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Abstract
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Introduction

Expected performance criteria are used for solving optimization problems. Starting
from Bellman, dynamic programming techniques have used risk neutral performance
evaluation. Risk aversive methods have been started to used for prediction the cor-
responding problems by utility functions because of not usefulness of the expected
value to measure the criteria of the performance. Defining preferences of the risk-
aversion into an axiomatic framework, by the paper of Artzner et al., then assessment
of risks has a new side for random outcomes. Thus, coherent risk measure has been
illustrated. The derivation of the dynamic programming equations of the risk-averse
operations and measurement of risks is not so complicated in terms of it is not time-
consuming. The reason behind this is that the Bellmann optimality principle is invalid
to use in the operations in risk-averse problems. It is already known that the problem
of stochastic decision in the multistage case takes more time. If the problem can be
resolved at later steps, then there exist a solution for optimality on later stages. But
this problem can be tackled by applying one-time Markovian dynamic risk measures.
Also, this difficulty can be solved with the application of state aggregation and AVaR
decomposition theorem. In this approach, a dual representation of AVaR is used, and
thus this method needs optimization over a probability space when finding a solution
to the equation of Bellman. Specific sums of quantiles give AVaRs, which used to
calculate any coherent risk measures. It visualised as table of numerical results of

simulations with quantiles of different distributions.

11



12



Chapter 1

Statistical Background

1.1 Random Variables

Consider an experiment, where we throw a die 8 times and we count even outcome.
Then, we have sample space ,such that wy = {E,0,E,E,0,0,0,E} € . In real,
we are not interested about probability of coming outcome Even or Odd. We inter-
ested on functions(real-valued) of outcomes, such as the number of Even outcomes
that appear among our 8 tosses, or the length of the longest run of Odd outcomes.

These functions are called random variables.
Definition 1.1. Random variable X(w) is function X: Q — R.

Suppose X (w) is random variable of how many even outcome will be thrown in w
trials. Given 8 experiments, so X (w) is finite number of values called discrete random
variables. Here, the probability of the set associated with a random variable X taking

on some specific value k is
P(X =k):=P{w: X(w)=k})

Now, we take random variable X (w) as decay time of Uranium. In this case, X (w) has

infinite number of values, so it is called continuous random variables. We designate

13



probability that X takes between two real values a and b:

Pla< X <b):=P{w:a< X(w) <b})

1.1.1 Expected value(mean) and variance

Definition 1.2. For continuous random variables X with range [a,b] and probability

density function f(x) expected value is defined by integral:

b
E[X] :/ xf(z)dz (1.1)

Definition 1.3. For discrete random variables X expected value is weighted sum of

values x;, where weights are probabilities p(x;) :

E[X] = ixzp(xl) (1.2)
i=1
Also, expected value is called mean with symbol p. It has the following properties:
e E[a] =a Va € R.
o ElaX +b] =aE[X] + b Va,beR.
e E[X +Y]|=E[X]+E[Y]

2

Definition 1.4. Variance o° is measure of concentration of distribution of random

variables X around its mean.

Var[X] = E[(X — E[X])?] = E[X2 — 2E[X]X + E[X]?] = "
= E[X?] - 2E[X]E[X] + E[X]” = E[X?] — E[X] |

Properties:
e Var[a] =0 Va € R.
e Var[aX + b = a*Var[X] Va,b € R.
o Varl X +Y] =Var[X|+ Var[Y]

14



Definition 1.5. Square root of variance is called standard deviation and denoted by

g.

Definition 1.6. p' quantile of distribution X is value such that P(X < q,) =p

1.2 Common random variables

1.2.1 Normal distribution

Definition 1.7. A random variable X is called normal distribution(Gausian distri-

bution) if and only if, for o > 0 and -co < p < oo, its density function is:

f(x) = nge%(”o”)? (1.4)

(FIC
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Figure 1-1: Standard Normal Distribution

1.2.2 Chi-square distribution

Definition 1.8. The distribution which is generated by sum of squares of independent
standard normal random variables X1, Xs...X,, 1s called Chi-square distribution with

degree of freedom k.
k
Q=) X
i=1
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Probability density function of Chi-square distribution is :

k
fla k) =4 2T (1.5)
0, otherwise.

where I' is gamma function.
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Figure 1-2: Chi square distribution with different df

1.2.3 Exponential distribution

Definition 1.9. Ezponential distribution with A >0 is random variable X with density

function of X:

e M x> 0;

0,z <0.
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Figure 1-3: Exponential distribution with different A

1.2.4 Student-t distribution

Definition 1.10. Student-t distribution X is random variable with probability density
function of X :

e (e
f(x,y)—\/ﬁr(%) <1+ 1/) (1.7)

where v > 0 is degree of freedom.

0-35 1 BN lambda=1
0,30 BN lambda=0.5
BN lambda=15
0.25 -
0.20 -
o
= 015 A
0.10 -
0.05 -
0.00 - — A —
T T T T T T T
—30 —20 -10 0 10 20 30
- wvalues

Figure 1-4: Student-t distribution with different degree of freedom
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1.2.5 Weibull distribution

Definition 1.11. Weibull distribution X is random variable with probability density
function of X :

(e D 020
flz, A k) = (1.8)
0,z <0.

>
>8R

where k > 0 is shape parameter and \ > 0 is scale parameter.
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Figure 1-5: Weibull distribution with different k and A=1

1.3 Verification of a Random Sample from a Distri-

bution

1.3.1 Kolmogorov-Smirnov Test

Suppose that we have an i.i.d. sample X7, X5, ..., X, with some unknown distribution
P and we would like to test the hypothesis that P is equal to a particular distribution
Py i.e. decide between the following hypotheses:

f%ZIPZZPm fﬁ:lp7épo
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Kolmogorov-Smirnov test is a non-parametric test used for testing a hypothesis X, X5...X,,
have a given continuous distribution function F', against the one-sided alternative
H{" @ sup)y|coo(EF,(2)) — F(x)) > 0, where EF, is the mathematical expectation of
the empirical distribution function F},. The Kolmogorov—Smirnov test is constructed

from the statistic:

+_ _ _ m_
Dy = sup. (Fu(@)) = F(2)) = max (— = F(Xm))
where X(1)...X(,) is the variational series (or set of order statistics) obtained from
the sample X, X5...X,,. Thus, the Kolmogorov—Smirnov test is a variant of the

Kolmogorov test for testing the hypothesis Hy against a one-sided alternative H; .

By studying the distribution of the statistic D;", N.V. Smirnov showed that

(1-M)n
k k
P{DT >\ = MY+ D)L= = )k

where 0 < A < 1 and [o] is integer part of number a. Smirnov obtained in addition
to the exact distribution of D,, its limit distribution, namely: if n — co and 0 < A\ <
A =O0(ns),

P{DS > A} =2 [1 + 0(%)]

where \g is any positive number. By means of the technique of asymptotic Pearson

transformation it has been proved that if n — oo and 0 < A\g < A = O(n3), then

P{Bin((anz): F1)2> A} = [1 + 0(%)}

According to the Kolmogorov—Smirnov test, the hypothesis Hy must be rejected with

significance level o whenever

1
exp 18—n(6nD;r +1)?| < a,
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where,
1 1
P{ea:p [—(6nD:lr + 1)2] < a} = a[l + O(—)]
18n n
The testing of Hy against the alternative Hy : inf|,|<oo(EF,(2)) — F(x)) < 0 is dealt

with similarly. In this case the statistic of the Kolmogorov—Smirnov test is the random

variable

whose distribution is the same as that of the statistic D;” when Hy is true.

1.3.2 Kolmogorov Smirnov test for 2 samples

KS test for 2 sample is similar to KS test. Suppose we have first sample size of m

with c.d.f F'(x) and second sample with size n with c.d.f G(z) and we want to test:

Hy:F=GuvsH :F#G

If F,,(z) and G,, are corresponding empirical c.d.f.s then the statistic

mn

Dy = (— )2 SUp | Fy () — G ()

m-+n

and other are same.

1.4 Linear Regression

In statistics, linear regression is a linear approach to modeling the relationship be-
tween a scalar response (or dependent variable) and one or more explanatory variables
(or independent variables). The case of one explanatory variable is called simple linear
regression.

y~y=Xw



As loss function we take sum of squared errors:

n

L(w) =Y (afw —y)* = miny|| Xw - §][3

n=1
w* = argmin, L(w) = (X"X)"' X"y

Proof: Now, we can find the smallest w by minimizing loss function.

n

Liw) =) (efw —y;)* = min, || Xw - §I3

n=1
= (Xw—y)" (Xw—y)
= (Xw)"Xw — (Xw)"y —y"Xw+y"y

=w' XTXw - 20T XTy +yTy
We take gradient of L(w) and equate to 0:

VL(w) = V(w' X" Xw — 20" XTy + y"y)
— V(W' X" Xw) — 2V (" XTy) + V(5 y)
=2X"Xw —2X"Ty =0

w* = argmin,L(w) = (X" X)Xy

21
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Chapter 2

We refer the reader for the definitions and theorems of this chapter and for further

study of risk measures to [5].

2.1 Risk measure

Definition 2.1. A risk measure p is a function from random variables to real num-

bers: p: X — R.
Properties:
e p(0)=0

o p(X +a)=p(X)+a forVaeR

o if X1 < X, then p(X1) < p(Xs) for VX, Xy € X

2.2 Convex risk measures

Definition 2.2. Consider a probability space (2, F,P) and the space Z := L*(Q), F,P)
of measurable functions Z : Q — R (random variables) that have finite first order
moments, i.e. EY[|Z]] < oo, where E[-] means the expectation with respect to the
probability measure P. A mapping p : Z — R s called a convex risk measure, if the

following axioms hold:

o (Al)(Convexity) p(AX + (1 = A)Y) < Ap(X)+ (1 = Np(Y)VA e (0,1), X, Y e Z

23



e (A2)(Monotonicity) If X <Y, then p(X) < p(Y) VX, Y € Z

e (A3)(Translation Invariance) p(c+ X) =c+ p(X),Vee R, X € Z

2.3 Coherent risk measures

Definition 2.3. Consider a probability space (0, F,P) and the space Z := L*(Q, F,P)
of measurable functions Z : Q — R (random variables) that have finite first order
moments, i.e. EF[|Z]] < oo, where E[-] means the expectation with respect to the
probability measure P. A mapping p : Z — R is said to be called a coherent risk

measure, if the following axioms hold:
e (Al)(Convexity) p(AX + (1 — \)Y) < Ap(X) + (1 = Np(Y)VA € (0,1), X, Y € Z
e (A2)(Monotonicity) If X <Y, then p(X) < p(Y) VX, Y € Z
e (A3)(Translation Invariance) p(c+ X) =c+p(X),Vce R, X € Z

e (A4)(Homogeneity) p(8X) =Bp(X),X € Z,8>0

2.4 Value at Risk

Definition 2.4. Let (©2,G,P) be a measurable space and let X € L'(Q,G,P) be a

real-valued random variable and o € (0,1). Then VaR is:
VaR,(X) =inf{r e R:P(X <z) > a} (2.1)

But VaR is not coherent risk measure. So we will use Average Value at Risk.

2.5 Average Value at Risk

Definition 2.5. Let (©2,G,P) be a measurable space and let X € L'(Q,G,P) be a

real-valued random variable and o € (0,1). Then AVaR is:

1

—

AVaR,(X) = - / 1 VaR,(X)dt (2.2)

24



Definition 2.6. Suppose § is probability measure on R and o € (0,1).

o A number q € R is called a-quantile of § if:

5((—00,q)) > o and §((jg,00)) > 1 — a. (2.3)

e A function gs : (0,1) — R is called a quantile function of § if for each o € (0,1),

qs() is an a-quantile of §.

Remark:
1.The set of a-quantile of ¢ is a non-empty bounded closed interval and end points
are ¢; (o) and g; ().
2.The set {a € (0,1) | g5 < g5 } is countable. Because a-s for which g5 (o) < g5 (@)

corresponds to intervals of constancy of the cumulative distribution function of 4.

Theorem 2.5.1. If X € L'(Q,G,P) and « € (0,1), then there exists an integral

1
/ VaR,do
0

and it is equal to E[X].

Proof:

Theorem 2.5.2. Suppose qx is quantile function for distribution X. Then
1
AVaRy\(X) = XE[(X —qx(N)a] +ax (V). (2.4)

Proof: Suppose U is standard uniform random variable. Then distributions of X

25



and ¢x (U) are same. And consequently:

E[(X = ax(W) 4] + ax (V)

E[(gx(U) — gx(M\)+] + gx(N)

P I S

C\H
=
>

(@) = gx (V) 1da + gx(\)
1 (2.5)
- /  (ax(0) = ax(N)da+ ax(V)

=1 /1_/\ VaR,(X)da

:AVaR,\ (X)

Theorem 2.5.3.

AVaRy(X) = sup {E@[X] ’ o<p 1 }

dP — 1—-X (2:6)

Proof: The supremum on the right-hand side is equal to

1

E[pX] is large, if ¢ takes large values at points, where X takes large values. Hence

the supremum is attained for

;

1/1—=A on {X > qx(\)},

v:=140 on {X < gx(N)},

k on {X =gx(\)}.

\

where ¢x is any quantile function of the distribution of X and k is such that E[¢] = 1,
ie.

%P(X > ax (V) + EP(X = gx (V) = 1.

26



it follows that

1
sup {E[pX] | ¢ € L1 F.P),Elp] =1, 0< p < — |

= T B Lo axcon] + RELX - Lixmg. o]

= AVaR, (X).

2.6 Tail conditional expectation

Tail conditional expectation is used to measure market and non-market risks, pre-
sumably for a portfolio of investments. It gives a measure of a right-tail risk, one
with which actuaries are very familiar because insurance contracts typically possess

exposures subject to “low-frequency but large-losses”.

Definition 2.7. For A € (0,1) tail conditional expectation is defined by:

TCE\X) = E[X|X > VaR, (X)) (2.7)

Theorem 2.6.1. For A\ € (0,1) TCE\(X) and AVaR)(X) are equal if and only if
P(X > VaR\x(X)) =1— A. It happens if and only if X has continuous distribution.

Proof:
Suppose P(X > VaR\(X)) = A. Then:

E[X - 1ix>var, (x))]

_ }
TOBAX) =3(X s Vary (X))

1

=——E[X - 1{x>var, (x))]
b A (2.8)

1 )\E[(X — VaR\(X)) - 1ix>var, (x)y] + VaRA(X)

1
1 )\E[(X —VaRx\(X))4] + VaR\(X) = AVaR\(X)

27



2.7 Entropic risk measures

In financial mathematics, the entropic risk measure is a risk measure which depends

on the risk aversion of the user through the exponential utility function.

Definition 2.8. The entropic risk measure with the risk aversion parameter 8 > 0 is

defined as :

p(X) = Slog(E’Y)) = sup {E°[X] — S H(QIP)}

1
0

If X has standard normal distribution, then

11 ( 1 /Oo . i2d )
—lo e e dr
0 & 2710 J_o
1 1 o0 9252 x 0o \2
=—log(—— e 2 _(E_ﬁ) dx
0 &l 2ro /oo )
‘ x — o2 . du 1
u = —— " R —
\/50 dz 2ro
1 1 o0 9202
=—log(—— 20e 2 “du
glos( ] )
elog(ee 2 /_Oo —We_“ du) = elog(ee 2 erf(o0))

28
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Chapter 3

3.1 Calculating AVaR’s of different distributions

We calculate AVaR'’s of common distributions by the formula (2.2) and present their

graphs with respect to different a values.
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Student-t
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Figure 3-1: AVaRs of different distributions|Listing A.9|
3.2 Data

We use the data from 18.12.2019 to 19.12.2018 (https://http//investfunds.kz). It
contains exchange rate value of USD/KZT and main factors affecting on it (BRENT
price and USD/RUR exchange rate value).

390.0

387.5

385 0
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sdkat

380.0

3775

375.0
3725
e e e e e e L e e e e e

370.0

days

Figure 3-2: Real data
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3.3 Linear regression analysis

We do linear regression to all our data. Then we predict new Y by given X values of

our data. After we calculate error by subtracting exact value from predicted value.

3.4 Error analysis

From error we calculate sample mean and sample standard deviation. To define dis-
tribution of error we do Kolmogorov-Smirnov test with different distributions with
same mean and standard deviation as in our error. It gives p-value equal to 0.52 with

Normal distribution. Then we do histogram and qg-plot of our error :

012

Figure 3-3: Histogram of error|Listing A 4|

It looks very similar to normal distribution.But we can see some values are not normal
because plot is not exactly bell shaped.

Then, to dispel doubts, we draw qqg-plot. As qg-plot is scatter plot which is plotted
as one set of quantiles against second, we plot qqg-plot our error against normal dis-
tribution with same mean and variance. Here we can see that most of the values are

normal but in right and left sides some amount of values not normal.
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Figure 3-4: QQ-plot of error|Listing A.7|
3.5 Calculating AVaR’s from error

Then we calculate AVaR’s by definition, for VaR we use quantiles of normal distribu-
tion with equal mean and standard deviation with mean and standard deviation of

our error. We plot bars to show amounts of AVaR at every value a.

o | mmm AvaR
5
a
5 ]
. anll
o L]
0.2 04 06 08

AvaR
[ ¥1]

0.0
Alpha

Figure 3-5: AVaRs from error|Listing A.2]

Figure shows that by rising of a values AVaR is rising too. Because by formula of
AVaR, AVaR is inverse proportional to a. Then we calculate mean from last tail

mean of our error such as last 10 percent then last 20 percent of our error until whole
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data and sort them to plot with our AVaRs. We do it to compare sorted tail means

of error with AVaRs. As shown in figure it’s less than AVaR but after o = 0.5 this

value become bigger than AVaR.

8
l AaR

7 41 Il T=il mean error

0.0 02 0.4 0.6 08 10
Alpha

Figure 3-6: AVaRs and tail means|Listing A.§]

Then we calculate —AVaR(—X) as —X from error(exact —predicted) and we see that
AVaR(X) and —AVaR(—X) are symmetric. We do it to use AVaRs as confidence

level in statistics.

I AVaR(X)

6
. -AVaR(-X)

4

2 l I
. = 0 B
] l

Figure 3-7: AVaR(X) and -AVaR(-X)|Listing A.3]
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Then we compare our AVaR(X) and —AVaR(—X) values with confidence level and

make plot :

Hl ASaR(X)
6  Conf vl

02 0.4 0.6
Figure 3-8: AVaR and Confidence levels|Listing A.5]

We plot AVaR's by a values and confidence levels by percents. We can compare them
because for positive AVaR, —AV aR is negative values, at that time, confidence levels
took negative values until 50 percent and then they become positive .

Then we compare coherent risk measure with entropic risk measure to show which
will give more better. We calculate entropic risk measure with formula

p(X) = log(E["]) = sup {BI[X] ~ SH(QIF)}

Figure is done for equal # — « values to compare them, and we see AVaR value is
greater than entropic risk measure value only when § — o = 0.1 and 6 — a = 0.9.
Then we compare AVaR(X) and —AVaR(—X) with ERM(X) and —ERM (—X) to

show how it will be for uses as confidence level.
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Figure 3-9: Coherent risk measure and Entropic risk measure|Listing A.6|
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Figure 3-10: AVaR and ERM with positive/negative signs[Listing A.10|
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Conclusion

The main purpose of this thesis is make prediction by risk measures. Main tool was
coherent risk measure - AVaR. To achieve this first we collected data of USD/KZT
and main affecting factors from investfunds.kz and did linear regression analysis.
Second, we calculated sample mean and sample standard deviation of prediction
errors. Using Kolmogorov-Smirnov test, we concluded that errors are coming from
normal distribuiton. Third, we calulated AVaR’s and negative values of AVaR’s to plot
them with confidence levels. As confidence levels, AVaR’s with different o values gave
best intervals for errors. Every interval between AVaR and minus AVaR with different
« values contains a*10 percent of errors. We also used entropic risk measure instead
of AVaR and ploted AVaR confidence levels and entropic risk measure confidence

levels.
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Appendix A

Code

import numpy as np

from scipy.stats import chi2

import matplotlib.pyplot as plt

import scipy

import pandas as pd

from sklearn.linear_model import LinearRegression
import math

import random

from scipy.stats import norm

from scipy.stats import chi2

from scipy.stats import weibull_min

import seaborn as sns

import scipy.integrate as integrate

from statsmodels.graphics.gofplots import qqplot_2samples
df=pd.read_excel(’data.xls’)

y_1=df [’kzt’]

» y_exact_1=np.array(y_1)

x_1=df [[’brent’, ’rur’]]

reg_1 = LinearRegression().fit(x_1, y_1)
y_pred_l=reg_1.predict(x_1)
error_1l=np.array (y_pred_1-y_exact_1)
std_1=np.std(error_1)
mean_1l=np.mean(error_1)

def VarNorm(alpha ,mean,stddev):
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3

S = scipy.stats.norm.ppf (alpha,mean,stddev)
return s
def AVaR(k,mean,std):
result = (1/ (1- k))*float(integrate.quad(lambda x: VarNorm(x,mean
,std), k,1) [0])

return result

Listing A.1: AVAR

X = np.arange(0,1,0.1)
data_avar = [[AVaR(0O,mean_1,std_1),AVaR(0.1,mean_1,std_1), AVaR (0.2,
mean_1,std_1), AVaR(0.3,mean_1,std_1), AVaR(0.4,mean_1,std_1),
AVaR(0.5,mean_1,std_1), AVaR(0.6,mean_1,std_1), AVaR(0.7,mean_1,

std_1), AVaR(0.8,mean_1,std_1), AVaR(0.9,mean_1,std_1)]]

plt.bar(X , data_avar[0], color = ’red’, width = 0.05)

{’AVaR’:’red’}

colors

labels

list (colors.keys ())

handles = [plt.Rectangle((0,0),1,1, color=colors[label]) for label
in labels]

plt.legend (handles, labels)

plt.xlabel (’Alpha’)

plt.ylabel (’AVaR?)

plt.title(’AVaR whole data’ )

Listing A.2: Calculation of AVaR

error_2=np.array (y_exact_1-y_pred_1)
std_2=np.std(error_2)

mean_2=np.mean(error_2)

X = np.arange (10
)
data = -1 * np.array([[AVaR(0,mean_2,std_2),AVaR(0.1,mean_2,std_2),
AVaR(0.2,mean_2,std_2),
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5

6

AVaR(0.3,mean_2,std_2), AVaR(0.4,mean_2,std_2),

mean_2,std_2),

AVaR (0.6 ,mean_2,std_2),

AVaR (0.7 ,mean_2,std_2), AVaR(0.8,mean_2,std_2),

mean_2,std_2)11)

datal = -1 *x data

;s fig = plt.figure ()

ax = fig.add_axes([0,0,1,1])

5 ax.bar(X + 0.00, datal[0], color = ’b’, width = 0.5)
ax.bar (X , datal[0], color = ’g’, width = 0.5)
colors = {’AVaR(X)’:’blue’,’-AVaR(-X)’:’green’}

labels = list(colors.keys())

AVaR (0.5,

AVaR (0.9,

handles = [plt.Rectangle((0,0),1,1, color=colors[label]) for label

in labels]

ax.legend (handles, labels)

Listing A.3: AVaR and -AVaR

sns.set_style(’darkgrid’)

sns.distplot (error_1)

Listing A.4: Histogram

data = np.array([[AVaR(0.1,mean_2,std_2), AVaR(0.2,mean_2,std_2),

AVaR(0.3,mean_2,std_2), AVaR(0.4,mean_2,std_2),

mean_2,std_2),

AVaR (0.6 ,mean_2,std_2),

AVaR (0.7 ,mean_2,std_2), AVaR(0.8,mean_2,std_2),

mean_2 ,std_2)1]1)

datal=np.multiply (data,-1)

AVaR (0.5,

AVaR (0.9,

data2=[[VarNorm(0.775,0,1) *std_2+mean_2 ,VarNorm(0.8,0,1) xstd_2+

mean_2,

VarNorm (0.825,0,1) *std_2+mean_2,

VarNorm(0.85,0,1) *std_2+mean_2 ,VarNorm(0.875,0,1) *std_2+

mean_2,

VarNorm(0.9,0,1)*std_2+mean_2,VarNorm(0.925,0,1) xstd_2+

mean_2 ,

41



VarNorm(0.95,0,1) *std_2+mean_2 ,VarNorm(0.975,0,1) *std_2+
mean_21]]
data3=np.multiply (data2,-1)
fig = plt.figure()
ax = fig.add_axes([0,0,1,1])

ax.bar(X + 0.05, data2[0], color = ’g’, width = 0.04)
5 ax.bar(X , datal[0], color = ’b’, width = 0.04)

ax.bar(X + 0.05, data3[0], color = ’g’, width = 0.04)
7 ax.bar (X , datal1[0], color = ’b’, width = 0.04)

colors = {’AVaR(X)’:’blue’,’Conf 1lvl’:’green’}

labels = list(colors.keys())

handles = [plt.Rectangle((0,0),1,1, color=colors[label]) for label
in labels]

ax.legend (handles, labels)

Listing A.5: AVaR and Conf 1vl

def ERM_hand(teta,sigma):
e=1/teta*np.log(np.exp(teta*teta*xsigma*sigma/2))
return e
b=std_normal
X = np.arange(0.1,1,0.1)
data = [[ERM_hand(0.1,b),ERM_hand(0.2,b),ERM_hand (0.3,b),ERM_hand
(0.4,b) ,ERM_hand (0.5,b) ,ERM_hand (0.6,b) ,ERM_hand (0.7,b) ,ERM_hand
(0.8,b) ,ERM_hand (0.9,b)]]
data2 = [[AVaR(0.1,mean_normal,std_normal), AVaR(0.2,mean_normal,
std_normal), AVaR(0.3,mean_normal,std_normal),

AVaR (0.4 ,mean_normal ,std_normal), AVaR(0.5,mean_normal,
std_normal), AVaR(0.6,mean_normal,std_normal), AVaR(0.7,
mean_normal ,std_normal),

AVaR (0.8 ,mean_normal ,std_normal), AVaR(0.9,mean_normal,

std_normal)]l]

plt.bar(X , datal[0], color = ’red’, width = 0.05)
plt.bar (X+0.05 , data2[0], color = ’blue’, width = 0.05)
colors = {’Entropic risk measure’:’red’,’AVaR’:’blue’}

labels = list(colors.keys())

handles = [plt.Rectangle((0,0),1,1, color=colors[label]) for label
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in labels]

5 plt.legend (handles, labels)

plt.xlabel (’Teta-Alpha’)

plt.ylabel (’ERM-AVaR’)

plt.title(

>ERM with Standard Normal dist and AVaR?’ )

Listing A.6: ERM with Standard Normal dist and AVaR

s=np.random.normal (mean_1,std_1,243)

fig = qqplot_2samples(error_1, s,line=’45’)

plt.show ()

Listing A.7: QQ-plot

mean_100=np.mean(error_1)

mean_10=np
mean_20=np
mean_30=np
mean_40=np
mean_50=np
mean_60=np
mean_70=np

mean_80=np

mean_90=np.

data_tail=

.mean (error_1[225:])
.mean (error_1[200:])
.mean (error_1[175:])
.mean (error_1[150:])
.mean (error_1[125:])
.mean (error_1[100:])
.mean (error_1[75:])
.mean (error_1[50:1)

mean (error_1[25:])

[[mean_100 ,mean_90 ,mean_80 ,mean_70 ,mean_60 ,mean_50 ,mean_40

,mean_30 ,mean_20 ,mean_10]]

plt.bar(X , data_avar[0], color = ’red’, width = 0.05)
plt.bar (X+0.05 , data_tail[0], color = ’blue’, width = 0.05)
colors = {’AVaR’:’red’,’Tail_mean’:’blue’}

handles =

5 labels = list(colors.keys())
[plt.Rectangle ((0,0) ,1,1, color=colors[label]) for label

in labels]

plt.legend
plt.xlabel
plt.ylabel

plt.title(

(handles, labels)
(’Tail percent-Alpha’)
(’AVaR-Tail_mean’)

’Tail mean and AVaR’> )

Listing A.8: Tail mean and AVaR

43



5 plt

def VarChi2(x,y):
s =
return s

def AvarChi2(t,y):
result =

1) [0l1)

return result

t,

k =
y=1[1]

for j in range (9):

np.arange(0.1, 1, 0.1)

for i in range(9):
y.append (AvarChi2 ((i+1)
plt.plot(k,y[:9],°g’,
plt.plot(k,y[9:18],°’r"’,
plt.plot(k,y[18:27],
361,

45] ,

’blue’,
.plot (k,y[27:
plt.plot(k,y[36:
:54] ,

63],

plt.plot(k,y[45 ’brown’

plt.plot(k,y[54:
plt.plot(k,y[63:

plt.plot(k,y[72:],’coral’,

plt.legend ()
plt.
plt.ylabel (’AVaR at alpha’,
plt.
plt.show ()
def VarWei(x,y):
s =
return s
def AvarWei(t,y):
AVaR =
1) [0]1)
return AVaR
plt.figure ()
k =

y=1[1]

np.arange (0.1, 1., 0.1)

scipy.stats.chi2.ppf (x,

’yellow’,

’violet’,

’purple’,

72] ,’chocolate?,

df=y)

(1/ (1- t))*float(integrate.quad(lambda x:

/10, j+1))

label=’df=1°)
label=’df=2"?)

label=’df=3")
label=’>df=4")
label=’>df=5")

, label=>df=6?)
label=’df=7")
label=’>df=8"’)
label=’df=9")

xlabel (’alpha’,fontsize=20)

fontsize=20)

title(’Chi2’,fontsize=30)

scipy.stats.weibull _min.ppf (x,y)

(1/ (1- t))*float(integrate.quad(lambda x:
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35 for j in range(9):

36 for i in range (9):

37 y.append (AvarWei ((i+1) /10, j+1))

38 plt.plot(k,y[:9],%g’, label=’k=1’)

30 plt.plot(k,y[9:18],°r’, label=’k=2’)

w0 plt.plot(k,y[18:27],’blue’, label=’k=3’)

1 plt.plot(k,y[27:36], yellow’, label=’k=4’)

2 plt.plot(k,y[36:45],’violet’, label=’k=5’)

13 plt.plot(k,y[45:54] , ’brown’, label=’k=6’)

1 plt.plot(k,y[54:63], purple’, label=’k=7’)

5 plt.plot(k,y[63:72], chocolate’, label=’k=8’)

16 plt.plot(k,y[72:],%coral’, label=’k=97)

17 plt.legend ()

s plt.xlabel(’alpha’,fontsize=20)

v plt.ylabel (’AVaR at alpha’,fontsize=20)

50 plt.title(’Weibull’,fontsize=30)

51 plt.show ()

52 def VarStudent(x,y,z):

53 S = scipy.stats.nct.ppf(x,y,z)

54 return s

55 def AvarStudent (t,y):

56 AVaR = (1/ (1- t))*xfloat(integrate.quad(lambda x: VarStudent(x,y
,0.240450313312), t, 1) [0])

57 return AVaR

58 plt.figure ()

50 k = np.arange(0.1, 1., 0.1)

60 y=1I[1

61 for j in range (9):

62 for i in range(9):

63 y.append (AvarStudent ((i+1) /10, j+1))

6 plt.plot(k,y[:9],’g’, label=’k=1’)

65 plt.plot(k,y[9:18],°’r’>, label=’k=27)

66 plt.plot(k,y[18:27],’blue’, label=’k=3’)

67 plt.plot(k,y[27:36],’yellow’, label=’k=4’)

6s plt.plot(k,y[36:45],’violet’, label=’k=57)

60 plt.plot(k,y[45:54], ’brown’, label=’k=6’)
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81

82

90

99

100

101

plt.plot(k,y[54:63], purple’, label=’k=7’)
plt.plot(k,y[63:72],’chocolate’, label=’k=8’)
plt.plot(k,y[72:],%coral’, label=’k=97’)
plt.legend ()
plt.xlabel (’alpha’,fontsize=20)
plt.ylabel (’AVaR at alpha’,fontsize=20)
plt.title(’Student-T’,fontsize=30)
plt.show ()
def VarExp(x,y):
S = scipy.stats.expon.ppf(x,scale=1/y)
return s

def AvarExp(t,y):

AVaR = (1/ (1- t))*xfloat(integrate.quad(lambda x:

1) [01)
return AVaR

plt.figure ()

5 k = np.arange(0.1, 1., 0.1)
s y=1L1

for j in range(9):
for i in range (9):
y .append (AvarExp ((i+1) /10, j+1))
plt.plot(k,y[:9],°g’, label=’lambda=1’)
plt.plot(k,y[9:18],°r’, label=’lambda=2’)

2 plt.plot(k,y[18:27],’blue’, label=’lambda=3’)
3 plt.plot(k,y[27:36],’yellow’, label=’lambda=4’)

plt.plot(k,y[36:45],’violet’, label=’lambda=5’)

5 plt.plot(k,y[45:54], ’brown’, label=’lambda=67’)

plt.plot(k,y[54:63], purple’, label=’lambda=7’)
plt.plot(k,y[63:72],’chocolate’, label=’lambda=8’)
plt.plot(k,y[72:]1,’coral’, label=’lambda=9’)
plt.legend ()

plt.xlabel(’alpha’,fontsize=20)

plt.ylabel (’AVaR at alpha’,fontsize=20)
plt.title(’Exponential’,fontsize=30)

plt.show ()

def VarNorm(x,y):
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105 s = scipy.stats.norm.ppf(x,0,y)

106 return s

107 def AvarNorm(t,y):

108 AVaR = (1/ (1- t))*float(integrate.quad(lambda x: VarNorm(x,y), t,
1) [01)

109 return AVaR

110 plt.figure ()

111 k = np.arange(0.1, 1., 0.1)

2 y=[1

113 for j in range (9):

114 for i in range(9):

115 y.append (AvarNorm ((i+1) /10, j+1))

116 plt.plot(k,y[:9],%g’, label=’std=1’)

117 plt.plot(k,y[9:18],°r’, label=’std=2’)

118 plt.plot(k,y[18:27],’blue’, label=’std=37)

119 plt.plot(k,y[27:36],’yellow’, label=’std=4’)

120 plt.plot(k,y[36:45], ’violet’, label=’std=5’)

121 plt.plot(k,y[45:54], ’brown’, label=’std=6’)

122 plt.plot(k,y[54:63], ’purple’, label=’std=7’)

123 plt.plot(k,y[63:72],’chocolate’, label=’std=8’)

124 plt.plot(k,y[72:],’coral’, label=’std=9’)

125 plt.legend ()

126 plt.xlabel (’alpha’,fontsize=20)

127 plt.ylabel (’AVaR at alpha’,fontsize=20)

12s plt.title(’Gausian’,fontsize=30)

120 plt.show O

Listing A.9: AVaRs of different distributions

I b=std_normal

N

X = np.arange(0.1,1,0.1)

3 data = [[ERM_hand(0.1,b),ERM_hand(0.2,b),ERM_hand(0.3,b),ERM_hand
(0.4,b) ,ERM_hand (0.5,b) ,ERM_hand (0.6,b) ,ERM_hand (0.7 ,b) ,ERM_hand
(0.8,b) ,ERM_hand (0.9,b)1]

data2 = [[AVaR(0.1,mean_normal,std_normal), AVaR(0.2,mean_normal,

std_normal), AVaR(0.3,mean_normal,std_normal),

5 AVaR (0.4 ,mean_normal ,std_normal), AVaR(0.5,mean_normal,
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7 data3=

std_normal), AVaR(0.6,mean_normal,std_normal), AVaR(0.7,

mean_normal ,std_normal),

AVaR (0.8 ,mean_normal ,std_normal), AVaR(0.9,mean_normal,
std_normal)]]
[[-ERM_hand (0.1,b),-ERM_hand (0.2,b) ,-ERM_hand (0.3,b), -
ERM_hand (0.4,b) ,-ERM_hand (0.5,b) ,-ERM_hand (0.6,b) ,-ERM_hand (0.7 ,b

) ,-ERM_hand (0.8,b) ,-ERM_hand (0.9,b) 1]

data4d [[-AVaR(0.1,mean_normal ,std_normal), -AVaR(0.2,mean_normal,

std_normal) ,

-AVaR (0.4 ,mean_normal ,std_normal),

std_normal),

-AVaR (0.3 ,mean_normal ,std_normal),

-AVaR (0.6 ,mean_normal ,std_normal),

-AVaR (0.5, mean_normal ,

-AVaR (0.7,

mean_normal ,std_normal),
-AVaR (0.8, mean_normal ,std_normal),

std_normal)]]

-AVaR(0.9,mean_normal ,

plt.bar(X , datal[0], color = ’red’, width = 0.05)

; plt.bar (X+0.05 , data2[0], color = ’blue’, width = 0.05)
plt.bar(X , data3[0], color = ’red’, width = 0.05)
plt.bar (X+0.05 , data4[0], color = ’blue’, width = 0.05)

colors = {’Entropic risk measure’:’red’,’AVaR’:’blue’}
- labels = list(colors.keys())
handles = [plt.Rectangle((0,0),1,1, color=colors[label]) for label
in labels]
plt.legend (handles, labels)

plt.xlabel (’Teta-Alpha’)

plt.ylabel (’ERM-AVaR’)

plt.title (?’ERM(X) and -ERM(-X) with AVaR(X)

and -AVaR(-X)’ )

Listing A.10: AVaR and ERM with positive/negative signs
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