ V1,+Vn+1,+

= (DT,

where ¢, is as in (2.1).
Now, denote the index of diagonals of T,, by s; = i — j, where s; = 0 and 1, e.g., indicate, respectively, the
main diagonal and one diagonal below the main diagonal, and so on. If s; is odd, then tij]»l = ti,‘jﬂ, and if sg is

even, then ¢ = ~¢;,. Utilizing (A3) in Appendix B, for i > j,
) = Chori + Brad) + BYy)
= C[((_l)n+2_iyn+1—i,+ - (_1)n+1_iﬂ+yn—i,+)(_1)j+1yj,+ - (_1)jﬁ+yj—1,+]
= CED™ Worie + Bt DV + BYjg):

- Vsl — (—1)n Ynet+ . .

where C = 5 G = @n® ~ D Grat B - G- USING this, we have
~1 PPy | . .
=)7L, Q2]

where fl_]l+ is the (i, j)th element of the T, ! matrix in (1.4) with b = b, and b = -b,.

Lemma 4.1. (Nonsingularity) Let T, be as defined in (1.4), with b < -2. Then, T, is nonsingular if
h = - _Vn+1 = b, h = - —y"ﬂ = h.
b=>b Tt ¥ biorb=>b - b,.

Proof. t,-,‘jl in (2.1) is always defined for b < -2. So, the existence is f[ll given by (1.9), which requires that A # 0.

+ yn + Vl + Vn - Vl
1 B[—VM ]”1 B[—ym l] % 0.

From here, the result follows. O

A=+ Bt = (Btah)? =

Theorem 4.2. (Trace) Let b be such that, for b < -2, T, is nonsingular. Then, the trace of the inverse of T, is given
by

Yh + 2

Ty k|l P ) P [yz +2]—y S ULE
" ! b2_4 Vn+1 b2_4 ’ b2_4 nTH il Vn+1 ’

et * Byl® + B0 - 4)
s + Bral? = BB - 4)

BlYns1* Byl

Doy P -pri-a Withp=Db - b.

where K, = and K, =

Proof. As we know for i > j, we have fl_}l = (—1)"‘1"1fiy_jl,+. This implies
~-1 -1
Tr(T,) = _Tr(Tn,+):
where T',; 1+ with b = b, >2 and b = -b,. Using the trace formula from the case b > 2, we have

n+1 V'lzgl,+ *2 b, K b+(V"Z;1,+ *2) 4n+1)
- - K
b+2 -4 Vs b+2 -4 " b+2 -4

~-1
Tr(T,.) = K+ T ol )
yn+1,+
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Where K _ [Vn+1,+ + ﬁ+Vn,+]z + ﬁf(b} -4) ﬁ+[Vn+1,+ + ﬁ+yn,+J
Lt pne + B P - BOF- 9) Wers + B 2 - B0 -9

Now, we want to express this formula in terms of b, B, and y’s. Note

and K+ =

2
2 + 2
L+ n+1 n+1 Vn+1
Vi t2 ottt el o
n+1 n+l n+1 n+l —
Va4 1+~ T 1~ Ya+1

and

2 — pntl n+l _ /_ +17-n+1 n+ly — /_ +1],,2

Vavt, ¥ 2=TL L =DM AR = (DN [Vn+1+2]-

2’ 2

Therefore,

2
Ve + 2
2

-4 Ve D4 | JB-4 o D4

2
n+1 V";1,++2 b. n+1

2

b+(VnZ;1’+ + 2) 4(". + 1) ( 1)n+2 b(ynTﬂ + 2) 4(". + l)

7 " Vw1+ - = Y V1~
b2 -4 T P N R

In the same way,

_ [Vn+1 + Byn]z + Bz(bz - 4) _ K

Y Dt B - -0
- (_1)n+3ﬁ[yn+1 + ﬁyn]

P Dper + BRF - BHOE - D)

Combining all of this leads to the lemma. O

= (D"

Sinceni, = 1and nry + r, = b, we conclude that the rowsum of Tn_ ! would be the same as in equation (3.8), so

Theorem 4.3. (Row sums) Let b < -2 and b such that the matrix T, is nonsingular. Then, the ith row sum R(i) of
the inverse matrix T, " is given by

1 _ﬁ+l. yn+1—i+yi
-2 b-2 Vn+1+ﬁ(yl+yn)’

R@) = b 4.1)
where B =D - b.

Theorem 4.4. (Upper Bound 1) Let b < -1 be such that, for b < -2, the matrix T, is nonsingular. Then, the
following inequality holds:

1 [20-b+b)b+1) Vs -

(2( ICABEL I B S
b+2l b Yos1

~-1 1 -

T s{ 1 o

1Tl 7 if b=b+1,
1-b -
- ifb+1<h<-1.
bb - 2

Proof. We observe that

n n
-1 =1 =1 71
1T e = max 3 (7] = max ¥ 17 = 11T
J=1 J=1
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Using the relation

n+l n+l
V"Tﬂ,+ _ r‘Lf - rz’f
=N
Vn+1,+ ( 1) Vn+1
1l on
2 -n?
+2 ’
(_1)!1 Vn+1
n+l n+l
rlz - rzz
—1)\n+2 ’
( 1) Vn+1
il nrl
2 _p2
n )
—1\n+2
( 1) yn+1

if n isodd,

if n iseven,

= (1
_ry

- )
Vn+1

we conclude the proof of the theorem. O
Theorem 4.5. (Upper Bound 2) Let b > -1 be such that, for b < -2, the matrix T, is nonsingular. Then, the
following inequality holds:

Vo ~ 2Pt K|
b+, b+2

K|
[(‘D"”Vn + Vl][(—l)"(Vn+1 + Vn) - Vl] - Il flz Vn—lyn+1’

~-1
1Tn fle = =

B

where K = =0 o e

Proof. We begin by noting that ||, |l = ||T, 4|l Then, applying the inequality

- Vorrs T K| |K.B.|

1 n+l, f

||Tn,+||°° < (bs - Z)V 21 + b _+ 2(Vn,+ + V1,+)(Vn+1,+ “ s T V1,+) + b +_+2 Yn-1,+Vh+1,+0
+ n+1,+ + +

B, s
where K, = we make the substitutions
+ (Vn+1,+ + ﬁ+Vn,+)z - (ﬁ+yl,+)2 ’
B+ = _B)
Viw = CD*y,,  foranyk € Z7,
b, =-b,
to obtain the desired result. O
Inf norm vs. Upper bound (b > 2 and b=1) I Log difference between Upper bound and Inf norm for n =18
-10
2 s
g =20
é =25
o
=30
—e— Inf Norms
-®- Upper Bounds
20 40 n 60 80 100 - 20 30 40 50 60 70 80 90 100
(a) (b)

Figure 1: Comparison 01‘||T,[_1||(,c vs upper bounds when b > 2 and b = 1:(a) ||T,,_1||m and upper bounds and (b) log difference comparison.
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n b IT; lee upper_bound
10 0.09 5.532 154.994

13 -1.14 1.062 11.274

16 -1.32 0.999 9.859

19 -0.35 2.222 32.339

22 0.16 7.238 254.557

25 -0.73 1.454 17.118

28 094 2.888 25.091

(a)

Values (log scale)

DE GRUYTER

Inf norm vs. Upper bound (b>2 and b <1)

] —e— Inf Norms
. . & e -=- Upper Bounds

Figure 2: Comparison of||T,{1||m vs upper bounds when b > 2 and b < 1: (a) comparison of||T,f1||w and upper bounds and (b) ||T~,,71||oo and
upper bounds.

n b [Tl upper_bound
10 -2.52 0.993 0.996
13 -4.57 0.996 0.997
16 -4.87 0.999 0.999
19 -3.24 0.999 0.999
22 -2.40 1.000 1.000
25 -3.88 1.000 1.000
28 -1.10 2.266 3.104
(a)

Figure 3: Comparison of || T, [l vs upper bounds when b < —2 and b < -1
and upper bounds.

n b |T:'e upper_ bound
10 4.57 0.973 3.826
13 1.29 0.995 10.071
16 0.81 1.352 15.470
19 341 1.000 4.578
22 4.76 1.000 3.754
25 2.38 1.000 5.926
28 6.85 1.000 3.161
(a)

Inf norm vs. Upper bound (b<-2and b= —1)

. —e— Inf Norms.
A -#- Upper Bounds

20 a0 60 80 100

(a) comparison of |T;, '|l» and upper bounds and (b) || T, |

Values (log scale)

Inf norm vs. Upper bound (b< -2 and b> —1)

—e— Inf Norms ]
-#- Upper Bounds " |

Figure 4: Comparison of||T;1||w vs upper bounds when b < -2 and b > —1: (a) comparison 01‘||T}{1||oo and upper bounds and (b) log
comparison of values.

5 Numerical experiments

In this section, we present an analysis of upper bounds and compare the maximum observed convergence
rates for the fixed-point iteration method applied to Fisher’s problem. Specifically, we note consistently tight
upper bounds in cases where b > 2 with b > 1 and when b < -2 with b < -1. In other cases, there exists
potential for improvement in alternate upper bounds (Figures 1-4 and Tables 1, 2).
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Table 1: Observed maximum convergence rate for Fisher’s problem with n = 20, b = b = 4.0, and L = 2.0

k Iterations Numerical rate Expected rate
172 4 0.0024 0.0025

1 4 0.0048 0.005

2 4 0.0097 0.01

4 5 0.0196 0.02

8 6 0.0391 0.04

16 7 0.0789 0.08

32 9 0.1564 0.16

The expected rates are determined using upper bounds from equation (3.9) and Theorem 3.10 applied to the norms of the inverse
matrix.

Table 2: Observed maximum convergence rate for Fisher’s problem with n = 50, b = b = -4.0, and L = 1.0

k Iterations Numerical rate Expected rate
1 3 0.0001 0.0002
3 3 0.0003 0.0006
9 3 0.001 0.0018
27 4 0.0046 0.0054
81 5 0.0153 0.0162
273 6 0.0461 0.0486
729 8 0.137 0.1458

The expected rates are determined using upper bounds from Theorems 4.4 and 4.5 applied to the norms of the inverse matrix.

6 Conclusion

The objective of this work is to present the explicit or the exact formula of bounds for the norm of inverse of
some tridiagonal near-Toeplitz matrices. In addition, we provide the value of the traces and row sums of the
inverse matrices. We show bounds for |b| > 2. Theoretical results were validated by the numerical experi-
ments. The findings suggest that these bounds could be useful for the fixed-point iterations in the convergence
analysis. Future research outcomes should explore scenarios where the Toeplitz part of tridiagonal near-
Toeplitz matrices is weakly dominant, specifically when |b| = 2.
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Appendix
A Proof of Lemma 2.3

Using Lemma 2.1,
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+b 2 2
max i1t Y2
23 Yty Ys+*yV by, b

Also, we note that
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Therefore,
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Putting all together, we have
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which can be simplified to obtain the lemma.

B Proof of Lemma 3.2

As we know for i > j from (1.9)
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Now, we will find each piece of fl_]l and try to write it in a more compact way:
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In the same way, we obtain
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C Proof of Lemma 3.4

With nr =1,
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Using the aforementioned relations, y; = v b? -4, and Yy = b\/b? - 4, we obtain the result in the lemma.
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