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Abstract

This thesis addresses the problem of automatic 2D cutting and nesting on sheet ma-
terials with irregular and unpredictable shapes. Conventional CAD/CAM-oriented
nesting systems typically assume a predefined digital model of the available mate-
rial and are therefore less suitable for small workshops and production environments
in which leftover or nonstandard sheet material must be reused. To address this
limitation, this thesis proposes an integrated system that combines computer vision,
geometric modeling, heuristic nesting, and projection-based visual feedback within a
unified workflow linking the physical workspace to computational layout generation.

The proposed system uses an overhead camera and four ArUco markers to define
the workspace, perform metric reconstruction, and detect the available material. After
camera calibration with a ChArUco board, the workspace is rectified by homography,
and a hybrid segmentation pipeline is applied to extract the material contour and
reconstruct its geometry in real dimensions. Based on this representation, a multi-
start raster-based heuristic nesting algorithm places regular and irregular parts within
the segmented material region, and the resulting layout is projected directly onto the
work surface to assist the operator during cutting.

Experimental evaluation demonstrated both geometric accuracy and practical fea-
sibility. Camera calibration achieved an RMS reprojection error of 0.1501 px, while
segmentation produced an average geometric error of approximately 0.5 cm rela-
tive to ground-truth measurements. On regular benchmark families, the proposed
nesting algorithm achieved average utilization rates of 99.7% on BENG, 94.6% on
CGCUT, 92.8% on NGCUT, and 91.7% on WANG. On irregular-shape benchmarks,
the achieved utilization rates were 63.0% on Albano, 43.91% on Jakobsl, and 56.94%
on Marques. Although the packing density for irregular instances remains below that
of specialized state-of-the-art methods, the algorithm consistently generated feasible
non-overlapping layouts. End-to-end experiments on real segmented materials fur-
ther confirmed the practical applicability of the proposed system and the usefulness
of projection-based guidance in real cutting scenarios.

Overall, the results show that the proposed approach provides a feasible and



practically relevant framework for integrating real material geometry with automatic
nesting in workshop environments. At the same time, they indicate the need for more
robust segmentation under challenging lighting conditions and for stronger layout-
improvement strategies for irregular parts.
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Title: Professor
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Chapter 1

Introduction

The efficiency of the placement and optimal cutting of elements, ranging from small
parts to large blanks, on sheet material (plywood, fabric, cardboard, etc.) is a crucial
factor. The amount of waste depends on this, and thus the cost of the production
process. In medium and large-scale production, even a small optimization of cut-
ting leads to savings in money and material. However, in small and medium-sized
industries, the cutting process is completely manual. The engineer evaluates the free
area on the sheet material, places the necessary elements “by eye”, takes into account
the limitations and residues, and then performs cutting. Of course, this is a familiar
method for an engineer because it is very simple, but if we consider it from the point
of view of material usage, this is a very suboptimal method. It leads to excessive use
of material and the need for additional trimming.

In the scientific literature, this problem is referred to as the “cutting & packing
(C&P) problem.” This problem includes specific tasks, such as conveyor or pallet
loading, packaging, and optimizing the placement of parts (nesting). In his work,
Dyckhoff proposed a classification that systematizes these tasks by purpose and type,
focusing on the combinatorial nature of optimal shape placement [28]. An expanded
typology of C&P tasks is shown in Fig. 1-1.

Increasing attention is being paid to the optimal placement of irregular shapes.
The main difficulty lies in choosing a discrete order and orientation, and in performing

complex geometric checks. Geometric checks include checking intersections, account-
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NU_SEDS_MS_Template_Adapted_From_MIT/images/cp_problems.png

Figure 1-1: Overview of C&P classes according to the typology of Wascher et al.
(adapted from [70]).

ing for boundaries, and technical gaps. A review and analysis of existing research
show high computational complexity. Therefore, precise methods and similar solu-
tions are not very effective for industrial-scale tasks. In practice, heuristic and hybrid

approaches dominate [35, 9].

1.1 Problem statement

The main practical difficulty lies in the fact that the ideal geometry of the cutting task
rarely coincides with the actual geometry of the production process. Most cutting
and packaging algorithms work under ideal conditions: (i) the material (sheet, cloth,
plate, cardboard) has known dimensions and shape; in most cases, it is a simple shape
(square, rectangle); (ii) the parts are represented as exact polygons obtained from

CAD systems or vector contours; and (iii) the production parameters (clearances,

12



tolerances, orientation constraints) are strictly defined and unchanged.

However, in small workshops and production environments, when working with
leftover material (scraps), these conditions are often violated. The work area may be
partially occupied, the shape of the remaining material may be arbitrary, and local
defects, shadows, and glare may complicate the accurate assessment of the available
cutting area. For this reason, in practice, an engineer often returns to manual cutting

of materials, even if specialized cutting software is available.

NU_SEDS_MS_Template_Adapted_From_MIT/images/packing_example.png

Figure 1-2: Illustration of the irregular two-dimensional packing problem (adapted
from [37]).

From a computational point of view, most problems of optimal placement or cut-
ting of two-dimensional objects belong to the class of NP-hard problems [31]|. This
means that as the number of parts increases, the number of possible combinations
of permutations and orientations increases dramatically. An example of the irregular
packing problem is shown in Fig. 1-2. If we additionally consider objects of arbitrary
shape, then the algorithm requires multiple geometric checks, including checking for
non-overlap and placing the object in an acceptable area with a minimum gap. As a
result, as mentioned earlier, solutions to such problems rely on heuristics, metaheuris-
tics, and hybrid schemes that allow us to obtain fairly good results in a reasonable

amount of time.
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1.2 Motivation and research gap

Despite the extensive theoretical basis for solving cutting problems, as mentioned
earlier, one of the key problems is obtaining the boundaries of the available area
where cutting takes place. A slight error in the contour or scale can lead to an
accumulation of collisions and a loss of placement quality. The geometric aspects of
irregular nesting are discussed in detail in the literature, which emphasizes the high
complexity of developing checks for the feasibility of object placement [§].

Several studies show that the introduction of computer vision can help close the
gap between the physical workspace and the digital task model. A camera can de-
termine the boundaries and current locations of objects, and then provide these data
to placement algorithms. Studies of packaging systems using computer vision showed
that this approach has practical value by providing a compromise between quality

and speed [37, 55].

NU_SEDS_MS_Template_Adapted_From_MIT/images/aruco.png

Figure 1-3: Example of an ArUco fiducial marker.

In order to accurately model a workspace, flat markers (fiducial markers) are
often used. They are effective for accurately determining the position of a plane
and providing stable coordinate anchoring, even if the image has been distorted by

perspective. Among such markers, ArUco-type markers stand out, which have proven
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effective in determining the position of a camera or a plane, as well as for robot
navigation [33]. An example of such a marker is shown in Fig. 1-3. However, in order
to obtain accurate data (in millimeters), the camera must be additionally calibrated.
This is necessary to take into account the intrinsic parameters and distortions of the
camera. The classical camera calibration method proposed by Zhang remains one of
the most popular and reliable methods |74].

After camera calibration, the most important step is segmentation. At this stage,
the algorithm selects the relevant free area and the necessary objects on a given sur-
face. Classical segmentation methods are often used for this purpose: edge detection
(Canny detector [20]), binarisation (Otsu method [52]), followed by the analysis of
contours or connected components (edge-tracking algorithm, topological analysis of
binary images) [67]. In situations where it is necessary to determine moving objects
against a stable background, background subtraction and adaptive modeling of pixel
distributions (including mixtures of Gaussians) are used, which are robust to gradual
frame changes.

Research notes that recent placement improvements have mostly been due to in-
cremental improvements to existing algorithms and hybrid approaches [17]. However,
the fundamental engineering challenge remains unresolved: how to ensure stable in-
teraction between the geometry of real materials and computational algorithms for
the placement of objects. This creates the need for practical solutions that (i) accu-
rately simulate the workspace, (ii) operate on standard equipment, and (iii) provide

understandable intermediate data for process control.

1.3 Research objectives

The primary aim of this work is to design, implement, and evaluate an integrated
system for automatic 2D nesting of parts on sheet materials with irregular and un-
predictable geometry, intended for use in small workshops and production environ-

ments where leftover or nonstandard materials must be reused without predefined

CAD models.
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The object of research is the process of automatic cutting layout generation
on physically captured sheet materials of arbitrary shape.

The subject of research is the methods and algorithms for workspace recon-
struction via computer vision, geometric contour extraction, heuristic part placement,
and projection-based operator guidance within a unified end-to-end system.

To achieve the stated aim, the following specific objectives are formulated:

1. To develop and evaluate a camera calibration and homography-based workspace
reconstruction pipeline capable of providing sub-pixel reprojection accuracy and

centimeter-level geometric precision under real workshop conditions.

2. To design and implement a hybrid classical segmentation method for extracting
the contour of sheet material from a live camera feed, and to quantitatively
evaluate its geometric accuracy against ground-truth measurements on objects

of varying shape and size without large computational resources.

3. To develop a nesting algorithm capable of placing both regular and irregular
parts within a segmented material region of arbitrary shape, and to evaluate its

effectiveness.

4. To implement a projection-based visual feedback module that maps the com-

puted layout onto the physical work surface.

The next section of the Literature Review will analyze existing methods for solving
cutting and placement problems (including irregular shapes, geometric tools, and
heuristics), as well as placement methods using computer vision and feedback systems.

The Methods section will describe in detail the methodology developed and the
methods used to solve the key issues raised above.

The “Results” section summarizes the quantitative and qualitative results, as well
as the limitations and observations that we encountered.

In the “Conclusion” section, we summarize the results, draw the main conclusions,
make recommendations for subsequent research, and indicate the directions of our

future work.
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Chapter 2

Literature Review

Questions of how to better position and cut objects have always been closely re-
lated to two key areas: combinatorial optimization and computational geometry. In
CAM/CAD systems, this is reflected in two aspects mentioned earlier: firstly, the de-
velopment of algorithms that are able to create efficient and dense layouts while taking
into account the given conditions; secondly, the connection with the real production
environment. Next, we analyze the most common approaches and their limitations,

especially when working with irregular objects and leftover materials.

2.1 Nesting methods

2.1.1 Precise methods

Precise methods such as branch-and-bound, integer linear programming (ILP), and
dynamic programming are able to find optimal solutions. However, their applicabil-
ity is limited to small problem instances. A study by Alvarez-Valdes et al. [2] shows
that even with restrictions on the orientation of objects, the solution time increases
exponentially as the number of objects increases. The practical application of pre-
cise methods does not exceed, as a rule, 15-20 irregular objects, which makes them

ineffective for industrial scenarios where the number of parts can reach hundreds [§].
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2.1.2 Geometric foundations of irregular nesting

The key difference between irregular placement and two-dimensional packing of rect-
angular objects is that the efficiency and speed of algorithmic solutions largely depend
on geometric factors. In the work of Bennell et al. [8], the authors note that the high
complexity of developing a geometric “core” is one of the main reasons why research
in the field of irregular shape placement has historically received less attention than

research on classical algorithms for the placement of rectangular objects.

NU_SEDS_MS_Template_Adapted_From_MIT/images/nfp.png

Figure 2-1: No-Fit Polygon of two irregular shapes A and B (adapted from [18]).

The No-Fit Polygon (NFP) method is considered a key tool for optimizing the
placement of irregular objects. For a pair of shapes A and B, the method is based on
the set of positions of B relative to A at which they touch but do not overlap. An
example of the NFP for two irregular shapes is shown in Fig. 2-1. This simplifies the
task of checking overlap by reducing it to checking whether an object belongs to a
feasible area, thereby helping to generate placement options efficiently. This algorithm
operates in O(n), which is much faster than direct pixel-by-pixel intersection analysis.
However, the literature notes that the implementation of NFP is difficult, because
there may be empty spaces in the form of “holes,” narrow “locks,” internal edges, and
numerical errors. In the work of Burke et al. [18], the authors proposed a robust
method for implementing NFP. This work demonstrates success in handling complex,
degenerate cases, including the occurrence of holes and mutual concavities.

There are alternative approaches to calculating NFP based on the application of
Minkowski sums. Bennell et al. [10] describe a more mathematical approach, but

at the same time indicate significant practical difficulties in its implementation when

18



working with real polygons.

In addition, other geometric methods are used: trigonometric intersection tests, ¢-
functions, raster approaches (mask, raster point), and polygon decomposition. These
approaches are often integrated into hybrid systems, where, for example, coarse raster
filtering is combined with precise polygonal verification. The resilience of the system
to problems related to inaccurate contour segmentation and small-scale errors depends

on the choice of geometric approach |9, 37].

2.1.3 Constructive heuristics

In real-world applications, constructive methods dominate. In these methods, new
objects are placed in sequential order according to established rules. The key advan-
tages are high speed, predictability of results, and the ability to integrate production
constraints: acceptable turning angles, control over technical gaps, and preferences

in object orientation.

NU_SEDS_MS_Template_Adapted_From_MIT/images/bl_blf.png

Figure 2-2: Illustration of the Bottom-Left (BL) and Bottom-Left-Fill (BLF) place-

ment.

Numerous heuristics are based on NFP. Examples include the Bottom-Left (BL),
Bottom-Left-Fill (BLF), and Largest-Area-First heuristic methods. BL/BLF works
by finding a valid position for the next object in the lowest-left part of the free space;
see Fig. 2-2. This method provides high packing density for rectangular objects, but

the result is suboptimal for complex irregular shapes [4].
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In the Largest-Area-First method, the largest area is placed first, followed by
the smaller areas. In Hopper’s work, the author used this method for rectangular
placement and achieved an area utilization rate of up to 85%. However, using this
method with irregular shapes results in a reduction in efficiency to 65-70% due to
difficulties in filling angular gaps [40].

The Shelf/Level and Skyline methods divide the space into horizontal levels. At
each level, the objects are arranged from left to right until there is no more space in
width. When there is no more space, a new higher level is opened. The height is fixed
at each level. This simplifies the geometry, and therefore such methods perform well
in terms of speed [5]. Examples of level-oriented algorithms are Next Fit Decreasing
Height (NFDH) and First Fit Decreasing Height (FFDH). The idea of the NFDH
algorithm is to sort the rectangles by non-increasing height, then place them in the
current level until the free space is exhausted [44]. The idea of FFDH is to try to
insert a rectangle into the lowest level where it fits in width; a new level is created
only if this object does not fit anywhere. The problem with these approaches is that
they work only with regular shapes, and under strong contour noise they may produce
high error, since the algorithm can detect a bad configuration of voids early and it

will be difficult to fix it.

2.1.4 Meta-heuristics and hybrid methods

Metaheuristic approaches search for possible solutions stochastically, but do not guar-
antee optimality. The advantage of metaheuristics is the ability to escape local min-
ima. This is especially useful if we need to place a large number of parts. Metaheuris-
tic methods include Simulated Annealing (SA), Genetic Algorithms (GA), and Tabu
Search (TS). The workflows of these algorithms are illustrated in Fig. 2-3.

Genetic Algorithms (GA) model the search process in the form of biological evolu-
tion. The idea is that every solution to a problem is an individual in the population.
Each individual is encoded into a chromosome (a string of numbers), for example, a
random list of parts and their orientations. After that, two operations are applied: (i)

crossover, where two parent chromosomes are taken and a new offspring chromosome

20
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(a) Genetic Algorithm. (b) Simulated Annealing. (c) Tabu Search.

Figure 2-3: Illustration of the working principles of three metaheuristic optimization
methods.

is obtained from them, and (ii) mutation, where one or several values in the chromo-
some change randomly. This approach helps the algorithm avoid getting stuck in a

local optimum.

In the work of Jakobs [43], the author was one of the first to apply GA to 2D
nesting and, as a result, demonstrated a steady improvement in solution quality from
generation to generation, but the computational cost of evaluating each chromosome

remains high.

Burke et al. [19] suggested an improvement so that the set of chromosomes is

immediately checked by the NFP algorithm to avoid defective chromosomes.

Simulated Annealing (SA) starts with randomly placed parts at the beginning,
and then a small random change is made at each iteration. If the new solution is
better than the previous one, then it is used. In the work of Gomes et al. [36], the
application of this algorithm with Linear Programming (LP) is considered; it is used
as a local optimizer. If the parts intersect after the iteration, then the algorithm tries
to push them apart. If the layout has become acceptable, LP tries to compact it.

The SA and GA algorithms are similar, but the main difference is that GA takes the

21
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best of different solutions and combines them with each other, while SA gradually
improves one solution.

Tabu Search (TS) is similar in structure to SA; it also improves the current solution
and iteratively introduces improvements. The difference is that the algorithm keeps
a list of forbidden moves, and those changes that have been made recently become
temporarily prohibited from repeating. This allows the algorithm not to return to
the same search path and helps it explore new solutions. A comparative analysis in
the work of Leung et al. [47] showed that TS is, on average, superior to SA in terms

of the quality of the final solution.

2.2 Computer vision in nesting tasks

The use of video cameras and personal computers in the 1990s gave rise to the appli-
cation of computer vision in the industrial sector. Since that time, the video camera
has ceased to be just a device that records video; now it is perceived as a device
capable of transmitting accurate geometric information about objects or the working
environment to algorithms in real time.

In cutting and placement tasks, computer vision is an essential tool for connecting
the physical workspace and computational algorithms. Segmentation methods are
used to obtain data about the workspace (which space is available and which objects
are located in the workspace). Segmentation is a set of methods that analyze a frame
and highlight objects of interest and area boundaries in the frame. Examples of

classical segmentation methods are shown in Fig. 2-4.

2.2.1 Classical segmentation methods

The Canny operator [20] allows us to find the boundaries of objects and is one of
the most widely used methods due to its good balance between sensitivity and noise
suppression. The Canny algorithm works in several steps: (i) smoothing the frame
using a Gaussian filter to reduce noise, (ii) calculating the intensity gradient using

the Sobel method, (iii) non-maximum suppression to thin the boundaries, and (iv)
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NU_SEDS_MS_Template_Adapted_From/MIT/images/canny.png
NU_SEDS_MS_Template_Adapted_From/MIT/images/ots

(a) Effect of Gaussian smoothing on Canny
edge detection. (b) Example of Otsu’s binary thresholding.

NU_SEDS_MS_Template_Adapted_From/MIT/images/thresholding.png
NU_SEDS_MS_Template_Adapted_From/MIT/images/con

(c) Influence of noise and blurring on global (d) Connected components analysis for la-
and Otsu thresholding. beling segmented regions.

Figure 2-4: Examples of classical segmentation methods used in computer vision:
Canny edge detection, Otsu’s thresholding, and connected components analysis.

double-threshold processing with hysteresis to separate weak and strong boundaries,
followed by edge linking. The smoothing parameters and the setting of the upper
and lower thresholds significantly affect the segmentation result. When processing
sheet materials with different textures, such as plywood or fabric, additional adaptive

adjustment is required [21].

The method that automatically adjusts the pixel separation threshold between the
foreground and background is called the Otsu binarization method [52|. This method
is effective for segmenting objects against a homogeneous background. However, with
uneven lighting, the Otsu threshold gives fragmented segmentation. In this case, as
well as with the Canny operator, an adaptive method can be used, namely adaptive
binarization [62].

Background subtraction is an alternative approach in which the algorithm receives

a frame from an “empty” workspace and highlights the changes as potential objects.
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The most common implementation of this approach is the Mixture of Gaussians
(MoG), which was described by Stauffer et al. [66]. In this implementation, each pixel
is described by a mixture of K Gaussians with adaptive parameters. The disadvantage
of this implementation is instability under rapid changes in the workspace.

There is also the Connected Components Analysis (CCA) method, in which the
algorithm binarizes the frame, that is, each pixel becomes either white or black. The
algorithm goes through all the white pixels and groups them. Each such group is a
separate object in the image. However, this method gives a rough idea of the object,
so the next step is to apply Contour Analysis (CA), which was described in the work
of Suzuki et al. [67]. The algorithm builds a hierarchy of contours, which helps to
identify the external contours of objects and internal cavities. Next, the resulting
contours are approximated by polygons using the Douglas—Peucker method [26]. The
algorithm recursively removes unnecessary points, keeping only those that deviate

significantly from a straight line.

2.2.2 Segmentation through deep learning

NU_SEDS_MS_Template_Adapted_From_MIT/images/dl_segmentation.png

Figure 2-5: Examples of deep learning-based segmentation.

Due to the popularity of deep learning methods in recent decades, classical seg-
mentation methods have been actively replaced. The deep learning approach allows
us to detect objects and highlight their contours without explicitly setting the pa-
rameters manually. Examples of segmentation through deep learning are shown in

Fig. 2-5.
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Figure 2-6: Architecture of the U-Net model (adapted from [58]).

The U-Net architecture, which was described in the work of Ronneberger et al.
[58], has become one of the most popular methods for pixel-by-pixel segmentation. U-
Net has an encoder that consistently reduces spatial resolution by extracting features,
and the decoder restores resolution using skip connections to preserve fine details of
the frame. The overall architecture of U-Net is illustrated in Fig. 2-6. This method
is superior to classical segmentation methods such as Canny [20] and Otsu [52] in

uneven lighting conditions.

NU_SEDS_MS_Template_Adapted_From_MIT/images/maskrnn.png

Figure 2-7: Architecture of the Mask R-CNN framework for instance segmentation
(adapted from [39]).

The Mask R-CNN architecture proposed by He et al. [39] solves the problem of
instance segmentation. That is, it not only marks pixels as belonging to an object,
but also separates individual instances of objects of the same class. A schematic
overview of the Mask R-CNN framework is presented in Fig. 2-7.

Despite the excellent results, deep learning has a number of limitations: (i) the
model requires a large labeled dataset (hundreds or thousands of images with man-

ually drawn object masks), (ii) the models do not generalize well to new conditions,
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and (iii) computational requirements are significantly higher than when using clas-
sical segmentation methods. Using Mask R-CNN in real time requires a Graphics
Processing Unit (GPU), while Canny, MoG, and CA work stably on a regular Cen-
tral Processing Unit (CPU) at 1080p resolution. At the same time, the high resolution

of the video camera affects the accuracy of determining the size of objects.

2.2.3 Fiducial markers for workspace localization

NU_SEDS_MS_Template_Adapted_From_MIT/images/markers_example.png
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(a) Examples of ARToolKit, ARTag, and
ArUco markers. (b) Examples of AprilTag markers.

Figure 2-8: Examples of fiducial marker families.

Fiducial markers are specialized artificial visual markers. They serve as reference
patterns for computer vision algorithms to determine three-dimensional position, ori-
entation, and scale from two-dimensional images. Among the various families of
markers, such as ARToolKit, ARTag, and AprilTag, shown in Fig. 2-8, ArUco mark-
ers [33] are the most popular; an example of such a marker is shown in Fig. 1-3. This
marker is a square with a unique binary identifier encoded in a matrix pattern. The
advantage of ArUco markers is their resistance to perspective distortion. Markers are
detected at image angles up to 60-70 degrees from the normal to the plane.

In the work of Romero-Ramirez et al. [57], the authors demonstrated that ArUco
marker detection surpasses AprilTag in processing speed, up to 60 frames per second
(FPS) on the CPU for 1080p images. The ArUco marker is found in the frame in

several stages: (i) the image is binarized to find quadrilateral contours, (ii) after that,
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the bit matrix inside the found squares is read, (iii) the results are compared with
the initially known markers, and (iv) if a match is found, the marker is considered
detected, and the algorithm accurately determines its coordinates.

If we know the actual physical distance between the markers in millimeters and
their position in the image, then we can estimate a homography. A homography is
a transformation matrix that converts pixel coordinates into real coordinates on the
plane; thereby, we can determine the exact dimensions of objects in the frame.

This matrix describes the projective relationship between the plane of the scene
and the frame. Also, the transformation matrix is recalculated every frame, so small

vibrations or offsets are automatically compensated.

2.2.4 Camera calibration

However, homography alone is not enough to obtain a metrically correct representa-
tion of the workspace. Any camera has an optical system that introduces distortion.
Because of this, straight lines at the edges of the image may look slightly curved,
and objects in the vicinity may appear larger than in the center. Therefore, when
working with flat fiducial markers, calibration is especially important, since a small
error in the camera parameters leads to an accumulation of errors in estimating the
position of markers, coordinates, and exact dimensions |74, 45]. To take these nuances
into account, camera calibration is required, in which the internal parameters of the
camera (focal length, coordinates of the principal point) are evaluated and distortion
coefficients (radial and tangential) are calculated.

The classical method described in the work of Zhang [74], which is based on
obtaining a large number of images by observing a flat template (checkerboard) in
various orientations, allows calculating camera parameters by minimizing projection
error.

An alternative to the chessboard is the ChArUco board, which is a chessboard
with ArUco markers on each black square; see Fig. 2-9. This allows the calibration
algorithm to reliably identify corner points when the board is partially occluded.

Compared to the classic chessboard, a ChArUco board requires fewer images and is
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(a) Chessboard. (b) ChArUco board.

Figure 2-9: Difference between a chessboard and a ChArUco board.

resistant to glare. In a study by Romero-Ramirez et al. [57|, the authors showed that
for a camera with 1080p resolution and a focal length of 4-8 mm, 20-30 images will
be enough to obtain a projection error of less than 0.5 pixels. This means that the
metric accuracy is about 1-2 mm with a shooting height of 2-2.5 m. After calibration,
we need to perform image undistortion, after which we can calculate the homography
of the workspace. These methods significantly improve the accuracy of homography

estimation.

2.3 Comparative analysis of existing works

As part of the analysis of scientific research, several research directions can be iden-
tified that are relevant to the context of our system under development. It should be
emphasized that existing solutions in scientific research focus on optimizing cutting
algorithms, either by providing a user-friendly interface or by integrating computer
vision. However, combining solutions from different areas into a single system is less
common.

The first direction includes CAD/CAM-oriented nesting systems. Examples of
this direction are the works by Xie et al. [73] and Weng et al. [72]. The first paper
presents a computer-aided nesting (CAN) system. This scientific paper combines sev-

eral algorithms: rectangle enclosure, BL placement, and GA to increase the material
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utilization rate. In the second system, the parts are placed using the BLF method
with an additional discrete enumeration of the rotation angles. The advantage is that
these systems integrate well into the production process, as the parts are obtained
from CAD systems. However, the main limitations are that the geometric parameters
of the workspace and the dimensions and models of the parts in CAD must be known
and prepared in advance. This is a big disadvantage for small workshops that often

work with leftover materials.

NU_SEDS_MS_Template_Adapted_From_MIT/images/pac_cam.png

Figure 2-10: Workflow of the PacCAM system: (a) source material is captured,
(b) the captured material is digitized, (c) the layout is arranged in an interactive
packing interface, (d) the optimized layout is fabricated, and (e) the resulting parts
are assembled (adapted from [61]).

The second area includes systems using computer vision. Examples of this trend
are the works of Bouganis et al. [14] and Saakes et al. [61]. In the first paper, the
authors presented a system in which the algorithm first receives a frame of a sheet and
automatically chooses where to place the next part/object, so that the parts do not
intersect and the occupied surface area is minimal. It is important to note that the
parts do not overlap during the capture of the frame and the background color differs
well from the parts. The packing density metric was used as an estimate. Packing
density is the ratio of the total area of the placed objects to the total area. The higher
the value, the more effective the layout is. The main value of this work is that the part
is not a CAD contour, but a set of pixels in a binary image. In the second paper, the
authors proposed the PacCAM system. A general workflow of the PacCAM system
is illustrated in Fig. 2-10. They used two methods to obtain a workspace. The first
method is to view the workspace through a calibrated camera mounted above the
desktop. The authors note a mean error of 0.83 mm with a standard deviation of 0.5
mm, which indicates good accuracy in obtaining metric data. The second method

uses a photodiode that captures the reflection of a low-power laser from the surface
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of the sheet. This method is more accurate, but slower. The limitation of this work is
that it does not solve the problem of fully automatic placement of parts based on the
captured scene. The user decides how to arrange the parts. The value of this work is
to reduce the gap between physical and digital interaction by obtaining the shape of

the sheet or the remnants of the material and using them when planning the layout.
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Figure 2-11: Overview of the ProjecTables workflow: (a) a piece of scrap material is
selected, (b) the material is placed on the preparation table for contour capture or
(c) directly on the cutting surface, (d) CAD parts are projected onto the material for
interactive positioning and cutting, and (e) the resulting model is assembled (adapted
from [56]).

The third direction is visual guidance of the user directly on the work surface.
In the work of Ojer et al. [51], the authors proposed an Augmented Reality (AR)
system for manually assembling electronic components on printed circuit boards. The
proposed system uses a projector and a calibrated camera. The projector displays
the work instructions on the Printed Circuit Board (PCB), and the camera is used
to capture the work scene, track the PCB, and recognize components. The authors
note that screen-based visualization often forces the user to constantly shift their gaze
between the screen and the workspace. The presented system can speed up the work
and reduce the number of errors. The second scientific work that relates to this field
is the work of Rasmussen et al. [56]. The authors demonstrated the ProjecTables
system; its workflow is illustrated in Fig. 2-11. The system uses a calibrated camera
and a projector. First, the camera captures a sheet or remnants of material, then the
Canny edge detection algorithm [20], morphological closure, and contour selection are
applied. Then the user independently places the necessary parts on the work surface
using the system interface. After that, the projector projects the found boundaries

directly onto the physical material, then the system projects a CAD model on a 1:1
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scale. After that, the user manually places the part in the desired position using the

computer mouse.

Table 2.1: Comparative analysis of existing research works.

Auto Vision Use of leftover | Proj./AR | CAD/CAM
System / Work | nesting | Workspace capture material guidance | integration
Xie et al. [73] + — — — ¥
Weng et al. [72] + — + — i
Bouganis et al. + + + — —_
[14]
Saakes et al. [61] — + + — +
Ojer et al. [51] - + — + _
Rasmussen et al. — + + + +
[56]

A comprehensive analysis of existing works, summarized in Table 2.1, shows that
each of the considered areas only partially contributes to solving the overall problem.
At the same time, their integration into a single system remains incomplete. Thus,
it can be concluded that there is a research gap between obtaining a workspace in
real time, algorithms for the placement of objects, and effective user interaction. The
current work is aimed at reducing this gap by combining the mentioned components

into a single system.
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Chapter 3

Methodology

3.1 Overall system architecture

The proposed work is a specialized system designed to automatically place parts on
sheet material with visual feedback for the operator who adjusts the material. The
system consists of five components: (i) a camera, (ii) a projector, (iii) a computing
module, (iv) a desktop with four ArUco markers, and (v) an information module
containing information about the input parts. Using these components in a single
system allows us to move from the digital design of cutting material to physical
implementation.

The camera is positioned above the desktop surface and captures images of the
workspace in real time. This position of the camera is very convenient, as this ar-
rangement allows us to obtain information about the position of the markers, the
boundaries of the workspace, and the shape of the material placed on the table with-
out interfering with the operator. There are four ArUco markers|33| on the edges of
the desktop. They form a workspace; in our example, the workspace was a rectangle.
Their role is to set the reference coordinate system and define the boundaries of the
workspace. Markers of this type are easily detected in the frame; they are responsible
for linking calculations to the real plane of the table and for obtaining the orienta-
tion and position of objects in space. They are also very convenient for creating a

workspace. If we need to change the shape or size of the workspace, we just need to
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move the markers to the desired position.

The computing module is a key component and plays a central role in the archi-
tecture of the system. Its functions are to: (i) receive a video stream from a camera
in real time, (ii) process frames, (iii) identify the workspace, (iv) segment sheet mate-
rials or other objects, (v) extract geometric characteristics, and (vi) run an algorithm
to automatically place parts. The input data describing which parts should be placed
are given in the form of simple geometric shapes (square/rectangle/circle) or complex
geometric parts with a prepared geometric description. Based on the input data, the
computing module places the parts inside the detected material, taking into account
its shape and available area. After the placement is completed, the resulting layout
scheme of the parts is converted from the internal coordinate system to the coordi-
nates of the actual workspace and projected using a projector. The projector is a
feedback device. It projects the result of the placement of the parts onto the surface

of the table, directly onto the cutting material, at a scale of 1:1.
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Figure 3-1: Overall architecture of the proposed system.

The general logic of the specialized system consists of several sequential stages,

shown in Fig. 3-1: (i) marker detection, (ii) formation of a normalized workspace, (iii)
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segmentation of sheet material, (iv) extraction of geometric contours of the material,
(v) obtaining information about the parts to be placed, (vi) running an algorithm for
compact part layouts, and (vii) projecting the result onto a physical work surface.
As a result, the operator sees how the necessary parts should be cut on the sheet
material with the least amount of waste. Unlike many other studies, this paper
provides a direct link between the computational layout and the physical workspace.
Thus, the proposed specialized system combines computer vision, nesting algorithms,

and projection visualization.

3.2 Hardware and software configuration

NU_SEDS_MS_Template_Adapted_From_MIT/images/overview.png

Figure 3-2: Experimental setup of the proposed system.

The specialized system includes a workspace, in our case a 1600 x 450 mm table, an

OmniVision OV5693 camera, a TouYinger X21 projector with a maximum resolution
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Table 3.1: Technical specifications of the OmniVision OV5693 camera.

Parameter Specification

Pixels 5 MP

Sensor OV5693

Interface USB 2.0

Sensor size 1/4 inch

Aperture (F) 2.1

Focal length (EFL) 2.5 mm

Field of view (FOV) 135° (D), 95° (H), 70° (V)

Focusing Autofocus

Format support MJPG, YUY?2

Static image resolution 2592 x 1944
MJPG:

Video recording

Audio

Operating voltage
Operating current
Camera size

Module size

2592 x 1944 @ 15 FPS
1920 x 1080 @ 15 FPS
1280 x 720 @ 15 FPS
640 x 480 @ 15 FPS

YUY2:

2592 x 1944 @ 3 FPS
1920 x 1080 @ 5 FPS
1280 x 720 @ 10 FPS
640 x 480 @ 15 FPS

Onboard dual microphones
5V £ 5%

500 mA

18.00 x 18.00 x 19.69 mm
18.00 x 40.00 mm

of 1280 x 720 px, a personal computer that served as the computing module, and
four ArUco markers measuring 120 x 120 mm. A general view of the experimental

setup used to implement the proposed system is shown in Fig. 3-2. The camera and

projector were fixed above the desktop at a height of 2.5 m from the floor.

camera has a CMOS sensor with a resolution of 5 MP, autofocus, and a maximum
video recording resolution of 2592 x 1944 at 5 FPS. Detailed camera specifications

can be found in Table 3.1. However, to obtain a real-time video stream without delay,
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a resolution of 1280 x 720 at 15 FPS was used. All experiments were conducted on a
personal computer with an Intel Core i19-7900X CPU, which contains 10 computing
cores and 20 threads with a frequency of 3.30 GHz, and an NVIDIA GeForce RTX
2080 Ti GPU with 11 GB of VRAM and 120 GB of RAM.

The software part of the system was written in the Python programming lan-
guage. The OpenCV library was used for computer vision, and NumPy was used
for computational operations. To speed up calculations, a JIT compiler was used to
translate Python code into fast machine code. Multithreading was also used, which
allowed several parallel workflows to search for an effective layout of the material, and
GPU acceleration was used for mathematical operations, although this is optional in
the system.

In general, the chosen configuration is focused on solving three tasks: (i) obtaining
sufficiently accurate geometric contours of objects, (ii) finding the optimal layout

scheme with a small delay, and (iii) providing visual feedback.

3.3 Camera calibration and metric reconstruction

3.3.1 Intrinsic camera calibration

The camera was calibrated to obtain the geometry of the scene correctly. The purpose
of the calibration was to determine the internal parameters of the camera, including
the focal length along the image axes, the coordinates of the principal point, and
optical distortion coefficients. A ChArUco board was used for calibration (see Fig. 2-
9b), which combines a chessboard pattern and ArUco markers. Using this type of
board ensures stable calibration even with partial visibility of the board and allows
us to obtain precisely localized corner points suitable for subsequent optimization of
camera parameters|33, 49]. The ChArUco calibration board consisted of 6 x 9 cells
of 29 mm and ArUco markers measuring 21 mm. A DICT /X4 50 dictionary was
used for detection|33].

The mathematical calibration model was based on the standard pinhole camera
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model[74]. The relationship between a 3D point in the scene, P = (X,Y,Z)", and

its projection onto the image plane, p = (u,v)", is described by

u
s v :K[R t]
1

= NN X

where s is a scale factor, R and t are the camera extrinsic parameters, and K is the

camera intrinsic matrix. In general, the intrinsic matrix K is written as

fo 0
K=10 f, ¢]: (3.2)
0 0 1

where f, and f, denote the effective focal lengths expressed in pixels, and (¢, ¢,)
denote the coordinates of the principal point. These parameters are estimated during
intrinsic calibration. The adopted formulation follows the standard camera calibration

model widely used in computer vision|74].

Due to lens distortion in the camera imaging system, radial and tangential distor-
tion coefficients were additionally estimated during calibration|[16]. For normalized

image coordinates in the camera coordinate system,

:'E - Zc’ y - Zc’ N
and
r? = 2%+, (3.4)

the radial distortion component can be written as

14+ k172 + kort + kgr®
1 + kar? + ksrt + kgrt’
1+ kyr? + kor* + ksr®
Y1y kar? + ksr* + kgr6’

Ly

(3.5)

Yr
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while the tangential distortion component is given by

Ty = 2p12y + po(r? + 227),

(3.6)
Y, = p1(r? + 2y%) + 2pazy.
The distorted normalized coordinates are then computed as
T = Ty + Ty, Yd = Yr + Yt, (37>
and finally converted into pixel coordinates according to
U= forq+ Cy, v = fyyi+cy. (3.8)

Using a rational distortion model allows us to accurately account for nonlinear distor-

tions, especially with noticeable perspective deformation and a wide field of view[23].

During camera calibration, 50 images were taken at different positions and tilts
relative to the camera. To ensure high-quality calibration, the frames passed the
following selection criteria: (i) at least 14 ChArUco corners had to be detected in the
frame, (ii) the Laplacian-variance sharpness score had to be at least 25[53|, (iii) the
angular offset had to satisfy the specified threshold, (iv) the board offset relative to
the previous frame had to be at least 25 px in order to avoid repeated frames, and (v)
the frame was considered suitable if a stable position of the board was maintained for 1
second. Such filtering made it possible to exclude blurred, too similar, or geometrically

insufficiently informative frames.

To quantify the camera parameters, optimization was performed on a set of corre-
spondences between the three-dimensional points on the calibration board and their
observed locations in the two-dimensional image. During the optimization process,
the stop criterion € = 107 was used, with the maximum number of iterations being

100. For each accepted image, a set of corresponding pairs

(Xiz:%i5) (3.9)
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was obtained, where X;; denotes the known coordinate of the j-th ChArUco point
in the board coordinate system, and x;; denotes its measured position in the ¢-th
image. The calibration problem was then reduced to minimizing the total reprojection

error|74]:

KR, b, ZZ Ixi; = (K, d, R, ¢, X)|* (3.10)

i=1 j=1
where d is the vector of distortion coefficients, and 7 (-) denotes the distortion-aware
projection function.
The calibration quality was assessed by the root mean square (RMS) reprojection

error. For N images and the total number of observations (), it can be expressed as

N M;
ERMS — Z Z |Xij — )A(inQ (311)

where x;; are the coordinates of the point obtained by back-projection after optimizing
the camera parameters. In addition, an individual reprojection error was calculated
for each frame, which made it possible to analyze the average, median, minimum,
and maximum error values. After obtaining the individual reprojection error, frames
were filtered using a threshold of no more than 0.19 px. As a result of calibration, the
intrinsic camera matrix given in formula (3.2) and the vector of distortion coefficients
d = [ki, ko, p1, Do, k3, ku, ks, ke]" were determined, which were used for image

correction and metrically consistent analysis of the working scene.

3.3.2 Workspace definition using four ArUco markers

In order to obtain the boundaries of the workspace, four ArUco[33| markers were
used. The image from the camera is shown in Fig. 3-3. When an input frame was
received, the image was preprocessed, after which the markers were detected. Prepro-
cessing included obtaining a real-time video stream from the camera with a resolution
of 1280 x 720 at 15 FPS. Each frame was converted from BGR to a grayscale image.
After that, contrast-limited adaptive histogram equalization (CLAHE)[75] was ap-
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Figure 3-3: Workspace definition using four ArUco markers.

plied. This method enhances the visibility of borders and markers even under uneven
lighting conditions. The workspace was considered ready for use when four markers
were detected in the frame. This restriction allows us to form the boundaries of the
workspace only from a complete and geometrically consistent set of reference points.

Let the detected markers be indexed as k£ = 1,2,3,4, and let each marker be

defined by four corner points in the image:

my; = (Thy Yeg),  J=1,2,3,4 (3.12)

where my, ; are the coordinates of the j-th corner of the k-th marker in the image
plane. The system combines all the detected corner points and creates an outer
quadrilateral based on them, which limits the workspace. This approach allows us
to define the workspace more precisely and easily change its dimensions and shape,
inside which the desired object is segmented for cutting.

The set of all corner points can be written in the form

P={my, |k=1,...,4 j=1. 4} (3.13)
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In order to obtain the correct order of the markers, extreme values of the sums and

differences of coordinates are used. The vertices of the workspace are defined as

follows:

z; =arg min (z+y) (3.14)
p=(z,y)EP

Zo = arg min (y —x) (3.15)
p=(z,y)€P

zz3 = arg max (z+y) (3.16)
p=(z,y)eP

zy =arg max (y—x) (3.17)
p=(z,y)eP

where z; is the upper-left, z, is the upper-right, zs is the lower-right, and z, is the
lower-left corner. The order of the vertices is important to eliminate ambiguity in the

sequence and to correctly construct the geometric transformation of each frame.

The average side length of a marker in pixels is calculated as follows:

4 4
- 1
T DO iy e — my (3.18)

where j© = j+ 1 for j = 1,2,3, and j© = 1 is assumed for j = 4. Then the

pixel-to-scale ratio is defined as:

LArUco
Smm/px = Z (319)
px

where La,uco is the known length of each side of the marker. Thus, the coefficient
Smm/px defines the metric scale of the rectified workspace and makes it possible to
convert all subsequent geometric measurements from pixels to millimeters. After
obtaining this coefficient, the length and width of the quadrilateral in pixels are
calculated:

Wik = [|z2 — | (3.20)
Hypy = |24 — 24| (3.21)
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In metric dimensions, the workspace is defined as follows:
Wmm = Smm/px ° pr (322)

Hmm = Smm/px : pr (323)

After all operations, the workspace is transformed into a canonical area using a
perspective transformation (homography)[38|. This helps to rectify the workspace so
that perspective distortions are reduced. Let H be the homography matrix that maps

the vertices of the workspace as follows:
H: {z,25,23,2,} — {(0,0),(Wpx —1,0), Wpx — 1, Hpx — 1), (0, Hox — 1)} (3.24)
Then the rectified image of the workspace can be represented as:

Uu
Lect(u,v) =T H™ [y (3.25)
1

This approach to detecting the workspace is very convenient for small and medium-
sized workshops, where the configuration of the workspace is constantly changing, or

where the dimensions of the sheet material are constantly changing.

3.4 Segmentation of sheet material

Segmentation is a very important part of the proposed system. The purpose of
segmentation is to detect and highlight the boundaries of the sheet material in the
workspace. The proposed system used a hybrid approach consisting of (i) selection
of the boundaries of an object, (ii) background subtraction relative to the reference
image (a backup method), (iii) morphological postprocessing of a binary mask, and
(iv) filtering connected components by area. However, before the segmentation stage,

preprocessing of the frame was performed.
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In order to get rid of noise and small textural distortions, each frame was first
converted to grayscale, and then it was subjected to soft Gaussian smoothing [20].

This transformation can be written as:
I%ray — g(Iiect) 7 I}t)lur — HU % Iigra}” (326)

where I}°** is the rectified frame of the workspace at time ¢, G(-) is the grayscale
conversion operator, and H, is the Gaussian smoothing filter. In the implemented
system, a 5 x5 kernel was employed, which effectively suppressed high-frequency noise

without introducing noticeable blurring of the material boundaries.

images/segmentation. jpg

Figure 3-4: Example of object segmentation.

After preprocessing the frame, the first stage of segmentation was performed:
selection of the boundaries of the object. This method works by detecting sudden

changes in brightness between the workspace and the object. The Canny operator
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was applied to the smoothed frame, which formed the contours of the objects|20]:
E(z,y) = Canny (I"™, Tiow, Thign) , (3.27)

where Tj,, and Ti,;gn are the lower and upper thresholds of the edge detector. After
applying the operator, morphological dilation of the detected edges was performed
using a small elliptical structuring element|64]; this step is necessary in order to turn
thin contour lines into more stable connected objects. The resulting edge-based mask

is denoted by M.

A fallback segmentation method is background subtraction relative to the refer-
ence image. This approach compares the reference frame with the received frame[54].
The reference frame was created when the segmented objects were not present in the
workspace, and it could also be updated at the user’s request. This approach can be
described as follows:

B = H, * G(I), (3.28)

where B is the reference image, and ¢y is the moment of its registration. Based on

this, the difference between the input frame and the reference frame was calculated:

Dt(ﬂf,y) = |I?lur($’y) - B(x,y)

: (3.29)
after that, a binary foreground mask was formed:

17 D (iU,y) > Tb )
M5 (2, y) = t : (3.30)

0, otherwise.

where Ti, is the binarization threshold. This approach allows us to highlight seg-
mented objects even in cases where their visual difference from the workspace surface

is not sufficiently large|54].

However, the main method for obtaining a binary mask is selection of the object

boundaries, but the user can change the segmentation method manually. With this
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in mind, the binary segmentation mask is set as follows:

© M€ if the edge channel is active,
M = (3.31)

b .
M;®,  otherwise.

After that, morphological postprocessing was performed. Median smoothing was
used to suppress single-pixel noise, followed by morphological opening using a small

elliptical structuring element|64]:
MY = (Med (M,EO))) . (3.32)

If it was necessary to combine closely located objects, the system could additionally
perform morphological closing|64]. However, morphological closing was not used in
the proposed system, since when working with objects of complex shape, a slight

coalescence of neighboring areas can lead to segmentation errors.

The final stage is binary-mask filtering using connected component analysis[59].
For each segmented object, the area in pixels was calculated, and only those objects

that exceeded the minimum area threshold were included in the final mask:

1, (x,y) € Ck and A(Cy) > Anin,
ME% (1 y) = * * (3.33)

0, otherwise,

where Cj is the k-th connected component, A(Cy) is the area of the object, and
Apnin 18 the minimum allowable area of the object. Filtering helps to remove false
detections, glare, or changes in lighting. An example of the segmentation result is

shown in Fig. 3-4.

Segmentation in the proposed system is not just the detection of an object, but
the detection of its real geometric shape. Therefore, the result of segmentation is an
exact binary mask of the segmented object, which is then used to obtain its geometric

parameters.
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3.5 Geometric description of segmented material

After obtaining the binary mask of the segmented object, the next step is to obtain
its geometric parameters. The outer contour of the material is extracted from the
binary mask|67], then approximated by a compact polygonal model[26]. A minimum-
area bounding rectangle is calculated for each segmented object[32]. It is used for:
(i) obtaining a stable local coordinate system, (ii) estimating dimensions, and (iii)
obtaining a stable orientation of the object, but it does not replace the real contour.
Unlike a conventional axis-aligned bounding rectangle, such a container takes into
account the actual orientation of the object in the plane and therefore better corre-
sponds to the geometry of the real material[32]. If we denote this rectangle by R*,
then it is defined as:

R* = arg %ércl S(R), (3.34)

where S(R) is the area of the rectangle covering the contour C. Let the vertices of

the found rectangle be ordered as:

P1; P2, P3; P4- (3.35)

Then its main dimensions in millimeters are determined by the lengths of the corre-
sponding sides:

W=|p2—pills, H=|ps—pils (3.36)

where s is the scale factor in millimeters per pixel obtained during workspace identi-

fication.

After constructing the oriented container, the contour is translated into a local
coordinate system associated with the segmented object itself. The vertex p; is taken
as the origin, and the axes of the local system are directed along the two main sides

of the rectangle. Then the unit basis vectors of the local system can be set as follows:

o, = B2 PL_ o, = BATPL (3.37)

B HP2—P1H’ B ||P4—P1H'
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For each point of the original contour q;, the local coordinates (u;,v;) are obtained

by projection onto these directions:

u; = ((qi — p1) - €u) S, v; = ((q; — P1) - &) 5. (3.38)

As a result, a local polygon of the object is formed:
Ploc = {(Uz,vz)}f\il . (3.39)

The coordinates of this polygon are already expressed in millimeters. This method is

convenient because it directly relates the shape of an object to its physical dimensions.

The area of a segmented object is calculated not from the area of the bounding

rectangle, but from the local polygon. The Gauss area formula is used for this|[15]:

N

1
5 Z (uivi—H - Uiui—l—l)

=1

Spiece = 7 (uns1,vn41) = (u1,v1). (3.40)

The value Spiece reflects the true area of the object, taking into account its actual
shape. Also, to describe the geometric contour, the lengths of the sides of the polygo-
nal approximation are calculated. If the neighboring vertices of the local polygon are
defined by the points (u;,v;) and (u;41,v;11), then the length of the corresponding
edge is defined as:

li = \/(ui—i-l - ui)2 + (vi-i-l - Ui)Q’ 1= ]-) 27 R N) (341>

with cyclic closure of the last edge to the first vertex. The set of values [; is one of

the simple descriptors of the object shape.

As a result of this stage, (i) an external contour is formed for each object, (ii) a
simplified polygonal representation is obtained, (iii) a minimum-area bounding rect-
angle is determined, (iv) a local polygon in millimeters is constructed, and (v) the
geometric parameters of the object are calculated. The results obtained form the

basis for the segmented-object placement algorithm.
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3.6 Geometric representation of input parts

In the proposed system, the input parts are represented by a unified geometric model.
The system allows us to create a layout scheme for objects of simple and arbitrary

shape. In general, the input object can be written as:
P, = (Tz‘, Gi, M, «4@')7 (342)

where 7; denotes the object type, G; is a geometric description, M; is a set of met-
ric parameters, and A; is a set of additional attributes necessary for storage and
subsequent placement.

The simplest way to specify parts is for the user to select the object type: (i)
rectangle or (ii) circle, as well as enter its geometric parameters. For a rectangular

object type, the geometric parameters are set by the width w; and height h;:
G« = {wi, hi}, (3.43)
For a circular part, the geometric parameters are set by the diameter d;:
Gire = {d;}. (3.44)

This method is very convenient when working with simple workpieces and requires
only a minimal set of parameters.

In order to place objects of arbitrary shape, a method is proposed in which the
user independently draws the objects required for cutting on the segmented material,
focusing on the shape of the material. An example of this process is shown in Fig. 3-5.
In this case, the parts are represented as a closed polygon, which is defined by an

ordered set of vertices in the metric coordinate system:
poly _ —
GV =A{vi1, Vigs - Vi Vik = (Tik, Yik)- (3.45)

It is important to note that the proposed system has a function for storing user-
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Figure 3-5: Example of manual creation of an irregularly shaped part on the seg-
mented material.

defined shapes, which allows us to reuse user-created objects in the future. The
shape repository contains geometric descriptions of contours in millimeters, including
polygon vertices, the closure property, border segments, and the dimensions of the

bounding container.

Additionally, the proposed system implements a batch upload mode for parts in
.csv format. This mode is needed in order to place a pre-formed list of objects, which
is automatically sent to the placement algorithm. Each entry contains information
about the type of part, its geometric parameters, additional attributes, and placement

status.

Thus, the use of a hybrid approach in the representation of input data makes it
suitable for standard production tasks, where both a typical set of objects and objects

of arbitrary shape are used.
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(a) Nesting result for an irregular sheet ma-  (b) Nesting result for a regular sheet mate-
terial. rial.

Figure 3-6: Examples of layouts produced by the proposed automatic 2D nesting
algorithm for different sheet material shapes.

3.7 Nesting algorithm

The nesting problem is formulated in the standard form as the maximization of ma-

terial utilization over an admissible placement region 2:

N
> im1 %iSi 7 (3.46)
Sa

maxn =

where z; € {0, 1} is the placement indicator of part ¢, S; is the area of the i-th part,
and S, is the area of the admissible material region. The placement must satisfy the

feasibility constraints
-Fz(rzvez) g Q, E(rivgi)m‘Fj(rj?Qj) :®7 17&]7 (347>

where Fj is the geometry of part ¢, r; is its position, and 6; is its rotation angle.

In this work, however, € is not a predefined rectangular container. Instead, it is
obtained directly from the segmented contour of the real sheet material and repre-
sented in local metric coordinates. The implemented algorithm, denoted HybridNest,
is therefore a practical raster-based multi-start heuristic designed for segmented ma-
terial regions of arbitrary shape. The general problem formulation and the ideas
of bottom-left placement, greedy ordering, and local compaction follow the nesting

literature[8, 9, 27, 17, 36]. The proposed contribution of this work is their integra-

50



tion with: (i) a segmented irregular workspace, (ii) adaptive raster resolution, (iii) a

multi-start schedule of ordering strategies, and (iv) an interactive operating mode.

Before layout generation, all input parts are filtered by geometric feasibility. Circu-
lar parts are accepted only if their diameter fits into the admissible region dimensions.
Rectangular and polygonal parts are checked in the default and rotated orientations
whenever such rotation is allowed. This stage removes obviously infeasible parts and

reduces the size of the search space before the actual nesting stage.

After filtering, the admissible region € is discretized into a binary raster mask
A® . where A is the grid cell size in millimetres. Intuitively, A controls the balance
between geometric precision and computational cost: smaller values preserve narrow
concavities and small gaps more accurately, whereas larger values accelerate the search
but coarsen the geometry. In the implementation, A is adapted to the current instance
using the part dimensions and the expected packing density. Let diyin, dmed, and diax

denote the minimum, median, and maximum characteristic part sizes, and let

_ XS (3.48)

P So

be the expected density of the instance. First, a precision-oriented base step is defined

as

dmin
Ap = max (Amina ¥> s (349)

where A, = 0.15 mm. Next, the size-variation coefficient

dmaX
V=g (3.50)

is used to compute an intermediate step

(

1.2A,, v <2,
dmed
A = ¢ 0.75 max | A, > ) Y > 5, (3.51)
A, otherwise.
\
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A density correction factor is then applied:

(

0.85, p>0.7,

a(p) =4 1.15, p<0.3, (3.52)

1.0, otherwise,
\

and the final raster step is obtained as

A = min {Apax, max (Apin, a(p)Ao)}, (3.53)

where Ay, = 1.0 mm. For irregular segmented material regions, the implementation
additionally restricts the raster step to at most 0.35 mm in the quality-oriented mode
in order to preserve narrow geometric details. It should be noted that all numerical
constants present in the algorithm — including resolution bounds, scaling coefficients,
and density thresholds — are empirically determined heuristic parameters, chosen to
yield satisfactory practical performance rather than obtained through formal analyt-
ical optimization. These constants are presented as configurable parameters, which

allows the user to configure them independently.

The search itself is organized as a multi-start procedure. Instead of relying on
a single fixed part order, HybridNest evaluates several alternative orderings of the
same input set. In the full configuration, the implementation defines up to 15 or-
dering strategies, including best-fit decreasing, area-to-perimeter ordering, difficulty-
first ordering, aspect-ratio-biased ordering, width-oriented ordering, first-fit decreas-
ing height, longest-side-first ordering, and mixed large-small schedules. For one layout
computation, the quality-oriented configuration evaluates at most 16 attempts. When
multiprocessing is enabled, these attempts are distributed across up to 14 worker pro-
cesses. In the interactive fast mode, the schedule is reduced to four fast orderings
and the attempt budget is reduced to approximately 2-8 attempts depending on the
instance size; for irregular segmented regions in live operation, the attempt budget is

capped at 2 in order to preserve responsiveness.
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Within each attempt, the parts are placed sequentially according to the selected
ordering. For each part, a set of orientation candidates is generated. Circles have
a single orientation candidate, rectangles use 0° and 90°, and polygonal library
parts use the allowed angles stored in the corresponding shape description, with
{0°,90°,180°,270°} used as the default set. Each orientation is converted into a

binary footprint on the raster grid.

Candidate positions are then generated using a hierarchy of placement rules. First,
a true bottom-left scan is performed to identify the lowest feasible row and the left-
most feasible position on that row. Second, stable corner positions are checked. Third,
positions adjacent to already placed parts are examined in order to obtain tighter lo-
cal packing. Fourth, skyline-type positions are tested in the quality-oriented mode.
Finally, a coarse residual scan is performed over the remaining admissible raster cells.
Every candidate that satisfies both the occupancy mask and the admissible-region
mask is greedily shifted towards the origin while feasibility is preserved. This local
sliding step reduces free gaps and acts as a lightweight compaction operator directly
during placement. Among all feasible candidates, the implementation selects the one

minimizing the bottom-left priority key

k(z,y) =y + 0.35z, (3.54)

while the heuristic candidate score is used only as a tie-breaker.

If none of the preferred candidates is feasible, a fallback raster scan is executed.
After the first full pass through the ordered parts, the algorithm performs up to two
additional gap-filling passes on the remaining unplaced parts. In these passes, the
residual set is reordered to favor smaller pieces and circles that can occupy local
cavities. After that, a post-processing stage shifts already placed parts again towards

the origin in order to shrink the occupied envelope and improve compactness.

Each attempt is evaluated using the total placed area, the number of placed parts,
the used envelope length, and the compactness of the occupied region. For fixed ma-

terial regions, the best solution is selected lexicographically by maximizing placed
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area first, then maximizing the number of placed parts, and finally minimizing the
occupied envelope. Thus, HybridNest does not search the continuous placement space
directly. Instead, it approximates the feasible domain on an adaptive raster and com-
pensates for the resulting discretization by combining multiple orderings, local sliding,
gap filling, and post-compaction. This makes the method suitable for segmented real
material regions, where geometric irregularity and response time are more impor-
tant than exact global optimality. The complete packing procedure is summarized
in Algorithm 1, and the single-piece insertion routine is detailed in Algorithm 2 (see

Appendix A.1).

3.8 Projection-based visual feedback

The main difference from other studies is that the proposed system provides feedback
in the form of a projection directly onto the workspace[56, 51, 13]. After obtaining an
effective layout, the user sees on the computer monitor a visual display of all the placed
parts on the selected segmented material. The user then captures a frame containing
only the workspace, and the result is projected directly onto the work surface through
a projector with a resolution of 1280 x 720 px. In this case, the selected segmented
object is displayed in green, and the unselected ones are outlined in yellow. The
placed parts on the segmented object are highlighted in red. An example of such
projection support is shown in Fig. 3-7. To analyze the placement algorithm, the
frame is accompanied by visual information about the material utilization rate and
the number of placed parts relative to their total number. This form of feedback
helps the operator to immediately assess the quality of the placement, reduce the
operator’s cognitive load during material cutting, and make the cutting process more

controlled[51, 13, 69].
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(a) Projection of the nesting result onto the
selected irregular material in the physical
workspace.

(b) Projection of the nesting result onto
the selected regular material in the physi-
cal workspace.
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(c) Projection of the nesting result onto
the selected regular material in the physi-
cal workspace under low-light conditions for
better visibility.

(d) Projection of the nesting result onto
the selected irregular material in the physi-
cal workspace under low-light conditions for
better visibility.

Figure 3-7: Examples of projection-based visual guidance in the proposed automatic

2D nesting system.



Chapter 4

Results

This section evaluates the results of the proposed system according to the key stages
of its operation. The analysis was performed sequentially in four areas: (i) camera
calibration quality, (ii) segmentation quality, (iii) efficiency of the layout algorithm,
and (iv) efficiency of the entire system. This assessment method allows us to evaluate

the accuracy of each stage and the entire system as a whole.

4.1 Camera calibration quality

Obtaining geometric parameters of segmented materials depends directly on the cali-
bration quality. The calibration quality was estimated by the RMS reprojection error
according to formula (3.11). This value characterizes the discrepancy between the ac-
tually detected control points and the points projected onto the image. The smaller
the RMS error, the higher the geometric consistency|74].

As a result of calibration, the value of egys was 0.1501 px. Additionally, the
average error was 0.149 px, the median was 0.153 px, the standard deviation was
0.016 px, the minimum value was 0.128 px, and the maximum was 0.183 px. The low
RMS error, combined with the small inter-frame variation, shows that the estimated
intrinsic camera parameters and the distortion model consistently describe the real
geometry. Thus, the calibration can be considered sufficiently accurate for subsequent

steps. Comparing this result with the data from other studies presented in Table 4.1,
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Table 4.1: Comparison of reprojection error with published camera calibration results.

Work Calibration setup Error, px Comment

This work Monocular camera, 0.1501 egwms, subpixel reprojection error
1280 x 720, 29 accepted
frames, ChArUco board

Geiger et al. [34] Camera-to-camera cal- 0.18 Corner reprojection error
ibration, checkerboard-
based setup

Sels et al. [63] Standard checkerboard 0.25 Average reprojection error
calibration
An et al. [3] Omnidirectional cam- 0.37 Average reprojection error

era calibration using

ChArUco board

Roshan et Thermal camera cali- <04 Overall mean reprojection error
al. [60] bration using ChArUco
board

we can conclude that the achieved accuracy is in the high-precision subpixel range[34,
3, 60].

It should also be noted that a direct quantitative comparison of reprojection errors
between studies is only indicative, because the final result is influenced by the type

of camera, resolution, distortion model, number of frames, and shooting conditions.

4.2 Geometric evaluation of segmentation results

To evaluate the quality of segmentation, the obtained geometric parameters were com-
pared with ground-truth measurements. We used 10 objects of different shapes and
sizes, and the deviation from ground truth was approximately 0.4-0.6 cm. The results
show that the proposed approach provides fairly accurate geometric descriptions of

segmented objects; the measurements for each object are summarized in Table 4.2.

4.3 Nesting algorithm efficiency

In order to evaluate the placement algorithm, open benchmarks were used. The

quality of the algorithm was evaluated in two directions: (i) the layout of regular-
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Table 4.2: Dimensional comparison of segmented objects with ground truth.

Object | W9 cm | H9, cm | W*¢9, cm | H*%9, cm | e;, cm
1 18.0 12.0 18.3 11.5 0.40
2 20.5 14.0 20.1 14.5 0.45
3 16.0 10.5 15.5 10.0 0.50
4 22.0 15.5 22.6 15.0 0.55
) 19.0 13.0 18.3 13.5 0.60
6 24.5 16.0 24.1 15.6 0.40
7 14.0 9.5 14.4 9.0 0.45
8 21.0 11.5 20.5 10.9 0.55
9 17.5 12.5 17.0 12.0 0.50
10 23.0 14.5 22.4 13.9 0.60

Mean 19.55 12.90 19.32 12.59 0.50

shaped parts and (ii) the layout of irregular-shaped parts.

4.3.1 Evaluation of the layout of regular-shaped parts

Table 4.3: Comparison of the proposed method with representative results from the
literature on the BENG benchmark family.

Method Reference Avg. filling rate (%) Avg. time (s)
LWF [71] 99.3778 6.07
HSA |46] 99.3312 6.05
IBHP [65] 99.4326 -
HAGA [48] 99.3429 228.12
Proposed HybridNest This work 99.7200 18.28

Table 4.4: Results of the proposed method on the BENG benchmark family.

Instance  Container, mm Available items Placed items Utilization, % Trim loss, % Time, s

beng_ 01 25 x 10 20 9 98.80 1.20 1.50
beng_ 02 25 x 10 40 8 99.60 0.40 2.42
beng 03 25 x 10 60 9 100.00 0.00 3.37
beng 04 25 x 10 80 10 100.00 0.00 4.49
beng_ 05 25 x 10 100 13 100.00 0.00 5.43
beng_ 06 40 x 25 40 22 98.80 1.20 7.59
beng_ 07 40 x 25 80 28 100.00 0.00 20.95
beng 08 40 x 25 120 28 100.00 0.00 33.18
beng_ 09 40 x 25 160 35 100.00 0.00 46.08
beng_ 10 40 x 25 200 29 100.00 0.00 57.76
Average - - 19.1 99.72 0.28 18.28
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Figure 4-1: Example of part placement produced by the proposed HybridNest algo-
rithm for a regular-shaped benchmark instance.

The four benchmarks used to evaluate the layout of regular-shaped parts were[42]:
(i) BENG]7], (ii) CGCUTI22|, (iii) NGCUT|6], and (iv) WANG][12]. In these bench-
mark families, the number of available items may exceed the number of items actually
placed, since the objective is to maximize the utilization of a fixed container rather
than to place all input items. Therefore, the utilization values reported in this study
refer to the fraction of the container area occupied by the placed parts, not to the

fraction of items placed.

The BENG benchmark consists of 10 instances|7, 42|. All instances consist of
rectangular objects that need to be placed in a known container. A 25 x 10 mm
container was used for instances 1 to 5, and a 40 x 25 mm container was used for
instances 6 to 10. The number of parts increases from 20 to 200, which makes this
benchmark suitable for evaluating algorithmic scalability. The number of part types
varies from 20 to 40. The BENG benchmark is used to evaluate area utilization as
task size increases|[42]. According to the results obtained in the proposed system, the
algorithm showed high placement efficiency. The average area utilization rate was

99.7%. The average computation time was 18.28 seconds, and for the largest instance
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it was 57.76 seconds. A comparative analysis with representative methods from the
literature is presented in Table 4.3. The detailed quantitative results obtained for all
BENG instances are summarized in Table 4.4. An example of the layout produced

by the proposed algorithm is shown in Fig. 4-1.

Table 4.5: Results of the proposed method on the CGCUT benchmark family.

Instance  Container, mm Available items Placed items Utilization, % Trim loss, % Time, s

cgeut 01 15 x 10 16 9 100.00 0.00 1.24
cgeut 02 40 x 70 23 12 95.00 5.00 8.56
cgeut 03 40 x 70 62 3 88.75 11.25 5.24
Average - - 8 94.58 5.42 5.02

NU_SEDS_MS_Template_Adapted_From_MIT/images/cgcut_layout.png

Figure 4-2: Representative layout obtained by the proposed method for a CGCUT
benchmark instance.

The CGCUT benchmark consists of 3 instances|22, 42]. The number of parts in
the set varies from 16 to 62, and the number of different types varies from 7 to 19. The
containers for the three instances have sizes of 15 x 10, 40 x 70, and 40 x 70 mm. This
benchmark is the most demanding in terms of geometric density and combinatorial
complexity. The utilization rates for the 1st, 2nd, and 3rd instances were 100%, 95%,
and 88.7%, respectively; the average value was 94.5%. The average execution time of

the algorithm was 5.02 seconds. The quantitative results of the proposed method on
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all instances of the CGCUT family are given in Table 4.5. A visual example of the
resulting layout scheme for one of the CGCUT family instances is shown in Fig. 4-2.
A comparison of the proposed method with representative results from the literature

on the CGCUT benchmark is presented in Table 4.6.

Table 4.6: Comparison of area utilization on CGCUT benchmark instances.

Area Utilization, %

Method cgcut 01 cgeut 02 cgeut 03 Ave., 7%
Christofides & Whitlock [22] 96.20 89.30 81.40 88.97
Fekete & Schepers [30] 98.10 92.50 85.60 92.07
Clautiaux et al. [24] 99.40 93.80 86.90 93.37
Tori et al. [42] 99.70 94.10 87.50 93.77
This work 100.00 95.00 88.75 94.58

Table 4.7: Results of the proposed method on the NGCUT benchmark family.

Instance ~ Container, mm Available items Placed items Utilization, % Trim loss, % Time, s

ngcut 01 10 x 10 10 5 95.00 5.00 0.86
ngeut_ 02 10 x 10 17 9 100.00 0.00 1.07
ngcut 03 10 x 10 21 9 100.00 0.00 1.20
ngecut 04 15 x 10 7 6 92.00 8.00 0.85
ngeut_ 05 15 x 10 14 5 99.33 0.67 0.94
ngecut 06 15 x 10 15 8 96.00 4.00 1.13
ngcut 07 20 x 20 8 8 43.75 56.25 0.85
ngcut 08 20 x 20 13 8 94.75 5.25 1.40
ngcut 09 20 x 20 18 8 100.00 0.00 1.66
ngcut 10 30 x 30 13 6 96.89 3.11 1.23
ngcut 11 30 x 30 15 9 97.00 3.00 2.10
ngeut 12 30 x 30 22 9 99.00 1.00 2.19
Average - - 7.5 92.81 7.19 1.29

The NGCUT benchmark consists of 12 instances|6, 42|. The containers have
sizes of 10 x 10 mm, 15 x 10 mm, 20 x 20 mm, and 30 x 30 mm. The number of
items varies from 7 to 22, with five to ten different types, and each instance has a
profit weight. This benchmark evaluates the quality of the layout in cases where
optimal solutions for complete coverage are geometrically impossible, which requires
an effective strategy for selecting the placed parts. The results show that the average
area utilization rate for all instances was 92.8%. The average running time of the
algorithm was 1.29 seconds. The quantitative results of the proposed method for

all instances of the NGCUT family are given in Table 4.7. A visual example of the
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Figure 4-3: Example of the layout obtained by the proposed method for one of the
NGCUT benchmark instances.

resulting layout scheme for one of the NGCUT instances is shown in Fig. 4-3.

Table 4.8: Results of the proposed method on the WANG benchmark family.

Instance  Container, mm Available items Placed items Utilization, % Trim loss, % Time, s

wang 01 33 x 69 42 3 100.00 0.00 3.43
wang_ 02 39 x 70 42 7 86.45 13.55 4.55
wang_ 03 40 x 70 42 3 88.75 11.25 4.64
Average - - 4.3 91.73 8.27 4.21

The WANG benchmark includes 3 instances[12, 42|. The benchmark uses a set
of 42 parts. The container sizes are 33 x 69 mm, 39 x 70 mm, and 40 x 70 mm.
This benchmark is used to evaluate how the algorithm is affected by small changes
in the size of the original container. According to the results, the proposed algorithm

provided an area utilization rate of 100.0% for the 1st instance, 86.4% for the 2nd,
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Figure 4-4: Example of the layout obtained by the proposed method for one of the
WANG benchmark instances.

and 88.7% for the 3rd. The average area utilization rate was 91.7%. The quantitative
results of the proposed method for all instances of the WANG family are given in
Table 4.8. A visual example of the resulting layout scheme for one of the WANG

family instances is shown in Fig. 4-4.

In general, the evaluation of all four benchmarks shows that the proposed algo-
rithm provides competitive area utilization for the placement of rectangular parts.
The average utilization was 99.7% for BENG, 94.5% for CGCUT, 92.8% for NG-
CUT, and 91.7% for WANG. The average running time across these four benchmark
families was approximately 7.2 seconds. These results confirm that the placement
algorithm maintains high spatial efficiency, although the exact value depends on the

container size and the number of items.
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4.3.2 Evaluation of the layout of irregular-shaped parts

Three classical benchmark sets were used to evaluate the layout of irregularly shaped
parts [42]: (i) Albano [1], (ii) Jakobsl [43], and (iii) Marques [50]. In all cases, the
parts were placed in a strip-packing setting, where one strip dimension is fixed and
the objective is to arrange the parts without overlap while minimizing the extent of
the occupied strip. The comparative evaluation was based on the material utilization
rate (%), defined as the ratio of the total area of the parts to the area of the occupied
portion of the strip. This metric was chosen because it directly reflects packing density
and provides a normalized basis for comparison across studies, whereas absolute strip
length values may not be fully comparable due to differences in geometric scaling or
unit conventions used in benchmark representations.

Table 4.9: Comparison with representative literature results on the Albano bench-
mark.

Method Reported utilization, % Reference
Gomes and Oliveira (SAHA) 87.43 [41]
Egeblad et al. (2DNest) 87.44 [41]
Imamichi et al. (ILSQN) 88.16 [41]
Domovi¢ et al. 85.17 [25]
Beam Search (ESICUP reference) 87.88 [11]
This work 63.00 -

The Albano benchmark contains 24 parts from 8 types of polygonal shapes, with
an average of about 7.25 vertices per part, and acceptable orientations of 0° and
180°[1, 41, 8|. In the experiments, the proposed algorithm was able to place all 24
parts. The strip utilization rate was 63%, and the material loss was 37%. The average
computation time for this instance was 97.3 seconds. Since the test set consists of
repeated parts and a limited number of rotation angles, the benchmark allows us to
evaluate how well the algorithm uses geometric contour compatibility. The results
show that the proposed method is able to build a feasible layout for the complete set of
parts; however, in terms of packing density, it is still inferior to specialized algorithms.
A comparative analysis with the results of other studies is given in Table 4.9. A visual

example of the resulting layout scheme for an Albano instance is shown in Fig. 4-5.
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Figure 4-5: Layout obtained by the proposed method for the Albano benchmark
instance.

Table 4.10: Comparison with representative literature results on the Jakobsl bench-
mark.

Method Utilization, % Reference
Gomes and Oliveira (SAHA) [36] 78.89 [41]
Gomes and Oliveira (GLSHA) [36] 81.67 [41]
Burke et al. (BLF) [17] 82.60 [41]
Imamichi et al. (ILSQN) [41] 86.89 [41]
Egeblad et al. (2DNest) [29] 89.07 [41]
This work 43.91 -

The Jakobsl benchmark contains 25 parts, with each part representing a different
type[43, 42]. The average number of vertices per part is about 5.6. Rotations of
0°, 90°, 180°, and 270°(68| are allowed. Due to the absence of repeated objects

and the presence of four acceptable orientations, this benchmark is a convenient test
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Figure 4-6: Layout obtained by the proposed method for the Jakobsl benchmark
instance.

for assessing how effectively the algorithm handles both placement sequencing and
orientation selection for irregular parts. The comparative results for this benchmark
are presented in Table 4.10, and a representative layout is shown in Fig. 4-6.

The Marques benchmark contains 24 parts belonging to 8 different types|50, 42].
The average number of vertices in the polygonal description is about 7.37. Rota-
tions of 0°, 90°, 180°, and 270° are allowed|41]. This benchmark is used to evaluate
how efficiently the algorithm selects the placement order and part orientations and

constructs a dense layout.

Table 4.11: Comparison with representative literature results on the Marques bench-
mark.

Method Utilization, % Reference
Gomes and Oliveira (SAHA) [36] 88.14 [41]
Burke et al. (BLF) [17] 86.50 |41]
Imamichi et al. (ILSQN) [41] 89.03 [41]
Egeblad et al. (2DNest) [29] 89.17 [41]
This work 96.94 -

In the experiments, the algorithm was able to place all 24 parts. The strip uti-

lization rate was 56.94%, and the material loss was 43%. The average computation
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Figure 4-7: Layout obtained by the proposed method for the Marques benchmark
instance.

time for this instance was 2.61 seconds. The results show that, as in the previous
experiment on the Jakobsl benchmark, the algorithm can arrange all the parts, but
the packing density is inferior to that reported in other studies. The comparative
quantitative results for Marques are given in Table 4.11. A visual example of the

resulting layout scheme for the Marques instance is shown in Fig. 4-7.

According to the evaluation results on the three benchmarks, the algorithm lost
from 37% to 56% of the material. The material utilization rate was 63% on the
Albano[1] benchmark, while the best result reported in other studies was 88%; on the
Jakobs1[43] benchmark, our result was 43.91% versus 89.07%; and on the Marques|50|
benchmark, our result was 56.94% versus 89.17%. The results show that the algorithm
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is able to arrange all the parts in an acceptable area without intersections, but the
packing density requires improvement. The main limitation is the lack of iterative-
improvement local search and contour-fitting heuristics that help other algorithms

achieve high packing density.

4.4 Comprehensive assessment of the system

To evaluate the entire system, we created a custom test set consisting of 65 parts to be
placed on the segmented material: 30 irregularly shaped parts and 35 regular-shaped
parts. Because not all parts can fit onto a single segmented area simultaneously, the
placement was carried out in four consecutive stages, with the remaining unplaced
parts from each stage passed on to the next. Table 4.12 summarizes the results
across these four stages. It is important to note that Instances 1-4 do not represent
four independent experiments; rather, they represent sequential stages of a single
placement process applied to the same original set of 65 parts. At each subsequent
stage, only the parts that were not placed in the previous stage are considered, so the
number of candidate parts decreases progressively. At Stage 1, the system attempted
to place 65 parts and successfully placed 18 of them, corresponding to a placement
rate of 27.69%. The candidate set sizes considered at Stages 2, 3, and 4 were 47, 36,
and 21 parts, respectively, yielding placement rates of 23.40%, 41.67%, and 100.00%.
Here, the placement rate is defined as the ratio of successfully placed parts to the total
number of parts considered at a given stage, i.e., nplaced/Motal X 100. These results
indicate that the main limitation of the proposed system is the rapid expansion of
the search space as the number of candidate parts increases.

Regarding material usage, the utilization metric must be interpreted indepen-
dently from the placement rate. While the placement rate reflects how many of the
candidate parts were successfully placed, utilization measures the proportion of the
segmented material area occupied by the placed parts. Consequently, a high utiliza-
tion does not imply a high placement rate, and vice versa. This distinction is clearly

illustrated by comparing Stage 1 and Stage 4. At Stage 1, only 18 of the 65 parts
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were placed, yielding a placement rate of 27.69% (computed as 18/65 x 100), yet these
parts fully occupied the available material area, resulting in a utilization of 100.00%
and zero trim loss. At Stage 4, all 21 remaining parts were successfully placed, cor-
responding to a placement rate of 100.00% (computed as 21/21 x 100) in just 3.37
seconds; however, since the total area of these 21 parts did not fully cover the avail-
able material, 21.51% of the material area remained unused, resulting in a trim loss of
21.51%. Overall, the evaluation demonstrates that the proposed system is capable of
generating feasible layouts on segmented sheet material across all four stages, while

its computational efficiency decreases with increasing numbers of candidate parts.

Table 4.12: End-to-end evaluation results for four consecutive placement stages on
segmented material.

Stage Niotal Mplaced Placement rate (%) Utilization (%) Trim loss (%) Time (s)

1 65 18 27.69 100.00 0.00 389.82
2 47 11 23.40 98.83 1.17 78.98
3 36 15 41.67 86.60 13.40 53.63
4 21 21 100.00 78.49 21.51 3.37
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Chapter 5

Conclusion

This thesis addressed the problem of automatic 2D nesting on physically captured
sheet materials of irregular and unpredictable shape in small workshop and production
settings. In contrast to conventional CAD/CAM-oriented workflows, where the geom-
etry of the material is known in advance, the proposed approach operates directly on
real materials acquired from the workspace through computer vision. To address this
problem, an integrated end-to-end system was developed that combines camera-based
workspace reconstruction, contour extraction and geometric modeling of segmented
materials, heuristic nesting of regular and irregular parts, and projection-based visual
guidance for the operator.

The obtained results demonstrate that the proposed system is technically feasi-
ble and suitable for practical deployment under controlled workshop conditions. The
calibration stage achieved a reprojection error of 0.1501 pixels, providing a reliable
metrical basis for subsequent reconstruction and measurement. The segmentation
stage produced geometric descriptions with an average error of 0.5 cm relative to
ground-truth measurements, indicating that the extracted contours are sufficiently
accurate for downstream nesting. The proposed HybridNest algorithm was able to
generate valid layouts for both regular and irregular material regions, while bench-
mark experiments confirmed strong performance for regular instances and practical
applicability for segmented real-world objects. In addition, the projection module

established a direct connection between the computed layout and the physical work
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surface, thereby improving the usability of the system and reducing the operator’s
need to mentally transfer digital plans to the cutting material.

From a research perspective, the main contribution of this work lies not only in
the implementation of individual modules, but in their integration into a unified op-
erational pipeline. The study demonstrates that automatic layout generation on real
leftover materials can be achieved by coupling workspace reconstruction, segmenta-
tion, geometric representation, heuristic placement, and 1:1 projection-based feedback
within a single system. This closes part of the gap identified in the literature between
digital nesting methods and physically grounded, interactive cutting workflows.

At the same time, the study revealed several important limitations. First, the
segmentation stage remains sensitive to illumination changes, glare, and reflections,
which can degrade contour quality and introduce false detections. Second, although
the proposed nesting strategy produces valid and practically useful layouts, its packing
efficiency on difficult irregular benchmarks remains below that of highly specialized
state-of-the-art methods designed exclusively for offline optimization. These limi-
tations indicate that, while the proposed system is effective as an integrated proof
of concept and practical prototype, further improvements are needed to increase its

robustness and optimization quality in more challenging production scenarios.

5.1 Future work

Future research should focus first on improving the robustness of material segmenta-
tion under realistic workshop conditions. In the current system, strong illumination
changes, glare, and surface reflections remain the main causes of contour instabil-
ity and false-positive detections. This limitation may be addressed through more
advanced illumination normalization, adaptive thresholding, reflection-aware prepro-
cessing, or learning-based segmentation approaches. In addition, controlled lighting
and simple hardware measures for reflection suppression could further improve the
reliability of scene acquisition.

A second important direction is the further development of the nesting algo-
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rithm for irregularly shaped parts and segmented material regions. Although the
current heuristic is sufficiently fast and produces valid layouts, its packing density
can be improved by incorporating stronger refinement stages, such as iterative local
search, contour-aware compaction, or hybrid optimization strategies that combine
fast constructive placement with subsequent improvement procedures. Parallel and
multi-stage optimization schemes are also promising for larger and more geometrically
complex instances.

Finally, the proposed system should be evaluated on a wider variety of materials,
textures, and industrial scenarios in order to better assess its generalizability. Future
work should also include user-oriented studies of projection-based guidance, with
particular attention to operator accuracy, task completion time, and cognitive load.
Such investigations would make it possible to evaluate the system not only as a
computational method, but also as a practical human-centered tool for real cutting

workflows.
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Appendix A

A.1 HybridNest pseudocode

The complete HybridNest packing pipeline is summarized in Algorithm 1, while the

compact single-piece insertion routine is given in Algorithm 2.
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Algorithm 1 HybridNest multi-start packing procedure

Require: Object O = (W, H, ), pieces P, seed s
Ensure: Best layout L*

©

(Pfit, Punyit) < SPLITCUTSTOFIT(W, H, P)
if Py = () then

return ()

end if

sort Ps;: by decreasing area

A < CALCULATEADAPTIVECELLSIZE (P, W, H)

build allowed raster mask A2 from Q

determine number of attempts T’

initialize best statistics (C*, A*, U*, K*) and best layout L*

10: fort=1to T do
11: 7y <— GETSORTINGSTRATEGY (¢, Pyit, S)
12:  initialize packer By with (W, H,Q, A, A®)
13: A0, I, <0
14: for all p € m, do
15: if INSERTPIECE(B;, p) succeeds then
16: update placed area A; and placed-id set I;
17: end if
18: end for
19: for g=1to G do
20: R < pieces not yet placed
21: if R =0 then
22: break
23: end if
24: reorder R for gap filling
25: g+ 0
26: for all p € R do
27 if INSERTPIECE(B;, p) succeeds then
28: update Ay, I;, and ¢
29: end if
30: end for
31: if ¢ =0 then
32: break
33: end if
34: end for
35: if post-compaction is enabled then
36: SHRINKENVELOPE(B;) and remove accidental overlaps
37: end if
38: compute:
Cy = number of placed pieces
U; = used strip length / horizontal span
K; = bounding-box compactness term
39: if BETTERCANDIDATE(CY, Ay, U, Ky; C*, A*, U*, K*) then
40: update L* and best statistics
41: end if
42: if early-stop condition holds then
43: break
44: end if
45: end for

46: record final metrics
47: return L*
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Algorithm 2 Compact insertion of one piece in HybridNest

Require: Packer state B, piece p = (w, h, s,1d, name)
Ensure: true if placed, else false

1: build footprint candidates F:

2: if s = circle then

3: create one disk footprint

4: else if s € {poly,library} then
5: create polygon footprints for allowed rotation angles
6: else
7 create rectangular footprint at 0°
8 if rotation is allowed and w # h then

9: add rectangular footprint at 90°
10: end if
11: end if

12: for all F € F do
13: C < FINDPoOSITIONS(B, F)

> bottom-left scan, corner positions, adjacency, skyline, quick scan
14: if C = () then

15: continue
16: end if
17: best candidate + ()
18: for all (z,y,0) € C up to an evaluation cap do
19: convert (x,y) from grid cells to millimeters
20: if piece exceeds container bounds in millimeters then
21: continue
22: end if
23; (#,3)  (2,1)
24: if x > 0 or y > 0 then
25: (bg,by) < SLIDETOWARDSORIGIN(z, y, F')
26: if (by,b,) stays within bounds and fits mask then
7. (#,5)  (basby)
28: else if (z,y) does not fit mask then
29: continue
30: end if
31: else if (z,y) does not fit mask then
32: continue
33: end if
34: define candidate key:
k= (§ + 0.35%, —0)
35: if no best candidate stored yet or k is better then
36: store (&,7) as current best
37: end if
38: end for
39: if a best candidate exists then
40: if PLACE(B, F, %, §j, p) succeeds then
41: return true
42: end if
43: end if
44: perform fallback raster scan with adaptive step
45: for all fallback positions (z,y) do
46: if position is inside millimeter bounds and fits mask then
47: if PLACE(B, F, z,y, p) succeeds then
48: return true
49: end if
50: end if
51: end for
52: end for &

53: return false
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