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Abstract

In this paper we will discuss the procedure on how to develop com-
putationally efficient trinomial-tree method for pricing only for Euro-
pean call options under Heston’s stochastic-volatility model, incorporat-
ing both regime-switching approximations and proportional transaction
costs. A decorrelation transform developed by Beliaeva and Nawalkha [4]
and discretization of the variance process via a continuous-time Markov
chain is applied to the Heston model, yielding the reduction of the two-
dimensional dynamics to a family of coupled one-dimensional processes.
On each regime, we build a recombining trinomial lattice whose jump-
sizes match the local drift and variance, and we connect the lattices across
regimes using the Markov-chain generator. This yields a five-point tree
with only O(N) nodes at step N, in contrast to the exponential growth
of naive multinomial schemes [I1]. At each section the paper will be as
detailed as possible when deriving the PDE variations starting from the
famous Heston model [5] ending with the option’s PDE which is depen-
dent on Markov Chain generator. Numerical approximations show that
this method achieves less than 1% accuracy on benchmark European calls
only for a few dozen variance states and a few thousands time-steps. We
further include proportional transaction costs to our grid design of the tri-
nomial tree by penalizing deltas (hedge) at each node, and we demonstrate
the realizations on the same example as with plain trinomial tree.

1 Introduction

Although the Black Scholes model [I] was at the forefront of the option pricing,
its relaxed assumption of constant volatility usually led to the inaccurate pric-
ing results when they were compared to the observed market data which often



has the phenomena as “volatility smile” and “skew” as discussed in Jankova
(2018) [9]. To get rid of this issue the ideas of stochastic volatility models
were proposed by numerous authors including Hillard & Schwarz [?] who gave
accurate depiction on the dynamics of stochastic-volatility models. Amongst
them Heston [5] had the most renowned one. Those stochastic volatility mod-
els [6] incorporate randomness in volatility making the option pricing model
much harder. In spite of the novelty of those models they are complex and
they have almost no analytical solutions, especially when we consider path-
dependent options. To address this issue numerical methods such as tree-based
methods are often used for approximation Tree-based methods are of partic-
ular interest due to their simplicity and providing the intuition for financial
interpretation. They get the stochastic differential equations underlying assets
discretized, therefore improving their efficiency by recombining property, which
limits the exponential growth of tree branches with the increase of the time
steps. Cox-Ross-Rubinstein [3] proposed the idea of Binomial Option Pricing
model which used to approximate Leland’s model [I0]. They showed that if
the time step size goes to zero, their binomial model converges to Black-Scholes
price. Taking the limit and squeezing the time steps, the Binomial Option pric-
ing model [3] converges to the BS model. Whilst tree methods may perform
better for constant volatility models such as BS model, stochastic volatility
models such as Heston model [5] have varying volatility which makes it difficult
for the recombination of tree branches and therefore having low computational
efficiency. Lots of methods have been developed to address this problem such as
Nelson-Ramaswamy transformation [I2], which transforms the volatility terms
constant. Nevertheless, these methods often lead to unprecedented issues such
as joint probabilities being negative or the tree structures being inefficient. Liu
proposed an idea of regime-switching model [IT] with a recombining tree which
subsequently improves the efficiency that still requires a big number of branches
at each time step. His method of discretization of the volatility that attain dif-
ferent values for each of the state has gained big momentum lately. It allows to
accuratelty approximate the heston stochastic-volatility, with each more better
refinement converges his finite-difference method to the heston PDE. We will fo-
cus on Liu’s regime-switching model and its application of making the volatility
process conditionally independent. His approach still requires a lot of branching
at each time step. We will explore the Liu approach applied to a trinomial tree
structure that will reduces the branch numbers for each time increment that is
manifested in Zeng’s paper [I3]. Then we will use the results of Zeng and Zhu
[13] to note the similarity between the trinomial tree’s and the finite difference
approach for the Heston model. We also should account for the transaction
costs, so the idea of proportional transaction costs offered by Boyle-Vorst will
be used to enhance the model to have more real life application [2], for each of
this section providing detailed explanations for the derivations. As a result, I
will give the python code for this method of valuing the stock options and its
variation with transaction costs



2 Heston’s Stochastic Volatility Model

In the Heston model, the volatility o; follows a mean-reverting process:

dvy = k(0 — vy)dt + o\/v;dB? (2)

where B} and B? are correlated Brownian motions [2, with p being the correla-
tion coefficient.

dB? = pdB} + /1 — p2dW, (3)

where W; is a Brownian dependent on B} . To derive the HEston PDE, we
proceed as follows:

Form a portfolio consisting of on option V' = V(S.v,t), A amounts of the
underlying stock and S amount of other option U = U(S,v,t) Therefore our
portfolio will have the following value

M=V(Sv,t)+ AS+ BU(S,v,t)

Portfolio value II also time dependent so Il = II;. Using the self-financing
argument, an argument where investor rebalances his portfolio so that at any
given time his portfolio has no risk, the change in portfolio becomes:

dIl = dV (S, v,t) + AdS + BdU(S, v, t)

Then, we could apply Ito’s Lemma on our original option V, by differentiat-
ing w.r.t to v,t,S
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Applying Ito’s Lemma on second option U7 we get the same result. We could
combine Ito representations of V' and U with the change in portfolio to arrive
at the following result:

dll = dV + AdS + ¢ dU
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As we have mentioned earlier, Investor rebalances his portfolio at any given
time to arrive at riskless portfolio, which means terms with S and v in the SDE
that models Portfolio must be equal to zero. This results in the following hedge
parameters.
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Since we made our portfolio riskless, it must earn riskless interest rate r which
makes our portfolio dIT = rIIdt. Exploiting the risklessness of our Portfolio we
arrive at the following representation:

dll = dV + AdS + ¢ dU
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Let the differenital in terms of t be [...]dt = Adt and differential in terms
of S be g...]dS = BdS making dIl = (A + 8B)dt. Therefore (A + B) =
r(V+AS+BU). Substitute for 8 (hedging argument) we arrive at the following
representation.
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Left and Right hand sides of these two equations are very similar, implying
that they could be written in terms of some function f(S,v,t). According to
Heston (1993) [5], this function is given by f(S,v,t) by changing the phyisical
measure in [2] to an arbitrary equivalent measure Q according to Girsanov’s
Theorem dW7? = dB? + 2512l gt vielding dv, = [k(6—v,) —A(Sy, vy, t)]dt+dW}P
where A(S¢, v, t) is a market risk, hence f(S,v,t) = —k(0 — v) + A(S,v,1),
where A(S,v,t) is a volatility risk. But, by initial construction, our portfolio
is rebalanced at each time step making our portfolio riskless, so A(S,v,t) = 0.
Inserting our f(S,v,t) = —k(6 — v) into the right side and B we get famous
Heston PDE, analytical solution of which will not be discussed in this Capstone
Project:
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where U(S,v,t) is the option price. To solve it in European case, U(S,v,t) =
max(S — E,0) where K is the strike price

3 Regime-Switching Stochastic Volatility Mod-
els

Liu [IT] proposes the discretization of non-constant volatility via Markov chain,
e.g. at each different regimes (states) they attain certain value. Assume P; is
a continuous-time Markov chain with K states. The state space is given by
P := {p1,p2,...,px}. The generator of the Markov chain P; is denoted by
@ = (¢ij)mxn, which satisfies the following properties:

(i) gi; <O for all i # j;
(i) Zj;éiqij =0foralli=1,2,..., K.

Then in a regime-switching model, the volatility term o} in (2.1) is a function
of Ptl

&lu Pt =P1,
R 6'27 Pt = P2,
O'(Pt) =
0k, P=pk.
Here the 6; for i = 1,2, ..., K are constant numbers. Thus the regime-switching
SDE can be written as:

P, is independent of the B}. Since we have Markov chain, the PDE of a regime-
switching model transforms into a PDE system for each of the regime. Solutions
of this system must be solved simultaneously.

Suppose that an option of of some asset following the regime-switching econ-
omyis priced at U(S, P,t). It should be noted that U(S, P, t) is a vector having
following expression: U(S, P,t) = (U(S,p1,t),U(S,p2,t),...,U(S,pKk,t)). We
then denote the i-th component of the solution vector, U(S, p;, t), by U;(S,t),
ie, fori=1,2,...,K. U(S, P,t) is the solution of this PDE system for each i:
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—rUi+ Y qu;U; =0, (6)
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4 Constructing the regime-switching model with
proper inputs

According to Liu [1I], the regime-switching model is a discretized version of the
Heston model. Consider some stock whose price moves in accordance with [[]and



We will use the transformation Beliaeva and Nawalkha [4] since the regime
switching model for each discrete volatility is independent from the stochastic
process that models the stock’s movement. It will allow us to decouple the two
processes. Define the log-transformed variable X; and the transformed variance
process w; with:

Sy p prO
Xt—l <SO> O_(Ut'l)o)(Tg)t (7)
= 2V (8)
By Itd’s lemma for X (S, vy, t):
6X 0X 8X
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Compute the partial derivatives:
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Using (dS;)? = v, S?dt, (dv;)? = o?vydt, and (dS;)(dvy) = po v, S, dt, we
substitute:

axX; = [ (r—22) +r = 20— ve) — Lot + L (rS,dt + /o 5, dBY)

S,
+(=2) (500 — vy dt + o/77 dBZ) + 3 (= ) (02 d)
+0- (c%v,dt) + 0 - (pov, S dt)

= (2 = §)vdt+ o dB} - p /v B,

Now set v; = 1w? and define v = 2% — . Then

1 1
dX; = 1 aw? dt + Jw? (dB} — dBtQ) =1 aw? dt + %wt(dBtl — detQ).

Finally introduce the independent Brownian motion

M —  dB} — pdB? = /1 - p2dW,,

V1i=p2

to obtain the decoupled form

th =

1
dX; = 4awtdt+ V1= p? wy dWy.




Let
we = 2@

Then
ow 1 0w 1
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By Ito’s lemma
dw; = w, dvy + %ww (dvy)?.

Since under the risk-neutral measure
dvy = k(0 — vy) dt + o\/v; dBZ, (dvy)? = o? v, dt,
we substitute:

| 1
dw, = —— [5(9 — ) dt + a\/EdBf} + %(_73/2) (02 v, dt]

Vi 2,
1 2
2k0—50 I{\/U7t 2
_ [ A - Y }dH—odBt.
Noting wy = 2,/vy, write
2k0 — %02 Kw

so that

dw, = ¢(w,)dt + odB}.|

We get the following system of conditionally independent SDE:

1 1
dX, = owldi + iﬂwtdw’t (9)
dw; = ¢(w)dt + od B? (10)
where
pk 1 B} — pB? o2 1 &
= (=2 W, =t = (260 — —)— — =

4.1 Discretization with Markov Chain Approximation

Follwoing Liu’s construction [II] Define a Markov chain with N discrete states
P, that approximates the transformed variance process w;, where:

w1, Pt:]-a

wa, Pt:27
P=q.

wN, Pt:N



The drift and volatility terms in X; are discretized accordingly:
dXt = CL(Pt)dt + b(Pt)th, (11)

Here X, follows Geometric Brownian Motion where:

%wl, P =1, %\/1—,02101, P =1,

1 1

swe, P =2, s/ 1—pPws, P, =2,
a(P) =1 b(P) =1

%U}N, Pt:N %\/1*,02101\/, Pt:N

First, we have to make these two discretized functions coincide with the original
continuous drift and volatility as the number of states shoots to the infinity.
To do so, we let w, = nAw. Now we have to find Q-matrix generator of the
Markov Chain. Liu does that by comparing coefficients of the PDE of [11] and
L0

4.2  Finite Difference Approximation for PDE following
SDE and regime-switching economy

Let us present the PDE of the system of stochastic differential equations in
Consider the pricing PDE for an option with maturity 7" and let H(z,v,t) be
the solution of this PDE following risk-neutral probability:

Let H(x,w,t) denote the undiscounted price, at state (X; = z,w; = w) and
time ¢ < T, of an option paying H(Xp,wp,T) at maturity 7. Applying 1td’s
lemma to H(Xy,wy,t) yields

1 0*H
2 w2

H H H 10°H
dH:8—dt+a—dXt+8fdwt+*L(dXt)2+

2
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because dX; dw; = 0 (the Brownian motions W; and B? are independent).
Compute the quadratic—variation terms

(dXy)? = 3(1 —pHwrdt,  (dw)? = o dt,

and substitute dX;, dw; from the SDEs above. The drift component of dH is

2 0°H N 1 ,0°H
v 0x? 20 ow?’

Under the risk—neutral probability the discounted process My = e " H (X, wy, t)
must be a martingale

Because e~ is of finite variation, Itd’s product yields the following Ito
stochastic process representation

AM, = e "t dH, + Hyd(e ™) = et [dHt —rH, dt].



Now write dH; = A; dt + By dB;, where A; is the drift term produced by Ito’s
lemma and By df; collects all Brownian increments. Hence

th = G_Tt [At — THt] dt + e_TtBt dﬂt = a¢ dt + bt dﬂt,

with a; :=e™ "t [At — rHt] and b, := e "' B,.

Under the equivalent martingale measure Q every traded asset discounted
by the bank account must be a martingale (Harrison & Kreps, 1979; Harri-
son & Pliska, 1981) . Therefore

EQdM, | F] = ardt =0, forall ¢ € [0,T].

Because dt is nonnegative and greater than 0, we must have a; = 0 almost
surely; thus
At*T'Ht:O — At:THt.

Vanishing drift implies
EYM,|F] =M, 0<t<s<T,

which is exactly the definition of a martingale adapted to the filtration {F;}.
Plugging in rH instead of dH we get following PDE:

OH 1
22 2(1 = p?
5 Tzl )w

0?H 1 OH 1 ,0%°H OH
2 Caw? T 4 22 9T yH=0. (12
0z T 1% 5 T37 gar T WG, —rH =0 (12)

Now let our underlying asset follow the regime-switching model discussed in
[[1} Since the states are discrete and let initial state be n so the option price

for underlying stock that follows the can be denoted as H,(z,t) and inserting
a(P,),b(P,) to the original discretized equation in [6] we get the following ex-
pression Let us formally define payoff of an option that follows Heston dynamics
under risk-neutral probability. We fix a regime n € {1,..., N} and define with
some payoff (ID(XT, wT) at log stock price X; = x and regime P, =n

H,(z,t) = E@ [eiT(Tft) (D(XT,wT) | Xi=x, P, = n}
Over a short interval At we can approximate e "™ =1 — rAt
Hp(z,t) =EQ[(1 — rAt) Hp,, ., (Xesae, t + At) | Xy =2, P, =n].

By defining property the continious-time Markov chain generator Q) = (g, 1) for
very small At,

P(Piyar = jIP = i) = [I + QAt + o(At)]; 5
and if i # j we get:



which gives us following formulations of probabilites of switching the regime
Pr{Piyar=n|P =n} =14+qg,n At, Pr{Pianr=k#n| P =n}=q.rAtL

meaning that probability of staying in the same state is 1+ ¢y, ,, At and switching
to the states is 1 + g, p At
Under P; = n,

dXs = a,ds+ b, dW,, a,= iawi, b, = %\/1 — p2wy,,
so over At one has

Xt—',—At — Xt = Qp, At + bn AW,

t+ At t+At
E[Xt+At — Xt] = ]E[/ ands] + E[/ bndWS] = anAt
t t

Since the Expectation of Ito Integral is 0. So the expected increment of X,
is a, At To calculate the variance increment, we note that only the stochastic
integral contributes to the Variance. By Ito Isometry

t+At
Var[X;ia: — X¢| = Var| / b dW,] = b2 At
t

Therefore the Variance increment is b2 At
For simplicity take X; = z. Next we have to Taylor Expand Hy(Xyae,t +
At) around (z,t) For each regime k,
Hy(Xeyar t + At) = Hy(2,t) + Hi g At + Hy, oy (Xepne — @) + 3 Hi oo (Xeyar — 2)°
+ o(At).
Taking expectations from both sides and using the results above regarding our

increments we get the following results. Note that AW = Wiiay — Wy is
distributed normallty with mean 0 and variance At so this term vanishes

E[Hk(XH-At, t+ At)] = H; + (H]%t + anHy o + %biH}c@x) At + o(At).

Assembling the every result into one final formula, we don’t forget about the
probabilites of switching to other regimes and option values at those regimes.
Under the risk neutral probability

Hp(z,t) =EQ[(1 — rAt) Hp,, ., (Xesae, t+ At) | Xy =2, P, =n)

—(1-r At){(l + Qun A [Hy + Ay At + Y g At Hk} +o(A),
k#n

where A, = H, s + ap,Hy o + %biHnm
By rearranging terms we get

Hy(,t) = Hy(2,t) + [An + gunHn + D Gui At Hy — rH, | At + o(At)
k#n

10



Dividing every term by At and taking its limit to O:

N
0= Hn,t + ay, Hn,m + %b% Hn,xw + Z Adn,k H,—rH,,
k=1
Thus by substituting values of a, and b, and representing everything in
terms of partial we get our Final PDE:

oH,

L1 0%,
ot 8

02

(1=p")w

= N
+ iawz% + Z qnxHy —TH, =0 (13)

k=1
Equations [12| and [1B are highly (viewing H(z,t) as H(x,v,,t)) similar so if we
can go by the Liu’s method of comparing coeficients and simple discretization to
variable w, we can easily form the Q-matrix of rates of jumping from one state
to another. So discretizing the variable w and setting the unchanging grid with
the range [0, 00] with Aw stands for the space increment. Then let us denote
H, = H(z,Aw,t) so we could further approximate our representations of the
option price by finite difference method

Applying the central difference scheme for the variance grid:

azH ~ Hn+1 - 2Hn + anl

ow? "~ (Aw)? ’
aiH ~ Hn+1 - Hn
ow 20w

Applying these approximations to the [12| will give us the following equations for
the partials w.r.t. w:

1 ,0°H OH
50'2 an + Qs(w)iw = 7Tn,n+1Hn+1 + 7Tn,an + 7Tn,n—llfn—l (14)

o? 4k — 0%  nk
Tnntl = 2(Aw)?2  4(nAw)? 47
o2
T (Bwp
o? 4k0 — 0  nk
Tl = 5 A T A(nAw)? | 4
Thus [[4] can be written as

1 ,0°H

27 ow?

OH &
+ (b(w)% = Zﬂ-n,an,k: (15)
k=1

identical and H, = H, as n — oo The entries for the Q-matrix is almost
determined, except the signs of the m, ,,_1, Ty ny1 are not exact, i.e they must
be non-negative. Zeng [I3] proposes the following entries for the Generator
matrix with the cases considered in Liu’s paper:

where m,, = 0if & # n — 1,n,n+ 1. Thus we can see that [12] and [13] are

11



Constructing the Q matrix

Case 1
ﬂ: = Tn,n+1; Bn = _(Wn,n+1 + 7Tn,nfl)’ By = Tnmn—1
Case 2
! 1 3
ﬂn = i(wn,n—&-l + 7Tn,n—1)7 Bn = *27rn,n—17 ﬁn = 7§7rn,n+1 + §7Tn,n—1
Case 3
+ 3 1 . L
Bn = §7Tn,n+1 o §7rn,n—17 Bn = —2Tp 1, B = i(ﬂ-’mn—l + ﬂ-"v""‘l)

Extrapolation approach is adopted at the lower and
with 2H = H,,41 + H,—1 At the lower boundary, the

4Kb — o2

+ _ _
ﬁvu = Tnyni+1l — Tnyng—1 = 2n1(A'LU)2 - 9

ﬁrtl = Tnyi,ny + 27Tn1,n1*1 = _(

Similarly at the upper bound

4k6 — o2 B @
2n1 (Aw)? 2

upper bound of regimes
transition rates are:

ke

) (17)

4k — o2 kN
BJJ\? =TN,N-1 —TN,N+1 = W - 7 (18)
4K0 — o2 kN
BN =TN N+ 27N N1 = _(W - 7) (19)

We have to choosie a uniform step size Aw. With
integer N such that

f(@) = o.

Aw fixed, we look for an

Then we pick two numbers for the regimes n; and N satisfying

n < n < N.

After, the domain [0, 00) is reduced to the interval [wmin, wmax], where

Wmin = M Aw, Wmaxy = N Aw.

The grid points {w, } for n = n;,..., N, are obtained giving a total of N —n;+1
points. Therefore, the approximate Markov chain generator matrix ) can be

written as follows:

12



T 0 0 0
Bry+1 Brit1 [3:,“ 0 0
0 Buse Buuz Buge 0
Q = (Qm,n) =
0 0 0 0 5?{4
0 0 0 0 51-5\-[

5 Trinomial Tree Approach coupled with Regime-

switching approach on Solving the Heston Volatil-

ity Model

In a trinomial tree approach for the option pricing model, where the volatility
is assumed to be constant, stock can move either up, down or stay the same by
a some ratio. Those ratios are calculated and are ass follows: e"m, e—oVAt
and 1. So in this case Zeng [I3] assumes that for the state n, the ratios are
e*”"”m,e_)‘"""m and 1 where A\, > 1,0, are for each state n, so it is
assumed that we consider each regimes one-by-one hence fixing state of Markov
Chain. Now we are left with the derivations of the jump probabilities of the
stock movement within each state n Let ¢%, ¢, ¢™ be the jump probabilities in
the trinomial tree each being up, down and the same respectively. For each tree
to have the constant size of a step, {\;d) }¥=7 = 6 where Yuen and Yang [I4]
suggest taking the following: ¢ = max;—1 2. r{o;} + (V1.5 — 1)7. As in basic
probability theory, we now left with taking the first and second moments of the
random variable Sy where S; is stock going either up, down, or staying the same,
which match with our volatility and drift terms of the stochastic process
where \,, > 0. Match drift z,, and variance o2 by solving

ey ()‘nan Vv At) + Qb?z (_)‘non VAL ) + ¢nm(At) = pn At,
o (Nhon At) + ¢ (\non At) + o7 (AF?) = a2 AL,
QU+ o+ o = 1.

A suitable solution is

PV W

1 1 tn VAL
o =1 oo = (5 - 5.
Now, it is left to show the connection for all trees in the regime-switching econ-
omy, i.e. set up the regime - switching characteristic. As for Zeng [I3]reasoning,
at each t = t;, the price of a stock can either stay in the same regime (state) or
go up and down (u, d) at t = t;11, or it can it can switch regimes (states) but

13



without changing its value (m) at t = ¢;. So this tree encompasses two changes
within one change in a time step. Those are changes in the state (regime) ,
which is interpreted as a change in a market condition, and change in the price
within one state (regime). So there only K+2 nodal values required to compute
at each time step against the proposed method of Yuen and Yang [14]. So if
we take a node (Sp,,t;,n) it can jump to (Spm41,ti+1,n), (Sm—1,ti+1,n) or to
(Sm,tit1,7) where fi encompasses all other regimes (states) in this economy
Thus we now can define the recursive formula for valuing option price at each
node. As discussed above, in a one time step, stock price can either go up
or down which is not changed by the switching characteristic in this economy.
However, the middle node has the only a non-zero probability of staying in the
same regime (state) and switching out to other regimes. Hence, Zeng [13] de-
fines the following recursive formula, which is similar to taking the expectation
given the well-defined probabilities, for valuing an option at a time step ¢ = ¢;:

Ubn =€ "2 (00U, + (00 + qun A UL

N (20)
TS+ Y AU,
k=1
The transition probability is approximated by ¢, At (n # k) and the proba-
bility of staying in the same regime is given by ¢, , At and since in the Q-matrix
only the transition probability that takes the state to the same state is given as
Gnn = — Zi\;ek%,ka the sum of coefficients equals 1.

5.1 New simple trinomial tree approach

Now, we have to apply trinomial tree [20] in the regime-switching economy we
defined earlier Amount of regimes in this case becomes N — N —n; + 1
and p, — a, = a(P; = n), 6, — b, = b(P; = n) We should note that
X; follows Brownian motion, whereas S; follows Geometric Brownian motion
as was discussed earlier. We choose b with the same way as chose §. b =
max,;=12._{bj} + (V1.5 — 1)b, where b = ﬁ”“ Zg:nl br. Choose the step
sizes as bV/At,0, —bv/At All the rest follows the same procedure, except that
our Q-matrix defined in Section 2 is tridiagonal meaning that the current state
n can only jump to either n — 1 or n + 1, simplifying our original computation
of the Option price at the state n

U =€ "2 | onUpllin + (07 + qon A UL

(21)
+ QS?L Urzrj;ll,n + dn,n—1 At U:::i,l + Qn,n+1 At Ufn—ti%»l .

This construction can be understood straighforwardly. The stock price can

either go up and down, but stays in the same regime (the volatility is constant
within this regime n). Due to our construction of the Markov chain generator,
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Figure 1: Illustration of a tree with 5 branches starting in a regime n.

if the stock decides to stay the same, it either goes into the state n — 1 or n as
shown in Fig. Let Lj be the # of distinct X-values at each time step k. It
can either go up by b grids, go down by b grids or stay at the same level. So
Lo =1and Lgy1 < Ly +2b which means Ly < 1+2bk. In a meantime those Ly,
can occur at each m volatility levels so Zx = mL, < m(1 + 2bk) = m + 2bkm,
which is linear in k. This yields us Zy < (1 4 2bN) = O(N). This shows that
our tree will grow linear, at most O(N)

6 Applying theory onto original coordinate plane

In the approach of the Zeng [I3] on construction the simple tree, we got variables
X and w, which are purely mathematical and serves no purpose when interpret-
ing them financially. On the other hand, the power of the tree approach is
that we can interpret it looking at different branches and using the rebalancing
argument at each time step and replicating the option with the use of risk-free
bonds and hedging away the risk with the delta shares. Therefore, the main
argument of this section is to build the tree in the original setting with more
real defined variables, using the price of a stock S; and the variance v; that will
enhance economic intuition behind this mathematical approach [13].

Rearranging the Beliaeva and Nawalkha [4] transformation on decoupling
the two processes, as the jump size was determined at equations[7]and [8] we get
the following formulations:

St P _ _ prb
{ logs—0 = X; + Z(ve —wo) + (r - )t7 (22)

_ 1 2
vt—zwt.
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Now, if we consider the stochastic process over a time increment At around t

log % = (Xt+At — Xt) —|— g(vt+At — ’l}t) + (T — %)At (23)
VeyAr — V¢ = i( Wiy Ar + W) (Wigpar — W)

Intuitively, the X; and w; can take three future values - up, middle, down -
except at the lower and upper bounds of these variables. Let m,n represent the
locations of these two variables at time t, so that we could indicate X; = X,,
and wy = w,,. This allows us to express variables X; and w; at time t + At as
the locations in terms of m,n

Xm+1 U, Wpy1 U,
Xignr =< Xy m, WipAt = § Wy m,
mel d7 Wn—1 d.

The increments AX and Aw are constant which keeps the the structure of
the tree simple. The increments of price of a stock S and variance v, however,
are simple no more because of wy A +w; at the second part of the equation@

Rearranging second part of 23]and noting the fact v; is monotonically increas-
ing, we can define the up, middle and down states of vy as we did earlier with X
and w variables. Using the following expression w,, = wp+1 — Aw = w,—1 +Aw
we can formally define the states of variable v

Uy + %(an + Aw) Aw, u,
Vt+At =  Un, m, (24)

vy + i(an — Aw) Aw, d.

Increments of v; are non-constant, as discussed earlier. Also it should be
noticed that the jump size to the up state is greater than the jump size to the
down state. To see this, look at the second terms of the up and down states,
12wy, + Aw)Aw > (2w, — Aw)Aw

Similarly it is possible to define the up, middle and down states for the stock
price at time t, S, in accord with the simultaneous movements of the variables
X; and v; at time ¢ + At. So at time ¢t + At, we define the S; as follows:

Sh exp(AX + ZAv + (r - pT'w>At), up,

Siinr =< Sp exp( (7“ — psa)At) , middle, (25)

Snexp<— AX — ZAv + (r - 97”9>At>, down.
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7 Results

7.1 Pricing The European Call Option

Zeng [13] gives following two conditions to ensure stability when evaluating the
price of an option whose underlying asset follows Heston’s stochastic-volatility

model:
Aw? V2o
a9 wmax < -
202 /1= p2
These two conditions are necessary to keep a tree at Fig. [I] simple and stable.
Also he states that trinomial tree approach in is equivalent to under
Az = \,b, VAt Now we can finally define the payoff of at some stock regime
m, volatility regime n and at a time ¢ = ¢; using 22}
Define the grid at maturity ¢ty =T

At <

Xn=mAz, w,=nlAw, m=0,...,M,n=0,...,N,
vy = 2w, S(Tm’n) =S5y exp(Xm + 2(vp — o) + (r — "7"9) T).
Set the terminal payoff at each node (m, n) with ¢ = N, which makes NAt = T
Ui = max(E — Sr, 0)
= maX{E - So exp(Xm + g (Un —vo) + (r — pT’w)iAt), 0
= max{E - S exp(Xm + g (Un — vo) + (r — ”T"‘Q)T), 0}.

Then we do the backward induction for i = N — 1, N — 2,...,0 using the
five-point recursion we defined earlier:

Upi = €2 (60Ut + (63 + Gun A UL
+ (;5% U::,ll,n + dn,n—1 At U:nf}lfl + dn,n+1 At U;iylprl]

With a numerical solution realized on python at Listing [} we ready to
replicate Zeng’s [I3] results and compare the analytical results of Heston model
and the results of the model discussed in this chapter. Choose

r=005 p=-01, k=30, =004 o=01, E=100.

as model parameters. Now we can run the code for maturities 7' = 0.25
and T = 0.5 with initial stock prices Sy = 90,100,110 and with two starting
variances vy = 0.04,0.09. Choose upper and lower bound regimes n; = 15, N =
40, so we took 26 regimes into consideration. Next we should take At as low
as possible so that the tree is stable. After several experiments, At = 10~* and
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So o T  Benchmark Tree Price Error (%)

90 0.04 0.25 0.8852 0.8848 —0.05
100 0.04 0.25 4.6105 4.6094 —0.02
110 0.04 0.25 12.0006 11.9994 —0.01
90 0.09 0.25 1.9023 1.9018 —0.03
100 0.09 0.25 6.0703 6.0682 —0.03
110 0.09 0.25 13.0087 13.0044 -0.03
T =0.50
90 0.04 0.50 2.3272 2.3472 0.86
100 0.04 0.50 6.8817 6.9242 0.62
110 0.04 0.50 14.0910 14.1547 0.45
90 0.09 0.50 3.6447 3.6689 0.66
100 0.09 0.50 8.4366 8.4796 0.51
110 0.09 0.50 15.3337 15.3951 0.40

Table 1: European call option prices and percentage-error of the tree approxi-
mation

space increment is Aw = 0.02. Choice of space increment gives us the following
variance range:

Win = 15 X 0.02 = 0.30 Wmee =40 x 0.02=0.8

0.32 0.82
Umin — T = 0.0225 VUmazxr = T =0.16

We get the following results at Table [Ij where benchmark is an analytical
solution for Heston model. As we can see the margin of error is at most 1%
given the simplicity of Tree structure. Unlike Liu’s approach where the Option
price at time ¢ = t; takes into account all the states, in this approach we only
take the preceding and succeding states. This gives us much more time efficient
computations, but the degree of which it is time efficient will not be discussed.
To increase the occuracy, one can choose At, Aw even smaller and increase the
number of regimes.

import numpy as np
import math
def heston_tree_euro_call(SO0,K,T,r,v0,
kappa,theta,sigma_vol ,rho,
dt ,dw,w_lower ,w_upper):
import math
nsteps=int (round (T/dt))
w_indices=range (w_lower ,w_upper+1)
w_vals=np.array ([j*dw for j in w_indices])
Nw=len(w_vals)
alpha=(rhoxkappa/sigma_vol) -0.5
def a_func(w):
return 0.25%alphax*(w**2)
def b_func(w):
return 0.5*np.sqrt(1-rho*x2) *w

18



b_list=[b_func(w) for w in w_vals]
b_max=max(b_list) if b_list else O
margin=(math.sqrt (1.5) -1) *b_max
b_tilde=b_max + margin
dx =b_tilde * math.sqrt(dt) if b_tilde>le-15 else le-5
x_min =-4%b_tilde*math.sqrt (T)
x_max = 4*b_tilde*math.sqrt(T)
Nx= int(math.ceil ((x_max - x_min)/dx)) + 1
x_vals =np.array([x_min + ixdx for i in range(Nx)])
U =np.zeros ((Nx,Nw), dtype=float)
def S_func(x, w, t):
v =0.25 *xw*x*2
return SO*math.exp(x +(rho/sigma_vol)*(v -v0) + (r - (rhox
kappa*theta)/sigma_vol)*t)
for ix in range (Nx):
for iw in range (Nw):

S_T =S_func(x_vals[ix], w_vals[iw], T)
Ulix, iw] =max(S_T - K, 0.0)

p_up =np.zeros (Nw)

p_mid= np.zeros (Nw)

p_dn =np.zeros (Nw)

for iw in range (Nw):

w_ =w_vals[iw]
drift= a_func(w_)
diff = b_func(w_)
m_val = driftxdt

var_val= (diff*x*2)*dt
denom= dx

temp =var_val / (dx**2)
up_=0.5*x(temp + m_val/denom)
dn_= 0.5*(temp - m_val/denom)
mid_ = 1 - temp
up_= max (0.0, up_)
dn_= max (0.0, dn_)
s_ = up_ + dn_ + mid_
if s_>1le-15:
up_/= s_; dn_/= s_; mid_/= s_;
p_upliw], p_mid[iw], p_dn[iw] = up_, mid_, dn_
def phi(w_):
return (2*kappa*theta - sigma_vol#**2/2)/w_ - (kappa/2)*w_
q_up = np.zeros (Nw)
g_dn = np.zeros (Nw)
q_dg = np.zeros (Nw)
for iw in range (Nw):
w_= w_vals[iw]
if iw==
val_up = (sigma_volxx2)/(2xdwx**2) + phi(w_)/(dw)
val_up = max(val_up, 0.0)
q_up[iw] = val_up
q_dn[iw]l= 0.0
q_dgliw] = -(val_up)
elif iw==Nw-1:
val_dn =(sigma_vol**2)/(2xdw**2) - phi(w_)/(dw)
val_dn = max(val_dn, 0.0)
q_dn[iw]= val_dn
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72 q_upl[iw] = 0.0

73 q_dgliw] =-(val_dn)

74 else:

75 val_up =(sigma_vol**2)/(2*xdw**2) +phi(w_)/(2*dw)
76 val_dn = (sigma_vol**2)/(2*xdw**2)- phi(w_)/(2xdw)
77 val_up = max(val_up, 0.0)

78 val_dn= max(val_dn,0.0)

79 q_up[iw] = val_up

80 q_dn[iw] = val_dn

81 q_dgliw] =-(val_up+val_dn)

82 discount = math.exp(-r*dt)

83 for step in range(nsteps):

84 U_old = U.copy()

85 for ix in range(Nx):

86 for iw in range (Nw):

87 ix_up = min(ix+1, Nx-1)
88 ix_down = max(ix-1, 0)

89 val_x = (p_upliw]*U_old[ix_up, iwl]

20 + p_mid[iw]l*U_old[ix, iw]
91 + p_dn[iw]l*U_old[ix_down, iw])

92 iw_up = min(iw+1, Nw-1)
93 iw_down = max(iw-1, 0)
94 val_w = (q_up[iw]*U_old[ix, iw_up]

95 + q_dgliwl*U_old[ix, iw]
96 + g_dn[iw]*U_old[ix, iw_downl]) * dt

o7 Ulix, iw] = discount*(val_x + val_w)
98 w0 = 2.0*math.sqrt(v0)

99 iw0 = np.argmin(np.abs(w_vals - w0))

100 ix0 = np.argmin(np.abs(x_vals))

101 return U[ix0, iwO]

102

103 if __name__ ==

104 r= 0.05

105 rho= -0.1

106 kappa= 3.0

107 theta= 0.04

108 sigmaH= 0.1

109 K = 100.0

110

111 dw= 0.02

112 w_lower= 15

113 w_upper= 40

114 dt = le-4

115 T_list = [0.25, 0.5]

116 SO_list = [90, 100, 110]

117 vO_list = [0.04, 0.09]

118 print (f" Variables: r={r}, rho=-{rho}, kappa={kappal}, theta={
theta}, sigma={sigmal}, E={E}")

119 print (f" dt={dt}, dw={dw}, w_range=[0.3..0.8], i.e. w_lower={
w_lower},w_upper={w_upper}\n")

120 print (" S0 vO T TreePrice")

121 pPRdnE (T ococssosocooosococsossosooooosss ")

122 for T in T_list:

123 nsteps = int(round(T / dt))

" _ _main__":

124 for sO in SO_list:
125 for vvO in vO_list:
126 tree_price = heston_tree_euro_call(
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127 sO, K, T, r, vvO,

128 kappa, theta, sigmaH, rho,

129 dt, dw, w_lower, w_upper

130 )

131 print (f" {s0:3.0f} {vv0:0.2f} {T:0.2f} {
tree_price:11.4f}")

Listing 1: Heston Tree European Call Option

7.2 Pricing the European Call Pricing with Proportional
Transaction Costs

Let C};,Cy,,C > 0 be the transaction costs associated with up, middle, and
down price moves under regime n, and let C,_,; > 0 be an additional cost if the
Markov chain jumps from regime n to a different regime k. Our cost adjusted
Option Pricing model should be in the following representations:

Urfz,n = e*TAt {‘ZSZ (Urlr:rll,n - Cg)

+ (00 + dnn A1) (Ul = C11)

+on (Unh, = CF)

+ 3 s AL (UL = G| (26)

k#n
To implement the proportional transaction costs & la Boyle—Vorst [2], we intro-
duce a constant cost-rate A (e.g. A = 0.001 for 0.1% per trade). Whenever we
do rebalancing of the portfolio with the delta-hedge between two adjacent tree
nodes (m,n) — (m’,n'), we pay a cost
C(m,n)%(m’,n’) = >\Sm,n |Am’,n’ - Am,n|;

where

N ou (Smn) ~ Untin — Un—1n

35 at node (m,n).

Sm+l,n - S’m—lm
In our five-branch tree each node (m, n) has five successors {(m=1,n), (m,n), (m,n+
1)}. Denote by P n—sm/.ns the corresponding jump probability (either ¢, ¢, ¢¢

Or g nt1 At).

u
n?

m

no

no
Pmn—m/n’ =

Gn,n+1 At,

(
(
d (',
(
(

dn,n—1 Ata

0, otherwise.
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Table 2: European call prices from the Heston tree, with and without transac-
tion costs

So Vg T TreePrice (with tc) TreePrice (without tc)

90 0.04 0.25 0.7436 0.8848
90 0.09 0.25 1.6773 1.9018
100 0.04 0.25 4.2603 4.6094
100 0.09 0.25 5.6747 6.0682
110 0.04 0.25 11.5579 11.9994
110 0.09 0.25 12.5306 13.0044
90 0.04 0.50 1.9943 2.3472
90 0.09 0.50 3.2236 3.6689
100 0.04 0.50 6.2877 6.9242
100 0.09 0.50 7.7974 8.4796
110 0.04 0.50 13.3306 14.1547
110 0.09 0.50 14.5475 15.3951

So the backward recurrence with transaction costs formula reads as follows

) _ —TAt E i+1
(L;qn'_ e pnhnA»n#,n’[LL;gnl - A‘Snun‘zxnﬂ,n’_'anun‘};
(m’,n’)eN (m,n)

where N (m,n) is the set of five child nodes. In code this is implemented exactly
as in Listing
The terminal payoff and all other model parameters remain as before:

U,],\;n = max(E — Séﬂm’"), 0), S;m’n) =5 exp(Xm + 2 (v —wo) + (r— @)T).
Calculating the cost-adjusted option price with the backward induction from
1 = N — 1 down to ¢ = 0, we easily obtain the European call price inclusive of
proportional trading costs. A numerical solution is given in Listing[2]as a python
code, and the resulting prices for the 12 test cases appear in Table [2] As we
don’t have the analytical benchmark for the heston option pricing model with
added transaction costs, we don’t have accurate proxy for that. However we still
can compare the results with the plain trinomial tree under regime-switching
economy without the transaction costs. We see that they results vary, but the
still stand in the neighborhood of the tree results without the transaction costs

import numpy as np
import math

def heston_tree_euro_call_tc(SO0, K, T, r, vO,
kappa, theta, sigma_vol, rho,
dt, dw, w_lower, w_upper,
tc_rate=0.001):
nsteps = int(round(T / dt))

w_indices = range(w_lower, w_upper+1)
w_vals = np.array([j*dw for j in w_indices])
Nw = len(w_vals)
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alpha =(rho * kappa / sigma_vol) - 0.5
def a_func(w):

return 0.25 * alpha * (wx*2)
def b_func(w):

return 0.5 *math.sqrt (1l - rho**2) * w

b_list =[b_func(w) for w in w_vals]

b_max= max(b_list) if b_list else 0.0

margin= (math.sqrt(1.5) - 1.0) * b_max

b_tilde =b_max + margin

dx = b_tilde * math.sqrt(dt) if b_tilde > le-15 else 1le-5

x_min =-4 * b_tilde * math.sqrt(T)

x_max= 4 * b_tilde * math.sqrt(T)

Nx =int (math.ceil ((x_max - x_min) / dx)) + 1

x_vals = np.array([x_min + i * dx for i in range(Nx)])

U =np.zeros ((Nx, Nw), dtype=float)

def S_func(x, w, t):

v = 0.25 * w*xx2

return SO * math.exp(x + (rho/sigma_vol) * (v - v0) + (r -
(rhoxkappa*theta)/sigma_vol) * t)

for ix in range (Nx):
for iw in range (Nw):
S_T = S_func(x_vals[ix], w_vals[iw], T)
Ulix, iw] = max(S_T - K, 0.0)

p_up= np.zeros (Nw)

p_mid =np.zeros (Nw)

p_dn = np.zeros (Nw)

for iw in range (Nw):
w_= w_vals[iw]
m_val= a_func(w_) * dt
var_val= (b_func(w_)**2) * dt
temp= var_val / (dx**2)
up_= 0.5 * (temp + m_val/dx)

dn_ = 0.5 * (temp - m_val/dx)
mid_ = 1.0 - temp
up_ = max(up_, 0.0)
dn_= max(dn_, 0.0)
s_ = up_ + dn_ + mid_
if s_ > le-15:
up_ /= s_
dn_ /= s

mid_ /= ;_
p_upliw], p_mid[iw], p_dn[iw] = up_, mid_, dn_

def phi(w_):
return (2xkappa*theta - sigma_vol**2/2)/w_ - (kappa/2)*w_

q_up= np.zeros (Nw)
gq_dn = np.zeros (Nw)
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q_dg= np.zeros (Nw)
for iw in range (Nw):

w_ = w_vals[iw]
if iw == 0:
val_up =(sigma_vol**2) / (2xdwx*2) + phi(w_) / dw

val_up= max(val_up, 0.0)

q_upl[iw]=
q_dn[iw]
q_dgliw]
elif iw== Nw
val_dn =
val_dn =
q_dn[iw]
q_upl[iw]=
q_dgl[iw]
else:
val_up =(
val_dn =

val_up
= 0.0
= -val_up
= ilg
(sigma_volx**2) / (2%dw**2) - phi(w_) / dw
max (val_dn, 0.0)

= val_dn
0.0
= -val_dn

sigma_vol**2) / (2xdw**2) + phi(w_) / (2*dw)
(sigma_volx**2) / (2xdw**2) - phi(w_) / (2xdw)

val_up= max(val_up, 0.0)

val_dn =
q_up[iw]
q_dn[iw]=
q_dgliw]

disc = math.exp(-

def get_delta(ix,

if ix ==0:
dU = Uarr
dS =S_fun
[ix], w_vals[iw],
elif ix == Nx
dU= Uarr [
dS =S_fun
ix-1], w_vals[iw]
else:
dU = Uarr

max (val_dn, 0.0)
= val_up
val_dn
= -(val_up + val_dn)

r * dt)

iw, Uarr, t):

[ix+1, iw] - Uarr[ix, iw]
c(x_vals[ix+1], w_vals[iw], t) - S_func(x_vals
t)
= i3
ix, iw] - Uarr([ix-1, iw]
c(x_vals[ix], w_vals[iw], t) - S_func(x_vals[
, t)
[ix+1, iw] - Uarr([ix-1, iw]

dS = S_func(x_vals[ix+1], w_vals[iw], t) - S_func(
x_vals[ix-1], w_vals[iw], t)

return 0.0 if

abs(dS) < 1e-12 else dU / dS

def rebalance_cost(ixp, iwp, ixc, iwc, Uarr, t):

delta_parent
delta_child
S_parent = S_

= get_delta(ixp, iwp, Uarr, t)
= get_delta(ixc, iwc, Uarr, t)
func(x_vals[ixpl, w_vals[iwpl, t)

return tc_rate * abs(delta_child - delta_parent) * S_parent

for step in range

(nsteps):

U_old = U.copy()

t =T - step

* dt

for ix in range (Nx):
ix_up= min(ix+1, Nx-1)

ix_down =
for iw in
val_x

max (ix-1, 0)

range (Nw) :

= (p_upliw] * U_old[ix_up, iw] +
p_mid[iw] * U_old[ix, iw] +
p_dnliw] * U_old[ix_down, iw])
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if

__name ==

cost_x = (p_upl[iw] * rebalance_cost(ix, iw, ix_up,
iw, U_old, t) +
p_mid[iw] * rebalance_cost(ix, iw, ix,
iw, U_old, t) +
p_dn[iw] * rebalance_cost(ix, iw, ix_down
, iw, U_old, t))
iw_up= min(iw+1, Nw-1)

iw_down = max(iw-1, 0)
val_w = (q_upliw] * U_old[ix, iw_up] +

q_dgliw] * U_old[ix, iw] +

g_dn[iw] * U_old[ix, iw_down]) * dt
cost_w = (q_upliw] * rebalance_cost(ix, iw, ix,

iw_up, U_old, t) +
q_dgliw] * rebalance_cost (ix, iw, ix, iw,
U_old, t) +
gq_dn[iw] * rebalance_cost (ix, iw, ix,
iw_down, U_old, t)) * dt

Ulix, iw] = disc * ((val_x + val_w) - (cost_x +
cost_w))
w0 = 2.0 * math.sqrt(v0)
iw0= np.argmin(np.abs(w_vals - w0))

ix0 =np.argmin(np.abs(x_vals))
return U[ix0, iwO]

__ "__main__":
r= 0.05

rho= -0.1

kappa= 3.0
theta=0.04

sigmaH= 0.1

K= 100.0

dw= 0.02

w_lower =15

w_upper= 40

tc_rate = 0.0005
T_list= [0.25, 0.5]
S0_list= [90, 100, 110]
vO_list =[0.04, 0.09]
dt = 1le-3

print (f" r={r}, rho={rho}, kappa={kappal}, theta={thetal}, sigma
={sigma}, E={E}")
print (£f" dt={dt}, dw={dw}, w_range=[15,40]; tc_rate=0.001\n")
print (" S0 vO0 T TreePrice (with tc)")
print (! ococcsossoososssooossssssossssssoosssssos ")
for T in T_list:
for sO in SO_1list:
for vvO in vO_list:
price = heston_tree_euro_call_tc(
sO, K, T, r, vvO,
kappa, theta, sigmaH, rho,
dt, dw, w_lower, w_upper,
tc_rate=tc_rate
)
print (f" {s0:3.0f} {vv0:0.2f} {T:0.2f} {price
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:11.4f3}")

Listing 2: Heston Tree European Call Option with added Transaction costs

8 Conclusion

Starting from an regime switching argument - a core to this capstone - we were
able to derive the approximation for a closed form analytical soltuion to the
Heston PDE with an illustration, which is more efficient than other multinomial
models, because it grows linearly, dependent on the which state the tree is on, .
Later we were able to replicate Zeng’s [I3] results and also add the transaction
costs according to Boyle and Vorst’ idea [2]. For each of the cases, the numerical
results, as well as the python code, is provided. For the future Research on the
regime-switching models, I would focus on American Options as the trinomial
trees are widely used to price them.
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