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Abstract
Weconsider the bound-constrained global optimization of functionswith low effective
dimensionality, that are constant along an (unknown) linear subspace and only vary
over the effective (complement) subspace. We aim to implicitly explore the intrinsic
low dimensionality of the constrained landscape using feasible random embeddings,
in order to understand and improve the scalability of algorithms for the global opti-
mization of these special-structure problems. A reduced subproblem formulation is
investigated that solves the original problem over a random low-dimensional sub-
space subject to affine constraints, so as to preserve feasibility with respect to the
given domain. Under reasonable assumptions, we show that the probability that the
reduced problem is successful in solving the original, full-dimensional problem is pos-
itive. Furthermore, in the case when the objective’s effective subspace is aligned with
the coordinate axes, we provide an asymptotic bound on this success probability that
captures its polynomial dependence on the effective and, surprisingly, ambient dimen-
sions. We then propose X-REGO, a generic algorithmic framework that uses multiple
random embeddings, solving the above reduced problem repeatedly, approximately
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and possibly, adaptively. Using the success probability of the reduced subproblems,
we prove that X-REGO converges globally, with probability one, and linearly in the
number of embeddings, to an ε-neighbourhood of a constrained global minimizer. Our
numerical experiments on special structure functions illustrate our theoretical findings
and the improved scalability of X-REGO variants when coupled with state-of-the-art
global—and even local—optimization solvers for the subproblems.

Keywords Global optimization · Constrained optimization · Random embeddings ·
Dimensionality reduction techniques · Functions with low effective dimensionality

Mathematics Subject Classification 65K05 · 90C30 · 90C26 · 49K45 · 15A52

1 Introduction

In this paper, we address the bound-constrained global optimization problem

f ∗ := min
x∈X

f (x), (P)

where f : R
D → R is continuous, possibly non-convex and deterministic,1 and

where, without loss of generality,2 X := [−1, 1]D ⊆ R
D .

In an attempt to alleviate the curse of dimensionality of generic global optimiza-
tion, we focus on objective functions with ‘low effective dimensionality’ [58], namely,
those that only vary over a low-dimensional subspace (which may not necessarily be
aligned with standard axes), and remain constant along its orthogonal complement.
These functions are also known as objectives with ‘active subspaces’ [14] or ‘multi-
ridge’ [25, 55]. They are frequently encountered in applications, typically when tuning
(over)parametrized models and processes, such as in hyper-parameter optimization
for neural networks [3], heuristic algorithms for combinatorial optimization prob-
lems [34], complex engineering and physical simulation problems [14] as in climate
modelling [37], and policy search and dynamical system control [26, 61].

When the objective has low effective dimensionality and the effective subspace of
variation is known, it is straightforward to cast (P) into a lower-dimensional problem
which has the same global minimum f ∗ by restricting it to and solving (P) only within
this important subspace. Typically, however, the effective subspace is unknown, and
random embeddings have been proposed to reduce the size of (P) and hence the cost
of its solution, while attempting to preserve the problem’s (original) global minimum
values. In this paper, we investigate the following feasible formulation of the reduced
randomised problem,

1 Note that we assume f to be defined outside X . Our analysis would be significantly more involved, but
still possible, if f was not defined outside of X . Note that in our X-REGO algorithm, we only query f (x)

at feasible points x ∈ X .
2 Note that the random embedding framework presented in this paper has been subsequently applied to
more general objectives and domains in [12].
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Global optimization, low effective dimension and random embeddings 999

min
y

f (Ay + p)

subject to Ay + p ∈ X ,
(RPX )

where A is a D × d Gaussian random matrix (see Definition A.1) with d � D,
and where p ∈ X is user-defined and provides additional flexibility that we exploit
algorithmically. Our approach needs the following clarification.

Definition 1.1 We say that (RPX ) is successful if there exists y∗ ∈ R
d such that

f (Ay∗ + p) = f ∗ and Ay∗ + p ∈ X .

We derive a lower bound on the probability that (RPX ) is successful in the case
when d lies between de and D − de, where de is the dimension of the effective
subspace. We show that this success probability is positive and that it depends on both
the effective subspace and the ambient dimensions.3 However, in the case when the
effective subspace is alignedwith the coordinate axes, we show that the dependence on
D in this lower bound is at worst polynomial. We then propose X-REGO (X -Random
Embeddings forGlobalOptimization), a generic algorithmic framework for solving (P)
using multiple random embeddings. Namely, X-REGO solves (RPX ) repeatedly with
different A and possibly different p, and can use any global optimization algorithm
for solving the reduced problem (RPX ). Using the computed lower bound on the
probability of success of (RPX ), we derive a global convergence result for X-REGO,
showing that as the number of random embeddings increases, X-REGO converges
linearly, with probability one, to an ε-neighbourhood of a global minimizer of (P).

Existing relevant literature Optimization of functions with low effective dimen-
sionality has been recently studied primarily as an attempt to remedy the scalability
challenges of Bayesian Optimization (BO), such as in [17, 21, 28, 41, 58]. Inves-
tigations of these special-structure problems have been extended beyond BO, to
derivative-free optimization [48], multi-objective optimization [47] and evolution-
ary methods [15, 50]. As the effective subspace is generally unknown, some existing
approaches learn the effective subspace beforehand [17, 21, 25, 55], while others esti-
mate it during the optimization, updating the estimate as new information becomes
available on the objective function [13, 15, 28, 61]. We focus here on an alternative
approach, bypassing the subspace learning phase, and optimizing directly over random
low-dimensional subspaces, as proposed in [6, 7, 36, 58].

Wang et al. [58] propose the REMBO algorithm, that solves, using Bayesian meth-
ods, a single reduced subproblem,

min
y

f (Ay)

subject to y ∈ Y = [−δ, δ]d ,
(RP)

3 A brief description, without proofs, of a subset of the main results of this paper has appeared as
(a sub)part of a four-page conference proceedings paper (without any supplementary materials) in the
ICMLWorkshop “Beyond first order methods in ML systems” (2020), see https://drive.google.com/file/d/
1JxQc9rSK8GYchKnDp0dhwEa4f3AeyNeb/view.
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where A is as above, and δ > 0. They evaluate the probability that the solution of (RP)
corresponds to a solution of the original problem (P) in the case when the effective
subspace is aligned with coordinate axes and when d = de, where de denotes the
dimension of the effective subspace; they show that this probability of success of
(RP) depends on the parameter δ (the size of the Y box), and it decreases as δ shrinks.
Conversely, setting δ large may result in large computational costs to solve (RP). Thus,
a careful calibration of δ is needed for good algorithmic performance. The theoretical
analysis in [58] has been extended by Sanyang and Kabán [50], where the probability
of success of (RP) is quantified in the case d ≥ de; an algorithm, called REMEDA,
is also proposed in [50] that uses Gaussian random embeddings in the framework of
evolutionary methods for high-dimensional unconstrained global optimization.

In the recent preprint [9], we further extend these analyses to arbitrary effective
subspaces (i.e., not necessarily aligned with the coordinate axes) and random embed-
dings of dimensiond ≥ de, and consider thewider frameworkof generic unconstrained
high-dimensional global optimization.We propose the REGO algorithm, that replaces
the high-dimensional problem (P) (withX = R

D), by a single reduced problem (RP),
and solves (RP) using any global optimization algorithm. Instead of estimating solely
the norm of an optimal solution of (RP), as in [50, 58], we derive its exact probability
distribution. Furthermore, we show that its squared Euclidean norm (when appropri-
ately scaled) follows an inverse chi-squared distribution with d − de + 1 degrees of
freedom, and use a tail bound on the chi-squared distribution to get a lower bound
on the probability of success of (RP). Our theory and numerical experiments indicate
that, under suitable assumptions, the success of (RP) is essentially independent on D,
but depends mainly on two factors: the gap between the subspace dimension d and
the effective dimension de, and the ratio between δ (the size of the low-dimensional
domain), and the distance from the origin (the centre of the original domain X ) to the
closest affine subspace of global minimizers.

In contrast to [9, 50], the present case of the constrained problem (P) poses a new
challenge: a solution y∗ of (RP) is not necessarily feasible for the full-dimensional
problem (P) (i.e., Ay∗ /∈ X ). To remedy this, Wang et al. [58] endow REMBO with
an additional step that projects Ay∗ onto X . However, the lack of injectivity of the
projection may not be beneficial to the proposed Bayesian optimization algorithm as
some parts of the domainmight be over-exploredwhen using a classical kernel (such as
the squared exponential kernel) directly on the low-dimensional domainY . The design
of kernels avoiding this over-exploration has been tackled in [6, 7]. Binois et al. [7]
further advances the discussion regarding the choice of the low-dimensional domain
Y in (RP) and computes an ‘optimal’ set Y∗ ⊂ R

d , i.e., a set that has minimum (here,
infimum) volume among all the sets Y ⊂ R

d for which the image of the mapping
Y → X : y 	→ pX (Ay) contains the ‘maximal embedded set’ {pX (Ay) : y ∈ R

d},
where pX (x) is the classical Euclidean projection of x on X . They show that Y∗
has an intricate representation when the dimension of the full-dimensional problem
is large, and propose to replace the Euclidean projection map pX suggested by Wang
et al. [58] by an alternative mapping for which an ‘optimal’ low-dimensional domain
has nicer properties. Nayebi et al. [43] circumvent the projection step by replacing the
Gaussian random embeddings of (RP) by random embeddings defined using hashing
matrices, and choose Y = [−1, 1]d . This choice guarantees that any solution of the
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Global optimization, low effective dimension and random embeddings 1001

low-dimensional problem provides an admissible solution for the full-dimensional
problem in the case X = [−1, 1]D .

The need to combine optimization algorithms that rely on randomGaussian embed-
dings with a projection step has also been recently discussed in [40], where it is
suggested to replace the formulation (RP) by (RPX ), thatwe also consider in this paper.
However, Letham et al. [40] do not provide analytical estimates of the probability
of success of this new formulation, solely evaluating it numerically using Monte-
Carlo simulations; they also do not use multiple random embeddings as proposed
in Wang et al. [58] and employed here as well. Our proposed X-REGO algorith-
mic framework (and more precisely, the adaptive variant A-REGO described in
Sect. 5) is closely related to the sequential algorithm proposed by Qian et al. [48],
in the framework of unconstrained derivative-free optimization of functions with
approximate low-effective dimensionality, and to the algorithm proposed in [36] for
constrained Bayesian optimization of functions with low-effective dimension, using
one-dimensional random embeddings. However, our results rely on the assumption
that the subspace dimension d is larger than the effective dimension de, and so our
approach significantly differs from [36]. Very recently, Tran-The et al. [54] have pro-
posed an algorithm that uses several low-dimensional (deterministic) embeddings in
parallel for Bayesian optimization of high-dimensional functions.

Randomized subspace/projections methods have recently attracted much interest
for local or convex optimization problems; see for example, [30, 33, 38, 42, 44, 57];
no low effective dimensionality assumption is made in these works. Finally, we note
that the main step in our convergence analysis consists in deriving a lower bound on
the probability that a random subspace of given dimension intersects a given set (the
set of approximate global minimizers), which is an important problem in stochastic
geometry, see, e.g., the extensive discussion by Oymak and Tropp [46]. Unlike the
results presented in [46], our results do not involve statistical dimensions of sets, which
are unknown and, in our case, problem dependent.

We have recently explored the applicability of X-REGO to global optimization of
Lipschitz-continuous objectives, that do not necessarily have low effective dimension,
for arbitrary (non-empty) domain X and arbitrary d. We prove in [12] that X-REGO
converges almost surely to an ε-neighbourhood of a (constrained) global minimizer of
(P), relying on tools from conic integral geometry to bound the probability of success
of the random subproblem. The latter bound is understandably exponential in the big
problem dimension and does not provide a distributional result for the size of the
reduced minimizer. Even asymptotically, the general success bound is exponential in
D while when there is an effective subspace aligned with coordinate axes, the bound
here is polynomial. We also address in [12] the unconstrained case when the objective
has low effective dimension but the effective dimension de is unknown, and propose
a variant of X-REGO that explores random subspaces of increasing dimension until
finding the effective dimension of the problem.

Our contributions Here we investigate a general random embedding framework for
the bound-constrained global optimization of functions with low effective dimension-
ality. This framework replaces the original, potentially high-dimensional problem (P)
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with several reduced and randomized subproblems of the form (RPX ), which directly
ensures feasibility of the iterates with respect to the constraints.

Using various properties ofGaussianmatrices and a useful result from [9],we derive
a lower bound on the probability of success of (RPX ) when de ≤ d ≤ D − de. To
achieve this, we provide a sufficient condition for the success of (RPX ) that depends
on a random vector w, which in turn, is a function of the embedding matrix A, the
parameter p of (RPX ) and an arbitrary global minimizer x∗ of (P). We show that w

follows a (D−de)-dimensional t-distribution with d−de +1 degrees of freedom, and
provide a lower bound on the probability of success of (RPX ) in terms of the integral of
the probability density function ofw over a given closed domain. In the case when the
effective subspace is aligned with the coordinate axes, the closed domain simplifies to
a (D−de)-dimensional box, andwe provide an asymptotic expansion of the integral of
the probability density function over the box, when D → ∞ (and d and de are fixed).
Our theoretical analysis, backed by numerical testing, indicates that the probability
of success of (RPX ) decreases with the dimension D of the original problem (P).
However, in the case when the effective subspace is aligned with the coordinate axes,
we show that it decreases at most in a polynomial way with the ambient dimension D
for some useful choices of p.

We also propose the X-REGO algorithm, a generic framework for the constrained
global optimization problem (P) that sequentially or in parallel solves multiple sub-
problems (RPX ), varying A and also possibly p. We prove global convergence of
X-REGO to a set of approximate global minimizers of (P) with probability one, with
linear rate in terms of the number of subproblems solved. This result requires mild
assumptions on problem (P) ( f is Lipschitz continuous and (P) admits a strictly feasi-
ble solution) and on the algorithm used to solve the reduced problem (namely, it must
solve (RPX ) globally and approximately, to required accuracy), and allows a diverse
set of possible choices of p (random, fixed, adaptive, deterministic). Our convergence
proof crucially uses our result that the probability of success of (RPX ) is positive
and uniformly bounded away from zero with respect to the choice of p, and hence,
assumes that de ≤ d ≤ D − de.

We provide an extensive numerical comparison of several variants of X-REGO on
a set of test problems with low effective dimensionality, using three different solvers
for (RPX ), namely, BARON [49], DIRECT [24] and (global and local) KNITRO
[8]. We find that X-REGO variants show significantly improved scalability with most
solvers, as the ambient problem dimension grows, compared to directly using the
respective solvers on the test set. Notable efficiency was obtained in particular when
local KNITRO was used to solve the subproblems and the points p were updated to
the ‘best’ point (with the smallest value of f ) found so far.

Paper outline In Sect. 2, we recall the definition of functions with low effective
dimensionality and some existing results that we will use in our analysis. Section 3
derives lower bounds for the probability of success of (RPX ). The X-REGO algorithm
and its global convergence are then presented in Sect. 4, while in Sect. 5, different
X-REGO variants are compared numerically on benchmark problems using three
optimization solvers (DIRECT, BARON and KNITRO) for the subproblems. Our
conclusions are drawn in Sect. 6.

123



Global optimization, low effective dimension and random embeddings 1003

Notation We use bold capital letters for matrices (A) and bold lowercase letters (a)
for vectors. In particular, ID is the D × D identity matrix and 0D , 1D (or simply
0, 1) are the D-dimensional vectors of zeros and ones, respectively. We write ai to
denote the i th entry of a and write ai : j , i < j , for the vector (ai ai+1 · · · a j )

T . We let
range(A) denote the linear subspace spanned in R

D by the columns of A ∈ R
D×d .

We write 〈·, ·〉, ‖ · ‖ and ‖ · ‖∞ for the usual Euclidean inner product, the Euclidean
norm and the infinity norm, respectively. Where emphasis is needed, for the Euclidean
norm we also use ‖ · ‖2.

Given two random variables (vectors) x and y (x and y), the expression x
law= y

(x
law= y) means that x and y (x and y) have the same distribution. We reserve the

letter A for a D × d Gaussian random matrix (see Definition A.1) and write χ2
n to

denote a chi-squared random variable with n degrees of freedom (see Definition A.5).
Given a point a ∈ R

D and a set S of points in R
D , we write a + S to denote the

set {a + s : s ∈ S}. Given functions f (x) : R → R and g(x) : R → R
+, we write

f (x) = �(g(x)) as x → ∞ to denote the fact that there exist positive reals M1, M2
and a real number x0 such that, for all x ≥ x0, M1g(x) ≤ | f (x)| ≤ M2g(x).

2 Preliminaries

2.1 Functions with low effective dimensionality

Definition 2.1 (Functions with low effective dimensionality [58]) A function f :
R

D → R has effective dimension de if there exists a linear subspace T of dimension
de such that for all vectors x� in T and x⊥ in T ⊥ (the orthogonal complement of T ),
we have

f (x� + x⊥) = f (x�), (2.1)

and de is the smallest integer satisfying (2.1).

The linear subspaces T and T ⊥ are called the effective and constant subspaces of
f , respectively. In this paper, we make the following assumption on the function f .

Assumption 2.2 The function f : R
D → R is continuous and has effective dimen-

sionality de such that de < D, with effective subspace4 T and constant subspace T ⊥
spanned by the columns of the orthonormalmatricesU ∈ R

D×de and V ∈ R
D×(D−de),

respectively.We let x� = UUT x and x⊥ = VV T x, the unique Euclidean projections
of any vector x ∈ R

D onto T and T ⊥, respectively.

We define the set of feasible global minimizers of problem (P),

G := {x ∈ X : f (x) = f ∗}. (2.2)

4 Note that T in Assumption 2.2 may not be aligned with the standard axes.

123



1004 C. Cartis et al.

Note that, for any x∗ ∈ G with Euclidean projection x∗� on the effective subspace T ,
and for any x̃ ∈ T ⊥, we have

f ∗ = f (x∗) = f (x∗� + x̃) = f (x∗�). (2.3)

The minimizer x∗� may lie outside X , and furthermore, there may be multiple points
x∗� in T satisfying f ∗ = f (x∗�) as illustrated in [9, Example 1.1]. Thus, the set G
is (generally)5 a union of (possibly infinitely many) (D − de)-dimensional simply-
connected polyhedral sets, each corresponding to a particular x∗�. If x∗� is unique, i.e.,
every global minimizer x∗ ∈ G has the same Euclidean projection x∗� on the effective
subspace, then G is the (D − de)-dimensional set {x ∈ X : x ∈ x∗� + T ⊥}.
Definition 2.3 Suppose Assumption 2.2 holds. For any global minimizer x∗ ∈ G, let
G∗ := {x ∈ X : x ∈ x∗� + T ⊥} be the simply connected subset of G that contains
x∗� = UUT x∗, and G∗ := {x ∈ R

D : x ∈ x∗� + T ⊥}, the (D − de)-dimensional
affine subspace that contains G∗.

We can express G∗ = G∗ ∩ X = {x∗� + V g : −1 ≤ x∗� + V g ≤ 1, g ∈ R
D−de },

where V is defined in Assumption 2.2. For each G∗, we define the corresponding set
of “admissible” (D − de)-dimensional vectors as

Ḡ∗ := {g ∈ R
D−de : x∗� + V g ∈ G∗}. (2.4)

Note that the set G∗ is (D − de)-dimensional if and only if the volume of the set
Ḡ∗ in R

D−de , denoted by Vol(Ḡ∗), is non-zero. In some particular cases, when the
global minimizer x∗ in Definition 2.3 is on the boundary of X , the corresponding
simply connected component G∗ may be of dimension strictly lower than (D − de)
and, hence, Vol(Ḡ∗) = 0; a case we need to sometimes exclude from our analysis.

Definition 2.4 Let G∗ and Ḡ∗ be defined as in Definition 2.3 and (2.4), respectively.
We say that G∗ is non-degenerate if Vol(Ḡ∗) > 0.

The definitions and assumptions introduced in this section are illustrated next in
Fig. 1.

Geometric description of the problem Figure 1 sketches the linear mapping y →
Ay+ p that maps points fromR

d to points in the affine subspace p+ range(A) inR
D .

This figure also illustrates the case of a non-degenerate simply-connected component
G∗ of globalminimizers (blue line;Definition 2.3),which here has dimension D−de =
1. Degeneracy of G∗ (Definition 2.4) would occur if x∗� was a vertex of the domain
X , in which case the corresponding G∗ would be a singleton.

For (RPX ) to be successful in solving the original problem (P), Fig. 1 illustrates
it is sufficient that the red line segment (the feasible set of (reduced) solutions in R

d

mapped toR
D) intersects the blue line segment (the setG∗). IfG∗ = G, this sufficient

condition is also necessary, so that (RPX ) is not successful; else, we need to check

5 Except in degenerate cases, see Definition 2.4.
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T

T ⊥

x∗
�

X

G∗

p

p+ range(A)

x∗(= Ay∗ + p)

Fig. 1 Abstract illustration of the embedding of an affine d-dimensional subspace p + range(A) into R
D .

The red line represents the feasible set of solutions along p+ range(A) and the blue line represents the set
G∗. The random subspace intersects G∗ at x∗, which is infeasible

the other simply connected components of G to decide whether (RPX ) is successful
or not.

Note that, while the blue and red line segments do not intersect in Fig. 1, their
prolongations outside X (G∗ and p + range(A)) do. This is related to [58, Theorem
2], which says that if the dimension of the embedded subspace (d) is greater than the
effective dimension (de) of f then G∗ and p + range(A) intersect with probability
one. Wang et al. [58] have shown this result for the case p = 0, but it can easily be
generalized to arbitrary p. In other words, in the unconstrained setting when X =
R

D and d ≥ de, it is known that the reduced problem (RPX ) is successful with
probability one [9, 58]: one random embedding typically suffices to solve the original
problem (P). The main contribution of this paper is to quantify the probability of the
random embedding to contain a feasible solution of the original problem, in the bound-
constrained setting. For this, we rely on results of [9] that characterize the distribution
of a random reduced minimizer y∗ such that Ay∗ + p is an (unconstrained) minimizer
of f , thus quantifying a specific intersection between the random subspace and G∗.
We recall these results in Sect. 2.2, and use this characterization in Sect. 3 to derive
a lower bound on the probability of Ay∗ + p to belong to G∗, namely, to be feasible
for the original problem (P).

2.2 Characterization of (unconstrained) minimizers in the reduced space

Let S∗ := { y∗ ∈ R
d : Ay∗ + p ∈ G∗}, with G∗ defined in Definition 2.3, be a subset

of points y∗ corresponding to solutions of minimizing f over the entire R
D . With
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probability one, S∗ is a singleton if d = de and has infinitely many points if d > de
[9, Corollary 3.3]. It is sufficient to find one of the reduced minimizers in S∗, ideally
one that is easy to analyse, and that is close to the origin (i.e., the centre of the domain
X ) in some norm so as to encourage the feasibility with respect to X of its image
through A. An obvious candidate is the minimal Euclidean norm solution,

y∗
2 = arg min

y∈Rd
‖ y‖2

s.t. y ∈ S∗.
(2.5)

The following result provides a useful characterization of y∗
2 as the minimum

Euclidean norm solution to a random linear system.

Theorem 2.5 [9, Theorem 3.1] Suppose Assumption 2.2 holds. Let x∗ be any global
minimizer of (P) with Euclidean projection x∗� on the effective subspace, and p ∈ X ,
a given vector. Let A be a D × d Gaussian matrix, with d ≥ de. Then y∗

2 defined in
(2.5) is given by

y∗
2 := BT (BBT )−1z∗, (2.6)

which is the minimum Euclidean norm solution to the system

B y∗ = z∗, (2.7)

where B = UT A and z∗ ∈ R
de is uniquely defined by

Uz∗ = x∗� − p�, with p� = UUT p. (2.8)

Proof The full proof is given in the technical report version of this paper, see [11]. ��
Remark 2.6 Note that B = UT A is a de×d Gaussianmatrix, sinceU has orthonormal
columns (see Theorem A.2). Also, (2.8) implies ‖z∗‖2 = ‖x∗� − p�‖2.

Using (2.6) and various properties of Gaussian matrices, [9] shows that the squared
Euclidean norm of y∗

2 follows the (appropriately scaled) inverse chi-squared distribu-
tion.We rely on this result in the next section (see the proof of Theorem 3.3) to quantify
the probability of success of (RPX ), which we will lower bound by the probability
that Ay∗

2+ p ∈ X , i.e., that Ay∗
2+ p, the representation of y∗

2 in the high-dimensional
domain, is feasible for (P).

Theorem 2.7 ([9, Theorem 3.7]) Suppose Assumption 2.2 holds. Let x∗ be any global
minimizer of (P) and p ∈ X a given vector, with respective projections x∗� and p�
on the effective subspace. Let A be a D × d Gaussian matrix, with d ≥ de. Then, y∗

2
defined in (2.5) satisfies

‖x∗� − p�‖22
‖ y∗

2‖22
∼ χ2

d−de+1 if x∗� �= p�.

If x∗� = p�, then y∗
2 = 0 .
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3 Estimating the success of the reduced problem

This section derives lower bounds on the probability of success of (RPX ). Lemma 3.1
lower bounds this probability by that of a non-empty intersection between the random
subspace p + range(A) and an arbitrary simply-connected component G∗ of the
set of global minimizers (Definition 2.3). This probability is further expressed in
Corollary 3.4 in terms of a random vector w that follows a multivariate t-distribution.
From Sect. 3.1 onwards, we derive positive and/or quantifiable lower bounds on the
probability of success of (RPX ), while also trying to eliminate, wherever possible, the
dependency of the lower bounds on the choice of p and G∗.

Lemma 3.1 Suppose Assumption 2.2 holds. Let x∗ be a(ny) global minimizer of (P),
p ∈ X , a given vector, and A, a D×d Gaussian matrix with d ≥ de. Let y∗

2 be defined
in (2.5). The reduced problem (RPX ) is successful in the sense of Definition 1.1 if
Ay∗

2 + p ∈ X , namely

P[(RPX ) is successful] ≥ P[−1 ≤ Ay∗
2 + p ≤ 1]. (3.1)

Proof This is an immediate consequence of Definition 1.1 and (2.5), as the latter
implies Ay∗

2 + p ∈ G∗ and so f (Ay∗
2 + p) = f ∗. ��

Let us further express (3.1) as follows. Let Q = (U V ), whereU and V are defined
in Assumption 2.2. Since Q is orthogonal, we have

Ay∗
2 = QQT Ay∗

2 = Q
(
UT

V T

)
Ay∗

2. (3.2)

Using (2.6), we get UT Ay∗
2 = z∗. Letting

w := V T Ay∗
2, (3.3)

we get

Ay∗
2 = Q

(
z∗
w

)
= (U V

) (z∗
w

)
= Uz∗ + Vw = x∗� − p� + Vw, (3.4)

where in the last equality, we used (2.8). By substituting p = p� + p⊥ and (3.4) in
(3.1), we obtain

P[(RPX ) is successful] ≥ P[−1 ≤ Ay∗
2 + p ≤ 1]

= P[−1 ≤ x∗� − p� + Vw + p� + p⊥ ≤ 1]
= P[−1 ≤ x∗� + p⊥ + Vw ≤ 1].

(3.5)

According to this derivation, all the randomness within the lower bound (3.5) is
contained in the random vectorw. The next theorem, derived in Appendix B, provides
the probability density function of this random vector.
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Remark 3.2 Suppose that Assumption 2.2 holds and recall (2.2). If there exists x∗ ∈ G
such that x∗� = p�, where the subscript represents the respective Euclidean projec-
tions on the effective subspace, then f ( p) = f ( p� + p⊥) = f (x∗� + p⊥) = f ∗,
where p⊥ is the Euclidean projection of p on the constant subspace T ⊥ of the objec-
tive function. Thus p ∈ G so that, for any embedding A, (RPX ) is successful with
the trivial solution y∗ = 0. Therefore, in our next result, without loss of generality,
we make the assumption x∗� �= p�.

Theorem 3.3 (The p.d.f. of w) Suppose that Assumption 2.2 holds. Let x∗ be a(ny)
global minimizer of (P), p ∈ X , a given vector, and A, a D× d Gaussian matrix with
de ≤ d ≤ D−de. Assume that p� �= x∗�, where the subscript represents the Euclidean
projection on the effective subspace. The random vector w defined in (3.3) follows a

(D− de)-dimensional t-distribution with parameters d − de + 1 and
‖x∗�− p�‖2
d−de+1 I , and

with p.d.f. g(w̄) given by

g(w̄) = 1

(
√

π‖x∗� − p�‖)m
[

�(m+n
2 )

�( n2 )

](
1 + w̄T w̄

‖x∗� − p�‖2
)−(m+n)/2

, (3.6)

where m = D − de and n = d − de + 1.

Proof See Appendix B. ��
Let us now summarize the above analysis in the following corollary.

Corollary 3.4 Suppose that Assumption 2.2 holds. Let x∗ be a(ny) global minimizer of
(P), p ∈ X , a given vector, and A, a D × d Gaussian matrix with de ≤ d ≤ D − de.
Assume that p� �= x∗�, where the subscript represents the Euclidean projection on
the effective subspace. Then

P[(RPX ) is successful ] ≥ P(−1 ≤ x∗� + p⊥ + Vw ≤ 1), (3.7)

where w is a random vector that follows a (D − de)-dimensional t-distribution with

parameters d − de + 1 and
‖x∗�− p�‖2
d−de+1 I .

Proof The result follows from derivations (3.1)–(3.5) and Theorem 3.3. ��
Here is a roadmap for the results in the remainder of this section. We aim to answer

the following two questions:

• Is the probability of success of (RPX ) positive for any p? In other words:Does the
random subspace range(A) + p intersect a subspace of (unconstrained) global
minimizers of (P) inside X with positive probability for all p? Answering this
question allows to quantify the number of random embeddings required for finding
a global minimizer of (P) when p is chosen arbitrarily and kept fixed (if several
embeddings are used, they all share the same p). We show that this question can
be answered positively, and provide a lower bound on the probability of success
of (RPX ) that depends on p in Theorem 3.6.
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• Furthermore, can we derive a positive lower bound on the probability of success
of (RPX ) that does not depend on p? Ideally, we aim to prove convergence of X-
REGO irrespectively of the choice of p. Indeed, it could be useful algorithmically
to let p vary from one random embedding to another, for example by setting p to
the best point found so far as proposed in Sect. 4. In the specific case where the
effective subspace is aligned with the coordinate axes, we provide in Theorem 3.8
a lower bound that is independent of p, and asymptotically quantify its dependence
on D, de and d. Deriving such a bound for arbitrary effective subspaces seems,
unfortunately, too challenging; we bypass this difficulty by assuming Lipschitz-
continuity of f and providing in Theorem 3.15 a uniform lower bound on the
probability of ε-success of (RPX ), a weaker condition that requires the random
subspace to contain an ε-minimizer, i.e., a feasible point x such that f (x) ≤ f ∗+ε.
This key result will allow us to prove almost sure convergence of X-REGO to an
ε-minimizer in Sect. 4, for any choice of p ∈ X , including adaptive ones.

3.1 Positive probability of success of the reduced problem (RPX )

To prove that the probability of success of (RPX ) is strictly positive, we need the fol-
lowing additional assumption, that says that the function has low effective dimension
and there exists a set of feasible optimal solutions of (P) that is “large enough”, i.e.,
of dimension at least D − de; a counter-example of this assumption would be a case
when the feasible global minimizers of (P) are isolated (for an illustration, translate
the set G∗ in Fig. 1 to the upper right so that the blue line segment shrinks to the upper
right corner of the box).

Assumption 3.5 Assume that Assumption 2.2 holds, and that there is a set G∗ defined
in Definition 2.3 that is non-degenerate according to Definition 2.4.

The next result then proves that for all p, with a strictly positive probability, the
random embedding contains a feasible global minimizer of (P).

Theorem 3.6 Suppose that Assumption 3.5 holds, and let A be a D × d Gaussian
matrix with de ≤ d ≤ D − de. Then, for any p ∈ X ,

P[(RPX ) is successful ] > 0. (3.8)

Proof We consider two cases, p ∈ G and p ∈ X \ G. Firstly, assume that p ∈ G.
Then, P[(RPX ) is successful ] = 1 since taking y = 0 in (RPX ) yields f ( p) = f ∗.

Assume now that p ∈ X \ G. Assumption 3.5 implies that there exists a global
minimizer x∗ and associatedG∗ for whichVol(Ḡ∗) > 0, whereG∗ and Ḡ∗ are defined
in Definition 2.3 and (2.4), respectively. Using (3.7) with this particular x∗ and noting
that p⊥ = VV T p gives us
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P[(RPX ) is successful] ≥ P[−1 ≤ x∗� + V (V T p + w) ≤ 1]
= P[V T p + w ∈ {g ∈ R

D−de : −1 ≤ x∗� + V g ≤ 1}]
= P[V T p + w ∈ Ḡ∗]
= P[w ∈ −V T p + Ḡ∗]
=
∫

−V T p+Ḡ∗
g(w̄)dw̄,

(3.9)

where g(w̄) is the p.d.f. ofw given in (3.6). The latter integral is positive since g(w̄) > 0
for any w̄ ∈ R

D−de and since Vol(−V T p + Ḡ∗) = Vol(Ḡ∗) > 0 (invariance of
volumes under translations) by Assumption 3.5. ��

Note that the proof of Theorem 3.6 illustrates that the success probability of (RPX ),
though positive, depends on the choice of p.6 Next, under additional problem assump-
tions, we derive lower bounds on the success probability of (RPX ) that are independent
of p and/or quantifiable.

3.2 Quantifying the success probability of (RPX ) in the special case of
coordinate-aligned effective subspace

Provided the effective subspace T is aligned with coordinate axes and without loss of
generality, we can write the orthonormal matrices U and V , whose columns span T
and T ⊥, as U = [Ide 0]T and V = [0 ID−de ]T . The following result quantifies the
probability of the random embedding to contain a feasible global solution of (P) in
this case, in terms of the cumulative distribution function of w.

Theorem 3.7 Let Assumption 2.2 hold with U = [Ide 0]T and V = [0 ID−de ]T . Let
x∗ be a(ny) global minimizer of (P), p ∈ X , a given vector, and A, a D× d Gaussian
matrix with de ≤ d ≤ D − de. Assume that p� �= x∗�, where the subscript represents
the Euclidean projection on the effective subspace. Then

P[(RPX ) is successful ] ≥ P[−1 − pde+1:D ≤ w ≤ 1 − pde+1:D], (3.10)

where w is a random vector that follows a (D − de)-dimensional t-distribution with

parameters d − de + 1 and
‖x∗�− p�‖2
d−de+1 I .

Proof For x∗ ∈ G∗, we have

x∗� = UUT x∗ =
(
I 0
0 0

)
x∗ =

(
x∗
1:de
0

)
. (3.11)

6 When ‖x∗� − p�‖ → 0, the multivariate t-distribution in Corollary 3.4 becomes degenerate. Thus it is
challenging to derive a lower bound on the integral (3.9) that is uniformly bounded away from zero with
respect to p.
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Furthermore,

p⊥ = VV T p =
(
0 0
0 I

)
p =

(
0

pde+1:D

)
.

Note that x∗ ∈ [−1, 1]D implies that x∗
1:de ∈ [−1, 1]de . Corollary 3.4 then yields

P[(RPX ) is successful] ≥ P(−1 ≤ x∗� + p⊥ + Vw ≤ 1)

= P

[(−1
−1

)
≤
(
x∗
1:de
0

)
+
(

0
pde+1:D

)
+
(
0
I

)
w ≤

(
1
1

)]

(since x∗
1:de ∈ [−1, 1]de ) = P[−1 ≤ pde+1:D + w ≤ 1],

which immediately gives (3.10). ��
Note that the right-hand side of (3.10) can be written as the integral of the p.d.f. of

w over the hyperrectangular region −1 − pde+1:D ≤ w ≤ 1 − pde+1:D . Instead of
directly computing this integral, we analyse its asymptotic behaviour for large D,
assuming that de and d are fixed. We obtain the following main result, with its proof
provided in Appendix C.

Theorem 3.8 Let Assumption 2.2 hold with U = [Ide 0]T and V = [0 ID−de ]T . Let
de and d be fixed, with de ≤ d ≤ D − de, and let A be a D × d Gaussian matrix. For
all p ∈ X , we have

P[(RPX ) is successful ] ≥ τ > 0, (3.12)

where τ satisfies

τ = �

(
log(D − de + 1)

d−1
2

2D−de · (D − de + 1)de

)
as D → ∞, (3.13)

and the constants in �(·) depend only on de and d.

Proof See Appendix C. ��
The next result shows that, in the particular case when p = 0, the center of the full-

dimensional domain X , the probability of success decreases at worst in a polynomial
way7 with the ambient dimension D.

Theorem 3.9 Let Assumption 2.2 hold with U = [Ide 0]T and V = [0 ID−de ]T . Let
de and d be fixed, with de ≤ d ≤ D − de, and let A be a D × d Gaussian matrix. Let
p = 0. Then

P[(RPX ) is successful ] ≥ τ0 > 0, (3.14)

7 This simplification is due to the fact that when p = 0, the factor 2D−de in the denominator of (3.13)
disappears.
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where

τ0 = �

(
log(D − de + 1)

d−1
2

(D − de + 1)de

)
as D → ∞, (3.15)

and where the constants in �(·) depend only on de and d.

Proof See Appendix C. ��
Remark 3.10 Unlike Theorem 3.6, the above result does not require Assumption 3.5.
In this specific case, as the effective subspace is aligned with the coordinate axes,
Assumption 3.5 is satisfied. The latter follows from Ḡ∗ = {g ∈ R

D−de : −1 ≤
x∗� + V g ≤ 1} = {g ∈ [−1, 1]D−de }, as V = [0 ID−de ]T and the last D − de
components of the vector x∗� are zero; see the proof of Theorem 3.7.

Remark 3.11 We note that (3.10) holds with equality if d = de and G = G∗. Our
numerical experiments in Sect. 5 also clearly illustrate that the success probability
decreases with growing problem dimension D.

Remark 3.12 Our particular choice of asymptotic framework here is due to its prac-
ticality as well as to the ready-at-hand analysis of a similar integral to (C.2) in [60].
The scenario (de and d fixed, D large) is a familiar one in practice, where commonly,
de is small compared to D, and d is limited by computational resources available to
solve the reduced subproblem. Other asymptotic frameworks that could be considered
in the future are de = O(1), d = O(log(D)) or de = O(1), d = βD where β is fixed.
For more details on how to obtain asymptotic expansions similar to (3.13) and (3.15)
for such choices of de and d, refer to [53, 60].

3.3 Uniformly positive lower bound on the success probability of (RPX ) in the
general case

As mentioned in the last paragraph of Sect. 3.1, it is difficult to derive a uniformly
positive lower bound on the probability of success of (RPX ) that does not depend on
p. However, assuming Lipschitz continuity of the objective function, we are able to
achieve such a guarantee for (RPX ) to be approximately successful, a weaker notion
that is defined as follows.

Definition 3.13 For a(ny) ε > 0, we say that (RPX ) is ε-successful if there exists
y∗ ∈ R

d such that f (Ay∗ + p) ≤ f ∗ + ε and Ay∗ + p ∈ X .

Let

Gε := {x ∈ X : f (x) ≤ f ∗ + ε} (3.16)

be the set of feasible ε-minimizers. The reduced problem (RPX ) is thus ε-successful
if it contains a feasible ε-minimizer.
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Assumption 3.14 The objective function f : R
D → R is Lipschitz continuous with

Lipschitz constant L , that is, | f (x) − f ( y)| ≤ L‖x − y‖2 for all x and y in R
D .

The next theorem shows that the probability that (RPX ) is ε-successful is uniformly
bounded away from zero for all p ∈ X .

Theorem 3.15 Suppose that Assumption 3.5 and Assumption 3.14 hold. Let A be a
D × d Gaussian matrix with de ≤ d ≤ D − de and ε > 0, an accuracy tolerance.
Then there exists a constant τε > 0 such that, for all p ∈ X ,

P[(RPX ) is ε-successful] ≥ τε. (3.17)

Proof Assumption 3.5 implies that there exists a global minimizer x∗ ∈ X , with
corresponding sets G∗ (Definition 2.3) and Ḡ∗ in (2.4) such that Vol(Ḡ∗) > 0. Let
Nη(G∗) := {x ∈ X : ‖x∗� − UUT x‖2 ≤ η} be a neighbourhood of G∗ in X , for
some η > 0, where as usual, x∗� = UUT x∗ is the Euclidean projection of x∗ on the
effective subspace.

Firstly, assume that p ∈ Nε/L(G∗). Then, ‖x∗� − p�‖ ≤ ε/L , and by Assump-
tion 3.14, | f ( p) − f ∗| = | f ( p�) − f (x∗�)| ≤ L‖x∗� − p�‖ ≤ ε. Thus p ∈ Gε and,
hence, P[(RPX ) is ε-successful] = 1.

Otherwise, p ∈ X \ Nε/L(G∗). Using the proof of Theorem 3.6, we have

P[(RPX ) is ε-successful] ≥ P[(RPX ) is successful] ≥
∫

−V T p+Ḡ∗
g(w̄)dw̄,

(3.18)

where g(w̄) is the p.d.f. of w given by (3.6), and where the first inequality is due to
the fact that (RPX ) being successful implies that (RPX ) is ε-successful (by letting
ε := 0 in Definition 3.13). To prove (3.17), it is thus sufficient to lower bound g(w̄)

by a positive constant, independent of p. Since p /∈ Nε/L(G∗), we have

ε

L
< ‖x∗� − p�‖2 = ‖UUT (x∗ − p)‖2 ≤ ‖UUT ‖2 · ‖x∗ − p‖2 ≤ 2

√
D,

(3.19)

where the last inequality follows from ‖UUT ‖2 = 1, since U has orthonormal
columns, and from−2 ≤ x∗ − p ≤ 2 since x∗, p ∈ [−1, 1]D . Furthermore, note that,
for any w̄ ∈ −V T p + Ḡ∗, we have

−1 − x∗� − p⊥ ≤ V w̄ ≤ 1 − x∗� − p⊥,
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and, hence,

‖V w̄‖∞ ≤ max(‖ − 1 − x∗� − p⊥‖∞, ‖1 − x∗� − p⊥‖∞)

≤ ‖1‖∞ + ‖x∗�‖∞ + ‖ p⊥‖∞
≤ 1 + ‖x∗�‖2 + ‖ p⊥‖2
= 1 + ‖UUT x∗‖2 + ‖VV T p‖2
≤ 1 + ‖UUT ‖2 · ‖x∗‖2 + ‖VV T ‖2 · ‖ p‖2
≤ 1 + 2

√
D,

where the last inequality follows from ‖UUT ‖2 = 1 and ‖VV T ‖2 = 1 (as U and V
are orthonormal) and from x∗, p ∈ [−1, 1]D . Thus,

‖w̄‖2 = ‖V w̄‖2 ≤ √
D‖V w̄‖∞ ≤ √

D(1 + 2
√
D) ≤ 3D. (3.20)

By combining (3.6), (3.19) and (3.20), we finally obtain

∫
−V T p+Ḡ∗

g(w̄)dw̄ = C(m, n)

∫
−V T p+Ḡ∗

1

‖x∗� − p�‖m
(
1 + ‖w̄‖2

‖x∗� − p�‖2
)−(m+n)/2

dw̄

> C(m, n)(2
√
D)−m(1 + 9D2L2/ε2)−(m+n)/2

∫
−V T p+Ḡ∗

dw̄

= C(m, n)(2
√
D)−m(1 + 9D2L2/ε2)−(m+n)/2 Vol(−V T p + Ḡ∗)

= C(m, n)(2
√
D)−m(1 + 9D2L2/ε2)−(m+n)/2 Vol(Ḡ∗),

where C(m, n) = �((m + n)/2)/(πm/2�(n/2)) and where in the last equality we
used the fact Vol(−V T p + Ḡ∗) = Vol(Ḡ∗) for any p ∈ R

D (invariance of volumes
under translations). The result follows from the assumption that Vol(Ḡ∗) > 0. ��

4 The X-REGO algorithm and its global convergence

In the case of random embeddings for unconstrained global optimization, the suc-
cess probability of the reduced problem is independent of the ambient dimension [9].
However, in the constrained case of problem (P), the analysis in Sect. 3 shows that
the probability of success of the reduced problem (RPX ) decreases with D. It is thus
imperative in any algorithm that uses feasible random embeddings in order to solve
(P) to allow multiple such subspaces to be explored, and it is practically important
to find out what are efficient and theoretically-sound ways to choose these subspaces
iteratively. This is the aim of our generic and flexible algorithmic framework, X-REGO
(Algorithm 1). Furthermore, as an additional level of generality and practicality, we
allow the reduced, random subproblem to be solved stochastically, so that a sufficiently
accurate global solution of this problem is only guaranteed with a certain probabil-
ity. This covers the obvious case when a (convergent) stochastic global optimization
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algorithm would be employed to solve the reduced subproblem, but also when a deter-
ministic global solver is used but may sometimes fail to find the required solution due
to a limited computational budget, processor failure and so on.

In X-REGO, for k ≥ 1, the kth embedding is determined by a realization Ã
k =

Ak(ωk) of the random Gaussian matrix Ak , and it is drawn at the point p̃k−1 =
pk−1(ωk−1) ∈ X , a realization of the random variable pk−1 (which, without loss of
generality, includes the case of deterministic choices by writing pk−1 as a random
variable with support equal to a singleton).

Algorithm 1 X -Random Embeddings for Global Optimization (X-REGO) applied
to (P)
1: Initialize d and p̃0 ∈ X
2: for k ≥ 1 until termination do

3: Draw Ã
k
, a realization of the D × d Gaussian matrix A

4: Calculate ỹk by solving approximately and possibly, probabilistically,

f̃ kmin = min
y∈Rd

f ( Ã
k
y + p̃k−1)

subject to Ã
k
y + p̃k−1 ∈ X

(R̃PX k)

5: Let

x̃k := Ã
k
ỹk + p̃k−1 (4.1)

6: Choose (deterministically or randomly) p̃k ∈ X
7: end for

X-REGO can be seen as a stochastic process, so that in addition to p̃k and Ã
k
, each

algorithm realization provides sequences x̃k = xk(ωk), ỹk = yk(ωk) and f̃ kmin =
f kmin(ω

k), for k ≥ 1, that are realizations of the random variables xk , yk and f kmin ,
respectively. Each iteration of X-REGO solves—approximately and possibly, with a
certain probability—a realization (R̃PX k) of the random problem

f kmin = min
y

f (Ak y + pk−1)

subject to Ak y + pk−1 ∈ X .

(RPX k)

To calculate ỹk , (R̃PX k) may be solved to some required accuracy using a determin-
istic global optimization algorithm that is allowed to fail with a certain probability; or
employing a stochastic algorithm, so that ỹk is only guaranteed to be an approximate
global minimizer of (R̃PX k) (at least) with a certain probability.

Several variants of X-REGO can be obtained by specific choices of the random
variable pk (assumed throughout the paper to have support contained in X ). A first
possibility consists in simply defining pk as a random variable with support {0}, so
that p̃k = 0 for all k. It is also possible to preserve the progress achieved so far by

123



1016 C. Cartis et al.

defining pk = xkopt , where

xkopt := argmin{ f (x1), f (x2), . . . , f (xk)}, (4.2)

the random variable corresponding to the best point found over the k first embeddings.
We compare numerically several choices of p on benchmark functions in Sect. 5.

The termination in Line 2 could be set to a given maximum number of embeddings,
or could check that no significant progress in decreasing the objective function has
been achieved over the last few embeddings, compared to the value f (x̃kopt ). For
generality, we leave it unspecified here.

4.1 Global convergence of the X-REGO algorithm to the set of global�-minimizers

For a(ny) given tolerance ε > 0, let Gε be the set of approximate global minimizers
of (P) defined in (3.16). We show that xkopt in (4.2) converges to Gε almost surely as
k → ∞ (see Theorem 4.7).

Intuitively, our proof relies on the fact that any vector x̃k defined in (4.1) belongs
to Gε if the following two conditions hold simultaneously: (a) the reduced problem
(RPX k) is (ε − λ)-successful in the sense of Definition 3.13,8 namely,

f kmin ≤ f ∗ + ε − λ; (4.3)

(b) the reduced problem (R̃PX k) is solved (by a deterministic/stochastic algorithm) to
an accuracy λ ∈ (0, ε) in the objective function value, namely,

f (Ak yk + pk−1) ≤ f kmin + λ (4.4)

holds (at least)with a certain probability.We introduce twoadditional randomvariables
that capture the conditions in (a) and (b) above,

Rk = 1{(RPX k) is (ε − λ) -successful in the sense of (4.3)}, (4.5)

Sk = 1{(RPX k) is solved to accuracy λ in the sense of (4.4)}, (4.6)

where 1 is the usual indicator function for an event.
Let Fk = σ(A1, . . . , Ak, y1, . . . , yk, p0, . . . , pk) be the σ -algebra generated by

the random variables A1, . . . , Ak, y1, . . . , yk, p0, . . . , pk (a mathematical concept
that represents the history of theX-REGO algorithm aswell as its randomness until the
kth embedding),9 with F0 = σ( p0). We also construct an ‘intermediate’ σ -algebra,

8 The reader may expect us to simply require that (RPX k ) is ε-successful. However, in order to ensure
convergence of X-REGO to the set of ε-minimizers, we need to be slightly more demanding on the success
requirements for (RPX k ) so that we allow inexact solutions (up to accuracy λ) of the reduced problem

( ˜RPX k ).
9 A similar setup for random iterates of probabilistic models can be found in [2, 10].
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namely,

Fk−1/2 = σ(A1, . . . , Ak−1, Ak, y1, . . . , yk−1, p0, . . . , pk−1),

withF1/2 = σ( p0, A1). Note that xk , Rk and Sk areFk-measurable,10 and Rk is also
Fk−1/2-measurable; thus they are well-defined random variables.

Remark 4.1 The randomvariables A1, . . . , Ak , y1, . . . , yk , x1, . . . , xk , p0, p1, . . . , pk ,
R1, . . . , Rk , S1, . . . , Sk are Fk-measurable since F0 ⊆ F1 ⊆ · · · ⊆ Fk .
Also, A1, . . . , Ak , y1, . . . , yk−1, x1, . . . , xk−1, p0, p1, . . . , pk−1, R1, . . . , Rk ,
S1, . . . , Sk−1 are Fk−1/2-measurable since F0 ⊆ F1/2 ⊆ F1 ⊆ · · · ⊆ Fk−1 ⊆
Fk−1/2.

A weak assumption is given next, that is satisfied by reasonable techniques for the
subproblems; namely, the reduced problem (RPX k) needs to be solved to required
accuracy with some positive probability.

Assumption 4.2 There exists ρ ∈ (0, 1] such that, for all k ≥ 1,11

P[Sk = 1|Fk−1/2] = E[Sk |Fk−1/2] ≥ ρ,

i.e., with (conditional) probability at least ρ > 0, the solution yk of (RPX k) satisfies
(4.4).

Remark 4.3 If a deterministic (global optimization) algorithm is used to solve (R̃PX k),
then Sk is always Fk−1/2

k -measurable and Assumption 4.2 is equivalent to Sk ≥
ρ. Since Sk is an indicator function, this further implies that Sk ≡ 1, provided a
sufficiently large computational budget is available.

The results of Sect. 3 provide a lower bound on the (conditional) probability of the
reduced problem (RPX k) to be (ε − λ)-successful, with the consequence given in the
first part of the next corollary.

Corollary 4.4 If Assumptions 3.5 and 3.14 hold and if de ≤ d ≤ D − de, then

E[Rk |Fk−1] ≥ τ, for k ≥ 1. (4.7)

If Assumption 4.2 holds, then

E[RkSk |Fk−1/2] ≥ ρRk, for k ≥ 1. (4.8)

10 Itwould be possible to restrict the definition of theσ -algebraFk so that it contains strictly the randomness
of the embeddings Ai and pi for i ≤ k; then we would need to assume that yk is Fk -measurable, which
would imply that Rk , Sk and xk are also Fk -measurable. Similar comments apply to the definition of
Fk−1/2.
11 The equality in the displayed equation follows from E[Sk |Fk−1] = 1 · P[Sk = 1|Fk−1] + 0 · P[Sk =
0|Fk−1].
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Proof Recall that the support of the random variable pk is contained in X . For each
embedding, we apply Theorem 3.15 (setting p = p̃k−1 and replacing ε by ε − λ) to
deduce that there exists τ ∈ (0, 1] such that P[Rk = 1|Fk−1] ≥ τ , for k ≥ 1. Then,
in terms of conditional expectation, we have E[Rk |Fk−1] = 1 · P[Rk = 1|Fk−1] +
0 · P[Rk = 0|Fk−1] ≥ τ .

If Assumption 4.2 holds, thenE[Rk Sk |Fk−1/2] = Rk
E[Sk |Fk−1/2] ≥ ρRk , where

the equality follows from the fact that Rk is Fk−1/2-measurable (see [20, Theorem
4.1.14]). ��

4.1.1 Global convergence proof

A useful property is given next.

Lemma 4.5 Let Assumptions 3.5, 3.14 and 4.2 hold, and let de ≤ d ≤ D − de. Then,
for K ≥ 1, we have

P

[
K⋃

k=1

{
{Rk = 1} ∩ {Sk = 1}

}]
≥ 1 − (1 − τρ)K .

Proof We define an auxiliary random variable, J K := 1
(⋃K

k=1

{{Rk = 1} ∩
{Sk = 1}}). Note that J K = 1 −∏K

k=1(1 − Rk Sk). We have

P

[
K⋃

k=1

{
{Rk = 1} ∩ {Sk = 1}

}]
= E[J K ] = 1 − E

[
K∏

k=1

(1 − Rk Sk)

]

(∗)= 1 − E

[
E

[
K∏

k=1

(1 − Rk Sk)
∣∣∣FK−1/2

]]

(◦)= 1 − E

[
K−1∏
k=1

(1 − Rk Sk) · E
[
1 − RK SK |FK−1/2]

]

≥ 1 − E

[
(1 − ρRK ) ·

K−1∏
k=1

(1 − Rk Sk)

]

(∗)= 1 − E

[
E

[
(1 − ρRK ) ·

K−1∏
k=1

(1 − Rk Sk)
∣∣∣FK−1

]]

(◦)= 1 − E

[
K−1∏
k=1

(1 − Rk Sk) · E
[
1 − ρRK |FK−1]

]

≥ 1 − (1 − τρ) · E

[
K−1∏
k=1

(1 − Rk Sk)

]
,

where

– (∗) follow from the tower property of conditional expectation (see (4.1.5) in [20]),
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– (◦) is due to the fact that R1, . . . , RK−1 and S1, . . . , SK−1 are FK−1/2- and
FK−1-measurable (see Theorem 4.1.14 in [20]),

– the inequalities follow from (4.8) and (4.7), respectively.

We repeatedly expand the expectation of the product for K − 1, . . ., 1, in exactly the
same manner as above, to obtain the desired result. ��

In the next lemma, we show that if (RPX k) is (ε − λ)-successful and is solved to
accuracy λ in objective value, then the solution xk must be inside Gε ; thus proving
our intuitive statements (a) and (b) at the start of Sect. 4.1.

Lemma 4.6 Suppose Assumptions 3.5, 3.14 and 4.2 hold, and let de ≤ d ≤ D − de.
Then

{Rk = 1} ∩ {Sk = 1} ⊆ {xk ∈ Gε}.

Proof By Definition 3.13, if (RPX k) is (ε −λ)-successful, then there exists ykint ∈ R
d

such that Ak ykint + pk−1 ∈ X and

f (Ak ykint + pk−1) ≤ f ∗ + ε − λ. (4.9)

Since ykint is in the feasible set of (RPX k) and f kmin is the global minimum of (RPX k),
we have

f kmin ≤ f (Ak ykint + pk−1). (4.10)

Then, for xk , (4.4) gives the first inequality below,

f (xk) ≤ f kmin + λ ≤ f (Ak ykint + pk−1) + λ ≤ f ∗ + ε,

where the second and third inequalities follow from (4.10) and (4.9), respectively. This
shows that xk ∈ Gε . ��

In the following theorem, we show that X-REGO converges almost surely to an
ε-minimizer of (P), i.e., a feasible solution of (P) with cost at most f ∗ + ε.

Theorem 4.7 (Global convergence) Suppose Assumptions 3.5, 3.14 and 4.2 hold, and
let de ≤ d ≤ D − de. Then

lim
k→∞ P[xkopt ∈ Gε] = lim

k→∞ P[ f (xkopt ) ≤ f ∗ + ε] = 1

where xkopt and Gε are defined in (4.2) and (3.16), respectively.
Furthermore, for any ξ ∈ (0, 1),

P[xkopt ∈ Gε] = P[ f (xkopt ) ≤ f ∗ + ε] ≥ ξ for all k ≥ Kξ , (4.11)

where Kξ :=
⌈ | log(1−ξ)|

τρ

⌉
.

123



1020 C. Cartis et al.

Proof Lemma 4.6 and the definition of xkopt in (4.2) provide

{Rk = 1} ∩ {Sk = 1} ⊆ {xk ∈ Gε} ⊆ {xkopt ∈ Gε}

for k = 1, 2, . . . , K and for any integer K ≥ 1. Hence,

K⋃
k=1

{Rk = 1} ∩ {Sk = 1} ⊆
K⋃

k=1

{xkopt ∈ Gε}. (4.12)

Note that the sequence { f (x1opt ), f (x2opt ), . . . , f (xK
opt )} is monotonically decreasing.

Therefore, if xkopt ∈ Gε for some k ≤ K then xiopt ∈ Gε for all i = k, . . . , K ; and so

the sequence ({xkopt ∈ Gε})Kk=1 is an increasing sequence of events. Hence,

K⋃
k=1

{xkopt ∈ Gε} = {xKopt ∈ Gε}. (4.13)

From (4.13) and (4.12), we have for all K ≥ 1,

P[{xK
opt ∈ Gε}] ≥ P

[
K⋃

k=1

{Rk = 1} ∩ {Sk = 1}
]

≥ 1 − (1 − τρ)K , (4.14)

where the second inequality follows fromLemma 4.5. Finally, passing to the limit with
K in (4.14),we deduce 1 ≥ limK→∞ P[{xKopt ∈ Gε}] ≥ limK→∞

[
1 − (1 − τρ)K

] =
1, as required.

Note that if

1 − (1 − τρ)k ≥ ξ (4.15)

then (4.14) implies P[xkopt ∈ Gε] ≥ ξ . Since (4.15) is equivalent to k ≥ log(1 − ξ)

log(1 − τρ)
,

(4.15) holds for all k ≥ Kξ since Kξ ≥ log(1 − ξ)

log(1 − τρ)
. ��

Remark 4.8 Crucially, we note that X-REGO (Algorithm 1) is a generic framework
that can be applied to a general, continuous objective f in (P). Furthermore, the
convergence result in Theorem 4.7 also continues to hold in this general case provided
(4.7) can be shown to hold; this is where we crucially use the special structure of
low effective dimensionality of the objective that we investigate in this paper. In [12],
we apply X-REGO to global optimization of Lipschitz continuous objectives, under
no special structure assumption and for arbitrary values of d and arbitrary domains;
there, we also prove almost sure convergence to ε-minimizers using tools from conic
integral geometry.
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Remark 4.9 If f is a convex function (and known a priori to be so), then clearly, a local
(deterministic or stochastic) optimization algorithmmay be used to solve (R̃PX k) and
achieve (4.4). Apart from this important speed-up and simplification, it is difficult to
exploit this additional special structure of f in our analysis, in order to improve the
success bounds and convergence.

Quantifiable rates of convergence when the effective subspace is aligned with coor-
dinate axes Using the estimates for τ in Theorem 3.8, we can estimate precisely the
rate of convergence of X-REGO as a function of problem dimension, assuming that
T is aligned with coordinate axes.

Theorem 4.10 Suppose Assumption 2.2 holds with U = [Ide 0]T and V =
[0 ID−de ]T , as well as Assumption 4.2. Let ξ ∈ (0, 1), and de and d be fixed with
de ≤ d ≤ D − de. Then (4.11) holds with

Kξ = |log(1 − ξ)|
ρ

O

(
2D−de · (D − de + 1)de

log(D − de + 1)
d−1
2

)
as D → ∞. (4.16)

If pk = 0 for k ≥ 0, then (4.11) holds with

Kξ = |log(1 − ξ)|
ρ

O

(
(D − de + 1)de

log(D − de + 1)
d−1
2

)
as D → ∞. (4.17)

Proof Firstly, note our remark regarding assumptions below. The result follows from
Theorem 4.7, (3.13) and (3.15). ��
Remark 4.11 Assumptions 3.5 and 3.14 were required to prove Theorem 3.15 and,
consequently, (4.7). If the effective subspace is aligned with coordinate axes, we no
longer need Assumptions 3.14 and 3.5 to prove (4.7). In this case, (4.7) follows from
Theorem 3.8, together with the fact that (RPX k) being successful implies (RPX k) is
ε-successful for any ε ≥ 0.

5 Numerical experiments

5.1 Setup

Algorithms We test different variants of Algorithm 1 against the no-embedding
framework, in which (P) is solved directly without using random embeddings and with
no explicit exploitation of its special structure. Each variant of X-REGO corresponds
to a specific choice of pk , k ≥ 0:

– Adaptive X-REGO (A-REGO). In X-REGO, the point pk is chosen as the best
point found up to the kth embedding: if f (Ak yk + pk−1) < f ( pk−1) then pk :=
Ak yk + pk−1, otherwise, pk := pk−1.
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1022 C. Cartis et al.

– Local Adaptive X-REGO (LA-REGO). In X-REGO, we solve (R̃PX k) using a
local solver (instead of a global one as in N-REGO). Then, if | f (Ak yk + pk−1)−
f ( pk−1)| > γ for some small γ (here, γ = 10−5), we let pk := Ak yk + pk−1,
otherwise, pk is chosen uniformly at random in X .

– Nonadaptive X-REGO (N-REGO). In X-REGO, all the random subspaces are
drawn at the origin: pk := 0 for all k.

– Local Nonadaptive X-REGO (LN-REGO). In X-REGO, the low-dimensional
problem (R̃PX k) is solved using a local solver, and the point pk is chosen uniformly
at random in X for all k.

Solvers We test the aforementionedX-REGOvariants using three solvers for solving
the reduced problem (R̃PX k)—or for solving the original problem (P) in the no-
embedding case—namely, DIRECT ([24, 27, 35]), BARON ([49, 52]) and KNITRO
([8]).

DIRECT ([24, 27, 35]) version 4.0 (DIviding RECTangles) is a deterministic12

global optimization solver, that does not require information about the gradient nor
about the Lipschitz constant.

BARON ([49, 52]) version 17.10.10 (Branch-And-ReduceOptimizationNavigator)
is a state-of-the-art branch- and-bound type global optimization solver for nonlinear
and mixed-integer programs, that is highly competitive [45]. However, it accepts only
a few (general) classes of functions (e.g., no trigonometric functions, no black box
functions).

KNITRO ([8]) version 10.3.0 is a large-scale nonlinear local optimization solver
that makes use of objective derivatives. KNITRO has a multi-start feature, referred
here as mKNITRO, allowing it to aim for global minimizers.

We refer to [9] for a detailed description of the solvers. We test A-REGO and N-
REGO using DIRECT, BARON and mKNITRO and test LA-REGO and LN-REGO
using only local KNITRO, with no multi-start.

In addition to the comparison with ‘no embedding’, we compare X-REGO with
the REMBO approach proposed in [58], which we modify so that it matches our
present framework. Namely, we replace the Bayesian solver used in REMBO with
(m)KNITRO (in its local and global incarnations). Our proposal is tested within the N-
REGO (with mKNITRO) and LN-REGO (with KNITRO) frameworks where instead
of solving (R̃PX k) we solve the following problem

f̃ kmin = min
y∈Rd

f (PX ( Ã
k
y + p̃k−1)), (C̃PX k)

wherePX (x) := argminz∈X ‖z−x‖2 is the standard projection operator that projects
an infeasible x (that is outside X ) onto the nearest feasible point in X ; note that
PX ensures that the computed solutions are feasible and thus there is no need for
linear constraints as in (R̃PX k). However, to restrict the search space, we follow the
original REMBO proposal [58] and impose the bound constraint y ∈ [−δ, δ]de , where
δ = δopt := 8 × √

de—an optimal value for δ determined based on the theoretical

12 Here, we refer to the predictable behaviour of the solver given a fixed set of parameters.
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Global optimization, low effective dimension and random embeddings 1023

bounds in [9]. Note that δopt is not the same for every problem in the test set as δopt
depends on de.

Test set The methodology of these constructions is given in [9, 58] and summa-
rized here in Appendix D. Our synthetic test set contains 19 D-dimensional functions
with low effective dimension, with D = 10, 100 and 1000. We construct these high-
dimensional functions from 19 global optimization problems (Table 4, of dimensions
2–6) with known global minima [5, 22, 29], some of which are in the Dixon-Szego
test set [16]. The construction process consists in artificially adding coordinates to the
original functions, and then applying a rotation to ensure that the effective subspace
is not aligned with the coordinate axes.

Experimental setup We solve the entire test set with each version of X-REGO and
its paired solvers. Let f be a function from the test set with the global minimum f ∗.
When applying any version of X-REGO to minimize f , we let d = de for the size of
the random embedding. We terminate either after K = 100 embeddings, or earlier, as
soon as13

f ( Ã
k
ỹk + p̃k−1) − f ∗ ≤ ε = 10−3. (5.1)

We then record the computational cost, which we measure in terms of either function
evaluations or CPU time in seconds. To compare with ‘no-embedding’, we solve the
full-dimensional problem (P) directly with DIRECT, BARON andmKNITROwith no
use of random embeddings. The budget and termination criteria used for each solver
to solve (R̃PX k) within X-REGO, or to solve (P) in the ‘no-embedding’ framework
are outlined in Table 1.

Remark 5.1 The experiments are done not to compare solvers but to contrast ‘no-
embedding’ and REMBO with the X-REGO variants. All the experiments were run
in MATLAB on the 16 cores (2×8 Intel with hyper-threading) Linux machines with
256GB RAM and 3300 MHz speed.

We compare the results using performance profiles (Dolan and Moré [18]), which
measure the proportion of problems solved by the algorithm in less than a given
budget defined based on the best performance among the algorithms considered. More
precisely, for each solver (BARON,DIRECT andKNITRO), and for each algorithmA
(the above-mentioned variants of X-REGO and ‘no-embedding’), we record Np(A),
the computational cost (see Table 1) of running algorithmA to solve problem p within
accuracy ε. Let N ∗

p be the minimum computational cost required for problem p by
any algorithmA. The performance (probability) of algorithmA on the problem set P
is defined as

πA(α) = |{p ∈ P : Np(A) ≤ αN ∗
p }|

|P| ,

with performance ratio α ≥ 1.

13 We acknowledge that the use of the true global minimum f ∗, or a sufficiently close lower bound, in
our numerical testing is not practical. But we note that our aim here is to test both ‘no-embedding’ and
X-REGO in similar, even if idealized, settings.
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Global optimization, low effective dimension and random embeddings 1025

Fig. 2 Comparison between X-REGO variants and ‘no-embedding’ using DIRECT

5.2 Numerical results

DIRECT Figure 2 compares the adaptive and non-adaptive random embedding algo-
rithms (A-REGO and N-REGO) to the no-embedding framework, when using the
DIRECTsolver for the reduced problem (R̃PX k) (and for the full-dimensional problem
in the case of the no-embedding framework). We find that the no-embedding frame-
work outperforms the two X-REGO variants. We also note that this behaviour is more
pronouncedwhen thedimensionof the problem (P) is small. In that regime, it is also dif-
ficult to determine which version of X-REGO performs the best. When D is large, the
no-embedding framework still outperforms the two variants of X-REGO, but among
these two, the adaptive one (A-REGO) performs generally better than N-REGO. The
average number of function evaluations and random embeddings/subspaces required
by the algorithms are given in Tables 2 and 3, respectively.
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Fig. 3 Comparison between X-REGO variants and ‘no-embedding’ using BARON

BARON Figure 3 compares A-REGO andN-REGO to the no-embedding framework,
when using BARON to solve the reduced problem (R̃PX k). We find that the no-
embedding framework is clearly outperformed by the two variants of X-REGO in the
large-dimensional setting. Then, it is also clear that the adaptive variant of X-REGO
outperforms the non-adaptive one. Table 2 also indicates that the CPU time used by
the different algorithms increases with the dimension of the problem, and that the
increase is most rapid for ’no-embedding’.

KNITRO The comparison between the X-REGO variants, using mKNITRO to solve
(R̃PX k), is given in Fig. 4. Here, we also compare the local variants of X-REGO
(namely, LA-REGO and LN-REGO), for which the reduced problem is solved using
local KNITRO, with no multi-start feature, and the REMBO framework described
abovewith (m)KNITRO.Wefind that the local variants outperform the global ones, and
the no-embedding framework when the dimension of the problem is sufficiently large.
Figure 4 also indicates that the local non-adaptive variant (LN-REGO) outperforms
the adaptive one in this high-dimensional setting. This behaviour can also be observed
in Tables 2 and 3, which indicate that less function evaluations and embeddings are
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Fig. 4 Comparison between X-REGO variants, modified REMBO and ‘no-embedding’ using KNITRO.
Here and in the following tables, modified REMBO refers to the combination of REMBO with N-REGO
framework and modified REMBO(L) refers to the combination of REMBO with LN-REGO framework

needed for LA-REGO compared to LN-REGO for large D; this may be a feature
of the test set we used/devised. Finally, the modified REMBO framework behaves
comparativelywell on this problem set.We note however, that its performance depends
on the choice of a domain in the reduced space whose size δ needs careful choosing
and it is typically not known a priori.14 By contrast, such careful reduced domain
choices are not needed for X-REGO; which is a clear practical advantage for the
latter. Furthermore, to the best of our knowledge, the convergence of the REMBO
framework (with multiple embeddings) still needs to be developed, and we delegate
this question to future work.

14 The careful choice of δ is to make sure the reduced domain contains a projected minimizer of the original
problem while not being too large to slow down the solver performance in the reduced space. In [9], we
established suitable values for δ to ensure this, which we use in the experiments here. These ideal values
δopt are, however, dependent on the size of an (unknown) original minimizer, which can be further bounded
for our current test set, by a multiple of the effective dimension de . To check the robustness of the results
to the choice of δ, we have tested our modified REMBO with mKNITRO and small perturbations of δopt
by factors ranging from 1/4 to 4; we have observed similar performance to the results included here.
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Conclusions to numerical experiments The numerical experiments presented in
this paper indicate that, as expected, the X-REGO algorithm is mostly beneficial for
high-dimensional problems, when D is large. In this setting, X-REGO variants paired
with the BARON and mKNITRO solvers outperform the ‘no-embedding’ approach,
of applying these solvers directly to the problems. It is less obvious to decide which
variant of X-REGO is best, but it seems that, at least on the problem set considered,
the local variants outperform the global ones.

We have conducted additional numerical experiments where d is chosen to be
strictly greater than de (for example, d = de +2 is reasonable for our test set given the
small dimension of the original Dixon-Szëgo test set); the performance of methods—
particularlywithBARONand (m)KNITRO—was similar to thed = de presented here,
as can be seen in the results given in Appendix E. Furthermore, we also considered five
different realizations of the test set (namely, a different random rotation of the effec-
tive subspace was performed); again, similar results to the ones presented here were
observed as illustrated in Appendix E and in the ArXiv version (arXiv:2009.10446)
of this paper.

We also compared X-REGO (paired with KNITRO) with the simplest version of
Random Search—uniform sampling inside the domain X . The maximum budget of
samples is set to 105 in our experiment. We sample until either we have successfully
found a global minimum (i.e. f (xsample) ≤ f ∗ + 10−3) or we have exhausted the
budget. The results of this experiment (including average number of samples by Ran-
dom Search) are provided in Appendix E in Fig. 8. As expected, our X-REGO variants
perform reassuring well by comparison.

Finally, since for our test set, we know the effective subspace/exact embedding of
each test function, we have also checked how optimizing directly in this important
subspace compares to using randomly drawn subspaces. Figure 9 in Appendix E dis-
plays our findings when comparing A-REGO and N-REGO (with mKNITRO) against
direct optimization with mKNITRO in the respective effective subspace of each test
function. As expected, mKNITRO usually manages to solve the given problems using
a substantially smaller number of function evaluations when the effective subspace of
each test objective is known. However, we emphasize again that the main aim of devel-
oping X-REGO is to allow the solution of such special structure global optimization
problems when the low-dimensional effective subspace is unknown.

6 Conclusions and future work

We studied a generic global optimization framework, X-REGO, that relies on multiple
random embeddings, for bound-constrained global optimization of functions with
low effective dimensionality. For each random subspace, a lower-dimensional bound-
constrained subproblem is solved, using a global or even local algorithm. Theoretical
guarantees of convergence and encouraging numerical experiments are presented,
which are particularly quantified in terms of their problem dimension dependence
for the case when the effective subspace is aligned with the coordinate axes. We
note that the X-REGO algorithmic framework (Algorithm 1) can be applied to a
general, continuous objective f in (P) as the effective dimensionality assumption is
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not used; furthermore, our main global convergence result continues to hold under
some assumptions (see Remark 4.8). Indeed, in [12], we explore the use of X-REGO
for global optimization of Lipschitz continuous objectives, under no low effective
dimension assumption, for arbitrary non-empty domain X and subspace dimension
d [12]. We prove the convergence of X-REGO to an ε-minimizer of (P), i.e., a point
with cost at most f ∗ +ε, by providing a lower bound on the probability of the random
subspace to contain an ε-minimizer (analogously to Theorem 3.15) using tools from
conic integral geometry.

Note also that our analysis relies on the assumption that the dimension of the random
subspace satisfies de ≤ d ≤ D − de, with de the dimension of the effective subspace.
As the latter may be unknown in practice, this is a strong prerequisite. One possibility
is to estimate the effective dimension de numerically, as in [50]. Alternatively, we
propose in [12] a variant of X-REGO that explores successively random subspaces of
increasing dimension until finding the effective dimension of the problem, and prove
almost sure convergence of this algorithmic framework to an ε-minimizer of (P) in
the unconstrained case (X = R

D).

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

A Technical definitions and results

A.1 Gaussian randommatrices

Definition A.1 (Gaussian matrix, see [31, Definition 2.2.1]) A Gaussian (random)
matrix is a matrix A = (ai j ), where the entries ai j ∼ N (0, 1) are independent
(identically distributed) standard normal variables.

Gaussian matrices have been well-studied with many results available at hand. Here,
we mention a few key properties of Gaussian matrices that we use in the analysis; for
a collection of results pertaining to Gaussian matrices and other related distributions
refer to [31, 56].

Theorem A.2 (see [31, Theorem 2.3.10]) Let A be a D × d Gaussian random matrix.
If U ∈ R

D×p, D ≥ p, and V ∈ R
d×q , d ≥ q, are orthonormal, then UT AV is a

Gaussian random matrix.

Theorem A.3 (see [31, Theorem 2.3.15]) Let A be a D × d Gaussian random matrix,
and let X ∈ R

r×D and Y ∈ R
q×D be given matrices. Then, XA and Y A are inde-

pendent if and only if XY T = 0.
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Theorem A.4 (see [31, Theorem 3.2.1]) Let A be a D × d Gaussian random matrix
with D ≥ d. Then, theWishart matrix AT A is positive definite, and hence nonsingular,
with probability one.

A.2 Other relevant probability distributions

Definition A.5 (Chi-squared distribution) Given a collection Z1, Z2, . . . , Zn of n
independent standard normal variables, the random variableW = Z2

1 + Z2
2 +· · · Z2

n is
said to follow the chi-squared distribution with n degrees of freedom (see [39, A.2]).
We denote this by W ∼ χ2

n .

Theorem A.6 (see [31, Theorem3.3.12])LetM be ann×l Gaussianmatrixwith n ≥ l,
y be an l × 1 random vector distributed independently of MT M, and P[ y �= 0] = 1.
Then,

yT MT M y
yT y

∼ χ2
n

and is independent of y.

Definition A.7 (Inverse chi-squared distribution) Given X ∼ χ2
n , the random variable

Y = 1/X is said to follow the inverse chi-squared distribution with n degrees of
freedom. We denote this by Y ∼ 1/χ2

n (see [39, A.5]).

Definition A.8 [Multivariate t-distribution] An l-dimensional random variable t is
said to have t-distribution with parameters ν and � if its joint p.d.f. is given by (see
[31, Chapter 4])

f (t) = 1

(πν)l/2

[
�
( l+ν

2

)
�
(

ν
2

)
]
det(�)−1/2

(
1 + 1

ν
tT�−1 t

)−(l+ν)/2

, (A.1)

where � is the usual gamma function.

Definition A.9 (F-distribution) Let W1 ∼ χ2
ν1

and W2 ∼ χ2
ν2

be independent. A
random variable X is said to follow an F-distribution with degrees of freedom ν1 and
ν2 if

X ∼ W1/ν1

W2/ν2
.

We denote this by X ∼ F(ν1, ν2). The p.d.f. of X is given by (see [39, A.19])

f (x) = �(ν1+ν2
2 )

�( ν1
2 )�( ν2

2 )

(
ν1

ν2

)ν1/2

xν1/2−1
(
1 + ν1

ν2
x

)− ν1+ν2
2

for x > 0. (A.2)
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A.3 Additional relevant results

Lemma A.10 [23, p. 13] Let x and y be random vectors such that x
law= y and let

fi (·), i = 1, 2, . . . ,m, be measurable functions. Then,

(
f1(x) f2(x) . . . fm(x)

)T law= (
f1( y) f2( y) . . . fm( y)

)T
.

The last results apply to spherical probability distributions, defined as follows (for
more details regarding spherical distributions, refer to [4, 23, 31]).

Definition A.11 An n × 1 random vector x is said to have a spherical distribution if
for every orthogonal n × n matrix U ,

Ux
law= x.

Theorem A.12 (see [32, Theorem 2.1.]) Let x
law= ru be a spherically distributed n×1

random vector with P[x = 0] = 0, where r is independent of u with p.d.f. h(·). Then,
the p.d.f. g(x̂) of x is given by

g(x̂) = �(n/2)

2πn/2 h(‖x̂‖)‖x̂‖1−n .

B Derivation of the probability density function ofw

We derive the probability density function of the random vector w defined in (3.3)
following a similar line of argument as in [9]: we first derive the distribution of ‖w‖22
and then show that w follows a spherical distribution, which then allows us to derive
the exact distribution of w.

Theorem B.1 (Distribution of ‖w‖22) Suppose that Assumption 2.2 holds. Let x∗ be
a(ny) global minimizer of (P), p ∈ X , a given vector, and A, a D×d Gaussian matrix,
with de ≤ d ≤ D − de. Assume that p� �= x∗�, where the subscript represents the
Euclidean projection on the effective subspace. Let w be defined in (3.3). Then,

(
1

‖x∗� − p�‖22
· d − de + 1

D − de

)
‖w‖22 ∼ F(D − de, d − de + 1),

where F(v1, v2) denotes the F-distribution with degrees of freedom v1 and v2.

Proof We write w as C y∗
2, where C = V T A. We first establish three facts: a) B

defined in Theorem 2.5 and C are independent; b) y∗
2 and C are independent; c)

P[ y∗
2 �= 0] = 1.

(a) Since V is orthonormal, Theorem A.2 implies that C is a Gaussian matrix. More-
over, the fact UT V = 0 implies that B and C are independent, see Theorem A.3.
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(b) Since y∗
2 is measurable as a function of B (see proof [9, Lemma A.16]), y∗

2 and C
must be independent.

(c) We have P[ y∗
2 �= 0] = 1 − P[ y∗

2 = 0] = 1 − P[‖ y∗
2‖22 = 0] = 1 − 0, where the

last equality is due to the fact that ‖ y∗
2‖22 follows the (appropriately scaled) inverse

chi-squared distribution (Theorem 2.7), which is a continuous distribution.

Now, we apply Theorem A.6 to obtain

‖w‖22
‖ y∗

2‖22
= ( y∗

2)
TCTC y∗

2

‖ y∗
2‖22

∼ χ2
D−de , (B.1)

which together with Theorem 2.7 yields

‖w‖22
‖x∗� − p�‖22

∼ χ2
D−de

χ2
d−de+1

, (B.2)

whereχ2
D−de

andχ2
d−de+1 are independent.

15 Using the definition of the F-distribution
(see Definition A.9), we obtain the desired result. ��

Using Theorem B.1, it is straightforward to derive the p.d.f of ‖w‖.
Theorem B.2 (The p.d.f. of ‖w‖) Suppose that Assumption 2.2 holds. Let x∗ be a(ny)
global minimizer of (P), p ∈ X , a given vector, and A, a D × d Gaussian matrix,
with de ≤ d ≤ D − de. Assume that p� �= x∗�, where the subscript represents the
Euclidean projection on the effective subspace. The p.d.f. h(ŵ) of ‖w‖, withw defined
in (3.3), is given by

h(ŵ) = 2�(m+n
2 )

�(m2 )�( n2 )
· ŵm−1

‖x∗� − p�‖m
(
1 + ŵ2

‖x∗� − p�‖2
)−(m+n)/2

, (B.3)

where m = D − de, n = d − de + 1, and where � is the usual gamma function.

Proof Let X ∼ F(D − de, d − de + 1). Theorem B.1 implies that

‖w‖ law= K
√
X , (B.4)

where

K = ‖x∗� − p�‖
√

D − de
d − de + 1

. (B.5)

For the p.d.f. of ‖w‖, we have

h(ŵ) = d

dŵ
P[‖w‖ < ŵ] = d

dŵ
P[K√

X < ŵ] = d

dŵ
P[X < ŵ2/K 2]

15 Theorem A.6 implies that y∗2(= ‖x∗� − p�‖/χ2
d−de+1) and χ2

D−de
are independent; hence, χ2

D−de
and χ2

d−de+1 must also be independent.
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= 2ŵ

K 2 f (ŵ2/K 2), (B.6)

where f (x) denotes the p.d.f of an F-distributed random variable with degrees of
freedom m = D − de and n = d − de + 1. By substituting (A.2) in (B.6), we obtain
the desired result. ��
To derive the p.d.f. of w we rely on the fact that w has a spherical distribution (see
Definition A.11), as we show next.

Theorem B.3 (w has a spherical distribution) Suppose that Assumption 2.2 holds. Let
x∗ be a(ny) global minimizer of (P), p ∈ X , a given vector, and A, a D× d Gaussian
matrix, with de ≤ d ≤ D− de. Assume that p� �= x∗�, where the subscript represents
the Euclidean projection on the effective subspace. The random vector w, defined in
(3.3), has a spherical distribution.

Proof Our proof is similar to the proof of Lemma A.16 in [9]. Let S be any (D−de)×
(D − de) orthogonal matrix. To prove that w has a spherical distribution, we need to
show that

w
law= Sw. (B.7)

Using (2.6), we write w = CBT (BBT )−1z∗, where C = V T A and B = UT A
are Gaussian matrices independent of one another by the point a) of the proof of
Theorem B.1. Let f : R

Dd×1 → R
(D−de)×1 be a vector-valued function defined as

f (vec[CT BT ]) = CBT (BBT )−1z∗, (B.8)

where vec[CT BT ] denotes the vector of the concatenated columns of (CT BT ). We
can express f as

f (vec[CT BT ]) =
(
p1(C,B)
q(B)

p2(C,B)
q(B)

. . .
pD−de (C,B)

q(B)

)T
,

where pi (C, B) for 1 ≤ i ≤ D−de are some polynomials in the entries ofC and B and
q(B) = det(BBT ). Since q and pi ’s are polynomials in Gaussian random variables,
they are all measurable. Furthermore, since B is Gaussian, by Theorem A.4, P[q =
0] = 0; this implies that pi/q is a measurable function for each i = 1, 2, . . . , D − de
(see [59, Theorem 4.10]).

We have

w = f (vec[CT BT ]) and Sw = f (vec[(SC)T BT ]). (B.9)

FromTheoremA.2 it follows that C
law= SC; hence vec[CT BT ] law= vec[(SC)T BT ].

We can now apply Lemma A.10 to conclude that

w = f (vec[CT BT ]) law= f (vec[(SC)T BT ]) = Sw. (B.10)
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��
We are now ready to derive the p.d.f. of w, and hence prove Theorem 3.3.

Proof of Theorem 3.3 We show that the p.d.f. of w is given by (3.6). The identification
with the t-distribution follows from (A.1). Let us first show that P[w = 0] = 0. Let
X ∼ F(D − de, d − de + 1). We have

P[w = 0] = P[‖w‖2 = 0] = P[X = 0], (B.11)

where in the last equality we applied Theorem B.1. Since the F-distributed X is a
continuous random variable, the last probability in (B.11) is equal to zero.

Since P[w = 0] = 0 and w has a spherical distribution (Theorem B.3), Theo-
rem A.12 implies that the p.d.f. g(w̄) of w satisfies

g(w̄) = �(m/2)

2πm/2 h(‖w̄‖)‖w̄‖1−m, (B.12)

where h(·) denotes the p.d.f. of ‖w‖. By substituting (B.3) into (B.12), we obtain the
desired result. ��

C Proof of Theorem 3.8 and Theorem 3.9

A crucial Lemma is given first.

Lemma C.1 In the conditions of Theorem 3.8, we have

P[(RPX ) is successful ] ≥ I ( p,�), (C.1)

where � := ‖x∗� − p�‖ and

I ( p,�) := 1

2
n
2−1�( n2 )

∫ ∞

0

⎛
⎝ D∏

i=de+1

1√
2π

∫ s(1−pi )/�

s(−1−pi )/�
e−x2/2dx

⎞
⎠ sn−1e−s2/2ds.

(C.2)

Proof Theorem 3.7 implies that

P[(RPX ) is successful ] ≥ P[−1 − pde+1:D ≤ w ≤ 1 − pde+1:D],

wherew follows a (D−de)-dimensional t-distributionwith parameters n = d−de+1
and � = (�2/n)I . According to [31, p. 133],

w
law= �

s

⎛
⎜⎝
Z1
...

Zm

⎞
⎟⎠ , (C.3)
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with s ∼ √χ2
n ,m = D−de and Z1, . . . , Zm i.i.d standard Gaussian random variables.

Then, (C.3) yields

P[(RPX ) is successful ] ≥ P[−1 − pde+1:D ≤ w ≤ 1 − pde+1:D]
= P

[ s
�

(−1 − pde+1) ≤ Z1 ≤ s

�
(1 − pde+1), . . . ,

s

�
(−1 − pD) ≤ Zm ≤ s

�
(1 − pD)

]
,

(C.4)

which can be written as (see [19, p. 1])

∫ ∞

0
G( p,�, s)h(s)ds, (C.5)

where

G( p,�, s) =
∫ s(1−pde+1)/�

s(−1−pde+1)/�

. . .

∫ s(1−pD)/�

s(−1−pD)/�

1

(2π)m/2 e
− 1

2 (x21+···+x2m)dx1 . . . dxm

=
D∏

i=de+1

1√
2π

∫ s(1−pi )/�

s(−1−pi )/�
e−x2/2dx,

(C.6)

and where h(s) is the pdf of s given by

h(s) = 1

2
n
2−1�( n2 )

sn−1e−s2/2. (C.7)

By combining (C.4) – (C.7), we obtain (C.1)–(C.2). ��

It is easier to show Theorem 3.9 first, when p = 0.

C.1 Proof of Theorem 3.9

The next result is a direct corollary of Lemma C.1 when p = 0, allowing us to replace
I ( p,�) in (C.1) with a new integral Jm,n(�) that will be easier to manipulate.

Corollary C.2 In the conditions and notation of Lemma C.1, let p = 0. Then

P[(RPX ) is successful ] ≥ Jm,n(‖x∗�‖), (C.8)

where

Jm,n(�) := 1

2
n
2−1�( n2 )

∫ ∞

0

(√
2

π

∫ s/�

0
e−x2/2dx

)m

sn−1e−s2/2ds. (C.9)
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Proof Let p = 0. Then Lemma C.1 implies that P[(RPX ) is successful ] ≥
I (0, ‖x∗�‖), where

I (0, ‖x∗�‖) = 1

2
n
2−1�( n2 )

∫ ∞

0

⎛
⎝ D∏

i=de+1

1√
2π

∫ s/‖x∗�‖

−s/‖x∗�‖
e−x2/2dx

⎞
⎠ sn−1e−s2/2ds

= 1

2
n
2−1�( n2 )

∫ ∞

0

(√
2

π

∫ s/‖x∗�‖

0
e−x2/2dx

)m

sn−1e−s2/2ds

= Jm,n(‖x∗�‖).

(C.10)

��
We need to introduce the following three results on the integral Jm,n(�) in (C.9).

Lemma C.3 The integral Jm,n(�) in (C.9) is a monotonically decreasing function of
�.

Proof Let �1,�2 be any positive reals that satisfy �1 ≤ �2. We need to show that
Jm,n(�1) ≥ Jm,n(�2). This relation follows immediately from the observation that,
for any s ≥ 0,

√
2

π

∫ s/�1

0
e−x2/2dx ≥

√
2

π

∫ s/�2

0
e−x2/2dx

since the integrand is positive. ��
Lemma C.4 The integral Jm,n(�) defined in (C.9) satisfies Jm,n(�) ≤ 1 for all� > 0.

Proof Note that, for any s ≥ 0, we have√
2

π

∫ s/�

0
e−x2/2dx ≤

√
2

π

∫ ∞

0
e−x2/2dx = 1.

Hence,

Jm,n(�) ≤ 1

2
n
2−1�( n2 )

∫ ∞

0
sn−1e−s2/2ds = 1.

��
The following theorem provides an asymptotic expansion of Jm,n(�) for large m,

that has polynomial dependence on m.

Theorem C.5 Let Jm,n(�) be the integral defined in (C.9). Let n and � be fixed and
let r = (n + �2 − 2)/2. If r �= 0 then, for large m,

Jm,n(�) = C(n,�)

(m + 1)�2

(
(log(m + 1))r − r

2
log(log(m + 1)) · (log(m + 1))r−1

+ O((log(m + 1))r−1)

)
, (C.11)
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where

C(n,�) = π
�2
2 �n �(�2)

�(n/2)
.

If r = 0, then Jm,n(�) = Jm,1(1) = 1/(m + 1).

Proof The proof of this lemma is similar to the derivations in [60, Section 2, Chapter
2], and is deferred to the end of this appendix. ��
Proof of Theorem 3.9 Corollary C.2 implies that

P[(RPX ) is successful ] ≥ I (0, ‖x∗�‖) ≥ Jm,n(‖x∗�‖). (C.12)

By definition of x∗�, there exists x∗ ∈ G such that x∗� = UUT x∗ with U = [Ide ; 0].
Then x∗� = [x∗

1:de ; 0] which implies ‖x∗�‖ ≤ √
de. By monotonic decrease of Jm,n

(see Lemma C.3), (C.12) yields

P[(RPX ) is successful ] ≥ Jm,n(
√
de)

for all x∗, p ∈ X such that x∗� �= p�. If x∗� = p�, then

P[(RPX ) is successful ] = 1 ≥ Jm,n(
√
de),

where the inequality follows from Lemma C.4. Thus, (3.12) is satisfied for τ0 =
Jm,n(

√
de), and (3.15) follows from Theorem C.5. ��

C.2 Proof of Theorem 3.8

Unlike the case p = 0, we cannot rewrite directly the integral I ( p,�) in terms if the
integral Jm,n(�) (i.e., Corollary C.2 does not hold) for p ∈ X arbitrary. However, we
derive a lower bound on I ( p,�) in terms of the simpler integral Jm,n(�) that is valid
for all p ∈ X .

Lemma C.6 For any p ∈ X and for any � > 0, we have

I ( p,�) ≥ 1

2m
Jm,n(�/2).

Proof Let us define the function

g(z,�, s) = 1√
2π

∫ s(1−z)/�

s(−1−z)/�
e−x2/2dx, (C.13)

and note that

I ( p,�) = 1

2
n
2−1�( n2 )

∫ ∞

0

⎛
⎝ D∏

i=de+1

g(pi ,�, s)

⎞
⎠ sn−1e−s2/2ds. (C.14)
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1040 C. Cartis et al.

Next we find the minimizers of g(z,�, s) over z ∈ [−1, 1]. Introducing the notation
l(z,�, s) := s(1 − z)/�, and using Leibniz integral rule, we obtain

dg(z,�, s)

dz
= e

−l(z,�,s)2
2

d(l(z,�, s))

dz
− e

−l(−z,�,s)2
2

d(−l(−z,�, s))

dz

= e
−s2(1−z)2

2�2

(−s

�

)
− e

−s2(−1−z)2

2�2

(−s

�

)

= s

�
e− s2

2�2 (1+z2)
(
e− s2z

�2 − e
s2z
�2

)
.

(C.15)

Hence, dg(z,�, s)/dz is equal to zero if and only if

e− s2z
�2 − e

s2z
�2 = 0, (C.16)

which occurs only at z = 0. The sign of dg(z,�, s)/dz changes from negative to
positive at z = 0 implying that the function is concave and so g(z,�, s) attains its
maximum at z = 0 and its minimum at the boundaries. Since g(z,�, s) is symmetric
around z = 0, the minimum is attained at z = ±1. Thus, for all z ∈ [−1, 1],

g(z,�, s) ≥ g(−1,�, s) = 1√
2π

∫ l(−1,�,s)

−l(1,�,s)
e−x2/2dx = 1√

2π

∫ 2s
�

0
e−x2/2dx .

(C.17)

By combining (C.17) with (C.14), we obtain

I ( p,�) ≥ 1

2
n
2−1�( n2 )

∫ ∞

0

⎛
⎝ D∏

i=de+1

1√
2π

∫ 2s
�

0
e−x2/2dx

⎞
⎠ sn−1e−s2/2ds

= 1

2m
· 1

2
n
2−1�( n2 )

∫ ∞

0

(√
2

π

∫ 2s
�

0
e−x2/2dx

)m

sn−1e−s2/2ds

= 1

2m
Jm,n(�/2).

(C.18)

��
Proof of Theorem 3.8 Lemmas C.1 and C.6 provide

P[(RPX ) is successful ] ≥ I ( p,�) ≥ 1

2m
Jm,n(�/2). (C.19)

Let us now show that � ≤ 2
√
de for all x∗, p ∈ [−1, 1]D . Since U = [Ide 0]T , for

any global minimizer x∗, we have x∗� = UUT x∗ = [x∗
1:de ; 0], and for any p, we

have p� = UUT p = [ p1:de ; 0]. Since x∗, p ∈ [−1, 1]D , there holds ‖x∗�‖ ≤ √
de

and ‖ p�‖ ≤ √
de, and hence, � = ‖x∗� − p�‖ ≤ ‖x∗�‖ + ‖ p�‖ ≤ 2

√
de.
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Global optimization, low effective dimension and random embeddings 1041

Using the fact that Jm,n(�) is amonotonically decreasing function (seeLemmaC.3),
(C.19) yields

P[(RPX ) is successful ] ≥ 1

2m
Jm,n(

√
de) (C.20)

for all x∗, p ∈ X such that x∗� �= p�. If x∗� = p�, then

P[(RPX ) is successful ] = 1 ≥ 1

2m
Jm,n(

√
de),

where the inequality follows from Lemma C.4. Thus, (3.12) is satisfied for τ =
Jm,n(

√
de)/2m , and (3.13) follows from Theorem C.5. ��

C.3 Proof of Theorem C.5

We rewrite Jm,n(�) as follows

Jm,n(�) = 1

2
n
2−1�( n2 )

∫ ∞

0

(√
2

π

∫ s/�

0
e−x2/2dx

)m

sn−1e−s2/2ds

= 1

2
n
2−1�( n2 )

∫ ∞

0

(
2√
π

∫ s√
2�

0
e−x2dx

)m

sn−1e−s2/2ds

= 1

2
n
2−1�( n2 )

∫ ∞

0
erfm

(
s√
2�

)
sn−1e−s2/2ds,

where erf(·) denotes the usual error function. After making an appropriate transfor-
mation, the integral becomes

Jm,n(�) = 2�n

�( n2 )

∫ ∞

0
erfm(s)sn−1e−�2s2ds

In [60, Section 2, Chapter 2], Wong derives an asymptotic expansion of a similar
integral; our derivations are based on his method.

As s varies from 0 to∞, erf(s) increases monotonically from 0 to 1. So, form large
almost all the mass of the integrand is concentrated at ∞. We make the substitution
e−t = erf(s) to bring the integral to the form:

Jm,n(�) =
√

π�n

�( n2 )

∫ ∞

0
eKs(t)2s(t)n−1e−(m+1)t dt, (C.21)

where K = 1−�2 and s(t) = erf−1(e−t ). Due tomonotonicity of erf, s(t) is uniquely
defined for every t . As erf varies from 0 to 1, t varies from ∞ to 0. So the mass of the
transformed integrand is now concentrated around 0.

We will derive the asymptotic expansion for (C.21) in three steps:
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1042 C. Cartis et al.

1. First, we will derive the asymptotic expansion of eKs(t)2s(t)n−1.
2. Then, we will show that, for any 0 < c < 1, the integral

∫ ∞

c
eKs(t)2s(t)n−1e−(m+1)t dt

is exponentially small.
3. Finally, we will derive the asymptotic expansion of

∫ c

0
eKs(t)2s(t)n−1e−(m+1)t dt .

Step 1

Lemma C.7 (see [60, Lemma1, p. 67])For small positive t , s(t) = erf−1(e−t ) satisfies

s(t)2 = − log(t) − 1

2
log(− log(t)) − log(

√
π) + log(− log(t))

4(− log(t))
− log(e/

√
π)

2(− log(t))

+O

(
log2(− log(t))

(log(t))2

)
.

Proof The asymptotic expansion of erf(s) at infinity is given by

erf(s) ∼ 1 − e−s2

√
πs

(
1 − 1

2s2
+ 3

4s4
− · · ·

)

By writing 1− e−t = 1− erf(s) and using Taylor’s expansion for e−t at 0, we obtain

t(1 + O(t)) = e−s2

√
πs

(
1 − 1

2s2
+ 3

4s4
− · · ·

)
.

By taking logs on both sides and using the Taylor’s expansion for log(1+ x), we have

log(t) + O(t) = −s2 − log(
√

π) − log(s) − 1

2s2
+ O

(
1

s4

)
. (C.22)

The dominant terms are log(t) and s2, hence

s2 ∼ − log(t), as t → 0+. (C.23)

To obtain higher order approximations, we write

s(t)2 = − log(t) + ε1(t)
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and substitute this into (C.22). We have

log(t) + O(t) = log(t) − ε1(t) − log(
√

π) − 1

2
log(− log(t)) − 1

2
log

(
1 + ε1(t)

− log(t)

)

+ O

(
1

− log(t) + ε1(t)

)

(C.24)

Note that by (C.23), as t → 0+

ε1(t)

− log(t)
→ 0. (C.25)

By using (C.25) in (C.24), we obtain

ε1(t) = −1

2
log(− log(t)) − log(

√
π) + o(1). (C.26)

To obtain the following leading terms in the approximation we write

s2(t) = − log(t) − 1

2
log(− log(t)) − log(

√
π) + ε2(t) (C.27)

and repeat the above procedure. We substitute (C.27) into (C.22) and after a little
manipulation obtain

O(t) = −ε2(t) − 1

2
log

(
1 − 1

2

log(− log(t))

− log(t)
− log(

√
π)

− log(t)
+ ε2(t)

− log(t)

)

−1

2
· 1

− log(t)
· 1

1 − 1
2
log(− log(t))

− log(t) − log(
√

π)

− log(t) + ε2(t)− log(t)

+ O((− log(t))2)

(C.28)

Using the fact (by (C.26)) that ε2(t) = o(1) and Taylor’s expansions for log(1 + x)
and 1/(1 − x), we obtain

O(t) = −ε2(t) − 1

2

(
−1

2

log(− log(t))

− log(t)
+ O

(
1

− log(t)

))

− 1

2
· 1

− log(t)

(
1 + O

(
log(− log(t))

− log(t)

))
,

which yields

ε2(t) = log(− log(t))

4(− log(t))
+ O

(
1

− log(t)

)
. (C.29)
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To obtain the following leading terms in the expansion of ε2(t), we use (C.29) in
(C.28) leaving the first term (−ε2(t)) as is:

O(t) = −ε2(t) − 1

2
log

(
1 − 1

2

log(− log(t))

− log(t)
− log(

√
π)

− log(t)
+ O

(
log(− log(t))

(− log(t))2

))

− 1

2
· 1

− log(t)
· 1

1 − 1
2
log(− log(t))

− log(t) − log(
√

π)

− log(t) + O
(
log(− log(t))
(− log(t))2

) + O((− log(t))2)

Now, using Taylor’s expansions for log(1 + x) and 1/(1 − x), we obtain

O(t) = −ε2(t) − 1

2

(
−1

2

log(− log(t))

− log(t)
− log(

√
π)

− log(t)
+ O

(
log2(− log(t))

(− log(t))2

))

− 1

2
· 1

− log(t)

(
1 + O

(
log(− log(t))

− log(t)

))
,

Hence,

ε2(t) = log(− log(t))

4(− log(t))
− log(e/

√
π)

2(− log(t))
+ O

(
log2(− log(t))

(− log(t))2

)
.

��
Corollary C.8 Let l(t) = − log(t). Then, as t → 0+,

eKs(t)2 s(t)n−1 = eKl(t)π−K/2l(t)
n−1−K

2

(
1 −

(
n − 1 − K

4

)
log(l(t))

l(t)
− log(eK/2π

n−1−K
4 )

l(t)

+O

(
log2(l(t))

l(t)2

)) (C.30)

Proof From Lemma C.7 it follows that

eKs(t)2 = eKl(t)l(t)−K/2π−K/2 exp

(
K log(l(t))

4l(t)
− K log(e/

√
π)

2l(t)
+ O

(
log2(l(t))

l(t)2

))
.

By using Taylor’s expansion for exp we obtain

eKs(t)2 = eKl(t)l(t)−K/2π−K/2
(
1 + K log(l(t))

4l(t)
− K log(e/

√
π)

2l(t)
+ O

(
log2(l(t))

l(t)2

))
.

(C.31)

Similarly, using Lemma C.7 and binomial expansion, for s(t)n−1, we have

(s(t)2)
n−1
2 = l(t)

n−1
2

(
1 − (n − 1) log(l(t))

4l(t)
− (n − 1) log(

√
π)

2l(t)
+ O

(
log2(l(t))

l(t)2

))

(C.32)

By multiplying the leading terms in (C.31) and (C.32), we obtain the desired result. ��
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Step 2

Let 0 < c < 1. We will show that, for large m,

∫ ∞

c
eKs(t)2s(t)n−1e−(m+1)t dt = O

(
e−c(m+n)

m + n

)
.

Let erf(s) = e−t . First, we establish that

there exists a positive constant A such that s(t) = erf−1(e−t ) ≤ Ae−t for all t ∈ [c, ∞).

(C.33)

Note that (C.33) holds if there exists an A > 0 such that erf−1(x) ≤ Ax for all
x ∈ [0, e−c]. To prove this, we apply the Mean Value Theorem to erf−1 over [0, x];
by the Mean Value Theorem there exists y ∈ (0, x) such that

erf−1(x) − erf−1(0)

x − 0
= (erf−1)

′
(y) (C.34)

Using the following formula for the derivative of the inverse of the error function [1,
Eq. (2.4), p. 192],

(erf−1(x))′ =
√

π

2
e(erf−1(x))2 ,

from (C.34), we obtain

erf−1(x)

x
=

√
π

2
e(erf−1(y))2 . (C.35)

Since erf−1 is an increasing function and y < x ≤ e−c, (C.35) gives

erf−1(x) ≤
√

π

2
e(erf−1(e−c))2x,

which proves (C.33).
Now, since s(t) is a monotonically decreasing function with s(∞) = 0, we have16

eKs(t)2 ≤ max{1, eKs(c)2} for t ≥ c. (C.36)

16 Over t ∈ [c,∞), for K ≥ 0, eKs(t)2 ≤ eKs(c)2 and, for K < 0, eKs(t)2 ≤ 1.
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1046 C. Cartis et al.

Using (C.33) and (C.36), we finally obtain

∫ ∞

c
eKs(t)2s(t)n−1e−(m+1)t dt ≤ An−1 max{1, eKs(c)2}

∫ ∞

c
e−(m+n)t dt

= An−1 max{1, eKs(c)2}e
−c(m+n)

m + n
.

Step 3

Let L(λ, μ, z) and G(λ, μ, z) be defined as follows

L(λ, μ, z) =
∫ c

0
tλ−1(− log(t))μe−zt dt

and

G(λ, μ, z) =
∫ c

0
tλ−1(− log(t))μ log(− log(t))e−zt dt,

where 0 < c < 1. The expansion of eKs(t)2s(t)n−1 in Theorem C.8 gives

∫ c

0
eKs(t)2 s(t)n−1e−(m+1)t dt = π−K/2L

(
1 − K ,

n − 1 − K

2
,m + 1

)

− π−K/2
(
n − 1 − K

4

)
G

(
1 − K ,

n − 3 − K

2
,m + 1

)

− π−K/2 log(eK/2π
n−1−K

4 )L

(
1 − K ,

n − 3 − K

2
,m + 1

)
+ · · · ,

(C.37)

The following theorem provides the asymptotic expansion for L(λ, μ, z).

Theorem C.9 (see [60, Theorem 2, p. 70]) Let 0 < c < 1 and let λ and μ be any real
numbers with λ > 0. We have

L(λ, μ, z) ∼ z−λ(log(z))μ
∞∑
r=0

(−1)r
(

μ

r

)
�(r)(λ)(log(z))−r

as z → ∞, where �(r) denotes the rth derivative of the gamma function.

In the following theorem we derive the asymptotic expansion for G(λ, μ, z) based
on the proof of [60, Theorem 2, p. 70].

Theorem C.10 Let 0 < c < 1 and let λ and μ be any real numbers with λ > 0. We
have

G(λ, μ, z) ∼ z−λ(log(z))μ log(log(z))
∞∑
r=0

(−1)r
(

μ

r

)
�(r)(λ)(log(z))−r

+ z−λ(log(z))μ
∞∑
r=1

ar�
(r)(λ)(log(z))−r ,
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as z → ∞, where

ar = −
r−1∑
i=0

(
μ

i

)
(−1)i

r − i
for r = 1, 2, . . . . (C.38)

Proof With the substitution u = zt , we obtain

G(λ, μ, z) = z−λ

∫ cz

0
uλ−1(log(z) − log(u))μ log(log(z) − log(u))e−udu

= z−λ(log(z))μ
∫ cz

0
uλ−1

(
1 − log(u)

log(z)

)μ (
log(log(z)) + log

(
1 − log(u)

log(z)

))
e−udu

= z−λ(log(z))μ(log(log(z))G1 + G2),

(C.39)

where

G1 =
∫ cz

0
uλ−1

(
1 − log(u)

log(z)

)μ

e−udu

and

G2 =
∫ cz

0
uλ−1

(
1 − log(u)

log(z)

)μ

log

(
1 − log(u)

log(z)

)
e−udu. (C.40)

We first derive the asymptotic expansion for G2, the asymptotic expansion for G1 can
then be derived in a similar manner.

Let N be an arbitrary positive integer such that N +1 ≥ μ. By Taylor’s expansion,

(
1 − log(u)

log(z)

)μ

=
N∑

r=0

(−1)r
(

μ

r

)(
log(u)

log(z)

)r
+ R1,N

log

(
1 − log(u)

log(z)

)
= −

N∑
r=1

1

r

(
log(u)

log(z)

)r
+ R2,N ,

for all 0 < u < cz, where

|Ri,N | ≤ Ci,N
| log(u)|N+1

| log(z)|N+1 (i = 1, 2)

for some fixed constants C1,N ,C2,N > 0. Hence,

(
1 − log(u)

log(z)

)μ

log

(
1 − log(u)

log(z)

)
=

2N∑
r=1

ar

(
log(u)

log(z)

)r
+ R2N , (C.41)
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for all 0 < u < cz, where ar ’s are defined as in (C.38) and

|R2N | ≤ C2N
| log(u)|2N+1

| log(z)|2N+1

for some fixed C2N > 0. By substituting (C.41) in (C.40), we obtain

G2 =
2N∑
r=1

ar (log(z))
−r
∫ cz

0
uλ−1(log(u))r e−udu + r2N ,

where

r2N =
∫ cz

0
uλ−1e−u R2Ndu.

Wong showed in [60, p. 71] that, as z → ∞,

∫ cz

0
uλ−1(log(u))r e−udu = �(r)(λ) + O(e−εcz),

where ε ∈ (0, 1/2). Furthermore,

|r2N | ≤ C2N | log(z)|−2N−1
∫ cz

0
|uλ−1 log(u)2N+1e−u |du

≤ C2N | log(z)|−2N−1
∫ ∞

0
|uλ−1 log(u)2N+1e−u |du

It can be shown that the latter integral is bounded (see [60, Eq. (2.27), p. 71]; thus,
r2N = O(log(z)−2N−1). Hence,

G2 =
2N∑
r=1

ar�
(r)(λ)(log(z))−r + O(log(z)−2N−1). (C.42)

In a similar manner, one can show that

G1 =
N∑

r=0

(−1)r
(

μ

r

)
�(r)(λ)(log(z))−r + O(log(z)−N−1). (C.43)

Combining (C.39), (C.42) and (C.43), we obtain the desired result. ��
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Conclusions

Jm,n(�) = 2�n

�( n2 )

∫ ∞

0
erfm(s)sn−1e−�2s2ds

=
√

π�n

�( n2 )

∫ ∞

0
eKs(t)2s(t)n−1e−(m+1)t dt

=
√

π�n

�( n2 )

∫ c

0
eKs(t)2s(t)n−1e−(m+1)t dt + O

(
e−c(m+n)

m + n

)
.

(C.44)

By using Theorem C.9 and Theorem C.10 in (C.37) and substituting K = 1−�2, we
obtain (C.11). Note that if r = 0 then n = 1 and � = 1 and so K = 0. In this case,
eKs(t)2s(t)n−1 = 1 and direct integration yields Jm,1(1) = 1/(m + 1).

D The problem test set

Table 4 contains the explicit formula, domain and global minimum of the functions
used to generate the high-dimensional test set. The problem set contains 19 problems
taken from [22, 29, 51]. Problems that cannot be solved by BARON are marked with
‘∗’. Problems that will not be solved by KNITRO are marked with ‘◦’.

We briefly describe the technique we adapted from Wang et al. [58] to generate
high-dimensional functions with low effective dimensionality, which was first applied
to the above test set in [9]. Let ḡ(x̄) be any function fromTable 4; let de be its dimension
and let the given domain be scaled to [−1, 1]de . We create a D-dimensional function
g(x) by adding D−de fake dimensions to ḡ(x̄), g(x) = ḡ(x̄)+0 · xde+1+0 · xde+2 +
· · · + 0 · xD . We further rotate the function by applying a random orthogonal matrix
Q to x to obtain a non-trivial constant subspace. The final form of the function we
test is

f (x) = g(Qx). (D.1)

Note that the first de rows of Q now span the effective subspace T of f (x).
For each problem in the test set, we generate three functions f as defined in (D.1),

one for each D = 10, 100, 1000.
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1050 C. Cartis et al.

Table 4 The problem set listed in alphabetical order

Function Domain Global minima

(1) Beale [22] x ∈ [−4.5, 4.5]2 g(x∗) = 0

(2) ∗Branin [22] x1 ∈ [−5, 10] g(x∗) = 0.397887

x2 ∈ [0, 15]
(3) Brent [29] x ∈ [−10, 10]2 g(x∗) = 0

(4) ◦Bukin N.6 [51] x1 ∈ [−15,−5] g(x∗) = 0

x2 ∈ [−3, 3]
(5) ∗Easom [22] x ∈ [−100, 100]2 g(x∗) = −1

(6) Goldstein-Price [22] x ∈ [−2, 2]2 g(x∗) = 3

(7) Hartmann 3 [22] x ∈ [0, 1]3 g(x∗) = −3.86278

(8) Hartmann 6 [22] x ∈ [0, 1]6 g(x∗) = −3.32237

(9) ∗Levy [51] x ∈ [−10, 10]4 g(x∗) = 0

(10) Perm 4, 0.5 [51] x ∈ [−4, 4]4 g(x∗) = 0

(11) Rosenbrock [51] x ∈ [−5, 10]3 g(x∗) = 0

(12) Shekel 5 [51] x ∈ [0, 10]4 g(x∗) = −10.1532

(13) Shekel 7 [51] x ∈ [0, 10]4 g(x∗) = −10.4029

(14) Shekel 10 [51] x ∈ [0, 10]4 g(x∗) = −10.5364

(15) ∗Shubert [51] x ∈ [−10, 10]2 g(x∗) = −186.7309

(16) Six-hump camel [51] x1 ∈ [−3, 3] g(x∗) = −1.0316

x2 ∈ [−2, 2]
(17) Styblinski-Tang [51] x ∈ [−5, 5]4 g(x∗) = −156.664

(18) Trid [51] x ∈ [−25, 25]5 g(x∗) = −30

(19) Zettl [22] x ∈ [−5, 5]2 g(x∗) = −0.00379

E Additional numerical results

In this section we provide additional numerical results for X-REGO.
Firstly, we compare the X-REGO framework with no-embedding when setting

d = de + 2 for the size of the random embeddings. We also consider five different
realizations of the test set (namely, a different random rotation of the effective subspace
was performed) to check the robustness of our approaches (see Figs. 5, 6, 7).

Next we compare X-REGO variants with Random Search (see Fig. 8); see our
associated comments in the penultimate paragraph of Sect. 5, just before/above Sect. 6.

Finally, Fig. 9 shows the performance profiles obtained when comparing X-REGO
variants A-REGO and N-REGO (with mKNITRO) with the case when each test
function is minimized directly in the exact embedding/effective subspace (using
mKNITRO); see our associated comments in the last paragraph of Sect. 5, just above
Sect. 6.
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Fig. 5 Comparison between X-REGO variants with the parameter d = de + 2 and ‘no-embedding’, using

DIRECT to solve the subproblem ( ˜RPX k )
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Fig. 6 Comparison between X-REGO variants with the parameter d = de + 2 and ‘no-embedding’, using

BARON to solve the subproblem ( ˜RPX k )
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Fig. 7 Comparison between X-REGO variants with the parameter d = de + 2 and ‘no-embedding’, using

KNITRO to solve the subproblem ( ˜RPX k )
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Fig. 8 Comparison between X-REGO variants and Random Search with the parameter d = de and ‘no-

embedding’, using KNITRO to solve the subproblem ( ˜RPX k ). Average number (averaged over the test set
of KNITRO) of function evaluations (samples) for Random Search are given as follows: 79,172 (D = 10),
83,947 (D=100) and 86,708 (D = 1000)
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Fig. 9 Performance profile comparing the proposed algorithms (A-REGO and N-REGO, equipped with
mKNITRO) with the optimization of the objective directly in the effective subspace

References

1. Amdeberhan, T., Moll, V.H. (eds.): Tapas in Experimental Mathematics, Contemporary Mathematics,
vol. 457. American Mathematical Society, Providence (2008)

2. Bandeira, A.S., Scheinberg, K., Vicente, L.N.: Convergence of trust-region methods based on proba-
bilistic models. SIAM J. Optim. 24(3), 1238–1264 (2014)

3. Bergstra, J., Bengio, Y.: Random search for hyper-parameter optimization. J. Mach. Learn. Res. 13(1),
281–305 (2012)

4. Bernardo, J.M., Smith, A.F.M.: Bayesian Theory. Wiley, New York (2000)
5. Bingham, D.: Virtual library of simulation experiments: test functions and datasets. https://www.sfu.

ca/~ssurjano/. Accessed: 27 Jan 2017 (2013)
6. Binois, M., Ginsbourger, D., Roustant, O.: A warped kernel improving robustness in Bayesian opti-

mization via random embeddings. arXiv e-prints, page arXiv:1411.3685 (2014)
7. Binois, M., Ginsbourger, D., Roustant, O.: On the choice of the low-dimensional domain for global

optimization via random embeddings. arXiv e-prints, page arXiv:1704.05318 (2017)
8. Byrd, R.H., Nocedal, J., Waltz, R.A.: KNITRO: An Integrated Package for Nonlinear Optimization,

pp. 35–59. Springer US, Boston (2006)
9. Cartis, C., Otemissov, A.: A dimensionality reduction technique for unconstrained global optimization

of functions with low effective dimensionality. Info. Infer. J. IMA 11(1), 167–201 (2022). https://doi.
org/10.1093/imaiai/iaab011

123

https://www.sfu.ca/~ssurjano/
https://www.sfu.ca/~ssurjano/
http://arxiv.org/abs/1411.3685
http://arxiv.org/abs/1704.05318
https://doi.org/10.1093/imaiai/iaab011
https://doi.org/10.1093/imaiai/iaab011


1056 C. Cartis et al.

10. Cartis, C., Scheinberg, K.: Global convergence rate analysis of unconstrained optimization methods
based on probabilistic models. Math. Program. 169(2), 337–375 (2018)

11. Cartis, C., Massart, E., Otemissov, A.: Constrained global optimization of functions with low effec-
tive dimensionality using multiple random embeddings. Technical report available on http://www.
optimization-online.org/ (Sep 2020) and on ArXiv e-prints, page arXiv:2009.10446 (2020)

12. Cartis, C., Massart, E., Otemissov, A.: Global optimization using random embeddings. arXiv e-prints,
page arXiv:2107.12102 (2021)

13. Chen, J., Zhu, G., Gu, R., Yuan, C., Huang, Y.: Semi-supervised embedding learning for high-
dimensional bayesian optimization. arXiv e-prints, page arXiv:2005.14601 (2020)

14. Constantine, P.: Active Subspaces. SIAM, Philadelphia (2015)
15. Demo, N., Tezzele, M., Rozza, G.: A supervised learning approach involving active subspaces

for an efficient genetic algorithm in high-dimensional optimization problems. arXiv e-prints, page
arXiv:2006.07282 (2020)

16. Dixon, L.C.W., Szegö, G.P.: Towards Global Optimization. Elseiver, New York (1975)
17. Djolonga, J., Krause, A., Cevher, V.: High-dimensional gaussian process bandits. In: Proceedings of the

26th International Conference on Neural Information Processing Systems, NIPS’13, pp. 1025–1033
(2013)

18. Dolan, E.D., Moré, J.J.: Benchmarking optimization software with performance profiles. Math. Pro-
gram. 91(2), 201–213 (2002)

19. Dunnett, C.W., Sobel, M.: Approximations to the probability integral and certain percentage points of
a multivariate analogue of student’s t-distribution. Biometrika 42(1/2), 258–260 (1955)

20. Durrett, R.: Probability: Theory and Examples. Cambridge Series in Statistical and Probabilistic Math-
ematics, 5th edn. Cambridge University Press, Cambridge (2019)

21. Eriksson, D., Dong, K., Lee, E.H., Bindel, D., Wilson, A.G.: Scaling Gaussian process regression with
derivatives. In: Proceedings of the 32nd International Conference on Neural Information Processing
Systems, NIPS’18, pp. 6868–6878 (2018)

22. Ernesto, P.A., Diliman, U.P.: MVF–Multivariate Test Functions Library in C for Unconstrained Global
Optimization. University of the Philippines Diliman, Quezon City (2005)

23. Fang, K., Kotz, S., Ng, K.W.: Symmetric Multivariate and Related Distributions. Chapman and Hall,
London (1990)

24. Finkel, D.E.: Direct optimization algorithm user guide. Available at http://www2.peq.coppe.ufrj.br/
Pessoal/Professores/Arge/COQ897/Naturais/DirectUserGuide.pdf (2003)

25. Fornasier, M., Schnass, K., Vybiral, J.: Learning functions of few arbitrary linear parameters in high
dimensions. Found. Comput. Math. 12(2), 229–262 (2012)

26. Fröhlich, L.P., Klenske, E.D., Daniel, C.G., Zeilinger, M.N.: Bayesian optimization for policy search
in high-dimensional systems via automatic domain selection. arXiv e-prints, page arXiv:2001.07394
(2020)

27. Gablonsky, J.M., Kelley, C.T.: A locally-biased form of the direct algorithm. J. Glob. Optim. 21(1),
27–37 (2001)

28. Garnett, R., Osborne, M.A., Hennig, P.: Active learning of linear embeddings for Gaussian processes.
In: Proceedings of the Thirtieth Conference on Uncertainty in Artificial Intelligence, UAI’14, pp.
230–239 (2014)

29. Gavana, A.: Global optimization benchmarks and AMPGO. Available at http://infinity77.net/global_
optimization/

30. Gower, R., Koralev, D., Lieder, F., Richtárik, P.: RSN: randomized subspace newton. In: Proceedings of
the 33rd International Conference on Neural Information Processing Systems, NIPS’19, pp. 616–625
(2019)

31. Gupta, A.K., Nagar, D.K.: Matrix Variate Distributions. Chapman and Hall/CRC, New York (2000)
32. Gupta, A.K., Song, D.: Lp-norm spherical distribution. J. Stat. Plan. Inference 60(2), 241–260 (1997)
33. Hanzely, F., Doikov, N., Richtárik, P., Nesterov, Y.: Stochastic subspace cubic newton method. arXiv

preprint arXiv:2002.09526 (2020)
34. Hutter, F.,Hoos,H.,Leyton-Brown,K.:Anefficient approach for assessinghyperparameter importance.

In: Proceedings of the 31st International Conference on Machine Learning, vol. 32, Proceedings of
Machine Learning Research, pp. 754–762 (2014)

35. Jones,D.R., Perttunen,C.D., Stuckman,B.E.: Lipschitzian optimizationwithout theLipschitz constant.
J. Optim. Theory Appl. 79(1), 157–181 (1993)

123

http://www.optimization-online.org/
http://www.optimization-online.org/
http://arxiv.org/abs/2009.10446
http://arxiv.org/abs/2107.12102
http://arxiv.org/abs/2005.14601
http://arxiv.org/abs/2006.07282
http://www2.peq.coppe.ufrj.br/Pessoal/Professores/Arge/COQ897/Naturais/DirectUserGuide.pdf
http://www2.peq.coppe.ufrj.br/Pessoal/Professores/Arge/COQ897/Naturais/DirectUserGuide.pdf
http://arxiv.org/abs/2001.07394
http://infinity77.net/global_optimization/
http://infinity77.net/global_optimization/
http://arxiv.org/abs/2002.09526


Global optimization, low effective dimension and random embeddings 1057

36. Kirschner, J.,Mutny,M.,Hiller, N., Ischebeck, R., Krause,A.:Adaptive and safeBayesian optimization
in high dimensions via one-dimensional subspaces. In: Proceedings of the 36th International Confer-
ence on Machine Learning, Volume 97 of Proceedings of Machine Learning Research, pp. 3429–3438
(2019)

37. Knight, C.G., Knight, S.H.E., Massey, N., Aina, T., Christensen, C., Frame, D.J., Kettleborough,
J.A., Martin, A., Pascoe, S., Sanderson, B., Stainforth, D.A., Allen, M.R.: Association of parameter,
software, and hardware variation with large-scale behavior across 57,000 climate models. Proc. Natl.
Acad. Sci. 104(30), 12259–12264 (2007)

38. Kozak, D., Becker, S., Doostan, A., Tenorio, L.: Stochastic subspace descent. arXiv e-prints, page
arXiv:1904.01145 (2019)

39. Lee, P.M.: Bayesian Statistics: An Introduction, 4th edn. Wiley, New York (2012)
40. Letham, B., Calandra, R., Rai, A., Bakshy, E.: Re-examining linear embeddings for high-dimensional

bayesian optimization. https://openreview.net/forum?id=SJgn3lBtwH (2020)
41. Li, C.-L., Kandasamy, K., Poczos, B., Schneider, J.: High dimensional Bayesian optimization via

restricted projection pursuit models. In: Proceedings of the 19th International Conference on Artificial
Intelligence and Statistics, Volume 51 of Proceedings of Machine Learning Research, pp. 884–892
(2016)

42. Liberti, L., Poirion, P.-L., Vu, K.: Random projections for conic programs. Linear Algebra Appl. 626,
204–220 (2021)

43. Nayebi, A., Munteanu, A., Poloczek, M.: A framework for Bayesian optimization in embedded sub-
spaces. In: Proceedings of the 36th International Conference on Machine Learning, Volume 97 of
Proceedings of Machine Learning Research, pp. 4752–4761 (2019)

44. Nesterov, Y., Spokoiny, V.: Random gradient-free minimization of convex functions. Found. Comput.
Math. 17, 527–566 (2017)

45. Neumaier, A., Shcherbina, O., Huyer, W., Vinkó, T.: A comparison of complete global optimization
solvers. Math. Program. 103(2), 335–356 (2005)

46. Oymak, S., Tropp, J.A.: Universality laws for randomized dimension reduction, with applications. Inf.
Inference J. IMA 7(3), 337–446 (2017)

47. Qian, H., Yu, Y.: Solving high-dimensional multi-objective optimization problems with low effec-
tive dimensions. In: Proceedings of the Thirty-Fourth AAAI Conference on Artificial Intelligence,
AAAI’20, pp. 875–881 (2020)

48. Qian, H., Hu, Y.-Q., Yu, Y.: Derivative-free optimization of high-dimensional non-convex functions
by sequential random embeddings. In: Proceedings of the Twenty-Fifth International Joint Conference
on Artificial Intelligence, IJCAI’16, pp. 1946–1952 (2016)

49. Sahinidis, N.V.: BARON 14.3.1: Global Optimization of Mixed-Integer Nonlinear Programs, User’s
Manual (2014)

50. Sanyang, M.L., Kabán, A.: Remeda: Random embedding EDA for optimising functions with intrinsic
dimension. In: Parallel Problem Solving from Nature—PPSN XIV, pp. 859–868 (2016)

51. Surjanovic, S., Bingham, D.: Virtual library of simulation experiments: test functions and datasets.
Available at https://www.sfu.ca/~ssurjano/ (2013)

52. Tawarmalani,M., Sahinidis, N.V.: A polyhedral branch-and-cut approach to global optimization.Math.
Program. 103, 225–249 (2005)

53. Temme, N.: Asymptotic Methods for Integrals. World Scientific, Singapore (2014)
54. Tran-The, H., Gupta, S., Rana, S., Venkatesh, S.: Trading convergence rate with computational budget

in high dimensional Bayesian optimization. In: Proceedings of the Thirty-First AAAI Conference on
Artificial Intelligence, AAAI’20 (2020)

55. Tyagi, H., Cevher, V.: Learning non-parametric basis independent models from point queries via low-
rank methods. Appl. Comput. Harmonic Anal. 37(3), 389–412 (2014)

56. Vershynin, R.: High-Dimensional Probability: An Introduction with Applications in Data Science
CambridgeSeries inStatistical andProbabilisticMathematics.CambridgeUniversity Press,Cambridge
(2018)

57. Vu, K., Poirion, P.-L., Liberti, L.: Random projections for linear programming.Math. Oper. Res. 43(4),
1051–1071 (2018)

58. Wang, Z., Hutter, F., Zoghi, M., Matheson, D., De Freitas, N.: Bayesian optimization in a billion
dimensions via random embeddings. J. Artif. Intell. Res. 55(1), 361–387 (2016)

59. Wheeden, R.L.: Measure and Integral: An Introduction to Real Analysis, 2nd edn. Chapman and
Hall/CRC, Boca Raton (2015)

123

http://arxiv.org/abs/1904.01145
https://openreview.net/forum?id=SJgn3lBtwH
https://www.sfu.ca/~ssurjano/


1058 C. Cartis et al.

60. Wong, R.: Asymptotic Approximations of Integrals. Society for Industrial and Applied Mathematics,
Philadelphia (2001)

61. Zhang, M., Li, H., Su, S.: High dimensional Bayesian optimization via supervised dimension reduc-
tion. In: Proceedings of the Twenty-Eighth International Joint Conference on Artificial Intelligence,
IJCAI’19, pp. 4292–4298 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	Bound-constrained global optimization of functions with low effective dimensionality using multiple random embeddings
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Functions with low effective dimensionality
	2.2 Characterization of (unconstrained) minimizers in the reduced space

	3 Estimating the success of the reduced problem
	3.1 Positive probability of success of the reduced problem (RPX) 
	3.2 Quantifying the success probability of (RPX) in the special case of coordinate-aligned effective subspace
	3.3 Uniformly positive lower bound on the success probability of (RPX) in the general case

	4 The X-REGO algorithm and its global convergence
	4.1 Global convergence of the X-REGO algorithm to the set of global eps-minimizers
	4.1.1 Global convergence proof


	5 Numerical experiments
	5.1 Setup
	5.2 Numerical results

	6 Conclusions and future work
	A Technical definitions and results
	A.1 Gaussian random matrices
	A.2 Other relevant probability distributions
	A.3 Additional relevant results

	B Derivation of the probability density function of w 
	C Proof of Theorem 3.8 and Theorem 3.9
	C.1 Proof of Theorem 3.9 
	C.2 Proof of Theorem 3.8 
	C.3 Proof of Theorem D.5 
	Step 1
	Step 2
	Step 3
	Conclusions


	D The problem test set
	E Additional numerical results
	References




