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Abstract In this paper, shapes of nonlinear blood vessels, surrounded by nonlinear soft tissues,
and buckled due to radial pressure are solved for analytically and numerically. The blood flow rates
through the bucked shapes are then computed numerically. A Fung-type isotropic hyperelastic
stress-strain constitutive equation is used to establish a nonlinear mathematical model for radial
buckling of blood vessels. The surrounding tissues are modeled as non-linear springs. Novel formu-
las for critical buckling pressures are derived analytically from the bifurcation analysis. This anal-
ysis shows that the nonlinearity of vessel’s wall increases the critical buckling pressure. A numerical
differential correction scheme is introduced to solve for post-buckling shapes. And the correspond-
ing blood flow rates are provided before touching of the collapsed walls. The blood flow rate
through a one-point wall-touching case is also provided. Numerical results show that both vessel’s
wall and soft tissues nonlinearities increase, locally, the flow rate through the buckled blood vessels.
More importantly, a nonlinear relation between blood flow rate and the soft tissue spring constants
is found.
© 2018 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

During surgery, due to loss of pressure, it is important to know
the blood flow rates in various blood vessels corresponding to
a given blood pressure difference between the exterior and the
interior of the vessel [1]. This motivates the study of buckling
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and post-buckling behavior of blood vessels. And since con-
ducting isolated blood vessels testing may lead to unidentified
deformation state [2], analytical and numerical investigations
of blood vessels deformation were found necessary. In [3],
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post-buckling cross sectional shapes of embedded vessels with
linear wall material and supporting tissues are considered.
Flow rates through these vessels are calculated when acted
upon by uniform pressure for various deformed shapes. In
an interesting case, the post-buckling of free blood vessels with
opposite sides in contact is considered in [4,5]. In [6,7] it is
shown how understanding the collapse of veins helped explain-
ing the blood circulation in giraffe where changing the position
of the head produces a large difference in the potential energy.
Bent axial buckling of blood vessels has also been studied
extensively in [8]. In all the previous studies, Hooke’s law
has been used to model vessels’ walls’ deformations and the
blood was treated as Newtonian fluids. It is well known that
blood vessels walls as well as blood respond in a nonlinear
fashion to applied forces at larger ranges of strains and stresses
[9-15]. Post buckling shapes of nonlinear wall vessels with
nonlinear soft tissues are calculated numerically in [16]. For
a comprehensive survey of the current literature on artery
buckling the reader is referred to [17].

In the current research we assume that the flow of the blood
through the vessel is slow and steady and the cross section does
not vary much along an axial segment, so that the internal
pressure may be taken, locally, as constant. We also assume
the blood to be a Newtonian fluid, which is adequate for blood
flows in large vessels. Some researches considered the pulsating
nature of the blood in the arteries [18-20], by taking the pres-
sure to be periodic. The pulsating nature of blood as well as the
hydrodynamic properties pertinent to its non-Newtonian tur-
bulent flow are out of the scope of this paper. Based on the
current assumptions, the deformed shapes can be solved for
first. Then the flow rates can be determined accordingly.

Nonlinear models for the blood vessel’s wall and the sur-
rounding soft tissues are used in the current studies. These
nonlinearities are expected to affect the post-buckling shapes
and consequently the flow rates through them. Therefore, the
results of our study will represent a useful step in describing
blood vessels deformations more precisely, due to the use of
the more general Fung-type stress strain constitutive equation,
compared with the results using Hooke’s law.

We extend and complete the preliminary results reported in
[16] by recasting the vector form of the equilibrium equation in
a single nonlinear scalar equation, namely Eq. (16) Section 2,
from which we provide a detail bifurcation analysis of the
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problem. In addition to computing the deformed shapes of
the cross-section of the buckled blood vessel, we also compute
various blood flow rates through these deformed cross-sections
using experimental data from literature. In this paper a
detailed bifurcation analysis based on the model in [16] is
introduced, and the post-buckling shapes obtained numerically
there in are used to calculate the blood flow rate. In Section 2,
we review the formulation of the equilibrium equations. In
Section 3, we present a bifurcation analysis of the equilibrium
equations leading to explicit formulas for the bifurcation
points and the corresponding first order bifurcation solutions.
Then we explain how the nonlinearity of the blood vessel affect
the critical buckling pressure compared with the results which
assume linear elastic walls. In Section 4, we present the numer-
ical scheme used to obtain solutions to the post-buckling
shapes of the blood vessel. In Section 5, we show the numerical
results and calculate the blood flow rates through these buck-
led cross sections and discuss the results demonstrating in
details the effect of vessel’s wall and soft tissues nonlinearity
on the blood flow. Finally, in Section 6, we give some conclud-
ing remarks.

2. Mathematical formulation

The following modified stress-strain (¢ — €) model for the
blood vessel’s wall was used in [16]

o = Ee + o|e|e, (1)

where f3, o are material parameters and E is the Young’s mod-
ulus. Eq. 1 is obtained from the well-known equation

0= Eec+ f(e* — 1 — ae), (2)

provided in [12], by taking Taylor expansion and keeping up to
the quadratic term, when oe is sufficiently small. Experimental
results show that o = 1.5, f = 90 kPa and E = 20 kPa, for the
range 20 kPa < ¢ < 60 kPa, see e.g., [12]. For a complete sur-
vey of all the constitutive models for blood vessels, see [9].

It is well known that the soft tissues surrounding blood ves-
sels play a major rule during the collapse of these vessels,
[3,15]. In this paper the surrounding tissues are modeled as
nonlinear springs governed by the generalized Hooke’s law

F(s) = ks + kyg(s), 3)

R

2 3
4P £ 8

a: A blood vessel surrounded by soft tissue, b: elastic cylinder tethered to a rigid cylinder.
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Fig. 2 An element length.

where k, and k, are positive constants, and g(s) is an odd func-
tion of s. This formulation matches the behavior of some soft
tissues observed using ultrasound indentation [21]. However,
since our study is not specific to certain soft tissue, generic val-
ues for the constants k; and k, are assumed in our numerical
calculations. These values will be chosen to show the effect
of the nonlinearity of the soft tissue on the buckling shapes
and blood flow rate.

Fig. 1 depicts a long thin-walled cylindrical blood vessel
tethered by continuously distributed nonlinear springs to a
rigid outer cylinder. The interior cylinder is subjected to inter-
nal pressure P; and external pressure P,. This cylinder will
remain circular unless a critical or bifurcation pressure differ-
ence is exceeded.

2.1. Equilibrium equations

To formulate the mathematical equations governing the equi-
librium, we consider the forces acting on an elemental length of

b"a

B(x.»)

\ : 6

the cross section of the interior cylinder. In Fig. 2, below, S is
the shearing force, s is the arc length, ¢, is the tangential stress
per unit length, ¢, is the normal stress per unit length, M is the
bending moment, 7 is the tensional force, and 0 is the local
angle the vessel wall makes with the x-axis.

From Fig. 2, if we assume a small element length, the equi-
librium of forces in the normal and tangential directions
respectively gives [3]

Td0 = ¢.ds' + dS, (4)

gds' + Sd0 + dT = 0, (5
while balance of moments gives
dM = Sds'. (6)

Egs. (4)-(6) are the basic equilibrium equations as in [3]. In
Fig. 2, the wall thickness is assumed to be sufficiently small
compared to the radius. If we substitute the relation between
bending moment and stress, i.e. ol = Me%, into the
stress-strain Eq. (1), the bending moment can then be
expressed as

Ao, do do
MfEIIg‘FﬁO([zEg, (7)

where I, and I, are the first and the second area moment of
inertia respectively. Substituting (7) into (6), the shear force
can be written as

am a0 do  d*0
S=—=FI 2807 |~ . 8
dS/ 1 dS/z + ﬂ“ 2 dS, ‘ dSQ ( )
Dividing (5) by ds’ and substituting from (8) we get
a0 do d*0\ do dT
! El — + 2B’ L|— | —5 | = +— = 0. 9
q[ + ( lds,z + ﬁ(% 2|dsl‘ds/2) dS/ + dS, ( )
Then dividing (4) by ds’ and rewriting we get
do ds
T— ——=4¢q,. 10
oy = (10)

¥\ dy

dx

O
a

Fig. 3

\J

b

a: Displacement from point A to point B, b: orientation of element length relative to coordinates at point B.
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And, differentiating (10) with respect to ds’ gives
ardo _d'0 d&'S dq

T gt == i/” (11)
ds' ds ds ds ds

Before proceeding to the final equation, we can simplify the

derivation by using the following dimensionless variables

5 2/30(2[2
b= ELR - (12)

s _q, R}

S:§> qn7E117

41/123
ql:[ )
ElL

where, the undeformed radius R, and the quantity %, which
characterize the geometry and material properties, are used
to normalize distances and forces respectively. From now on

the prime (") will be used to denote differentiation with respect

to s i.e. 0 =4 By applying (12) to (8), then differentiating
with respect to s, we get

s = (1 + [3|(9’\>0’” + Bsign(0)(0")%. (13)
Applying (12) to (10) then substituting from (13) we get

T0 = 0" + B|0'10" + Bsign(0')(0") + q,, (14)
and again applying (12) to (9) we get
r:—(1+[s|0'\>9'9”—q,. (15)

Finally, differentiating (13) with respect to s, then substituting
it with (14) and (15) into (11) after normalizing it and multiply-
ing by 0’ gives

1+ Bl0]0d” — [0+ Bo'10” — 3p0'sign(0)0" | 0"
+[(0) = g, + BONO) ~ Bign(@)0" + 2550100 0"
+4,(0) +4,0 =0, (16)

where d(.) denotes the Dirac-Delta function.

To solve the previous equation we still need some boundary
conditions from the geometry of the deformation of the blood
vessel’s cross section. In Fig. 3, we demonstrate changes in the
coordinates of the element length due to a displacement from
point A on the initial circular shape to point B on a deformed
shape. The origin of the xy coordinates is placed at the center
of the local cross section, where the xy plane is perpendicular
to the longitudinal axis of the vessel. The distance a from the
origin to point C, at the far end of the soft tissue, is arbitrary.
The distance OA =1 is the normalized undeformed radius,
and the distance d from B to C is the current spring length.

In Fig. 3.a, x, y are the coordinates of point B. From Fig. 3.
b, their derivatives are
X' =cosf, ) =sind. (17)
It is obvious, from Fig. 3a, that

AC=a—1, (18)

d:\/(acoss—x)2+(asins—y)2. (19)

The extension of the spring due to deformation, Z, can be
expressed as
Z=BC-AC=d—-a+1, (20)

Recalling Eq. (3), the spring force, per unit area per unit ele-
mental length, due to deformation is given by

FZ)=kZ+ kg(Z), (21)

and acts along BC. It can be projected into the tangential and
normal directions giving ¢,, ¢, as follows

q, = F(Z)cos(0 —y)

= F(dZ) [cos B(acoss — x) + sin O(asins — )] (22)

q, = F(Z)sin(0 —y) — P

FZ
= (d ) [sinO(acoss — x) — cos O(asins — y)] — P, (23)
where
P=P,— P —F, (24)

and Fj is the spring force, per unit area per unit length at the
initial spring length [y =a— 1. When k; =k, =0,F(Z) =0
and (16) reduces to

{1 +/}|9'|]9'9
[0 +p+ B0 — Bign(0)0" +25(6)0'0" | " =o.
(25)

1111

7 |:0// + ﬁw/'gu 7 3Z39lsign(9’)9"] 6/”

In this case a simple linear solution 6 = Cs + D, where C,D
are constants, is feasible. From the boundary conditions
0(0) =%,0(%) =2+%,C=1,D =2, where N is the number
of axes of symmetry. Substituting this solution into (17) then
integrating gives the basic circular solution x? 4+ y?> = 1. With

further simplification when B—> 0, (25) is further reduced to
the twice integrable case indicated in [3].

3. Bifurcation analysis

For small values of the pressure difference, the interior cylin-
der remains circular and the circular solution is unique. As
the pressure difference increases beyond some critical value,
non-circular solutions occur. These critical values of the pres-
sure difference are called bifurcation points and their corre-
sponding non-circular solutions are called bifurcation
solutions. In this case, buckling solutions are sought of as solu-
tions bifurcating from the circular one and the pressure differ-
ence as the bifurcation parameter. Mathematically, bifurcation
may occur only at pressure difference that correspond to a sin-
gular linearized problem about the circular solution. An addi-
tional complexity arises here due to the nonlinear stress-strain
relation of the vessel’s wall. This complexity manifests itself in
the existence of the absolute value, sign function, and Dirac-
Delta function in the equilibrium equations.

To linearize (16) about the circular solution, assume that
&, n, and { are the variations in 60, x, and y from their respective
values in the circular solution. In this regard, we write

O=s+3+& 0=1+¢, (26)
X =coss+1n, (27)
y=sins+ . (28)

Substituting (26)—(28) into (19) and (20) gives

d=a—1—mncoss— {sins, (29)
Z = —ncoss — {sins. (30)
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Fig. 4 Percentage of change in k and P due to nonlinearity.
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Fig. 5 Critical pressure difference vs k and B at N = 2,4, 6.

Using (26)—(30) in linearizing (21)—(23) gives (1 n /}) é//// . (1 N 3 . P) ok, i(ﬂ coss -+ Csins) = 0
F(Z) = —ky(ncoss+ (sins), (31) ds (34)
=0 32 N
@=5 (32) which upon dividing by 1 + 8 becomes
q, = —ki(ncoss+ (sins) — P. (33) P b d
" 1 o
For small deformations close to the circular solution, ¢ is slightly ¢ <1 + 1+ [g) &= 1+p ds (ncoss + Lsins) =0. (35)

different than unity but still positive. Therefore, (16) becomes
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Start

Y

Input initial conditions:

from (52), Q1(0) = 3, @3(0) =0, Q6(0) = 0,

and assume Q2(0), Q4(0), Q5(0)

Y

Numerically integrate (49) and

the state transition matrix

fors € |0, %}

A

are conditions
(53), (54)

satisfied?

correct initial conditions are ob-
tained. Use them to numerically

integrate (49) for s € [0, 27]

Y

use Newton’s equation to

update initial conditions

Plot the buckled cross section

of the blood vessel

Y

Stop ’

Fig. 6 A flow chart of the differential correction scheme used to obtain shapes of buckled cross section of a blood vessel.

We notice that the nonlinearity necessitates higher external
pressure difference for buckling to occur. The percentages of
change in the spring stiffness and external pressure difference

ok P _ B
1+5°

kTP
plotted against 8 in Fig. 4 for B € [0,1).
Integrating (35) twice gives

1" P kl
1 = ¢ — =
5+<+1+ﬁ>6 1+p

and using (17), the integration [ (1coss -+ {sins)ds in (36) can
be carried out by parts to give

due to nonlinearity are These percentages are

/(ncoss+ {sins)ds = ¢1s + 2,

(36)

é//+<1+1+PB>ﬁlljrlﬁ(nsinsécoss)zcls+cz. (37)
The boundary conditions
£(0) = £"(0) = £(0) =0, (38)

gives ¢; = 0. Noting that the variations should satisfy the
boundary conditions and also give symmetrical shapes, they
can be assumed as periodic functions vanish at the start and
after a complete shape, i.e. variations should vanish at s = 2%,
The following trigonometric expansion is suitable

&(s) =) _b,sinnNs (39)
n=1
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Buckling cross section and blood velocity distribution for: N = Z,ii =0.05,P=17.25.
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Fig. 8 Buckling cross section and blood velocity distribution for: N = 3, = 0.05, P = 14.

Substituting (26) into (17) and neglecting higher order terms of
the variations we obtain linearized expressions for x’ and .
Comparing these expressions with the derivatives of (27) and
(28) we obtain #'(s) and {'(s), then integrating, we obtain the
following expressions for the variations

b, [cos(nN+1)s cos(nN —1)s
= = 4
10 = [+ e e @
b, [sin(nN+1)s  sin(nN — 1)s
- on — 41
;2[ AN+ 1 aN—1 | “1)

where ¢; and ¢; are constants. Knowing that #(0) =0 gives
¢y = 0. Substituting (39)-(41) into (37) and evaluating at
s=mn,s=2n/N gives ¢; =0,c3 =0 respectively, and one
finally gets

—nzNz—|—<l+ PA>— i
1B (14 B) (2N =1

by=0. (42)
]

For b, # 0 at any value of n, we must have

- P\ ky _
l—nN+<1+l+B> (+ﬁ)(n2N2 )} 0, (43)

and the critical value for pressure difference P, that satisfy this
condition is given by

ky

AN 1 (44)

Py=(1+B) (PN = 1) +
For ﬁ =0, Eq. (44) gives the same results obtained by Wang in
[3]. The change in the first critical pressure difference due to
nonlinearity of the vessel’s wall as compared with the linear
wall is

OPy = B(N* —1). (45)

Eq. (45) indicates that the effect of wall nonlinearity on the
critical pressure difference is not the same for all buckling
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Fig. 9  Buckling cross section and blood velocity distribution for: N = 4, B =0.05,P =26.2.
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Fig. 10  Buckling cross section and blood velocity distribution for: N = 5, § = 0.05, P = 33.

shapes. For a given value of N the right hand side of (44) can
be represented graphically by a surface Py = P} (k1 , 3; N)

shown in Fig. 5. The line of intersection of each two surfaces
represents the values of P* at which twoshapes with different
number of axes of symmetry occur.

The line of intersection between two successive surfaces
parameterized by N — 1, N respectively can be expressed as
follows

1

B=

Similarly the line of intersection between the two surfaces
N, N+ 1 can be expressed by the equation

B =

1
m}q 1, N>1. (47)

Values of the spring stiffness between two successive lines of
intersections lie within the interval

(14BN = 1)V =2) <k < (14 B)N(V = 1) (N +2).

(48)
It is obvious from (48) that the wall’s nonlinearity widens the
interval between two successive lines of intersection.

4. Numerical algorithm

For numerical calculations, the equilibrium equations can be
written as a vector nonlinear differential equation [16]

aQ _

ds =F(Q, P; ky;k;a), (49)



Analytical and numerical investigations of the collapse 3445
-1 05 0 05 1
T
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where Q is the state vector and its elements are indicated as
follows

0, 0
0, v
&0
Q) = 53 -1% | (50)
4
0,

X
Q6 y

L2

Flow rate w Vs f at N =2, 3,4, 5.

In (50), the state variables are the local angle 0, its first and sec-
ond derivatives, the tension 7 and the coordinates x,y. All
states are assumed to be functions of the independent variable
s € [0,2x]. While the pressure, the soft tissue stiffness, and the
arbitrary distance a are the system parameters. By definition of
Q we know that Q) = 0,, 05 = 05, and from (14) and (15) we
can obtain expressions for 0}, Q), then from (17) we can
obtain expressions for Q% Q. Thus, the function
F(Q, P; ky; ky;a) will be
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Flow rate w Vs k; at k, =0,1,2,3,4,5and f=0,N=2,P =1.5.
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Fig. 14 Flow rate w Vs k at k; =2,3,4,5,6 and f=0,N=2,P =17.5.

0,
0,
02044, Psign(0:)03
F(Q, Piki;kxsa) = e : (s1)
~(1+#1021)0:0;5 ~ 4,
cos 0,
sin Q,
with the boundary conditions
T
0,/(0)=2, Q:(0)=(0), 0,0)=0. (52)

Seeking buckling solutions with symmetrical shapes, the states
should satisfy the periodicity conditions of the buckled cross
sections with number of axes of symmetry N. These periodicity
conditions are represented as follows

271 n 2n 2n
0, (ﬁ) _§+W7 Qz(ﬁ) =0, (53)
21 27
00+ 00 -4 (5) + & (). (54)
An iterative differential correction scheme, is used to solve

the nonlinear boundary value problem (49), (52)—(54) numeri-
cally.. The steps of the numerical integration scheme is repre-
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Fig. 16 Flow rate w Vs k; at ko =0,1,2,3,4,5 and [3’ =0.05,N=2,P=1.5.

sented by the flow chart in Fig. 6, and for more details the

reader is referred to [22.23]. In this scheme, assume ki, k,, f3,
and P are known, an arbitrary set of values for
0,(0),0,4(0),05(0) are assumed. These values with those in
(52) constitute the initial conditions used to numerically inte-
grate the state equations, together with the associated differen-
tial equation of the state transition matrix. If, at the end of the
domain of integration, the target conditions (53) and (54) are
satisfied the process is terminated, and the assumed initial con-
ditions are the correct ones. Otherwise, the Newton’s equation
is applied to update the initial conditions and the integration
process is started again. Since a buckling shape has N > 2
symmetrical circumferential waves, the integration may be car-
ried out only for s € [0,%].

To validate the results of the differential correction scheme,
the correct set of initial conditions at certain N are used again
to numerically integrate the state Eqgs. (49) only but this time
for the whole domain s € [0,2xn]. The plotted shapes, in this
case, should have N number of axes of symmetry and satisfies
periodicity conditions at s = 27.

5. Results and discussion

Figs. 7-10 show the post buckling cross sections of a blood
vessel for N = 2,3,4, and 5 respectively. These cross sections
are calculated using the aforementioned scheme and intro-
duced first in [16]. But, in the current study the velocity distri-
bution of blood in these cross sections is calculated as well. The
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values of the soft tissue constants are taken as ky = 3,k, = 1

and the vessel’s wall nonlinearity B =0.05.

In these figures, the normalized Poisson’s equation Av = —1
is solved to obtain the velocity distribution v(x, y) of the blood
over the given cross section. We assumed that the blood inter-
face with the vessel’s wall extends to the entire surface so that
the condition v(x,y) =0 applies to all points (x,y) on the
boundaries. This condition also applies after the deformation
of the cross section.

The blood flow rate through each of the deformed shapes is
calculated assuming the blood to be Newtonian. This is a good
approximation for blood flow through vessels with large diam-
eter. Having the velocity calculated at all points in the cross
section of the blood vessel, by integrating the velocity on this
cross section we obtain the blood flow rate [3-5,24]. Generally,
The flow rate depends on the geometry of the cross section and
the pressure drop along the vessel, as well as some other
parameters. But, locally, we consider, the flow rate as a func-
tion of the cross-sectional geometry which depends on the
pressure difference through the vessel’s wall, the wall’s stress
strain characteristics, and the stiffness of the soft tissue.

We notice that for N = 2 when increasing the pressure dif-
ference on the wvessel's wall to P =282, keeping
B: 0.05,k; = 3,k, = 1, the two opposite sides of the vessel
come into contact as shown in Fig. 11. For pressure difference
P beyond this critical value, our formulation becomes invalid
and a new formulation is required [4]. It is interesting to note
that in the case of contact, if [} = 0, the solution doesn’t con-
verge into a symmetrical shape. The nonlinearity then helps
the blood vessel to maintain the two capillary-like shape allow-
ing blood to flow through it. Further more, in case if ZE #0a
pressure difference, lower than that in the linear mode, is
required for contact between the two opposite sides to occur.
In this analysis, we are able to predict the point of contact
for B # 0, but our model is not valid beyond the contact point.

5.1. Effect of wall nonlinearity on blood flow

In this study, we are emphasizing the effect of wall and soft tis-
sue nonlinearities. Therefore, in Fig. 12 we show the relation
between the blood flow rate w and the wall nonlinearity B at
N=2,3,4, and 5. Fig. 12 also indicates that the flow rate
increases with B when keeping N, P, k,k, unchanged. This
increase is more significant at higher number of axes of sym-
metry. As, at certain ]3 when N increases the slope of the line
B - w increases.

5.2. Effect of soft tissue nonlinearity on blood flow

It will be interesting to explore the effect of the nonlinearity of
the surrounding soft tissue, represented by k,, on the blood
flow. However, we will let both k; and k, vary and calculate
the flow rate keeping the other parameters unchanged. In the
following figures, the value of k, starts from zero, while the
value of k; starts from one. Fig. 13 shows the relation between
the flow w and k; at different values of k, when B =0,N=2,
and P = 7.5. It is obvious that at certain value of k, the flow
increases with k;. Also the line represents the relation between
w and k; is shifted upward and becomes more nonlinear when
k, increases. This observation demonstrates the coupling
between the effects of k; and k, on the blood flow.

Fig. 14 shows the relation between the flow w and k, at dif-
ferent values of k; when B =0,N=2,and P ="7.5. The rela-
tion between w and k, is nonlinear and w increases with k,.
Their relation also is shifted upward at higher values of k.

Fig. 15 below shows three dimensional representation of
the variation of the blood flow rate with k; and k&, at
N=2,P=75,and f=0.

In Figs. 16-18 we change [3 to 0.05 and study the effect of
k1, k, on the blood flow keeping N =2, P = 7.5. Fig. 16 shows
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0.05

1
25 3 35 4 45 5
k2

Flow rate w Vs ky at k; = 2,3,4,5,6 and f = 0.05,N =2, P = 7.5.
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Fig. 18 Flow rate w Vs ki, ks at f = 0.05,N=2,P =1.5.

the relation between w and k; at different values of k, and
Fig. 17 shows the relation between w and k, at different values
of k; while Fig. 18 shows a three dimensional plot of w with k;
and k, respectively.

In Figs. 16-18, the general behavior is the same as in
Figs. 13-15. However, by comparing the two sets of figures

the flow rate values when i? = 0.05 are higher than when

B = 0 at the same values of k; and k,. This observation shows
that the vessel’s wall nonlinearity increases the effect of soft tis-
sue nonlinearity on the blood flow but doesn’t change the
behavior of this effect. Also the 3D surfaces (15) and (18) still

maintain their convex shapes with increasing B This indicates
that measurements of the blood pressure, the shape, and the
flow rate using medical devices can be used to estimate the
elasticity parameters k; and k, uniquely, using some minimiz-
ing techniques. In a future study we plan to consider the case
when the blood flow is taken as non-Newtonian shear-thinning
fluid, in which case viscosity decreases with increasing the
stresses [25]. Some other properties of blood can also be
included into the analytical and numerical investigations.
For example treating the blood as a suspension and studying
the effect of nano-particles on its flow behavior [26,27].

6. Conclusion

The nonlinearity of blood vessel’s walls affects their post-
buckling shapes and blood flow rates. In this case, the critical
pressure differences for buckled shapes can still be obtained
analytically by linearizing the equilibrium equations. The
post-buckling shapes can be calculated numerically by apply-
ing Newton’s method to solve the corresponding full nonlinear
boundary value problem. The blood flow rates through these
blood vessels are found to increase with the nonlinearities.
Our results show that even at small strains, the buckling and
post-buckling shapes of the blood vessels using nonlinear
material model are quite different from the previous results
based on linear models. Experimental data are found consis-
tent with the model for the spring nonlinearity used in our sim-
ulations.Therefore, our results can provide insights into the

true nonlinear phenomenon of blood vessels deformations
and their associated blood flow rates.
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