WELL-POSEDNESS OF THE NONLINEAR SCHRODINGER
EQUATION

SARA ORUMBAYEVA

ABSTRACT. The Nonlinear Schrédinger equation (NLSE) is a prototypical example of
nonlinear partial differential equation. It is commonly used to describe propagation of
light in nonlinear optical fibers and is of great importance in quantum mechanics. In this
Capstone Project, we provide a complete proof of well-posedness, that is existence of a
unique solution of the NLSE using one of the major mathematical techniques: the Banach
fixed-point theorem. Both local and global results for inital data in L?(R) are obtained.
Moreover, we briefly discuss possible extensions of the topic in terms of different function
spaces, general nonlinearities and higher dimension.

CONTENTS

2. PRELIMINARIES
[2.1. Banach fixed-point theorem |

2.2.  Function Spaces|

3. LINEAR SCHRODINGER EQUATION|

13.1.  Homogeneous equation|

13.2. Non-homogeneous equation|

13.3.  Useful estimates|

4. NONLINEAR SCHRODINGER EQUATION|
4.1.  Local well-posedness in L*(R)|

4.2.  Global well-posedness in LQ!]R!l

h.  EXTENSION OF THE RESULTS
|Acknowledgments|

Last modification: Monday 6" May, 2019.

O Ot Ot N

14
14
16
17
26
26
35
36
38
39



2 S. ORUMBAYEVA

1. INTRODUCTION

There exist various states of matter. Some of them such as gas, liquid, solid, and
plasma we can see in everyday life. Others are considered to exist theoretically whereas
some states of matter are only possible under special conditions, such as extremely high
energy, extreme density, or extreme cold. Example of the latter is Bose-Einstein condensate
(BEC), which have been studied since XX century. The idea of BEC was first proposed
by Albert Einstein and Satyendra Nath Bose in 1924. However, the first evidence of the
state of matter was produced experimentally only in 1995 by the research groups of Eric
Cornell and Carl Wieman.

BEC is a state of matter discribed as a dilute gas of elementary particles called bosons
which are cooled to temperatures very close to absolute zero. Under the condition of
extreme cold, all the particles occupy the lowest quantum state and cannot be distinguished
from one another. They start behaving like a macroscopic fluid with new properties.

The Gross-Pitaevskii equation (GPE) describes the ground state of a quantum system of
identical bosons. It means that the solution of the equation is a wave-function of the system.
Let us look at the following time-dependent form of the equation which characterizes the
dynamics of the Bose-Einstein condensate

ih 0,V (x,t) = —iAW(x,t) + V(@)U (2,t) + g |¥(x,t)]? V(x, 1)

where m is the mass of boson particles, V' (z) is the external potential, h is the reduced
Planck constant, and g is the representative of inter-particle interactions. Remarkably,
GPE is evolved from the nonlinear Schrédinger equation. In general, we can state that
the NLSE plays significant role in quantum world. Therefore, we would like to derive the
equation in order to understand its origins.

The following derivation of the NLSE from the wave equation is presented by W. Bao in
[1]. We reproduce it with a slight modification (taking R? instead of R3) for the reader’s
convenience.

Consider a wave equation

1
C—Qattu(x,t) — Au(x,t) =0, x¢€R?

where x = (x,y) is a Cartesian coordinate, ¢ is time, and ¢ = ¢(x, |u|) is propagation speed.
It has a solution of the form
qwt

u(x,t) = e""v(x)

where w represents angular frequency. If we now substitute it into the equation, we get
the Helmholtz or reduced wave equation of the form

2
(1) Av(x) + %v =0, zeRx

In other words, we have reduced our problem into time-independent one. Next, let ¢y be
a uniform reference speed, kg = w/cy be the wave number, and n(x, |u|) = ¢o/c(x, |u|) be
the index of refraction. Then becomes

(2) Av(x) + kZn?(x, |u|)v = 0.
We look for solution of the following form
v(z,y) = e®Vy(a, y).
If we insert v into the reduced wave equation , we get
(3) 2ikody ) + At + kg (e, y, [9])p + Gy = 0,

where A is a Laplacian in z, and p(xz,y, |1|) = n?(z,v, [¢|) — 1 represents fluctuation in
the refractive index. Also, note that variable y plays the role of time, and —k3u(z,y, [¢|)
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is a potential. Next, in order to remove all the unwanted constants from the equation, we
introduce change of variables such that

X = ) T = ) ¢ X7 T)= 9
TQ kord X7 s
where r( is a dimensionless length unit and v, is a dimensionless unit for ¢ to be determined
later. After changing the variables in , multiplying everything by 73/2, the following

equation is obtained

0
@ 0, = S0 + (o, [ — 5020

where § = 1 /r%k% and the real-valued function f depends on p. Moreover, since rg >>
A=27 / k’o,

0
5= M /8r2rd << 1
which gives us the possibility to remove 923 from the equation. Consequently, it will result

in Nonlinear Schrodinger equation

) 0,1 = — 30t + [T, 0]

Let us continue with a little explanation of a physical background. As it was men-
tioned, n(x, |u|) is the refraction index which is a dimensionless number that describes how
fast light propagates through a material or medium. If the medium is uniform, n(x, |u|) =
1, and if it is linear, then n(x,|u|) = n(x). In addition, a medium can have a nonlinear
effect called Kerr effect. It occurs when an electrical field is applied to the medium, and as
a result, the refractive index is modified. In such cases, n(x, |u|) = \/1 + 4ng|u|?/ny where
np is a linear index of refraction and ns is a nonlinear refractive index or Kerr coefficient.

Consider a uniform medium with n = 1, then u(x, vy, |¢|) = n?(x,y,|¥|)—1 = 0. This, in
return, will remove the f(X,, |[¢|) term in (4), collapsing to the free Schrédinger equation

1
10r1) = —§3XX7/J~

Next, in a linear medium with n(x, |u|) = n(x), we conclude that u(z,y, |[¢]) = u(z,y),
and the equation (4)) becomes a linear Schrédinger equation with a potential f(X, 7, |¢|) =
V(X,7)

) 1
(6) 101 = fgaxxlﬁ + V(X, 7).
In addition, if we observe Kerr effect in some medium, then n is taken to be

n(x, [u) = /1 + 4nalul?/ng

so that p(z,y,[]) = 2nardkd|w|?/ng. Also, let us choose ¥s = \/ng/rokov/2n2 which

results in f(X,7,9|) = —[|2. Therefore, the equation transforms into NLSE with
cubic nonlinearity.

. 1
(7) 0 = —50xx¢ = 0[P

It is an extremely difficult task to find an explicit solution of the following initial value
problem for the Nonlinear Schrodinger equation

(8) i Opu(z,t) + Au(z,t) + Xu(z, t)Pu(z,t) =0, z€R, t>0,
u(z,0) = f(x), z € R,
where A € R is a fixed constant, and A is the Laplacian with respect to z (see [14} §5]).

Before even trying to find the solution, at least we should guarantee its existence and
uniqueness, that is well-posedness of the initial value problem for NLSE. This is the main
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idea of the project. Primarily, we prove that a unique solution can exist up to a particular
time T' (local result, Section . Moreover, the well-posedness result will be obtained for
an arbitrarily large time interval (global result, Section . In order to do so, the key
mathematical tool to be used is the Banach fixed-point theorem (BFPT) (Section [2.1)). It
states that every contraction mapping on a complete metric space has a unique fixed point.
However, since the NLSE is not in the form of a fixed-point problem, the theorem cannot
be directly applied to the equation. The first necessary step will be interchanging the PDE
with an integral equation. Consequently, we will convert our problem into a fixed-point
one and then we will be able to use the BFPT.

Before proceeding to the major question about well-posedness of the NLSE (Theorem
, we need to review some basic concepts. Therefore, firstly, we will consider preliminary
results concerning function spaces (Section . In addition, several significant lemmas
about properties of functions such as Holder’s, Minkowski’s inequalities, duality principle,
Hardy-Littlewood-Sobolev and Riesz-Thorin theorems are introduced.

The third section examines Linear Schrédinger equations (LSE). Particularly, we deduce
explicit solutions for both homogeneous (Section and non-homogeneous (Section
initial value problems. Noteworthy, the latter is crucial in the analysis of the main subject
of the paper. In addition, some important inequalities related to the solution of LSE are
proved (Section . Those inequalities will be essential for further discussion.

The forth section studies the main research topic which is local and global well-posedness
of the Nonlinear Schrédinger Equation.

Finally, the last part of the paper (Section |5|) discusses possible extensions of the results
in terms of higher dimension, different function spaces, or more general forms of nonlin-
earities. Also, we include a brief overview on various partial differential equations that are
somehow connected to the NLSE.

Primary reference of the project has been the book "Introduction to Nonlinear Dispersive
Equations" by F. Linares and G. Ponce [14].



WELL-POSEDNESS OF NLSE EQUATION 5

2. PRELIMINARIES

2.1. Banach fixed-point theorem.

Banach fixed-point theorem is the main mathematical tool that is used to prove the
uniqueness and existence of our results. In order to satisfy the conditions for the theorem,
we should have a complete normed space and a contraction mapping on that space. Since
the conditions are quite general, the theorem is frequently used in context of different
spaces and functions. Before going into details, we should introduce some definitions. The
first definition is important in understanding the concept of a complete space.

Definition 2.1. Let (X, || - ||x) be a normed space. A sequence {x,}7>, € X is a Cauchy
sequence if for any given € > 0, there exists K € N such that for m,n > K

|xn — zm||x <e.

Definition 2.2. A normed space (X, ||-||x) is said to be complete if every Cauchy sequence
m X is convergent in X.

Next, we give a definition of a contraction mapping.

Definition 2.3. Let (X, | - ||x) be a normed space. An operator T : X — X is called a
contraction mapping if there exists 0 < K < 1 such that

IT(x) =TW)llx < Kllz —yllx,  zyeX

Moreover, the following definition is about the concept of a fixed point which is crucial
for the Banach fixed-point theorem.

Definition 2.4. Let f(z) to be a function. A point x* is called a fized point of the function
f(@) if f(z*) ="

Finally, for the following Banach fixed-point theorem and its proof refer to the paper by
R. S. Palais [I5].

Theorem 2.5. Let (X, | - ||x) be a complete normed space and T : X — X a contraction
mapping. Then T has a unique fized point z* € X.

Proof. First of all, the existence of a fixed-point z* € X will be proved. To proceed, define
a sequence {xy 22, such that starting from an arbitrary point zo € X
Ty =T (zp—1) = T"(x0), n > 1.
We will show that the sequence {z,}72 is a Cauchy sequence whose limit z* is a fixed
point for 7T'.Since T : X — X is a contraction mapping, for any xg,z1 € X,
||T($'0) — T(l'l)HX < KH.TU() — leX, 0< K <1.
Moreover, by triangle inequality, for all z,y € X

[z —yllx < llz—T(x)lx + |1T(x) = TW)lx + llv — T(W)lx
[z —yllx = T(x) = T(W)lx < llo = T(@)|x + [y = T(y)lx-

Because

—[[T(z) = T(y)llx = —Kllz —ylx
we have that

(I =K)llz —yllx <llz—=T(@)lx +lly = T(y)llx.
Remembering that K < 1, we deduce the following inequality
1
) o= vl < 1= (o= @l + Iy =Ty ).
Furthermore, we claim that

(10) [T (21) = T"(20)[|x < K"[|z1 —20lx, neN
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which can also be understood
[#n41 — anlx < K"*|zo —21]x, neN.
In order to prove the inequality , we will use induction. Firstly, for n =1
|22 — 21| x = [[T(21) = T'(2o) | x < Kllzo — 21]x-
Next, assume that the statement holds for some k € N, that is
lzxs1 — zpllx < K*|lar — o x.
Let us show that it also holds for k + 1,

[Z(k41)11 — Trr1llx = [ Tr42 — Trgallx
= | T(211) — T(zk)l x
< Kllzpp1 — 2l x

= Kk—HH.’L‘l — I'QHX.

Now we are in position of proving that the sequence {z,}22 is a Cauchy sequence. Ac-
cording to (9) and (taken with = T"(x0) and y = T™(x9))

[0 = 2mlx = [T"(z0) = T™ (o)l x
1

S1° K <HT”(wo> = T™(T(wo))|lx + 1T (o) — Tm(T(xO))||X>

llzo = T'(o)lx
1-K
because K < 1. Moreover, since X is complete, there exists z* € X such that z* =

lim (z,). Now, we need to show that z* is a fixed-point of 7. Suppose z* is not a
n—oo

fixed-point, then 0 < § = ||T(«*) — z*||x. Since z,, — z*, there is N € N such that
|z, — z*||x < d/2, for all n > N. Then, using T is a contraction, n — oo,

< (K" + K™) — 0, n,m — o0

6 =T(2") —2™|x < |T(=") = T(xn)lx + |27 — zn41lx
< Kljz* —anllx + [l2° — 2y allx
<0/246/2 =1,
which is a contradiction. Thus, z* is a fixed-point of T
Next, we prove the uniqueness of the fixed-point. If we assume that both x and y are
fixed-points of T, then T'(z) = x and T(y) = y. By using (9) we deduce that ||z —y||x = 0.
In other words, x = y. Consequently, it leads us to the conclusion that a contraction

mapping has a unique fixed point 2* € X .
O

2.2. Function Spaces.

Definition 2.6. Let X be a function space with an inner product <f,g> for f,g € X. If
X is a complete metric space where norm is defined by

[fllx =v<f. [>

then X is a Hilbert space.

The norm of the function space L?(R) has the following form

00 1/2
1 fllz2@®) = </ |f(x)|2da:)
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where f € L%(R) and = € R. Moreover, the inner product of the function f € L?(R) with
itself is expressed as

<ff>= /_Oo f () F(@)d
- [T 1P

= 172

As we can see, the definition of the norm can be rewritten as an inner product of the
functions. Therefore, since L?(R) is a complete metric space where the norm is induced
by the inner product, it is also a Hilbert space.

Definition 2.7. Let function f be in L?>(R). Then its Fourier Transform denoted by f 15
defined to be

J/c\(f) = / B_ing(l“)dx for £€R.

—00

The norm for a function f € LP(R) is obtained using the following definition

1/p
(/\f(x)!pdx) C0<p<oo
R

esssup|f(z)], p = oo.
zeR

1 fllzer) ==

Let us review some properties of norm in LP(R) spaces. Having the norm of some
function f € LP(R) to be equal to zero is the same as saying that the function is zero itself,
thus

1fllzr @) =0 < f(z) =

Now, let us take another function g(x) such that
0, #1717,
g(x) = { 7, x i 7.

Taking the L?(R) norm of the function g(x) will result in

1/2
9l ( / 9(e |da:) o,

which means that g(xz) = 0 itself. However, we have defined the function g(z) to be
different from zero when x = 7. This kind of contradiction can be resolved by introducing
the concept of equality almost everywhere. In the example above, we say that the given
functions f(x) and g(z) are equal in L?(R) a.e. (almost everywhere) x € R. Moreover, the
set of points where f # g has measure zero. Therefore, the point © = 7 has zero measure
under the "glasses" of L?(R). For R,R? ,R3 measure corresponds to length, area, and
volume respectively.

There are some useful results regarding the properties of functions in LP spaces. Let us
consider some of them in the following discussion. The following lemma is about Hélder’s
inequality for integrals.

Lemma 2.8. Let p,q > 1 with 1/p+1/q=1. Then

/ @)@z < (/ b s ) " (/ b s(o)ldc ) @ e lo@ e

with equality when |g(z)| = c|f(z)[P~.
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Proof. We will use the following Young’s inequality which states that for 1 < p,q <
oo, and 1/p+1/g=1
aP bl
ab < —+ — a,b>0.
p q
First, let us justify it in a few steps. Remembering that the mapping e” is convex, we
deduce that

1 1
—In(a?)+—In(b?)
q

ab = eln(ab) _ 6ln(a)+ln(b) — eD

< Loty |1 nw)

p q
a? b
T p g

Now, let us continue proving Holder’s inequality. Take a = |f(x)| and b = |g(x)|. Using
Young’s inequality for p,q>1, and for any x € R we have

ummmnshﬂmw+hmmw

Let us assume that || f(z)||ze(ap) = l9(®)l|za(ap) = 1. Then

Aﬂﬂm )z < - /|f Pda + L /ﬁg )[9da

sgwwwﬂ@w+5mwmawm

1 1
<-+-<1.
P q
Next, let f € LP, g € L4. Define
oy f@) oy 9@)

@)= ol 9= o

Therefore,

1@l oy = (/ﬁf |mﬁvp |j_@(HLMb(/\f pd)”p MﬁﬂzigzL

Using the above procedure, we get that ||g(z)||re(ap) = 1. Thus,

/yf 2)|dz < 1.

By substituting f(x), j(z), we obtain

b
/S E—C R
Therefore, we prove that

1f (@) Lr@ap) 9@ La@py | —
[ 15@0@ e < 1@ lo@linin,

Next, let us consider Minkowski’s inequality which states the following.

Lemma 2.9. For 1 <p < oo, and u,v € LP(R)

w4+ vl L@y < lullpe) + vl Lew)
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Proof. First, we will apply triangle inequality

\u—i—vH’zp(R):/ ]u+v]pdx:/|u+v|]u+vp1dx
R R
S/]u+v[p_l(|u]+]v|)d:r
R

(11) :/ |u+v]p_1|u|dx—|—/\u—{—v|p_1|v|d:v.
R R

Now, use Hélder’s inequality for each of the integrals above. As an example,

/|u+v]p_1|u|dx§ (/ (Ju+vP~t) 1 /|u|pdﬂs v
R
= (/ |u+v|pda:> p (/ |u|pdx>1/p
R R

-1
= [lu + vlITo el o)
After using the same procedure to the second integral in , we get
-1
ol < Hu+vufzp®(uuum) Flollzocey).
Now, divide both sides by [lu + v||7, (R Thus, we can conclude that

lu+vle@) < lullze@) + V)l e

Next definition introduces the Lipschitz continuity.

Definition 2.10. Let X and Y be normed spaces. A mapping F' : X — Y 1is said to be
Lipschitz continuous if there exists a real non-negative constant C > 0 such that

[1F(z) = F(y)lly < Cllz —yllx
for all z,y € X.

Our next lemma allows to compute the LP(R) norm of the function using the duality

principle.
Lemma 2.11.
[tz
gelLy’

Ifllp(r) = sup

where [gl] = 1.

Proof. First, let us prove the right direction. Remembering that g € L*" and using Holder’s
inequality, we obtain that

s | [ o] < s (11lglyr) = 171
g

Il i

Next, for the left direction we should have that

sw | [ #a)gta)ds] = |l

llgll =1

Begin with the fact that for any G € L? and Gl =1

gllsuI/)=1‘ /f(x)g(x)dx‘ = ‘/f(a:)G x)dx
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Take

LIS

G(e) = son7 @) ({7

Let us verify that |G|, = 1.

lp
NV o \p L IR
Gl = ( [16@P)"™ = ( [sontr@pls@p» ) v !

Also recall that p — 1 = p , then the last inequality becomes

1
p—1
il ‘/f 0is] 2 | [ s@son(s@Nse) e
P
- H'an”,f_’a e
p

which was needed to show.

The proceeding Minkowski’s integral inequality states that
Lemma 2.12. For 1 <p <

GATRCEE pdt>1/pé L(] !u(x,tnpdt)l/pdx.

Proof. In order to prove, we will use duality first, then interchange the order of integration
using Fubini’s theorem, and after, we apply the Holder’s inequality.

(][ stwvaafa)” = [weas],.
||g|| —1‘/ / xtdx) dt‘ ol Sub 1(/R</R’u(%t)\dw)!g(t)dt>

( )
//\u x,t)||g(t \dtdx)
Igll

L” ®

< / /umt|pdt /p /g |pdt l‘}
||9||

P ®
1/p
= [ ([t o= [ fute g e
R R R

Further discussion is about other important preliminary result called Hardy-Littlewood-
Sobolev inequality. However, since its proof is a bit technical, we need to consider several
lemmas and definitions first.

0

Definition 2.13. Let the Riesz potential of order a be denoted as I,. For 0 < a < 1 its
definition is as following

If(z) = ca /R %@:%M(@

where co 1S a constant.
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Definition 2.14. For a given f € L} (R), the Hardy-Littlewood mazimal function M f

loc
associated to f is defined as following

1 T+r

Mf(z) = sup— |f(y)|dy.

r>0 2r T—r

Next lemma introduces Hardy-Littlewood inequality. It states that LP(R) norm of a
maximal function associated to some f is bounded by LP(R) norm of the function f itself.
For the proof please refer to [14, Theorem 2.5].

Lemma 2.15. For 1 < p < oo, M is a sublinear operator such that M : LP(R) — LP(R).
Specifically, there exists ¢, such that

[MFllr®y < epll fllLrw)s
for any f € LP(R).

Lemma 2.16. Let ) € L'(R) be even, positive, and non-increasing function of z >0. Then

iy
/Rw(t (t y)f(y)dy < [9llLr @yMf ().

sup|yy * f(x)| = sup
t>0 t>0

Now, having introduced necessary components, let us prove the Hardy-Littlewood-
Sobolev inequality itself.

Proposition 2.17. For

O<a<l and 1<p<g< oo
with

if p > 1, then I, satisfies
Ha(F)llq < cllfllp

where ¢ is dependent on p, o, and n.

Proof. First of all, let the kernel k,(z) be redefined as following

(12) ka(z) = P ka(x) + k& ()

where

cor |0, |z <e,
ke () —{ ka(z), |2| > e

Here, ¢ is some positive constant that will be obtained later. Thus, using the definitions
of Riesz potential (2.13)) and ,as well as triangle inequality, we can write that

@) < KD » S| 4 1K o )| = T+ 1T
I« 1)
-| [T k- s = | [ et - )
[ ==

—€ ’33 - y|1—a

/m%'ﬁs@@—yﬁ@W4

—00 |33 - y|1—a



12 S. ORUMBAYEVA

o Ca 1 r—y o
/ 104811(—171)< - )f(y)dy‘ =£
—00 | T —Y

where
yeA
otherwise

1 ={ o
and c
P(2) == M%]l(—l,l)(z)'

So, we can see that ¢ satisfies the conditions of being even, positive, and decreasing in
lemma In addition,we need to check that ¢ € L'(R). Thus

1 2
|me—/ 1 2.
®) ly|<e ‘yP ¢ «Q

Therefore, by lemma [2.16]
I< %EO‘Mf(:L‘).
Next,
1T = [k * f ()|

~ /]R M]l |z—y|>e (y)dy

lz —y|t=

dy 1/p'
< fllcrw (/ >
" |z—y|>e| |CE _y|(1—a)p

_ e dy > dy v
= ||f||LP(R)[/_OO HW*/x%Mua)p’} '

If we change variables such that z = x — y, then we obtain

e —dz —00 —dz 1/p’
IT = ||f||LP(R)[/OO|Z|(1a)p/+/_ |Z’(1a)p’:|

€

dz 1/ 1y > dz 1
_ —9ol/p =
o [ ) =2 Wl ([ o)

oo\ 1/p
Al <Z‘“‘"”’ “] > = £ lloye -V

For the last equality to be true, we need the following restriction

—(1—a)p'+1<0

&

which is the same as saying

p
1<(1l—a)——
(1)L
equivalently
1< —-axp
thus
1
o< —.
p

To sum up the results from solving I and II, we can conclude that
[of(x)| < T+ 11
(13) < e"Mf (@) + 2P| fll Lo ().
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If to analyze the result obtained above, we can see that two terms will have different weight
depending on the choice of €. For example,
ife =0, = 0 and e VP 5

whereas
if € = 00,e% — 00 and e*~ /P — .

Therefore, we need to balance those two terms which means we need to find the most
suitable €. It will ensure two terms having the same value in the inequality obtained
above. For this, let

e Mf(z) = V2| fll o (wy
Mf(@) = || fll ogw)-

o (MI@
5‘6”‘<|f||m®) |

This results in € such that

Consequently, becomes

IS ()] < (Mf())

As a last step, let us take the L? norm
1/q 1/q N
oAl = ( [ 1as@iran) < ([ Imp@prende) s,

[1/q(1—pa)llg(1—pa)/q]
= ([ st
R

= Mt o iy 11
If we restrict ¢(1 — pa) > 1, Hardy-Littlewood theorem can be used, so that
[IMFll Laa—pe) < [l La—pay-
In addition, if we let ¢(1 — pa) = p, this will lead us to the following conclusion
af oy < IMANES oy ) 1170 )
< AN oy 115y = N Wiy 15 1y = 11l o)

It is important to note that we have imposed several restrictions as proceeded along the
proof. Those are the following

(1) ¢(1 —pa) =p
(2) q(1 —pa) >1

—pa—+1
1125 gy

11

1
3) — > a.
(3) ,
From the first condition we should have
1 1
—=-—oq.
q b

Then assuming that the first condition is satisfied, from the second requirement we obtain

q(1 = pa) = 1_p ~(a—pa)=p

which was initially chosen to be grater than 1, p > 1. Moreover, the third statement is the
same as imposing ¢ > 0. Since 1/¢=1/p — «
1 1

a=-——,
b q
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and remembering that a > 0, we can conclude

p<gq.
O
Next lemma about Young’s inequality allows us to establish a property of the convolution
operator. Basically, it states that the norm of the convolution of two functions is bounded

by the norms of those functions. The reader can refer to [14, Theorem 2.2] for the proof
of the inequality.

1 1
Lemma 2.18. For 1 < p,q < oo with — + — > 1, let f € LP(R) and g € LI(R). Then
b q
1 1 1
f+ge L"(R) where — = — 4+ — — 1. In addition,
r p g
1f * gllor @y < 1 fllzr@)llgllLa)-

Next lemma states the Riesz -Thorin theorem which is about interpolation of linear
operator. Using the theorem we can show that if a linear operator is bounded on two
different LP(R) spaces then it is also bounded on any L?(R) space in between those two.
For the proof please refer to [7, Theorem 2.1].

Lemma 2.19. Let T be a bounded linear operator that maps LP° into LY with norm My
and maps LP' into LT with norm My where py # p1,and qo # q1 such that

T2 L® oy Lo® T ey < Mol fll oo )
TP ® s L ® T f ) oy < Ml -
Then for any 0 < 0 < 1, T maps LP? into LY with norm My that satisfies
My < Mg M§

where
1 1-6 0
= + —
Do bo P
1 1-6 0
i +

® o @ a
3. LINEAR SCHRODINGER EQUATION

3.1. Homogeneous equation.

This section is aimed at solving the initial value problems (IVP) for the Linear Schrodinger
equation (LSE). The reason for obtaining the solution form is to use the results in the main
discussion of examining well-posedness of the NLSE.

Lemma 3.1. The following homogeneous IVP for the linear Schriodinger equation

iOwu(x,t) + Au(z,t) =0, z€ R, t>0,
u(z,0) = f(z), reR

has a solution of the form

(14)

1
Vamit
Proof. Taking Fourier transform in z, results in the following ODE

u(s,0) = f(8)-
Fix some € € R, and let V(t) = u(&,t). Then takes the form

iV _ 2
) { ) =~ evy

(15) u(z,t) = e~ @P/4it  f(g).

o~

V(0) = f(£)-
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As a result, we get the separable differential equation which has the solution of the
following form

V(1) = e E).
Since V(t) = u(§,t), we use the Inverse Fourier Transform Theorem in order to obtain
u(zx,t). Therefore, the solution u(x,t) is expressed as following

18) ulet) = o [ et @ feas = o [ o) [ e payag

R R

_ b / / €_i(y—x)5e—if2tf(y)dyd§—1/ [/ e_i(y_x)ge_ig%d{]f(y)dy
o Jo Je 2 Jr [ Jr
1 —_—

(19) =5 /. e~ (y — x) f(y)dy.

In order to continue, let us find the Fourier transform of the complex Gaussian function
e~€%t(2). For a fixed ¢ let

GRS
. We need to find f(z) First, solve for derivative of f(&)
d .
d]; = —2icte €’ = _24te f(£).
Take the Fourier transform of both sides
daf —~
() = 2T (o)
According to [8, Theorem 7.5], we can rewrite
N df
izf(z) = —Qiti—f.

dz

Let us introduce notation g(z) := f(z). Then we will get a separable differential equation

d
izg(z) = 2td—g.

After solving the above equation we obtain the solution of the form

— 52

J(z) = g(z) = e 4it .

Now we need to find constant k£ which is the value of the Fourier transform of the function
f at z =0, that is

= 1 — 6_7;50 — — e—i£2t

k= £(0) /R f(€)d¢§ /Rf@)d& /[R dg§
= cos(£2t) — isin(&2 = cos(&? — 2 sin(&2 .
= /R [ cos(&%t) (&%) de =2 /0 (&*)dg — 2 /0 (&%t)dg

In order to solve the integrals, let us make change of variables such that

u=¢&Vt  du=Vtde.

Thus, continuing the process of finding k, we rewrite the integrals above

k= f(O) = \}i [2 /000 cos(u?)du — 2i /000 sin(uQ)du} :

According to [5, Exercise 12, p. 276], we will use the values of the following Fresnel integrals

o0 o 1
/ cos(x?)dx = / sin(z?)dz = - Ul
0 0 2V 2
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o= i )

Let us rewrite the result obtained above such that
1—14 2 1—1 2 1—7 1 2 1

V2 V212412 \Bl—il+i l+i

Therefore,

Moreover,

Vi=Veim/2 = ezi = COS(%) —i—isin(z) = Q - z? = \f(l +1).

4 2
Thus, combining the computations, we can conclude that
1—1 1

RCIER

Returning to the coefficient k, we get

T
it

k_

Finally, the Fourier transform of the complex Gaussian function is determined to be
2

—Z
~ —

— e 8%t — | Ze 4it .
fle) = Te

Consequently, the equality can be continued in the following way

N Sy i )/42\[ L p—_pY
uat) =5 [ e @y = [ e e gy

1 —(z 1
= Vi @,

Here we introduce the following notation for the solution of the problem

eitAf(l') — L€_|“2/4it % f(l‘)

Vamit

where 2 acts as an operator on a given function.

3.2. Non-homogeneous equation.

Now,we will consider inhomogeneous linear Schrodinger equation. Specifically, we will
obtain the solution form of the IVP for the LSE in order to use it in further discussion. The
primary method to be applied is called "Duhamel’s Principle". The key idea underlying
the method is to find a solution form of the equation with help of solutions of homogeneous

LSE.

Lemma 3.2. The following inhomogeneous IVP for linear Schrédinger equation

iOwu(x,t) + Au(x,t) = F(x,t), z € R, t>0,
u(z,0) = f(x), z€eR

has a solution of the form

(20)

. t .
u(z,t) = A f(x) — z/ ARz, 7)dr.
0
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Proof. In order to solve the IVP, we first take the Fourier transform of the system in
x. Therefore,

(21) {i@tu(f t) — €%(¢,t) = F(&,t)

u( f&)-

As in the solution of the homogeneous IVP for Linear Schréodinger equation, fix some
& € R, and let V(t) = u(,t). Consequently, the system becomes

iV'(t) - V() = F(&,1)
22 { V() = 7(6).

Specifically, is the IVP for the first-order non-separable linear differential equation.
It is solved by introducing an integration factor p. Thus, has the following solution

. o~ t . ~
Vi) = Q) i [ SR
0
By [8, The Fourier Inversion Theorem, p. 218|

u(x,t) = 2i /R P [e_igztf(f) - i/ot e_i§2(t_7)ﬁ(£,7')d7'] dg

™

1 . o, o~ ; t . ~
— o [t e - o [ [ et DR rarag
27 Jgr 27 Jr Jo

where the first integral is the solution of the homogeneous IVP ([14)), therefore

atr.t) = 2 5w) = o [ [ s DR arae
=" f(w) — o / / / i I U=T) =W [ (y, 7) dyd7 dE
s

— ztAf // y’ |:/ 'L(:v y)£ —ig2(t— ng dey

Using the Inverse Fourier Transform [8, Proposition 9, p. 223| and taking a = 1/2i(t—7)

1
u(z,t) = t? / /F T) e~ @y 4ilt=") ____—  gudr
(@,8) = J 4 4Ami(t — 1) Y

) t —ax?/4i(t—)
=B f(x) —i I « F(x,7)dr

0 \/4mi(t — 1)
t
= A f(x) — z/ AR (2, 7)dr.
0

3.3. Useful estimates.
The following lemma explains the regularity of solutions of the LSE in the space variable.

1 1
Lemma 3.3. Ift#0, —+— =1, and p' € [1,2], then A LY (R) — LP(R) is continuous
p p

and
162 £y < el 2D e

Proof. Firstly, we will show that

" £1| 2 gy = 1/ 1z2R)
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which indicates that the initial data and the solution for the LSE initial value problem
(14) have equal L?(R) norms. By using Plancherel theorem twice, which states that the
L?(R) norm of a function is equal to the L?(R) norm of its Fourier transform, we get

HeitAfH , _ He_ig%f‘ _ (/ }e_i€2tf(§)|2d§>1/2
L2(R) L2(R) R

- ([ 1fera) " ([ 1s@pas) "

16" f | oy = 15 | 2qey-

Moreover, using Young’s inequality, we get that

Thus,

e f) ‘ A Ay €2 £
e’ ooy = ||[—— * < ||l — <clt|™"
Lo () @ity || Lo @rit)" || ooy LI®R)
since
pilzl? /4t .
Ssu = .
Sl /aminn |

In our case, using the above information with the Riesz-Thorin theorem (Lemma ,
we have that

T:L'R) = L®°R), [T fllreow) < mollfllziw)
and
T: L*(R) — L*(R), 1Tl 2my < pallfllp2gm)

where po = 1,q0 = 00, o = c[t| /%, and p; = 2,q1 = 2,41 = 1. Therefore, for any
0 < 0 < 1 we can obtain

T:LP(R) — LY(R), [T flrewem) < pollfllzrew)
with
po < pg .
Thus, our pg can be expressed as
o < (cft|~1/2)"".
In order to find 1 — @, remember from Riesz-Thorin theorem (Lemma that

1 1-0 0
Po Po p1
1 1-0 0
qo q0 |
Therefore,
1
7:1_0+,
Pe
110,00
@ 00 2 2
Thus,
1 1
1-0=———.
bPo 40
Take pg = p' € [1,2]. We can find gy.
1 1 0 0
—+—=1-0+=-+=

Do Qo 2 2
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1 1
|
Po Qs
1 1 1
—=1l-—=1-
q0 Po p
11
% P
As a result, we get that gy = p such that
) , 1 1
"D LP(R) — LP(R), —+ — =1.
(R) (R) P
Moreover,
itA - -0 - -
12 £l gy < (20N Sl oy = el ™20 P £
where L g 5 L1
=, 1-0=1-==——-=, 0€][0,1].
p 2 p pop

O

Next subject of our discussion is several significant inequalities concerning the properties
of the LSE solutions. Those inequalities will be a key-step in proving well-posedness of the
NLSE (Theorem {4.1).

Note that in the following proposition ¢ = ¢(p,n) is a constant that depends on p
and n, and in our case n = 1. In addition, the constants p,p’,q and ¢’ must satisfy

1 1 1 1
—+-=-4+-=1
p P

Proposition 3.4. For
2
2<p<o0 and -=

the family of operators {eimf}:i_oo satisfies

00 1/q
(23) (/ He”AfHZdt> < [ f]l2,
00 00 , 14
1) | [~ cattar gc< | latt ;z,dt> ,
—00 2 — 0
t ] t , 1/‘1/
/ez(t—T)A(g(.77-))(1‘)dT‘ SC(/ “g(-7T>}|%p/(R)dT) ,
0 L2(R) 0
00 0o q l/q [e e} , 1/4’
26) ( [ | [ g niar dt) <o [ ot o)
—o0 —0o0 p —o0
o0 t g \ Y4 o0 .\ Ve
@) ( [ | [ 2ot dt) <o [ natongar)
—00 0 P —00

Proof of the Proposition [3.4] is quite technical, therefore it will be divided into several
steps in order to make it more understandable for a reader. First we will show that the
inequality holds. Then the equivalence relation between and will be proved.
After that we determine that (24) and are also equivalent. Thus, it will give us
justification for both and ([24]). Moreover, we explicitly prove the inequalities and

to be true.

(25) |
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Proof of . Remembering that p > 2, we are allowed to use the Minkowski’s inequality

H/ g | < [ gt
o P o

According to the relation p’ = Ll’ and since p > 2, the values for p’ will be in the

interval [1,2]. Therefore, we can apply Lemma 4.1 for the next step

© o0 1
/ et t)Ag(',t')det' < c/ an(vtlmp’dt/

—00 —00 ’t -

1,1 1
where a = 5(—/ — 7). Then by using Hardy-Littlewood-Sobolev theorem we get
p p
[e’¢) oo NA q 1/q o] 1
LN eeomstaar a) <o [ =gt opar

00 1/
< C(/ Hg(',t)llfydt>

1 1
with — = = + (1 — ). The latter results in the following
q q

1 1

azg‘f'(l—a)

1 1 1,1 1
l—-—=-41——(=—-=

q q 2<p’ p)

2 1,1 1

"2l )

2 1 1 1

_-_Z(1-—Z2_-Z

q 2( P p)

2_1 1

g 2 p

0

Proof of equivalence relation between (23| and . Firstly, let us prove the right direc-
tion, so by assuming the inequality (23) we should be able to show that the inequality
holds. By using duality we obtain that

(28) H/Zeimg(-,t)dt = ‘/R [/Zeimg(-,t)dt]f(x)dx.

HfHL2(R):1

Using Fubini’s theorem

(29) /_Oo /Re”Af(x)g(a:,t)da:dt:/_oo /]R [/R\/Z;Tﬁe_(x_ywmf(y)dy]g(x,t)d:cdt
_ > Ly ]
= /Rf(y) /_OO [/R 4772'756 YA g (2, t)da | dtdy

= [ 1) [ oty
(30) = /R [ / h eitAg(-,t)(x)dt} f(z)dz.

—00
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Therefore, can be rewritten as

H/ By, t)dtl| = sup / / e f(x)g(x, t)dadt|.
—00 fEL2

HfHL2(R>*1
Then by using Hélder’s inequality twice we get that

H/_Z ol ,S /_ Z [ /R (eimf(x))pdx] l/p[ /R (g(x,t))p/dx] o

17112 gy =1

e

= sup / HeZtAfHLP(]R)Hg('at)”Lp’(R)dt
feL? —00

”fHLQ(]R):l

00 A q 1/q o) q
< sup [ / (ué fumm) dt] [ / (ug<-,t>umm)
feL? ) )

HfHL2(]R):1

!

1/¢
dt]

ferL?
”fHLQ(R):l

By applying the inequality to the we obtain that

[

(31) = sup (HeitAf|Lq(R;LP(R))HgHLq’(R;LP'(]R)))‘

< sup <C|f|L2(R)HgHLq/(R;LP’(R)))
2 fer?
1712 gy =1

= CHQHLq’(R;Lp’(R))

since the norm of any f(z) in L?(R) is assumed to be equal to 1. Therefore,

0o oo 1/q
itA q
H / g 2§c< / Oo||g<-,t>umf<mdt> -

Now, let us prove the left direction. We will assume that the inequality is true.
The goal is to prove by implying (24)). First step is to use the duality, thus

00 1/q
([ eessia) - ey

= sup
weLd (R; LP

[ (R))

A f(x)w(x, t)dadt|.

Next, using the equality derived from Fubini’s theorem, as well as using Hoélder’s

inequality, we get
/ { / h eimw(.,t)(a;)dt} f(x)dzx
R —0o0

00 1/q
39 itA th —
o ([ - e
|
0 m' 1/m’ 1/m
[/ (/ eZtAw(-,t)($)dt) dafj] [/f(x)mdzn]
R —00 R

YLd e @)~

(33) < sup
weLd (R;LP' (R))

llwll

e ®.LP (R)
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3 =  sw (H / (., t)dt ||f|er<R>).
weLd (R;LP ( Lm' (R)

[l
If we let m’ = 2, we obtain inequality , giving the following result

Ld ®;Lr' (R)) "
50 1/q
( / He”Af}ﬁdt) — e (H | ||f|rLz<R>>
—00 weLd (R;L2(R L2(R)

[lwll

L9 (R;L2(R)) 2,

< sup (CHw”Lq’(R;L?(R))||f||L2(R)>-
weLd (R;L2(R))

Vol 2 ey =

S 1/q
( / He”Afo,dt> < el fllz2qa

The following equivalence by P.Thomas will be applied in further discussion.

@ [([ewanon) ([ e o
-/ (/ L (’t))(w)dt></zeiTA(g(‘aT))(@")dT>dx
/ / / [M W] e (90 7)) (@) dtdrda
/ / / [/ Trit (xy)Z/Mw(y?t)dy]eiTA(g(»ﬂ)(x)dtdrda:

// / [/ 422 o~ (@=y)? /it ,—iTA ) (a:)d:z:] dtdrdy
= w(rc, t) T en [e7 2 (9(,7))] (x)drdtda

R J—o0 —00
SR

Moreover, if we take w(x,t) = g(z,t) then the following equivalence will be also true
[ / (g @t ey = [ | [ 2 (gl 0) @i
:/ (/ eim(g(-,t))(x)dt> </ e”A(g(-,T))(x)dT> dx
R —00 —00
= / / g(z,t) / ei(t_T)A(g(-,T))(x)dT dtdz.
R J—o0 —00

Since ||’U)”Lq’(]R;L2(R)) =1

2
dx
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Let us clarify the following equality
eitA [efi‘rAh] — ei(th)Ah

using the remark that
() = (7)Y (@),
Thus,

eitA[/e—?Ah] (€) = i€ i A, — e*if%e’f%ﬁ(f)
= TR = T IBR(E).
]

Proof of equivalence relation between (24) and . To start with, assuming that the in-
equality holds, we need to prove (26)). Rewriting

</_Z H /_Z e =8 (g(-, 7)) (z)dr zdt> v - H /_Z DA (g 1)) () dr

Using duality, the latter can be expressed as following

’W/ IR (g(-, 7)) (z)dr
—o0 La(R; L2 (R))

/ / “( / Z(t_T)A(Q('aT))(x)dT>dtdx,

Next, applying the equivalence relation by P.Thomas , we get that

| et (gem) (@ar
—o0 La(R;LP(R))

/R (/_Z eitA(w(.,t))(x)dt> (/_Z eimA ((g(- ) (x)d7-> dxl.

Furthermore, we apply Holder’s inequality to obtain the following

A ( e (w(»t))(@dt) ( e () (w)d7-> o
Ld (&P (R))

< sw H | e ) @i

LaR:LP(R))

= sup
weLd (R;LP ( R)

llwll

L4’ (&P (R))

= sup
weLd (R;L¥' (R))

[lwll

L o' ®) "

sup
weLd (R; L' (R))

[lwl]

| e (i) wyir

weLd (R;LP' ( LmR) Il J—o0 Lm'(R).
lFell g7 (R;LP' (R)) 1
If you take m = 2, and thus m’ = 2, then can be applied, therefore,
oo —
sup H | et n@a | [ et @Gt wr
we L (R;LP' ( R) L2(R) Il J —o0 L2(R)

19l g o (2)) =

0o 1/q 00 J 1/q
_ ( [ i, ) ( [t dt)
weLa (R;L¥' (R)) —o0 L ® —0o0 L7 ®)

HwHLq/ (R;LP/ (R)):l
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00 y 1/q
= [ tat 0l i)

since |lw|| ¢ R (r)) = 1. Thus, we have that

(2] otmo]fa)" <o [t )

Now, let us prove the other direction, showing that the inequality holds if to assume
(26). Recalling the expression in , and using the Holder’s inequality twice, we get

I / e A ( (x)dt|? LR / Z /R g(x,t)( / Z ei(tTm(g(.,r))(x)dT)dxdt
- /_ Z ( /R g(m,t)p,da:)l/p/( /R [ /_ Z ei<”>A(g(~,T))(x)dTrda;) l/pdt

o0 4 1/q o0 N q 1/q
(37) = </_Oo Hg(’t)HLp/(R)dt> (/_OO "/;OO ez( —7') (g(,T))(:E)dT LP(R)dt> .
For the second integral in we apply the inequality (26]) such that
o0 J 1/q — )A q 1/q
(LLtstoMge) (L] [ Gemmmn, o)
00 1/q 1/¢
< atolmar) e [ IaCo0 )
oo 2/q
= [l 0lg i)
Thus, the result is
tA > 2/e
[ @ity < e [ ot gy t)
which is the same as saying
tA > ! 1
I e @ty < [ )
O

Proof of . For fixed t > 0, let

' /0 t DA (g(-, 7)) (x)dr

After changing variables such that s =t — 7, and ds = —dr, we get

- H [ A g @ (rir

L2(R)

H/_‘: 8 (g(- t=5)) (@)1 (g 1) (t—s)ds v = H/_Z B (g t=5)L(o,)(t—5)) (x)ds

Next, using the inequality , and remembering the change of variables, the following

can be obtained:
y 1/¢'
Lp/ (R) d8>

L2(R)

H /Z B gt = 8) (o (t — ) (x)ds

L2(R) = (/oo lg(+t = 5) Lo (t = 5)]
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o0 / 1/(1/ [e%¢] , l/q/
- (/Oo Hg(.,t—s)H‘;p,(R)n(O,t)(t—s)ds) = (/OO ||g(.,T)\}‘;p,(R)n((),t)(T)dT)

t ¢ 1/q
= ([ ot yar)

For the proof of the inequality , we will use the following lemma. You can refer to
[14, Lemma 4.2] for its proof.

O

Lemma 3.5. Let
Tf(x,t) :Z/K(x,y;t,f)f(y,T)dT
R

where T is a bounded mapping from qu((R); ¥ (R)) into LI((R); LP(R)) such that
ITH (o) = M e (@ys0m )

where 1 < ¢’ < g < oo. Then

t

Tf(e.t) = [ Koty rdr

0
is also a mapping from Lq/((]R); 7 (R)) into L1((R); LP(R)).
Proof of . Let

o—(a—y)?/4i(t—7)

K(z,y;t,7) = s

Using lemma (3.5 we define

o—(a—y)?/4i(t—r)

= | —¢g(y,7)dr
R +/4mi(t —7) 9(v:7)
= / g (y, T)dr
R

Then according to (26]), 7' is a bounded mapping from L7 ((R); L (R)) into L4((R); LP(R))

such that
> oo q 1/q o / g
/ H / eZ(t—T)Ag(-, T)dT dt < c</ ||g(~,t)|g/dt>
- > p —00

Therefore, by Lemma [3.5

Tg(x,t)

/

7 te—(m—y)2/4i(t—T) p
T, t) = ———g(y, 7)dT
g(,1) /0 g 9(y: 7)

t
= / ¢y, 7)dr
0

is also a mapping from L9 ((R); L (R)) into LI((R); LP(R)) such that

o0 t g \ Y4 o0 .\ Ve
[| [ g 'a) " <ol [ wotorga)
—00 0 p —o©

which is what we wanted to show. OJ
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4. NONLINEAR SCHRODINGER EQUATION

4.1. Local well-posedness in L?(R).

In further discussion, let (X, | - ||x) be a normed function space of initial data f. Let F
be a continuous map of X into Y where (Y, | - ||y) is @ normed function space of solutions
u.

The concept of well-posedness of an equation consists of three fundamental questions
which are the existence, uniqueness, and stability of a solution uw. The latter can be
understood in terms of necessary continuity of the the data-solution mapping F. Precisely,
F: X — Y is continuous at f if for any ¢ > 0 there exists § > 0 such that

If(x) = g(@)x <é=[F(f) —Fg)lly <e.

In this project, we are studying the well-posedness of the following initial value problem
for the Nonlinear Schrédinger equation (NLSE) in the function space L?(RR)
i Opu(zw,t) + Au(z,t) + Xu(z, t)Pu(z,t) =0, z€R, t>0,
u(z,0) = f(z), r € R,
where A € R is a fixed constant, and A is the Laplacian with respect to x (see [14, §5]).
Also consider the following integral equation

(38)

t
(39) u(z,t) = A f(x) + i)\/ A (JuPu) (x)dr.
0

As it was mentioned before, we are going to interchange the NLSE with the integral
equation . This step will give us an opportunity to convert the problem into a fixed-
point one. Consequently, we will be able to use the Banach fixed-point theorem to prove
well-posedness of . Then according to [17, Definition 3.4, p. 125]|, the initial value
problem for NLSE is well-posed if there exists a unique solution to the integral equation.
Let us present the formal definition.

Definition 4.1. The problem is said to be locally well-posed in the function space
L?(R) if for every initial data f € L?(R) there exists T > 0 and an open ball B in L*(R)
containing f, and a subset Y of C([0,T); L3(R)), such that for each f € B there exist a
unique solution u € Y to the integral equation , and furthermore the map f — u is
continuous from B to 'Y .

Therefore according to the Defintion [4.1| well-posedness of the integral equation
guarantees well-posedness of the NLSE (38)).

Let us clarify that for a function u(z,t) to be in C([0,T"); X) means that for some fixed
t, the solution will belong to the same space as initial data, that is, u(-,t) € X, and if to
fix some x, then the solution will be continuous in time, u(z,-) € C([0,T)).

Now, let us proceed to the major theorem of the paper. The theorem below states the
well-posedness of the integral equation in L?(R) function space.

Theorem 4.2. For each f € L*(R) there exists T = T(||f|l,\) > 0 and the integral
equation has the unique solution u in the time interval [0,T] such that
we C([0,T); L*(R)) N L¥([0, T); L*(R)).
Also, for all T' < T there is a neighborhood V of f in L*(R) such that
F:V — C([0,7); L*(R)) N L¥([0,T"); L*(R))
o= (),
is Lipschitz.
Let us briefly explain the key ideas of the proof. As it was mentioned before, we can
consider well-posedness of the integral equation. Our strategy is to use Banach fixed-point

theorem. In order to satisfy all the conditions, we need to have a complete metric space
X and a contraction mapping P.
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For further discussion, for fixed T' > 0, we define the following norm

T 1/8
HWMf-WPMhMW®+</IW(Mm w)7
0<t<T 0

and the space X of solutions, to be
X = {u e C([0,T); L*(R)) N L¥([0, T); LY(R)) s.t. [[lullx < a},

for some fixed positive constant a. It can be checked that X, defined as above, is a complete
metric space.

In order to prove that the integral equation has a unique solution we need to show that
the mapping @ is a contraction mapping on X. Then by the theorem [2.5] there should
exist a unique solution v € X such that ®(u) = u or

(40) Dy (u)(x,t) = B(u)(x,t) = 2 f(z) + N /O A (JuPu) (@, 7)dr.

Proof of Theorem[{.9 Since the proof is quite technical, we decompose it in a few steps:

(1) @ is well defined on X
(2) ® is a contraction mapping
(3) Stability of the solutions

Also, since there are two components in the norm defined above, we will divide it into
"integral" and "supremum" parts in order to treat them separately. Let us proceed to the
first part of the proof where we show that ® is well-defined.

Step 1.1 (treating integral part)

. 1/8
(/r@wmm@®ﬁ> - retuece
0 L8(0,T)

_ HeztAf 4+ AZ/(; 674(15—7')A(|u‘2u)(l',T)dTHLg ((O,T);L4(R))

- HCI)(’U,) HLs ((O,T);L4(R))

) t
CI e 5((0,7);L4 R)) + HM/ o )A(|u|2u)(x’T)dTHLS((o,T);L“(R))

In order to find the norms in , we use the properties and . Remember that

1 1
—+— =1,and - + — = 1. In our case, ¢ = 8 and p = 4, thus, ¢’ and p’ are calculated
q 9 p p

to be ¢ = = and p/ = 3 Therefore, it follows that

o 1/8
(42) (/_ “eltAf“i4(R)dt) < cllfll 2wy

N g 1/8 T s 7/8
(/ ’ dg de(/ DI )
—00 LA(R) 0

Consequently, the inequality becomes

T T 7/8
<A|@wx Dl dQ dehmm+dM<A (OIERIA" )

T 7/8
(43) gdwmmm+dM<A Juc, mﬁa7ﬁ> .

t
i / DA (W2 ) (-, T)dr
0

1/8
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Let us clarify that
s P Nl oy < lul )1 2agy-

Specifically, by definition of the norm in space, we can write that

3/4 14
H|u<-,t>|3||L4/3(R)=[ / ru<x,t>|3*<4/3>dw] =[< / ru<x7t>|4dx> ]

= Hu('7t)H?i4(R)'

Next, we need to illustrate that

T /8 T
3%(8/7
(44) </0 (-, D)7 R/) )dt> < T1/2(/0 Hu(~,t)|]i4(R)dt>

Take [lu(:,t)||par) = [w(t)]. Therefore, the inequality [44|is equivalent to

T 7/8 T 3/8
w(t) 3/ 1/2 W) .
(45) ( /0 o (#)] dt) <7 ( /0 w(®)| dt)

Using Holder’s inequality theorem [2.8]

< /0 ' rw<t)r3*<8/7>dt> " < ( /O ' [!wu)l?’*(g”)rdt) W( /0 ' 1p’dt>

Choose p to be equal to p =

3

3/8

7/8p’

7
. Remembering that p’ = Ll we have p/ = 1 Thus,

7
3
73 \3/%/ .1 1/2
(/0 |3*(8/7)dt) < (t)’3*(8/7):| dt) (/0 1dt>
T 3/8
< T2 / lw(t)[Bdt | .
0

Replace w(t) = [lu(,t)|ar)- As a result, the inequality does hold. Given the
latest, from we have that

T T 3/8
( / \|<I><u><-,t>||i4(R)dt> < el fllzee +c|A|T1/2< / ||u<-,t>ui4<R>dt) -

If u e E(T,a), then the norm ||ul|; must be less than a. Thus,

1/8

T 1/8
</0 @ (u) (- >||L4 dt) §C||f”L2(R)+C|)\|T1/2a3.

Step 1.2 (treating supremum part)
Now, let us move on to the supremum part of the norm. We are going to illustrate the
following inequality

(0,7]

Let us remember that

T 7/8
(46) sup[|®(u)(, )l r2w) < el fll2w +CW</0 [[|u(-, 1) IISLf/g ) :

HeitAfHLZ(R) = HfHLZ(R)
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Moreover, using the definition of ®, triangle inequality and the inequality , we
rewrite

t
o () 0)]17x <:§3;Hewﬁj'+-xzjﬁ (), 7)dr | o ey

)

f;Eﬁ?“enAfﬂhgwm'+!ABupHL/’edt7ﬁA(“”2“)(’T)dTHL%R>

s/ 7/8
< suplfliago +wumm(/um IR A T)

T e 7/8
Swﬂm®+dM<A\W()\hm ) .

It is important to note that we have checked if all the restrictions on p and g were satisfied,

4
considering that p’ = -~ and ¢’ = —. Then using the same logic as in treating the integral

part, particularly , , and , we have

T 7/8
(47) ﬁﬁmwummwgdmm@uww<én|<MH%S )
< || fllz2m) + c|NT 26,

Since both integral and supremum part of the norm were proved to be bounded, we
come to the conclusion that

1@ ()l < ell fll2e) + AT 0.
Moreover, we can take a = 2¢|| f[|2(r) and T' > 0, so that
8T 1172wy < 1.
Consequently,

2@l < el llre@ + el ATY2(2el| 1] r2r))?
= cllfllzw) + cll fll Lo (w) 803|)\|Tl/2\|f||L2

< 2¢||fll2(m)

We conclude that the mapping ® is well-defined on our function space X. Next step
is to prove that ® is actually a contraction mapping. It is a necessary condition to be
satisfied for the use of Banach fixed-point theorem. Thus, we have to show the following

[@(u) = @)llx < Kllu—vllx

with 0 < k < 1.
fuvelX

t
(®(v) — ®(u))(z,t) = i) /0 DA (o) (@, 7) — ([uf?u)(z, 7)) dr.

Step 2.1 (treating integral part)

We know that u and v solve NLSE , but we do not know are they real or complex
functions. First, assume they are real. But in the equation i0;u = —Au— A|u|?u left side is
complex, while right side will give only real value. Thus, v and v cannot be real functions.
It follows that can have complex functions as a solution. Considering this fact, we
will use property of complex numbers that is |z| = |Z|.
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(48)

T 1/8 - 7/8
( / u<<1><v>—<1><u>><',t>r%2<R)dt) Scw( |10 0 = () 01 )

T 7/8
=c|A|< / (i) (-, #) = (ut) (5 11357 g )

T 7/8
—cw( /0 ([0*0) (1 8) = (@) (- )[4 ) .

We divide (v?0 — u?a@) by term (v — u), so we obtain
020 — vt = (v — u)(v0 + ud) + u?o — ua
= (0= w)([of? + ud) + w*w—w)
By taking norms of both sides we obtain
ol — Jul?u] < ol (f? + [elfl) + Pl —
= fo —ul (P + Jollu] + fuP)
< kfo = ul (jof? + [uf?)

for some positive constant k. Turning back to the inequality (48) and continuing

T 7/8
(49) cw( /0 [@*9) () = W2@) (O )
T 2 2\ ||3/7 v
(50) <c|A|< R (e +|u<-,t>|)]L4/3(R)dt)
T (3/4)(8/7) \ 7/8
:c|)\|</0 </R|v(m,t)—u(m,t)|4/3(]v(x,t)|2+|u(x,t)|2)4/3d:n> dt) .

Now we can apply Holders Inequality (2.8)) where p is chosen to be equal to 3. Hence,
3

S —
p*2~

(51)

T (3/4)(8)7) \ 7/8
A ( / ( [ otat) = ute 01 (ot + |u<x,t>12)4/3dx> dt)

1/3 2/37 (3/4)(8/7) 17/8
<o) / [(/ (2, ) — u(z t)|4dzn> (/R(|v(:v,t)!2+\u(a:,t)|2)2dx) ] dt]

T U\ YT 178
S /0 <||v(.7t)u(-,t)||L4(R)</R(\v(x,t)|2+]u(x,t)|2)2dx) ) dt]

- 8/7 17/8
dt
o)

[ T
~aal| | (nv(-,w—u(»t)iiwm
) 8/7 \ 7/8
s e e o PR [ ) )

[0, t) 2 + Ju(- 1))
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T 8/7 7/8
<QM(A @wwwm@mmmmmwmam+wmmm®0 dﬁ

T 8/7 7/8
:qw<A @wwmawmuw—u@mmmwwmwm@ww@w—wwwmw) a)
(52)

T 7/8
<“W<A o OIS 1o 8) = ul, B[4l d )

T 7/8
+wﬂM<A lal )5 o) = (¢ H%})> :

For each of the above integrals from we use the Holder’s Inequality again. Remem-
bering that r = 8,7 = = and taking p = 6,p’ = 7, the first integral splits as following

(5

(

) 7/8
/’ D o) — a1 d )
(7/8)(6/7) (7/8)(1/7)
( \u”””mwﬁ (/qum-> u(, )| dt )
0

G/4) ;o 1/8
8 3
/(ﬂo (A\wuw—mww§®ﬁ)
B3 ;g B/92/3) ;1 p 1/8
3
”“/”Q (A MQ (A|wuw—mwm%®ﬂ>

1/8

4,
T1/2</0 (- 174 @ dt) (/0 ||v(wt)—u('at)||%4(R>dt>

In order to split the second integral from , the same procedure as above is used. Hence,

- 7/8
(54) (A luC Ol 10(8) = ul 815 d )

. 14 /o 1/8
§T1/2</0 ||U('vt)|%4(R)dt) </o [o(-,8) = ul, )21 g dt) :

By combining , , , and , we get that
- 1/8
<1;maw—¢wmwm%®ﬁ)

. 1/4 - 1/4
<A|w Dl e w) +<Armmmm®ﬁ> ]
T 1/8 T
X(A|wuw—wwm%®ﬁ> szqumf<A|wuw—www%®ﬁ)

S Cl‘)\|T1/2

1/8
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Thus we have shown that the integral part of the norm can satisfy the contraction mapping
condition for some constant ¢(T',a) = 2¢;|\T/2a? to be determined later.

Step 2.2 (treating supremum part)

Next, we need to show the following inequality

. 1/8
sup ([ (0) = () (1) 2z <2c1\AT1/“< / Hv<-7t>—u(-,t>Hi4<R>dt) ‘

(0,77
It can be shown n a similar way as in . Using and the arguments used in ,

we obtain

(55) sup ([|®(v) — @(w)) ()| 2w
[0,7]

t .
= suplin / DA (o2 — [uf?u) (-, 7)dr | 2

\ArsupH/ A (ol — fufu) (- )dr |

[0,T L2(R)

< ellsup( [ NP6 = ()l i)

0,7

< ol( /0 I(Jef20) (. 8) — () (O gy t)

- 1/8
< 2cerrT1/2a2< | et —u(-,t>ui4<mdt) -

Combining the results obtained in step 2.1 and step 2.2, we get that
1/8

T
@) — @(0)]ly = ( /0 l(@(v) - <I><u>><-,t>rr%2<R>dt) +supl|(B(0) = @) ()

0,7

T 1/8
s2c1|A|T1/2a2< /0 Jo(,8) = uls ) e dt) .

By choosing appropriate a, a < 2¢| f||z2(r), it follows that
(56) 201 |A[T?a® < 8ANTY2| [z < 1.
In order the inequality to be true, we take

T ~ Hf||i2(R), where = —4.

In conclusion to the second step of the proof, we have shown that our mapping & is
indeed a contraction mapping. Consequently, since we have the complete metric space X
and the contraction mapping ®, we can apply the Banach fixed-point theorem. According
to the theorem, there exists a unique fixed-point u such that ®(u) = u. It means that

(57) D p(u)(z,t) = O(u)(x,t) = " f(z) + N /0 A (JuPu) (@, 7)dr.

Next we need to prove the continuous dependence of the solutions to the given initial
conditions. In other words, we need to show that if the initial conditions are changed
insignificantly, then the new solution should not differ form the previous solution consid-
erably. If u and v are solutions of integral equation having initial data f and g

t

u(z,t) —v(x,t) = eitA(f —g)(z)+ i)\/o ei(t_T)A(]u\Qu — ‘U’QU)(l',T)dT.
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Now, we will show that our mapping from the initial conditions to the solutions is
Lipschitz continuous. In other words, we should conclude that

1/8

T
(58) ( /0 ||u<~,t>—v(-,t>r|%4<R>dt) +suplluCt) = ol Ol < KN = glizge

)

Step 3.1 (treating integral part)
For the first part of the we deduce the following
1/8

T
</0 (-, t) — v(.,t)\|§4(R)dt> = H||u - v||L4(R)‘

t
I2(f —g)+ i [ N P r)dr]
0

sy~ 1 s (i)

L8((0,7);LA(R))
(59)

<

e"A(f - 9))

A 2 2
13 (0 14 (®) +HM/ Ol 1o v)("T)dT‘L8(<0,T>;L4<R>)'

Now, using the argument from the previous results, the first part in becomes

o

For the second part of , the similar argument as in implies that

. t . 1/8
(/OO i [ A () - <\v12v><vT>>dTHL4<R>dt>

. 7/8
SC\/\\</O [ (lulu)(-,t) — Hifm > :

Moreover,at each following step using the same reasoning as in , , , and ,
(7?), we deduce that

T /8 T
cw( /0 [ (u2u)(-, ) — 01 A ) =crA|< / 1@?9) (1) = W2@) (O
T (3/4)(8/7) 7/8
< CW</0 </R\v(m,t)—u(x,t)|4/3(]v(ac,t)\2+]u(m,t)2)4/3dx> dt)
T 7/8
§c1|)\|< /0 o DI (8 =l )iy d )

T 7/8
mm(/o e, DI 10 1) = ule, Dy d )

. 1/4 T

(/0 ”U(',t)”izl(R)dt) + </0 ||u('7t)H%4(R)dt>
T 1/8

X (/0 lo(-,t) _u('vt)"%‘l(]lk)dt)

(S = g)( D)

. 1/8
L4(R)dt> <cllf = gllr2my-

1/4
< CA|TY?

| S|
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T 1/8
< 2OrA|T1/2a2( /0 lv(-,t) — u<-7t>||%4<R>df> :

Therefore, the expression is rewritten to be
T 1/8
(/o lJu(-t) - U('?t)H%4(R)dt> <df = 9lew)

T 1/8
+Ka’)‘|T0(||f||L2(R)+||g||L2(R))</O ||u(‘,t)_U('»t)HSL‘l(R)dt> :

Consequently,
1/8

T ~
(61) (/0 [ul- 1) _U('at)Héjg:‘l(R)dt) < K[| = gllr2)-

Step 3.2 (treating supremum part)
Proceeding to the second part of , we should be able to conclude that

[SOUI%HU('J) —v( )l 2w < KIf — 9llr2(w)-

To begin with, rewrite

sup(lu(- 1) — (-, 1)l L2 m)
(0,7]

= supe"(7 — g) + i [ IA((uu)em) — (o), m)r]
[0,T] 0

t
(62) < supl"(f — )l oy + sup|in [ I (uP ), ) = (o) )i
[0,7 [0,7 0

L2 (R)

L2(R)’
By lemma the first part of is reduced such that

(63) [Sup}\le’m(f — 9Pz <ellf = 9ll2w)-

)

For the second part of , recall the results of and

- T 1/8
supl[ix [ e fupu— o) ], < 2 NEVaR ([ ot t) = ) eyt
[0,T] 0 L2(R) 0

< K|f = gllr2m)-
Now, combining the inequality obtained above and , we get that

F’oqu]Hu("t) —o(,O)lle@) < KIf — gl 2wy

which leads us to the final conclusion about the stability of the solution. That is the
mapping from the initial data to the solution is Lipschitz continuous since

. 1/8
</0 lu(-,t) — U('at)‘|%4(R)dt> + ﬁ)uj}ﬂ)}”u(-,t) —v( Ol L2y < KIf — gll2(w)-
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4.2. Global well-posedness in L?(R).

We have determined that the NLSE is locally well-posed. In other words, we proved
that a unique solution to the equation exists in a particular interval of time 7. Now we
would like to study the global well-posedness of the equation.

Definition 4.3. An equation is defined to be globally well-posed in X if T can be taken
arbitrarily large.

The following theorem states that the NLSE is also globally well-posed in L?*(R).

Theorem 4.4. For any f € L*(R) the local solution u(z,t) of the initial value problem
extends globally with

u € C([0,00) : L*(R)) N LY

loc([o’ OO) : LP(R))
where p and q should satisfy the following condition

2 1 1

-—=———-, 2<p<o0.

qg 2 p

Our aim is to illustrate that

||U(',t)Hi2(R) = ”f”%Q(R)‘

This is the same as to show the following mass conservation
MO = s = [ e tlde, >0,

In other words, the conservation law applies that the L2 norm of the solution u(z, t) remains
the same as for initial data f. If so, the solution u(z,t) can be taken as a new initial data in
order to find a new solution u(z,t'). Then ¢’ = #'(||u(-, )|/ 12(r)) according to the theorem

for local L2-solution E Since ||u(-,t) H%Q(R) = || fllz2(w), the length of the time intervals is

preserved such that " = ¢t. Therefore, we can apply the theorem infinitely many times,
extending to a global solution.

Proof. Saying the mass is conserved means the function M (t) should be constant. There-
fore,

M (t) =0

at( /R u(a;,t)u(a:,t)dm) =0

/ (@u(az, tyu(x,t) + Ou(z, t)u(z, t))dw =0
R
Take u(z,t) as a solution of NLSE,

(64) i Opu(z,t) + Au(z, t) + Xu(z, t)|? u(z, t) = 0

Hence,

(65) — i Oy, t) + Az, t) + X |u(z, t) | a(z,t) = 0

Now, multiply by u(x,t) and then integrate in x to obtain

(66) z/ Owu(x, t)u(z,t)dx + / Au(z, t)u(z, t)dr + )\/ lu(z, t)|*de =0
R R R

Use integration by parts for the middle integral above, so that

/RAu(x,t)u(m,t)dx:/R(8x8zu(:n,t)>u(a:,t)dx

— _/ Opu(x, t)0pt(z, t)dr + 8xu(w7t)U(wvt)]
R

r=—00
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=00

u(z, t)0u(z, t)dr — u(x, t)dyu(z, t)]

T=—00

—

u(z,t)Au(z, t)dx.

By using ,
U = T 10qu(x,t) — ANu(x 2a(z xT.
/Ru(x,t)Au(x,t)dx—/Ru( ,t)<8 (z,t) — Mu(x, t)|“u( ,t))d

After combining with , we get the following result

i /R <8tu(:n,t)ﬂ(x,t) +u(a, t)@ta(x,t)> do =0

which is what we wanted to prove. O

5. EXTENSION OF THE RESULTS

First of all, we can extend our results in terms of taking higher dimension in the space
variable, that is taking x € R™. The equation remains to be both locally and globally well-
posed in L?(R™) according to Y. Tsutsumi [I8]. Moreover, the author considers generalized
power of the non-linearity term. Precisely, for the following IVP for NLSE
(67) { iOpu(z,t) + Au(z,t) + Xu(z, t)|* tu(z,t) =0, = € R t>0,

u(z,0) = f(z), x € R",
with ¢t € R, x € R", real constant A and for some «.

Furthermore, let us give some references to the results obtained for H*(R) spaces. The
problem is proved to be well-posed in H!(R™) for some a by J. Ginibre and G. Velo in [9].
Also the H%(R") theory can be found in [II]. The ill-posedness of the equation for s < 0
was shown by M. Christ, J. Colliander, and T. Tao in [4] as well as by C. Kenig, G. Ponce,
and L. Vega in [13]. The reason for being ill-posed for s < 0 is because the solution does
not uniformly continuously depend on the initial data in H® norm.

Another way of extending results is changing the form of the nonlinearity. As an exam-
ple, consider the following initial value problem for Logarithmic Schrodinger Equation

68 iOpu(z,t) + Au(z,t) + Vu(z,t) + u(z, t) log(ju(x, t)?]) =0, =z €R" t>0,
(68) u(z,0) = f(z), xr € R,

with V' being some real-valued potential. Using a compactness method, local and global
well-posedness of the equation was shown in [3, Theorem 9.3.4.].
Moreover, consider the following p-Laplace operator

Apu =V - (|[F72Vu)

where 1 < p < co. When p = 2 we have the usual Laplacian operator. If we insert the
p-Laplacian into the NLSE instead of the usual Laplacian, then the problem becomes more
complicated since we will add more nonlinearity. Moreover, there is no research work that
concerns about such type of NLSE. However, we can give a reference to a paper where
time-independent version of the Schrodinger equation was considered. The authors Wei
Han and Jiangyan in their paper [10] have examined the existence and uniqueness of the
positive solution for the p-Laplacian Kirchhoff- Schrédinger type equation. Particularly,
the following problem is the subject of discussion in [10].

- (a +b[q |Vu|p) Apu+ Mo(2)|ulP~2u = hf(u) — pg(u), in Q,
(69) u >0, in Q:
u =0, on 0f2,

where Q € RY(N >3), A, >0, p>2,and a,b > 0 with a + b > 0.
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In addition, let us talk about other partial differential equations that are somehow
connected to NLSE. The first example is the following modified Korteweg-de Vries equation

Opu + 2u + [ul*dpu = 0.

As it can be seen, the equation is to some extent similar to NLSE. Notably, the well-
posedness of the problem can be proved using the same technique as for NLSE. The local
result in H*(R), for s > 1/4 was obtained by C. E. Kenig, G. Ponce, and L. Vega in [12].
The global well-posedness in H*(R), for s > 1/4 was shown in [6] by J. Colliander, M.
Keel, G. Staffilani, H. Takaoka, and T. Tao. Next example is a combination of the NLSE
and modified Korteweg-de Vries equation. It is called Nonlinear Schrédinger Airy equation

Oru + 1 aé?gu + bagu +iclul?u+ d\u|28xu +eu’du = 0.
The initial value problem for the equation was proved to be locally and globally well-

posed in H*(R)for s > 1/4 by G. Staffilani in [I6] and by X. Carvajal in [2] respectively.
In order to prove the local result, author used the Banach fixed-point theorem in [16].
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