The Cauchy problem for a molecular beam epitaxy
model with slope selection
by
Magzhan Biyar

Submitted to the Department of Mathematics
in partial fulfillment of the requirements for the degree of

Master of Science
at the
NAZARBAYEV UNIVERSITY
May 2021

(© Nazarbayev University 2021. All rights reserved.

Author ..o
Department of Mathematics
May 06, 2021

Certified Dy . ..o
Daniel Oliveira da Silva

Assistant Professor

Thesis Supervisor

Accepted Dy .. ..o
Daniel Pugh

Dean, School of Sciences and Humanities



The Cauchy problem for a molecular beam epitaxy model

with slope selection
by

Magzhan Biyar

Submitted to the Department of Mathematics
on May 06, 2021, in partial fulfillment of the
requirements for the degree of
Master of Science

Abstract

This thesis is devoted to the study of a nonlinear diffusion equation. We have to
prove that the Cauchy problems for a molecular beam epitaxy (MBE) equation with
slope selection is locally well-posed for initial data in W'3(R"), n < 2.

Key words: Cauchy problem, molecular beam epitaxy equation.

MSC 2010: 35F25

Thesis Supervisor: Daniel Oliveira da Silva
Title: Assistant Professor



Acknowledgments

I would like to express my deepest gratitude to Professor Daniel Oliveira da Silva, my
research supervisor, for his guidance, cordial support, valuable advice and constant

encouragements throughout the course of this research thesis.

I would also like to thank each of the members of Thesis Committee, and my external
second reader Dr. Dan-Andrei Geba, Professor of Department of Mathematics at the
University of Rochester, for their comments and suggestions needed for improvement

of my thesis.

I would like to especially thank Nazarbayev University as well, for the opportunity

to gain knowledge by providing all the necessary conditions for obtaining it.



Contents

(I Introduction|. . . . . . . ... oL )
(1.1 Background| . . . ... ... oo 5)
(1.2 Problem| . . . . . . . . .. 7
[2 Preliminary notions| . . . . . . . . ... ..o oL 8
2.1 Notations and some 1nequalities| . . . . . . . . ... ... ... 8
22  Methods . . . . .. ... 13
2.3 Main toolsl . . . . . . . .o 14
[3 'T'he Cauchy problem for a molecular beam epitaxy model with slope |
selectionl . . . . . . .. 16
[3.1 Bounds for the linear problem| . . . . . . . ... ... ... .. 16
[3.2 Bounds for the solution of the nonlinear problem| . . . . . .. 20
[3.3 Local well-posedness| . . . .. ... ... ... ... ... ... 24
21 Conclusion|. . . . . . . . .. 30



1 Introduction

Epitaxy is a type of crystal growth or material deposition in which new crystalline
layers are formed with well-defined orientations relative to a crystalline substrate.
Each layer is called an epitazial layer, or epitaxial film. One method of growing
epitaxial films is called molecular beam epitaxy (MBE), where the layers are created
by beams of particles. The process was first discovered at Bell Telephone Laboratories
by J.R. Arthur and J. J. LePore [I]. A more detailed description was given by Alfred
Y. Cho [5]. MBE is an important tool in the manufacturing of semiconductor devices.

Molecular beam epitaxy is important topic in material science with challenging
nature. In this project, focus is well-known MBE model in continuum. In particular,

MBE model with slope selection.

1.1 Background

Recently, the epitaxial growth of thin films has received increasing interest. One of the
outstanding challenges is to understand qualitatively and quantitatively the epitaxial
growth of nanoscale films that are expected to be high-temperature super-conducting,
such as Y BayCuzO7_s (Yttrium Barium Copper Oxide, YBCO) (Stein [24], 2001),
and could be used in the design of semi-conductors. The complex process of building
up a thin film layer on a substrate by chemical vapor deposition has now given rise
to several descriptions and simulations by atomistic as well as by continuum models
(Ortiz et al. [20], 1999; Schulze et al. [21], 1999).

Consider the following two nonlinear diffusion equations — growth equations

du = —V - (lQ + 5VAU) , (1.1.1)
1+ |Vul
Ou =V - [(|Vu|2 — 1)Vu] — 0A*u. (1.1.2)

The spatial derivatives of (1.1.2) have the following physical interpretations:

Auw: diffusion due to evaporation-condensation (Edwards et al. [7], 1992; Mullins



[19], 1957),

A?y: capillarity-driven surface diffusion (Herring [11], 1951; Mullins [19], 1957),

V. (\Vu|2 Vu): (upward) hopping of atoms (Das Sarma [6], 1992).

In and , the fourth-order term models surface diffusion, and the
nonlinear second-order term models the Ehrlich-Schwoebel effect (Ehrlich et al. [§],
1966; Schwoebel et al. [23], 1966; Schwoebel [22], 1969).

The equation (1.1.2)) can be regarded as a gradient flow with respect to the L?(£2)

inner product of energy functional

1
E(u):/ h(|vu|2—1)2+g|m|2 dz,
Q

it is easy to check that

d
S (u) = — 9l

The energy F(u) often appears in several areas of material modeling. For instance,
it serves as a variational model in the theory of liquid crystal (Aviles et al. [2],
1987). It is an example of elastic energy functional of scalar deformations u in the
strain-gradient theory for structural phase transitions in solids (Ball et al. [3], 1992;
Kohn et al. [14], 1994). It is also a simplified and rescaled folding energy for an
out-of-plane displacement u modeling the folding pattern of a blister formed in the
buckling-driven delamination of thin films (Gioia et al. [I0], 1997; Jin et al. [I2],
2000). In the context of thin film epitaxy, the first term in E(u) selects the slope of
film surface (Li Bo et al. [4], 2003). It forces the slope of the thin film |Vu| ~ 1. For
this reason equation ([1.1.2)) is often called the growth equation with slope selection.
In the literature there are also models "without slope selection", such as . With
slope selection, predicts that mound-like or pyramid structures in the surface
profile tend to have a uniform, constant mound slope (Moldovan et al. [I§], 2000;
Ortiz et al. [20], 1999).

The nonlinear diffusion equations for thin film epitaxy, with or without slope se-
lection model have been studied recently by many authors [13], [4], [15]. In 2003
authors Belinda B. King, Oliver Stein and Michael Winkler [I3] considered the non-



linear parabolic problem

O+ A*u — V- (f(Vu)) =g, in Qx(0,7T),
Onulan = ONAulog =0,  uli—o = uo,

where 2 C R" is a bounded domain of class C*™* for some k > 0, g € L*(Q2x (0,7)),
and ug € L*(Q2). They showed existence, uniqueness and regularity of solutions in a
bounded domain with the Neumann boundary conditions of first and third order.

In 2003 authors Li Bo and Jian-Guo Liu [4] considered thin film epitaxy without or
with slope selection —, that model epitaxial growth of thin films, where
u = u(x,t) with = (x1,22) is a scaled height function of thin film in a co-moving
frame and the diffusion coefficient ¢ is a positive constant. Initial-boundary-value
problems in ©Q x (0,7, for both equations are proven to be well-posed, and the
solution regularity is also obtained.

In 2017 authors Dong Li, Zhonghua Qiao, Tao Tang [15] considered with slope
selection (|1.1.2)) which models the epitaxial growth of thin films. In this work authors
considered the 2r—periodic case 2 = T" = R"/2xZ". The function v = u(t,x) :
R x €2 — R represents the scaled height of a thin film and ¢ is positive parameter
which is sometimes called the diffusion coefficient. They established optimal local

and global well-posedness for n < 3 on the 2r—periodic torus with § > 0.

1.2 Problem

We consider the following initial value problem in x € R™, ¢t > 0. We prove that the

Cauchy problems for molecular beam epitaxy equation with slope selection

Opu + A%+ Au =V - (|Vul|* Vu),
(1.2.1)

u(z,0) =wug (z),

is locally well-posed for initial data in W13(R"), n < 2.



2 Preliminary notions

In this chapter, we give a review of some definitions and important inequalities. The
main references for this chapter are the books by Gilbarg and Trudinger [9], Wheeden
and Zygmund [26], and Tao [25] for the definitions and proofs of the theorems. In
subsection are given the main tools from the work of Medved [16].

2.1 Notations and some inequalities

We introduce some notations and definitions.
Let R™ be n-dimensional Euclidean space. The Euclidean norm of a vector z =

(x1,29,...,2,) € R", n >11is denoted by

n

1/2
2 = @) = (Y a?)

=1

and the inner (dot) product of vectors x = (x1,%a,...,z,) and y = (Y1, Y2, .- -, Yn) by

Y= szyz
i=1

R" is open upper half-space in R", that is, R} = {z € R" |z, > 0}.

Let €2 be an open subset in R”. If u: Q — R, we write as u(z) = u(xy, xo, ..., x,),
r € Q. We denote the space of continuous functions u :  — R by C(Q). C*(Q) is
the set of functions having all derivatives of order less than or equal to k£ continuous
in Q (k = integer > 0 or k = 00).

We use the Lebesgue norms
1/q
ol = ( [ utopac)

[ull 2 (@) = esssup |u(z)],
z€Q

for 1 < ¢ < oo and

for ¢ = .



Definition 2.1. A function f is said to be rapidly decreasing if for every integer

N > 0 there exists a constant Cy such that
lz|V|f(2)| < Cy, forall z € R™

Definition 2.2. The Schwartz class S(R™) is the set of all functions f € C*°(R")

such that f and all of its derivatives are rapidly decreasing functions on R".
For example, the function f(x) = e~7” belongs to S(R™), but the function

1

T = T

does not belongs to S(R") for any k € N since |x|** f(x) does not decrease to zero as

|z| = 0.

Definition 2.3. The dual of S(R™) is called the space of tempered distributions and
is denoted S'(R™).

Definition 2.4. Let f and g be two functions that are measurable in R™. The
convolution of f and g, denoted by f * g, is the function on x > 0 defined by

(fxg9)x)= [ f(s)g(x —s)ds, v €R",

Rn
provided the integral exists.

Theorem 2.5. For all piecewise continuous functions f, g, and h, the following
properties hold:

(1) Commutativity: fxg=gx* f;

(2) Associativity: f*(g*h) = (f*g)*h;

(3) Distributivity: fx(g+h)= f*xg+ f*h.

Any mathematical entity that changes one function into another function is called
either an operator or a transform. Omne particularly important operation in the

Schwartz class S(R") is the Fourier transform f — f The Fourier transform of



f, denoted by for F, is given by

o~

(FN)(E) = [(&) = (2m)~? - f(z)e " dx.

Here, i = v/—1, and € is the frequency variable. The inverse Fourier transform of g,
denoted by g or F 1, is defined by

(F o) = gla) = x| g de
by £z usually denotes £x = (€ - ) the inner product in R™.

Theorem 2.6 (Minkowski’s inequality). Let f, g € LP(R"), where 1 < p < oo. Then

we have

1+ gllzr@ny < 1 Fllzr@ny + 9]l ony.

Theorem 2.7 (Holder inequality). Let f € LP(R"), g € LY(R"), 1 < p,q < oo with
1/p+1/q=1. Then the product fg € L*(R™) and

: | f(2)g(@)| dz < || flle@m |9l ogn)-

Theorem 2.8 (Young’s inequality or convolution Theorem). Let f € LP(R™) and
g € LYR™) with 1 < p,q < oo, such that 1/p+ 1/q > 1. Then the convolution
fxge L'(R"), where 1/r =1/p+1/q—1, and

ILf * gllor@®ny < [ fllzo@ny gl Larn)-

We denote the support of a continuous function v : 2 — R by

suppu = {x € Q: u(z) # 0}.

The function u is compactly supported if supp u is compact. The subset of C*(Q)
functions with compact support is denoted C¥(Q2). C>(Q) is the class of infinitely

differentiable functions, and C2°(€2) is the corresponding subset of functions with

10



compact support.

Let V, Q be an open subsets in R". We define L?

loc

(Q), for 1 <p < 0, as

LP

loc

(Q)={u:Q—=R|ue LP(V) for every V CC Q},

where V' CC  means the closure V C Q and V is compact, that is, V is compactly
contained in €).

As it was stated in Zygmund’s book [26], L () is the class of locally integrable

loc

real-valued functions u on €2; as usual, we say u is locally integrable on € if it is

integrable on every compact subset of 2. By Holder inequality one can show

1
loc

LP(Q) for all 1 < p < oo, if Q is a bounded set.

that the space of locally integrable functions L; .(€2) is the largest space and contains

Definition 2.9. Let u € L}, (). We say g; € L},.(Q), 1 < i < n is the weak partial

loc loc

derivative of u(x) in 0 with respect to z; if

[ @) 52 @ de =~ [ aiwiote)da

for every ¢ € C2°(Q2).

It is easy to verify that the weak partial derivative with respect to x;, if it exists,

is uniquely defined by the following: if g € L} () and

loc

1§uwuwx=o

for every ¢ € C*(Q2), then g = 0 almost everywhere. Hence, we write the weak

partial derivative of wu is

g;i =g, 1=(1,2,...,n).
We also use
ou Ou ou
V= <6x1’8x27”. 76xn>

and call this vector the weak gradient of u in 2. The weak gradient coincides with

11



the classical gradient Vu when u is smooth. The notation |Vu| means

)

Definition 2.10 (Laplacian or the Laplace operator).

[Vul = (Z‘axz

Sobolev spaces consist of functions from LP(£2) whose weak derivatives also belong

to LP(£2):

Definition 2.11 (Sobolev space). Let €2 be an open subset in R” and 1 < p < oo,
then W1P(Q) is defined by

WhP(Q) = {u € LP(Q) : u has a weak gradient in ) satisfying [Vu| € LP(Q)}.

Theorem 2.12. Let Q2 be an open subset in R" and 1 < p < oco. The space WP (Q)

18 a Banach space, i.e., it is a complete space with respect to the norm

"1 || Ou
fulltoger = lulley + 3 o
=1

or for 1 < p < oo, the equivalent norm

I (nun A Z |2

LP(Q))

Using second norm when p = 2 makes W12(2) a Hilbert space with inner product

(u,v):/uvdm+/Vu-Vvda:,
Q Q

12



and denotes by H'(Q). In this work, another equivalent norm will be used:

ou
0

n o\ 1/2
[ullwrr@) = llull @) + H <Z‘ x )
i=1 v

= [lull ey + VUl o)
Lr(Q)

2.2 Methods

Consider an initial value problem for a linear partial differential equation of the form
u — Lu = F(x,t),

u(z,0) = ug(x),

where L is some linear differential operator. The solution to this problem is given by

Duhamel’s principle, which states that
t
u(z,t) = eug(z) +/ eILE (2, 5) ds.
0
If we want to consider a nonlinear equation of the form

uy — Lu = F(u(z,t)), (2.2.1)
u(x,0) = up(x),

then the solution is
t
u(z,t) = eFug(x) —i—/ eI P (u(x,t)) ds. (2.2.2)
0

We consider a Banach space U of functions defined on R™ and a Banach space X =

C([0, TT; U(R™)).

Definition 2.13 (Well-posedness). We say that the problem is locally well-
posed in Xy if there exists a time 7' > 0 such that for each uy € U(R™) there exists a
strong unique solution u € Xz to the integral equation (2.2.2)), and furthermore the
map ug — u is continuous from U to Xp. If we can take T arbitrarily large we say

the well-posedness is global rather than local.

13



Definition 2.14 (Contraction). A mapping M from a normed linear space X into

itself is called a contraction mapping if there exists a number 0 < o < 1 such that
[Mu — Mol < aflu— v

for all u,v € X.

This definition lets us state the main tool in the proof of Theorem [3.4 We say
the contraction mapping principle or what is often also called the Banach fixed point

theorem.

Theorem 2.15 (Banach Fixed-Point Theorem). A contraction mapping M in a
Banach space B has a unique fized point, that is there exists a unique solution r € B

of the equation Mz = x.

2.3 Main tools

Before proceeding further, we need following

Definition 2.16 (Medved [16, p.350]). Let ¢ > 0 be a real number and 0 < 7' < 0.
We say that a function w : Rt — R (RT = [0, 00)) satisfies a condition (q), if
e w(u)]? < R(t)w(e ®u?) for all u e RT, t €[0,7), (q)

where R(t) is a continuous, nonnegative function.

Remark 2.17 (Medved [16], p.350]). If w(u) = u™, m > 0 then
e Mw(u)]? = e(m_l)th(e_qtuq)

for any ¢ > 1, i.e., the condition (g) is satisfied with R(t) = ™~V

Let w(u) = u + au™, where 0 < ¢ <1, m > 1. Then w satisfies the condition (q)
with R(t) = 297 'e?™* (see |16, p. 351]).

14



Theorem 2.18 (Medved, Theorem 1 [I6, p.351|). Let a(t) be a nondecreasing,
nonnegative C'-function on [0,T), F(t) be a continuous, nonnegative function on
[0,7), w:RT = R be a continuous, nondecreasing function, w(0) = 0, w(u) > 0 on

(0,7), and u(t) be a continuous, nonnegative function on [0,T) with

u(t) < a(t) +/0 (t — 8)" 7 F(s)w(u(s))ds, te[0,T),

where B > 0. Then the following assertions hold:
(1) Suppose B > 1/2 and w satisfies the condition (q) with ¢ = 2. Then

u(t) < {7 [Q2a(H)?) + g ()] V7 teo, Ty,

where
P28 —1) [
n(t) == [ ARG s
where ' is the gamma function, Q(v) = f:o(dy/w(y)), v > 0, Q71 is the inverse of
Q, and Ty € RT is such that Q(2a(t)?) + g1(t) € Dom(Q™") for all t € [0,T1].
(1) Let B € (0,1/2] and w satisfies the condition (q) with ¢ = z + 2, where

z= (11— B)/B (i.e., =1/(z+1)). Then
u(t) < e {71 [Q20  a(t)?) + go(t)] M9, € [0, T,

where

MWﬁH@AE@W@m

241’ p_z%—l7

b

PR LT O B

pl—ap

T, € R is such that Q27 a(t)?) + g2(t) € Dom(Q2™Y) for all t € [0,T1].

15



3 The Cauchy problem for a molecular beam epitaxy
model with slope selection

In this chapter, we will present our results of the Cauchy problem for a molecular beam
epitaxy model with slope selection that the problem (1.2.1]) discussed in section
of chapter (1] is locally well-posed. We rewrite the initial value problem (1.2.1]) in the

following way

Ou+ A%u =V - ((|Vu|* —1)Vu), (t,r) e R* x R"

(3.0.1)
u(z,0) = up(x), = €R™,
Equation (3.0.1)) is often called the growth equation with slope selection.
3.1 Bounds for the linear problem
Consider the Cauchy problem for the linear homogeneous equation of (3.0.1))
Ou+ A*u=0, (t,z) e RT xR"
(3.1.1)

u(z,0) = up(x), x=€R™,
By the Fourier transform the solution of the problem (3.1.1)) can be written as
u(t,z) = F e T Fug(€)) = F e ') s ug(z) = Ky(2) * uolz), (3.1.2)

where F and F~! denote the Fourier transform and inverse Fourier transform, re-
spectively, the symbol asterisk denotes the convolution with respect to x € R", and

K; is the kernel function

Ki(x) = (27r)_"/2/ e e eie g

n

16



The kernel function IC; € LP(R™), 0 < t < oo for any 1 < p < oo (see [I7, Lemma
2.1]). We denote the action of (—A)"/? to the kernel K(x) by

K (x) = (=A)PK(z),  Ki(z) = (=A)"?Ki().
It is known that (see [17, Lemma 2.2])
K{ e LP(R"), 0 <t < oo, forv >0, forany 1<p<o0.
Using Remark 2.1 (see [17) p.465]) we have
VK € LP(R"), 0<t< o0.

By kernel function

K(x) = (2r) /2 / el it ge,

n

we have

Ko(z) = (27) "2 / olelitoine g
) (3.1.3)
= (2m) e [y — (),

n

Similar to (3.1.3)) the kernel function KY(z) satisfies the following
KV (x) =t/ %A (1 V4.
We will use the following notation for the constants

M, = ”ICHLP(Rn) < 4oo, 1 <p<oo,
Mp2 = ||IC2||LP(Rn) < 400, 1 S D S 00,

M, = [IVK]||Lo(gn) < +00, 1<p < o0.

Then, we have

17



Proposition 3.1. For the kernel function the following equality holds

1K (@) | @y = 1K(2) || 1y = M,

IAK || 3y = M3 (t — s)~ (" F3/6)

(1)

(2) (

(3) NAK:llzrn) = MY (¢ — s
(4) (

() (

) 1/2
b s) (2n+3) /12
)"

IVEi—sll 3@ny = M3

1/4

||V1Ct—s||L1(R") = Mll t—s

where 0 < s <'t.

Proof. Let us prove case (1). We make the change of variables ¢ = t~V/4, 2 = t!/4z,

we have

1o () |21 ey = / Jamy / g dg’ .

= (271-)—”/2</ / eIl gizng—n/4 dn

= [IK(2) || @ny = M,

/4 dz)

In case (2) we make the change of variables ¢ = (t —s)~™Y/4n, z = (t —s)"/1z, we get

8K s = ([

. 3 \1/3
(27) "/ |€|26—|£|4(t—8)6m5d€‘ da:)
Rn
4 1/3
= n ([ ] [ = et e — sy an e - o)
1/3
= (Qﬂ)n/2</ / (t—s) (n+2) /4’77’2 —[n|* i2n dﬁ’ n/4 dZ)

= [|AK sy (£ — )"0 = | K2|| sy (£ — 5)~"FD/0

A 1/3
|21 gi=n dn‘ dz>

R

= M3 (1 5

where 0 < s < t. Let us prove case (5), the rest can be easily obtained by similar

calculations. Here we make the change of variables ¢ = (t —s)™'/4n, = = (t—s)Yz,

18



we obtain
[VE:—s||1gny = </ (27r)”/2/ eIl t=s)yy it dé‘dx)
= (27r)—n/2</ / e""“‘(t — 3)—1/4Vz€izn(t _ S)—n/4 dn‘(t _ S)n/4 dz)

= n) 2= sy ([ ] [ e an)az)

= ||VIC||L1(]Rn) (t — S)_1/4 = Mll (t — S)_1/4,

n

where 0 < s < ¢. O

Proposition 3.2. Let u be a solution of the problem (3.1.1]) with uy € W13(R").

Then, we have

||U/||C([07 T];leS(R")) S M1||UO||W1,3(RTL), (314)

where 0 < T < 0.

Proof. By (3.1.2) the problem (3.1.1)) can be written

u(t,z) = F e ¥ xug(z) = Ky (x) % up()
= ((277)_”/2 /Rn e lelMging df) * uo(x).

Then by using Young’s inequality and Proposition [3.1] we obtain

lullwrs@ny = lulls@ny + [VullLs@n

IN

el 1.y l|wo | L3 @y + [1KCe * Vg || L ey
< Il ey l[uol 3 @ny + 1Cell 1 @ny [ Vo] | 13 mny
= Kl zr @y (luoll s gny + [ Vol s @y )

= M ||u0||W173(]R")7 t>0,

which implies (3.1.4]). O

19



3.2 Bounds for the solution of the nonlinear problem

Lemma 3.3. Let u be a solution of the problem (3.0.1)) with uy € W'3(R"™), n < 2.

Then we have

1l o, 7u); wrsenyy < Clluo|lwrs ey,

where the constants

C= 5_ﬁ2%MleTl+%(equl_l), T, = i In <1 + Lln (1 + _Loe ))»

3¢ 2m 92(3-1) A24
9—n
£€(0,1) such that Ty <1, A= M|wllwiswn), ¢= 2 7
—-n

T = 3,220 D2M)IKY, M = max{M;z, M}, M3, M;},

K, = s
(9 — /6]~

F(l _ (n+3)(9—n)) ] 6/(9—n)
Proof. By the Duhamel’s principle the solution of the Cauchy problem (3.0.1)) can be
written in the following integral equation
t
u(z,t) = (Ky % ug)(z,t) + / Kiosx V- (([Vul]* — 1)Vu)(s) ds. (3.2.1)
0
Then we have

w(et) = (Ko uo)(zt) + / Koo V- ([Vul? — 1)Va)(s) ds

= (K¢ xu)(z,t) + /Ot VEKi_s * ((|Vul|? — 1)Vu)(s) ds,

and

Vu(z,t) = (K¢ % Vug)(z, t) + /0 AK_g * ((|Vul? — 1)Vu)(s) ds.

20



By using Young’s inequality, Proposition and Proposition [3.2] we arrive at

HU||W1,3(Rn) =

<

IN

IA

ul| L3 mny + | V| £3@m)

t
s  wol| gy + H/O VK, # ([Vul2 = 1)Vu)(s) ds(

L3(Rn)

t
1Ky # Vgl s ey + H/ AKy s * (IVu]? = 1)Vu)(s) ds
0

L3(R™)

t
||ICt * uO||L3(R") + H / VICt_S * (|Vu|2vu)(s) ds
0

L3(R")

+| /0 VK (V)(s) ds’

L3(R™)

t
+ HICt * vuO||L3(R") + H / AKt—s * (|Vu’2vu)(s) ds
0

L3(R™)

+ H /Ot AKy_s % (Vu)(s) ds‘

L3(R")

t
”’CtHLl(W)HUOHL?’(R”)+/0 IVE | o [Vl 1 ey (9) ds

t
[ IR 9 )

t
e ey + [ 1Ay 17081 (5

t
o 1K T sy )

2n+3

t
_ 3
S Ml HUOHW1,3(Rn)—|—M§/(t—S) 12 HquL3(R")<S)dS
0

n+3

t
a2t [ =97Vl ds+M2/ (t = )| V| g () ds
0 0

t
—I—Mf/(t—s HVUHL?’ (&") (s)ds.
0
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Hence it follows that

2n+43

t
[ullwrs@ny < My ||u0||W1*3(R")+M§/ (t =) 2 [lulliyrsgny(s) ds
0

n+3

t t
+ Mll/o(t—s)4H’U,HW1,3(Rn)<S)dS+M32/O(t—S)6|’U’|%/1,3(Rn)(8)d8

t
1
N Mf/ (t — 8)H[Juflwrsgan (s) ds.
0

(3.2.2)

For 0 < ¢t <1 we have in the case n =1

2n+3

(t=s) 2 (t—s)2 2 (t—5)" 2 2 (-5,

and in the case n = 2

2n+3

> (t—s)72 > (t—s)7E

(t—s)""% > (t—s)"
Denoting by M = max{M3, M}, M2, M?}, from (3.2.2)), we get

HUHW1’3(R") <M, Huouwl,s(Rn)
(3.2.3)

t
_n+3
oM / (t— )78 ([[ullyr g (5) + ullir oy (5)) s,
0

where 0 <t < 1. Next we will apply Theorem to (3.2.3]). Note that

3—n 1-8 n+3
1/2 = =
6 €172, = B 3—n’

L9 9—n z n+3 z+2 9—n
= 2 = o = = = =
1 3_n’ s+1 6 P72 6

. vy 1P
R(t) = 20 1emmt = % M50 Q(v):/ (0,
w Yty 2 1+ v?

w(y):y3+y, for n=1,2, =

1+ v

2 )
Yo

. . 6/(9—n)
I'(1— ap) 1/p I(1— (n+3)(9 ))
W] - [( —34(6"+3)(97n) ) F(S) =2M,

9 —n)/6]* 36

v(z) = Q7 1(2) = €*/V6 — €27, vy >0,

where § =

K- |
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ga(t) = 2Q‘1Kg/0 F(s)'R(s)ds =

6 309-n),

t
= 236nK§‘”(2M)§"/ 25me 5n L ds
0

= o (aM) g ST (5 1)

3(9—n)t

= 7n<6 3-n " — 1) = %(e?’qt — 1),

where
3—n B 1

- " 22—V 2NV K9
39—n) 3¢ (MK

12 9—n _ 9=n
V=257 (2M ) K2
Then, denoting by A = M;||uol|w13@n) We get

Q20 (a(t))!) = Q271 A7) = L1 (

1+ 22(a=1) A2

92(a—1) A245
; )

1 ( 22(a=1) A2a§

AT +eln) =07 {5 i 1+2(—)A) (€ = 1>}

/Q_l(z) = eZ/\/m/

2‘1—1Aq\/3 . e,yn(GBqt_l)

v/ 1422(a=1) A2q 24—1 A4

\/5 _ 22D A28 | oy, (eBat-1) \/M — 92(g—1) A2q

1+22(9-1) A2¢ e27n (39t -1)

Therefore, we have
HUHW1,3(Rn)(t) S et{Qfl [Q(qula(t)q) —+ gz(tﬂ }l/q

=e ) 0<t< Tl,

where

Ti= tim(14 (1ot (i Ly L
1_B_qm< +En< +22(q—1)A2q)><3_qn< +En< +22(q—1)A2q>>7
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for 0 < e < 1, since
Q(2171AY) 4 4,(e*" — 1) € Dom(Q7h).

We will choose € such that T} < 1. For this, it is sufficient that ¢ satisfies the following
inequality

22((1*1)M12qHuoH?xgl,s(Rn)(eZ%(em’l) -1)>1-e¢.

Then taking into account that

221D A% = (1 — ) /(2D 1),

we have
2(g-1)/q ATt
[ullwrs@n(Th) < %
(B - 2reoam) ™
en(e -

2(=1)/q AT

e27n (3971 —1) e2vn (3471 -1) _1

<1+(1—€)/(62”/n(e3qT1—1)—1) 1—¢ )E

= 32T M D ug gy = Clluollwrageny,

where C' = sfﬁQ%MleTlﬂTn(equl*l), 0<t<T), 0<e<l1,thereby we obtain
that

||u||c([0’T1];W1,3(Rn)) S CHUOHWLS(RTL) = é < 00,
which proves our claim. O

3.3 Local well-posedness

In this subsection we prove the local well-posedness of the Cauchy problem (3.0.1)) in
C([o, T); WHH(R™)).

Theorem 3.4. Let ug € WH3(R"), n < 2. Then for some T > 0 there exists a unique
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solution u € C([0, T]; W3(R™)) to the integral equation (3.2.1)), with

3—n =
T < min{t,, t,}, ¢ :( ) ,
min{t, B3 h = G )

3—n =

t :( >377z, R:M 1, .
? 12M(12R? + 1) 1o lwrs@n

Proof. We prove Theorem [3.4] using a Banach fixed-point theorem. Without loss of
generality, we can assume that 7" < 1. We apply the contraction mapping principle

in a ball of a radius 2R in a Banach space C([0, T]; W!3(R"))
Bog = {U € C([O, T], Wl’S(Rn)) : HUHC’([O,Tl];Wlﬁ(R")) < QR}

where R = M;||uol|w13@®ny). For u € Byr we define the mapping or the operator ®(u)
by
t
D (u) = (K * up)(x,t) —I—/ Kiosx V- (([Vul]* — 1)Vu)(s) ds.

0

Step 1. First we prove that

@ ()|l co, 7 wrs@ny) < 2R, (3.3.1)

where u € Byg. By using the Young’s inequality and Proposition [3.1] we obtain the
inequality same as (3.2.3)) for ®, we get

[@(w)[[wrs@ny(t) < M [[uollwrsn

t
_n+3
LM / (= )78 ([Jullyr g (3) + [l agae (5)) ds
0

24M R —n
< R+ (4R? + 1)t°5"
3—n
24 M —n
< r+ 2R R )1 <or 0<i<T

—n
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since T' < min{ty, t5}, where

6

; _( 3—n )ﬂ
" \uM@AR +1))

Hence we get Therefore the mapping ® transforms a ball of a radius 2R into
itself in the space C([0, T]; Wh3(R")).
Step 2. Next we show that @ is a contraction mapping in C([0, T]; W13(R™)).

Let u, v € Bygr. Then by using the Young’s inequality, we obtain

[®(u) — (v )wa (®o) ()
— 2 1 o X 2 1
H /0 Keok [V (Vul? = )Vu—V - (|V0] )w} dSHW o
< VEKi_s* | (|Vul*> = 1)Vu — (|Vo|?> = 1)Vu ds
_/0 oot [V = DVu= (9o = )W),
t _
< / VEKi_s* |(|Vu|*Vu — |Vo[*Vv — Vu + VU] (s) ds
0 - W3 (R™)
t _
< | Ve * [((VuPvVu - \W\?VU] () ds
0 L L3(R")
t
+ / VEKi—s % [Vu — V] (s)ds
0 L3(R™)
¢ (3.3.2)
+ / AK,_, [<|vu|2vu— |wy2vu} (s)ds
0 L3(R")
t
+ / AR * [Vu — Vv} (s)ds
0 L3(R™)
t

| VK:—s || Vul*Vu — |Vl WHU (2 (5) ds

Iz gy

0

/0 [ VK- SHLl(Rn) Vu_vv“L?’(R")(S) ds
+ /0 18K s IV = (V25| g ) s
+/0 HAK'?—SHLl(Rn)HV“_vv“m(w)(s) ds.
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Now let us show the following inequality

HVUFVU — |Vv|2Vv| = ‘|Vu|2Vu — |Vul*Vo + |Vu|* Vv — |Vv|2Vv|
= ‘|Vu|2(Vu — V) + (|[Vuf* - ‘VU|2)VU‘
= HVu\Z(Vu—Vv)—l—(]VM = ]V'UD(\Vu\—l—\VUDVv‘
< |Vul*|Vu — Vo| + (|[Vu — Vo) (|Vu| + [Vv|) |V
= (IVul* + (|Vu| + [Vo]) Vo)) |[Vu — Vo
= (|Vul* + |Vu||Vv| + |V} |[Vu — Vol

Then from , by using the Hélder inequality, and by Proposition we have
1 (u) — @) [[wra@n) (t)
< M, /Ot(t — s)’%H (|Vul® + |Vul|Vo| + |Vo]?) [Vu — Vv]HLl(Rn)(s) ds
+ M} /Ot(t - 3)_i |V (u— U)||L3(Rn)(8> ds
+ M: /Ot(t - s)_nTﬂ‘LgH (|Vul® + | Vul| Vol + [Vo]?) [Vu — VU|HL1(RH)(8) ds
+ M? /Ot(t — )72 ||V (1= )| gy (5) ds

t
<} [ -9
0

X |Vu — Vol Lsmny(s) ds

(IVullZs@n + 1Vl a1 VUl agey + 1VO L))

L+ M) /Ot(t — ) H [V = o) o () ds
+ Mj /Ot(t —5) 7 (IVullZs@ny + IVl Ls@n VOl Ls@ny + V0] s @n))
X [[Vu — V|| Lsmny(s) ds
+ M} /Ot(t - s)_% |V (u— v)||L3(Rn)(s) ds
<2M /Ot(t - 3)77%3(HVUH%3(R") + [[Vull sy | VUl s mny + HVUH%B(Rn) +1)

X [[V(u = v)[ps@n)(s) ds
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< QM/ (t—s) HUHW13 re) + [ullwrs@n) |vllwris ey + HU”W13(R") +1)

X ||u — U||W1,3(Rn)(8) ds

t
_ n+3
< 2M(12R* + 1)|ju — UHC([QT];WLB(W))/ (t—s)" o ds
0

12M

3 — (12R2 + 1)t G HU — ’UHC ([0, T); WL:3(Rn))

12M 3-n
S 3 (12R2 )T 6 ||u — UHC([O,T};WL?)(RTL)) S C'1||u — UHC([O’T];WL?,(RTL)),

12M

where C) = (12R2 +1)T°" < 1, since

6

3—n B
T < min{t,, ts}, t:( ) .
mingty, &}t = (Srmr )

Then

H(I)(U) - (I)(U)HC([O,T];WLS(]R")) < ClHU - UHC([O,T];W1’3(R7L)), Cl < 1.

Thus @ is a contraction mapping in Byr. Therefore there exists a unique solution
u € C([0, T]; W3(R™)) to the Cauchy problem (3.0.1)). This completes the proof of
Theorem [3.4] O

The final thing we must show is that the solution map ug — wu is continuous
from W3(R™) to C([0, T]; W*(R™)). Suppose for two initial conditions ug, vy €
WH3(R"), we have the corresponding solutions u and v, respectively. Proceeding

exactly as above, it is possible to show that
||u — UHC([O’T];WI,S(RTL) S M1||u0 — U0||W1,3(Rn)) + C’1||u - U|‘C([0’T];W1,3(Rn)7 01 < 1,
hence we have

My
||u — UHC([O’T};WLS(Rn) < e ||u0 — UO||W1,3(Rn)), Cy <1.
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Therefore we have proven the local well-posedness of the Cauchy problem (3.0.1)) for
MBE equation with slope selection for initial data in W13(R"), n < 2.
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4 Conclusion

In this work, we have proven that for some time interval T' > 0 there exists a unique
solution to the Cauchy problem (1.2.1)). So, we have proven the local well-posedness

of the Cauchy problem for molecular beam epitaxy equation with slope selection

ou+ A*u+ Au=V - (|Vu|2 Vu),

u(z,0) =wug (z),

for initial data in W'3(R™), n < 2.

The contraction mapping principle was used for this problem. Initially, the prob-
lem was reduced to an integral form using a standard method. Then, with the help
of Young inequality, an integral inequality was obtained for the norms of the desired
functions. Since the inequality is nonlinear and has a weak singularity in the variable
t, we applied the Medved method to obtain an estimate of the solution in the space
under consideration.

The issues of the global well-posedness of the Cauchy problem and research
in H'(R") for [ > 1, remains outside the scope of my work. Future research will be
dedicated to the global existence of this problem.

The method used in this work passes for the space H*(R™), n < 3. But for the
case H'(R") it does not.
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