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ABSTRACT

This thesis presents a comprehensive performance analysis of cascaded Recon-

figurable Intelligent Surface (RIS)-aided communication systems under Nakagami-

m fading. It consider a multi-hop (cascaded) RIS architecture, where multiple

RIS layers are deployed in series, and incorporate a practical phase shift model

that captures the dependency of each reflecting element’s amplitude response on

its phase adjustment. The aim of this paper is to derive exact analytical expres-

sions for the end-to-end signal-to-noise ratio (SNR) distribution and use them

to obtain closed-form formulas for the outage probability (OP) and ergodic ca-

pacity (EC) of the cascaded RIS system. To handle the products of multiple

fading coefficients and phase responses, the derivations leverage advanced ana-

lytical tools such as the Fox H-function and moment-generating function (MGF)

methods, yielding tractable expressions for these performance metrics. Monte

Carlo simulations validate the accuracy of the derived results across various sys-

tem configurations. The results demonstrate that imperfect phase alignment due

to practical hardware introduces performance degradation compared to the ideal

case. Nevertheless, increasing the number of RIS layers and reflecting elements

significantly improves SNR, resulting in lower OP and higher EC. These findings

highlight the trade-offs between RIS network density (number of layers/elements)

and achievable performance under practical phase shift limitations, providing

valuable design insights for future beyond 5G (B5G) and sixth generation (6G)

cellular networks and cascaded RIS-based wireless networks.
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Chapter 1

Introduction

1.1 Evolution of wireless communication

Wireless communication is a crucial part of modern communication, allowing de-

vices to communicate across different applications, including mobile networks, the

Internet of Things (IoT), and satellite communications. In this type of communi-

cation, there is no need for physical connection (e.g., physical cables); instead, it

uses electromagnetic (EM) waves propagating through the air or space to transmit

information. Depending on the application and distance, it uses various frequency

bands. Low-frequency bands, such as radio waves, are widely used for communi-

cation over long distances, while high-frequency bands, such as microwaves and

millimeter waves (mmWaves), are used for high-speed data transmission. Ex-

amples of these include satellite communications, fifth generation (5G) networks,

and Wireless Fidelity (Wi-Fi). The use of these frequency bands for wireless

communication ensures reliable, efficient, and scalable connectivity in various do-

mains.

Wireless technology experienced a significant evolution from early radio com-

munication to current 5G and beyond. A new generation of mobile communica-

tion has appeared every decade since 1980 [1]. It begins with the introduction

of first generation (1G) cellular networks. The idea of cellular networks is that

the local area is divided into smaller parts, called cells, and each cell is served

by its Base Station (BS) [2]. In these cellular networks, information is sent

through analog signals and the peak data transmission rate was 2.4 kilobits per

second (kbps), which was appropriate for voice calls [1]. In the 1G technology,
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the Frequency Modulation (FM) technique was used along with Frequency Divi-

sion Multiple Access (FDMA) technologies [1]. The FDMA technology allows to

multiple users communicate simultaneously, where for each channel 30 kilohertz

(kHz) bandwidth was devoted. Due to the usage of analog signals, 1G had several

disadvantages, such as no encryption [1], poor voice quality [2], and security [1].

Moreover, since the frequency range of 1G was limited, the FDMA technology

usage limited the number of users [3]. Even with these problems, the arrival of

1G networks laid the groundwork for major changes that followed.

The rise of mobile communication also increased the demand for a more ef-

ficient and reliable system. To meet the demand, the second generation (2G)

mobile communication was developed, which used digital transmission. The first

stage of 2G was the introduction of a Global System for Mobile Telecommunica-

tion (GSM) technology. In GSM networks, geographic regions are divided into

smaller areas called cells, each of which is managed by its BSs. When a user

changes its location from one cell to another ongoing communication session is

transferred from the current base station to another. This process called han-

dover is the main feature of 2G mobile communication. Additionally, along with

digital voice calls, new services, such as Voice Mail Service (VMS) and Short

Message Service (SMS) appeared with GSM technology [2]. 2G used Gaussian

Minimum Frequency Shift Keying (GMSK) and Time Division Multiple Access

(TDMA) technologies, which allows multiple users to share the same frequency

channel by dividing it into different time slots for data transmission [1]- [2]. One

of the primary disadvantages of GSM was the limited data transmission rate,

which ranged from 9.6 kbps to 19.2 kbps [4]. The reason for such a low data rate

is the usage of circuit-switching connections, meaning a dedicated channel was

reserved for the entire duration of a data session, even when no data was being

transmitted. Therefore, a new technology called General Packet Radio Service

(GPRS) was developed, which is considered an extension of the 2G technology

and called second-and-a-half generation (2.5G) cellular network. In this technol-



12

ogy, instead of circuit-switching connections, a packet-switched technology was

employed partially, which allowed data to be sent only when needed. This change

was reflected in the data transmission rate, which was increased up to 50 kbps [1].

Subsequently, an Enhanced Data Rate for Global Evolution (EDGE) technology

was introduced and achieved data rates of 150 kbps to 200 kbps by using an

8-phase Shift Keying (8-PSK) modulation technique [5]. EDGE was introduced

in response to the demand for higher data speeds in GSM networks to enable

more complex services such as multimedia and internet services. However, de-

spite such advancements, their speed rates still proved to be insufficient for the

growing needs of high-speed mobile services, thus leading to the emergence of

third generation (3G) cellular network. [5].

The 3G technology introduced significant improvements in terms of data

transmission rates and overall network performance. The capability of data trans-

mission enabled a wide array of services, including video calls and streaming, fast

internet browsing, and others [3]. 3G mainly uses Wideband Code Division Mul-

tiple Access (WCDMA) that enables multiple users to share the same frequency

band while minimizing interference and enabling simultaneous transmission of

data. Later, High-Speed Packet Access (HSPA) was introduced, which was an

improvement of 3G and further enhanced throughput (data rates) by employing

a time multiplexing scheme, whereby packets are dynamically scheduled based on

network conditions and demand from users. However, despite being several times

faster than 2G, 3G was not fast enough to accommodate many growing needs of

modern applications, including high-definition video streaming, real-time online

gaming, cloud-based services, and others.

To address the limitations of capacity, speed, and network coverage inherent

to the 3G networks, Long-Term Evolution (LTE), a fourth generation (4G) cel-

lular networks were created to expand the functionality of the 3G networks [6].

The improvement of such parameters is achieved by using Orthogonal Frequency

Division Multiplexing (OFDM), where the communication channel is partitioned
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into many uniformly spaced frequency bands. User information data is also seg-

mented, and each subcarrier transmits a fraction of this information within a

specific frequency band. All these subcarriers remain orthogonal (independent)

to one another, even if there is an overlap in uniformly spaced frequency bands [7].

Usage of OFDM allowed to reach the peak speed limits of 50 Megabits per second

(Mbps) in the uplink and 100 Mbps in the downlink. Another technology used

in 4G is Multiple-Input and Multiple-Output (MIMO), which employs multiple

antenna elements at both the transmitter and receiver to enhance the speed and

signal quality. The use of MIMO technology in 4G networks enhances overall

performance and efficiency in wireless communications [3]. The next generation

of LTE is called Long-Term Evolution Advanced (LTE-A). The Carrier Aggrega-

tion (CA) technique, which combines multiple frequency bands into a single fre-

quency band, makes it possible to reach the uplink speed of 1 Gigabits per second

(Gbps) [6]. One of the significant advancements observed in 4G is the transition

from circuit-switching architecture to complete packet-switching, even for voice

calls using the new technology - Voice over Long-Term Evolution (VoLTE). Over-

all, 4G revolutionized mobile communication, providing high-speed data trans-

mission, low latency, and a complete packet switch architecture. Despite its

advancements, the demand for ultra-low latency, massive IoT connectivity, and

enhanced capacity led to the development of 5G.

The development of 5G networks arises from the limitations of previous gen-

erations, which could not meet the increasing demands in terms of speed, latency,

and connectivity. The Coronavirus Disease 2019 (COVID-19) pandemic has fur-

ther highlighted the need for reliable, high-speed communication infrastructure,

with an increased number of people switching to remote work, and online educa-

tion. Due to this, there was a massive increase in data traffic, since for such kinds

of activities high-quality video-conferencing, real-time communication, and other

tools were vital. Major technologies used in 5G are network slicing [8], Device-

to-Device Communication (D2D), Machine-to-Machine Communication (M2M),
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and Massive MIMO [9]. The data rate of 5G varies between 10 Gbps and 100

Gbps and it ensures latency of less than 1 millisecond (ms) [9]. However, despite

these advancements, challenges such as signal blockage in high-frequency bands

and power consumption are significant issues for 5G deployment.

The next evolutionary advancement in wireless communication is the sixth

generation (6G) of cellular networks, which seeks to improve the capabilities of

cellular networks further. 6G networks are expected to provide extremely high

speeds, ultra-low latency, widespread connectivity, and improved security and

privacy [10]. However, achieving these advancements comes with several critical

challenges. One such problem is spectrum scarcity due to the increased number

of users resulting in congestion in frequency bands. This encourages exploration

of the higher frequency bands, such as mmWave and TeraHertz (THz) frequen-

cies. However, these bands suffer from high propagation loss, signal attenuation,

and limited coverage, which makes their adoption difficult [11]. Another problem

is the energy efficiency problem since the utilization of technologies like massive

MIMO, small cells, and beamforming techniques require significant energy to

transmit and process signals. This issue becomes more severe when the number

of IoT devices will increase substantially [11]. Moreover, modern wireless com-

munication technologies have issues regarding interference management as more

devices operate in the same frequency bands. Regarding these problems, many

possible solutions were explored and one of them is a Reconfigurable Intelligent

Surface (RIS), which provide a promising solution by optimizing spectrum usage,

improving energy efficiency, and reducing interference. Therefore, this thesis ex-

amines an important technology towards the development of 6G and provides a

comprehensive examination of the performance of RIS-based systems.

1.2 Reconfigurable intelligent surfaces

As the 5G technology continues to be deployed globally and various hardware

components for 5G are being developed, researchers are increasingly focusing on
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advancing technologies for B5G and 6G networks. These next generation net-

works are expected to offer significant improvements over 5G, such as ultra-low

latency, enhanced energy and spectral efficiency, and a broader frequency range,

including the mmWave and THz bands [12]. Applications of B5G and 6G net-

works will include augmented reality (AR), virtual reality (VR), autonomous

vehicles, unmanned aerial vehicles (UAVs), smart cities, and many others [12]. A

key technology driving the evolution of these networks is RIS, which will play a

crucial role in improving network performance and efficiency. RISs are flat sur-

faces made up of numerous reflecting elements that can independently adjust the

amplitude and phase of incoming signals [13]. Typically, RIS is placed between

the transmitter and receiver to improve signal strength, reduce interference, and

compensate for power losses [13]. Due to these phase shift and amplitude re-

sponse changes, it is possible to modify the reflected signals in such a way that

the intended signal is amplified or interference from other signals at the receiver

is minimized [14]. RIS-based communication systems offer many advantages over

conventional systems by overcoming obstacles between the transmitter and re-

ceiver in both outdoor and indoor environments. Given these attributes, RIS

might become one of the key technologies driving expansion B5G and 6G [15].

1.2.1 Hardware structure of RIS

RIS is a planar metasurface composed of many programmable reflecting elements

(unit cells) arranged on a substrate with control circuits that tune these ele-

ments [13]. Each unit cell can modify the phase amplitude of an incoming EM

wave, so that collectively RIS can shape the reflected signals. In hardware terms,

RIS is an array of tunable unit cells backed by a supporting structure and man-

aged by an electronic control system.

Practically, these components are realized in a multi-layer Printed Circuit

Board (PCB). The top layer contains metallic unit cells, the middle layer is de-

voted to the bias network and tunable elements, and at the bottom layer control
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Figure 1.1: Cross-sectional structure of RIS: (a) Schematic of a metasurface layer;
(b) Diagram of a reconfigurable metasurface; (c) RIS.

circuitry (microcontroller) is placed [16]. Illustration of the cross-sectional view

of a RIS is presented in Figure 1.1.

Unit cells are fundamental elements of RIS. These elements have a small size

and perform the main function RIS - reflect the incident EM waves. They are

commonly made as flat metal patches (microstrip patch antennas) or other metal

shapes on a dielectric material, which serves as a mechanical support [12]. The

unit cells are arranged in periodic lattice across the surface with a spacing about

half the wavelength or smaller, to uniformly capture the incoming waves. At the

bottom of the dielectric substrate, there is a ground plane, which prevents the

transmission and maximizes the reflection towards the desired direction. Using

the PCB technology to fabricate these patterns makes RIS construction cost ef-

fective and scalable [12].

To manipulate the incoming signals, each unit cell is connected to tunable

components, which adjusts the effective impedance of resonant frequency. As

a tuning element, mostly Positive-Intrinsic-Negative (PIN) diode switches, var-

actor diodes (variable capacitors), and micro-electromechanical system (MEMS)

switches are preferred [12], [16]. These tunable components are integrated into
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the unit cell design, such that changing their state alters the current flow on the

metal patch. Changing the state of the tunable component also results in the

change of resonant frequency and impedance, which in turn alters the phase an-

gle of the reflected signal at the operating frequency [12]. For instance, the ON

and OFF states of a PIN diode can produce two distinct resonant modes of the

cell, corresponding to two discrete phase values (e.g. 0° and 180°) [16]. Using

multiple switches or variable reactances can realize multi-bit phase control (more

than two states) or even continuous phase tuning in the case of varactors [12].

For the control purposes of the tunable elements, there is a need for a bias

network. The bias network is responsible for the delivery of control signals to the

tuning elements. This bias network can be implemented as patterned conductive

traces which are connected to the unit cell’s tuning components. Often there

is a specific PCB layer devoted to the bias network called configuration layer.

Bias networks sometimes could radiate unwanted signals affecting the radio fre-

quency (RF) performance, therefore design of biasing networks must ensure that

it has minimal impact to avoid interference, which is realized by the usage of

high-impedance lines or RF chokes. Moreover, each unit cell may have an RF-

decoupling network to isolate the control line at RF frequencies while allowing

direct current (DC) and alternating current (AC) bias to tune the element. The

bias network is a crucial hardware component that links the metasurface layer

with the control layer of RIS [16].

The main processing unit of RIS is a control circuit, which is typically im-

plemented by a microcontroller or FPGA-based control board attached to the

metasurface [12]. These units control the bias networks using specific algorithms.

The control board often communicates with the network (e.g., via a wired connec-

tion or wirelessly) to receive configuration commands, effectively making the RIS

a controllable network node. Importantly, the control electronics layer is isolated

from the RF layer by the substrate and ground, but connected through the bias

networks [16].
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In summary, the hardware of RISs combines conventional antenna engineer-

ing with innovative reconfigurable technologies. The primary components of the

RIS hardware (the tunable cells, the substrate structure, and the control/bias

circuitry) work together to create specific phase shifts throughout the surface,

actively altering how incident waves propagate.

1.2.2 Operating modes of RIS

RIS is a new network entity that consists of a surface capable of reflecting and

transmitting signals. It is controlled by an RIS controller, which allows it to op-

erate passively or actively transforming the wireless environment. This transfor-

mation enables RIS to turn from a passive element into an intelligent device that

can adjust and optimize the communication channel [16]. In the literature, there

are six operating modes of RIS: reflection, refraction, absorption, backscattering,

transmitting, and receiving mode. However, the majority of research focuses on

reflection and refraction modes, while other working modes receive comparatively

less attention.

In reflective mode, RIS operates as a surface that reflects EM waves, which

is one of the most common applications of RIS. By adjusting the amplitude re-

sponse and phase shift, RIS directs incoming signals to specific locations, thereby

improving the coverage. It is beneficial in cases where direct communication be-

tween the BS and end-user is blocked by physical obstacles. Using reflection mode

it is possible to create virtual Line-of-Sight (LoS) communication overcoming the

barrier between transmitter and receiver, which is particularly useful in urban

areas. Furthermore, in reflective mode, it is possible to reduce interference and

increase capacity, further optimizing the network performance [12].

Refraction mode enables RIS to control the direction of EM waves when they

pass through the surface. Similarly, by manipulating the phase and amplitude

of incoming signals, it can refract and redirect the incoming signal in various di-

rections. One of the utilization cases of this mode is outdoor-to-indoor scenario,
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Figure 1.2: Operating modes of RIS.

where RIS can be strategically placed on the external side of a building and

redirect the incoming signals to the end-users inside the building. This mode is

effective in enhancing the signal quality in indoor environments, when LoS paths

are blocked by building layouts [12].

The following working modes of RIS are less popular, but still could be effi-

cient in specific cases. Absorption mode is used when RIS is needed to absorb

the signals of specific frequencies, which will be helpful to reduce interference.

In crowded communication environments, it can absorb unwanted signals, thus

helping to create cleaner and more efficient channels. This mode can be used to

improve privacy and security by isolating specific areas from EM waves [16]. In

backscattering mode, RIS reflects signals over larger areas rather than targeting

specific locations, assisting in reducing blind spots in regions with limited signal

coverage [16]. Transmitting mode enables RIS to work similarly to a conven-

tional antenna. RIS in this mode can actively transmit EM waves. This mode

integrates RIS with wireless transmitters and utilizes its dynamic metasurface
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antenna properties, allowing RIS to send signals out to a desired location [16]. In

receiving mode, RIS can be used to receive signals from the network performing

the opposite role to transmitting. Instead of just reflecting or transmitting, RIS

can capture incoming signals and process them, acting as a receiver [16]. Illus-

tration of the working modes of RIS are presented in Figure 1.2.

In conclusion, the diverse operating modes of RIS offer a flexible and efficient

means of optimizing wireless network performance, with each mode serving spe-

cific needs and contributing to the overall improvement of network performance.

1.2.3 Types of RIS

Based on the power consumption of RIS it could be categorized into passive and

active RISs. Structures of both types of RIS are presented in Figures 1.3 and 1.4.

A passive RIS uses no active amplification. Its unit cells only introduce phase

shifts through passive components. In hardware terms, each element is a reflec-

tive patch combined with a tunable impedance circuit but no transistor-based

amplifiers. As a result, passive RIS elements consume virtually zero DC power

and generate negligible additional noise [16]. Power is only needed for the control

biasing and the control board itself. The benefit of this purely passive approach is

simplicity and energy efficiency, which enables RIS to be deployed without heavy

power consumption and with minimal thermal considerations. However, passive

RIS can only redirect the energy that arrives and they cannot boost or process

the signal. In scenarios where the path loss is severe, a passive RIS’s reflected

signal may be very weak, since it suffers a multiplicative fading effect from the

two-hop path (BS-RIS and RIS-user) [17]. Despite this limitation, passive RIS

can significantly improve the coverage in indoor and small-cell scenarios, validat-

ing their effectiveness when properly designed.

Active RIS incorporates power-consuming active components within its unit

cells to amplify the incoming signal. From a hardware perspective, this means

each cell contains an amplifier in addition to the passive resonator. A reflection
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Figure 1.3: Passive RIS structure.

amplifier can be realized with a transistor biased such that it reflects an incident

signal with gain. By integrating these into the metasurface, active RIS can add

energy into the reflected wave, compensating for path loss [18]. This capability

comes at the cost of more complex hardware, such as distribution of DC power

to all elements, thermal management of the active devices, and additional control

to avoid instability. Active RIS elements also introduce electronic noise, which

means the reflected signal will carry some added noise that can reduce the end-to-

end SNR [18]. Moreover, active circuits increase the risk of nonlinear effects and

interference if not properly isolated. In summary, active RIS hardware aims to

overcome the inherent loss of passive reflection by boosting signal strength. Early

prototypes of active RIS have shown improved coverage, but they require care-

ful design to balance signal gain against power consumption and noise, and their

hardware is significantly more expensive and power-hungry than passive RIS [18].

Figure 1.4: Active RIS structure.
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In conclusion, RIS offer a new approach to enhancing wireless communication

by enabling control over signal reflection and transmission. With their ability to

improve coverage, reduce interference, and increase energy efficiency, RIS is poised

to play a crucial role in the development of B5G and 6G networks, providing a

versatile solution for future communication systems.

1.3 Cascaded channels

Cascaded channels are a series of communication channels connected in a se-

quence where the output of one channel serves as the input to the next. In a

cascaded channel model, each channel introduces its own distortions, noise, and

attenuation, which can accumulate as the signal travels through multiple stages.

In practical implementations, cascaded channels are often modeled to account

for fading, interference, and path loss, which are typical challenges in wireless

communication environments. The use of cascaded channels is also important in

scenarios like relaying, where intermediate nodes or devices help in forwarding

the signal, thus forming a series of links. The study of cascaded channels is es-

sential in the design of advanced communication systems using RISs, which aims

to shape the propagation environment. By addressing the complexities of signal

propagation across multiple stages and ensuring that the effects of noise, inter-

ference, and distortion are minimized, researchers and engineers can significantly

improve the performance of modern communication systems, making them more

reliable and efficient in various real-world applications.

1.4 Practical phase shift model

In practical implementations, RIS is usually constructed using the PCB, where

the metamaterial reflecting elements are periodically placed on a dielectric sub-

strate. These reflecting elements are controlled by semiconductor devices (PIN

diodes, varactor diodes, etc.) by varying biasing voltages, which change the

impedance of reflecting elements and their resonant frequency. The physical sizes
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Figure 1.5: An equivalent circuit model of reflecting element of RIS.

of such reflecting elements are typically smaller than the wavelength of the in-

coming signals. Therefore, its response can be accurately described by a lumped

circuit model presented in Figure 1.5 [19].

In this model, metal components of reflecting elements can be designed by

inductors, since the high frequency current through these components creates

magnetic fields. For the i -th reflecting element of a particular intelligent surface,

its impedance can be written as

Zi(Ci, Ri) =
jωL1

(
ωL2 +

1
jωCi

+Ri

)
jωL1 +

(
ωL2 +

1
jωCi

+Ri

) , (1.1)

where, L1 and L1 are inductances of the bottom and top layers, respectively.

Ri is the effective resistance, which estimates the power dissipation caused by

losses in semiconductor devices, metallic parts, and dielectric substrates. Ci

is the effective capacitance, which defines the charge accumulation related to

the geometry of the element and the semiconductor device. ω is the angular

frequency of the incident signal. Then the reflection coefficient can be defined as

a parameter that represents the proportion of the reflected EM wave caused by

the impedance mismatch between the free space impedance Z0 and the element
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impedance Zi(Ci, Ri):

vi =
Zi(Ci, Ri)− Z0

Zi(Ci, Ri) + Z0

. (1.2)

Here, it can be observed that the reflection coefficient is a function of the effective

capacitance and resistance. By varying these parameters, the reflected EM waves

can be controlled. In [19], the authors have shown this dependence experimentally

and characterized the relationship between the reflection amplitude and phase

shift as

ρi(αi) = (1− κmin)

(
sin(αi − ϑ) + 1

2

)ξ
+ κmin. (1.3)

Reflection coefficient is defined as vi = ρi(αi)e
jαi , where ρi(αi) ∈ [0, 1] is the

reflection amplitude and αi ∈ [−π, π) is the phase shift of an i -th element of RIS.

κmin ≥ 0, ϑ ≥ 0, and ξ ≥ 0 are specific constants related to circuit implementation

and they are responsible for the shape of the dependence curve. Practically, these

parameters are fixed once RIS is fabricated, and simple curve fitting tool can help

to estimate those parameters [19]. It is also worth to note that when κmin = 1

or ξ = 0 this circuit acts as an ideal reflector with reflection coefficient equal to

unity ρi(αi) = 1.

1.5 Literature review

Several researches have recently examined the performance of RIS-based com-

munication systems. Performance metrics, such as coverage, Outage Probabil-

ity (OP) [20, 21, 22, 23, 24], Bit Error Rate (BER) [22, 24], Ergodic Capacity

(EC) [20, 21, 23] were studied over various fading channels (Nakagami-m [24],

Rician [20], Rayleigh [21]) with a single RIS system model.

The amount of literature on cascaded RIS systems, which utilize multiple RISs

in series to establish a multi-hop pathway, is limited yet expanding. The authors

in [2] provided one of the few comprehensive studies in this area. They suggested

an effective method to estimate the channel distribution of cascaded RIS-aided

wireless networks that takes phase errors over Nakagami-m fading channels into
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account. This study comes out with closed-form equations for the Probability

Density Function (PDF) and the probability of an outage in cascaded RIS sys-

tems. The Monte Carlo simulations were used to prove that these expressions were

correct. However, in this approximation, the ideal constant reflection coefficient

was used, while practically it is difficult to realize such assumption. Therefore,

the authors in [19] proposed practical phase shift model in which the amplitude

response is dependent on the phase shift. Then, this model was used by [21]

and exact expressions of performance metrics, such as OP and EC, were derived.

A detailed summary of the literature made on the single RIS system model is

presented in [24]. Another study that investigated cascaded RIS is [25], where

the authors used OP, EC, and average BER performance metrics and calculated

their exact expressions for three cascaded RISs. These results were validated

using Monte Carlo simulations, and authors concluded from the results, that

in some cases, multiple RIS system models could outperform single-RIS system

models [21], if the correct number of RIS was be chosen and coverage of the net-

work could be expanded. In summary, although research on cascaded RIS system

models is small relative to single-RIS system models, these investigations reveal

the potential of multi-RIS configurations to improve network coverage, offering

important insights for forthcoming wireless communication technologies.

1.6 Aims and objectives

Initial aim of this research is to conduct a comprehensive exploration of RIS tech-

nology, including the examination of fundamental principles of RIS, its potential

application in wireless communication systems, and assessing the impact on en-

hancing network performance. The research will focus on understanding how RIS

can be used to improve the signal propagation, reduction of interference and op-

timization of network’s coverage and capacity. This will provide foundational

knowledge, which will guide the following analysis. Second aim of this research

is to assess the performance of RIS-aided communication systems using perfor-
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mance metrics, such as OP and EC. Lastly, it was aimed to assess the technical

challenges with deploying RIS technology and propose practical solutions to over-

come these obstacles. By investigating these aspects, the study seeks to highlight

how RIS can play a critical role in enhancing the performance and sustainability

of future network infrastructures.

To fulfill the previously stated aims, the following specific objectives will be

undertaken. First, an in-depth literature review needs to be carried out, which

includes scientific and conference papers, to get relevant insights and research

findings about this field. Secondly, using the acquired knowledge cascaded RIS-

aided system model will be thoroughly explored. Particularly, it will be attempted

to get the exact expression of the signal-to-noise ratio (SNR) of the correspond-

ing model with the practical phase shift assumption, which will be followed by

deriving exact expressions for OP and EC. To check the validity of the derived ex-

pressions, Monte Carlo simulations will be carried out using MATrix LABoratory

(MATLAB) software.



Chapter 2

Methodology

2.1 System model

This research will focus on theoretical investigation of the cascaded RIS system

model presented in Figure 2.1. This system model is composed of a transmitter,

n cascaded RIS, and an end-user. Additionally, in this system model, it will

be assumed that there is no direct link between the transmitter and end-user

(receiver). Moreover, signal from the transmitter reaches only the first RIS and

direct links between transmitter and other RISs are blocked. Similarly, end-user

only receives a signal from the last RIS, while the connections between the receiver

and other RISs are also blocked. In order to get performance metrics, such as

OP and EC, it is needed to have the distribution of an instantaneous end-to-end

SNR. Therefore, let’s describe this system model step-by-step, starting from the

random channel between the transmitter and RIS 1, which is expressed as

h = |hi|ejϕi , (2.1)

where h ∈ CN1×1 = {|hi|ejϕi , ∀i ∈ N1}, in other words, this random channel

is described by the set of N1 complex Random Variables (RVs), where N1 is

the number of reflecting elements in the RIS 1. Similarly, the random channel

between two neighboring RISs is described by

Gj = |gil|ejθil , (2.2)



28

Figure 2.1: Cascaded RIS-aided system model.

where G1 ∈ CNi×Nj = {|gG1
il |ejθ

G1
il , ∀i ∈ Ni,∀j ∈ Nj}. This random channel is

described by the set of Ni ×Nj complex RVs, where Ni and Nj are the numbers

of elements of RISs i and j, respectively. Finally, the random channel between

the last RIS and end-user is shown as

q = |qk|ejψk . (2.3)

In the same way, here q ∈ C1×Nk = {|qk|ejψk , ∀k ∈ Nk} or this random channel

is described by the set of Nk complex RVs, where Nk is the number of reflecting

elements of last RIS k. It is worth to note that in this system model number of

reflecting elements in each RIS is assumed to be same the (N = N1 = N2 = · · · =

Nn). Each random channel’s amplitude are sampled from the i.n.i.d (independent

and not necessarily identically distributed) Nakagami-m distribution, which can

be modeled as [26]:

fXi
(x) =

2mmi
i

Γ(mi)Ωmi
i

x2mi−1e
−mi

Ωi
x2
, x ≥ 0, (2.4)

where, mi ≥ 1
2
and Ωi > 0 are the shape and scale parameters of the Nakagami-

m distribution, and Γ(·) is the Gamma function. Using this system model, an
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effective signal received by the end-user could be written as [14]:

yR =
N∑
i=1

N∑
l=1

· · ·
N∑
j=1

N∑
k=1

√
P

dτTR1
dτR1R2

· · · dτRn−1Rn
dτRnR

×

× |hi||ηR1
i ||gG1

il | · · · |g
Gn−1

jk ||ηRn
k ||qk|×

× e
j
(
ϕi−α

R1
i +θ

G1
il +···+θGn−1

jk −αRn
k +ψk

)
χ+ nG.

(2.5)

This equation describes the cascaded RIS system model, and the definitions will

be represented further [14]. Corresponding distances between all entities in this

system model will be noted as dτTR1
, dτR1R2

, . . . , dτRn−1Rn
, dτRnR

. where Ri in the

subscripts meaning the i -th RIS. P is the power of the signal at the transmitter,

χ is the signal sent at the transmitter, nG is the added Gaussian noise (zero mean

and σ2
R variance), and τ is the path-loss coefficient. In this system model it is also

assumed that all connections between entities have the same path-loss coefficient.

Additinally, each element of the RIS has an impact on the received signal called

the reflection coefficient. This impact is represented by

ηRt = |ηRt
i |e−jα

Rt
i , (2.6)

where ηRt ∈ C1×Nt = {|ηRt
i |e−jα

Rt
i , ∀i ∈ Nt}. This reflection coefficients are rep-

resented by the set of complex RVs of size Nt, where Nt is the number of elements

of RIS t. The magnitude of the reflection coefficient |ηRt
i | is the amplitude, while

the exponential part (e−jα
Rt
i ) is the phase shift of i-th element of t-th RIS. Ideally,

the magnitude of the reflection coefficient of the RIS is unity; however, practi-

cally, there is some relationship between the amplitude and phase responses [19].

Considering this relationship, the reflection coefficient vRt
i of the i-th element of

t-th RIS can be rewritten as

vRt
i = ρRt

i (αRt
i )e−jα

Rt
i , (2.7)
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where amplitude response ρRt
i (αRt

i ) is a function of the phase shift αRt
i , and this

function is represented as follows [19]

ρRt
i (αRt

i ) = (1− κmin)

(
sin(αRt

i − ϑ) + 1

2

)ξ
+ κmin. (2.8)

Here, κmin ≥ 0, ϑ ≥ 0, and ξ ≥ 0 are specific constants, which are related

to practical phase shift circuit [19]. κmin is the minimum amplitude, ϑ is the

horizontal distance between −π/2 and κmin. Using ξ, it is possible to control the

steepness of the curve of practical phase shift. In this system αRt
i varies between

[−π, π), consequently, ρRt
i (αRt

i ) will take values between [0, 1] [19]. Usually, it

is assumed that these constant parameters are same for all reflective elements.

Then, continuing, SNR of the end-to-end system will be expressed as

γR =

∣∣∣P∑N
i=1

∑N
l=1 · · ·

∑N
j=1

∑N
k=1Xil···jke

jδil···jk

∣∣∣2
σ2

.
(2.9)

Here, P stands for the normalized transmit power and defined as

P =

√
P

dTTR1
dTR1R2

· · · dTRn−1Rn
dTRnR

. (2.10)

Xil···jk is the product of amplitudes of random channels and reflection coefficient

of RISs

Xil···jk = |hi||ηR1
i ||gG1

il | · · · |g
Gn−1

jk ||ηRn
k ||qk|, (2.11)

and δil···jk is the sum of the phases of random channels and reflection coefficients

δil···jk = ϕi − αR1
i + θG1

il + · · ·+ θ
Gn−1

jk − αRn
k + ψk. (2.12)

In cascaded RIS-aided system, it is impossible to have zero phase error due to

several reasons. First of all, at a certain time RIS can modify only one phase of

particular path, while the number of path created in such system model depends

on number of elements and number of RISs by Nn. Considering this, it could be
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Figure 2.2: Three cascaded RISs each with four reflecting elements.

stated that RIS can only adjust N × n number of phases, while Nn − (N × n)

phases will have some phase error. As an example, consider simple cascaded RIS-

based system model with three RISs each with four reflecting elements presented

in Figure 2.2. It can be seen that in this system model, 64 connections are

established between the BS and the end-user, with only 12 reflecting elements

available to adjust the phases. These 12 reflecting elements can minimize the

phase error for one particular path each, leaving 48 paths with some phase error.

However, by optimizing the phase contributions of the RIS reflecting elements,

it is possible to minimize the overall phase error of the system model. Another

reason is that, practically, RIS is limited by the discrete set of phase adjustments

depending on number of bits of reflecting elements. This dependence is expressed

by

Q = 2b, (2.13)

where Q is the number of available phases and b is the number of bits of reflecting

elements. As an example consider 2-bit RIS element, where number of available

phases is four. Then suppose signal is coming through the random channel to that

reflecting element, since RIS have only limited discrete set of available phases,

likely there will be phase error because the phase of the random channel could

be in the range of 0 and 2π. This can be illustrated by employing unit circle as

in Figures 2.3 and 2.4, where blue points are discrete phases of RIS. To better

understand and visualize this, consider incoming signal that passes through a

random channel with a phase of 2.98 radians (rad) (a red point in Figures 2.3
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Figure 2.3: Unit circle illustration of RIS phase quantization with 2-bit reflecting
elements.

and 2.4) and received by RIS. Due to the discrete phase levels available in the RIS

reflecting elements, the phase of the signal must be quantized. As a result, the

closest available phase level is selected (π rad in this case in Figures 2.3 and 2.4),

introducing a phase error between the incoming signal and the adjusted phase

(0.16 rad). Considering these reasons, the phase error at the end-user definitely

will be non-zero and will be described by the following uniform distribution

fδil...k(δ) =
Q

2π
, − π

Q
≤ δ ≤ π

Q
. (2.14)

Then SNR (γR) can be used to find OP (Pout) as [27]

Pout = P (γR < γth) =

∫ γth

0

fγR(γ) dγ, (2.15)
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Figure 2.4: Unit circle illustration of RIS phase quantization with 3-bit reflecting
elements.

and EC (Cerg) could be found as [28]

Cerg = E[log2(1 + γR)] =

∫ ∞

0

log2(1 + γ)fγR(γ) dγ. (2.16)

2.2 Analytical derivations

The analysis begins with the introduction of a single RIS system model presented

in Figure 2.5, initially without considering practical phase shift model, using the

Nakagami-m fading model to describe the signal propagation. Subsequently, the

study advances to account for practical phase shift model, considering the case

where κmin = 0 for the sake of simplicity of analytical derivation. To further

refine the system model, the Fox-H function (see Appendix B) representation of

the PDFs is employed, due to the fact that Fox-H functions can efficiently handle

the process of finding the product of multiple identical random variables, which

is essential for the analysis of cascaded RIS systems. This foundation sets the
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Figure 2.5: Single-RIS system model.

stage for the subsequent analysis of cascaded RIS systems, where multiple RIS

elements are used in series.

2.2.1 Single RIS system model over Nakagami-m fading

channel

A single RIS system model over a Nakagami-m fading channel is a scenario where

an RIS is placed between the transmitter and receiver shown in Figure 2.5. In-

stantaneous end-to-end SNR of such system could be written as

γR =

∣∣∣P∑N
i=1Xie

jδi

∣∣∣2
σ2

,
(2.17)

where P =
√

P
dTS−RISd

T
RIS−R

is a normalized transmit power, Xi = |hi||vi||qi| is the

product of amplitudes of random channels modeled by Nakagami-m distribution

and reflection coefficient of RIS. In this section it is assumed that RIS is a perfect

reflector, in other words, it’s reflection coefficient is unity. Therefore, RIS only

contributes to the signal by changing it’s phase and phase of the received signal

at the user side will be δi = ϕi − αi + ψk. For the sake of simplicity of analyti-

cal derivations, we assumed here that RIS fully compensate the channel phases,

meaning that αi = ϕi+ψk. Then, this problem simplifies to the finding the prod-
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uct of two Nakagami-m distribution and finding the sum of N such products.

This can be formulated by creating a new random variable represented as Z

Z =
N∑
i=1

Xi =
N∑
i=1

|hi||qi|. (2.18)

Now, the aim is to find the corresponding PDF and CDF of this new RV

Z. First of all, the product of |hi||qi| is needed. Here, both |hi| and |qi| are

independent Nakagami-m RVs and can be represented by

fhi(a) =
2m

mhi
hi

Γ(mhi)Ω
mhi
hi

a2mhi
−1e

−
mhi
Ωhi

a2

, a ≥ 0, (2.19)

fqi(b) =
2m

mqi
qi

Γ(mqi)Ω
mqi
qi

b2mqi−1e
−mqi

Ωqi
b2

, b ≥ 0. (2.20)

Product of these independent and continuous two random variables can be found

using the following rule

fXi
(x) =

∫ ∞

−∞
fhi(a)fqi

(x
a

) 1

|a|
da. (2.21)

By substituting Nakagami-m distributions into this integral expression, we get

fXi
(x) =

∫ ∞

−∞

2m
mhi
hi

Γ(mhi)Ω
mhi
hi

a2mhi
−1e

−
mhi
Ωhi

a2

×

× 2m
mqi
qi

Γ(mqi)Ω
mqi
qi

(x
a

)2mqi−1

e
−mqi

Ωqi
(x
a)

2 1

|a|
da.

(2.22)

After some simplifying steps this expression transforms into

fXi
(x) =

2m
mhi
hi

Γ(mhi)Ω
mhi
hi

2m
mqi
qi

Γ(mqi)Ω
mqi
qi

x2mqi−1

∫ ∞

0

a2mhi
−2mqi−1e

−
mhi
Ωhi

a2−mqi
Ωqi

(x
a)

2

da.

(2.23)

Applying the following substitution (a2 = t) leads to

fXi
(x) =

2m
mhi
hi

Γ(mhi)Ω
mhi
hi

2m
mqi
qi

Γ(mqi)Ω
mqi
qi

1

2
x2mqi−1

∫ ∞

0

tmhi
−mqi−1e

−
mhi
Ωhi

t−mqi
Ωqi

x2

t dt,

(2.24)
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and it allows to use the identity from [29, Eq. (3.471.9)], which includes Kν(·)

modified Bessel function of second kind

∫ ∞

0

wν−1e−
β
w
−γw dw = 2

(
β

γ

) ν
2

Kν

(
2
√
βγ
)
, Re β > 0, Re γ > 0. (2.25)

By noticing the similarity between this identity and integral in expression (2.24),

and applying following substitutions ν = mhi −mqi , β =
mqi

Ωqi
x2, γ =

mhi

Ωhi
, resulting

equation will be given by

fXi
(x) =

2m
mhi
hi

Γ(mhi)Ω
mhi
hi

2m
mqi
qi

Γ(mqi)Ω
mqi
qi

1

2
x2mqi−1×

×2

( mqi

Ωqi
x2

mhi

Ωhi

)mhi
−mqi
2

Kmhi
−mqi

(
2

√
mqi

Ωqi

x2
mhi

Ωhi

)
.

(2.26)

Upon simplification, the result is

fXi
(x) =

4

Γ(mhi)Γ(mqi)
(

√
mhimqi

ΩhiΩqi

)mhi
+mqixmhi

+mqi−1Kmhi
−mqi

(
2x

√
mhimqi

ΩhiΩqi

)
.

(2.27)

To further transform this expression, it is needed to employ the identity from [29,

Eq. (9.34.3)]

Kν(w)w
µ = 2µ−1G2,0

0,2

(
1

4
w2

∣∣∣∣∣ −
1
2
µ+ 1

2
ν, 1

2
µ− 1

2
ν

)
. (2.28)

This identity represents a relationship involving the modified Bessel function

of the second kind Kν(·) and Meiger G-function (see Appendix A). Applying

following substitutions w = 2x
√

mhi
mqi

Ωhi
Ωqi

, ν = mhi −mqi , µ = mhi +mqi − 1 allow

us to apply this identity on expression (2.27):

fXi
(x) =

2

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

G2,0
0,2

(
(

√
mhimqi

ΩhiΩqi

x)2

∣∣∣∣∣ −
mhi

− 1
2
,mqi−

1
2

)
. (2.29)

This expression represents the product of two Nakagami-m RVs and expressed in

terms of Meiger G-function. The next step is to find the sum of N such products,

which defines a new RV Z. The sum of independent random variables is the
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convolution of their PDFs. Specifically, the PDF of Z is obtained by convolving

the individual PDFs of RV presented in (2.29), resulting in a more complex

distribution that accounts for the combined effects of the N Random Variables.

The convolution of two RVs Z = X + Y is performed by the following way

fZ(z) =

∫ ∞

−∞
fX(x)fY (z − x) dx. (2.30)

Performing this operation N times is cumbersome, therefore, it is easier to per-

form this operation using Moment Generating Function (MGF), since it allows to

find the sum by performing the multiplication of individual MGF’s of each RV.

The MGF of a random variable X is defined as [30]

MX(t) = E[etX ]. (2.31)

Having N independent random variables X1, X2, . . . , XN , MGF of the sum Z =

X1 + X2 + · · · + XN =
∑N

i=1Xi is the product of the individual MGFs of each

random variable

MZ(z) =MX1(z) ·MX2(Z) · . . . ·MXN
(z) =MZ(z) =

N∏
i=1

MXi
(z). (2.32)

PDF of RV Z could be found by performing inverse MGF transform defined as

fZ(z) = L−1 [MZ(z)] (x). (2.33)

At this point, it is needed to represent the expression (2.29) in terms of Fox H-

function, since the derivation of PDF and CDF of sum of N RVs represented by

Fox-H function is showed in [31]. This conversion process is performed using the

following identity

Hm,n
p,q

[
z

∣∣∣∣∣(a1,C)(a2,C)···(ap,C)

(b1,C)(b2,C)···(bq ,C)

]
=

1

C
Gm,n
p,q

(
z1/C

∣∣∣∣a1,...,apb1,...,bq

)
. (2.34)
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Then, the product of two Nakagami-m RVs can be presented using Fox-H func-

tions as

fXi
(x) =

2

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

H2,0
0,2

[
(

√
mhimqi

ΩhiΩqi

x)2

∣∣∣∣∣ −
(mhi

− 1
2
,1),(mqi−

1
2
,1)

]
.

(2.35)

To do the procedure shown in [30], it is needed to have the PDF of a RV as

fXi
(x) = κiH

mi,ni
pi,qi

[
λix

∣∣∣∣∣(ai,j ,Ai,j)
pi
j=1

(bi,j ,Bi,j)
qi
j=1

]
, x > 0. (2.36)

To transform the PDF in (2.35) in the showed format, it is needed to use Fox

H-function property 1.4 from [32]:

Hm,n
p,q

[
z

∣∣∣∣∣(ap,Ap)

(bq ,Bq)

]
= kHm,n

p,q

[
zk

∣∣∣∣∣(ap,kAp)

(bq ,kBq)

]
. (2.37)

Applying this property, (2.35) transforms into

fXi
(x) =

1

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

H2,0
0,2

[√
mhimqi

ΩhiΩqi

x

∣∣∣∣∣ −
(mhi

− 1
2
, 1
2
),(mqi−

1
2
, 1
2
)

]
. (2.38)

Then, according to [31], the PDF and CDF of a RV Z can be presented as

fZ(z) =

∏N
i=1 κiλ

−1
i

z
H0,0:m1,n1+1;...;mN ,nN+1

0,1:p1+1,q1;...;pN+1,qN
λ1z

...

λNz

∣∣∣∣∣−:(1,1),(a1,j+A1,j ,A1,j)
p1
j=1;...;(1,1)(aN,j+AN,j ,AN,j)

pN
j=1

(1;1,··· ,1):(b1,j+B1,j ,B1,j)
q1
j=1;...;(bN,j+BN,j ,BN,j)

qN
j=1

 ,
(2.39)

FZ(z) =
N∏
i=1

κiλ
−1
i H0,0:m1,n1+1;...;mN ,nN+1

0,1:p1+1,q1;...;pN+1,qN
λ1z

...

λNz

∣∣∣∣∣−:(1,1),(a1,j+A1,j ,A1,j)
p1
j=1;...;(1,1)(aN,j+AN,j ,AN,j)

pN
j=1

(1;1,··· ,1):(b1,j+B1,j ,B1,j)
q1
j=1;...;(bN,j+BN,j ,BN,j)

qN
j=1

 .
(2.40)
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Finally, using these results, it is possible to get the PDF and CDF of the sum of

N products of Nakagami-m distribution as

fZ(z) =
1

Γ(mhi)Γ(mqi) · · ·Γ(mhN )Γ(mqN )

1

z
H0,0:2,1;...;2,1

0,1:1,2;...;1,2
√

mh1
mq1

Ωh1
Ωq1

z

...√
mhN

mqN

ΩhN
ΩqN

z

∣∣∣∣∣ −:(1,1);...;(1,1)

(1;1,··· ,1):(mh1
, 1
2
),(mq1 ,

1
2
);...(mhN

, 1
2
),(mqN

, 1
2
)

 ,
(2.41)

FZ(z) =
1

Γ(mhi)Γ(mqi) · · ·Γ(mhN )Γ(mqN )
H0,0:2,1;...;2,1

0,1:1,2;...;1,2
√

mh1
mq1

Ωh1
Ωq1

z

...√
mhN

mqN

ΩhN
ΩqN

z

∣∣∣∣∣ −:(1,1);...;(1,1)

(1;1,··· ,1):(mh1
, 1
2
),(mq1 ,

1
2
);...(mhN

, 1
2
),(mqN

, 1
2
)

 .
(2.42)

Returning back to the instantaneous end-to-end SNR expression (2.17) and defin-

ing SNR as γt = P/σ2, we obtain

γR =

∣∣∣∣∣
N∑
i=1

Xie
jδi

∣∣∣∣∣
2

γt. (2.43)

Rearranging it gives us the following form

N∑
i=1

Xie
jδi =

√
γR
γt
. (2.44)

Using this form, it is possible to find the OP of this system as

Pout = Pr

(
N∑
i=1

Xie
jδi ≤

√
γth
γt

)
= FZ

(√
γth
γt

)
(2.45)
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Then the exact OP expression of this system model could be expressed as

FZ(

√
γth
γt

) =
1

Γ(mhi)Γ(mqi) · · ·Γ(mhN )Γ(mqN )
H0,0:2,1;...;2,1

0,1:1,2;...;1,2
√

mh1
mq1

Ωh1
Ωq1

√
γth
γt

...√
mhN

mqN

ΩhN
ΩqN

√
γth
γt

∣∣∣∣∣ −:(1,1);...;(1,1)

(0;1,··· ,1):(mh1
, 1
2
),(mq1 ,

1
2
);...(mhN

, 1
2
),(mqN

, 1
2
)

 .
(2.46)

In this section, finally, OP of the single RIS system model over Nakagami-m

fading channel is derived considering RIS as a perfect reflector and assuming that

it fully compensates the channel phases. In the following section practical RIS

will be considered in the similar system model.

2.2.2 Derivation of the PDF of practical phase shift model

The aim of this section is to find the PDF in (2.8). It could be realized using

the ”change of RV” formula. In this section, it is still assumed that RIS fully

compensates the channel phases as αi = ϕi+ψk.We define a new RV R ≜ ρi(αi),

where αi is uniformly distributed between −π and π (αi ∼ U [−π, π]). The first

step is here is to solve for αi in terms of r

αi = ϑ+ arcsin

(
2

(
r − κmin

1− κmin

)1/ξ

− 1

)
. (2.47)

Then using the ”change of RV” formula given by

fRi
= fα(αi(r)) ·

∣∣∣∣dαidr

∣∣∣∣ , (2.48)

where fα(αi) can be defined as

fα(αi) =
1

2π
, (2.49)
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and the derivative of αi with respect to r is

dαi
dr

=
2

ξ(1− κmin)

(
r − κmin

1− κmin

) 1
ξ
−1

× 1√
1−

(
2
(
r−κmin

1−κmin

)1/ξ
− 1

)2
.

(2.50)

Solving for the PDF of RV R gives

fRi
(r) =

1

πξ(1− κmin)
·

(
r−κmin

1−κmin

) 1
ξ
−1

√(
r−κmin

1−κmin

)1/ξ
−
(
r−κmin

1−κmin

)2/ξ , r ∈ (κmin, 1]. (2.51)

This PDF describes the distribution of the reflection amplitude ρi(αi) in a RIS,

where the amplitude depends nonlinearly on the reflection phase αi. Assuming αi

is uniformly distributed, this function models how random phase shifts translate

into specific amplitude variations, capturing practical RIS behavior with shaping

parameter ξ and minimum reflection level κmin.

2.2.3 Single-RIS system model over Nakagami-m fading

channel with a practical phase shift model

In this section, the practical phase shift model will be applied to the system

model, and following notation will be used for SNR:

γR =

∣∣∣P∑N
i=1 Yie

jδi

∣∣∣2
σ2

,
(2.52)

where Yi = |hi||vi||qi| is the product of channel gains with reflection coefficients

as a function of phase shift. Other notations are same as in the previous sections.

Due to the complexity of the PDF in (2.51), setting κmin to zero allows us to

compute OP. By setting κmin = 0, the PDF expression in (2.51) simplifies into

fR(r) =
1

πξ
· (r)

1
ξ
−1√

(r)1/ξ − (r)2/ξ
, r ∈ (0, 1]. (2.53)
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In this equation, it is assumed that all reflective elements have similar parameters

ξ, therefore subscripts for this expression are omitted. PDF for the product of

two Nakagami-m RVs was already defined in expression (2.38). Now, we will

define a new RV Y ≜ XR, and it’s PDF will derived using product of two RV

formula

fYi(y) =

∫ ∞

−∞
fXi

(x)fRi

(y
x

) 1

|x|
dx. (2.54)

Substituting the distributions accordingly, we get

fYi(y) =
1

πξ

1

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

×

×
∫ ∞

y

H2,0
0,2

[√
mhimqi

ΩhiΩqi

x

∣∣∣∣∣ −
(mhi

− 1
2
, 1
2
),(mqi−

1
2
, 1
2
)

]
·

(
y
x

) 1
ξ
−1√(

y
x

)1/ξ − ( y
x

)2/ξ 1x dx.
(2.55)

By making the following variable change u = ( y
x
)
1
ξ , the following transfomrations

will happen x = y
uξ
, dx = −ξy

uξ+1du, and the bounds of integral will be from 1 to 0,

however, since there is a minus sign, these integral bound become from 0 to 1 as

fYi(y) =
1

πξ

1

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

×

×
∫ 1

0

H2,0
0,2

[√
mhimqi

ΩhiΩqi

y

uξ

∣∣∣∣∣ −
(mhi

− 1
2
, 1
2
),(mqi−

1
2
, 1
2
)

]
· u1−ξ√

u− u2
uξ

y

ξy

uξ+1
du.

(2.56)

After simplifying the last expression, it transforms into

fYi(y) =
1

π

1

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

×

×
∫ 1

0

H2,0
0,2

[√
mhimqi

ΩhiΩqi

y

uξ

∣∣∣∣∣ −
(mhi

− 1
2
, 1
2
),(mqi−

1
2
, 1
2
)

]
· 1√

u− u2
1

uξ
du.

(2.57)
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Now, it is needed to employ the definition of Fox H-function and expand the

latter inside the integral. The expansion will be performed as follows

H2,0
0,2

√mhimqi

ΩhiΩqi

· y
uξ

∣∣∣∣ −(
mhi − 1

2
, 1
2

)
,
(
mqi − 1

2
, 1
2

)
 =

1

2πi

∫
L

Γ

(
mhi −

1

2
+

1

2
s

)
Γ

(
mqi −

1

2
+

1

2
s

)(√
mhimqi

ΩhiΩqi

· y
uξ

)−s

ds.

(2.58)

Putting this expanded version of Fox H-function, we obtain

fYi(y) =
1

π

1

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

∫ 1

0

1

2πi

∫
L

Γ

(
mhi −

1

2
+

1

2
s

)
×

×Γ

(
mqi −

1

2
+

1

2
s

)(√
mhimqi

ΩhiΩqi

y

uξ

)−s

ds
1√

u− u2
1

uξ
du.

(2.59)

After rearranging the terms, the last expression transforms into

fYi(y) =
1

π

1

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

1

2πi

∫
L

Γ

(
mhi −

1

2
+

1

2
s

)
×

×Γ

(
mqi −

1

2
+

1

2
s

)(√
mhimqi

ΩhiΩqi

y

)−s

ds

∫ 1

0

uξs−ξ−
1
2 (1− u2)−

1
2 du.

(2.60)

In order to solve the latter integral, Beta function [33] could be employed, it is

defined as

B(a, b) =

∫ 1

0

ta−1(1− t)b−1 dt =
Γ(a)Γ(b)

Γ(a+ b)
, for a > 0, b > 0. (2.61)

Using the definition of Beta function to solve the integral in (2.60) will result in

∫ 1

0

uξs−ξ−
1
2 (1− u2)−

1
2 du =

Γ(1
2
− ξ + ξs)Γ(1

2
)

Γ(1− ξ + ξs)
. (2.62)



44

Let’s substitute this result into expression (2.60), and using Γ(1
2
) =

√
π, we obtain

fYi(y) =
1√
π

1

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

×

× 1

2πi

∫
L

Γ(1
2
− ξ + ξs)Γ

(
mhi − 1

2
+ 1

2
s
)
Γ
(
mqi − 1

2
+ 1

2
s
)

Γ(1− ξ + ξs)

(√
mhimqi

ΩhiΩqi

y

)−s

ds.

(2.63)

Relying on the definition of the Fox H-function, it is possible to rewrite the last

expression in terms of H-function [32]. Then, the final expression will look

fYi(y) =
1√
π

1

Γ(mhi)Γ(mqi)

√
mhimqi

ΩhiΩqi

H3,0
1,3

[√
mhimqi

ΩhiΩqi

y

∣∣∣∣∣ (1−ξ,ξ)
(mhi

− 1
2
, 1
2
),(mqi−

1
2
, 1
2
),( 1

2
−ξ,ξ)

]
.

(2.64)

Repeating the same procedure as in (2.39) and (2.40), the PDF and CDF of sum

of N such products can be obtained as Z =
∑N

i=1 Yi

fZ(z) =
1√
π

1

Γ(mhi)Γ(mqi) · · ·Γ(mhN )Γ(mqN )

1

z
H0,0:3,1;...;3,1

0,1:2,3;...;2,3
√

mh1
mq1

Ωh1
Ωq1

z

...√
mhN

mqN

ΩhN
ΩqN

z

∣∣∣∣∣ −:(1,1),(1−ξ,ξ);...;(1,1),(1−ξ,ξ)
(0;1,··· ,1):(mh1

, 1
2
),(mq1 ,

1
2
),( 1

2
−ξ,ξ);...(mhN

, 1
2
),(mqN

, 1
2
),( 1

2
−ξ,ξ)

 ,
(2.65)

FZ(z) =
1√
π

1

Γ(mhi)Γ(mqi) · · ·Γ(mhN )Γ(mqN )
H0,0:3,1;...;3,1

0,1:2,3;...;2,3
√

mh1
mq1

Ωh1
Ωq1

z

...√
mhN

mqN

ΩhN
ΩqN

z

∣∣∣∣∣ −:(1,1),(1−ξ,ξ);...;(1,1),(1−ξ,ξ)
(0;1,··· ,1):(mh1

, 1
2
),(mq1 ,

1
2
),( 1

2
−ξ,ξ);...(mhN

, 1
2
),(mqN

, 1
2
),( 1

2
−ξ,ξ)

 .
(2.66)

Using this CDF, it is possible to find the OP as follows

Pout = Pr

(
N∑
i=1

Yie
jδi ≤

√
γth
γt

)
= FZ

(√
γth
γt

)
(2.67)
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Then, the OP for this system model can be found as

FZ(

√
γth
γt

) =
1√
π

1

Γ(mhi)Γ(mqi) · · ·Γ(mhN )Γ(mqN )
H0,0:3,1;...;3,1

0,1:2,3;...;2,3
√

mh1
mq1

Ωh1
Ωq1

√
γth
γt

...√
mhN

mqN

ΩhN
ΩqN

√
γth
γt

∣∣∣∣∣ −:(1,1),(1−ξ,ξ);...;(1,1),(1−ξ,ξ)
(0;1,··· ,1):(mh1

, 1
2
),(mq1 ,

1
2
),( 1

2
−ξ,ξ);...(mhN

, 1
2
),(mqN

, 1
2
),( 1

2
−ξ,ξ)

 .
(2.68)

2.2.4 Fox H-function implementation for RIS-based com-

munication

Multiplicative property of Mellin Tranform

The multiplicative property of the Mellin transform has significant potential for

applications in the context RIS. In the case of cascaded RIS systems, this property

can be leveraged to simplify the analysis and find the product of several RVs.

Mellin Transform for a non-negative RV Y is defined as [28]

MY (s) = E[Y s−1] =

∫ ∞

0

ys−1fY (y) dy, (2.69)

where s is a complex variable, and fY (y) is PDF of the RV Y . Let us now

consider multiple independent non-negative RVs Y1, Y2, · · ·, Yn. The product of

two RVs could be found using the following formula, where a new random variable

is identified as a product of two RVs Z = YiYj as [34]

fZ(z) =

∫ ∞

−∞
fYi(yi)fYj

(
z

yi

)
1

|yi|
dyi. (2.70)

In order to find the product of multiple RVs, it is required to use formula above it-

eratively, which is complex. Therefore, using the multiplicative property of Mellin

Transform will simplify this process. Suppose that product of RVs Y1, Y2, · · ·, Yn
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is Z as follows

Z =
n∏
k=1

Yk. (2.71)

Then, the Mellin Transform of Z is the multiplication of individual Mellin Trans-

forms of each random variable Y1, Y2, · · ·, Yn [35]:

MZ(s) = E
[
Zs−1

]
=

n∏
k=1

MYk(s). (2.72)

Next step is to take the inverse Mellin Transform of RV Z. Inverse Mellin Trans-

form for random variable Z is defined as [35]

fZ(z) = M−1
z {Mz(s)} =

1

2πi

∫ c+i∞

c−i∞
Mz(s)z

−s ds. (2.73)

Using this approach, it is possible to find the distribution of the product of channel

gains and reflection coefficients. This requires to finding the individual Mellin

Transforms of the Nakagami-m distribution and the distribution of amplitude

response of practical phase shift.

Mellin Transform and Fox-H representation of

Nakagami-m Distribution

The PDF of Nakagami-m distribution is presented in (2.4). Its Mellin Transform

was found using the integration by substitution and definition of Gamma function:

MfXi
(s) =

(
mi

Ωi

) 1−s
2 Γ

(
s+2mi−1

2

)
Γ(mi)

(2.74)

By taking inverse Mellin Transform, we get

fXi
(x) =

√
mi

Ωi

· 1

Γ(mi)
· 1

2πi

∫
Li

(
x

√
mi

Ωi

)−s

Γ

(
s+ 2mi − 1

2

)
ds. (2.75)
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Eventually, Nakagami-m could be presented in the form of Fox H-function, since

it is written using Mellin-Barnes type integral

fXi
(x) =

√
mi

Ωi

· 1

Γ(mi)
H1,0

0,1

√mi

Ωi

x

∣∣∣∣ −

(mi − 1
2
, 1
2
)

 . (2.76)

Due to the multiplicative property of Mellin Transforms, it is possible to find the

product of several Nakagami-m RVs, so the general formula for the product of N

such RVs (Z =
∏N

i=1Xi) will be

fZ(z) =

√
m1 . . .mN

Ω1 . . .ΩN

· 1

Γ(m1) . . .Γ(mN)
HN,0

0,N√m1 . . .mN

Ω1 . . .ΩN

z

∣∣∣∣ −

(m1 − 1
2
, 1
2
) . . . (mN − 1

2
, 1
2
)

 . (2.77)

Mellin Transform and Fox-H representation of

Amplitude Response of Practical Phase Shift

The same procedure could be made on function of amplitude response on phase

shift, which represented in (1.3). Defining RRt
i ≜ ρRt

i (αRt
i ), the distribution of

amplitude response could be found as [21]

fRRt (r) =

(
r−κmin

1−κmin

)1/ξ−1

πξ(1− κmin)

√(
r−κmin

1−κmin

)1/ξ
−
(
r−κmin

1−κmin

)2/ξ . (2.78)

Mellin Transform of such distribution is complex, therefore to simplify analyt-

ical derivations, κmin was set to 0. Further derivations included integration by

substitution and usage of Beta function [36], which led to

Mf
RRt

(s) =
1√
π
·
Γ(ξs− ξ + 1

2
)

Γ(ξs− ξ + 1)
. (2.79)

Here, again it is assumed that all reflective elemets have same circuit parameters,

therefore subscripts indicating the i -th elements are omitted. Taking the inverse
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Mellin Trasform, similarity with Mellin-Barnes type integral could be noticed,

and amplitude response could be represented using Fox H-function [37] as

fRRt (r) =
1√
π
H1,1

1,0

r ∣∣∣∣ (−ξ + 1, ξ)

(1
2
− ξ, ξ)

 . (2.80)

Similarly, using the multiplicative property of Mellin Transform, this expression

can be extended as a product of N such distributions (Z =
∏N

i=1Ri)

fZ(z) =

(
1√
π

)N
HN,N
N,0

z ∣∣∣∣ (−ξ + 1, ξ) . . . (−ξ + 1, ξ)

(1
2
− ξ, ξ) . . . (1

2
− ξ, ξ)

 . (2.81)

2.2.5 Analysis of cascaded RIS system model

In cascaded RIS system model, the main focus will be devoted to the SNR expres-

sion presented in (2.9). Firstly, another view towards the sums will be introduced,

then product of channel gains and reflection coefficients will be derived, and, fi-

nally, potential solution for addressing phase errors will be presented in.

Alternative view on the sums in the cascaded RIS system

model

In this section, a new method for representing several sums in SNR expression

with a single sum will be presented. It can be noticed that the sums in SNR are

not nested summations, these summations aims to find the sums of products of

channel gains and reflection coefficients for each path between the transmitter

and receiver. For example, consider Figure 2.2, where 64 paths exist between

the the transmitter and receiver. These path can be viewed as a product of

corresponding channel gains and reflection coefficients, and summations in SNR

expression finds the sum of all these products. The general idea is presented by
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the expression below:

N∑
i=1

N∑
l=1

· · ·
N∑
j=1

N∑
k=1

Xil···jk =
Nd∑
m=1

Xm, (2.82)

wherem (path index) is connected to the other indices by the following expression:

m = (i− 1)Nd−1 + (j − 1)Nd−2 + · · ·+ (k − 1)N + (l − 1) + 1. (2.83)

Here, d depends on how many summations there are, in other words, it is the

number of RISs in the system model. Returning again to the example in Figure

2.2, there are three RISs each with four reflecting elements. Here, m will be any

number between the 1 and 43 = 64 showing the index number of the particular

path. Knowing the index number of any path, it is possible to derive the indices

from the original SNR expression:

i = ⌊m− 1

Nd−1
⌋+ 1, (2.84)

j = ⌊(m− 1) mod Nd−1

Nd−2
⌋+ 1, (2.85)

...

k = ⌊(m− 1) mod N2

N
⌋+ 1, (2.86)

l = ⌊(m− 1) mod N⌋+ 1. (2.87)

It is possible to generalize these expression using the following indices i1, i2, · · ·,

ip, · · ·, id, then

m =
d∑
p=1

(ip − 1)Nd−p + 1, (2.88)

ip = ⌊(m− 1) mod Nd−p+1

Nd−p ⌋+ 1. (2.89)



50

This alternative view towards the summation in the SNR expression simplifies

the representation of the path index, making it easier to analyze and optimize

the cascaded RIS model by reducing the complexity of nested summations.

Suggested approach for addressing phase errors in the cas-

caded RIS system

It was already stated that phase errors are inherent in cascaded RIS system model.

However, at this stage, it is roughly assumed that RIS phases fully compensates

the random channel phases, which is impossible in reality. Even though, the idea

dealing with these phase errors will be presented in this paper. Phase errors in

SNR expression can be addressed with the utilization of Euler’s formula, which

establishes the relationship between the trigonometric functions and the complex

exponential function as

eix = cosx+ i sinx. (2.90)

These trigonometric function in Euler’s identity can be further represented by

special functions. Below Meiger G-function representations are shown:

cosx =
√
πG1,0

0,2

(
x2

4

∣∣∣∣∣−0, 12
)
, ∀x, (2.91)

sinx =
√
πG1,0

0,2

(
x2

4

∣∣∣∣∣−12 ,0
)
,

−π
2

< arg x ≤ π

2
. (2.92)

Derivation of products of channel gains and reflection co-

efficients

For the cascaded RIS-based system model presented in Figure 2.1, the approach

finding the product of channel gain and reflection coefficients are similar as for

single RIS sytem model. It is accomplished by the utilization of product of two

RVs formula, where we multiply the RVs presented in expressions 2.77 and 2.81.

In cascaded RIS system model, one path is consists of N + 1 random channels,

where N is the number of RIS in series. Therefore, two random variable that are
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going to be multiplied could be written as

fZi
(z) =

√
mi,1 . . .mi,N ,mi,N+1

Ωi,1 . . .Ωi,N ,Ωi,N+1

· 1

Γ(mi,1) . . .Γ(mi,N)Γ(mi,N+1)
HN+1,0

0,N+1√mi,1 . . .mi,N ,mi,N+1

Ωi,1 . . .Ωi,N , ,Ωi,N+1

z

∣∣∣∣ −

(mi,1 − 1
2
, 1
2
) . . . (mi,N − 1

2
, 1
2
), (mi,N+1 − 1

2
, 1
2
)

 ,
(2.93)

fTi(t) = (
1√
π
)NHN,N

N,0

t ∣∣∣∣ (−ξi,1 + 1, ξi,1) . . . (−ξi,N + 1, ξi,N)

(1
2
− ξi,1, ξi,1) . . . (

1
2
− ξi,N , ξi,N)

 , (2.94)

where i is the index of the particular path. In the latter expression it is assumed

that all the reflecting elements in all RISs are identical, therefore, all these ele-

ments have the same value of ξ and κmin = 0, despite the indexation done. Then

the product of the RVs can be written as:

fVi(v) =

∫ ∞

−∞
fZi

(z)fTi

(v
z

) 1

|z|
dz. (2.95)

Substituting into the product formula, we obtain:

fVi(v) = (
1√
π
)N
√
mi,1 . . .mi,N ,mi,N+1

Ωi,1 . . .Ωi,N ,Ωi,N+1

1

Γ(mi,1) . . .Γ(mi,N)Γ(mi,N+1)

∫ ∞

−∞
HN+1,0

0,N+1√mi,1 . . .mi,N ,mi,N+1

Ωi,1 . . .Ωi,N , ,Ωi,N+1

z

∣∣∣∣ −

(mi,1 − 1
2
, 1
2
) . . . (mi,N − 1

2
, 1
2
), (mi,N+1 − 1

2
, 1
2
)

×

×HN,N
N,0

v
z

∣∣∣∣ (−ξi,1 + 1, ξi,1) . . . (−ξi,N + 1, ξi,N)

(1
2
− ξi,1, ξi,1) . . . (

1
2
− ξi,N , ξi,N)

 1

|z|
dz.

(2.96)

This section is still in progress due to the complexity of deriving the product

of channel gains and reflection coefficients in the cascaded RIS system.
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Challenges of correlated summations in cascaded RIS sys-

tems

In a cascaded RIS system model, the paths are not independent, and instead,

they exhibit varying degrees of correlation between each other. These correla-

tions arise due to the common environment and shared elements between the

transmitter, RIS, and receiver, which can result in interdependencies that com-

plicate the mathematical treatment of the system. Due to the complexity of

these correlations, accurately modeling has not yet been fully accomplished, as

assuming independence can lead to inaccurate results.



Chapter 3

Results

This chapter presents the key findings from the analysis and simulations con-

ducted on RIS-based communication systems. The results are organized into two

subsections, each corresponding to specific models and their respective perfor-

mance metrics. Firstly, the performance of a single RIS system model is analyzed

under the assumption of both ideal and practical phase shift conditions, with a

focus on the OP for varying numbers of reflecting elements and threshold values.

The results of these analyses are compared against the derived analytical expres-

sions to validate the accuracy of the model. Secondly, the simulation results for

the cascaded RIS system model are presented. These simulations examine the

performance metrics of OP and EC, both with and without phase errors. The

results are presented through various graphs, illustrating the effects of phase er-

rors on system performance across different configurations of RIS elements and

RIS layers.

3.1 Single RIS system model over Nakagami-m fading

channel

In this section, we present the results for the single RIS system model over a

Nakagami-m fading channel, considering both the case with and without the

practical phase shift model. The analysis focuses on the OP, which is a key per-

formance metric in wireless communication systems. To evaluate the system’s

performance, we use Monte Carlo simulations with one million samples. For the

following graphs presented in Figure 3.1 and 3.2, Nakagami-m parameters taken

as unity (mhi = 1,mqi = 1,Ωhi = 1,Ωqi = 1, ∀i), where i is the number of
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Figure 3.1: OP for a single RIS system model over a Nakagami-m fading channel
without the practical phase shift model. The OP is plotted for varying numbers
of reflecting elements.

reflecting elements. Analytical expression for this case shown in (2.46) involves

multivariate Fox H-function, and its numerical implementation in Python pro-

gramming language is presented in [38].

Figure 3.1 illustrates the OP of the single RIS system model over a Nakagami-

m fading channel without the practical phase shift model, where the number of

reflecting elements is varied. In this case, threshold value is set to 10. From this

figure, we observe that as the number of reflecting elements increases, the OP de-

creases, demonstrating that a larger RIS array enhances the system’s reliability.

This trend highlights the positive impact of increasing the number of reflecting

elements, as it allows for better signal enhancement.

Figure 3.2 shows the OP for various threshold values, while the number of

reflecting elements is fixed to 16. Here, we see that as the threshold increases, the

OP also rises. This suggests that higher thresholds reduce the acceptable signal

range, thereby increasing the likelihood of an outage. This result is expected, as

the system becomes more sensitive to signal strength when the threshold is set

higher.

Notably, the results from both graphs are in perfect alignment with the an-
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Figure 3.2: OP for a single RIS system model over a Nakagami-m fading channel
without the practical phase shift model. The OP is plotted for varying threshold
values.

alytical expressions derived earlier. The agreement between the Monte Carlo

simulations and the theoretical predictions confirms the validity of the model,

providing strong evidence for the accuracy of the system under the given condi-

tions.

The following graphs in Figures 3.3 and 3.4 present the OP for a single RIS

system model over a Nakagami-m fading channel with the inclusion of the practi-

cal phase shift model. The simulations were conducted with one million samples,

using the same as previous Nakagami-m parameters. Additionally, in this case,

there are parameters of the reflecting elements, which were set as κmin = 0 and

ξ = 1.5.

Figure 3.3 illustrates the OP for varying numbers of reflecting elements in

the RIS, while the threshold value is fixed to 10. As expected, an increase in the

number of reflecting elements leads to a reduction in the OP, demonstrating that

a larger RIS array improves system performance. The inclusion of the practical

phase shift model helps to account for real-world scenario, providing a more ac-

curate depiction of system behavior compared to idealized models. The inclusion

of the practical phase shift model results in slightly higher OP values, demon-
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Figure 3.3: OP for a single RIS system model over a Nakagami-m fading channel
with the practical phase shift model. The OP is plotted for varying numbers of
reflecting elements.

strating the real-world impact of phase imperfections on system performance.

Figure 3.4 shows the OP for different threshold values, with the practical

phase shift model incorporated, where number of reflecting elements are fixed

to 16. As the threshold increases, the OP also increases, confirming that higher

thresholds make the system more susceptible to outages by limiting the accept-

able signal strength. This trend is consistent with the previous analysis, and the

practical phase shift model further emphasizes the importance of considering re-

alistic phase shifts when analyzing real-world systems, as they can impact system

performance compared to idealized models.

3.2 Cascaded RIS system model over Nakagami-m fading

channel

In this section, we present simulation results for the cascaded RIS system model.

The following graphs depict the cascaded RIS system model, which is evaluated

through Monte Carlo simulations with one million samples. Analytical deriva-

tions for these results are still in progress, and therefore, only simulation-based

insights are provided here. All the channel parameters between all reflecting el-



57

Figure 3.4: OP for a single RIS system model over a Nakagami-m fading channel
with the practical phase shift model. The OP is plotted for different threshold
values.

ements are modeled by Nakagami-m fading channel with unity parameters. All

reflecting elements is assumed to be identical with the parameters κmin = 0.2 and

ξ = 1.6.

Figure 3.5: EC for the cascaded RIS system model with a fixed number of RIS
layers (n = 5) and varying reflecting elements, considering both with and without
phase errors.
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Figure 3.6: OP for the cascaded RIS system model with a fixed number of RIS
layers (n = 5) and varying reflecting elements, considering both with and without
phase errors.

Figures 3.5 and 3.6 shows the EC and OP for a cascaded RIS system with

a fixed number of RIS layers (n = 5), while varying the number of reflecting

elements. Both with and without phase errors are considered in the analysis.

As observed, phase errors introduce a noticeable increase in OP and a decrease

in EC, highlighting the significant impact of imperfect phase alignment on the

system’s performance. The results illustrate that as the number of reflecting

elements increases, the EC improves, and the OP decreases. However, the perfor-

mance degradation due to phase errors becomes more pronounced as the number

of reflecting elements increases, emphasizing the real-world challenge of phase

misalignment.
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Figure 3.7: EC for the cascaded RIS system model with a fixed number of re-
flecting elements (N = 10) and varying RIS layers, considering both with and
without phase errors.

Figure 3.8: OP for the cascaded RIS system model with a fixed number of re-
flecting elements (N = 10) and varying RIS layers, considering both with and
without phase errors.

Figures 3.7 and 3.8 presents the EC and OP for the same cascaded RIS sys-

tem, but with a fixed number of reflecting elements (N = 10), while varying the

number of RIS layers. Again, phase errors are considered alongside the ideal case.

Similar to the previous graph, the impact of phase errors is clearly visible. As the

number of RIS layers increases, both EC and OP improve, but the performance
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gap between the phase error and no phase error cases widens, showing that the

cascading effect helps in reducing OP and increasing EC, although the phase er-

rors still have a considerable effect on the overall system performance.

In all graphs, the key takeaway is that phase errors have a significant im-

pact on system performance, even as the number of reflecting elements or RIS

layers varies. These findings underscore the importance of considering practical

imperfections in the design and analysis of RIS-based communication systems.



Chapter 4

Concluding Remarks

4.1 Summary

This thesis provides a comprehensive study of the performance analysis of cas-

caded RIS-based communication systems. The research focuses on evaluating

key performance metrics such as OP and EC under different channel conditions,

incorporating both ideal and practical phase shift models. Through analytical

derivations and simulation-based evaluations, this work demonstrates the sub-

stantial potential of cascaded RIS systems. Key findings include the significant

role that phase errors play in affecting system performance. While increasing the

number of reflecting elements and RIS layers generally improves performance,

the impact of phase shifts becomes increasingly pronounced. This insight un-

derscores the importance of accounting for practical imperfections in RIS design,

particularly when considering real-world applications where phase misalignment

is unavoidable. The simulations conducted, particularly for the cascaded RIS sys-

tem model, further support the theoretical predictions, although the analytical

derivations for some parts of the study are still in progress. Moreover, the study

highlights the importance of advanced statistical tools and analytical techniques

in deriving expressions for key performance indicators, such as the multivariate

Fox H-function, which was successfully used to model the Nakagami-m fading

channels and phase shift distributions. The results are in perfect alignment with

the analytical predictions, validating the effectiveness of the theoretical models.

In conclusion, this work significantly contributes to the ongoing development of

RIS technologies, providing insights into their application in advanced wireless
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communication systems. The findings offer valuable directions for future research,

including the refinement of phase shift models and the exploration of more so-

phisticated fading models to further optimize the performance of RIS systems

in next-generation communication networks. These advancements will be crucial

for addressing the growing demands of high-capacity, low-latency communication

systems envisioned for B5G and 6G networks.

4.2 Future work

Future work in this area includes several important directions for further en-

hancement of RIS-based communication systems. First, developing methods to

find the sum of differently correlated random variables is crucial for improving

the accuracy of performance metrics, such as EC and OP, in cascaded RIS mod-

els. Second, incorporating phase error into the derivations of SNR expression is

essential to better account for practical imperfections and ensure more realistic

performance predictions. Finally, optimizing the numerical approximation of the

Fox H-function is a key challenge, as it is widely used in representing OP and

EC expressions. Improving this approximation will enhance the efficiency and

scalability of analysis in complex RIS systems, making it a critical area for future

research.
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APPENDICES

A Meiger G-function

The Meijer G-function is a complex function that generalizes various special func-

tions such as hypergeometric functions, Bessel functions, and others. It is defined

in terms of a contour integral in the complex plane and is used in many areas of

applied mathematics, including probability theory, statistical mechanics, and the

solution of differential equations. The general form of the Meijer G-function is

expressed as the following contour integral

Gm,n
p,q

a1, . . . , ap
b1, . . . , bq

∣∣∣∣z
 =

1

2πi

∫
L

∏m
j=1 Γ(bj + s)

∏n
j=1 Γ(1− aj − s)∏q

j=m+1 Γ(1− bj − s)
∏p

j=n+1 Γ(aj + s)
z−s ds.

(A.1)

The Meijer G-function is defined by a contour integral, and the choice of the

contour is critical for its behavior. The contour is typically denoted as L, it

defines the path of integration in the complex plane and is chosen to ensure the

convergence of the integral. L = Lω±∞ is a contour starting at the point ω − i∞

and going to ω+i∞, where ω ∈ R = (−∞,+∞) such that all the poles of Γ(bj+s),

for j = 1, . . . ,m, are separated from those of Γ(1−aβ− s), for β = 1, . . . , n [39].
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B Fox H-function

The Fox H-function is a generalized special function that encompasses a wide

range of functions, including hypergeometric functions, Meiger G-function, Mittag-

Leffler functions, and others. The Fox H-function is highly versatile and can be

used to express solutions to various integral equations and models in physical

sciences. The general form of the Fox H-function is given by the following Mellin-

Barnes integral

Hm,n
p,q

z|a1, . . . , ap
b1, . . . , bq

 =
1

2πi

∫
L

∏m
j=1 Γ(bj + s)

∏n
j=1 Γ(1− aj − s)∏q

j=m+1 Γ(1− bj − s)
∏p

j=n+1 Γ(aj + s)
z−s ds.

(B.1)

where L defines the path of integration in the complex plane and is chosen to

ensure the convergence of the integral. L = Lω±∞ is a contour starting at the

point ω − i∞ and going to ω + i∞, where ω ∈ R = (−∞,+∞) such that all the

poles of Γ(bj+Bjs), for j = 1, . . . ,m, are separated from those of Γ(1−aβ−Aβs),

for β = 1, . . . , n [32].
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C Multivariate Fox H-function

The multivariable H-function is a generalization of many special functions, includ-

ing hypergeometric functions, Meiger G-function, and univariate Fox H-function.

It is defined in terms of a contour integral referred as the Mellin-Barnes contour

integral, which involves complex integration over multiple paths in the complex

plane. These paths, denoted by L1, L2,· · ·, LN , are carefully chosen to avoid

singularities of the integrand, ensuring the integral converges.

H[z1, . . . , zN ] = H0,n:m1,n1;...;mN ,nN
p,q:p1,q1;...;pN ,qN

[ z1
...

zN

∣∣∣∣∣(aj ;α(1)
j ,...,α

(N)
j )1,p1 :(c

(1)
j ,γ

(1)
j )1,p...;(c

(N)
j ,γ

(N)
j )1,pN

(bj ;β
(1)
j ,...,β

(N)
j )1,q :(d

(1)
j ,δ

(1)
j )1,q1 ...;(d

(N)
j ,δ

(N)
j )1,qN

]
=

=
1

(2πw)N

∫
L1

· · ·
∫
LN

Ψ(s1, . . . , sN)

{
N∏
i=1

ϕi(si)z
si
i

}
ds1 . . . dsN ,

(C.1)

where:

Ψ(s1, . . . , sN) =

∏n
j=1 Γ

(
1− aj +

∑N
i=1 α

(i)
j si

)
[∏p

j=n+1 Γ
(
aj −

∑N
i=1 α

(i)
j si

)] [∏q
j=1 Γ

(
1− bj +

∑N
i=1 β

(i)
j si

)] ,
(C.2)

ϕi(si) =

[∏mi

λ=1 Γ
(
d
(i)
λ − δ

(i)
λ si

)] [∏ni

j=1 Γ
(
1− c

(i)
j + γ

(i)
j si

)]
[∏pi

j=ni+1 Γ
(
c
(i)
j − γ

(i)
j si

)] [∏qi
λ=mi+1 Γ

(
1− d

(i)
λ + δ

(i)
λ si

)] . (C.3)

For i = 1, . . . , N , and Li = Lwτi∞, where w = (−1)
1
2 , represents the contours

that start at the point τi − w∞ and extend to the point τi + w∞, with τi ∈

R = (−∞,∞), and i = 1, . . . , N , such that all the poles of Γ
(
d
(i)
j − δ

(i)
j si

)
,

j = 1, . . . ,mi; i = 1, . . . , N are distinct from those of Γ
(
1− c

(i)
j − γ

(i)
j si

)
, j =

1, . . . , ni; i = 1, . . . , N and Γ
(
1− aj +

∑N
i=1 α

(i)
j si

)
, j = 1, . . . , n [32].
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