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Abstract

I present an algorithm to calculate spin-dependent relativistic corrections using vari-
ationally optimized non-relativistic wave functions expanded in terms of explicitly cor-
related Gaussian basis functions. All matrix elements required for the calculations were
derived analytically, with detailed derivations provided. The algorithm can be applied to
systems with one and two p-electrons, or a single d-electron. Using the newly developed
algorithm, I studied how the relativistic effects affect the stability of positronic beryllium
in the ground singlet S and excited triplet S and P states. I found that the inclusion of
relativistic correction changes the binding energies of the considered states only by 2.2%
at most. Interestingly, this small change persists even for triplet P states, for which the
spin—orbit and spin—spin contributions are not canceled out when the binding energy is
computed. In the second application, I investigated the fine-structure of the carbon atom’s
ground and first excited 3P¢ states as well as the lowest D¢ state. I accounted for the
leading-order (ox a?), electron anomalous magnetic moment (x o?), and the dominant
part of the second-order perturbation theory (oc a?) contributions. To my knowledge,
these are the first high-precision calculations at the a* level of theory performed for a
system of this size. The computed values of the fine-structure splittings represent the
most accurate calculations of the carbon atom reported to date and are in agreement
with experiment at the level of 0.0001-0.01 cm ™. In addition, I report the isotopic shifts

in the fine-structure levels of 13C, “C, and *°C relative to '2C.
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1 Introduction

Accurate atomic calculations are essential for both fundamental and applied research.
From the fundamental perspective, the comparison between high-precision spectroscopic
measurements and theoretical predictions of atomic properties serves as a tool to test
quantum electrodynamics (QED), determine fundamental physics constants and nuclear
properties, and even search for new physics beyond the Standard Model [1-8]. In the
applied context, theoretical calculations may provide the values of atomic quantities that
are more accurate than the existing experimental measurements, especially when the latter
are technically challenging or impossible [9, 10]. In these cases, theoretical predictions
may stimulate experimentalists to conduct more accurate measurements and guide them
in the design of the experimental setup or procedures.

Depending on the size of the atomic system and the desired level of accuracy, various
computational methods have been developed. For small atomic systems, up to 6-7 parti-
cles, the highest accuracy is provided by the variational methods in which the exact wave
function of a system is approximated by minimizing the energy functional F (V) in the

Hilbert space of trial wave functions W:

(W|H|W)

B = )

— min, (1.1)
where H is the Hamiltonian of a system. These methods are based on a variational prin-
ciple which states that the functional E(W¥) is always greater or equal than the exact
ground-state energy Ey, E(V) > Ey, with the equality attained for the exact wave func-
tion. The most common choices of the basis functions that are used to expand the trial
wave function are explicitly correlated Gaussian functions [11] and Hyllerass-type expo-
nential functions [12]. Another form of variational approach is called quantum Monte
Carlo [13], in which the basis functions can be arbitrary, but the integrals required for
energy minimization are evaluated using stochastic Monte Carlo techniques.

If the wave function is represented as a sum of electronic configurations (i.e. antisym-
metrized product of one-electron spin-orbitals), we arrive at the configuration interaction
(CI) approach [14]. In this method, only the linear coefficients in front of the electronic
configurations are optimized, while the spin-orbitals are kept fixed. An extension of the
CI method, in which both the spin-orbitals and configuration coefficients are variationally
optimized, is known as the multiconfiguration Hartree-Fock (MCHF') method [15].

The application of variational methods to systems containing more than ten particles
is problematic due to an exponential scaling of computational cost. Among the non-
variational methods, the most well-known are many-body perturbation theory (MBPT)
[16] and coupled-cluster (CC) method [17]. These techniques have lower accuracy, but
do not suffer from rapid exponential scaling of the computational cost, and thus can be

applied to larger systems containing tens of electrons.



Atomic and molecular systems with hundreds of electrons are most efficiently treated
using the Density Functional Theory (DFT) [18], which employs the electron density,
rather than the wave function, as the fundamental quantity. Naturally, the electron den-
sity conveys significantly less information than the wave function, making this approach
a trade-off between accuracy and computational cost.

In the current work, we adopt the variational ECG approach [19], which provides the
highest accuracy for the atoms with three to six electrons as compared to all the other
existing methods. Explicitly correlated Gaussian basis sets have a remarkable property
that all the quantities required for variational minimization (Hamiltonian matrix elements
and energy gradients) can be obtained analytically, enabling efficient and extensive pa-
rameter optimization. On the other hand, the Gaussian wave functions are not natural for
Coulomb-interacting systems in the sense that they do not have correct decaying behavior
at large distances and do not satisfy the Kato cusp condition [20]. These disadvantages
lead to the necessity of employing very large basis expansions of the wave function, con-
sisting of thousands of Gaussians, to reproduce the correct behavior of the wave function
and achieve spectroscopic accuracy.

To obtain accurate values of atomic quantities (e.g. transition frequencies between
energy levels), one needs to account for the relativistic corrections. The inclusion of
these corrections is usually done perturbatively, as a series in fine-structure constant
a ~ 1/137. In this work, we focus on spin-dependent relativistic corrections, which
manifest themselves in the fine-structure splitting of atomic energy levels. The most
accurate fine-structure calculations have been done for helium and lithium, up to the
orders of a® and o’ Inq, respectively [21, 22]. Obtaining the same order of accuracy
for larger, four- and five-electron systems, is a challenging task — e.g. fine-structure
calculations for beryllium and boron are currently limited to the o® contributions, while
the a* effects are either completely neglected or estimated crudely [10, 23-25].

Accurate fine-structure calculations for the systems with the dominant configuration
containing two p-electrons have not been performed so far. Moreover, no successful at-
tempts to accurately account for relativistic contributions beyond the order of o have
been done for the systems with more than three electrons. In this work, I fill these gaps by
developing a formalism for spin-dependent calculations in atomic systems whose dominant
configurations contain one or two p-electrons, building upon the methodology introduced
by our former group member D. Tumakov. The proposed method is validated through
the calculations of spin-dependent relativistic corrections in positronic beryllium [26], and
fine-structure calculations in the lowest triplet states of neutral carbon. For carbon, the
reported fine-structure splittings partially include a* contribution and are the most ac-
curate results obtained so far. Moreover, the carbon calculations presented here are the
most accurate ones ever done for a six-electron system. This work demonstrates that the
capabilities of the variational ECG approach are now sufficiently advanced to accurately

describe the properties of a six-electron system.



2 Notations

The mathematical formalism of variational ECG calculations relies on matrix differen-
tial calculus [27] which requires dealing with matrices and vectors of different dimensions.
To ensure consistent notation throughout the manuscript and prevent any confusion, be-

low we introduce some conventions and explain our notations:

e v — the number of spatial degrees of freedom per particle. For example, for 3D-

motion, v is equal to three.
e N — the number of particles in the system.

e n =N — 1 — the number of pseudoparticles. Since the center-of-mass motion can
be factored out in the total wave function, one may make a change of coordinates to
eliminate three degrees of freedom (e.g. transform to the center-of-mass frame, or
choose one of the particles to be the origin of a new coordinate frame). The particles
associated with the new coordinates may appear in the Hamiltonian with different

masses or other modified properties, so we refer to them as pseudoparticles.
e N — the number of basis functions in the expansion of a trial wave function.
For operators, scalars, matrices, and vectors, we adopt the following conventions:
e H,0,S — Calligraphic Greek characters denote quantum mechanical operators.
e «, 3,7 — Lower-case Greek characters denote scalars.
e a,3,~ — Bold lower-case Greek characters denote r-component vectors.
e a,b,c — Lower-case Latin characters denote n-component vectors.
e a,b,c — Bold lower-case Latin characters denote vn-component vectors.
e a, b, c — Serif font with lower-case Latin characters denotes N-component vectors.

e a b,c — Bold Serif font with lower-case Latin characters denotes v/N-component

vectors.

e a,b,c — Typewriter font with lower-case Latin characters denotes N -component

vectors.
e A B,C — Upper-case Latin characters denote n x n matrices.
e A, E. Q- Bold upper-case Greek characters denote v x v matrices.
e A B,C — Bold upper-case Latin characters denote vn X vn matrices.

e A B,C — Serif font with upper-case Latin characters denotes for NV x N matrices.



e A B,C— Typewriter font with upper-case Latin characters denotes A" x A/ matrices.
For the matrix and vector operations, we use the following conventions:

e Vector and matrix transposition is denoted by the prime symbol, e.g. if v is a

column vector, then v’ is a row vector.

e The complex conjugation of a matrix M is denoted as M*. The hermitian conju-
gation is denoted as M. For the complex/hermitian conjugation of an operator or

a vector, we use the same notation.
e The determinant of a matrix A is denoted as |A|.

e The Kronecker product of matrices A and B (or, respectively, vectors v and w) is
denoted as A ® B (respectively, v ® w).

e The gradient w.r.t. particle ¢, whose position is given by the radius-vector R;, is
denoted as Vg, or just V;. The first option (Vg,) is usually used when we need to

emphasize in which coordinate system we take the gradient.

Note that there will be some exceptions to the above notation scheme. However, they

will be obvious and should not cause any confusion.

3 Theory of variational atomic calculations

3.1 The variational principle

As noted earlier, variational atomic calculations are based on the minimization of an
energy functional F(W) (1.1). A systematic way to carry out this procedure is provided
by the Rayleigh-Ritz variational method [28]. In this method, the trial wave function W

is represented as a sum of A basis functions {¢;}Y, as follows:

N
i=1

where ¢; are linear coefficients, complex-valued in general. Coefficients {¢;}, can be
easily obtained by requiring the functional E(¥) to be minimal under the condition that

basis functions {gbl}ﬁl are fixed. Varying w.r.t. linear parameters c; gives the eigenvalue

problem:

Hc = €Sc, (3.2)
where H and S are N x N/ Hamiltonian and overlap matrices, with the matrix elements
given by:

Hij = (il Hle;) , (3.3)
Sy = (6il65), 67 =1, . (3.4)



Here c is an AN-vector of linear parameters, ¢ = (¢, ¢a,...¢,)", and € is an energy eigen-
value. If we now arrange the eigenvalues {¢,}_, in an ascending order, the first eigenvalue
and the corresponding eigenvector will give the approximate energy and wave function for
the ground state, the next eigenvalue-eigenvector pair — for the first excited state, and
SO on.

The Rayleigh—Ritz variational method described above allows one to obtain approx-
imate wave function and energy for a particular state given the basis functions {¢;}4,.
However, the main strength of the variational method, which allows one to obtain very
accurate wave functions and energies, lies in the extensive optimization of basis func-
tions. Typically, each basis function ¢; depends on the set of K non-linear parameters
a; (j=1,...,K), which are heavily optimized to deliver the minimum to the functional
E(V). In particular, in our calculations with the ECG basis functions, each increment
of the basis set is accompanied by a step-by-step non-linear optimization of all basis

functions appearing in the expansion (3.1).

3.2 Basis functions

A natural choice for the basis functions ¢; is exponential functions that explicitly
depend on interparticle distances. Such basis functions were first introduced by Hylleraas
in his pioneering work on the ground and first excited states of helium [29]. The general

form of the trial wave function expanded in Hylleraas basis set is:

N
U= Z c;smitiy™ (3.5)

=1

with the Hylleraas coordinates defined as:
S=1r1+ry t=—r1+7ry U=T9, (3.6)

where r; are nucleus—electron distances, and rq5 is the interelectron distance. The varia-
tional parameters here are £ and ¢;. Note that one can build different expansions depend-
ing on the choice of the non-negative integer triples (n;, ;, 2m;) [12].

The expansion (3.5) contains the correlation terms (in the form of powers of interelec-
tronic distances) only in the preexponential factor, but not in the argument of exponent.
An alternative is to consider Slater-type wave functions [30] in which the correlation ef-
fects are taken into account by introducing the interelectronic distance in the exponent.
Both approaches allowed to perform the most accurate calculations of helium [31, 32] and
lithium-like atoms [33-35] as compared to other methods.

Despite the remarkable performance of Hylleraas-type and Slater-type wave functions
for two- and three-electron system, the method is not applicable to larger systems due to
analytical difficulty in evaluating four-electron integrals with this type of basis functions.

For four- to six-electron systems, the best choice of basis functions is explicitly correlated

10



Gaussians that were first introduced for atomic calculations by Boys [11] and Singer [36].

For an atom consisting of n electrons, their general form is:

Gi(r1, 2, ... 1) = Y (71, T2, ..., Ty) €XP Zaf 2 - Zawr il (3.7)

1>7

where 7; is a vector pointing from a nucleus to the i-th electron, «;, a;; are non-linear
variational parameters, and Y},,(71,7,...,7,) is an angular prefactor corresponding to
an atom carrying orbital angular momentum [ with projection m.

Unlike Hylleraas-type or Slater-type wave functions, the argument of ECG exponent
is a quadratic form of a 3n-dimensional all-electron vector r» = (7y,...,7,). This feature
gives rise to the key advantage of the method — the possibility to obtain the matrix
elements of non-relativistic Hamiltonian, as well as energy gradient w.r.t. non-linear vari-
ational parameters, analytically. Moreover, the analytic complexity of these formulas does
not depend on the system size. This property allows for a very efficient optimization of
a trial wave function. On the other hand, Gaussian basis functions do not have proper
short- and long-range behavior. Specifically, they do not satisfy the Kato cusp condition
[20] — the requirement on the discontinuity of a first derivative when one or more inter-
particle distances are zero. Also, they decay too rapidly for large interparticle distances.
In contrast, Hylleraas- and Slater-type bases do not suffer from these limitations. To
mitigate these drawbacks, one needs to use very large expansions of highly optimized

Gaussians for a trial wave function.

3.3 Non-relativistic Hamiltonian and center-of-mass reduction

Due to translational invariance in the absence of external fields, the center-of-mass
motion can be factored out in the total wave function. Therefore, we may eliminate
three coordinates and come to internal coordinates describing only the relative motion of
particles. It is often convenient to choose the heaviest particle (in atomic systems, it is a
nucleus) to be the reference one and place the origin of a new coordinate system at the
position of that particle. Further, we briefly outline this procedure.

Consider the Coulomb-interacting system of N particles with charges (); and masses
M;. The positions of the particles in the laboratory frame are given by the radius-vectors
R;, as Fig. 1 shows.

The non-relativistic Hamiltonian Hyg in laboratory frame reads:

N

QiQ;
HNR = Z 50, Z ZR”J (3.8)

=1 1>]

11



(Q1, M)

r2
y/\ Rl (Q3)M3)
1

r12

(Q2, M2)

~

Z

Figure 1: The transformation from laboratory frame coordinates R; (blue color) to internal
coordinates 7; (red color)

Now, we introduce the new set of coordinates {r;}¥, according to the rule:

rn=Ri.1—Ry,i=1,...,N—1, (3.9)
> MR,
TN = Tem = S, (3.10)
N
where M is the total mass of all particles, M = 1—231 M;. In other words, we has trans-

formed from laboratory coordinates to the center-of-mass coordinate ryandn=N—1
coordinates {r;}!" , relative to the reference particle 1. For convenience, we introduce the
notations with shifted indices m; = M1, ¢; = Qi+1(i = 0,..., N — 1). According to
this convention, the reference particle has mass mg = M; and charge ¢y = ). Using the
chain rule for differentiation, we express the momentum operators in laboratory coordi-
nates P; = —iV g, through the momentum in new coordinates p, = —tV,.,, and obtain

for the Hamiltonian H\y in new coordinates:

n

2

p.

Hl — (]
NR L

1« 1 GiG | N~ D% |, PX
— p.+=Y 2L ELEUNIRY .8 3.11

where 1; = mom;/(mg + m;) is the reduced mass of particle i 4 1.
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As one can see, our initial Hamiltonian decoupled into the part depending on internal
coordinates {r;}! , and the one depending on the center-of-mass motion. The latter does

not represent any interest and we will work only with internal Hamiltonian H}{fﬁ:

n

2 n n n
int/ ; 1 Z / 1 Z%’Qj ZQOQZ‘
Hlnt — 2 o — . 312

" = 2 ! 2mo i Pt 2 i>g ! =1 i 12)

The particles associated with coordinates {r;}! , are referred to as pseudoparticles. As
seen from (3.12), at the non-relativistic level, they interact via Coulomb forces like par-
ticles with masses p; and charges ¢; in the field of reference particles ¢o. Note that

the motion of these pseudoparticles is also coupled through the mass-polarization term

1 n
g Qi PiPj-

For the sake of simplicity, in this thesis we will denote Hamiltonian (3.12) by Hxr.
Also, we will use the terms ‘pseudoparticle’ and ‘particle’ interchangeably, when the mean-
ing is clear from the context or not essential.

3.4 Spin-free formalism

The total wave function ® of an atom containing n electrons is an antisymmetrized

product of spin part © and spatial part U:
®(o,7) = A[B(0)¥(r)], (3.13)
where o and r are all-electron spin and position vectors, respectively:

o= (01,...,00), (3.14)
r=(ry,...,T). (3.15)

Antisymmetrization operator A is defined as:

1
A=— " P, (3.16)
\/H’PiESn

where ep, is the parity of permutation P; and the summation runs over all possible per-
mutations of n identical particles. S, denotes the symmetric group of permutations of n
particles. The antisymmetrizer A ensures that the total wave function ®(o,7) is totally
antisymmetric under the exchange of any two particles, as required by the Fermi—Dirac

statistics for a system of identical fermions:
P,i®(o,r)=—0(o,7), (3.17)

where operator P;; permutes spin and spatial variables of particles ¢ and j.

If we aim to find the expectation value of a spin-independent operator O, we may

13



exclude spin from the consideration. To do this, we need to project basis functions ¢;(r)
onto the irreducible representation corresponding to the total spin S via spatial Young
operator V" [37, 38]. Thus, to find the desired matrix element, we consider the spin-free

Young-projected wave function V"W (r):

N
V'U(r) = Zciyr@(r), (3.18)

and the corresponding expectation value is then written as:

() = oY) _ (VOYTIYT|Y)
ey ety

(3.19)

where we assumed that the operator O commutes with any permutation P from the group
S,. Computing the matrix element with such spin-free basis functions is equivalent to
using the full wave functions and summing over spin variables.

Finally, we show how one can construct spatial Young operator )" for a system of n
identical fermions with spin 1/2 and total spin S. We will follow Ref. [39] to describe
the construction of Young table — a scheme to write the Young operator. To begin, we
determine the number p of two-cell rows in the Young table, given by p =n/2 — S. The
number of one-cell rows is then n — 2p, and the corresponding partition of the table is
p = [2P,1"=?P]. For example, for a five-particle system (n = 5) with spin S = 1/2, the
partition is [22, 1], meaning the table consists of two two-cell rows and one single-cell row.
Next, we enumerate the particles and place their labels in the table, starting from the
upper-left corner. The labels can be arranged either left to right, row by row, or top to
bottom, column by column. In our example, we choose to place the labels from top to

bottom which results in the following Young table:

(3.20)

To write the spatial Young operator Y, we should symmetrize over indices in rows, and

antisymmetrize over indices in columns:
V' = 814825 A123.Ass, (3.21)

where § and A are symmetrization and antisymmetrization operators, respectively, and

14



the indices in the subscript denote the particles on which the operators act. In our case,

S1s = (T + Pua), (3.22)
Sos = (T + Pas), (3.23)
Ajoz = (Z — P12)(Z — Pra — P13), (3.24)
Ass = (T — Pus), (3.25)

where Z is the identity operator.

3.5 Spin-dependent formalism

To evaluate spin-dependent relativistic energy corrections, the full wave function must

be used. Let us assume that we constructed the non-relativistic trial wave function W(r):

N
U(r) = Z cii() (3.26)

by minimizing the expectation value of the Schrodinger Hamiltonian (3.12) with the spa-
tial Young-projected wave function Y"W(r) (see Eq. (3.19)).
We can now construct the spin wave function ©(r) by using the spin Young operator

Y?. The spin Young table is the spatial one transposed. In our example, the table takes

the form:
1123 (3.27)
4
with the spin Young operator Y7 given by:
V7 = S1238s5A14 Ass. (3.28)

To construct spin wave function, we will now use a “primitive” spin function which
is a simple product of one-electron spinors. Let us now take a primitive spin function
which is an eigenfunction of the total spin operator S? and spin projection operator S,

with eigenvalue S, = S. For example, in our case, we may choose:

0 =111 1M M35, (3.29)

where |1), and |]), denote the spin up and spin down state of the i-th particle, respectively.
Then we act with the spin Young operator ) on the primitive 6 to obtain a properly

symmetrized spin wave function ©:
0 = Y746. (3.30)

It may happen that Y76 is identically zero. Then we should try another primitive function

15



0 (e.g. by permuting some of the particles) and act on it with ). This process must be
continued unless we find the primitive that does not vanish under the action of ).
Thus, the algorithm to obtain the full wave function of atomic system can be summa-

rized as follows:

1. We obtain the variational trial spatial wave function ¥(7) by minimizing the expec-

tation value of a Hamiltonian with a spatial Young-projected wave function YW (r).

2. We construct the spin wave function ©(e) from the primitive spin function (o)
which is an any eigenfunction of operators §? and S, with the maximum projection

S, = S and that does not vanish under the action of spin Young operator )7:

O(c) = Y70(a). (3.31)

3. The total wave function ®(o, 7) is an antisymmetrized product of spin and spatial
parts:

O(o,r) =A[O(c)¥(r)]. (3.32)

Finally, let us consider the spin-dependent operator O that commutes with any per-
mutations P € S, and can be factorized into the product of spin and spatial parts:
O = O?0". Similarly, we express the permutation operator P as the product of its spin
and spatial components: P = P?P". In this case, the expectation value (O) can be
written as follows:

(0) =) ep, (0|07 P7|O) (V|O™P"|T). (3.33)

P;ESn

4 Theory of atomic fine structure

4.1 Physical picture

The state of an atom is conventionally described via atomic term symbol n 25t1LF,

where L is the orbital angular momentum quantum number, S — spin quantum number,
and J = L & S — total angular momentum quantum number. The principal quantum
number n labels the terms of the same L and S according to their energy ordering. The
character p = {e,0} in the superscript denotes the parity of a state, where e represents
an even-parity state, and o — odd-parity state. The non-relativistic Schrodinger Hamil-
tonian (3.12) assigns particular energy for each atomic term. However, atomic levels with
the same L and S quantum numbers, but different J, are degenerate. The inclusion of
non-scalar spin-dependent relativistic contributions, namely, the spin—orbit and spin—spin
interactions, removes the degeneracy. Certainly, the new levels remain degenerate with
respect to the projection of total angular momentum M.

The spin—orbit interaction describes the coupling between the electrons’ magnetic

moments, associated with their spins, and the atomic magnetic field, while the spin—spin

16



interaction accounts for the dipole—dipole interaction between the electrons’ magnetic
moments. As a result, the previously degenerate states with different J values split into
distinct energy levels, which can be observed in atomic spectra. This phenomenon is called
fine-structure splitting — the name reflects small intervals between the levels with different
J values, as compared to the energy separation between atomic terms corresponding to
non-relativistic Hamiltonian (the so-called gross structure).

The total angular momentum quantum number J may take the values from J = |L— S|
to J = L+.S, according to the usual rules of angular momentum algebra [40]. A schematic

representation of fine-structure splitting for an atomic term 'L is given in Fig. 2.

FE
. J=L+S
"'
’
'¢
'l
‘¢ __-'
25’+1L RSP
A;:‘.
~~~~~~~. J:‘L—S“i‘l
~~
~ J=|L-S5
Exr Exr + EFs

Figure 2: Fine-structure splitting of an atomic term 2t1L. Exg denotes the non-relativistic
energy, F'pg — higher-order contributions.

4.2 Dirac—Breit Hamiltonian

The inclusion of relativistic and QED corrections for light atoms can be carried out
systematically in the framework of non-relativistic quantum electrodynamics (NRQED)

[41] by expanding the energy in powers of fine-structure constant «:

E=EJ}+E®+E® 4 ED 4 (4.1)

where El(\%){ represents the energy corresponding to the Schrodinger Hamiltonian (3.12),

E® is the expectation value of relativistic corrections from the effective Dirac Breit
Hamiltonian [42, 43], etc.

At the leading-order (ox «?), we can separate the contributions that result in an
overall shift of atomic term from those that cause fine-structure splitting by writing the
Dirac-Breit Hamiltonian Hg) as Hg)) = 7-[1(\?;){ + H;(SQF% + H(FQS?, where Hézl—% represents all
leading-order scalar relativistic effects and H?s) describes the leading-order fine-structure
splittings.

The scalar relativistic part contains the following terms:

2 2 2 2 2
HE = HD + 1D 12 7D (4.2)
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which are commonly known as mass-velocity, Darwin, orbit—orbit, and contact spin—spin
Fermi interactions. Their explicit expressions in internal coordinates can be found in [26].
Although the spin—spin contact Fermi interaction depends on the electrons’ spins, it does
not lead to energy level splitting because it is a scalar interaction — i.e. corresponds to
a spin tensor of rank zero.

The leading-order fine-structure Hamiltonian consists of two terms, ’H%QS) = H% +
’HSSNC, where ”H% and %ézs)Nc are the spin—orbit and the electron part of the non-contact
(dipolar) spin—spin interactions, respectively. The spin—orbit Hamiltonian is usually writ-
ten as Hézc)) = 7-[%1 + Hézc)m, where 7-[%1 and 7—[%2 are commonly referred to as spin-
same—orbit and spin—other—orbit contributions. In internal coordinates, these operators

are written as follows [44]:

n

7 ]- + 20’8 2 1 + ae ;
e (L e d
=1 i 0 Tz
QY S;
- — [T X Dj| +
; { momz ? [ J] (4 4)
%4 Si 1+ 2a, 2(1 + ae) ’
+2m-r_3 Tji X o pi — - Pj ,
v 143 7 j
)24 (sis;) . (sirij)(srij)
%SSNC =« ; (1+ ac) —— [ = -3 =) ; (4.5)

where s; is the spin of the i-th electron, r;; = r; —7;, are interparticle separation vectors,
and a, = /27 + ... =~ 1.15965218046 x 1073, is the electron anomalous magnetic
moment [45]. Note that H(Fzs) effectively contains terms oc o® and higher through the

electron magnetic moment anomaly.

4.3 Perturbation series approach

Up to the fourth power of «, the fine-structure energy levels can be expressed as
the sum of the first-order and second-order perturbation theory contributions. The corre-
sponding expression for the total J-dependent part of the energy in state |¢0) = |[nJM;LS)

18:

oo+ 3 KDL 5 SOOI |y pgg)oy. o
¢ dFY

The first term in Eq. (4.6) contains the leading-order contribution of the order of a? and
anomalous magnetic moment correction of the order of o® and higher. The second and
third terms come from the second-order perturbation theory. The summation involves all
eigenstates |¢) of the non-relativistic Hamiltonian (3.12). The last term comes from the

higher-order effective Hamiltonian obtained by the Foldy—Wouthuysen transformation of

18



the Dirac equation. The explicit expression for 7—[%45) can be found in Refs. [22, 46].

4.4 Hyperfine structure

The magnetic dipole hyperfine interaction arises from the coupling between the nuclear
magnetic moment and the magnetic field generated by the electrons. As a result, the total
electronic angular momentum J is no longer conserved. Instead, the conserved quantity
is the total angular momentum F', defined as the sum of the nuclear spin I and the
electronic angular momentum J: F = I @ J. The hyperfine structure (HFS) splitting
is much smaller than that of a fine-structure, approximately by the order of the ratio of
proton to electron mass.

Hyperfine structure interaction has the following Hamiltonian [47]:
Hims = Hins + His + HansC, (4.7)

which is a sum of contact Fermi, spin—orbit and spin-dipolar interactions. In internal

coordinates, they are written as follows [24]:

" 87
Hivs = gegnppunT’ Z ?5(”)3% (4.8)
i=1

” gN 7 1
— - s
ik {1=1 <2mlmp 2mnm, 2m2N) ?”;3[ pil+

- gnN Z 1
— —|ri x pil ¢, 4.9
”ZI <2mNmp 2m2N> rf[ p]] (4.9)
i#j

3r;(s;T; S;
Hirs. = gegnpspnd’ Z (% - ﬁ) : (4.10)

i=1 7 (3
Here my and m, are nuclear and proton masses, jp = 2§Zc and pun = 276726 are Bohr

and nuclear magnetons, g. ~ 2 + 2 is the electron spin g-factor, and gy is the nucleuar
g-factor that is related to the nuclear magnetic moment p as: pu = gyunlI.

Note that analogously to the case of fine-structure, spin—orbit hyperfine structure
contribution (4.9) consists of tho sums. However, the second sum over i # j comes
solely from the transformation to internal coordinates. Another point to note is that in
Eq. (4.9), the terms proportional to Z originate from the so-called Thomas precession
[48] — a purely kinematic contribution to the Hamiltonian that takes place for a fermion
moving with acceleration.

The leading-order contribution to the HE'S splitting for the case of nuclear spin I = 1/2
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can be expressed in terms of the hyperfine parameter A;:
, 1
EJ:AJ(IJ>:§AJK, (4.11)

where K = F(F +1) —I(I +1) — J(J + 1). This form predicts the HFS splitting ratio
and has the form analogous to the Lande interval rule for the fine-structure. The form
(4.11) originates from the fact that the HFS Hamiltonian can be represented as a scalar

product of rank-one tensors [47].

5 Evaluation of diagonal spin-dependent matrix elements

5.1 Operator factorization technique

To evaluate the matrix elements of spin-dependent operators, it is convenient to fac-
torize them into the product of spin and spatial components, and then use formula (3.33)
to compute them in the ECG basis set. The general formalism for evaluating matrix
elements of such separable operators is given in Ref. [49], and explicit expressions for
spin—orbit and spin—spin interactions can be found in Ref. [44]. Here we briefly introduce
this formalism.

First, we define the scalar product of two tensor operators T'®) and U® of rank k:

k
T®.U® = 3" (~1)r®u®, (5.1)

q=—k

The tensorial component TEZ)

the spherical harmonic Y;](k). For example, for a 3D vector V' = (V,,,V,,, V.), the tensorial

is defined to transform under rotations in the same way as

components of a corresponding rank-one tensor are defined as:

Ve +iV,
V==t
: V2
Vo=V,
v, = Yaz Wy (5.2)

Notice that with this definition, the usual Euclidean scalar product of two 3D-vectors V

and W can be expressed through its tensorial components as:
V'W = V,W, + VW, + VW, = =V_1W; + VoW, — ViIW_,. (5.3)

Next, the cross-product of tensors T5) and U®) of ranks K and P, forming the
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tensor of rank @), is defined component-wise as:

[T™ x U@ = N Rt TIOU"), (5.4)
Mg

where C’IQ(Z,% pn are Clebsch-Gordan coefficients.
As we will see later, spin—orbit and spin—spin Hamiltonians can be represented in
a form (5.1), namely, as a sum of tensor scalar products of spin T™®) and spatial U®)
operators of rank k. Let us now derive the formulas to evaluate the expectation value of
such operator O:
o=>1".U", (5.5)
{7}
where index j runs over all particles. The expectation value (O) ; in a state with a definite

J value is:

(O), = (vSLIM,|O|SLIM,), (5.6)

where M is the projection of total angular momentum, and + denotes all additional
quantum numbers required to uniquely specify the state. Notice, that the matrix element
(5.6) is independent of the projection M, since O does not carry angular momentum.
To further simplify (5.6), it is convenient to come from a coupled basis [SLJ M) to an
uncoupled representation |SMgLM[) (here Mg and M, are projections of spin and orbital

angular momentum). This can be routinely done using Clebsch—Gordan coefficients:

WSLIMj) = Y O, WSMgLMy) . (5.7)

Ms+Mp=Mj;

Using the angular momentum algebra [49] to handle Clebsch-Gordan coefficients, we
can express O for different J using a single matrix element for the case of a maximum

projection of total angular momentum M; = J (corresponding to M = L and Mg = 5)

[44]:
0),=Cr Y en Y <SS ‘TJ{’;;)P;'

$8) (yLL |UlPr

7LL> , (5.8)

where the coefficient C'; accounts for the symmetry properties of the matrix elements and

is expressed through 6-;5 symbol as:

g VRS —EN RS+ k+ D) QL—k) 2L+ k+1)! [S S k
Cr=(-1° ¥ (25)! (2L)! {L L J}' (5:9)

Below, we present the matrix elements of the non-scalar spin-dependent operators of
the Dirac—Breit Hamiltonian, evaluated in the ECG basis set. In the code, we separately
compute the leading-order contributions (o< «?) from the spin—orbit and non-contact

spin-spin interactions, as well as the o correction arising from the electron magnetic
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moment anomaly. This separation allows us to assess the relative significance of each
term. Accordingly, in the following derivations, we set a. = 0 to isolate the leading-order
effects. If one wants to restore full formulas with a. # 0, this can be easily done using

complete expressions given in (4.3), (4.4), and (4.5).
Spin—orbit interaction

The spin—orbit (SO) operator Hgo already has the form (5.1) of a scalar product of
rank-one spin and spatial tensors with Tﬁ)) and U ]%) given by [44]:

1
Tj(,o) = Sjz
qoqi [ 1 2\ 1 [ qg; 1
30 Z2mj mj+mo 7"5-’ s ]]Z+Zkz:; mom; 7"]3 7 ¢l
k£
qiqe 1 2 1
—IE e x [ =V — —V . 5.10
2m; 3, {m (mk omy ), (5.10)

The evaluation of spin part is trivial since s; . just returns a spin projection of particle j

when applied to a primitive spin function.
Spin—spin non-contact interaction

The electron part of spin—spin non-contact (SSNC) interaction can be factorized into

a scalar product of rank-two tensors:

N Gl [(n (.1)}(2).[V<1> V(l)}@) 1 5.11
Hssne Z—mimj{( 8, X 8 iV ri; | (5-11)

4,j=1,
1>7

which leads to the following expressions for Tz(f()) and 122()) 44]:

1
TZ(JZRJ - %(351‘@31‘@—328]‘), (5.12)
v = GG 3(v,). (V). - V'V.) — 5.13
13,0 mimj\/é ( ( )( ]) 7 ]) i ’ ( )

where the gradients act only on 1/7;.

For the spin part, we may use the Dirac identity for the scalar product of spins s!s;:

1 1_.
88 = 1 + 5731']‘7 (5.14)
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to obtain:

2 1, 1
CZ—ILS’()) = — (Bsi,zsj,z - 57)1] + Z) y (515)

and we can evaluate the corresponding matrix element straightforwardly.

In what follows, we will focus on the spatial parts of spin—spin and spin—orbit operators.

5.2 Matrix elements for the systems with one p-electron

We will now briefly review the general formalism of evaluating spatial matrix elements
in the ECG basis set corresponding to a single electron in a p-state. A detailed description
can be found in Ref. [50].

5.2.1 Basis functions

We choose the origin of internal coordinates to coincide with the position of a nucleus

and express the Gaussian basis function |I) of an n-(pseudo)particle system as:
I} = vir exp(—r'Cyr). (5.16)
Here, the 3n-dimensional vector r represents the positions of all particles:
r=(ry,ry ..., 1), (5.17)

3n-dimensional vector v; specifies which particle carries angular momentum [ = 1 and

can be written as the Kronecker product of two vectors:
V=R €, (518)

where the n-dimensional vector v; has a single non-zero component corresponding to
particle n; in a p-state: v, = d4y,, and a 3D-vector €, = \%(1,2‘, 0) specifies the angular
momentum projection with magnetic quantum number m; = 1.

A symmetric positive-definite matrix Cj is a 3n x 3n matrix of non-linear variational
parameters to be optimized. The rotational invariance of the non-relativistic Hamiltonian

allows one to factorize C) as follows:
C=CI;, (5.19)

where I3 is a 3D identity matrix.

The matrix C; contains n(n + 1)/2 non-linear variational parameters. In principle,
these parameters may be complex, and we consider this general case in the following
derivations. However, in the ECG code being developed in our group, we use real Gaus-
sians for atoms in a P-state.

Note that during the minimization procedure, not only the non-linear parameters of
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matrix C) are optimized, but also the integer n; defining the particle carrying angular

momentum [ = 1. Thus, in total for A/ basis functions, we have N @ real parameters

and N integer parameters to be optimized.
Next, to analytically evaluate matrix elements, it is convenient to introduce generating

functions ¢; with an auxiliary real variable oy:
1 = exp [yuyr — ' Cir (5.20)
such that
1) = 0a,P1]ay=o0- (5.21)

Therefore, the matrix element of operator O taken between two basis functions can be

expressed through the matrix element with the generating functions as follows:
(KO} = 0, 0o, (21| Olip) - (5.22)

We also need to know how to act on a basis function |/) with the permutation operator
P with the corresponding matrix P (see Eq. (3.33)). Substituting » — P into (5.16),

we obtain:

P|l) = v;Prexp(—r'P'C,Pr) = v;r exp(—r’éw) =

Z> , (5.23)
where

’QNJl = P/'Ul, (524)
C,= P'C\P. (5.25)

Thus, the action of the permutation operator P on a wave function |l) or ¢; reduces to
a transformation of the matrix C; and vector v;. In the following, to avoid introducing
excessive notation, we will omit tilde symbols and implicitly assume that the matrix C;

and vector v; have been transformed by the permutation operator.

5.2.2  Overlap matrix element

The overlap matrix element between two basis functions |k) and |l) reads:

(5.26)

a=0

Sk = <k‘|l> = 8%6&1 <g0k|g01> |a:0 = aakaal /d?" exp [Oék’U;L’l" + O./l’vl,T' — r’(CZ + CZ)T'}

Here for brevity we introduced notation & = (v, ay).

To find the overlap matrix element, we introduce matrix Cy; = C; 4+ C; and use the
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value of n-dimensional Gaussian integral:

7Tn/2
/dxexp [—2'Ax + y'z] = A exp [4 AT y} (5.27)

where A is n x n positive definite symmetric matrix, and x,y are n-dimensional vectors.

Thus, for the overlap matrix element, we have:

7.‘.371/2 1 .
Skl = 8ak8al W exp |i1(06k’0k, -+ Oél’l)l)/Ckl (Oék’l)k -+ Oél'l)l):| i =
7.‘.371/2 .

Note that we used |Cy|'/? = |Ci|*/? due to factorizability of matrix Cy; (see Eq. (5.19)).

5.2.3 Matrix element of spin—orbit operator

The matrix element of the spin—orbit operator for atoms and atom—positron complexes
with one particle in a p-state was previously derived and implemented in the ECG code
by our former group member D. Tumakov. For the sake of completeness and to provide

a clear description of the methodology, I provide this derivation below.

Yo (ife [0 (1) <0

where €, is a unit vector in z-direction and

First, we introduce the quantity f:

1
g€ [y X V]

»,(m%

T =T — T, (5.30)

p—— (5.31)

The expectation value of the spatial tensor U, , is then written as:

LLIU i . qo4; 1 2 L qoq; a o
1,2 = - { - — - 5 - E s -
9 | ' il >" ! ( ) Ry momy; s Ry

2mi m; mo —
JF#i
4 4 q
T Z —L f[j i, j7j] qu ij, 11 } (5.32)
1 Z
Jj?fl J?ﬁl

Rearranging the operators and integrating by parts in the matrix element (5.29) (so

that all differential operators act on a bra-, or ket-vector), we obtain for the quantity f
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the following expression:

1 1
f:(':z' <l{? — [Vz X Vj]l>+€z' <V1]€ —X le> =
Tz'j Tz‘j
1, 1
=(k|—V'F,;V|l)+(V'k|—G,;;| VL), (533)
rij Tij
where matrices F;; and G;; are defined as:
F; = (Ey — Eji) © €.€, (5.34)
Gij = Eij ® (exefy - GyE;), (535)
V=) j"®Vy. (5.36)

Here €, are unit vectors in a-direction (o = x, y, 2), nxn matrix E;; and n-dimensional

vector j¢ are defined component-wise as:

(Eij)mk = Oim0jk, (5.37)
(5)m = im- (5.38)

Notice how we represent matrices and vectors as the Kronecker product of parts corre-
sponding to n-dimensional pseudoparticle space, and 3D Cartesian space. This separation
allows us to treat these spaces independently, simplifying and generalizing the analysis.

We further rewrite (5.33) using the generating functions:

1
T J

)

0? 1
— —V'F;V \vdl
f dordan [<90k o j ’901> + < Ok

and act on generating functions with differential operators:

V¢l>} _ (5.39)

V'F;V, = [-2tr[C/F;j] + 4v'C F;;Cyr — 20yv) (F; + F)) Cr + O(ef)] wi,  (5.40)

/(PZGZ‘]‘V(,DZ = [4r'C;G,~jClr — QQZT/C;GU’W — QQkUIJLGZ‘jCI + Oszél’l)};Gij’Ul] gOZng
(5.41)
Note that in (5.40) the first term tr[C,F};] is zero, and the last term o of will vanish

after taking derivative w.r.t. «o; and setting oy = 0. Thus, the matrix elements in (5.39)

) —2(

become:

1
</<; —V’EjV’ z> —4 <k

7"1']'

1

Tz’j

1
fr’(C’lFZ-jCl)'r

Tij

. (5.42)

)
v —C(Fi;+F}; ),
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1

l>—2<k N
Tij

—G;

5]

Vl> <l€ LTI(CZGZ]Cl)T'
r
1
ag,0;=0

ij
2 </€ l> + v,tGij'vl <g0k
'Uk—)cl*G;-rj'Uk Ty

To proceed further, we need to introduce several auxiliary matrix elements that appear

(v
”

1) -
UZHC;Gij’UZ

1

Tij

tj

in the rhs of (5.42) and (5.43). We start with the matrix element of inverse interparticle

distance taken between the generating functions ¢y and ¢;:

gal> . (5.44)
ag,0;=0

For convenience, we express the square of interparticle distance rfj as a vector-matrix-

1

<90k —
r

ij

vector product 7 = 7' Jy;7, where Ji; = (j' = 57)(j' = j7)', Jij = Jij® I3, and by definition
ri = i, Jiu = Fy. Next, we rewrite the desired matrix element as an integral over an

auxiliary parameter $ and use a reference Gaussian integral (5.27):

| > o
<90k 901> =— /dﬂ <‘Pk‘€_62r Jia 901> =
7"” g, =0 ﬁ / ag,0;=0
= 3n=1/ /dﬁ ! . (5.45)
|Cha + B2 T35/
0
Since J;; is a rank-one matrix, we can factor out the S dependence from the determinant:
3/2 _ 3/2 _ 3/2
|G+ 825 = |Cul? |1+ B2C g [ = 1CuP? (14 B2 [CtJ4]) "% (5.46)

Then, the integration of (5.45) over § yields:

1

<80k —
r

ij

(3n—1)/2
) ™ T o
g ,oq

where v;; = tr[C," J;;]7Y/2.
Now, we evaluate the same operator with the basis functions |k) and |[):

¢

We use the same trick as before by putting the operator 1/r;; in the exponent at the cost

1

rij

l> . (5.48)

of additional integration:

1 2 T 32,0 7., Ckl—i_ﬁ Jz)
k=) = = [ 4 k‘ ﬁ”ww A (Bn=1)/ / iU (549
< Tij > ﬁo/ ﬁ< ) a5 \Ckz+52Jg|1/2 (549)
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We use the Sherman—Morrison formula to simplify the matrix inverse:

,820151J2]C]51
1+ B2t [Cy Jiy]

(Cu+B20y) " = Ot — (5.50)

Substituting this expression into the integral, we obtain::

(3n=1)/2 1 20 ;00
<k z> = /dﬂ ] (Cm _ B TRUASY )w _
|Cal 1+ p2tr[Cy Jig) 1+ p2r[Cyy Jig

mn to-1 L og vt -1
kl

1

Tij

Finally, we consider the symmetric matrix A = A ® K and trA = 0 (note that

matrices Fj; and G;; have this form), and evaluate the following matrix element:

(k

Here we may raise the quadratic form ' Ar to the exponent at the cost of derivative

1
—7r' Ar
rij

z> . (5.52)

w.r.t. real variable v, and then use the matrix element of inverse interparticle distance
found above, with the substitution C; — C; + v A:

(ftrarli) =2 [ ] -

7=0

ECTREY /OO i (Cra + 57J5) " A(Cla + 5°Ji5) Moy
0 Cat + BQJU|1/2

_ B2 /°° b (Chi + B2Ji3) P A(Chu + B2 T35) ™!
0 |Ch + 52Jij|3/2

1

Tij

1
—r'Ar

Tij

g =

a8 €l Key, (5.53)
where we used the formula for the differential of an inverse matrix:

dA™' = —A71dAATY, (5.54)
and the Jacobi’s formula for the differential of a determinant:

d|A| = |Ajtr[A™1dA]. (5.55)

Note that if the condition tr[A] = 0 was not satisfied, we would have an additional term

o tr[Cy;' A] in (5.53). Finally, we separate out 3 in the determinant and inverse matrix,
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and write an answer:

B L)) = T ColAC
- — it - - —
< 'I”ijr " > |Okl|3/2 (77 r (O ACT o]
1 _ _ _ 1 _ _ _

1 _ _ _ _
g’}/fjtl" [Ckllt]ijckllACkllJijCkll’UlUu )[GZ_K€+]. (556)

Now, we have everything to evaluate the matrix elements in the rhs of (5.42) and (5.43).
For illustration, we demonstrate one example of using auxiliary matrix element (5.52) to

evaluate the following matrix element:
<k;

1
A = Symm[ClF,JCl] == §CZ<E” — Eji>Cl &® K, (558)

i’I"/(leF’ij(]l)’l"

Tij

1> (5.57)

For this case, we set

where 3 x 3 matrix K is defined as K = (e,€, — €,€,). Note that tr[K] = 0 so that
tr[A] = 0 and we may use formula (5.56) with e\ Ke, = .
Analogously, using matrix elements (5.44), (5.48) and (5.52), we obtain all parts of the

spin—orbit matrix element. For example, in the matrix element ( k& ’i [
ij

>vﬁcl(Fi]~+F;j)ul’
we use formula (5.51) with v; substituted by C; (E-j + leg) v;. After some simplifications,
we get for the four possible combinations f[ii, 4|, f[ii,ij], f[ig, 7j], flij,ii] that appear
in the SO operator (5.32) the following compact expressions written in terms of vector-
matrix-vector products:

2% 71'(3”_1)/2

Hlitsil) = 3 gm0 7Ol os + GO 7Ol o = 77 Cyl oy - GO w),
(5.59)

g 2 7T(3n_1)/2 3 (3 il —1 U -1 i y—1 4/ ~—1 -5/ -1
flid,ij] = gw%z (J o J Ok + 77l v - 35 Cror — U Cog - J7 GOy, Ul) ;
(5.60)

flig, ] = EW%SJ(J "o (J /Ckzlvk_]jlokllvk)"ﬂ ’Clellvk-(] /Ckllvl_JﬂCkzlvl)"'

+ji/ClCIQ1Ul . (jj’C’,glvk - ji/O,&lUk)), (561)

flig, il = gwﬁj(]wvl'(] /Ckllvk_] /Ckllvk)+j]/010kllvk'(]]/Ckllvl_] /Ckzlvl)+

+7'CiC - (57O e — 7' Cto)). (5.62)
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5.2.4 Matrix element of non-contact spin—spin operator

Similarly to the case of spin—orbit operator, we begin by introducing the base matrix

element g;;:

= [ ) (o
(5.63)

where the gradients act only on 1/r;;. Then, the spatial part Uz(fg) of the spin—spin non-

contact operator is rewritten as (see Egs. (5.11) and (5.13)):

5,0 mim

Rearranging the gradients and integrating by parts so that all derivatives act on either

the bra or ket wave functions, we obtain for g;:

@ 1 1 1 1
= (kYWY x v V) = —— (VD VE|—|1 k| —| V' D VI
% <‘([ s }0 Tij V6 VR T\ Vi
1 1
ARy __ L ey 0y o0
+2<Vk - Di Vl>) \/6<” + 95 +2050), (5.65)

where matrix D;; = D;; @ ¥ = 1(Ej; + E;;) ® X and Y is a 3 x 3 diagonal matrix that
selects particular Cartesian coordinates of the gradients: Y = diag{1,1, —2}. Note that
both D;; and Y are symmetric and traceless matrices, and elTs_,_ = 1. The notation
ggj D refers to individual terms in Eq. (5.65), where the first superscript p indicates the

number of gradients acting on the bra-vector, and the second one ¢ indicates those acting

(p,q)

on the ket-vector. Later, for brevity, we will not write subscripts ¢, j in g;;", implicitly

assuming them.

First, we find how the operators in (5.65) act on the generating wave functions:
(V'er) D;ij Vi, = <4r’(CZD,-jCl)r — 207 (C Dy vy — 2000 (D C) )+
—i—akalleijvl) orer- (5.66)

V/DijV<pl = <4T/(C5Dijcl)'l° — 40[;’02(1)1']'01)7" + O(Oz?)) @1, (567)

V'Dy Vi = (4r'(CiDyClr — 4 (DyCir + 0(a}) ) i, (5.68)

1)~k

Thus, for g9 we get:

g(0’2) — <k:

1

7’7;]'

1

rij

1
—'I"/(ClDz‘jCl)'l"

Tij

V’Dijvz> =4 <k

l> )
Ul_>ClDij U]
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1 1 1
T Tij Tij v —Cy Dy,
(5.70)
1 1
gt = <V’k — Dy Vl> — 4 <k — 7 (C;D;;C)r z> —2 <k — z> —
i T'ij Tij vy—C; Dyjvy,
1 t 1
—2(k|—]|1 + v, Djjv ( or |—| @i - (5.71)
TZ] 'Ul—>C;;Dij’l)l rl] ap=a;=0

All of the above matrix elements have the form of auxiliary integrals calculated pre-
viously (Egs. (5.44), (5.48) and (5.52)) and can be readily evaluated. Skipping the inter-

mediate stage involving the evaluation of each ¢»9, we write the final answer for g:

47T(3n71)/2 1 5
5v6 |Okl|3/2%]
— 70 o - 3V C o — 5 CG o - O ). (5.T2)

g= (29(1,1)+g(2,0)+g(0,2)) — (jilclglvk'ji,O]glvl_’_‘jj/O]glvk'jj/C];lUl_

This is truly remarkable that the sum of matrix elements ¢®% in ¢ reduced to such a

compact and elegant expression (5.72).
5.3 Matrix elements for the systems with two p-electrons

5.3.1 Basis functions

Atoms with configurations that contain two electrons occupying p-orbitals can have
total orbital angular momentum L = 0,1,2 (corresponding to S-, P-, and D-states,
respectively). The matrix elements of spin—orbit and spin—spin operators for S-states
vanish due to rotational properties of the matrix element: both the initial and final
states have angular momentum L = 0, while the spatial parts of spin—orbit and spin—spin
operators transform as tensors with L = 1 and L = 2, respectively. Therefore, the matrix
element vanishes due to the Wigner-Eckart theorem [49].

We choose the maximum projection My = 1 for the wave function of a P-state:
1 . , /
|Z>L:1 = E ((xll + Zyil)zjz %y (‘sz + Zyjz)) eXp(_T Cl’l"), (573)

where integer indices 1;, j; refer to particles carrying angular momentum [ = 1.

Similarly, the wave function of a D-state with the maximum projection is given by:
1 . . /
0 r=z = 5 (@i + i) (25, + i) exp(=1'Cir). (5.74)

It is convenient to represent the wave functions (5.73) and (5.74) as a linear combina-~
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tion of more general “elementary” functions:
1) = (vjr)(wr) exp(—r'Cir), (5.75)

where, analogously to the case of a single p-electron (see Eq. (5.16)), vectors v; and w;

specify which particles are in a p-state and determine the projection of orbital momentum:

v = v @, (5.76)

If the particles 7;, 7; are in a p-state, the components of vectors v; and w; are given by:
(v1)q = iyg> (w1)q = 0;,4. The 3D-vectors n},, 1!, define the orbital momentum projection

of a particle. For example, in case of a D-state, we have:

=l = e = S (1.1.0) (5.78)
Note, that the case i; = j; corresponds to a particle i; being in a d-state. Therefore,
the elementary basis functions in (5.75) can be used to describe not only atomic systems
with dominant configurations involving two particles in p-states, but also those containing
a single particle in a d-state.
The basis function |I) (5.75) can be expressed through the mixed second derivative of

the generating function ¢;(7) (cf. Eq. (5.21)):

oi(r) = exp(—r'Cir + qyoyr + Srwr), (5.79)
|l> = 6alaﬂ190l<7")|alzﬁl:0- (580)

Since all parts of spin—orbit and non-contact spin—spin matrix elements can be ex-
pressed through the overlap matrix element Sy; by making substitutions or applying extra
operations, like differentiation or integration w.r.t. some auxiliary variables, here we also

provide the expression for Sy;:

o 0 0 0 1 /2 N _
Sk = (k|l) = 8_@68_51874168_041 (rlv)y = w——=73 ([’Ulckzl”l][wzickzlle

HMﬁww%wmwwﬁm@%WQ<mn

From now on, we will use subscript “0” in the matrix element to indicate that after all
operators have been applied, the parameters «;, 5, s, 0 should be set to zero.

A detailed formalism and evaluation of scalar matrix elements in the ECG basis set
corresponding to two electrons in a p-state can be found in Ref. [39]. It should be noted
that there are alternative ways to represent the basis wave function (5.75) — for example,

one can use the vector-matrix-vector product ¥ W as an angular prefactor instead of two
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scalar products (v'r)(w'r). The algorithm corresponding to this representation is intro-
duced in Ref. [51]. However, this approach is much less efficient in terms of computational
cost, as discussed in Ref. [39].

5.3.2 Matrix element of spin—orbit operator

The expression for the base quantity f is given in Eq. (5.33).

We first find how the differential operators act on generating wave functions:

V/.FZ']'V(,Ol = (4r’(ClEjCl)r — QOKZUZ(F + F ) 25[’(1)[( i+ F/ )Cﬂ"+
+au ) (Fiy + Fl)w + 0(af) + O()) i, (5.82)

(V'ei)Gii (V) = <4r'(CZGijCl)r — 21’ C; G v, — Qakv,ZGijClr — 267" C;Giw;, —

—25k’w£GijCﬂ” + Oékal'U]:Gij'Ul + Bkﬁlw;LGij'wl + O‘kﬁl'UZ;Gij'wl + Bkalw;LGij'Ul) Prpr-
(5.83)

The corresponding matrix elements are then written as follows:

<k 1

z>_2<k_

Tij

—TI(CZE]'CZ)T

1 1
—V’FijV‘ l> =4 <k
rij T

ij

l>
vl_>Cl(Fij+Fi{j Yy

1 o 0 1
—2<k: — l> + v (Fy; ~|—F’)wl——< — g01> , (5.84)
Tig | [ wy—Cy(Fij+ F s day, 0Py, Tij 0
11 1, .. 1
Tij Tij Tij v —C;Gijv;
1 1 1
~2(k-|r) —2<k—l> ~2(k-|r) ¥
Tij ’Uk—>C*GT Vi ,rij wl—>C;Gijwl Tij ’wk—>Cl*Gka

+ v Gyv 0 9 L + w] Gijw 0.9 ! +
L ig laﬁk 86[ Z] — %1 . | k] la 8041 Pr|— 7’” 2 o
8 (9 1 (9 1
GZ Gl . (5.85

Before proceeding to the specific cases of P- and D-states, we give some useful iden-
tities for matrices Fj; and G;:

Ej + E/] = (EU Eji) ® K, (586)
Gi; +G,; = (Ej—FE;)®K, (5.87)
K = €€, — €€, (5.88)
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and for the vector-matrix-vector products of 3D-vectors:

€ Ke, = i, (5.89)
elKe, = 0. (5.90)

We first start with the matrix elements of P-states.
P-state

The matrix element with the basis function corresponding to L = 1 (5.74) is expanded
into the sum of four matrix elements with the “elementary” functions of the form (5.75).
However, we need to evaluate the matrix elements for only one combinations of prefac-
tors — for example, ((x;, + iy, )%, (@i, +iy;,)%j,) (in this notation we left only angular
prefactors corresponding to basis functions |k), |I), omitting any constant factors in front
of them and the Gaussian exponents themselves). All the other combinations can be ob-
tained from that by simple substitutions of n-vectors vy, wg, vy, w; in the final expressions.
For the quantity f that corresponds to electrons i, jx, ¢;, 7; with the projections of orbital
momentum m;,, m;,, m;,, m;, we use the following notation: ™ /™™ Thus, for
the L = 1 state with M; = 1 we have:

= F10/10 _ f10/01 _ 401710 4 s01/01 (5.91)
Further, we provide a detailed derivation for f19/10:

O case (o, + iys )zl (2 + i) 2a). (5:92)

We choose nf =n! =€, and nf =n!, =€..
Similarly to the case of one electron in a p-state, we have three types of matrix elements
that appear in Eqgs. (5.84) and (5.85). Let us write them in order:

o 0 1 0 i3
Do Ocy \ " " |ri; = s H(Cw + B2, 5.93
darg Doy <90k Tij (pl>0 " /0 |Cr +52Jij|3/2 [0 (Cha + 5°T35) " ol (5.93)

1 71.(371—1)/2 00 dﬁ
o)y =" o Cur ) o] Cu ) )
< i 2 0 |Ckl + 32J1j|3/2 AR J ! k\-kl J l

(5.94)
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<k Tijr Ar l> Oy <k‘ﬁ/0 dﬁexp{[ r (7A+ﬁ Jm) T}}‘l> =
A db 1 2 -1 2 -1 ] 2 -1
= 5 /(; |Ckl n BQJ-»|3/2 (['Uk<ckl + 5 ng) A(Ckl —+ 5 JU) ’Ul] [wk(ckl + B Jzy) wl] +
ij

+ oo w)), (5.95)

where, as previously, A = A® K is a traceless symmetric matrix, and {v <> w} denotes
the additional term obtained by swapping v;(vy) with w;(wy). In the above expressions,
we left only the terms that do not vanish after expanding Kronecker products (i.e. terms
that contain the following vector-matrix-vector products: eLK €. = 1, €1€+ = 1, and
€.e, = 1). Note that only the first term from the overlap matrix element Sy, (Eq. (5.81))

contributes to the matrix elements. Evaluation of the integrals yields:

1

Tij

r(8n-1/2 ’ A1 L og0 )~ —1 t
0

9 9 T
day 0a; \ 7" T 1CuP?

(k

_ _ _ 1 _ _ _ _
+['UiTqull'Ul][wz;ckllJijCkllwl]) +57%[U£Ckll']ijckllvl][wltzcklljijckllwl]}7 (5.97)

(k

1

(3n—1)/2 1

a - - - — —

l> - 2|C \3/2 {%j [Ulckllvl“wlickllwl] B 57%([v’Tka’llJijCkzll”l][wiicmlwz}"‘
Kl

Tij

1
—7r'Ar

Tij

o(3n=1)/2 o o
l>L N W{%j[vkckl ACy ul[wi Gy w] =
=1 kl

1 _ _ _ _ _ _ _ _
- 57%([Ullcckll‘]ijckllACkllw][w;cckllwl] + [UllsckzlACklljijCkllvl][w;cckzlwl]"‘
+ [1.C ACT ] [wi,Cry T3 ] )+

1
+ 2705 ([0 O 1O ACK 1O o [wi, O w] + (v O T3y O AC el [wi O Ty G+
+ [U;CIQIACEIIJZ‘]‘CEI’UA [U);CCIQIJ”CIQIUJZD —

1
—;%-7]-[UfcckzlJz‘jCkzlACkzlJiijlvl][wicmlJijCkzlwl]}(GLKGH(G'ZGZ)- (5.98)
Using these auxiliary integrals, we may easily evaluate matrix elements (5.84)
and (5.85). Note that the matrix elements of type (5.97) that contain substitutions of wy,
or w; vanish due to the identity €, Ke, = 0.

After collecting all the terms and performing some simplifications, we obtain the fol-
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lowing expression for f10/10:
wojtof; s _ T V2T g 'O B OO 'OV E. T O ) [w. O
/ [ij,ij] =i c |3/2 S’Yij[vk w JiiEiiCpCry v + 0, Cry CiEji J35Cy o] [wy, Cry wn] +
Kl
1 5 =1 -1 —1 ! =1 —1 —1 ! =1
+ 5 i [0 Cry Ji By CiCy i3 C v = 0Oy i Cr CLEil i O o] [wy, Oy wn] =
— [U;CC,QIJUEMC;C,;ZIUZ + v;C’MlClEjiJijCkllvl][w;C’,leijC'kllwlD —
1
— ?’}/173 [v,’CC’,glJijEijC’lC’,jJijC’,jvl — v,;(],;lJijC,glClEjiJijC,glvl][w;C,jJijC,jwl]}.
(5.99)

For the spatial part of SO matrix element, we need f[iz, ], flii,ij], flij,jj], and

flij, ] (see formula (5.32)). The expressions for them are the following:

(Bn—1)/2 1 ) ) ) )

S T i i1 vk . _ iy _

flo/lo[m, i) = Z—‘C ‘3/2 {—3%-31-[3 ’C’kllvk -] 'C’kC’kllvl +7 'Clellvk | 'Ckllvl][w;cckllwl]—
kl

1 il = il v — .q — il — il — il y—
- 572‘[3 /Ckllvk J ’C’kallvl +7 'C’lellvk -J ,Ckzlvl”] ,Ckllwk ) /Ckllwl]}7 (5.100)

(Bn—1)/2 1 ) ) ) )

L T i1 31 v — . _ it~ _

flo/lo[“JJ] =1 C ’3/2 {—3%31'[] /Ckllvk ']]/Ckallvl +J]/Clellvk J /Ckllvl][w;ngllwl]_
ki

1 il N— ci Yk — .q — il y— il y— il N—
B 572'[] /Ck:llvk ~]J’C’kallvl + JJ/Clezlvk °J /Ckzlvl”ﬂ /Ckllwk ) /Ckllwl]}’ (5.101)

10/107; - S R 1 e 1 1 A1 i1 1
f [ij, 35] = ZW g%j[J CrCru- (7' Chy v — 57 Chy o)+
ki
+ 7' CiCGt oy - (77 Clor — 37 Cton)|[wi O] —
1 . . y— . _ il N— .q _ . — -i —
B 57%[Jj,0kckzlvl : (]jlckllvk —J /Ckllvk) +j],0lckzllvk ) (]j/Ckllvl —J ,Okllvl)} X
% [jjlclglwk'jjlclalwl_ji/clalwk'jjlc’lglwl_jjlclglwk'jilc’lglwl—i_ji/clglwk'jilcﬁlwl]},
(5.102)
R VR e (VA7 P (5.103)

All the other matrix elements £/~ can be expressed through f'%1 by simple substi-
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tutions of n-vectors v and w:

10/01  _  r10/10
f o f }(vl(—m)l) ’
01/10 _  £10/10
f - f }(’Uld_)wk) )
01/01 _  r10/10
! =/ }(’Uz<—>wz,vk<—>wk) : (5.104)

D-state

For the case of a D-state, we have n* = n! = n* =n! = €,. Only the first and third
terms from the overlap matrix element Sy, (Eq. (5.81)) contribute to (5.94), (5.95) (second
term vanishes due to an identity €/, Ke; = 0). For the wave functions of a D-state, the

auxiliary matrix elements read:

<’“ . l> - [ (WO BTy o ol (Cuat 620,) M+
Ml = 2 0 |Cu+ 52,7 K @) PHTRAR ij !
+ ['U]];(Ckl + 52Jij)_1wl] [wl];(ckl + BQJU)—lvl])7 (5105)
<k‘ L ar l> __9 <k'i /00 dBexp [—r' (vA + 8*J;) 7] l> —
Tij L=2 8’7 \/7_1— 0 v

A(Bn=1)/2 oo dp t 27 -1 97 \—1 ; e 1
— 2 /0 Gy + B2, |3/2 [0, (Cru+07di;)  A(Cy+57d5) v [w) (Cy+57J5) w+
kl ij

[’UJTC(CM + 52Jij)_1A(Ckl + BQJij)_lwl] [’w,i(Ckl + /BZJZ'j)_l’Ul] +{v < 'w}) (5.106)

Additional terms in (5.105) and (5.106) have the same structure as for the case of a

P-state and we may directly write expression for f through already known expression for
F10/10,

__ £10/10 10/10 10/10 10/10
fr=r00 4 O o T T s - (5.107)

Or, alternatively,
f= f10/10+f10/01 +f01/10+f01/01~ (5.108)

It is quite remarkable that the expression for f for the case of D-state is just another

linear combination of terms that appear in the expression for f in the case of a P-state

(ct. (5.91)).
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5.3.3 Matrix element of non-contact spin—spin operator

The spatial part of the non-contact spin-spin operator g is given in Eqs. (5.63)
and (5.65).
The action of differential operators in (5.65) on the generating wave functions is as

follows:

V/Dingpl = <4r/(ClDijCl)7‘ — 40[[’)"/CZDU’01 — 4ﬁlrIClDijwl+
+20; 80, Dyjw; + O(of) + O(BY)) ¢r. (5.109)

V/DUVQO;; = <47'/(CZD”CZ)T — 40(]@'0;21)1']'0;57" — 4ﬁkw£DUC,:r+

205, B0] Dyjwi + O(a?) + 0(5,3)) ot (5.110)

(V'ei)D;j(Vy) = (4r’(CZDZ-jCl)r —2uyr'C; D;jv; — 204kv,iDijCl'r — 267" CiDjjw; —

—2B,w! Dy;Cyr + aagv) Dijv + Brfiw] Dyjw; + a o) Dijw; + BkalwliDij’Ul) Orer
(5.111)

where we used that D,; = D;; and D;; = Dy;.

The corresponding matrix elements are:

(v

1

L'I‘I(CZDZ']'CZ)’I‘

Tij

Tz'j
—4<k

rij

- (k=) -
'ul—>ClDij'vl

1 o 0 1
l> +2vDjjw—— <gpk gpl> , (5.112)
wl—>ClGijwl ’ agk aﬁk 0

Tij

Tij

1 1 1
<V’Diij — l> =4 <k —r'(CyD;;Cy)r l> —4 <k: — l> —
rij Tij rij kaCkDijvk
1 o 0 1
— 4 { k||l —|—2UTDi~w*——< - > ., (5.113
< Tij >wk4)CkDijwk FTY TR o0 0y o Tij . 0 ( )

38



1 1 1
<V'k; — D vz> Sy <k —7/(C;D;;C))r l> —2 <k — z> -
Tij TZJ Tij v %C; D;jv
1 1 1
~2(k-|r) —2<k—l> ~2(k-|r) n
Tij ’Uk,—>C*DU’Uk Tij wl—>C*Dijwl Tij wk—>Cl*Dijwk

+ v D;v 0 9 1 + w! D;w 0 9 i +
ki laﬁk aﬂl z] — %1 . kg la a Tz‘j w1 .
0 0 1 o 0 1
'D 'D . 114
+ Uk ijla 85k < 90l>0 + wk 2]vl 8ﬁ aOék <(10k sz w1 >0 (5 )

Note that the right-hand sides of the above expressions involve the same type of
integrals as those encountered in the case of the spin—orbit operator. Now, we come to
the cases of P- and D-states.

P-state

g0 (case ((z, + i, 2| (i, + ivi,)23,)).

We choose nf = n! = €, and n* = ), = €.. Only the first term in the overlap
matrix element Sy, (5.81) gives non-zero contribution to the desired matrix elements.
The remaining terms vanish due to the presence of factors €, Ye, or €, €., which are
identically zero.

After collecting and simplifying the terms, one obtains the following expression for

g10/10.

271_(31171)/2

V6 ’Ckl’3/2

]‘ / — — / — —
- 7%'71 <[Uk0kl1JiJDijJijCkllvl][wkcklljijckllwl] —2{v & w}) } (5.115)

10/10 _ _

1
g { Ls ([vkomleDwacm wllwhCtwl] — 2{v © w})

The factor of —2 in front of the terms {v <> w} comes from the Cartesian part €, Ye, =

10/10

—2. Using the identity J;;D;;J;; = —J;;, we rewrite g as follows:

10/10 _ o (Bn—1)/2

V6|0 | 5

1 ! — — ! — ! N— / o~N— _
g { %g ([Ukckzljijokzlvl][wkallwl] - Z[Ukallvl][wkckll‘]ijckllwl])+

1 _ _ _ _
+ ;%-7]- [U;cckll‘]ijckllvl][w;cokll*]ijckllwl]}' (5.116)
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Or, expressed in terms of vectors j¢, j7:

2rBn=1/2 |1 iy iy i iy iy i
g'0/10 — —\/6 % |3/2 3’715] ([J“C’kllvk‘J“Ckllvl-i‘]J/Ckzlvk‘J]/Ckzlvl—]“Ckzlvk'J]/Ckzlvl_
ki

— J'C o - 5O ) [wh, Ot w] — 2[up Cton] [ Ot wi - 39 Crtwy + 37" Crtwy, - 57Ot —
_jilclglwk 'jj/C]glwl —jjlcﬁlvk jzlckllwl]>_'_

+ ?%7] [1"C o 57 Ctor+ 37" Ctog - 57/ Oty — 57 Crtog - 57" Ctop — 59" Ctog - 57 Crgtog <

[]’L/Ck—llwk JZ/Clelwl+]J/Clelw1g j]/c};lwl _J’L/Ck—llwk ]jlcélwl _]J/Ck_llvk ]’L/Ck—llwl]}
(5.117)

To write the full matrix element for the P-state we have to collect contributions from all
combinations of prefactors according to (5.91), where the terms g/~ are related to g'%/1°

in the same way as for the quantities f in Eq. (5.104).
D-state

In this case n* = 0, = n* =n!, = €,. Only the first and third terms in Sy, contribute
to the matrix elements in (5.65).

We introduce the quantity h:

orBn-1/2 (4 — o R I -, -1 r -1 -1
- W 5 Vi [VkCr JiiC vl [wiCiy wl]_?%j [0.Ch” Jii O ol [wi Oy Ji Cr ] ¢,
kl

(5.118)

and express ¢ in terms of h as follows:

g = h’ + h‘(vkﬁwk) + h’(’ul(—le) + h’|(vk<—>wk,vl<—>wl) ‘ (5119)

6 Evaluation of off-diagonal matrix elements

6.1 General approach

To evaluate second-order (o< a') perturbation theory corrections to atomic fine struc-
ture in Eq. (4.6), it is necessary to compute off-diagonal matrix elements which appear
in the perturbation theory summation. The scalar matrix element <¢|Hé21%w> is non-
zero only when both states, ¢ and i, have the same spin multiplicity and orbital angu-

lar momentum. As a consequence, the code implementation of such matrix elements is
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straightforward and requires only minimal modifications to the existing ECG framework.
On the other hand, the evaluation of the off-diagonal matrix elements of fine-structure
Hamiltonian <</§‘7-[(F23) |2/1> requires some additional analytical work. This is due to the fact
that the spin—orbit and non-contact spin—spin interactions are non-scalar (in a sense of
SO(3) group tensors). As a result, the selection rules allow for differences in spin and
orbital angular momentum quantum numbers between the states ¢ and .
Let us consider an operator O that is factorized into the product of spin T and spatial
U tensors of rank k:
Oo=1®.Uu", (6.1)

The wave functions 1, ¢ in the matrix element (¢|O|¢) are defined as follows:

|9) = [SLJIM;), (6.2)
) = |S'L'TMy). (6.3)

Note that we consider the states with the same total orbital angular momentum J, since
otherwise, the matrix element is zero. Moreover, the matrix element is independent of
total angular momentum projection M; which gives us freedom to choose a convenient
value. Expansion of the initial- and final-state wave functions in the |SMg LM) basis

set through Clebsch—Gordan coefficients yields:

<SLJMJ‘(T('“) . U(k))|S/L/JMJ> = Z Cé]ﬁ;LMLCé}%I/SL/M'L X

x (SMgLM|(T® - UW)|S'MSL'M} ). (6.4)

As before, each of the matrix elements in the rhs is factorized into the product of spin

and spatial parts as follows:

(SMsLM|(T® - UW)|S'MLL'M}) =
=Y e S (— ) (SM| TP |5 M) <LML‘U£’Z)7?T

P’LESTL q

L’Mg> . (6.5)

where the sum over P; is taken over all particle permutations, and the sum over tensorial
components g comes from the expansion of the scalar product of tensor operators.

As in the diagonal case, the spin part of the matrix element (6.5) is trivial and can be
reduced to a linear combination of operators composed of products of one-particle spin
ladder and z-projecting operators. Therefore, we focus on the spatial part of transition
matrix elements. Furthermore, we only consider off-diagonal matrix elements of spin—
orbit and spin—spin operators relevant for the fine structure of carbon ground and first

excited triplet P-states, as well as the lowest triplet D-state.
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6.2 Matrix elements of spin—orbit operator

First, let us explicitly write the scalar product of tensor operators T'®) and U® for
the case k = 1:
TV .Y =10l - T'UY, - T UL, (6.6)

where tensorial components were defined in Eq. (5.2). From the selection rules for rank-
one tensor, the allowed changes in quantum numbers for the spin and orbital angular
momentum of initial and final states are: AL =0,4+1; AS =0,41; and AJ = 0.

The general expression for the basic quantity f for the spatial part of transition matrix

elements retains the form (5.33):

1
G

Tij

1
fv’EjV’z> + <V’k:

f= <k’
Tij

However, matrices F;; and G;; will differ from those in Eqs. (5.34) and (5.35) — they

retain the same pseudoparticle structure, but Cartesian parts will be different in the

vz> . (6.7)

Kronecker product.

We denote the spin part of the SO operator as T; = (HZ,):, and spatial — U; = (H§g):-
For brevity, in what follows, we omit the pseudoparticle index ¢ and indicate only tensor
components in the subscripts of the operators.

We also note that for the considered transition matrix elements, the initial-state wave-
function (a targeted state) is written on the left side (bra-vector), which is a non-standard
convention. However, this does not lead to any inconveniences since the matrix elements
with permuted states are the same, thanks to the Hermiticity of spin—orbit and spin—spin

operators.

Transition 3Py — ' Ds:
(*P|Hso|"Ds) . (6.8)

The initial- and final-state wave functions corresponding to the maximum value of angular

momentum projection in the uncoupled representation |SMg LM}) are:

‘3P2>MJ:2 =[1111), (6.9)
'Ds),, _y = 10022). (6.10)

The desired matrix element in the uncoupled representation is written as follows:

(*P2|Hso|' D2) = — (11|(H50)1100) (11| (H50)-1/22) . (6.11)
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Spatial wave functions |LMp) in the ECG basis set are:

1 ) )
111) = E(Z” (25, + ;) — (w3, + iy3,)2;,) exp(—r'Cir),

—_

122) = (w3, + iyi,) (), + iy;,) exp(—r'Cir). (6.12)

2

Matrices F;;, G;; are defined as:

1

Fj = (B — Eji) ® Wi

(€ € +i€L€E.),

G,;=L,;®K,
] 0 0 =
K=—10 0 1]. (6.13)

The basic quantity f in this case is just a linear combination of matrix elements that
appear in the diagonal matrix elements of a P-state (see Egs. (5.99), (5.104)):

f = fOL/0L | f01/10 _ £10/01 _ £10/10, (6.14)

Transition 3Py —' Sp:
(*Po|Hsol'So) - (6.15)

As usual, we begin by writing out the wave functions in |SMg LM} ) representation:

°Py) = 1—1)+]1—111) - |1010)), (6.16)

\/_ (J11
|'So) = [0000) . (6.17)

Using the Wigner-Eckart theorem, we rewrite the above matrix element as:
(ol Hsol'So) = =3 (11|(H50)1100) (1 = 1](H50)-100) (6.15)

For the S-states of systems containing two p-electrons, we currently use basis functions
without angular prefactors, i.e. corresponding to the case where all electrons are in s-
states. Since the spatial parity of a wave function for the system with two p-electrons is
the same as that for the system containing s-electrons only, such basis set can be used to
construct a trial wave function. Although this basis is not natural for describing a system
with two p-electrons, the wave function, and hence all expectation values, still converge

to their true values with the increase in basis size, but with a slower rate. Thus, for the
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basis wave function |I) of 1Sy state, we take:
1) =100) = exp(—r'C)r). (6.19)
The matrix elements in the rhs of (6.7) are then expanded as follows:

(k-

1
V/.FZJV‘ > =4 <k? —T (Cl Cl)’l"
Tij Tij

k> : (6.20)

<V’k iGij Vl> =4 <k ir "(CyG,;C)r k;> -2 <k L l> -
T'ij Tij Tij | [ wy—cp Gwy,
1
—2 <k: — l> , (6.21)
Tij | | ve—cpal o

where the matrices F};, G;; are defined in (6.13). The basic quantity f for this transition

is
7.{.(3n 1)/2

f: |C |3/2

1 o _
{ 7@;([%CMIJWEWCICM wy] — [WpCr ' CLE; J3;C wy]) —

1 _ _ _ _ _ _
- 5%@-([UéckzlJijEz’jClleJz‘jckzlwk} - [U;cokllJijoklIOlEji‘]ijOkllwk]}' (6.22)

In particular,

L Aq@n-bi2 p _ 1 e " _
flii, 1] zngi [7"Cltok - §'CC we — §Cltwy - §CIC o], (6.23)
ki
o Aqg@e-vz .
flii,ij] = 3W%l[ Ciloi - 7'CiC . — Cltwy - 77'CiCG k], (6.24)
Kkl
47r(3n 1)/2

flij, jjl = 3W%J[ 7' CCG wy - (57 Crtog — 3 Cr o)+

+ 7' CiCQ oy - (57 Ctwy — 79 Ctwy)]. (6.25)

Transition 3P, — ' P;:
CPi[Hso|' Pr) - (6.26)
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The wave functions in the |SMg LM[) basis are:

1
|3P1>MJ=1 - E
|'Pr),, = 0011). (6.28)

(|11110) — |1011)), (6.27)

The matrix element (*P;|Hso|'P1) is expanded as follows:

1
(*Pi|Hso|"Py) = ﬁ(m 10|Hs0|00 11) — (10 11| Hgo|00 11>> =
1

Z—E((UK §0)1/00) (10[(Hgo)-1[11) + (10[(Hg0 )0|00) (11]( §o)o|11>>~ (6.29)

Using the Wigner-Eckart theorem, one obtains:

(11](H85)1100) (10}(H50)-1/11) = Cog11C11 1 (L[ HEo |0} (L[HEo I1) =
1

=5 (1H3010) (1| Hgol[1) , (6.30)

(101(H80)0l00) (11](H50)o|11) = Cog10C11 10 (LI[HEo110) (L[ HEol[1) =
1
= — (1||HS]|0) (1||HSp|[1) . (6.31
\/§< ||HSo[10) (1| Hs0l[1) - (6.31)
Here the notation (S||O7||S") (respectively, (L||O"||L’)) denotes the reduced matrix
element of operator O7(respectively, O") between the states with the total spin S and S’
(respectively, orbital angular momentum L and L’).

Thus, the SO matrix element can be rewritten as:

(Pi[Hsol Pr) = = (1|HE]10) (Ll HEolI1) = —v2 (11](#86)1(00) (11](H50)o[11) -
(6.32)
The spatial matrix element (11|(#H§g)o|11) is a diagonal matrix element for a P-state

and has been evaluated in section 5.3.2.

Transition 3P, — 3Dy:
(*Pi|Hso|*D1) . (6.33)

The wave function for the 3Dy in the |SMg LML) basis is:
1
3D z—(\/61—122 —/31021) + 1120). 6.34
*D1) s T, | ) [1021) + [1120) (6.34)

Using the Wigner-Eckart theorem, one obtains the following expression for the desired
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matrix element:
1 g T
(*Pi|Hso|* D) = =5 (U[HZo|I1) (LI Hol12) =
5 g T
= _\/g<11|(7'[so)0‘11> (11](Hgo)-1122) . (6.35)
The spatial matrix element (11](Hgy)-1]22) has been calculated in (6.8).

Transition 3Py — 3Dsy:
(*Py|Hso|*Da) . (6.36)

The wavefunction for the |*Dy) state in the |SMg LM;) basis is:

5 _1 _
*Da) sy = ﬁ(mm) \/§y1oz2>). (6.37)

The transition matrix element in terms of the reduced ones is written as follows:

3 3
(*PafHso["Da) = === (UIHZl L) (1IHEol12) = —= ("PilHso[*Dr). (6.38)

Thus, we reduced the evaluation of the given matrix element to the previously considered

case.

Transition 3P, — 3S;:
(*P1|Hso|*S1) . (6.39)

The wavefunction for the |*S;) state in the |SMg LM) basis is:
%51) 3y, = [1100). (6.40)
The transition matrix elements is written as follows:

(*Pi|Hsol*S1) = (1||HSolI1) (1] Hio10) = V2 (11[(HEo)o|11) (1 — 1|(HEo)-1]00) .
(6.41)
The spatial matrix element in the latter expression has been evaluated previously when
we considered the transition Py — 1Sj in (6.15).

Now, we come to the transitions relevant for the carbon 3D state.

Transition 3Dy — ' P;:
(*Di|Mso|'P1) . (6.42)
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Application of the Wigner-Eckart theorem yields:
1 g T 5 e T
7 (Ol1#H30l11) (L[Hs02) = =1/ 5 (00[(H50)-1[11) {11](Hs0)-1[22) .
(6.43)

The spatial matrix element (11|(Hg,)-1]|22) was evaluated previously for the transition
3P2 — 1D2 in (68)

("Pr[Hso|" D) = ~

Transition 3Dy — 1 Ds:
(*Da|Hso|"D2) . (6.44)

The desired matrix element is rewritten as:

3 g s
(*Da|Hso|"Da) = — (L|[Hs0l[0) (2/|Hsol[2) = —\£<11|(7'lso)1!00> (22|(H50)0[22) -
(6.45)
The spatial matrix element (22|(H{q)o|22) was evaluated for the case of a diagonal D-state

in section 5.3.2.

6.3 Matrix elements of spin—spin operator

We denote the spin and spatial tensors from Eqgs. (5.12) and (5.13) as T;; = (HEg)ij»
U,; = (Hig)ij- Then, the basic quantity g;; is related to Hgg as follows:

r q:9;
i = ———0;;. 6.46
( SS) J mimjg J ( )

In the following derivations, we will not write the pseudoparticle indices 7, j, implicitly

assuming them. The general expression for g reads (cf. (5.63)):

g= <k' ([VEI) X Vg.l)}f) %) ‘l> (6.47)

The choice of tensor component ¢ in the matrix element depends on the specific transition
being considered.
For the ground triplet P state of carbon, only the matrix elements with the 3D states

do not vanish.

Transition 3Py, — 3D;:
(*Pi[Hss|’Dy) . (6.48)
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The application of the Wigner-Eckart Theorem yields:

<3P1‘HSS‘3D1>:%(1”%%8“1) <1I|H§sll2>=3\/§<1ll( 3s)o[11) (11|(Hgg)-1]22) .
(6.49)

The component (Hig)—1 can be written via (5.4) as:

i &) «; 1 (Viz—iV; V. —iV;
(Hig) g = L4 [Vgl) " Vg;)] _ 4y 1 <,—7',yvj7z Ly, Vil M) |
m;m; -1 mymi /2 V2 NG}
(6.50)

Then the basic matrix element ¢ is expanded as follows:
z> ¥ <k

where the matrix D;; is defined as:

1

1

1
= — ({V'D;Vk
’ \/§<< b

1

V’Dijvz> +2 <V’k

vi))=

(629 4 g2 4 2009) | (651

v )

Sl

D’U = Dl] X T, where
1

Dij = 5(Ei + Eji),
] 0 0 1
Y=—10 0 —¢]. 6.52
it (052
1 —2 0

Note that matrix D is symmetric and traceless. However, it is not real, as was in the
diagonal case.

If we introduce quantity h (note that up to a common factor it is the same as in the
case with the diagonal D-state (5.118)):

(Bn-1)/2 /1 1
m _ _ _ _ _ _ _
h = \/iw (3%53 [U/;Cklljijokzlvl][w;cckzlwl]_§%7j[2’;cckzl=]ijckllvl][w;cckzlt]ijckzlwl])7
kl
(6.53)
we may write the expression for ¢ as follows:
g = _(h + h|vl<—>wl - h|’t}]€<—)wk - h|vk<—>wk,vl<—>w1)' (654)
Transition 3Py — 3Dsy:
(*Pa|Hss|* D) (6.55)
We rewrite the matrix element as:
3 3 3 o T 1 3 3
(*Pa| Hss[* Do) = =5 (1 Hs|[1) (1| His|12) = ——= (CPi|Hss[* D) (6.56)

V5
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where we expressed it through the matrix element considered previously.

Transition 3Dy — 3S;:
(*D1|Hss|*S1) - (6.57)

Applying the Wigner-Eckart theorem, we get:
(*Di[Hss|*S1) = (1[HG]I1) (21|HEs1[0) = V10 (11](HEs)o|11) (22](HEs)2|00) . (6.58)

For this transition we need to evaluate the spatial matrix element (22|(Hgg)2|00) with
the ECG wave function |I) = |00) given by (6.19). The operator (Hgg)2 is written as:

1 qq; . .
(Mis)s = =~ (W7, +iV,,) (V0 +iV,,). (6.59)

N 2 m;my;
The basic matrix element g is then expanded as follows:
—r’(CZDZ-jC,:)r

@)
g="{k [V(l)xV(l)] V) =k 2 1)+
¢ J 2 rij

Tij
T_r/(ClDijCl)r —’I",(C;:DZ']'C[ + ClDz'jC;)’l"
tj
—4<k

1 1
+4<k l>+<k
where the matrix D;; = D;; ® Y with D;; defined in Eq. (6.52), and the matrix Y is:

z>—

1
— 00> ,
ap=pFL=0

Tij
(6.60)

Tij
1 1
z> —4<k
UkHC;lejvk

rij Tij

+ 20} Dyw; <¢>k

l>
wk%C;lDka

L0
Y=o|i -10]. (6.61)
0 0 0

Evaluation of expression (6.60) yields:

47T(3n—1)/2

510 ~—1 —1
g = ViU Crp Jii Chp Wi (6.62
5|Ckl|3/2 ][ k~kl Y1~k ] )

7 Applications

The introduced algorithm for spin-dependent calculations for atoms with one and two
p-electrons was successfully applied to calculate relativistic corrections in the positronic
beryllium and study the fine structure of carbon. The first work was recently published in
Physical Review A (Ref. [26]), while the second one is currently under review in Physical

Review Letters.
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7.1 Relativistic correction in positronic beryllium
7.1.1 Motivation and Background

A positron can bind to neutral atoms forming the positron—atom complexes. The first
work verifying the stability of such systems was done for the ground state of positronic
lithium [52, 53]. Later, the existence of bound states with positron was predicted for larger
atoms [54-69]. Studying the stability of positron—atom complexes in excited states is es-
pecially important, as it would enable a comparison between experimental and theoretical
spectroscopy of positronic atoms. However, an experimental realization of a positronic
atom has not been achieved so far.

The binding energy of a positronic system is calculated as the difference between the
energy of a parent (decoupled) system and a bound system. The positron—atom complex
et [A] can decay into an electron and a neutral atom — e*[A] — eT 4+ A, or a positronium
Ps (a bound state of electron and positron) and a positive ion — e*[A] — AT + Ps.
Depending on the decay channel, the binding energy is calculated in two different ways
[26]:

e = B(A) — E(e*[A]), (7.1)
e = B(AY) — 0.25 — E(e*[A]), (7.2)

corresponding to decay channels in positron and positronium, respectively. The value
of —0.25 in (7.2) corresponds to the non-relativistic energy of positronium. It is worth
noting, as pointed out in Ref. [62], that usually a neutral atom is capable of binding a
positron when its ionization potential lies close to the ionization potential of a positronium
(0.25 hartree).

Positronic atoms can be considered as a mixture of two configurations — a positron
orbiting a slightly polarized nucleus, and a positronium interacting with an atomic ion.
The prevalence of a particular state can be established by e.g. comparing the expectation
values of interparticle distances (electron—electron, and electron—nucleus) in a parent atom
and in an atom—positron complex.

With regard to positronic beryllium, the existence of bound ground S and excited P
states was confirmed in Ref. [62]. However, the authors evaluated only the non-relativistic
binding energies and estimated the influence of relativistic corrections on binding energies
by evaluating the largest terms — Darwin and mass—velocity contributions. In our work
[26], we evaluated all leading-order (ox o?) relativistic corrections in positronic beryllium
to study its influence on the dynamic stability in the ground singlet S and excited triplet
S and P states. My part of the work was to calculate the contribution coming from the

non-contact spin—spin interaction.
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7.1.2 Methods and Results

The relativistic corrections to the ground singlet S and excited triplet S and P states
were evaluated using the Dirac—Breit Hamiltonian presented in Section 4.2, extended to
account for the presence of a positron. Specifically, the leading-order relativistic Hamil-

tonian included an additional annihilation term Ha:

4iq5
27 ;j %:# p— ( + s sj) 5(rij). (7.3)
over et e~ pairs only

The non-relativistic wave functions were expanded through the thoroughly optimized
ECG basis sets, corresponding to configurations when all particles are in s-states [70]
(ground and excited S states of positronic beryllium), or a single particle in a p-state [50]
(excited P state).

We considered the ground singlet S state (#'S) and excited triplet S (*%35) and
P states (3%3P) of positronic beryllium. Here we denote an atomic term symbol as
25+1:25+1 [, where S is the total spin of a positronic atom, S, is the total spin of electrons
only, L is orbital angular momentum. The values separated by comma refer to different
states — e.g. 2435 denotes two states 225 and #3S. The ground state decays through the
channel with a free positron in the final state, while the decays of excited states produce
a positronium in the products.

In Table 1, we present the non-relativistic and relativistic binding energies of the
mentioned states for the isotope YBe and for the infinite nuclear mass limit (denoted as
*Be). These values were extrapolated to the infinite basis set limit and the numbers in
parentheses represent the uncertainty due to basis set truncation. For all states, we used
the maximum basis set of 6000 ECG functions. We found that the inclusion of relativistic
corrections only slightly changes the binding energies of the considered states, by 2.2% or
less.

The values of relativistic corrections for the parent atom/ion and positron—atom com-
plex individually are each about —2.3 mhartree (see Ref. [26] for the contributions from
each relativistic correction), which is comparable to the binding energies from Table 1.
However, their difference, which enters the expressions for binding energy (7.1) or (7.2),
is largely canceled out. This is because the dominant relativistic effects arise from the
inner core electrons, whose configuration remains nearly unperturbed between the par-
ent atom/ion and positron-atom complex. However, for the triplet P-state of positronic
beryllium, this cancellation is less pronounced since P-states possess non-vanishing spin—
spin and spin—orbit contributions which are absent in the parent Be™ ion. Therefore, it
is essential to account for spin-dependent relativistic corrections to binding energy. In
Table 2, we present the expectation values of the spin—orbit and non-contact spin—spin
Hamiltonians (without the factor of a?) for P-state of positronic beryllium. Note that

the values are given for several different basis set sizes to demonstrate the convergence of
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Table 1: Non-relativistic (exg) and relativistic (eggr,) positron binding energies (in mhartree)
for different states of positronic beryllium. All values are extrapolated to the infinite basis set.

6+ [A] (state) ENR €EREL
eT['Be] (215) 3.256(1) 3.250(1)
eT[®Be](31S)  3.254(1) 3.247(1)
eT['Be] (239) 3.137(5) 3.136(5)
eT[®Be](338)  3.138(5) 3.138(5)
eT[PBe] (435) 3.137(5) 3.120(5)
eT[®Be](#35)  3.138(5) 3.121(5)
et[°Be](3*Prp)  1.130(9) 1.123(9)
et[®Be](3*Pp) 1.132(9) 1.125(9)
et[PBe] (3P Pyjp)  1.130(9)  1.119(9)
et[®Be] (33 Py)  1.132(9) 1.120(9)
et[°Be](*3Prjp)  1.130(9) 1.112(9)
et[®Be](*3Pp) 1.132(9) 1.113(9)
et [PBe)(*3Py5)  1.130(9) 1.110(9)
et[®Be|(*3Py) 1.132(9) 1.111(9)
et ["Be] (% Ps0)  1.130(9) 1.106(9)
et [*Be] (43 Py ) 1.132(9) 1.107(9)

our calculations.

The fine-structure splitting diagram is presented in Fig. 3. Notice that the character-
istic value of fine-structure splitting is of the order of several phartrees — three orders of
magnitude smaller than the total relativistic corrections for a positron—atom complex, or
a parent ion, which is about —2.3 mhartree. Nevertheless, due to the absence of cancella-
tion of non-scalar spin-dependent terms, the influence of the latter on binding energies is
not negligible, as clearly seen from the Table 1. It is also worth noting that the magnitude
of spin—spin non-contact interaction is much smaller than that of spin—orbit. Finally, note
that all fine-structure components of the quartet 43P state still remain higher than those
of a doublet 3P state.
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Table 2: Convergence of the spin—orbit and non-contact spin—spin operators’ mean values
<HSO(SSNC)> J / C’;O(SSNC) (without the factor of o) with the number of basis functions K for
et ["Be](>*3P). Labels “high” and “low” stand for the states et[?Be](*3P) and e*[?Be|(*3P),

respectively. Coefficients C’?O(SSNC) are calculated by formula (5.9). All values are given in a.u.
K (Hsot)nign (Hs02)nign  (HSO1)1ow  (HSO2)10w  (HSSNC)pigh
9Be
500 0.15500  —0.10893 0.10406 —0.07336 0.001 32
1000 0.14782  —0.10305 0.09929 —0.069 46 0.001 22
2000 0.14405  —0.10013 0.09677 —0.06751 0.00117
3000 0.14314  —0.099 39 0.09616 —0.06702 0.00116
4000 0.14276  —0.09910 0.09591 —0.066 83 0.00115
5000 0.14256  —0.098 94 0.09577 —0.066 72 0.001 15
6000 0.14245  —0.09885 0.09570 —0.066 66 0.00115
*Be
6000 0.14245  —0.098 84 0.09570 —0.066 66 0.001 15
16
J=5/2
14 f e T
etPBe](*BP)
12 + R
T =3/2
10 + -
) . . o
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Figure 3: Fine-structure splitting of the e*[*Be](33P) and e*[*Be](*3P) states. Efil' corre-
sponds to the total relativistic energy without the spin—orbit and non-contact spin—spin correc-
tions. The vertical axis in this figure is shifted so that Efihéfﬁ is zero for the doublet state. The
between the doublet and quartet states comes from the Fermi contact and
annihilation channel interactions. The non-contact spin—spin term for the doublet state vanishes
due to the rotational symmetry.

: : shift
difference in Ejp
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7.2 Fine-structure calculations of neutral carbon
7.2.1 Motivation and Background

Carbon, the fourth most abundant element in the universe, exists in a wide range of
environments — from interstellar clouds to complex chemical compounds on Earth. It
forms the foundation of organic life on our planet and plays a key role in the chemical
and thermal evolution of the interstellar medium (ISM) [71]. Due to its relatively low
ionization energy of 11.26 eV [72, 73], carbon is primarily found in its ionized form (C1II)
throughout the ISM, while neutral carbon (CT) is prevalent in dense, UV-shielded regions.
Inelastic collisions with electrons, protons, hydrogen atoms, and other particles, can excite
the fine-structure levels of neutral and ionized carbon. These excitations are subsequently
relaxed through the emission of far-infrared photons, effectively radiating away thermal
energy and contributing to the cooling of the interstellar medium [74].

For carbon cation CII, high-precision calculations of the fine-structure splittings for
the eight lowest Rydberg 2P° states have recently been reported in Ref. [9], achieving
higher accuracy than that of the best available experimental data. In contrast, the fine-
structure splittings of neutral carbon (CI) are still best determined from experimental
measurements, with the most accurate values provided in the compilation by Haris and
Kramida in the NIST Atomic Spectra Database (ASD) [72, 73]. Theoretical studies of C1
remain scarce and have mostly concentrated on the ground state. A notable early attempt
was made by Veseth in 1988, who employed many-body perturbation theory and included
corrections for the electron’s anomalous magnetic moment as well as approximate cou-
pling with isoconfigurational ' D and 'S states [75]. However, the dominant off-diagonal
spin-orbit matrix elements in his work were estimated from the experiment [76], mak-
ing the results semi-empirical. The calculated fine-structure transition frequencies agreed
with experiment at the level of 0.1-0.2 cm™!. Since then, modest improvements have been
made for the ground state; however, accurate theoretical predictions for excited states of
neutral carbon are still absent. The most accurate theoretical calculations to date were
carried out by Carette and Godefroid [77], who applied multiconfiguration Hartree-Fock
(MCHF) method. Their calculated J =1 — 0 and J = 2 — 1 transition frequencies
deviate from experimental values by 0.03 cm™! and 0.08 cm™!, respectively.

In this thesis, we present high-precision calculations of the fine-structure splittings for
the ground and first excited triplet P¢ states, as well as the lowest triplet D¢ state of
neutral carbon, using highly optimized explicitly correlated Gaussian (ECG) basis sets.
We include the contribution from the electron’s magnetic moment anomaly (o< o), along
with the dominant second-order contributions (< a?) obtained through direct evaluation
of the most significant off-diagonal spin—orbit and spin—spin interaction terms. We do not
assume the Born—-Oppenheimer approximation. Instead, nuclei and electrons are treated
on equal footing, which enables automatic inclusion of nuclear recoil effects and enables

for accurate determination of isotopic shifts for all three naturally occurring carbon iso-
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topes. The resulting fine-structure intervals represent the most accurate theoretical values

reported to date which agree with the experimental values at the level of 0.0001-0.01 cm ™.

7.2.2 Methods

To calculate fine-structure intervals, we used the perturbation series approach pre-
sented in section 4.3. To evaluate the leading-order (o< a?), anomalous magnetic moment
(o< o?), and second-order perturbation theory corrections (o< o), we used formula (4.6),

which we rewrite here for convenience:

) o His ¥ OIHD |0 (o Him | v y
= i)+ 3 LIy 52 CPERIONIY) (), 7
dFY oFY

where [¢) = [nLSJMj) is a targeted state.

The diagonal and off-diagonal matrix elements of the fine-structure Hamiltonian ’H%ZS)
were computed using non-relativistic wave functions expanded through highly optimized
explicitly correlated Gaussian (ECG) basis sets [39, 70]. For all targeted states considered
in this work, the dominant a* contribution arises from the second term in Eq. (7.4). As
will be shown below, the primary source of this contribution is the off-diagonal matrix
elements between isoconfigurational states. Therefore, the perturbative sum in Eq. (7.4)
can be truncated once the desired numerical convergence is achieved.

The third term in Eq. (7.4) involves off-diagonal couplings through the scalar relativis-
tic Hamiltonian Hg{ Due to its rotational invariance, only matrix elements between the
states with identical orbital angular momentum and spin survive. The Hamiltonian ’Hg%
comprises the mass—velocity, Darwin, Fermi contact spin—spin, and orbit—orbit interac-
tions. Among these, the mass—velocity and Darwin terms provide the largest corrections,
while the orbit—orbit contribution is expected to be about two orders of magnitude smaller
[78-80], which is below the accuracy of our calculations. Thus, we did not include the
contribution from the orbit-orbit interaction.

We also note that all off-diagonal matrix elements of Hé? were evaluated directly,
without applying regularization techniques to enhance numerical convergence. This ap-
proach is sufficient for our purposes, as the overall contribution of these terms to the
fine-structure splittings is small, of the order of 10™* cm™!.

The evaluation of the fourth term with H(F4S) in Eq. (7.4) represents a more challenging
computational task and we did not include it in the present calculations. However, we do
provide a rough estimate of the numerical uncertainty that results from neglecting this

contribution.

7.2.3 Results

We studied the fine-structure of the carbon atom in its ground 12P¢ state as well as

the first excited 23P¢ state and the lowest 13D¢ state. In the perturbative expansion
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Table 3: Non-relativistic energies of even-parity states of most common carbon isotopes. K
denotes the ECG basis size used in the calculations. Entries marked with oo correspond to the
extrapolated energies when K — co. Figures in parentheses represent the numerical uncertainty
of the extrapolation.

Config. State K Energy
120 13C 14C oo
15%2522p? 13P 9000 —37.843182 —37.843314 —37.843 427 —37.844 894
00 —37.843189(7) —37.843321(7) —37.843434(7) —37.844901(7)
1D 6000 —37.796 832 —37.796 964 —37.797077 —37.798 543
00 —37.796 850(19) —37.796 983(19) —37.797095(19) —37.798 562(19)
118 6000 —37.744 670 —37.744 802 —37.744 915 —37.746 380
00 —37.744684(14) —37.744816(14) —37.744929(14) —37.746 394(14)
1s22s22p3p  1'P 6000 —37.529 425 —37.529 558 —37.529670 —37.531139
00 —37.529437(11) —37.529569(11) —37.529682(11) —37.531150(11)
13D 9000 —37.525 489 —37.525621 —37.525734 —37.527203
00 —37.525497(8) —37.525629(8) —37.525742(8) —37.527211(8)
135S 6000 —37.520 789 —37.520921 —37.521034 —37.522502
00 —37.520820(32) —37.520952(32) —37.521065(32) —37.522534(32)
23P 9000 —37.517959 —37.518091 —37.518204 —37.519673
00 —37.517970(12) —37.518103(12) —37.518216(12) —37.519684(12)
21D 6000 —37.512299 —37.512431 —37.512 544 —37.514013
00 —37.512327(28) —37.512459(28) —37.512572(28) —37.514041(28)
215 6000 —37.506 044 —37.506 176 —37.506 289 —37.507 758
00 —37.506091(47) —37.506223(47) —37.506 336(47) —37.507805(47)
1s%2s%2pdp  21P 6000 —37.476 057 —37.476 189 —37.476 302 —37.477769
00 —37.476079(22) —37.476211(22) —37.476 324(22) —37.477791(22)
23D 6000 —37.474919 —37.475051 —37.475164 —37.476 631
00 —37.474945(26) —37.475077(26) —37.475190(26) —37.476 658(26)
235 6000 —37.473 505 —37.473637 —37.473 750 —37.475218
00 —37.473574(69) —37.473706(69) —37.473819(69) —37.475286(69)
33P 6000 —37.472 535 —37.472 667 —37.472 780 —37.474 247
00 —37.472567(32) —37.472699(32) —37.472812(32) —37.474280(32)
31D 6000 —37.470 546 —37.470679 —37.470791 —37.472 259
00 —37.470 583(36) —37.470715(36) —37.470 828(36) —37.472295(36)
315 6000 —37.468 255 —37.468 387 —37.468 500 —37.469 967
00 —37.468376(122)  —37.468509(122) —37.468621(122) —37.470089(122)

in Eq. (7.4), we included off-diagonal matrix elements involving other even-parity states.
Matrix elements between the states of mixed parity vanish due to parity inversion sym-
metry. To obtain the estimate of the second-order perturbation series contribution, we
restricted ourselves to the states corresponding to the electronic configurations 1s22s22p?,
15%2522p3p, and 1522522pdp. These states are listed in Table 3.

For each state, we report the non-relativistic energy to demonstrate the convergence at
the non-relativistic level of theory. In fact, the energies presented in Table 3 represent the
most accurate non-relativistic energies for carbon reported to date. The three targeted
states were computed using an extensive basis of 9000 ECG functions, while the remaining
states — entering only through second-order perturbative corrections — were calculated
with smaller basis sets comprising 6000 ECGs.

In addition to the non-relativistic energies obtained with the largest basis sets, Table 3
also includes values extrapolated to the infinite basis set limit.

Our ground-state energy for the 2C isotope, —37.843 182 304 hartree, obtained using
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Table 4: The values of the spin—orbit matrix elements, (-|Hsol-), for the three targeted triplet
states in the case of '2C isotope. The presented matrix elements correspond to the largest
possible value of the total angular momentum J. Note that certain matrix elements vanish due
to the rotational symmetry. The numbers in parentheses represent the extrapolation uncertainty.
All values are in a.u.

<’ |> 13Pe 13De 23Pe
13p¢ 1.196 676(5) 0.607 81(4) —0.14259(4)
11De 1.981759(3) —0.9280(2) —0.2332(2)
1lse —3.832767(4) 0 0.2977(2)
11pe 0.525 18(2) 1.72578(2) 1.15395(4)
13D¢ 0.607 81(4) 1.880577(6) 1.437137(6)
135¢ 0.768 2(1) 0 1.94957(1)
23p¢ —0.14259(4) 1.437137(6) 0.92347(1)
21 D¢ —0.294 80(4) —1.98795(6) 1.32797(1)
21ge 0.566 5(1) 0 —2.586 3(1)
21 pe —0.278 45(3) 0.0120(4) 0.2312(2)
23D¢ 0.33096(3) 0.043 4(6) —0.2191(4)
238¢ 0.4326(2) 0 —0.1901(9)
33p° 0.08924(2) —0.0730(6) —0.0133(3)
31De 0.178 08(2) 0.2225(9) —0.1199(5)
31ge 0.3379(3) 0 —0.406 1(9)

9000 ECG functions, is approximately 5 phartree lower, and therefore more accurate,
than the value of —37.843 177408 hartree reported by Strasburger [81], who employed
5896 ECG lobe functions.

A comparable level of precision is achieved in our calculations of the excited states.
However, direct comparison with other high-accuracy studies is challenging due to the
scarcity of such calculations. For example, for the 11D state of ®°C, Carette and Godefroid
[77] reported an energy of —37.798 111 hartree using the MCHF method. This value is
in reasonable agreement with our result of —37.798 543 hartree obtained with 6000 ECGs
and the extrapolated value of —37.798 562(19) hartree.

The spin-orbit and spin—spin matrix elements for the targeted states are listed in
Tables 4 and 5. One can notice that the matrix elements between states of the same
electronic configuration are significantly larger than those involving states of different
configurations. The contribution of states with distinct configurations to the fine struc-
ture splitting is further diminished by their larger energy separations. Another note-
worthy point is that the spin—spin matrix elements are two to four orders of magnitude
smaller than the corresponding spin—orbit terms. Nevertheless, the inclusion of the elec-
tron spin—spin non-contact interaction is essential for reaching the desired accuracy of our

results.
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Table 5: The values of the electron spin-spin matrix elements, (-|Hssnc|-) x 10® a.u., for the
the three targeted triplet states of 2C. We show the matrix elements that correspond to the
largest possible value of the total angular momentum J. The numbers in parentheses represent
the extrapolation uncertainty.

<’ |> 13Pe 13De 23Pe
13p° —13.3515(2) —4.7792(5) 3.8632(3)
13D¢ —4.7792(5) 0.562 4(2) —0.406 9(3)
138¢ 0 2.1812(4) 0
23p¢ 3.8632(3) —0.406 9(3) —1.41921(1)
23D¢ —2.946(3) 0.241 8(4) 0.042(2)
238¢ 0 0.958 9(7) 0

33p° —2.2978(2) 0.1193(4) 0.824 8(2)

The primary result of this work — the calculated fine-structure splittings for 12C —
are presented in Table 6. To illustrate the relative importance of each contribution, the
splittings are also provided at different levels of theory (a?, o, and a?). It is evident that
the inclusion of second-order corrections plays a crucial role in bringing the calculated
values closer to the experimental ones, achieving an accuracy of 0.01 cm™! or better. This
is particularly significant for the 23P¢ and 13D¢ states with the 2p3p configuration, as
neighboring states with the same electronic configuration are close to each other on the
energy scale.

The data presented in Table 6 is visualized in Figure 4. Notably, for five out of the six
fine-structure splittings examined in this study, the second-order a* correction is consid-
erably larger than the a® correction due to the electron magnetic moment anomaly. An
important observation is that, at the a* level, the dominant contribution comes from the
couplings with isoconfigurational states. For each fine-structure splitting, we also include
the results from the most accurate previous theoretical calculations. The most accu-
rate values for the ground state were reported by Carette and Godefroid [77] and Froese
Fischer and Tachiev [82], who employed MCHF calculations within the Breit—Pauli ap-
proximation. For the excited triplet states, the only available result is from Stancalie [85],
obtained using the general-purpose relativistic atomic structure package GRASP [86].
Overall, our calculations provide significantly more accurate fine-structure intervals, with
an improvement of nearly three orders of magnitude, especially for the excited states.

For our final results, we report three sources of uncertainty that contribute to the total
uncertainty of the calculated fine-structure splittings. These include: the uncertainty due
to truncation of the ECG basis set, the uncertainty arising from the truncation of the
second-order perturbation theory summation, and the estimated uncertainty associated
with the neglected <H(F4S) ) term and higher-order contributions in Eq. (7.4).

The basis set truncation uncertainty was estimated by analyzing the numerical conver-

gence of the values with the increase of basis size. The uncertainty due to the truncated
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second-order perturbation series was conservatively estimated as half the sum of the ab-
solute contributions from the 1s22s522p4p states. To ensure the convergence of the pertur-
bation sums in Eq. (7.4), we also included two additional excited states with 1s22s22p5p
configurations and found their impact to be negligible for the level of precision pursued.

A rough estimate of the uncertainty from the omitted (7—[1(745? ) term was made based
on the nuclear charge scaling of QED corrections. In hydrogen-like systems, the o* QED
correction to the fine-structure splitting scales as Z%, implying that the dominant con-
tribution in carbon stems from electron—nucleus interactions. Using Slater’s rules [87],
the effective nuclear charge experienced by p-electrons in the ground state of carbon is
estimated to be ZG = 3.25. Multiplying the known hydrogenic a* QED contribution
(255 x 1075 cm™1) [88] by (Z%)® yields a value of approximately 0.03 cm™!.

Using the known values of the fine-structure QED contributions for lithium [22] and
helium [89, 90], along with their effective nuclear charges, and applying the same Z°
scaling argument, we arrive at estimates for carbon in the range of 0.02-0.05 cm~!. This
agreement supports the validity of our simple estimate. Based on this reasoning, we assign
an uncertainty of 0.03 cm™! to all transitions in Table 6 to account for the omitted <H£“4s)>
term and higher-order corrections.

It is interesting to compare our fine-structure splittings for neutral carbon with the
recent ECG calculations for the five-electron carbon cation by Stanke et al. [9]. The

L'in the 2P state of C* is significantly larger. This

ground state splitting of 63.37 cm™
can be attributed to the greater effective nuclear charge experienced by the p-electron,
as well as the fact that the leading-order contribution to the fine structure splitting from
the one-electron spin-orbit interaction scales as Z.

Since our calculations do not rely on the Born—-Oppenheimer approximation and both
the wave function and all operators account for nuclear mass dependence, we can deter-
mine the isotopic shifts Av in the fine structure splittings relative to 2C. These values
are presented in Table 7. For the isotopic shift in the ground state of *C, we also in-
clude the most accurate calculations, along with data from the NIST Atomic Spectra
Database [72, 73].

Unlike *2C and C, the '3C isotope has a nonzero nuclear spin (I = 1/2), leading to
hyperfine structure. Haris and Kramida [72] determined the fine structure splittings for
13C by calculating the center-of-gravity of hyperfine structure transitions.

As shown in Table 7, our calculated isotopic shifts are significantly larger than those
from Ref. [72], with discrepancies of 5.0 and 5.5 ¢ (here and further o refers to an estimated
total uncertainty) for the J =1 — 0 and J = 2 — 1 transitions, respectively. Notably,
other theoretical calculations also report higher values. Kozlov et al. [91] employed all-
electron configuration interaction method with the Dirac—Breit Hamiltonian and found
values of Avg; = 9.27 x 107 and Aryy = 20.1 x 107° cm™! for the J =1 — 0 and J =
2 — 1 transitions. Similarly, many-body perturbation theory calculations by Veseth [92]
yielded Avg; = 10.3 x 107° and Aviy = 15.0 x 107° ecm~!. The MCHF calculations
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by Carette and Godefroid [77], incorporating relativistic corrections from Veseth [92],
reported Avyy = 14 x 1075 cm ™!, which is closer to the NIST value of 13.78 x 107° cm™!.
However, the numerical uncertainties associated with all results in Refs. [77, 91, 92] are
difficult to quantify and probably quite large, potentially ranging from 30% to 50% of the
reported values.

To better understand the discrepancy between our theoretical isotopic shifts and the
NIST ASD values, we performed further analysis. The fine-structure levels of 1*C reported
by the NIST ASD were obtained by averaging experimental hyperfine structure transition
frequencies, with the weights corresponding to the relative theoretical intensities of the
transitions [72]. However, this method is only accurate up to the order of . To achieve
higher accuracy, it is necessary to include the dominant second-order perturbation con-
tribution, specifically the coupling between states with different J values but the same
total angular momentum F' = I 4 J, where [ is the nuclear spin.

We performed calculations using the hyperfine structure Hamiltonian from Ref. [24]
and obtained second-order shifts of 1.2 x 107% and 2.5 x 107" cm™! for the F = 1/2
and F' = 3/2 levels. While the details of the hyperfine structure calculations are not
the primary focus of our work, we note that our results for the second-order shifts are in
good agreement with the calculations by Jonsson and Froese Fischer [93], who reported
second-order corrections of 1.2 x 107% and 2.7 x 1077 ecm™! for F' = 1/2 and F = 3/2
levels, which are close to our values. More details of evaluation of the matrix elements
for hyperfine interaction and the results for the hyperfine splittings of the ground state of
carbon 3C are provided in the appendices A and B.

After correcting the NIST ASD data for the dominant a* contribution to the hyperfine
structure components, we obtain isotopic shifts of Ay, = 7.52 x 107° and Avys = 13.66 X
107® em~!. This reduces the discrepancy to 4.5 o for the J = 1 — 0 transition, while
the discrepancy increases to 6.5 o for the J = 2 — 1 transition. Other contributions
to the fine-structure isotopic shift, including finite nuclear size effects and a* relativistic
and QED corrections, are estimated to be smaller than the numerical uncertainties. It is
possible that the remaining discrepancy arises from fine-hyperfine mixing or an inaccurate
estimate of the QED contribution, but further in-depth studies would be required to
investigate this.

Nevertheless, the isotopic shifts in the fine structure splittings reported in this work

represent the most accurate theoretical values to date.
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Table 6: Fine-structure splittings (in cm™!) for the ground and lowest excited triplet states
of 12C. §anm stands for the a? contribution due to the electron anomalous magnetic moment.
doffdiag are the a* second-order perturbation theory corrections: 6(1)Sf‘f’§ioangf denotes the contribution

of the isoconfigurational states, while 5£1§flclhag stands for the contribution of all states. The final
theoretical values are shown with three separate numerical uncertainties: the first represents
the ECG basis truncation uncertainty, second — the uncertainty due to the finite number of
states used in the second-order perturbation theory, and the last one is an uncertainty due to

the omitted <”H(F4S) ) term in (7.4).

Transition Contribution 2¢C
13Pf — 13P§ a? 16.2830(2)

o +6anm 16.3268(2)

a® + damm + 055l 16.4191(2)

a® + 6anM + Ot 16:4167(2)(5)(300)
MCHF [77] 16.39
MCHF [82] 16.33
Experiment [83] 16.416712(2)
NIST ASD [73] 16.4167122(6)
13P§ — 13Pf a? 26.9610(2)

o +0anm 27.0355(2)

a® + damm + 055 26.9831(2)

o + 0amM + Obfihie  26.9836(2)(5)(300)
MCHF [77] 26.92
MCHF [82] 26.70
Experiment [84] 26.996742(2)
NIST ASD [73] 26.9967422(6)
13D§ — 13D§ o? 21.8764(1)

o + M 21.9329(1)

o + Sanm + O5psont 21.2041(7)

o 4+ 5aMM + Oy 21.2059(7)(4)(300)
MCHF [85] 18.9
NIST ASD [73] 21.19335(28)
13D§ — 13Ds o? 32.9129(1)

o + M 32.9979(1)

o’ + Sanm + O5psonl 33.3534(3)

a® + danm + O, 33-3515(3)(4)(300)
MCHF [85] 29.1
NIST ASD [73] 33.36485(23)
23Pf — 23P¢ o? 11.0130(1)

o +6anm 11.0417(1)

o’ 4 danm + Ofpsonl 12.3827(55)

o + anm + O, 12.3833(55)(19)(300)
MCHF [85] 9.0
NIST ASD [73] 12.39252(31)
23P§ — 23Pf o? 21.4304(3)

a? + OAMM , 21.4863(3)

a? 4+ Sanm + 05g5ent - 20.4701(55)

a? 4+ 6anm + O, 20.4718(55)(9)(300)
MCHF [85] 16.3
NIST ASD [73] 20.47396(19)
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Figure 4: Fine-structure splittings of carbon '2C for the ground 13P¢ state (a), lowest 13D®
state (b), and first excited 23P¢ state (c). The gray shade indicates the estimated uncertainty

of theoretical calculations. In all diagrams, v,; denotes the energy difference between the levels
with J =a and J = b.
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Table 7: Isotopic shifts of fine-structure intervals relative to 2C. For the calculated values,
numbers in parentheses represent numerical uncertainties.

Transition Av x 10° (cm™1)

13C 14C oo
1°P, = 19, 791(4) 14.70(7) 102.5(5)
Veseth [92] 10.3 — —
Kozlov et al. [91] 9.27 — —
NIST ASD 7.47(8) — —
1P, - 1%P, 14.81(8)  27.46(15) 192.4(10)
Kozlov et al. [91] 20.1 — —
Carette [77] + Veseth [92] 14 — —
NIST ASD 13.78(16) — -
13D, — 13D, 0.54(4)  17.69(8) 123.6(3)
13Dy — 1°D, 16.00(6)  29.84(12) 208.5(8)
23p, — 23P, 717(2) 13.30(4) 93.0(3)
23p, — 23P, 9.13(4) 16.93(7) 118.3(5)
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8 Conclusions

This thesis presents the theoretical framework, detailed derivation of matrix elements,
and numerical results for the calculation of spin-dependent operators using explicitly
correlated Gaussian (ECG) basis sets. Based on the methodology developed by our former

group member D. Tumakov, I introduced the following key advancements:

1. Derived the matrix element of the spin—spin non-contact interaction in the ECG

basis set corresponding to a single electron in a p-state.

2. Derived the matrix elements of the spin—orbit and non-contact spin—spin interactions
in the ECG basis set corresponding to two electrons in p-states or a single electron

in a d-state.

I implemented these matrix elements in the existing FORTRAN code for ECG varia-
tional calculations. The extended code was then applied to study relativistic corrections
in positronic beryllium [26] and to investigate the fine structure of the carbon atom. The
latter work is currently under review in Physical Review Letters.

For positronic beryllium, we considered the ground singlet S state, and excited triplet
S and P states. We found that the inclusion of the relativistic corrections does not
affect the dynamic stability of any of these states, resulting in a change of less than
2.2% in binding energies. Although spin—orbit and spin-spin interactions for the P-states
of positronic beryllium were much smaller than the largest relativistic corrections from
Darwin and mass-velocity terms, their impact on the binding energies was found to be of
comparable magnitude. This is because the binding energies involve the energy difference
between the parent system and positron—atom complex; as a result, scalar relativistic
corrections largely cancel out, while the spin—orbit and spin—spin interactions do not
cancel out at all since they are absent in the S-state of the parent Be™ ion.

In the project dedicated to the carbon fine-structure, we computed fine-structure split-
tings of the carbon ground and first excited 3P¢ states, as well as the lowest 2D¢ state.
To obtain fine-structure intervals, we used a perturbation series approach and included
the leading-order (ox a?), anomalous magnetic moment (o< ), and the dominant part
of the second-order perturbation theory contributions (o< at). Notably, at the a! level
of theory, no prior calculations have ever been performed for a system of comparable
size. For all transitions, our results for the fine-structure showed an agreement with the
experimental data at the level of 0.0001-0.01 cm™!, representing the most accurate calcu-
lations of carbon to date. We estimate the largest uncertainty of our calculations to stem
from the omitted higher-order QED terms, which may contribute as much as 0.03 cm™!.
Additionally, we obtained the most accurate values of the isotopic shifts of fine-structure
levels. However, the disagreement between our calculated and experimental fine-structure

isotopic shifts at the level of 4-6 o suggests that further investigation is needed.
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A Matrix elements of the hyperfine interaction for carbon *C

Leading-order correction

To find the hyperfine structure splittings, one needs to build the eigenfunction of
operators J?, F? and F,, and evaluate the matrix elements of the Hamiltonian (4.7) in
this basis.

The ground state of carbon has three fine-structure (FS) components. The components
with J =1 and J = 2 are split by the hyperfine interaction into two levels. The energies

of the levels, expressed in terms of the hyperfine parameters A; according to (4.11), are:

B(J=2,F =5/2) = A, (A1)
B(J=2,F=3/2) =>4 (A.2)
E(J=1,F =3/2) = %Al, (A3)
B(J=1,F =1/2) = —A,. (A4)

To write the expressions for the energy levels of HF'S components, we need the following
basic matrix elements, evaluated in the uncoupled |SMgLMIM;) basis for the case of

maximum projections:

M, = (SSLLII| M| SSLLIT)
My = (SSLLIT|H{Ps|SSLLIT),
Mg = (SSLLIT|HEC|SSLLIT) (A.5)

that we will refer to as contact, orbital, and spin—dipolar matrix elements and that are
proportional to the corresponding coupling constants [47].

The evaluation of the matrix element of the HFS Hamiltonian (4.7) in the coupled
basis |JF Mp) gives the following results for A; coefficients:

1 1

Ay = oM+ Mea + 5 M, (A.6)
1 1

Al == §Ml - 5Msd -+ §MC (A?)

Second-order perturbation correction

The largest contribution in the second-order perturbation theory comes from the cou-

pling between the HFS components of different J within the same atomic term 25*!L.
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The corresponding energy correction to the state |JF) is:

2
(a) B (JFMp|Hurs|J' FMp)|
Eyps(J, F) = Z B, —E, : (A.8)

JI£T

The matrix elements in (A.8) are non-zero only when J' = J=+1 and are expressed through

the basic matrix elements from (A.5) as follows:

33 33\ V6 V5

<2§§‘HHFS 1§§> = TMI + \/ngd - TMCa (A.9)
11 11 5

<1§§‘%HFS O§§> - \/§Ml - EMsd - \/§Mc (AlO)

Spin—spin non-contact matrix element

For a spin—dipolar term, we need to evaluate the matrix element with HPNC. The

operator can be represented as a scalar product of rank-two tensors:

@ @ 1
HENC = —gegrunin Y { [I<1> x sgn} : [vgﬂ x Vg”] —} . (A.11)

i

The spin part of the operator is the same as in the case of electron spin—spin operator in
Eq. (5.11), except that the spin of one of electrons is replaced by the nuclear spin. The

zeroth component of the spatial matrix element is:

[0 < v - A12
7 X ) 0 f + f|w<—>wl + f|vk<—>wk + f|kawk,vl<—>w“ ( . )
where
2rBn=D/2 (] 5 (1.0 ~—1 -1 r =1 1 =1 1 r =1
f= W 5 Vi ([WiC' EuC v [wi,Ciy'wi] — 2[wi O B Oy wil [v, O ui]) +
Kl

(A.13)
1 — — — _
+ ?in?i[U;chllEiiCkllvl][w;cckllEiiCkllwl]} :

(A.14)

B Calculation of hyperfine structure levels of *C

The weighting of experimentally measured transition frequencies between hyperfine
structure components with the relative theoretical intensities gives the fine-structure split-
tings that account for o contributions (expectation value of the leading-order HF'S Hamil-

tonian with the contribution from the electron magnetic moment anomaly). Let us denote
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the transition frequencies between HFS components J, F' and J', F" as v(J, F — J'F’).

Then, for the FS interval E;y between levels with J = 1 and J = 0, we may write:

Lo ook (B.1)

(2) 2 3
EY =-v(l, - —0, -
10 V(72 0;2 3 5 5

3
The non-zero off-diagonal matrix elements of Hyps between the levels with different J
and same F lead to the a? second-order shift of levels with F' = 3/2 and F = 1/2 which
does not comply with the weighting rule used above (see Fig. 5). Denoting the absolute
value of the second-order shift of HFS levels with /' = 3/2 and F' = 1/2 as AE;Z;)Q and
AEY;;, we obtain for the FS splitting between J = 1 and J = 0 levels, corrected for the

dominant part of second-order perturbation o* contribution:

2 4
E%rr. _ E%) + —AE(4) _ —AE(4)

3 327 3 /2 (B.2)

The same reasoning, applied to the FS splitting Fs; between the levels with J = 2
and J = 1, gives at the order of a?:
1 3 1 1 3 3 3 5 3
EY = 02,2 51,9+ —=v(2,2 5 1,2) + 2u0(2,= —» 1,2). B.
21 3V(,2—),2)—|—15V(,2—> 72)—{_5”(’2_)’2) ( 3)
The inclusion of theoretically calculated values of the dominant second-order o* con-
tribution gives:
(B.4)

corr. 2 1 4 16 4
By = Eél) - gAEi/é + EAE?()/)?

Numerical results

In Table 8, we present the hyperfine structure splittings of the ground 3P¢ state of
13C, computed at different levels of theory. For comparison, we also include values derived
from the matrix elements M., M), and My (see Eq. (A.5)), as calculated by Jénsson and
Froese Fischer in Ref. [93].

Our computed value for the hyperfine splitting of the J = 2 level is significantly more
accurate than that of Ref. [93], and is close to the experimental value. However, for the
fine-structure component with J = 1, our result deviates notably from the NIST ASD
value.

This discrepancy can be explained as follows. The hyperfine splitting for J = 1 is
approximately two orders of magnitude smaller than that for J = 2, due to an effective
cancellation between the contributions of the spin—orbit H{%g and spin—spin non-contact
HPSNC operators, which are close in magnitude but have opposite sign. As a result,
the splitting between the F' = 1/2 and F' = 3/2 levels is predominantly determined by
the contact Fermi spin—spin interaction Hfhg which involves a Dirac delta-function and

is therefore singular, leading to slow convergence. Despite employing a regularization
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Figure 5: The scheme of fine-structure, o® hyperfine structure, and second-order perturba-
tion a* hyperfine structure splittings for the ground 3P¢ state of '3C. The diagram is purely
illustrative and does not reflect actual energy scales or relative level spacings.

technique [94] to improve the convergence of the contact term, its expectation value still
converges more slowly than those of non-singular operators.

Another source of discrepancy may come from the effects of finite nuclear size and
higher-order corrections (a* and higher) which were not considered in this work. Inter-
estingly, as shown in Ref. [24], most of the higher-order corrections are proportional to
the Fermi contact term and thus can be approximately accounted for by including the
additional factor of (1 + €) in front of the corresponding expectation value.

Summing up, using a larger basis set for the calculation of the contact Fermi term,
along with the inclusion of higher-order QED corrections and finite nuclear size effects,
could improve agreement between the theoretical predictions and experimental results for
the HF'S splitting.
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Table 8: Hyperfine structure splittings for the ground 3P¢ state of carbon *C. §anmv stands
for the o contribution due to the electron anomalous magnetic moment. Joffdiag is the dominant
a* second-order perturbation theory correction due to coupling between the hyperfine structure
components of different J values. For the calculated values, the figures in parentheses represent
the uncertainties due to basis set truncation. The uncertainty due to the omission of higher-order

QED terms was not estimated.

HFS splitting Contribution AE x 10* cm™!
J=2(F=5/2-3/2) «a? 124.04(1)
a2 + 5AMM 12407(1)
a? 4 danm + Oofidiag ~ 124.06(1)
MCHF [93] 123.06
NIST ASD [73] 124.283(4)
J=1(F=3/2-1/2) «a? 1.711(5)
Oé2 + 5AMM 1642(5)
a? + OanMM + (Soﬂ‘diag 1628(5)
MCHF [93] 1.249
NIST ASD [73] 1.3993(8)
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