
A Context Aware Type System for Tree-Like Data

Structures

by

Akhmetzhan Kussainov

Submitted to the Department of Computer Science

in partial fulfillment of the requirements for the degree of

Master of Science in Computer Science

at the

NAZARBAYEV UNIVERSITY

June 2025

© Nazarbayev University 2025. All rights reserved.

Author . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Department of Computer Science

7th May, 2025

Certified by. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Hans de Nivelle

Associate Professor

Thesis Supervisor

Accepted by . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Yelyzaveta Arkhangelsky

Dean, School of Engineering and Digital Sciences



2



A Context Aware Type System for Tree-Like Data Structures

by

Akhmetzhan Kussainov

Submitted to the Department of Computer Science
on 7th May, 2025, in partial fulfillment of the

requirements for the degree of
Master of Science in Computer Science

Abstract

In this work, we design a context aware type system for an imperative programming
language where all data are tree structures. Tree-like data structures can have dif-
ferent forms with distinct fields based on the way they are constructed. Our type
system can determine the forms of data trees from a program context and ensure
the correctness of field accesses and function applications. During type checking, the
program context is approximated as a function that maps each program point to a set
of possible program states. Indexing information is also approximated with special
array range states and relative order of indices. This novel treatment of indices allows
us to reason about the state of an array at some index without storing the states of in-
dividual elements. Once the program approximation is computed, the type-checking
algorithm ensures the correctness of function and field applications. Function and
field applications are valid if their preconditions are satisfied by the current program
state. A program is well-typed if all function applications and field accesses can be
resolved to exactly one valid overload in each possible program state. Otherwise, our
type-checking algorithm concludes that the program is ill-typed.

Thesis Supervisor: Hans de Nivelle
Title: Associate Professor
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Chapter 1

Introduction

In this project, we design a context aware type system for an experimental imperative

programming language where all data are trees. Data trees can have different forms

with distinct field layouts based on the way they are constructed. Thus, deciding

whether an operation applied on a data tree is valid requires knowing its form. In

order to determine the form of a data tree, we approximate the program behaviour to

copture the way data are constructed and modified at runtime. Therefore, our type

system requires approximated context information to type check a program. The

approximation of program context is a function which maps every program point to

a set of possible program states. A single program point can be mapped to multiple

program states since different computations can end up in the same program point

with different values for variables. Moreover, transitions to a next possible state be-

comes non-deterministic since two states in the current program point can transition

to different states. Therefore, computational model of the approximated program

is non-deterministic. Once the program context is approximated, out type checking

algorithm can verify correctness of operations applied on data trees. A program is

well-typed if all function applications can be resolved to exactly one valid overload

in each possible state. If there is no valid overload then the program is ill-typed. If

there are several valid overloads then the function application is ambiguous and we

can conclude ill-type or choose one overload based on some priority rules.

This project is an extension of the TreeGen project developed by Professor Hans de
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Nivelle [16]. TreeGen can generate tree-like data structures in C++ with automatic

memory management from inductive type definitions. The type system developed

in this project allows to resolve function overloads on tree data structures based on

the program context. Without it, selecting overloads requires dynamic type casting

to subclasses in object-oriented programming or pattern matching in functional pro-

gramming. Previously, in TreeGen, this task required creating instance of appropriate

view obejct.

Let’s consider a tree data structure that represents simple propositional logic,

denoted as Prop. Propositional formulas of type Prop can have four distinct forms.

Atom is a character array and negation is an unary operation with subtree of of type

Prop. Implication and equivalence share the same form which is a binary operation

on Prop’s. Conjuction and disjunction operations also share the same form with

unrestricted arities. We define the propositional formulas as follows:

Example 1.0.1. typedef Prop = {

?atom => [ c : char ];

?not => sub : Prop;

?implies, ?equiv => sub1 : Prop, sub2 : Prop;

?or, ?and => [ sub : Prop ];

};

typedef Atom = ( ?atom, all( char ) );

typedef Literal = Atom || ( ?not, Atom );

typedef ArrowFree = Atom || (?not, ArrowFree)

|| ( ?or || ?and, all( ArrowFree ) );

typedef NNF = Literal || ( ?or || ?and, all( NNF ) );

Along with the base type Prop, we have defined several adjective types. These adjec-

tives express additional constraints on the base type. Note that, tuples of arbitrary

arity are only constructors allowed in adjective definitions (e.g. (?not,Atom)). Atom

represents propositional formulas only consisting of atoms. Literal represents for-
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mulas consisting of atoms and their negations. These two adjectives are not useful on

their own but, rather, they are used as parts of other adjectives to modularize type

definitions. ArrowFree represents formulas consisting of atoms, negations, disjunc-

tions, and conjuctions. It is used to ensure that subformulas involving implication

and equivalence are replaced by their logical identities. NNF represents formulas in

normal negation form.

Let’s now consider a function that transforms an arbitrary propositional formula

into its negation normal form. We first define make_arrowfree for prepocessing for-

mulas to eliminate implication and equivalence operations in subterms. Next we define

make_nnf_pos and make_nnf_neg which transform formulas without implication and

equivalence operations into NNF formulas with positive and negative polarities, re-

spectively. All three functions recursively iterate on the form of the argument formula

f where the selector field f.sel is used to distinguish different forms.

Example 1.0.2. Prop && ArrowFree make_arrowfree( f : Prop ) {

switch( f. sel ) {

case ?atom:

return f;

case ?not:

return ( ?not, make_arrowfree( f. sub ));

case ?implies:

return ( ?or, ( ?not, make_arrowfree( f. sub1 )),

( make_arrowfree( s. sub2 )) );

case ?equiv:

var s1 = make_arrowfree( f. sub1 );

var s2 = make_arrowfree( f. sub2 );

return ( ?and, ( ?or, ( ?not, s1 ), s2 ),

( ?or, s1, ( ?not, s2 )) );

case ?or, ?and:

var f2 = ( f. sel, ( ));
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for( i : u64 = 0; i < f. length; ++ i )

f2. push_back( make_arrowfree( f. sub[i] ) );

return f2;

}

Prop && NNF make_nnf_pos( f : Prop && ArrowFree ) {

switch( f. sel ) {

case ?atom:

return f;

case ?not:

return make_nnf_neg( f. sub );

case ?or, ?and:

var f2 = ( f. sel( ));

for( i : u64 = 0; i < f. length; ++ i )

f2. push_back( make_nnf_pos( f. sub[i] ));

return f2;

}

}

Prop && NNF make_nnf_neg( f : Prop && ArrowFree ) {

switch( f. sel ) {

case ?atom:

return ( ?neg, f );

case ?not:

return make_nnf_pos( f. sub );

case ?or, ?and:

var s = ?or;

if( f. sel( ) == ?or )

s = ?and;
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var f2 = ( s, ( ));

for( i : u64 = 0; i < f. length; ++ i )

f2. push_back( make_nnf_neg( f. sub[i] ));

return f2;

}

}

Note that functions’ argument and return types are annotated with ArrowFree and

NNF to enforce desired behaviours. That is, make_arrowfree is well-typed if and only

if there exists a proof that given an arbitrary propositional formula, all possible execu-

tions of the function always construct formula which does not contain implication and

equivalence operations in its subterms. Similarly, make_nnf_pos and make_nnf_neg

are well-typed if and only if there exists a proof that these functions always construct

formulas in negation normal form.

In practice, we do not construct proofs, instead we approximate possible program

states and check for correctness of function applications. First, we construct an

intermediate representation for a given program. Usually, intermediate representation

are constructed after type checking. However, our type system requires inspection of

intermediate representation before type checking since forms of data trees can depend

on loop invariants. Along with the intermediate representation, data type definitions

are compiled into a deterministic tree automaton which is used to determine the state

of a given data term. The tree automaton finitely partitions the domain of all data

terms into equivalence classes where any two elements of the same class have the same

properties. A field map and function map associate the field and function names with

state conditions which specify a set of states a data term should have for a function

or field application to be valid. A field map and a function map are constructed

from the data type definitions. The field map associates identifiers to field possitions

and state conditions while the function map associates identifiers to function state

conditions. Indexing information is approximated with special array range states

and relative order of indices. This range interpretation allows to reason about the

state of an array at some index without storing states of inividual elements. Once all
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structures are constructed, we approximate the program. Here, an approximation is

a function that maps each program point to a set of possible states. The field and

function names can be overloaded, then all overload candidates are inseartend into

the intermediate representation as a special branch statemets. Function and field

applications are valid if there is exactly one overload whose precondtion is satisfied

by the current program state. Otherwise, our type checking algorithm concludes that

the program is ill-typed.

Contribution of this project is a novel set based abstraction of arrays. This ap-

proximation allows to infer the state of an array at some index without storing the

states of individual elements. The index information can be recovered from a carefully

desingned interpretation of array ranges.

This project is related to the studies in abstract interpretations and set based

approximations.
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Chapter 2

Related Work

In their early days, abstract interpretation and set-based approximation were consid-

ered distinct techniques due to the non-iterative nature of the least model computa-

tion, unlike the least fixed point computation. The equivalence between these two

program approximation techniques was established by Patrick Cousot and Radhia

Cousot [10].

The earliest application of sets in program analysis is presented in the work of

Reynolds [17]. He presents a procedure for computing recursive set definitions for

LISP data structures. The data definitions are inferred from the program behaviour

by approximating the variables with sets of possible values. This program approxi-

mation is expressed as a system of set constraints that captures the program’s data

flow behaviour. The set constraints are generated from the data flow equations by

replacing expressions consisting of atoms and functions with sets and set constructors

(and destructors). In order to determine data set definitions, in [17], the procedure

computes the least fixed point of the system of set constraints. The least fixed point

is computed by iteratively transforming the system of set constraints into a system

where all subterms are directly involved in the construction of data. The transfor-

mation is achieved by eliminating so-called, analytical subterms which correspond to

the branching in the original flow equations.

A uniform formal definition of abstract interpretation is presented in [9] Patrick

Cousot and Radhia Cousot. Here, the authors introduce static semantics later referred
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to as collecting semantics of a program. The collecting semantics are defined as

functions from program points to sets of states (or environments) that can arise at

that point during execution. Essentially, collecting semantics are static summary

of the program behaviour. In [9], Cousot and Cousot provide a formal framework

that unifies different program analysis as abstract interpretations over an abstract

domain which is connected to the domain of collecting program semantics with a

Galois connection. An abstract domain is an approximation of a program’s collecting

semantics with finite ascending chains.

Both [17] and [9] are based on the fundamental remark by Floyd [11] that static

program properties can be expressed in terms of mapping from program points to

sets of states.

In [15], Jones and Muchnick design a shape analysis of LISP data structures. Sim-

ilar to the [17], here data flow equations are compiled into a system of set constraints

and the least model of the system is computed. However, here, the least model com-

putation is based on the regular tree grammar where sets are generated by trees and

constraints between sets are production rules in the grammar. The solution to the

least model represents a class of all possible shapes a LISP data structure can assume

during runtime.

The set constraints used in [17] and [15] are limited in expressiveness as the only

allowed set operation is function projection. Other related works improve upon these

two works by allowing different combinations of set operations.

Although [17] and [15] are the first works to use sets in program analysis, this

technique is only recognized as set-based approximation in later works by Heintze and

Jaffar [13], [14]. In [13], Heintze and Jaffar formulate the set-based approximation

of the logic program based on the cartesian closure of available substitutions. The

set-based approximation is formalized as the approximation technique that ignores

all inter-variable dependencies where variables are associated with sets of values.

An approximated meaning of a logic program is the least fixed point of a function

𝜏𝑃 from/to interpretations that represent all possible evaluations of the program.

The 𝜏𝑃 function updates a given interpretation by applying substitutions from the
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cartesian closure of available substitutions in the current interpretation. The cartesian

closure of available substitutions allows us to consider the variables over a set of

terms instead of an individual term. The 𝜏𝑃 can be finitely represented as a system

of set constraint where the least fixed point of the function corresponds to the least

model of the system. The least model of the system is captured by the reduction

algorithm which extends previous results in set constraint resolution by dealing with

constraints consisting of arbitrary combinations of union and intersection operations.

In [13], authors argue that approximations based on the cartesian closure over the set

of substitutions are more accurate than alternative approximations based on a set of

substitutions and closure over the set of terms. The former is too restricted to cover all

interpretations while the latter enlarges the program with redundant interpretations.

The main contribution of [14] is a decision procedure for a class of definite set

constraints. A definite constraint 𝑎 ⊆ 𝑒𝑥𝑝 is a restricted form of the constraint where

𝑎 consists of constants, variables, and functions while 𝑒𝑥𝑝 is a set expression without

the complement operation. The procedure presented here outputs an explicit rep-

resentation of the least model of a system of constraints where set expression can

contain an arbitrary combination of union, intersection, and projection operations.

Similar to [15], in [14], a system of set constraints is finitely represented as set expres-

sion grammar (regular tree grammar). A system of set constraints is represented in

more explicit set expression grammar where testing for emptiness and containment

is convenient. Then the decision procedure transforms the set expression grammar

into term grammar which is used to verify set constraints. Additionally, the decision

procedure in [14] can output an explicit representation of the least model of a system

of solved form set constraints. This class of constraints is used in [17] and [15].

Next steps are taken by Aiken, Murphy and Wimmer [3], [2], [4] by implementing

regular tree expressions, designing a constraint resolution algorithm that can deal

with set complements, and applying set-based approximation to type inference prob-

lems. [3] provides a static type system for FL (Function Level programming language

designed by IBM) based on regular trees similar to [15] and [14]. Here, types are sets

of normal form expressions represented as regular trees where "𝑥 of type 𝑇" means 𝑥
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can be evaluated to some expression in 𝑇 . Types are represented by the regular trees

referred to in [3] as type expressions. Type expression can contain an arbitrary com-

bination of type constructors, union, intersection, and fixed point operations. The

exact semantics of type expressions are defined in terms of rewrite rules. According

to [3], this operational formulation of types results in greater precision in inferring

types of higher-order recursive functions.

[2] presents an implementation of regular tree expression used in [15], [14], and [3]

along with high-level descriptions of emptyness and inclusion test. Although regular

trees are a natural way of representing sets of trees which are often used in program

analysis, the actual implementation uses the leaf-linear system of equation [2]. In

particular, the fixed point computation for the regular tree expressions is more con-

venient to represent as a solution of the system of set equations. Thus emptiness

and containment test algorithms are defined as sequences of transformations on set

equations. Along with the high-level description of the algorithms [2] provides an

implementation of regular tree operation in a leaf-linear system of equations.

In [4], Aiken and Wimmer provide a decision procedure for set constraints con-

sisting of standard set operations. It extendes the results of [17], [15], [13] and [3]

by handling unrestricted union, intersection and complement operations. The algo-

rithm is a conservative transformation on set constraints which preserves the original

set of solutions. Given a system of set constraints with unrestricted set operations,

the algorithm transforms the system to a solved form set constraints for which it is

guaranteed to have a solution if and only if the original system is satisfiable. Other-

wise, the algorithm reports an inconsistency in the system. Complexity analysis in [4]

shows that verifying the consistency of a system of set constraints is in NEXPTIME.

In [7], Charatonik and Pacholski prove that the satisfiability problem of set con-

straints with projection operation is NEXPTIME-complete. It extends the previous

work by Aiken et al. [1]. In [8], Charatonik and Podelski determined a complexity

class for set constraints consisting of constructors and set intersections. The authors

proved that solving a system of set constraints consisting of intersections and con-

structions is DEXPTIME-complete. The same complexity characterization holds for
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the negative set constraints as well. Moreover, authors in [8] established the equiva-

lence between set constraints with intersection and definite set constraints introduced

by Heintze and Jaffar in [14]. Consequently, the complexity class of the satisfiability

problem of a system of definite set constraints is DEXPTIME-complete.

[5] applies results in solving set constraints to general type inference problems.

Here, deciding whether a program is well-typed is reduced to verifying the consistency

of a system of type inclusion constraints. Types in this setting are subsets of some

semantic domain represented by the type expression. That is, an expression is of a

type if the approximated meaning of the expression is in the type. A type expression

consists of union, intersection, function types, type constructors, ⊥, and ⊤ types

for least and universal types. Type expressions are the same as the set expressions

in [4] with the exception of function types and let-polymorphism. In [6], the type

language is extended with conditional types 𝑋?𝑌 to represent conditional branching

statements. A similar expression is used in [17] and [15] to handle 𝑖𝑓...𝑒𝑙𝑠𝑒 expressions.

[12] contributes in two ways. First, it provides an algorithm for solving a system

of set constraints in 𝑂(𝑛3) time. Second, more importantly, it presents a uniform for-

malization of set-based approximation. In [12], set-based approximation ignores all

dependencies between variables and considers variables over a domain of sets instead

of individual values. This allows for the uniform formulation of approximation the-

ory, unlike previous attempts where the approximation is defined over some abstract

domain such that the approximated set of values corresponds to the fixed point com-

putation. This notion of approximation is used in the authors’ previous works [13],

[14] and it is similar to the approximation used in Aikens soft type system presented in

[5], [6]. According to the author, set-based approximation is based on operational se-

mantics while Aiken’s approximation is based on denotational semantics. In [12], the

author considers analysis for a call-by-value higher-order functional language (ML)

but the provided techniques can be adapted for any programming language. The for-

mulation of the set-based approximation starts with the definition of a set operational

semantics based on the operational semantics of ML. The set semantics modifies a

program environment to map expressions to a set of values. Then the approximation
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is the least model of a system of constraints defined in terms of the set operational

semantics.
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Chapter 3

Data Terms

In this section, we describe the main concern of our type system which are data terms

that can have different forms based on the way they are constructed. All data in the

programming language are constructed from primitive types using either a stuple

constructor, or an array constructor.

Primitive types are basic data types such as numbers and characters common to

many programming languages. The elements of these primitive types are singleton

trees that can occur at the leaves of other data trees. Among these primitive data

types, 64-bit integers are used for indexing arrays of data trees.

Since the data trees are defined in terms of elements of primitive types, we first

define primitive data types. Note that the primitive types are not the complete type

system used in our programming language.

Definition 3.0.1. We use the following primitive types:

� never, unit,

� bool, char, selector,

� u64, integer, double.

We call bool, char, and selector tag types, because they can be used as tags for

selecting options. We assume that u64, char and bool are ordered types with the

25



usual order. Type never has no inhabitants, and type unit has one inhabitant, which

is called trivial.

Similar to C enumerators, data of bool, char, and selector types can be used to tag

options. In fact, selector is a global enumerator type since it is annoying to have

different enumerator types for each type definition. Thus, these three types togather

are called tag types in the report. We assume u64, char and bool are ordered with

the usual order.

Definition 3.0.2. We define the set of data terms 𝒟 by recursion as follows:

� If 𝑑 is an element of one of the primitive types listed in Definition 3.0.1, then

𝑑 ∈ 𝒟.

� If 𝑑1, . . . , 𝑑𝑛 with 𝑛 ≥ 0 are data trees, then (𝑑1, . . . , 𝑑𝑛) ∈ 𝐷 and [𝑑1, . . . , 𝑑𝑛] ∈

𝐷. We call (𝑑1, . . . , 𝑑𝑛) a tuple, and [𝑑1, . . . , 𝑑𝑛] an array.

The difference between (𝑑1, . . . , 𝑑𝑛) and [𝑑1, . . . , 𝑑𝑛] is that the former represents

a fixed sized tuple, while the latter represents an array. In a program, a term of

(𝑑1, . . . , 𝑑𝑛) can be indexed only by constants between 1 and 𝑛, because field selection

is always fixed. At the same time there is no a priori upper bound on the size of an

array, and arrays can be indexed by variables, so that is not a priori known which

element will be accessed at a given point in the code.

Definition 3.0.3. For a data term 𝑡, we define width(𝑡) as the maximal size of a

tuple occurring in 𝑡. If 𝑡 contains no tuples, then width(𝑡) = 0.

Because a program is always finite, there is an upperbound that the size of a tuple

can have, for a given program. Hence, there always exists a natural number 𝑛, s.t.

all data terms that the program operates on, have width at most 𝑛.

We explain the role of selectors: In case a type has options, selector can be used

for determining the current option. For example, an optional u64 can be represented

either by (?none), or by (?just, 𝑖), with 𝑖 of type u64. A union type consisting of

char of double can be represented by (?first, 𝑐) or (?second, 𝑑). If one defines logical

formulas a a type, selectors are used for representing the logical operators.

26



In the literature, tree expressions are defined with a finite set of constructors or-

dered by their arity. In Definition 3.0.2, we use tuples of data trees to express arbitrary

constructors of any arity. Although the tuples allow for unrestricted construction, in

our programming language we consider tuples starting with an element of some tag

type as a valid data tree construction. The tag element specifies an option of the

data and determines the constrcutor parameters as consequent elements of the tuple

expression.
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Chapter 4

Abstraction Automata

In order to approximate data terms, we use deterministic tree automata. We run the

tree automata on the values of variables, and replace them by the resulting states. In

this way, a program state can be represented by a mapping of variables to states of a

tree automaton.

In order to obtain the automaton, we translate preconditions of possible overload

candidates into a tree automaton. After that, we merge the different tree automata

into a single automaton, so that we know for a term which combination of precondi-

tions of overload candidates, it satisfies. In order to avoid losing all information for

terms that are not a subterm of a precondition, we extend the automata with over-

flow states that will preserve some information. The construction of the automata

is a separate topic not covered in this thesis. Here we will simply assume that the

automata are given.

Definition 4.0.1. We define a deterministic tree automaton (DTA) 𝒜 as a triple

(𝑄, 𝛿,𝑁), where 𝑄 is a finite (nonempty) set of states, and 𝛿 is a transition function

with the following properties:

� If 𝑐 is a constant of one of the primitive types defined in Definition 3.0.1, then

𝛿(𝑐) ∈ 𝑄.

� If 𝑞1, . . . , 𝑞𝑛 ∈ 𝑄 and 0 ≤ 𝑛 ≤ 𝑁, then 𝛿(𝑞1, . . . , 𝑞𝑛) ∈ 𝑄.
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� 𝛿() ∈ 𝑄,

� If 𝑞1, 𝑞2 ∈ 𝑄, then 𝛿(𝑞1; 𝑞2) ∈ 𝑄.

The intended meaning of ; is multiset insertion, with the inserted element to the right.

Technically, 𝛿 should be viewed as distinct overloads, namely 𝛿𝑇 for primitive type 𝑇,

𝛿() for tuples, 𝛿∅ for the empty multiset, and 𝛿; for multiset insertion. W.r.t to multiset

insertion, 𝛿 must have the following property, denoting irrelevance of insertion order:

𝛿(𝛿(𝑞1; 𝑞2); 𝑞3) = 𝛿(𝛿(𝑞1; 𝑞3); 𝑞2).

Arrays are always treated as multisets. In order to obtain a state of an array, one

first obtains the states of its members. After that, one can start with 𝛿∅, and apply

𝛿(; ) to insert the elements one by one. The condition on 𝛿 enforces independence

of insertion order. In an earlier version of Definition 4.0.1, we used set semantics

by adding an other condition on 𝛿; stating that second insertions have no additional

effect: 𝛿(𝛿(𝑞1, 𝑞2); 𝑞2) = 𝛿(𝑞1; 𝑞2). We use multisets, because it is easy, and it increases

expressivity. All we had to do, is remove the axiom 𝛿(𝛿(𝑞1; 𝑞2); 𝑞2) = 𝛿(𝑞1; 𝑞2). Mul-

tisets can contain repeated elements, but since we are always using a finite number

of states, the number of repetitions that can be distinguished in a multiset, must be

finite. We can expressive properties like : There must be at least 3 occurrences of ...,

but not properties of the form: there are more occurrences of ... than of ...

Using DTA 𝒜, every term can be mapped to a state of 𝒜.We will call the resulting

function 𝑄𝒜 :

Definition 4.0.2. For a deterministic tree automaton 𝒜 = (𝑄, 𝛿,𝑁), we define a

function 𝑄𝒜 from data terms to 𝑄 by recursion as follows:

� If 𝑐 is a constant of primitive type, then 𝑄𝒜(𝑐) = 𝛿(𝑐).

� 𝑄𝒜( (𝑑1, . . . , 𝑑𝑛) ) = 𝛿(𝑄𝒜(𝑑1), . . . , 𝑄𝒜(𝑑𝑛) ).

� 𝑄𝒜( [ ] ) = 𝛿( ).

� If 𝑛 > 0, then 𝑄𝒜( [𝑑1, . . . , 𝑑𝑛] ) = 𝛿(𝑄𝒜( [𝑑1, . . . , 𝑑𝑛−1] ); 𝑄𝒜(𝑑𝑛) ).
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In the last case, the order in which 𝑑1, . . . , 𝑑𝑛 appear in the array, does not matter.

During type checking, we will use 𝑄𝒜 as abstraction function. In order to make

this possible, we need to find a DTA that preserves enough information, so that

confirmed type correctness can be trusted, and at the same time, incorrect rejections

do not happen too often.

Instead of first definining a DTA 𝒜, and defining 𝑄𝒜 from the automaton, one can

also define first 𝑄𝒜, and the construct the automaton, assuming that 𝑄𝒜 permutes

with tuple construction, and with multiset insertion.

Theorem 4.0.3. Let 𝑄 be a finite set. Let 𝑄* be a function from data terms to 𝑄,

s.t. 𝑄* is defined for all data terms containing no tuple with more than 𝑁 elements.

Assume that 𝑄* satisfies the following properties:

� If 𝑛 ≤ 𝑁, and 𝑡1, . . . , 𝑡𝑛, 𝑡′1, . . . , 𝑡
′
𝑛 are sequences of data terms, s.t.

𝑄*(𝑡1) = 𝑄*(𝑡′1), . . . , 𝑄
*(𝑡𝑛) = 𝑄*(𝑡′𝑛),

then

𝑄*( (𝑡1, . . . , 𝑡𝑛) ) = 𝑄*( (𝑡′1, . . . , 𝑡
′
𝑛) ).

� For every 𝑛, for every sequence 𝑡1, . . . , 𝑡𝑛 of data terms, for every permutation

𝑡′1, . . . , 𝑡
′
𝑛 of 𝑡1, . . . , 𝑡𝑛, we have

𝑄*( [𝑡1, . . . , 𝑡𝑛] ) = 𝑄*( [𝑡′1, . . . , 𝑡
′
𝑛] ).

� For every 𝑛 ≥ 0, for every two sequences 𝑡1, . . . , 𝑡𝑛 and 𝑡′1, . . . , 𝑡
′
𝑛 of data terms,

if

𝑄*(𝑡1) = 𝑄*(𝑡′1), . . . , 𝑄
*(𝑡𝑛) = 𝑄*(𝑡′𝑛),

then

𝑄*( [𝑡1, . . . , 𝑡𝑛] ) = 𝑄*( [𝑡′1, . . . , 𝑡
′
𝑛] ).

There exists a DTA 𝒜 = (𝑄, 𝛿,𝑁), s.t. 𝑄* = 𝑄𝒜.
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Remember that in data terms, [ ] denotes sequence construction, hence the second

condition is not redundant.

Example 4.0.4. These are two examples that control the depth of traversal and the

collection of sub-results:

CUTOFF(𝑘): Let $ be constant symbol that occurs nowhere else, and which does

not have a type. For a term 𝑡, let 𝑄𝒜(𝑡) be obtained from 𝑡 by replacing every

subterm at depth 𝑘 by $.

TAG(𝑘): Let 𝑄𝒜(𝑡) be obtained from 𝑡 by first replacing every subterm at depth 𝑘

by $. After that, replace every subterm that does not contain a constant of type

selector,bool or char by $.

Each of the functions listed in Example 4.0.4 satisfies the conditions of Theorem 4.0.3.

When running an automaton, we like all states equally of course, but some we

may like a bit more than others, for example those that represent a precondition of

one of the overload candidates:

Definition 4.0.5. Let 𝒜 = (𝑄, 𝛿,𝑁) be a DTA. A unary state property 𝐹 is a unary

predicate on 𝑄. A binary state property 𝐹 is a binary predicate on 𝑄.

In principle, a state property can also be defined as a subset of 𝐹, but this suggests

that the elements of 𝐹 are enumerated, while in our application, 𝐹 always has more

structure. Technically, predicates and sets are the same.

Definition 4.0.6. Let 𝒜 = (𝑄, 𝛿,𝑁). Assume that 𝑁 ′ > 𝑁. The result of inflating

𝒜 to 𝑁 ′ is the DTA 𝒜′ = (𝑄′, 𝛿′, 𝑁 ′), obtained by

� 𝑄′ = {𝑄} ∪ {𝑞′}, with 𝑞′ ̸∈ 𝑄 a new state.

� If 𝑛 ≤ 𝑁, then 𝛿′(𝑞1, . . . , 𝑞𝑛) = 𝛿(𝑞1, . . . , 𝑞𝑛). If 𝑁 < 𝑛 ≤ 𝑁 ′, then 𝛿(𝑞1, . . . , 𝑞𝑛) =

𝑞′.

Definition 4.0.7. Let 𝒜1 = (𝑄1, 𝛿1, 𝑁1) and 𝒜2 = (𝑄2, 𝛿2, 𝑁2) be deterministic tree

automata. We define the product automaton 𝒜1×𝒜2 = (𝑄1×𝑄2, 𝛿
′, max(𝑁1, 𝑁2) )

32



as follows: If 𝑁1 ̸= 𝑁2, then first inflate the smaller automata to max(𝑁1, 𝑁2). After

that, construct 𝛿′ as follows:

� For a constant 𝑐 of primitive type, 𝛿′(𝑐) = ( 𝛿1(𝑐), 𝛿2(𝑐) ).

� 𝛿′( (𝑞1, 𝑞
′
1), . . . , (𝑞𝑛, 𝑞

′
𝑛) ) = ( 𝛿1(𝑞1, . . . , 𝑞𝑛), 𝛿2(𝑞

′
1, . . . , 𝑞

′
𝑛) ).

� 𝛿′() = ( 𝛿1(), 𝛿2() ).

� 𝛿′( (𝑞1, 𝑞
′
1); (𝑞2, 𝑞

′
2) ) = 𝛿( (𝑞1; 𝑞2), (𝑞

′
1, 𝑞

′
2) ).

Using product, all Boolean combinations of state conditions can be decided. States

of deterministic tree automata finitely partition the set of all data terms and multisets

into equivalence classes. Since equivalence classes are formed by the states of tree

automata, each class corresponds to some combination of properties or the absence of

properties (e.g. 𝑞𝑑𝑒𝑓 ). Equivalence classes can be divided into three general groups:

� Classes that correspond to preconditions of overload candidates. Here, any two

data terms from the same class satisfy the same preconditions.

� Classes of data terms that do not satisfy any of the preconditions but they

present important properties for analysis. For example, given a data term 𝑡

that satisfies a precondition 𝑝. If we put 𝑡 into some tuple (𝑡, . . .) such that

it does not satisfy any precondition, and then extract 𝑡 back again we should

be able to deduce that it still satisfies 𝑝. These classes are formed by overflow

states.

Example 4.0.8. Lets consider a deterministic tree automaton 𝒜Prop = (𝑄, 𝛿, 3) for

recognizing data terms of Prop type in Example 1.0.1. First, we define transitions
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for constants of selector and char types.

𝛿(?atom) = 𝑞atom

𝛿(?not) = 𝑞not

𝛿(?implies) = 𝑞implies,equiv

𝛿(?equiv) = 𝑞implies,equiv

𝛿(?or) = 𝑞or,and

𝛿(?and) = 𝑞or,and

𝛿(𝑐) = 𝑞char

Note that the last transition is actually a scheme of transitions for all characters.

Next, we define transitions for different forms of Prop. Assuming that 𝒜Prop is

required to distinguish different forms of Prop, we use 𝑞Prop1, . . . , 𝑞Prop4 to represent

all four distinct forms.

𝛿( 𝑞atom, 𝑞char∀ ) = 𝑞Prop1

𝛿( 𝑞not, 𝑞Prop1 ) = 𝑞Prop2
...

𝛿( 𝑞not, 𝑞Prop4 ) = 𝑞Prop2

𝛿( 𝑞implies,equiv, 𝑞Prop1, 𝑞Prop1 ) = 𝑞𝑃𝑟𝑜𝑝3

...

𝛿( 𝑞implies,equiv, 𝑞Prop4, 𝑞Prop4 ) = 𝑞𝑃𝑟𝑜𝑝3

𝛿( 𝑞or,and, 𝑞Prop∀ ) = 𝑞Prop4

Note that the forms represented by states 𝑞Prop2 and 𝑞Prop3 with sub terms of Prop

type now require separate transitions for each possible combination of forms of Prop.

Also states 𝑞char∀ and 𝑞Prop∀ represent multiset of data terms of char and Prop types,
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respectively. Finally, we define transition for multi sets of char and Prop types.

𝛿( ) = 𝑞∅

𝛿(𝑞char ; 𝑞∅) = 𝑞char∀

𝛿(𝑞char ; 𝑞char∀) = 𝑞char∀

𝛿(𝑞𝑃𝑟𝑜𝑝1 ; 𝑞∅) = 𝑞Prop∀
...

𝛿(𝑞𝑃𝑟𝑜𝑝4 ; 𝑞∅) = 𝑞Prop∀

𝛿(𝑞𝑃𝑟𝑜𝑝1 ; 𝑞Prop∀) = 𝑞Prop∀
...

𝛿(𝑞𝑃𝑟𝑜𝑝4 ; 𝑞Prop∀) = 𝑞Prop∀

Note that we designate a separate state for the empty set since it can be both a multiset

of char’s and multiset of Prop’s. The state of a multiset depends on the state of the

first insearted element.

The automaton in Example 4.0.8 togather with a helper function 𝑄𝒜Prop
can be

used to decide whether an instance of accessing a field of Prop type is valid. Note that

the definition of the transition function 𝛿 in Example 4.0.8 is completed by mapping

all other data terms and multisets to a default state 𝑞𝑑𝑒𝑓 .

Example 4.0.9. Given a helper fucntion 𝑄𝒜Prop
for the automaton 𝒜Prop in Exam-

ple 4.0.8:

� 𝑑.𝑐 is valid iff 𝑄𝒜Prop
(𝑑) = 𝑞Prop1

� 𝑑.𝑠𝑢𝑏 is valid iff 𝑄𝒜Prop
(𝑑) = 𝑞Prop2

� 𝑑.𝑠𝑢𝑏1 and 𝑑.𝑠𝑢𝑏2 are valid iff 𝑄𝒜Prop
(𝑑) = 𝑞Prop3

� 𝑑.𝑠𝑢𝑏[𝑖] is valid iff 𝑄𝒜Prop
(𝑑) = 𝑞Prop4

In practice, we constract several DTAs for all function and field overload candi-

dates preconditions. These DTAs are combined togather into a single DTA which

can be used to determine which combination of preconditions a data term satisfies.
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Field and function maps associate function and field names to state conditions on the

states of the DTA. A state condition specifies a class of data terms that satisfy the

precondition of the corresponding overload candidate.
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Chapter 5

Field and Function Maps

In this section, we define function and field maps that defines different overload can-

didates and associats then with state conditions. Given a DTA which is capable of

capturing necessary properties of data terms in its states, a state condition associated

to an overload candidate specifies a set of states argument data terms should have for a

valid function or field application. Essentially, state conditions represent precondition

of function or field overload candidates; a state condition specifies a class of desired

data terms, similar to accepting states in a standard automaton. Preconditions of

overload candidates are accounted for in construction of the DTA such that its states

provide enough information to determine which combination of preconditions a data

term satisfies. Separate DTAs are constructed for each precondition and merged into

a single DTA as a cartesian product of individual automata. The cartesian product

of automata provides an joint state space that can cupture which combination of

preconditions a data term satisfies. Through out this section, we assume a fixed DTA

𝒜 = (𝑄, 𝛿,𝑁) and a function 𝑄𝒜 from data terms to the set of states 𝑄.

Since functions and fields can be overloaded, function and field names can be

reused among different forms of a data type or even among different data types. We

assume that the compiler gives unique names to overload candidates, e.q. by adding

an index.

A field map assignes names to positions in tuples, so that we can use field nota-

tions, as is common in programming languages.
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Definition 5.0.1. ℱfield is a mapping from field names to pairs of form (𝐹, 𝑖) where

𝐹 is a state condition defined on 𝑄, and 𝑖 ≥ 1.

ℱfield(𝑓) = (𝐹, 𝑖) means that field 𝑓 can be taken on a data term 𝑑 such that

𝐹 ( 𝑄𝒜(𝑑) ) holds and that it refers to field at position 𝑖 in 𝑑.

Example 5.0.2. Continuing the Prop data type defined in 1.0.1 and the DTA 𝒜Prop

defined in Example 4.0.8, we construct ℱfield as follows:

ℱfield(𝑐) = (𝐹𝑞Prop1
, 1)

ℱfield(𝑠𝑢𝑏) = (𝐹𝑞Prop2
, 1)

ℱfield(𝑠𝑢𝑏1) = (𝐹𝑞Prop3
, 1)

ℱfield(𝑠𝑢𝑏2) = (𝐹𝑞Prop3
, 2)

ℱfield(𝑠𝑢𝑏) = (𝐹𝑞Prop4
, 1)

Note that state conditions as defined on the states of 𝒜Prop. 𝒜Prop designates the

states 𝑞Prop1, . . . , 𝑞Prop4 for distinct froms of Prop. Using these states, ℱfield ensures

that fields are taken on a data term of Prop with an appropriate form.

Note that ℱfield defines two overloads of ’sub’ field: one for propositional formulas

with negation as top-most operation represented by 𝑞Prop2, and an other for formu-

las with disjunction and conjunction with unrestricted arity as top-most operation

represented by 𝑞Prop4.

Definition 5.0.3. ℱ func is mapping from function names to tuples of form (𝐹1, . . . , 𝐹𝑛), (𝑛 ≥

0), where 𝐹𝑖 are state conditions.

ℱ (𝑓) = (𝐹1, . . . , 𝐹𝑛) means that 𝑓 is a function with 𝑛 arity that can be applied

on data terms 𝑑1, . . . , 𝑑𝑛 such that 𝐹𝑖(𝑄𝒜(𝑑𝑖)) holds for all 0 ≤ 𝑖 ≤ 𝑛.

Unlike fields which are entered into the field map before type checking, functions are

entered into the function map once they are type checked.

Example 5.0.4. Let 𝒜Prop×ArrowFree×NNF be a product of three automata which are

constructed for distingiushing different froms of Prop data type, propositional formu-

las without implication and equivalence operators, and formulas in negation normal

form. We define ℱ func for function in Example 1.0.2 as follows:
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ℱ func(make_arrowfree) = (𝐹
(𝑞Prop1, 𝑞ArrowFree, 𝑞NNF), (𝑞Prop2, 𝑞ArrowFree, 𝑞NNF),

(𝑞Prop2, 𝑞ArrowFree, 𝑞def), (𝑞Prop2, 𝑞def , 𝑞def),

(𝑞Prop3, 𝑞def , 𝑞def), (𝑞Prop4, 𝑞ArrowFree, 𝑞NNF),

(𝑞Prop4, 𝑞ArrowFree, 𝑞def), (𝑞Prop4, 𝑞def , 𝑞def),

)

ℱ func(make_nnf_pos) = (𝐹
(𝑞Prop1, 𝑞ArrowFree, 𝑞NNF),

(𝑞Prop2, 𝑞ArrowFree, 𝑞NNF), (𝑞Prop2, 𝑞ArrowFree, 𝑞def),

(𝑞Prop3, 𝑞ArrowFree, 𝑞NNF), (𝑞Prop3, 𝑞ArrowFree, 𝑞def),

)

Note that the definition of the make_nnf_neg is the same as the definition of make_nnf_pos.

Function and field application can be ambiguous if there exist more that one

mapping for the same indentifier. All possible overload candidates are insearted into

an intermediate representation as special branch statements where exactly one of

the branches should hold in every possible execution. In enery execution case, we

choose an overload with the most specific precondition among the other candidates

whose precondition is also satisfied by the argument date trems. The most specific

precondition is determined based on an order on the set of states 𝑄. The order of

two state is decided based on the reachability of the one state from the other.

Definition 5.0.5. Given 𝑞1, 𝑞2 𝑖𝑛 𝑄, 𝑞 ⪯ 𝑞2 iff 𝑞1 is reachable from 𝑞2 w.r.t 𝛿.

Reachabilityi between states means that there exists a finite sequence of transitions

that start at 𝑞2 and end at 𝑞1.

The most specific precondition satisfied by a data term 𝑑 corresponds to a state 𝑞

such that for any other state 𝑞′ of the term 𝑑, 𝑞 ⪯ 𝑞′.
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Chapter 6

Intermediate Representation

We introduce a format for representation of intermediate code. For our type sys-

tem, intermediate code cannot be generated in the standard way. Standard compilers

create the intermediate represention immediately after type checking. In the interme-

diate representation all operations have become unambiguous. This is not possible for

our type system, because in some cases, the type depends on loop invariants, which

can be checked only by inspecting the complete loop. Consider for example:

x = 0

while ...

print(x) // Special overload for even numbers.

x = ( ?succ, ( ?succ, x )).

In order to accept print(x), one must know that all operations on x in the loop

preserve evennes. It could also be the case that there are different overloads for

even and arbitrary numbers. In that case, both options have to be inserted into the

intermediate representation, and the final choice can be made only after the loop has

been analyzed.

Most intermediate representations are based on flow graphs, which implies that

they don’t contain any nested statements. All control is handled by gotos and con-

ditional branches. Initially, we believed that flow graphs are not suitable for our

purpose but actually they might be. In the example above, if there is more than
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one print operator, all overload candidates have to be inserted into the intermediate

representation, in some parallel fashion. One needs a kind of branch statement and a

kind of merge. The branch is not a usual branch, because there must be one option

that is unambiguously the most specific one, which can be determined at compile

time. The merge after this branch is not a usual merge, because in case the branches

contain assignments, the merge must take some kind of intersection of the possible

values, which is hard to define.

Each function body is translated separately into intermediate representation, and

checked. In this thesis, we will not describe the programming language itself, or the

translation procedure, but we describe the type checking procedure in Section 8.

Definition 6.0.1. We assume a countably infinite set 𝒱 of local variables.

Local variables are used for the parameters of a function, for variables declared

by the user in the original program, and for represnting variables resulting from the

flattening of statements.

Definition 6.0.2. We define flatterms:

� If 𝑣 is a variable, then 𝑣 is a flatterm.

� If 𝑐 is a constant of a primitive type, then 𝑐 is a flatterm.

� If 𝒜 is a DTA, and 𝐹 is a state condition of 𝒜, then some(𝒜, 𝐹 ) is a flatterm.

� If 𝑣 is a variable, then the following are flatterms:

len(𝑣), not(𝑣), neg(𝑣).

� If 𝑣1 and 𝑣2 are variables, then the following are flatterms:

eq(𝑣1, 𝑣2), ne(𝑣1, 𝑣2), lt(𝑣1, 𝑣2), gt(𝑣1, 𝑣2), le(𝑣1, 𝑣2), ge(𝑣1, 𝑣2),

add(𝑣1, 𝑣2), sub(𝑣1, 𝑣2).
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� If 𝑣 is a variable, 𝒜 is a DTA, and 𝐹 is a state condition, then check(𝑣,𝒜, 𝐹 )

is a flatterm.

� if 𝑣 and 𝑤 are variables, then ind(𝑣, 𝑤) is a flatterm.

� If 𝑣 is a variable, and 𝑓 is an identifier, then fld𝑓 (𝑣) is a flatterm.

� If 𝑣1, . . . , 𝑣𝑛 are variables with 𝑛 ≥ 0, then (𝑣1, . . . , 𝑣𝑛) and [𝑣1, . . . , 𝑣𝑛] are

flatterms.

� If 𝑣1, . . . , 𝑣𝑛, are variables, 𝑓 is an identifier, then 𝑓(𝑣1, . . . , 𝑣𝑛) is a flatterm.

The meanings are as follows: If 𝑣 is an array, then len(𝑣) equals its size. The

intuitive meaning of ind(𝑣, 𝑤) is 𝑣[𝑤]. The intuitive meaning of fld𝑓 (𝑣) is 𝑣.𝑓. Flat-

term some(𝒜, 𝐹 ) non-deterministically creates a data tree 𝑡, s.t. 𝐹 (𝑄𝒜(𝑡) ), while

check(𝑡,𝒜, 𝐹 ) returns a boolean representing truth of 𝐹 (𝑄𝒜(𝑡) ).

Definition 6.0.3. We assume a countable set Π of program points.

It is not very important how program point are represented. Since statements

defined below are trees, one can represent them as paths.

Definition 6.0.4. We recursively define statements. For a given statement, we as-

sume that every substatement has a unique program point. A statement has one of

the following forms:

� A scalar assignment of 𝑣 ← 𝑡, in which 𝑣 is a variable and 𝑡 is a flatterm.

� A array assignment of 𝑣[𝑤] := 𝑡, in which 𝑣 and 𝑤 are variables, and 𝑡 is a

flatterm. Note that 𝑣[𝑤] is not a subterm.

� If 𝑠1, . . . , 𝑠𝑛 are statements, then block(𝑠1, . . . , 𝑠𝑛) is also a statement.

� If 𝑠1, . . . , 𝑠𝑛 are statements, then repeat(𝑠1, . . . , 𝑠𝑛) is also a statement.

� If 𝑠1, . . . , 𝑠𝑛 are statements, then branch(𝑠1, . . . , 𝑠𝑛) is also a statement.
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� If 𝑣 is a variable, and 𝑠 is a statement, then istrue 𝑣 and isfalse 𝑣 are also

statements.

� nop is a statement.

� If 𝑣 is a variable, then return 𝑣 is a statement.

� 𝑣.push_back(𝑤) with 𝑣, 𝑤 variables is a statement.

� 𝑣.pop_back() is a statement.

� A field assignment 𝑤1.𝑓 := 𝑤2, where 𝑓 is a scalar field name, and 𝑤1, 𝑤2 are

variables.

� If 𝑣 is a sequence of variables, and for each 𝑖 with 1 ≤ 𝑖 ≤ 𝑛, 𝒜𝑖 is a sequence

of automata, 𝐹𝑖 is a sequence of state conditions, s.t. ‖𝑣‖ = ‖𝒜𝑖‖ = ‖𝐹𝑖‖, each

𝑠𝑖 is a statement, then

resolve(𝑣, (𝒜1, 𝐹1)/𝑠1, . . . , (𝒜𝑛, 𝐹𝑛)/𝑠𝑛) )

is also a statement.

� If 𝑣 is a variable, then erase 𝑣 is a statement.

Both repeat and branch are non-deterministic. The repeat statement non-deterministically

skips 𝑠1, . . . , 𝑠𝑛 or starts at 𝑠1. Similarly, branch non-deterministically executes one

of the 𝑠𝑖. We made chose for non-determinism because analyzing non-deterministic

code is not harder than deterministic code, due to the fact that overapproximation

will introduce non-determinism anyway. In order to model deterministic code, one

has to put a istrue or isfalse at the beginning of every branch. Both statements

quietly fail when the condition is not met.

In the resolve statement, variables 𝑣 are used for type checking. Overload

(𝒜𝑖, 𝐹𝑖)/𝑠𝑖 is viable, if for each variable in 𝑣, the value, when run with the cor-

responding automaton in 𝒜𝑖, reaches a state that satisfies the state corresponding

condition.

44



Definition 6.0.5. A special statement has one of the following forms:

� An abort statement has form abort 𝑆, where 𝑆 is an error message.

� An error statement has form error 𝑆, where 𝑆 is the error message.

The difference between abort and error is that error is checked during type checking,

while abort is checked at run time.

Definition 6.0.6. A state 𝜎 is a finite mapping from variables to data terms.

We now define a function eval𝜎(𝑡) that evaluates a flatterm 𝑡 in state 𝜎. Because

the semantics of flatterms is non-deterministic, eval𝜎(𝑡) defines a set of possible val-

ues.

Definition 6.0.7. Let 𝜎 be valuation. Let 𝑡 be a flatterm. We define the function

eval𝜎(𝑡) as follows:

The definition of eval𝜎 can easily be made recursive, but since flatterms are non-

recursive, we didn’t do it.

Definition 6.0.8. For a given statement 𝑠, we assume two functions Φin and Φout

that map program points to set of states. Both functions are defined for the program

points occurring in 𝑠. They are defined together as the least fixed point satisfying the

following conditions:

� If 𝜋 contains a nop, then Φin(𝜋) ⊆ Φout(𝜋).

� If 𝜋 contains block(𝑠1, . . . , 𝑠𝑛), then let 𝜋1, . . . , 𝜋𝑛 be the positions of 𝑠1, . . . , 𝑠𝑛.

We have Φin(𝜋) ⊆ Φin(𝜋1). For every 𝑖 with 1 ≤ 𝑖 ≤ 𝑛− 1, we have Φout(𝜋𝑖) ⊆

Φin(𝜋𝑖+1), and Φout(𝜋𝑛) ⊆ Φout(𝜋).

� If 𝜋 contains repeat(𝑠1, . . . , 𝑠𝑛), then let 𝜋1, . . . , 𝜋𝑛 be the positions of 𝑠1, . . . , 𝑠𝑛.

We have Φin(𝜋) ⊆ Φin(𝜋1). For every 𝑖 with 1 ≤ 𝑖 ≤ 𝑛− 1, we have Φout(𝜋𝑖) ⊆

Φin(𝜋𝑖+1). In addition we have Φin(𝜋) ⊆ Φout(𝜋), and Φout(𝜋𝑛) ⊆ Φin(𝜋).

� If 𝜋 contains branch(𝑠1, . . . , 𝑠𝑛), then let 𝜋1, . . . , 𝜋𝑛 be the positions of 𝑠1, . . . , 𝑠𝑛.

For every 𝑖, we have Φin(𝜋) ⊆ Φin(𝜋𝑖), and Φout(𝜋𝑖) ⊆ Φout(𝜋).
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� If 𝜋 contains istrue 𝑣, then Φin(𝜋) ∩ {𝜎 | 𝜎(𝑣) = t} ⊆ Φout(𝜋).

� isfalse is analogous to istrue.

� If 𝜋 contains a statement of form 𝑣 ← 𝑡 with 𝑡 a flatterm, then

{𝜎 ∪ {𝑣 := 𝑑} } | 𝜎 ∈ Φin(𝜋) and 𝑑 ∈ eval𝜎(𝑡) } ⊆ Φout(𝜋).

function eval𝜎(𝑡) was defined in Definition 6.0.7.

� If 𝜋 contains resolve(𝑐1/𝑠1, . . . , 𝑐𝑛/𝑠𝑛), then let 𝜋1, . . . , 𝜋𝑛 be the positions of

𝑠1, . . . , 𝑠𝑛. Similary, let 𝜌1, . . . , 𝜌𝑛 be the positions of 𝑐1, . . . , 𝑐𝑛.We have Φin(𝜋) ⊆

Φin(𝜋𝑖) and Φin(𝜋) ⊆ Φ(𝜌𝑖).

We also have ⋂︁
Φout(𝜋𝑖) ⊆ Φout(𝜋).

The last condition is a bit tricky. It is possible that some of the 𝑠𝑖 use temporary

variables that other 𝑠𝑖 do not use. In that case, the resulting state will always be

unique, and not in the intersection. This problem can be solved by erasing temporary

variables. In fact, this is the reason that erase was created.

We do not store any scope information for local variables in statements. This

implies that local variables in principle remaing visible, once initialized. This may

lead to space inefficiency when statements are naively translated into 𝐶 or 𝐶++,

which allow more restricted scopes. This problem can be solved by doing a stack

based liveness analysis before translation.

Definition 6.0.9. We define livein(𝜋) and liveout(𝜋) as the least fixed points of the

propagation rules below. The intuitive meaning is: live(𝜋)in/out are the variables

whose value may be later used in a computation that passes through 𝜋.

� If 𝜋 contains a statement of form 𝑣 ← 𝑡, then let 𝑉 be the set of variables

occurring in flatterm 𝑡.

Φin(𝜋) = (Φout(𝜋)∖{𝑣}) ∪ 𝑉.
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� If 𝜋 contains a statement of form isfalse 𝑣, istrue 𝑣, return 𝑣 then

livein(𝜋) = liveout(𝜋) ∪ {𝑣}.

� If 𝜋 contains a statement of form 𝑣.push_back(𝑤), then

livein(𝜋) = liveout(𝜋) ∪ {𝑤, 𝑣}.

� If 𝜋 contains nop, then liveout(𝜋) ⊆ livein(𝜋).

� If 𝜋 contains branch(𝑠1, . . . , 𝑠𝑛), then let 𝜋1, . . . , 𝜋𝑛 be the positions of 𝑠1, . . . , 𝑠𝑛.

For every 𝑖, we have Φin(𝜋𝑖) ⊆ Φin(𝜋), and Φout(𝜋) ⊆ Φout(𝜋𝑖).

A variable 𝑣 is live at some program point 𝜋 if 𝑣 ∈ livein(𝜋).

Intead of defining live(𝜋) as a set of variables, one can also define use(𝜋) as a set

of pairs (𝑣, 𝜋′), indicating that 𝜋′ is a point where the value of 𝑣 is potentially used.

The definition is only slightly more complicated than Definition 6.0.9 above.

In order to simplify analysis, one can require that no assignment assigns to a live

variable. More precisely, if 𝜋 contains an assignment of form 𝑣 ← 𝑡, then one can

require that 𝑣 ̸∈ livein(𝜋). In order to meet this requirement any violating assignment

can be replaced by two initializations as follows 𝑤 ← 𝑡 becomes 𝑤′ ← 𝑡; 𝑤 ← 𝑤′.
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Chapter 7

Range States

We approximate set computations by means of approximating terms. If we do this

carefully, the sets will still contain enough information to be useful in type checking,

and at the same time be finite in number.

Definition 7.0.1. We will use the following abstraction automaton 𝑄 : PROPVARS×

TAG(k).

Our type checking algorithm treats arrays as multisets, which then will be mapped

to states of the precondition automata. We want to be able to handle loops that walk

through an array, and change the values in such a way that they satisfy different

preconditions. In order to do this, the array has to be partitioned in a part before

the index, at the index, and after the index. The different parts may satisfy different

preconditions. In addition, we must be able to test when the index stands at the

beginning of an array, or has reached the end of the array. In order to be able to

do this, one needs to keep track of the relative order between variables that are a

potential index, as well as 0, and the sizes of arrays. We do this by remembering

differences. If two indices are equal, their difference is zero. If the first index is bigger

than the second, the difference is positive.

Definition 7.0.2. A difference has one of the following forms: −2*,−1, 0, 1, 2*. A dif-

ference set is a set of differences. We write ⊤ for the full difference set {−2*,−1, 0, 1, 2*}.
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Figure 7-1: Unary −

− −2* −1 0 1 2*

2* 1 0 −1 −2*

The intended meaning of −2* is ’-2 or less’. The intended meaning of 2* is ’2 or

more’. Difference sets have two levels of uncertainty: The first is in the semantics of

−2* and 2*, which represent a set of possible difference values. The second is the the

fact that a set may contain more than one element. This ugly asymmetry could be

removed by replacing −2* by −2,−3,−4, . . . , but we want the difference sets to be

finitely representable. We don’t know a better alternative to Definition 7.0.2.

Definition 7.0.3. We define two operations on difference sets: The first is negation:

If 𝐷 is a difference set, then

−𝐷 = {−𝑑 | 𝑑 ∈ 𝐷},

using − on differences as defined in Figure 7-1.

If 𝐷1 and 𝐷2 are difference sets, then 𝐷1 +𝐷2 is defined as

⋃︁
{ 𝑑1 ⊕ 𝑑2 | 𝑑1 ∈ 𝐷1 and 𝑑2 ∈ 𝐷2 },

where ⊕ is defined in Figure 7-2. Note that the entries in the table are sets, so that

it is possible to take their union.

Definition 7.0.4. Let 𝐼 be a finite set of objects that potentially are an index. A dif-

ference matrix ∆ over 𝐼 is a mapping of 𝐼×𝐼 to difference sets. We write ∆.at(𝑖1, 𝑖2)

for ∆(𝑖1, 𝑖2).

Possible indices are variables that can have type u64, as well as 0 and expressions

of len(𝑠), where 𝑠 is a variable that holds an array term. Note that the elements of

𝐼 are symbolic: 𝐼 consists of expressions, not of their values.

We will now define a few operations on difference matrices. We define them im-

peratively, instead of declaratively. In other words, we define them as operations that
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Figure 7-2: Operator ⊕

⊕ −2* −1 0 1 2*

−2* −2* −2* −2* −2*,−1 ⊤
−1 −2* −2* −1 0 1, 2*

0 −2* −1 0 1 2*

1 −2*,−1 0 1 2* 2*

2* ⊤ 1, 2* 2* 2* 2*

The entries in the table are always sets. Remember that ⊤ denotes the complete set
{−2*,−1, 0, 1, 2*}.

modify an existing difference matrix, instead of functions. The reason for this choice

is the following: In Definition 7.0.5, we will define the effect of a statement. Due

to overapproximation, and the essential non-deterministic nature of high-level com-

putation, the effect of a statemenet is non-deterministic. After having tried several

ways to define the possible successor states, we concluded that a description using

non-deterministic computation is the simplest. The alternative, using a Prolog-style

declarative definition, is possible, but longer and harder to grasp. The imperative

definitions that we will give, fit better into the non-deterministic computation, than

declarative definitions.

Definition 7.0.5. Let ∆ be a difference matrix over an index set 𝐼.

� If 𝑖 ̸∈ 𝐼, then ∆.extend(𝑖) modifies ∆ into a difference matrix ∆′ over 𝐼 ∪ {𝑖},

s.t. whenever both 𝑖1, 𝑖2 ̸= 𝑖, then ∆′.at(𝑖1, 𝑖2) = ∆.at(𝑖1, 𝑖2). If either of 𝑖1, 𝑖2 =

𝑖, then ∆′.at(𝑖1, 𝑖2) = ⊤.

� ∆.assign(𝑖1, 𝑖2, 𝑑) changes ∆ into a new difference matrix ∆′, s.t. ∆′.at(𝑖1, 𝑖2) =

𝑑, and ∆′.at(𝑖′1, 𝑖
′
2) = ∆.at(𝑖′1, 𝑖

′
2), whenever 𝑖′1 ̸= 𝑖1 or 𝑖′2 ̸= 𝑖2.

� If 𝑖 ∈ 𝐼, then ∆.erase(𝑖) is obtained from ∆ by making ∆.at(𝑖, 𝑖2) and ∆.at(𝑖1, 𝑖)

undefined.

� ∆.contains(𝑖) returns true if ∆.at(𝑖) is defined.

� ∆.isconsistent() returns true if there are no 𝑖1, 𝑖2 ∈ 𝐼, s.t. ∆.at(𝑖1, 𝑖2) = ∅.
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Note that 𝐼 denotes the set of expressions that can be used as index in principle.

A concrete difference matrix does not need to contain values for all 𝑖 ∈ 𝐼.

Definition 7.0.6. Let ∆ be a difference matrix. We define a procedure close(∆)

that closes ∆ under reflexivity, transitivity and antisymmetry: clos(∆) is obtained by

applying the following operations, until no further change is obtained:

� For every 𝑖, s.t. ∆.contains(𝑖) :

∆.assign(𝑖, 𝑖, {0})

∆.assign(0, 𝑖, ∆.at(0, 𝑖) ∩ {0, 1, 2*})

∆.assign(𝑖, len(𝑣),∆.at(𝑖, len(𝑣)) ∩ {0, 1, 2*} )

� For every 𝑖1, 𝑖2, s.t. ∆.contains(𝑖1) and ∆.contains(𝑖2) :

∆.assign(𝑖1, 𝑖2, ∆.at(𝑖1, 𝑖2) ∩ −∆.at(𝑖2, 𝑖1) ).

� For every 𝑖1, 𝑖2, 𝑖3, s.t. ∆.contains(𝑖1), ∆.contains(𝑖2), and ∆.contains(𝑖3) :

∆.assign(𝑖1, 𝑖3), ∆.at(𝑖1, 𝑖3) ∩ (∆.at(𝑖1, 𝑖2) + ∆.at(𝑖2, 𝑖3)) ).

We now define state sequences and a couple of operations on them. We define them

in imperative fashion, it will result in a clearer description of the effect of an operation,

because instead of a large nested functional expression, we can give a sequence of

operations that modify the state. In addition, we can make the computation non-

deterministic, which removes the need to define the effect as relation. The operations

on state sequences are not yet non-deterministic, but they can fail.

Definition 7.0.7. Let 𝒜 = (𝑄, 𝛿,𝑁) be a DTA. A state sequence over 𝒜 is a (possibly

empty) sequence of states of 𝒜. We define the following operations on state sequences:

� 𝑞.push_back(𝑞′) replaces 𝑞 = (𝑞1, . . . , 𝑞𝑛) by (𝑞1, . . . , 𝑞𝑛, 𝑞
′), and 𝑞.push_front(𝑞′)

replaces 𝑞 = (𝑞1, . . . , 𝑞𝑛) by (𝑞′, 𝑞1, . . . , 𝑞𝑛).
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� If 𝑞 has form (𝑞1, . . . , 𝑞𝑛) with 𝑛 > 0, then 𝑞.pop_back() replaces 𝑞 by (𝑞1, . . . , 𝑞𝑛−1),

and 𝑞.pop_front() replaces 𝑞 by (𝑞2, . . . , 𝑞𝑛).

� If 𝑞 has form (𝑞1, . . . , 𝑞𝑛) with 𝑛 > 0, then 𝑞.back() equals 𝑞𝑛, and 𝑞.front()

equals 𝑞1.

Definition 7.0.8. Let 𝒜 = (𝑄, 𝛿,𝑁) be a DTA.

� Let 𝑞 be a state of 𝒜. Operation 𝑞.insert(𝑞′) replaces 𝑞 by 𝛿(𝑞; 𝑞′).

� Operation 𝑞.extract() non-deterministically does the following: Find 𝑞′, 𝑞1, s.t.

𝛿(𝑞′, 𝑞1) = 𝑞. Replace 𝑞 by 𝑞′ and return 𝑞1.

The second operation is one of the sources of non-determinism in the effect of an

operation, the other being uncertainty about the relative order of indices.

Definition 7.0.9. Let 𝒜 be a an abstraction automaton. An range state is a pair of

form (𝑀,∆), s.t.

� 𝑀 is a finite partial function, which

– maps single variables to 𝑄.

– maps pairs (𝑣, 𝑖) consisting of two variables 𝑣, 𝑖 to triples (𝑞1, 𝑞, 𝑞2).

Both components can be partial.

� ∆ is a difference matrix over a set 𝐼 consisting of variables, 0, and expressions

of form len(𝑣), with 𝑣 a variable.

The intended meaning of 𝑞1, 𝑞, 𝑞2 is that they represent the multisets of values in

𝑣[0 · · · 𝑖⟩, 𝑣[𝑖], and 𝑣⟨𝑖 · · · ⟩, respectively.

For each program point, we will construct a set of range states that are possible

at that point, using Definition 6.0.8. As usual, it cannot be avoided that there will

be abstract states attached to a program point that are in fact unreachable.

For simplicity, we will always assume that all assignments to variables (not to a

member) are initializations.
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We explain the relation between assignment and comparison. Since our compu-

tational model is non-deterministic, assignment can be viewed as a special case of

comparison, where nothing is known about the assigned variable. More precisely,

the assignment 𝑖 ← 0 can be viewed as two statements: (1). Initialize 𝑖 with a

random value. (2) Verify that 𝑖 equals 0, failing if it is not. Since computation

is non-deterministic, 𝑖 will be equal to 0 in a succesful computation. Our decision

is treat assignment in the same way as comparison as much as possible, and to deal

with known equalities in a postprocessing state. This has the advantage that common

parts of assignment and comparison can be treated by a single procedure.

In order to define the effect of a statement on a range state, we use an imperative,

non-deterministic notation. We give statements that change the range state. We tried

a declarative approach in earlier versions (inductively defining the effect relation ⊢ by

means of Horn clauses), but it turned out less readable. Using imperative language is

somewhat natural, because in the end we are modeling an imperative language. We

use the following methods of 𝑀 :

� 𝑀.contains(𝑣), 𝑀.contains(𝑣, 𝑖). True if 𝑀 contains a value for variable 𝑣, or

for the pair (𝑣, 𝑖).

� 𝑀.at(𝑣), 𝑀.at(𝑣, 𝑖). Returns the value for the variable 𝑣 or the pair (𝑣, 𝑖).

� 𝑀.assign(𝑣, 𝑑), 𝑀.assign(𝑣, 𝑖, 𝑑). Sets the value of variable 𝑣, or the pair (𝑣, 𝑖)

to 𝑑.

� 𝑀.erase(𝑣), 𝑀.erase(𝑣, 𝑖). Remove the value for variable 𝑣, or the pair (𝑣, 𝑑).

� The statement 𝑖← 0 transforms (𝑀,∆) as follows:

∆.extend(𝑖)

∆.assign(𝑖, 0, {0})

close(∆)

𝑀.assign(𝑖, 𝑄𝒜(0))
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� A statement of form 𝑖← len(𝑣) transforms (𝑀,∆) as follows:

∆.extend(𝑖)

∆.assign(𝑖, len(𝑣), {0})

close(∆)

� A statement of form 𝑖← 𝑗, transforms (𝑀,∆) as follows:

∆.extend(𝑖)

∆.assign(𝑖, 𝑗, {0})

close(∆)

� If the statement at 𝜋 has form 𝑗 ← 𝑖+ 1, then

– Let ∆′ = clos( (∆ + {𝑗})(𝑗, 𝑖) := 1 ).

– If 𝑀.at(𝑓 [𝑖]) is not defined, execute 𝑣′ ← 𝑣.𝑓 [𝑖] using a dummy variable

𝑣′. After that,

𝑀.assign(𝑣.𝑓 [· · · 𝑗⟩, 𝛿( {𝑀.at(𝑣.𝑓 [𝑖]) } ∪𝑀.at(𝑣.𝑓 [· · · 𝑖⟩) ) )

𝑀.assign(𝑣.𝑓 [𝑗 · · · ⟩],𝑀.at(⟨𝑖 · · · ⟩) )

� If the statement has form 𝑖← 𝑗 − 1, then add ∆(𝛼, 𝛽)/{−1} to 𝜎.

� A statement of form 𝑤 ← 𝑣[𝑖] transforms (𝑀,∆) as follows:

(𝑞1, 𝑞, 𝑞2) = 𝑀.at(𝑣, 𝑖)

if ‖𝑞‖ = 0 then

𝑞.push_back(𝑞2.extract())

𝑀.assign(𝑤, 𝑞.front())

𝑀.assign(𝑣, 𝑖, (𝑞1, 𝑞, 𝑞2))

� A 𝜋 has form 𝑣.𝑓 [𝑖] := 𝑤, then if either 𝑀.at( 𝑣.𝑓 [0 · · · 𝑖] ) or 𝑀.at( [𝑖 · · · ⟩ ) is

defined, execute 𝑣′ ← 𝑣.𝑓 [𝑖] using a dummy variable 𝑣′.
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After that,

𝑀.assign( 𝑣.𝑓 [𝑖], 𝑤 )

𝑀.assign( 𝑣.𝑓 [0 · · · ⟩, 𝛿( {𝑀.at( 𝑣.𝑓 [𝑖] )} ∪𝑀.at( 𝑣.𝑓 [0 . . . 𝑖⟩ )) )

𝑀.assign( 𝑣.𝑓 [0 · · · ⟩ 𝛿( {𝑀.at( 𝑣.𝑓 [𝑖] )} ∪𝑀.at( 𝑣.𝑓⟨𝑖 . . .⟩ )) )

� A statement of form 𝑣.push_back(𝑤) transforms (𝑀,∆) as shown below:

– First add 𝑤 to the multiset of values of 𝑣 :

𝑀.assign(𝑣, 𝛿(𝑀.at(𝑣);𝑀.at(𝑤)) ).

– For every 𝑖, s.t. 𝑀.at(𝑣, 𝑖) is defined:

(𝑞1, 𝑞, 𝑞2) = 𝑀.at(𝑣, 𝑖)

𝑞2 = 𝛿(𝑞2;𝑀.at(𝑤))

𝑀.assign(𝑣, 𝑖, (𝑞1, 𝑞, 𝑞2) )

– We also have to register the fact that the size of 𝑣 increases by 1. In order

to do this, create a new variable 𝑧, register the fact that 𝑧 = len(𝑣) + 1.

After that, erase len(𝑣). Reinsert len(𝑣), this time using len(𝑣) = 𝑧.

∆.extend(𝑧)

∆.assign(𝑧, len(𝑣), {1})

close(∆)

∆.erase(len(𝑣))

∆.extend(len(𝑣))

∆.assign(𝑧, len(𝑣), {0})

close(∆)

∆.erase(𝑧)

This procedure could be shortened by adding more primitive operations

on difference matrices, like for example ∆.rename(𝑧, len(𝑣)).
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� A statement of form 𝑣 ← 𝑤.𝑓 transforms (𝑀,∆) as follows:

(𝑞1, . . . , 𝑞𝑛) → 𝑞 in 𝛿. Look up ℱ(𝑓) = 𝑝/𝑖. Each state 𝜎′ = 𝜎 ∪ {𝛼/𝑞𝑖} is a

possible successor.

� A statement of form 𝑣 ← lt(𝑤1, 𝑤2) non-deterministically changes (𝑀,∆) in

the following two ways:

–

∆.assign(𝑤1, 𝑤2,∆.at(𝑤1, 𝑤2) ∩ {−2*,−1} )

close(∆)

if¬∆.isconsistent())

fail

𝑀.assign(𝑣, t)

–

∆.assign(𝑤1, 𝑤2,∆.at(𝑤1, 𝑤2) ∩ {0, 1, 2*} )

close(∆)

if¬∆.isconsistent())

fail

𝑀.assign(𝑣, f)

The other comparison operators are analogeous. (𝑀,∆) either has one or

two successor states, dependent on whether assuming 𝑤1 < 𝑤2 or 𝑤1 ≥ 𝑤2

is consistent with ∆.

� A statement of form 𝑣 ← 𝐹 (𝑤), with 𝐹 is a unary state condition, changes

(𝑀,∆) as follows:

if 𝐹 (𝑤)

𝑀.assign(𝑣, t)

else

𝑀.assign(𝑣, f)

� A statement of form 𝑣 ← 𝐹 (𝑤1, 𝑤2) with 𝐹 a binary state condition has similar

effect as a unary state conditions.
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We define a postprocessing procedure that must be called after every operation on a

range state. It checks equality using ∆, and it removes variables (or pairs of variables)

from 𝑀 that are not live any more. As for the definition of the effect of a statement,

we use an imperative, non-deterministic description. The procedure never branches,

but it may fail.

Definition 7.0.10. � For every variable 𝑖, s.t. ∆.at(𝑖, 0) = {0}, for every vari-

able 𝑣, s.t. 𝑀.contains(𝑣) and 𝑀.contains(𝑣, 𝑖), do

(𝑞1, 𝑞, 𝑞2) = 𝑀.at(𝑣, 𝑖)

𝑞 = 𝑞2

for 𝑞′ ∈ 𝑞 do

𝑞 = 𝛿(𝑞′; 𝑞)

if 𝑞 ̸= 𝑞′ then

fail

� Every variable 𝑖, s.t. ∆.at(𝑖, len(𝑣)) is treated analogously.

� For every variable 𝑣, s.t. 𝑀.contains(𝑣), but 𝑣 does not occur in liveout(𝜋),

call 𝑀.erase(𝑣). For every pair of variables 𝑣, 𝑖, s.t. 𝑀.contains(𝑣, 𝑖), and

either 𝑣 or 𝑖 does not occur in liveout(𝜋), call 𝑀.erase(𝑣, 𝑖).

The definition above cannot stay in this form.
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Chapter 8

Overload Resolution

As in the previous section, we assume a fixed DTA𝒜 = (𝑄, 𝛿,𝑁) throughout the entire

section. We handle overload resolution by cutting out non-viable overloads from the

flow graph. For this purpose, one can use the semantics defined in Definition 6.0.8,

or the rules defined in Section 7.

Definition 8.0.1. Let 𝑑 be a sequence of data terms, let 𝒜 be a sequence of DTA’s,

let 𝐹 be a sequence of state conditions, s.t. ‖𝑑‖ = ‖𝒜‖ = ‖𝐹‖. We say that 𝑑 satisfies

(𝒜,ℱ) if for every 𝑖 with 1 ≤ 𝑖 ≤ ‖𝒜‖, we have 𝐹𝑖(𝑄𝑖,𝒜(𝑑𝑖) ).

Definition 8.0.2. Let 𝒜1 and 𝒜2 be sequences of DTA’s, let 𝐹1 and 𝐹2 be sequences of

state conditions, s.t. ‖𝒜1‖ = ‖𝒜2‖ = ‖𝐹1‖ = ‖𝐹2‖.We say that (𝒜1, 𝐹1) implies (𝒜2, 𝐹2)

if for every data term 𝑑, for every 𝑖 with 1 ≤ 𝑖 ≤ ‖𝒜1‖,

𝐹1,𝑖(𝑄1,𝑖,𝒜(𝑑)) implies 𝐹2,𝑖(𝑄2,𝑖,𝒜(𝑑)).

We write (𝒜1, 𝐹1) ⊑ (𝒜2, 𝐹2) if (𝒜1, 𝐹1) implies (𝒜2, 𝐹2).We write (𝒜1, 𝐹1) ⊏ (𝒜2, 𝐹2)

if (𝒜1, 𝐹1) ⊑ (𝒜2, 𝐹2) and not (𝒜2, 𝐹2) ⊑ (𝒜1, 𝐹1).

Definition 8.0.3. Let 𝑠 be a statement. Typechecking and overload resolution works

as follows:

1. If 𝑠 contains a resolve statement without any options left, then report failure

for the given resolve.
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2. Construct Φin and Φout for every program point in 𝑠.

3. For every 𝜋, s.t. 𝜋 contains a statement of form

resolve(𝑣, (𝒜1, 𝐹1)/𝑠1, . . . , (𝒜𝑛, 𝐹𝑛)/𝑠𝑛) )

for every state 𝜎 ∈ Φin(𝜋), let 𝑑 = (𝜎(𝑣1), . . . , 𝜎(𝑣𝑛)). Remove the (𝒜𝑖, 𝐹𝑖)/𝑠𝑖

for which 𝑑 does not satisfy (𝒜𝑖, 𝐹𝑖) from the resolve statement.

If this results in changes, restart at Step 1.

4. At this point, we know that every resolve statement has overloads, but there

may be too many. For every 𝜋, s.t. 𝜋 contains a statement of form

resolve(𝑣, (𝒜1, 𝐹1)/𝑠1, . . . , (𝒜𝑛, 𝐹𝑛)/𝑠𝑛) )

with 𝑛 ≥ 2, check that there exists an 𝑖 with 1 ≤ 𝑖 ≤ 𝑛, s.t. 𝑖′ ̸= 𝑖 implies

(𝒜′
𝑖, 𝐹

′
𝑖 ) ⊏ (𝒜𝑖, 𝐹𝑖). If no such 𝑖 exists, then report that the resolve statement

is ambiguous.
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Chapter 9

Conclusion

We presented a context aware type system and a type-checking procedure that could

be used for implementing an experimental imperative programming language working

on tree-like data structures which can have different forms based on the way they are

constructed. The type system can determine forms of data trees from a program

context and ensure the correctness of field accesses and function applications. The

from of a data tree is inferred from program context information since the from

depends on runtime modifications of data trees. During type checking, the program

context is approximated as a function (called Φ) that maps each program point to

a set of possible program states. Indexing information is approximated with special

array range states and relative order of indices. This range interpretation allows

us to reason about the state of an array at some index without storing the states of

individual elements. Once the program approximation is computed, the type-checking

algorithm checks correctness of function and field applications, and removes overloads

whose preconditions are not met. Function and field applications are valid if there is

a unique, most specific overload whose precondition is satisfied by the program state

just before it. Otherwise, our type-checking algorithm concludes that the program is

ill-typed.

At this moment, we do not have an implementation of the type system. We have

no empirical data about its feasibility. Future work will involve developing a working

prototype based on the proposed design. This would allow for practical validation of
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the system and provide insights into real-world challenges. In particular, it will be

important to assess the scalability and performance of the system under real-world

examples. Moreover, in this project, it was not discussed how tree automata are

obtained from real type conditions. Future work needs to explore different ways in

which tree automata are generated from preconditions and prove that such automata

exists.

At present, the Φin and Φout sets are constructed as sets of independent states.

Since a single state can be represented as a conjunction of atoms of form 𝜎(𝑣) = 𝑡,

a set of possible states can be viewed as a single formula in disjunctive normal form.

Using conjunctive normal form would result in a much more compact representation,

but in the process, information about dependencies between variables will be lost. In

most cases, this is unproblematic, but it matters in some cases, e.g. after one has

checked that two selector variables are equal, or when one has stored the result of a

comparison in a boolean variable. Future work needs to focus on finding a compact

representation that keeps just enough information about dependencies. Perhaps one

could use a decision tree based on a few binary predicates.
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Appendix A

An Example Mixing Construction

and Destruction

Consider the following flow graph 𝒢 that represents a function. The function that

takes an even number 𝑚 as an argument and after arbitrary number of modification

of the value of 𝑚 returns a still even 𝑚. Here, the goal of type checking is to prove

𝑚 is even natural number at the return statement.
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p1 repeat

p2 𝛼← some(bool)

p3 𝛽 ← 𝑚.sel

p4 𝛾0 ←?succ

p5 𝛾1 ← eq(𝛽, 𝛾0)

p6 branch

p7 block

p8 isfalse 𝛼

p9 isfalse 𝛾1

p10 𝑛← (?succ,𝑚)

p11 𝑚← (?succ, 𝑛)

p12 block

p13 istrue 𝛼

p14 istrue 𝛾1

p15 resolve 𝑛← 𝑚.pred

p16 resolve 𝑚← 𝑛.pred

p17 resolve return 𝑚

Here, a data type of natural numbers Nat along with two adjectives Even and Odd

are defined as follows:

typedef Nat = {

?zero => ;

?succ => pred : Nat;

};

typedef Even = (?zero) || (?succ, Odd);

typedef Odd = (?succ, Even);

First, one needs to define a deterministic tree automata that can classify data

terms into usefull groups. Since the funtion precondition and postcondition involves

even and odd numbers, the automaton should distinguish even and odd numbers.

Moreover, the function operates differently on the zero even number and non-zero
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even numbers, thus the automaton should also distinguish these two forms of even

numbers. Taking into account these requirements, we construct a deterministic tree

automaton 𝒜EvenOdd = (𝑄, 𝛿, 2). The transition function 𝛿 is defined as follows:

𝛿(?zero) = 𝑞zero

𝛿(?succ) = 𝑞succ

𝛿(⊤) = 𝑞True

𝛿(⊥) = 𝑞False

𝛿(𝑞zero) = 𝑞Even1

𝛿(𝑞succ, 𝑞Odd) = 𝑞Even2

𝛿(𝑞succ, 𝑞Even1) = 𝑞Odd

𝛿(𝑞succ, 𝑞Even2) = 𝑞Odd

Note that 𝛿 is made total by mapping all other data terms and multisets to a default

state 𝑞𝑑𝑒𝑓 .

Next, we define a field map for the fields of Nat. Type definition of Nat specifies

only one field named pred that belongs to non-zero natural numbers.

ℱfield(pred) = (𝐹𝑞Even2, 𝑞Odd
, 1)
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Appendix B

An Example with Repeated Field

Inspection

Example B.0.1. In the flow graph below, we assume that both 𝑥1 and 𝑥2 are natural

numbers. The program checks that 𝑥1 and 𝑥2 have the same selector. After that, it

checks that the selector of 𝑥1 equals ?zero. We assume that function 𝑓 has precondition
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( ?zero ).

repeat

𝛼1 ← 𝑛1.op

𝛼2 ← 𝑛2.op

𝛽 ← eq(𝛼1, 𝛼2)

branch

block

isfalse 𝛽

return false

block

𝑧 ← ?zero

𝛽 ← eq(𝛼1, 𝑧)

branch

block

istrue 𝛽

return true

block

isfalse 𝛽

resolve 𝑛1 ← 𝑛1.pred

resolve 𝑛2 ← 𝑛2.pred
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Appendix C

An Example with Property

Conversion in an Array

Consider a function with input parameter 𝑥. Initially, we have 𝑥 |= 𝐴∀ and the return

statement requires 𝑥 |= 𝐵∀.

block

𝑖← 0

𝛼← len(𝑥)

𝛽 ← lt(𝑖, 𝛼)

𝛾 ← not(𝛽)

repeat

isfalse 𝛾

resolve 𝛿 ← 𝑥.𝑓 [𝑖]

resolve 𝜂 ← 𝐹 (𝛿)

resolve 𝑥.𝑓 [𝑖] := 𝜂

𝑗 ← 1

𝑖′ ← add(𝑖, 𝑗)

𝑖← 𝑖′

𝛼← len(𝑥)

𝛽 ← lt(𝑖, 𝛼)

𝛾 ← not(𝛽)

resolve return 𝑥70



Assume that function 𝐹 ( ) requires adjective 𝐴 and returns adjective 𝐵. Both are

adjectives defined on a type 𝑇. Assume that 𝑥 initially satisfies (𝐴∀), we need to show

𝑥 satisfies (𝐵∀) at the return statement.

The generating automata for properties 𝐴∀ and 𝐵∀ are:

𝒜𝐴∀ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ → 𝑞𝐴∀

{𝑞𝐴} ∪ 𝑞𝐴∀ → 𝑞𝐴∀

{𝑞𝐴} ∪ 𝑞𝐴∀ → 𝑞
𝐴

∃

{𝑞𝐴} ∪ 𝑞
𝐴

∃ → 𝑞
𝐴

∃

{𝑞𝐴} ∪ 𝑞
𝐴

∃ → 𝑞
𝐴

∃

and 𝒜𝐵∀ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ → 𝑞𝐵∀

{𝑞𝐵} ∪ 𝑞𝐵∀ → 𝑞𝐵∀

{𝑞𝐵} ∪ 𝑞𝐵∀ → 𝑞
𝐵

∃

{𝑞𝐵} ∪ 𝑞
𝐵

∃ → 𝑞
𝐵

∃

{𝑞𝐵} ∪ 𝑞
𝐵

∃ → 𝑞
𝐵

∃
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