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Abstract

This thesis explores finite-time synchronization in shunting inhibitory cellular neural net-
works (SICNNs) with time-varying delays. An advanced hybrid controller is introduced to
achieve this, serving as a state-feedback and pinning-impulsive controller during impulsive
intervals and instants, respectively. Considering the basic Lyapunov function, the paper
proposes finite-time synchronization for the SICNNs-based master-slave model structured
along with the hybrid controller. This proposition is validated through a series of case stud-
ies highlighting the effectiveness of the hybrid controller. Furthermore, this paper compares
the settling time of finite-time synchronization using the proposed hybrid controller against
the classic state-feedback and pinning-impulsive controller, demonstrating the advantages
of the hybrid approach. The effectiveness of the proposed hybrid controller is exemplified
through a numerical example, showcasing consensus between MATLAB software simula-
tions and manual computations. The comparison analysis includes assessing the proposed
hybrid controller against the classic state-feedback and pinning-impulsive controllers.
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Chapter 1

Introduction

1.1 Cellular Neural Networks

Nowadays, there is no area where a neural network cannot be applied because of its

versatility. Its applications vary from speech recognition and medical diagnosis to defense

and aerospace. Neural networks were inspired by the nervous system and their ability to

process (1). In addition, most of the recent researches are aimed at better understanding

nervous systems’ processes, for example, cellular neural networks. Cellular neural networks

(CNN) are the one type of neural network used to process information spatially. An illus-

trative example of CNN is shown in (1-1) (2)(3)(4)(5).

Each cell in this neural network is linked to neighboring cells and conducts local

computations, by using a predefined set of parameters. It plays a key role in image pro-

cessing, because of its features such as segmentation, image filtering, and edge detection.

In addition, it has been a widely discussed research topic because of its capability of paral-

lel information processing (2)(3)(4)(5). Since the stability of the neural network is crucial

for the applications, the stability of the CNN and other CNN-derived networks has been

studied in the last two decades. For example, the global asymptotic stability of CNN (6),

complete stability of CNN (7), exponential stability of nonreciprocal CNN (8), exponential

stability of continuous-time and discrete-time CNN (9), asymptotic stability of high-order
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Figure 1-1: Two-dimensional model of cellular neural network.

neutral CNN (10), pseudo almost periodic solutions of quaternion-valued fuzzy CNN (11),

and finite-time stability of SICNN (12).

1.2 Shunting Inhibitory Cellular Neural Networks

In 1993 Bouzerdom and Pinter introduced a new class of CNN called shunting in-

hibitory cellular neural network (SICNN). It is a biologically inspired, CNN-derived type of

neural network where there is nonlinear synaptic interaction between the cells. This inter-

action is called shunting inhibition. The main advantage of this effect is that it increases

the robustness of the neural network (13). In addition, it increases the computational effi-

ciency of the network by increasing the conductance of each neuron in the neural network

(14). Several articles show its application in the following areas: medical image processing,

psychophysics, speech, perception, robotics, adaptive pattern recognition, and vision (15)

(16) (17) (18).

Due to its wide range of applications, the dynamic behavior of SICNN has gotten
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more attention from applied Mathematics researchers. For example, stability of SICNN

(15), an anti-periodic solution with time-varying delays (17), almost periodic solution with

time-varying delays(19), global exponential stability with delays (20), existence and expo-

nential stability of almost periodic solutions with continuously distributed delays (21), and

global stability of almost periodic solution with variable coefficients (22) of SICNN have

been studied in the last two decades.

1.3 Impulsive Differential Equation

For the last century, differential equations have been the main tool to model the dy-

namics of the changing processes. For example, differential equations are used in various

areas of biology, physics, statistics, and weather forecasting. However, the dynamics of

most real-life and mechanical processes go through abrupt changes, such as natural disas-

ters, harvesting in real-life situations, and collisions in mechanical processes. These changes

cause instantaneous increases or decreases in the behavior of the continuous model. These

perturbations are called “impulses”. The simplest demonstration of the impulses is a Dirac

delta function, a function with the value 0 everywhere, except f(0) = 1. The demonstrative

figure is given in Fig. (1-2).

In modeling dynamical systems, impulses were proposed back in the 1950s, because

state dynamics showed sharp changes, that can not be modeled by pure discrete or continu-

ous models. In the 1960s Millman and Myshkis studied differential equations with impulses

(23). They were called impulsive differential equations and were first defined by Laksh-

mikantham et al. in 1989 (24). Since then, impulses and impulsive differential equations

have been studied extensively and more deeply. It was found that there exist three factors

that are important while researching impulses: impulsive gain, impulsive frequency, and

impulsive instant. Here are the importance and a brief explanation of each characteristic

based on (25).

The first characteristic is impulsive gain, which is the strength of the impulse, and

there exist three categories of impulsive gain: neutral, destabilizing, and stabilizing im-

pulses. Neutral impulses do not affect the model; therefore, they can be called dormant

12



Figure 1-2: Dirac delta function.

impulses. Destabilizing impulses are those that disrupt the stability of the model and can

result in unexpected and undesired behavior. Meanwhile, stabilizing impulses enhance the

stability of the model. To distinguish impulsive gain one from another absolute value no-

tation is used: if the absolute value impulse gain, let us take as µ, is equal to 1, then it is

a neutral impulse; if |µ| > 1, then it is called a destabilizing impulse; if |µ| < 1, then it is

called a stabilizing impulse. In (26) authors found necessary and sufficient conditions for

stability for each of these three categories.

The second characteristic is impulsive frequency, a key indicator for defining an im-

pulse sequence, which denotes how often the impulses will be applied. Because one is

interested in attaining certain results by including impulses in the model. In this case, if

the frequency is exceedingly low, the impulses’ influence on the model is insignificant, and

the intended outcome cannot be accomplished. However, if the frequency is set too high,

the model will be computationally difficult, even if the desired outcome is achieved. There-

fore, the number of impulses required to accomplish a given result has been an important

subject in the field of impulse systems. Lu et al, in (27) presented a novel way to bound the
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impulsive frequency, which is called an average impulsive interval. It bounds the number

of impulses from above and below, and it gives flexibility to change boundaries and allows

to change the boundaries simultaneously. By using an average impulsive interval, Lu et al.

developed a unified synchronization criterion for impulsive systems that is independent of

the type of impulse gain.

Definition 1 (28)An impulse sequence {tk, k ∈ N+} is said to have average impulsive

interval Ta if there exist a positive integer N0 and positive constant Ta such that

t− to
Ta

−N0 ≤ N(t0, t) ≤
t− to
Ta

+N0,

where N(t0, t) is the number of impulsive instants of the impulse sequence {tk, k ∈ N+} in

(t0, t).

The third characteristic is impulse instant, which decides how the impulses will be

applied. There are two types of impulse instant sequence: when the sequence is fixed and

when the sequence is calculated. The calculated time is determined by whether the system

intersects a particular surface. However, this method is usually used for the stabilization of

unstable systems. Because our major purpose for adding impulses in the thesis work varies

from this, here we will apply a fixed impulse instant sequence.

The system where the impulse is involved is called an impulsive system and it has

acquired many research interests because of its variety of applications, including in biology,

communication networks, control technology, and engineering sciences. The stability of the

impulsive system plays a key role in applications, and as a result, it has been researched

in many articles and books (25) (24)(23)(29)(30). Overall, articles about the stability

of impulsive systems can be divided into two main topics: impulsive perturbations and

impulsive control. The first topic evaluates impulsive systems with destabilizing effects

and researches their stability. Meanwhile, articles on the second topic, impulsive control,

contemplate impulses with stabilizing effects (29).
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1.4 Basics of Impulsive Differential Equation

Impulsive differential equations play a key role in modeling sudden changes in contin-

uous behavior. Unlike ordinary differential equations, which model continuous processes,

impulsive differential equations can include instantaneous jumps in the model. As a result,

impulsive differential equations have gained a lot of amounts of research attention because

of their variety of applications in fields, such as physics, population dynamics, ecology, bio-

logical systems, and biotechnology (31)(32). For example, in population dynamics impulsive

differential equations can explain sudden death caused by natural disasters.

An example of an impulsive differential equation is shown below

x′(t) = f(t, x), t ̸= tk,

∆x|t=tk = Jk(x(t
−
k )), t = tk, k ∈ Z+,

(1.1)

where f(·, ·) is a given function, ∆x = x(t+k )−x(t−k ), x(t
+
k ) = limh→0 y(tk +h) and x(t−k ) =

limh→0 y(tk − h) are right and left limits of x(tk) at t = tk, respectively, tk is a impulse

instant sequence, k = 1, 2, ... The impulsive differential equations consist of ordinary or delay

differential equations, which work at all times except impulse times, and the difference

equation, which works at impulse times. This impulse time is usually referred to as an

impulsive sequence and consists of discrete time sequences in increasing order.

1.4.1 Existence and Uniqueness of a Solution

Let the functions f(·, ·) and J(·) from (1.1) be f : I ×G → Rn and J : A×G → Rn,

where I ⊂ R is an open interval, G ⊂ Rn, and A is a set of indexes k. Then the domain of

the impulsive differential equation (1.1) is the set Ω = I×A×G. Fix (t0, x0) ∈ I×G, and

let

I0 = [t0 − h, t0 + h], G0 = {x ∈ Rn : ||x− x0|| < H},
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with some fixed positive numbers H and h. Assume that the numbers are small such that

I0 ×G0 ∈ I×G. Let p+ = N([t0, t0 + h]), p− = N([t0 − h, t0]),A0 = {k ∈ A : tk ∈ I0}, and

k ∈ A0, where N([·, ·]) is as in (1).

(C1) ||f(t, x) − f(t, y)|| ≤ l||x − y||, ||Jk(x) − Jk(y)|| ≤ l1||x − y||, for arbitrary x, y ∈ G,

uniformly in all (t, k) ∈ I×A.

(C2) supJ×G||f(t, x)||+ supA×G||Jk(x)|| = M < ∞.

Theorem 1 [Existence and uniqueness] (32) Let conditions (C1),(C2), and the inequalities

M(h+max(p+, p−)) < H,

lh+ l1max(P+, p−) < 1,

be valid. Then the initial value problem (1.1) and x(t0) = x0 admit a unique solution on I0.

1.4.2 Comparison Theorem for the Impulsive Differential Equation

Similar to the ODE, we use a comparison system to solve an impulsive differential

equation. The main contribution of this comparison system is that it simplifies the more

complex system and approximates its solution.

Lemma 1 [Comparison system] (28) Let 0 ≤ γ(t) ≤ γ. F (t, u1, u2) : R
+×R×R → R and

Ik(u) : R → R be nondecreasing in u. Suppose that

D+u(t) ≤ F
(
t, u(t), u

(
t− γ(t)

))
, t ̸= tk,

u(tk) ≤ Ik
(
u(t−k )

)
, k ∈ N,

(1.2)

D+v(t) > F
(
t, v(t), v

(
t− γ(t)

))
, t ̸= tk,

v(tk) ≥ Ik
(
v(t−k )

)
, k ∈ N,

(1.3)

then u(t) ≤ v(t) for −γ ≤ t ≤ 0 implies that u(t) ≤ v(t) for t > 0, where D+u(t) =

limh→0+
u(t+h)−u(t)

h .
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1.5 Delay Differential Equation

In modeling the dynamics of changing processes, delays, and dependence on history,

are one of the essential effects, since delays are an important phenomenon in many fields,

such as biological networks, finite chemical reaction times, and the stock market (33) (34).

In addition, since time is required to process the information and to react to it, time delays

are inevitable when feedback control is considered (35). Delay differential equations come

in the following form

x′(t) = f(t, x(t+ τ)), (1.4)

where f(·, ·) is a given function, and τ is a delay term. Here we generalize delay by term

τ , because, there are several types of delay: a constant delay, which can be expressed as

τ = −β, proportional delay, that is τ = −βt, and time-varying delay, that is τ = −γ(t).

Here β and γ(t) are a positive constant and a function, respectively.

1.5.1 Existence and Uniqueness of a Solution.

Let r be a given positive real number and C([a, b],Rn) be a Banach space of continuous

functions mapping [a, b] into the Rn. If σ ∈ R, A ≥ 0, and x ∈ C([σ − r, σ +A],Rn), then

for every t ∈ [σ, σ +A] assume that x(t+ τ) ∈ C, where −r ≤ τ ≤ 0. Let D ⊂ Rn ×C and

the function f from (1.4) be f : D → Rn. We seek a solution x(t) of (1.4) satisfying

x(t) = ϕ, σ − r ≤ t ≤ σ, (1.5)

and satisfying (1.4) on σ ≤ t ≤ σ +A for some ϕ ∈ C.

Theorem 2 [Existence and uniqueness] (36) Suppose that Ω is an open set in R × C,

f : Ω → Rn is continuous, and f(t, ϕ) is Lipschitizian in ϕ in each compact set in Ω. If

(σ, ϕ) ∈ Ω, then there is a unique solution of Equation (1.4) through (σ, ϕ).

17



(a) (b)

Figure 1-3: (a) The graph of f(x) = xex. (b) The Lambert W function and its real-valued
branches: the continuous plot is W0(x), and the dashed plot is W−1(x).

1.6 Special Functions

In this thesis work a special function, named Lambert W function, is used. By using

(37) an overview of Lambert W function is given below.

Definition 2 (Lambert W function) Let the f(x) = xex. Then the Lambert W function is

defined as the inverse of f(x) and noted as W (x).

This function is used to solve equations that involve exponential terms and delay

differential equations (DDE). In addition, it can be applied to solve problems in physics,

biology, probability, and combinatorics. For example, in biology Lambert W function is

used to deal with cell growth. In general, the cells’ population behavior is modeled by

ordinary differential equations (ODE). However, it was observed that some cells go through

step-like growth at the beginning, and as a result, ODE is not applicable. Therefore, in this

situation, DDE models cell growth more accurately than ODE. To solve this kind of DDE

one needs to apply the Lambert W function.

If we try to solve the equation xex = a, we can find that there exist infinitely many

solutions to this equation. Among these solutions, there will be at most two real solutions.

Therefore, one can notice that this function is not invertible since it is not one-to-one (Fig.

1-3). To make it one-to-one we divide the domain into pieces, and then in it piece it will be

18



an invertible function. Each invertible piece is called a branch. Lambert W function has

two branches that take only real values, and in Fig. 1-3 in the second graph these branches

can be seen, they are called W0 and W−1 branches of the Lambert W function.

Definition 3 (37) (Branch-Cut of Lambert W function) A branch of the Lambert W func-

tion refers to a specific portion of its multi-valued nature. The Lambert W function, denoted

as W (x), has several branches, each corresponding to different ranges of input values. The

most common branches are 0 and −1 branches, denoted as W0(x) and W−1(x), respectively,

where

W0 :
[
− 1

e
,+∞

)
→
[
− 1,+∞

)
,

W−1 :
(
− 1

e
, 0
)
→
(
−∞,−1

)
.

One of the features of the Lambert W function is that this function is transcendental.

It means that the values of this function cannot be found algebraically. To find exact values

some other software is needed, such as MATLAB, or a special calculator, such as Wolfram

Alpha, can be used.

1.6.1 Example

Here is an example of how the Lambert W function can be used to solve equations.

3x = 7x.

Since the Lambert W function is the inverse of the equation with exponential expression,

we need to rewrite it with base e.

exln3 = 7x.

19



Rewrite this expression as aea = b, where a is the expression in terms of x, and b is a

specific number.

1

7
= xe−x ln 3.

− ln 3

7
= (−x ln 3)e(−x ln 3).

Since −1
e < − ln 3

7 < 0, the above equation have two real solutions are x1 = −W0(− ln 3
7

)

ln3 ≈

2.66266637482 and x2 = −W−1(− ln 3
7

)

ln3 ≈ 0.17270423966. The values of W0(− ln 3
7 ) and

W−1(− ln 3
7 ) were found by using special calculator for Lambert W function.

1.7 Control Theory

Manipulating the dynamics of the model to get a desired output is called control

theory. The following differential equation serves as a starting example of control theory

˙x(t) = f(x(t), u), x(0) = x0 ∈ Rn, (1.6)

where x is a state variable, u is a control such that u ∈ U ⊂ Rm, and U is called the set of

control parameters.

A brief overview of (38) and (39) is presented to explain the concept of control.

Depending on the relation between the system and the control, controls are classified into

two types: open-loop and closed-loop controllers (see Fig. (1-4)). In open-loop controllers,

only the input causes the control to be applied and u from (1.6) can be an arbitrary function

u : [0;+∞) → U . In closed-loop controllers, the so-called feedback phenomenon occurs. In

this situation, the controller sets up the input by rerunning the output as an input, and

in the case of (1.6) u is defined as u = u(x(t)). Closed-loop controllers are more adaptive

and more stable in the presence of disturbances. As a result, these controllers are said

to have a stabilizing effect. However, controllers designed in a closed-loop way need more

computational time than open-loop controllers. Despite this, a closed-loop controller is

preferable when precision and stability are required. In neural networks, controllers are
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(a) (b)

Figure 1-4: Types of controllers: a) open-loop controller, b) closed-loop controller.

usually used in problems of stability or synchronization

Definition 4 (38) The system (1.6) is said to be stable if there exist x0 ∈ Rn and u0 ∈ U

such that f(x0, u0) = 0.

1.8 Synchronization

From the existing literature, we can see that the synchronization problem is one of

the most researched problems in the field of neural networks. Consider the following system

of differential equations

ẋ = f(t, x(t)),

ẏ = f(t, y(t), u(t)),
(1.7)

where x, y, and u are from Rn. The synchronization problem consists of two states: the

state x with given dynamics, the state y with controllable dynamics, and a control u. By

applying u, the control, the dynamics of y is forced to merge with the dynamics of x, or

in other words we decrease the error between these two states. An illustrative example is

shown in Fig. 1-5. One of the applications of neural networks is image encryption, where

we deal with distributed and/or parallel computing. In this example, without a proper

synchronized system, the outcome of the encrypted image will be anarchic.

The synchronization can be categorized into three types:

• complete synchronization: all states are synchronized into one trajectory,
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Figure 1-5: a) The system is not synchronized since the error between two states does not
tend to be zero. b) The system is synchronized because the error becomes zero after some
amount of time.

• generalized synchronization: the output of the one state and the output of the other

state become identical,

• phase synchronization: phase dynamics of two oscillatory systems become synchro-

nized, meanwhile, frequencies and amplitudes can be not synchronized.

In this thesis, we are interested in generalized synchronization. It is often referred to

as a master-slave system, where the master system is a given state dynamics and the slave

system is a controlled dynamics.

There are two types of synchronization, depending on the time required to synchro-

nize: asymptotic synchronization and finite-time synchronization. Define the error state

e(t), where e(t) = y(t)− x(t) and y(t), x(t) as in (1.7).

Definition 5 The system (1.7) achieves asymptotic synchronization if lim
t→+∞

n∑
i=1

||ei(t)|| = 0

and
n∑

i=1
||ei(t)|| > 0 for all t < +∞.

Definition 6 The master-slave system (1.7) is said to be finite-timely synchronized if there

exists a constant T such that lim
t→T

n∑
i=1

||ei(t)|| = 0 and
n∑

i=1
||ei(t)|| = 0 for t ≥ T , where T is a

settling time, which depends on the initial value of the system,
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In one of the applications of synchronization, in secure communication, the time

needed to recover or send the encoded message depends on the time of the synchronization

process. Therefore finite-time synchronization is crucial in secure communication (40). In

addition, it is observed that systems synchronized in finite time perform better even if

uncertainties and disturbances exist (41). Because of this, finite-time synchronization is

becoming one of the most interesting topics in synchronization problems (42)(43).

1.8.1 Examples

Example 1. Let us consider a two-dimensional coupled differential equations

dx1
dt = x2 − x1

dx2
dt = x1 − x2,

(1.8)

where x1 and x2 are state variables. Even if the initial conditions of these two states are

different, the rate of change of each state will push them toward each other. Eventually,

the values of the states will converge to one value, resulting in asymptotic synchronization.

Example 2. Let us consider the following initial value problem

de
dt = e+ u,

e(0) = 5,
(1.9)

where e is an error state, and u is a control. Define the control as u = −e − 2. Then

substitute the control into the (1.9) and integrate with respect to t.

de

dt
= e+ u = e+ (−e− 2) = −2,∫

de

dt
dt =

∫
(−2)dt,

e(t) = −2t+ C.

By applying the initial value we obtain that e(t) = −2t + 5. Now we need to find the

settling time, T , which is T = 2.5 sec. After 2.5 seconds the error will be zero, resulting in

finite-time synchronization.
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1.9 Lyapunov Function

Let that in (1.1) f : R× Rn → R is continuous and f(t, 0) = 0.

Definition 7 The function W : Rn → R is said to be positive definite on R if W (x) > 0

for all nonzero x ∈ Rn and W (0) = 0.

W (x) is said to be positive semi-definite if W (x) ≥ 0 for all x ∈ Rn.

W (x) is said to be negative semi-definite if W (x) ≤ for all x ∈ Rn.

Theorem 3 (25) Assume that a positive definite function V (t, x) defined on R+×Rn satisfy

V̇ (t, x) ≤ 0, t ̸= tk,

and

V (t+k , x+ Jk(x(t
−
l )) ≤ V (tk, x),

Then the trivial solution to the system (1.1) is stable.

1.9.1 Example

Let us look at the following example.

ẋ(t) = −x(t), t ̸= tk,

x(tk) = 0.5x(t−k ), t = tk,
(1.10)

where tk ∈ Z+. Solution. Let us take the Lyapunov function V (t, x) = 1
2x

2. By taking the

time derivative for t ̸= tk one can derive the following equation

V̇ (t, x) = xẋ = −x2.
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For t = tk by applying impulses, the following equation is obtained

V (tk, x(tk)) =
1

2

[
x(tk)

]2
=

1

2

[1
2
x(t−k )

]2
=

1

4

1

8

[
x(t−k )

]2
=

1

4
V (t−k , x(t

−
k )).

Then by Theorem 3, the trivial solution of the (1.10) is stable.
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Chapter 2

Hybrid Impulsive Pinning Control

There are several types of controllers, and the common two types of controllers are

as follows: the first is continuous time controllers, such as feedback control, adaptive feed-

back control, and state feedback control; the second is discrete-time controllers, such as

impulsive control, and intermittent control (33). The main difference between continuous

and discrete time controllers is in the modeling. The continuous controller is modeled by

a differential equation, and discrete controllers are modeled by a difference equation. Ad-

ditionally, continuous controllers are easy to monitor and easy to adapt. Since discrete

controllers are applied only at discrete-time sequences, discrete controllers are cost-effective

and researches show that they are less sensitive to disturbances (44). However, unlike con-

tinuous controllers, discrete controllers are applied at a predefined set of points, such as the

impulsive sequence in impulsive control or impulsive differential equations. Therefore, its

adaptability is limited compared to continuous controllers.

Recently, one has been interested in upgrading control by decreasing control costs or

by decreasing settling time for synchronization (34) (45) (46). Therefore, a new type of

control, namely hybrid control, was introduced. Hybrid controls are obtained by combining

two or more controls, which means that the components of hybrid control are inconsistent

and can be changed if necessary. In this thesis, we are proposing a novel hybrid control,

which consists of feedback, impulsive, and pinning controls.
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2.1 Feedback Control

The feedback control is a continuous closed-loop control. This is one of the first

techniques which was introduced in the control theory (47). In addition, feedback control

is common in literature because it is easier to design (48) (49) (50). The feedback control

operates as follows: after computing the model output, it modifies the input data by adding

parameters or substituting a specific function. There are several types of feedback control,

such as state feedback, and adaptive feedback. In the system with the state-feedback

controller, the parameters are fixed (51). However, in the case of the adaptive feedback

controller, the system can easily change parameters using its response to achieve the desired

output (52).

2.1.1 Example

Here is a simple example of stabilizing the unstable differential equation with feedback

control. Let us consider the following unstable system

dx

dt
= ax− u, (2.1)

where x is a state variable, a is a constant, and u is a feedback control that will be designed

later. Let us consider several cases of designing the feedback control:

• u=0: The rate of change of the state is directly proportional to the current value of

the state. In this case, if a > 0 the model will be unstable.

• u = bx and b < a: ax− bx is positive, therefore the rate of change is positive, and

the model is unstable.

• u = bx and b ≥ a: ax−bx is zero or negative, therefore the system is already stable,

or will gradually be stabilized.
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Figure 2-1: The graph of e satisfying the system (2.2)

2.2 Impulsive Control

The impulsive control is discrete open-loop control, and Yang’s academic publication

from 2001 has the earliest reference to this control approach (53). Impulsive control adds

impulses to the system at discrete points in time. Following (25), we summarize the benefits

of impulsive control as follows:

• The impulsive controller has a basic form and an easy-to-implement control mecha-

nism.

• Systems with impulsive control are highly robust to the disturbances.

• In comparison to other controls, impulsive control increases reaction time and de-

creases information redundancy.

• Impulsive control systems are more secure since they limit information transmission.
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• In many cases, impulsive control can provide an effective approach to overcome the

issues that some dynamical systems cannot handle with continuous-time control.

Because of the aforementioned advantages, impulsive control became a widely re-

searched topic. Therefore, several papers studied different types of stability with impulsive

control: exponential stability (54), input-to-state stability (55), stability of two measures

(56), finite-time stability (57), bifurcation of the system (58), and chaos phenomena (59).

2.2.1 Example

Here is an example of asymptotic synchronization via impulsive control. Consider a

simple error system
de
dt = 0.5e, t ̸= tk,

∆e = −0.7e, t = tk,

e(0) = 3,

(2.2)

where e is an error state and tk is an impulsive sequence which is a set of positive integers.

The dynamics of the error states in Fig. (2-1) are reaching stable solution 0. This means

that the system achieves asymptotic synchronization via impulsive control.

2.3 Pinning Control

Proposed in 1997 by Grigoriev et al. pinning control is another method to achieve

synchronization (60). Pinning control is discrete time control, however, it cannot be cat-

egorized into open-loop or closed-loop control. Because depending on the situation it can

be both. The main idea of this control is to reduce the number of controls applied to the

system by pinning a part of the model. At the pinned part of the system, controls will be

applied by a predefined strategy. A vast amount of literature has been published propos-

ing new strategies to synchronize with pinning control (61)(62)(63)(64). Because pinning

control is about selecting a specific portion of the system, it has no effect on the system’s
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behavior if no other controls are used. Therefore, most of the recent articles about syn-

chronization consider a combination of pinning control with other controls. For example,

pinning and impulsive control (65) (28), pinning and feedback control (62) (33), pinning

and intermittent control (66).

2.4 Hybrid Impulsive Pinning Control

In this thesis work these three controls are involved to improve previous results. By

combining three types of controls, and using the advantages of each, we are proposing a novel

hybrid pinning impulsive control to achieve finite time synchronization in SICNN. Pinning

control is an efficient method for dealing with high-dimensional models. Impulsive control

is an energy-saving control since it admits discontinuities and reduces errors quickly (28)

(67). Finally, because pinning and impulsive controls are ineffective for attaining finite-time

synchronization, adaptive feedback plays a key role in achieving this problem.

2.5 Novelty of the thesis

The main contributions of this thesis are summarized as follows:

(1) An advanced hybrid impulsive pinning control is introduced to achieve finite-time

synchronization in SICNNs with time-varying delays.

(2) Comparison analysis of the hybrid impulsive pinning control, impulsive feedback, and

classical feedback control is done. As a result general criterion is given to show the

superiority of hybrid impulsive pinning control compared to other controls.
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CHAPTER 3. SYNCHRONIZATION ANALYSIS

Chapter 3

Synchronization Analysis

In this section, we define the SICNN model equation. In addition, the necessary

definitions and lemmas that will be useful for the rest of the research are given.

The state representation of the dynamics of time-varying delayed SICNNs with mn

cells can be expressed as follows:

dxij(t)

dt
= −αij(t)xij(t)−

∑
Chl∈Nr(i,j)

Chl
ij (t)fij

(
xhl(t− γhl(t))

)
xij(t) + Iij(t), (3.1)

where xij(t) denotes the voltage/activity of the cell Cij(t); the positive scaalar function

αij(t) denotes the passive decay rate of the cell activity; the time-dependent variable

Chl
ij (t) > 0 denotes the connection or coupling strength; γhl(t) denotes the transmission

delay; fij(·) is the activation function; Iij(t) is the external input to the cell xij(t). Nr(i, j)

denotes the r neighborhood of the cell, which is defined as follows:

Nr(i, j) = {Chl(xij(t)) : max {|h− i|, |l − j|} ≤ r, 1 ≤ h ≤ m, 1 ≤ l ≤ n} .

Throughout this thesis1, we will consistently make use of the following assumptions:
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Assumption 1 Each function fij(z), (ij = 11, 12, · · · ,mn) satisfies the Lipschitz condi-

tion, i.e., there is a constant Lij > 0 such that |fij(z1) − fij(z2)| ≤ Lij |z1 − z2| for all

z1, z2 ∈ R.

Assumption 2 Each activation function is bounded, i.e., there is a constant Mij > 0 such

that |fij(z)| ≤ Mij for all u ∈ R.

To synchronize with the master system (3.1), we have incorporated the following slave

system subject to the hybrid controller uij(t):

dyij(t)

dt
= −αij(t)yij(t)−

∑
Chl∈Nr(i,j)

Chl
ij (t)fij

(
yhl(t− γhl(t))

)
yij(t) + Iij(t) + uij(t), (3.2)

where the hybrid control will be defined later.

Based on master-slave systems (3.1) and (3.2) subject to the hybrid controller (3.4),

the dynamics of the error system has been depicted with error state eij(t) = yij(t)− xij(t)

as in the following form:


ėij(t) = −αij(t)eij(t)−

∑
Chl∈Nr(i,j)

Chl
ij (t)fij

(
yhl
(
t− γhl(t)

))
yij(t)

+
∑

Chl∈Nr(i,j)

Chl
ij (t)fij

(
xhl
(
t− γhl(t)

))
xij(t) + Vij(t),

eij(t
+
k ) = eij(t

−
k )− qijeij(t

−
k ), t = tk, (i, j) ∈ D(tk).

(3.3)

Here, the hybrid controller uij(t) is assembled in the following impulsive switching mode:

uij(t) =

 Vij(t),∑∞
k=0−qijeij(t)δ(t− tk), t = tk, (i, j) ∈ D(tk),

(3.4)

such that Vij(t) =



(
−

∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣− ϵ

−LijK0
∑

Chl∈Nr(i,j)

Chl
ij |ehl

(
t− γhl(t)

)
|
)
sgn
(
eij(t)

)
,

t ∈ [tk−1, tk),

0, t = tk, (i, j) /∈ D(tk),

and qij ∈ (0, 1) is the impulse gain; δ(·) is dirac delta function; ϵ is a positive constant; the
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impulse instant sequence {tk}∞k=1 satisfies 0 = t0 < t1 < t2 < · · · < tk, limk→∞ tk = +∞;

the set of pinned nodes at t = tk denoted as D(tk) ⊆ {(i, j) : (i, j) ∈ {1, 2, · · · , n} ×

{1, 2, · · · ,m}}; and the parameter K0 will be explained later.

Remark 1 There are several ways of defining pinning strategy, D(tk). In this thesis, we

apply the following strategy: at each time tk errors of all states are calculated and rearranged

in decreasing order. Then we choose the first c states and apply impulsive control. The

constant c is determined by the pinning ratio parameter, ηk.

To confirm the required synchronization criteria, we have considered the following

definition and the assumption:

Definition 8 (28)The pinning ratio at time t = tk is given by

∑
ij∈D(tk)

|eij(t−k )|∑N
k=1|eij(t

−
k )|

= ηk.

This ratio indicates the portion of nodes in the desired error network influenced by pinning

at the specified time.

Assumption 3 There exists positive constants θ, θ such that θ ≤ tk+1 − tk ≤ θ for all

k ∈ Z+.

Remark 2 One can easily obtain Ta and N0 from (1) if θ and θ are given.

The following lemma is a modified version of the Lemma 3.1 from the (68).

Lemma 2 Suppose that Assumptions (1), (2) and (3) are satisfied. Let θ from the Assump-

tion (3) satisfy the inequality CθM < 1, where M = max
i,j

Mij and C = max
i,j

∑
Chl∈Nr(i,j)

Chl
ij .

If there exists a positive integer H0 satisfying the inequality

Cθ

(
M +

2L(H0 + θL)

1− CθM

)
< 1,

then the solution xij(t) on the interval [tk, tk+1) is unique.
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Proof. Denote Λ as a set of continuous functions x(t) = {xij(t)}, i = 1, 2, · · · ,m and

j = 1, 2, · · · , n on [tk − γ, tk+1) such that xij(t) = ϕ(t), t ∈ [−γ, 0] and ||x||1 ≤ K0, where

||x||1 = max
t∈[tk,tk+1]

||x(t)|| and K0 =
L(H0 + θL)

1− CθM
. Define an operator Π on Λ such that

(Πx(t))ij =


ϕ(t− σ), t ∈ (σ − γ, σ),

e−αij(t−σ)ϕij(0)−
∫ t
σ e

−αij(t−s)
[
Iij(s)

+
∑

Chl∈Nr(i,j)

Chl
ij f(xhl(s− γhl(s))))xij(s)

]
ds,

t ∈ [σ, tk+1),

where σ is a positive constant, and γ = max
hl,t

|γhl(t)|. From the definition, we can easily

confirm that |(Πx(t))ij | ≤ H0 + (MK0
∑

Chl∈Nr(i,j)

Chl
ij + I)θ for t ∈ [σ, tk+1). Thus, the

inequality ||Πx||1 ≤ H0 + (CMK0 + I)θ = K0 holds. Therefore, Π(Λ) ⊆ Λ.

Now, assume that x(t) = {xij(t)} and z(t) = {zij(t)} belong to Λ. Then, for t ∈

[σ, tk+1), one has

(Πx(t))ij − (Πz(t))ij ≤
∫ t

σ
e−αij(t−s)

∑
Chl∈Nr(i,j)

Chl
ij

∣∣∣∣f(xhl(s− γhl(s)
))∣∣∣∣∣∣∣|xij(s)− zij(s)

∣∣∣ds
+

∫ t

σ
e−αij(t−s)

∑
Chl∈Nr(i,j)

Chl
ij

∣∣∣∣∣
(
f
(
xhl
(
s− γhl(s)

)
)

− f
(
zhl
(
s− γhl(s)

)))∣∣∣∣∣∣∣∣xij(s)∣∣∣ds
≤θ(M + 2K0I)||x− z||1

∑
Chl∈Nr(i,j)

Chl
ij .

Hence, the inequality ||Πx−Πz||1 ≤ Cθ(M +2K0I)||x− z||1 is valid. As Cθ(M +2K0I) =

Cθ

(
M + 2I

H0 + θI

1− CθM

)
< 1, the operator Π exhibits contraction property. It follows that

a unique solution for x(t) exists on the interval [σ, tk+1).

Lemma 3 Suppose the Assumptions 1 and 2 hold. Let us define the Lyapunov function

as V (t) =
∑
i,j
|eij(t)| such that the error dynamics eij(t) = yij(t) − xij(t), in which xij(t)
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revealed by Lemma 2. For t ∈ [tk, tk+1), the following inequality holds:

D+V (t) ≤
∑
i,j

[ ∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣+ ∑
Chl∈Nr(i,j)

K0Chl
ij Lij

∣∣∣ehl(t− γhl(t)
)∣∣∣

+uij(t)sgn
(
eij(t)

)]
,

(3.5)

where the K0 is as in Lemma 2.
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Proof. Let us find the derivative of V (t) =
∑
i,j
|eij(t)| along with the solution state eij(t),

that is,

D+V (t) =
∑
i,j

sgn
(
eij(t)

)
ėij(t)

=
∑
i,j

sgn
(
eij(t)

)[
− αij(t)eij(t)−

∑
Chl∈Nr(i,j)

Chl
ij (t)fij

(
yhl
(
t− γhl(t)

))
yij(t)

+
∑

Chl∈Nr(i,j)

Chl
ij (t)fij

(
xhl
(
t− γhl(t)

))
xij(t) + uij(t)

]

=
∑
i,j

sgn
(
eij(t)

)[
− αij(t)eij(t)−

∑
Chl∈Nr(i,j)

Chl
ij (t)fij

(
yhl
(
t− γhl(t)

))
eij(t)

−
∑

Chl∈Nr(i,j)

Chl
ij (t)

(
fij

(
yhl
(
t− γhl(t)

))
− fij

(
xhl
(
t− γhl(t)

)))
xij(t) + uij(t)

]

≤
∑
i,j

[ ∑
Chl∈Nr(i,j)

Chl
ij (t)

∣∣∣∣fij(yhl(t− γhl(t)
))

− fij(xhl

(
t− γhl(t)

))∣∣∣∣∣∣xij(t)∣∣
− αij(t)

∣∣eij(t)∣∣ ∑
Chl∈Nr(i,j)

Chl
ij (t)

∣∣∣∣fij(yhl(t− γhl(t)
))∣∣∣∣∣∣eij(t)∣∣+ uij(t)sgn

(
eij(t)

)]

≤
∑
i,j

[
− αij(t)

∣∣eij(t)∣∣+ ∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣
+K0

∑
Chl∈Nr(i,j)

Chl
ij (t)Lij

∣∣∣ehl(t− γhl(t)
)∣∣∣+ uij(t)sgn

(
eij(t)

)]

≤
∑
i,j

[ ∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣+ ∑
Chl∈Nr(i,j)

K0Chl
ij Lij

∣∣∣ehl(t− γhl(t)
)∣∣∣

+ uij(t)sgn
(
eij(t)

)]

That completes the proof.

The next lemma is a modified version of the comparison system from (69).
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Lemma 4 For error dynamics (3.3), if there exists a function V (uij(t)) ∈ ν0 such that V (0)

is continuous function on [−γ, 0], and if the following is true for some γ and µ ∈ (0, 1):


v̇(t) = −ϵ, t ̸= tk,

v(t+k ) = µv(t−k ), t = tk,

v(0) = V (0), t ∈ [−γ, 0],

(3.6)

here ϵ > 0 and tk is a impulse instant sequence in hybrid controller (3.6), then following

inequality holds

v(t) ≤
(
µ−N0v(0)− ϵµN0

Ta

lnµ

)
µ

t
Ta + ϵµN0

Ta

lnµ
.

Proof. By applying the theory of ordinary differential equation to (3.6) for t ∈ [0, t1), we

obtain the following:

v(t) = v(0)−
∫ t

0
ϵds and v(t−1 ) = v(0)−

∫ t1

0
ϵds.

For t ∈ [t1, t2),

v(t) = v(t1)−
∫ t

0
ϵds and v(t−2 ) = v(t1)−

∫ t2

0
ϵds.

At t = t1,

v(t1) = µv(t−1 ) = µ

(
v(0)−

∫ t1

0
ϵds

)
= µv(0)− µ

∫ t1

0
ϵds.

For t ∈ [t2, t3),

v(t) = v(t2)−
∫ t

0
ϵds and v(t−3 ) = v(t2)−

∫ t3

0
ϵds.

At t = t2,

v(t2) = µv(t−2 ) = µ

(
v(t1)−

∫ t2

0
ϵds

)
= µv(t1)− µ

∫ t2

0
ϵds
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= µ

(
µv(0)− µ

∫ t1

0
ϵds

)
− µ

∫ t2

0
ϵds = µ2v(0)− µ2

∫ t1

0
ϵds− µ

∫ t2

0
ϵds.

Then for t ∈ [0, tk+1), by mathematical induction one can obtain:

v(t) = µkv(0)− µk

∫ t1

0
ϵds− µk−1

∫ t2

t1

ϵds− · · ·

− µ

∫ tk

tk−1

ϵds−
∫ t

tk

ϵds

= µN(t,0)v(0)− ϵ

∫ t

0
µN(t,s)ds.

By using definition (1) and µ ∈ (0, 1) following inequality is obtained:

v(t) ≤ µ
t

Ta
−N0v(0)− ϵ

∫ t

0
µ

t−s
Ta

−N0

= (µ−N0v(0)− ϵµN0
Ta

lnµ
)µ

t
Ta + ϵµN0

Ta

lnµ
.

This completes the proof.

3.1 Main results

In this section, we endeavor to demonstrate the finite-time synchronization between

the master system (3.1) and the slave system (3.2). This assertion will be substantiated

through a series of case studies, showcasing the effectiveness of the proposed hybrid con-

troller (3.4).

Theorem 4 Suppose that Assumptions (1), (2) and (3) are satisfied. Then the error system

(3.3) will synchronize in finite time with settling time T1 under control (3.4). Here

T1 =
Ta

lnµ1
ln

(
ϵTaµ

2No
1

ϵTaµ
2No
1 − V (0) lnµ1

)
, (3.7)

µ = 1− qηk, and q = max
ij

(qij).

38



Proof. Choose the Lyapunov function to be V (t) =
∑
i,j
|eij(t)|. Then from Lemma (3) for

t ∈ [tk−1, tk) we have

D+V (t) ≤
∑
i,j

[ ∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣+ ∑
Chl∈Nr(i,j)

K0Chl
ij Lij

∣∣∣ehl(t− γhl(t)
)∣∣∣

+uij(t)sgn
(
eij(t)

)]
= −ϵ.

For t = tk we have

V (t+k ) =
∑
ij

|eij(t+k )| =
∑

ij∈D(tk)

|eij(t+k )|+
∑

ij /∈D(tk)

|eij(t+k )|

≤
∑

ij∈D(tk)

(1− q)|eij(t−k )|+
∑

ij /∈D(tk)

|eij(t−k )|

= (1− q)
∑

ij∈D(tk)

|eij(t−k )|+
∑

ij /∈D(tk)

|eij(t−k )|

= (1− q)ηk
∑
ij

|eij(t−k )|+ (1− ηk)
∑
ij

|eij(t−k )|

=
(
(1− q)ηk + (1− ηk)

)∑
ij

|eij(t−k )| = (1− qηk)V (t−k ) = µ1V (t−k ).

Now we have the comparison system, which is based aforementioned results


v̇(t) = −ϵ, t ̸= tk,

v(t+k ) = µ1v(t
−
k ), t = tk,

v(0) = V (0), t ∈ [−γ; 0].

This means that if 0 ≤ V (t) ≤ v(t) for −γ ≤ t ≤ 0 then V (t) ≤ v(t) for all t > 0. By

Lemma (4) the solution for this comparison system is as follows:

v(t) ≤ (µ−N0
1 v(0)− ϵµN0

1

Ta

lnµ1
)µ

t
Ta
1 + ϵµN0

1

Ta

lnµ1
.

Since 0 < µ1 < 1, lnµ1 < 0. Then we can see that (µ−N0
1 v(0) − ϵµN0

1
Ta

lnµ1
) > 0 and

ϵµN0
1

Ta
lnµ1

< 0. Since V (0) > 0 there is T1 ∈ (0,∞) such that the right-hand side of the

equation above will be equal to 0, and this value is equal to T1 =
Ta
lnµ1

· ln( ϵTaµ
2No
1

ϵTaµ
2No
1 −V (0)lnµ1

).
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Remark 3 Hybrid control gives finite time synchronization, however, this can be achieved

with a slightly different control. The hybrid control consists of three parts: feedback, pinning,

and impulsive control. Now the proof that finite-time synchronization could be achieved with

feedback control only will be given.

Let the feedback control be as follows

uij(t) =

[
−

∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣−LijK0

∑
Chl∈Nr(i,j)

Chl
ij

∣∣∣ehl(t−γhl(t)
)∣∣∣− ϵ

]
sgn(eij(t)).

(3.8)

Theorem 5 Suppose that Assumptions (1), (2) and (3) are satisfied. Then the error system

(3.3) will synchronize in finite time with settling time T2 under the control (3.8), where

T2 =
V (0)
ϵ and V (0) =

∑
i,j
|eij(0)|.

Proof. Choose the Lyapunov function to be V (t) =
∑
i,j
|eij(t)|. Then from Lemma (3) we

get that

D+V (t) ≤
∑
i,j

[ ∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣+ ∑
Chl∈Nr(i,j)

K0Chl
ij Lij

∣∣∣ehl(t− γhl(t)
)∣∣∣

+uij(t)sgn
(
eij(t)

)]
= −ϵ,

Based on this inequality and initial conditions, we have the comparison system v̇(t) = −ϵ, t ∈ [−γ; 0],

v(0) = V (0), k ∈ N.

By using ordinary differential equation theory, we have v(t) = v(0) −
∫ t
0 ϵds = v(0) − ϵt.

Since v(0) > 0 and ϵ > 0, there is T2 ∈ (0,+∞) such that v(t) = 0 and T2 =
ϵ

V (0) .

Remark 4 To do a comprehensive comparison analysis third control, impulsive feedback

control, needs to be introduced. This control consists of only impulsive control and feedback

control, which means, at time tk control will be applied to all nodes.
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Let impulsive feedback control be defined as

uij(t) =



∑∞
k=0−qijeij(t)δ(t− tk), t = tk,(
−

∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣− ϵ

−LijK0
∑

Chl∈Nr(i,j)

Chl
ij |ehl

(
t− γhl(t)

)
|
)
sgn
(
eij(t)

)
,

t ∈ [tk−1, tk).
(3.9)

Theorem 6 Suppose that Assumptions (1), (2) and (3) are satisfied. Then the error system

(3.3) will synchronize in finite time with settling time T3 under the control (3.9). Here

T3 =
Ta

lnµ2
ln

(
ϵTaµ

2No
2

ϵTaµ
2No
2 − V (0) lnµ2

)
,

µ2 = 1− q, and q = max
ij

(qij).

Proof. Choose the Lyapunov function to be V (t) =
∑
i,j
|eij(t)|. Then from Lemma (3) for

t ∈ [tk−1, tk) we have

D+V (t) ≤
∑
i,j

[ ∑
Chl∈Nr(i,j)

Chl
ij (t)Mij

∣∣eij(t)∣∣+ ∑
Chl∈Nr(i,j)

K0Chl
ij Lij

∣∣∣ehl(t− γhl(t)
)∣∣∣

+uij(t)sgn
(
eij(t)

)]
= −ϵ.

For t = tk we have

V (t+k ) =
∑
ij

|eij(t+k )|≤
∑
ij

∣∣(1− q)eij(t
−
k )
∣∣ = (1− q

)∑
ij

∣∣eij(t−k )∣∣ = µ2V (t−k ).

Now we have the comparison system, which is based on the aforementioned results


v̇(t) = −ϵ, t ̸= tk,

v(t+k ) = µ2v(t
−
k ), t = tk,

v(0) = V (0), t ∈ [−γ; 0].

(3.10)
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This means that if 0 ≤ V (t) ≤ v(t) for −γ ≤ t ≤ 0 then V (t) ≤ v(t) for all t > 0. By

Lemma 3, the solution for this comparison system is as follows:

v(t) ≤
(
µ−N0
2 v(0)− ϵµN0

2

Ta

lnµ2

)
µ

t
Ta
2 + ϵµN0

2

Ta

lnµ2
.

Since 0 < µ2 < 1, lnµ2 < 0, we can see that

(
µ−N0
2 v(0)−ϵµN0

2
Ta

lnµ2

)
> 0 and ϵµN0

2
Ta

lnµ2
< 0.

There exists T3 ∈ (0,∞) such that the right-hand side of the equation above will be equal

to 0, and this value is equal to T3 =
Ta
lnµ2

ln

(
ϵTaµ

2No
2

ϵTaµ
2No
2 −V (0)lnµ2

)
.

Remark 5 One can notice that the settling times of all controls are expressed in terms of

initial values. The following theorem provides the proof as well as the necessary and suffi-

cient conditions for hybrid and impulsive feedback control to outperform classical feedback

control.

Theorem 7 Suppose that the average impulse interval is less than Ta and that Assumptions

1, 2 and 3 are satisfied. Then the inequality T3 < T1 < T2 holds if the condition ϵ < v(0)
x0

true. Here x0 =
[
W−1(− µ2N0

eµ
2N0

) + µ2N0

]
Ta
lnµ , µ = max{µ1, µ2} and W−1 is the -1 branch of

the Lambert function.

Proof. Let us assume that T = max{T1, T3}, it gives

T = Ta
lnµ ln

(
ϵTaµ2No

ϵTaµ2No−V (0) lnµ

)
= Ta

lnµ ln

(
Taµ2No

Taµ2No−V (0)
ϵ

lnµ

)
Ta
lnµ ln

(
Taµ2No

Taµ2No−T2 lnµ

)
,

which means that T can be expressed as a function of T2 and parameters µ ∈ (0, 1), Ta >

0, N0 ∈ N . Now, we can compare T and T2. First, let T2 = x and T = y, then we will have

y as a function of x and some parameters, namely y = f(x, µ,N0, Ta):

y =
Ta

lnµ
ln

(
Taµ

2No

Taµ2No − x lnµ

)
. (3.11)

Several steps are needed to compare x and y.
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1. Do functions y1 = x and y2 = f(x, µ,N0, Ta) intersect?

2. If so, what is the exact value of the intersection point?

As we answer these questions, we will compare x and y. The first thing to note is that

x, y are settling times, therefore we are looking for only x, y > 0. In addition, one can easily

verify that there is an intersection at x = 0. Since this intersection gives no information,

we need a non-zero intersection point. To find this, the derivatives of the above-mentioned

two functions are used: dy1
dx = 1 and dy2

dx = Ta

Taµ2No−x lnµ
. Then by taking limits of the

derivatives, x → 0+ and x → +∞ we have:

lim
x→0+

dy1
dx = 1, lim

x→0+

dy2
dx = 1

µ2N0
, lim

x→0+

dy1
dx < lim

x→0+

dy2
dx ,

lim
x→+∞

dy1
dx = 1, lim

x→+∞
dy2
dx = 0, lim

x→+∞
dy1
dx > lim

x→+∞
dy2
dx .

From here, we can observe that at 0+ y2 is greater than y1, which means T is greater

than T2, and as x goes to infinity, y1 is greater than y2. Therefore, at least one intersection

exists between y1 and y2 for x ∈ (0,+∞).

The second derivative of y2 is as follows:

d

dx

(
dy2
dx

)
=

Ta lnµ(
Taµ2No − x lnµ

)2 .
lnµ < 0 since µ ∈ (0, 1), Ta is a positive constant, and the denominator is always positive:

y′′2 < 0, or the function y2 is concave down for all x > 0. Therefore, we have only one

non-zero intersection between y1 and y2, let’s define it as x0. From previously obtained

limits we can claim that if x ∈ (0, x0) then T > T2 and T < T2, if otherwise.

To find the intersection point, we solve the following equation: y1 = y2. By rear-

ranging the terms from 3.11 , we get a = x lnµ
Ta

and b = µ2N0 . Then make a substitution

as u = a − b → a = u + b, to get euu = − b
eb
. One needs to solve for u, which cannot be

solved explicitly, so we use a special function called Lambert W function. By applying the

−1 branch of Lambert W function, we have u = W−1

(
− b

eb

)
. After, substitute back to

43



the original parameters to find x0:

x0 =

(
W−1

(
− µ2N0

eµ
2N0

)
+ µ2N0

)
Ta

lnµ
.

T2 > x0 implies that T < T2. After substituting T2 =
V (0)
ϵ we will have necessary conditions

for T < T2, which is ϵ < v(0)
x0

. Therefore, for 0 < ϵ < v(0)
x0

, feedback impulsive, and hybrid

controls do faster synchronization than feedback control. Furthermore, by using the first

derivative test (3.11) with respect to µ, one can easily proof that if µ2 ≤ µ1, then T3 ≤ T1.
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Chapter 4

Numerical Example

In this section, numerical simulations are given to support the theoretical results. All

simulations were performed using the built-in function ’dde23’ in the MATLAB software.

Consider a 2× 3 system with t0 ∈ [−0.5, 0] and with the following parameters:

x11(t0) x12(t0) x13(t0)

x21(t0) x22(t0) x23(t0)

 =

−0.025 0.036 −0.014

0.012 0.042 0.042


y11(t0) y12(t0) y13(t0)

y21(t0) y22(t0) y23(t0)

 =

0.05 0.08 0.12

−0.3 −0.12 −0.12


C11(t) C12(t) C13(t)

C21(t) C22(t) C23(t)

 =

0.001 0.002 0.003

0.004 0.005 0.001


γ11(t) γ12(t) γ13(t)

γ21(t) γ22(t) γ23(t)

 =

0.2 0.5 0.2

0.5 0.5 0.3


α11(t) α12(t) α13(t)

α21(t) α22(t) α23(t)

 =

0.00086385 0.00056385 0.00066385

0.00046385 0.00046385 0.00046385


I11(t) I12(t) I13(t)

I21(t) I22(t) I23(t)

 =

0.0005 −0.0003 −0.0003

0.0001 −0.0001 0.0001


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Figure 4-1: The impulse instant sequence {tk}∞k=1.

The activation function is chosen as fij(x) = 0.125|x+ 0.1| − 0.125|x− 0.7|. For this

activation function, the Lipschitzian constant and maximum of the function are given by

Lij = 1 and Mij = 0.1. With these parameters, the state trajectories for the master-slave

system without the controller are obtained and shown in Fig. 4-2. For the convenience of

the reader, this and the following graphs display the behavior for the error state,

eij(t) = yij(t)− xij(t).

To get simulations of (3.8) with feedback control set ϵ = 0.5. The error system with

feedback control is shown in Fig. 4-3.

For the impulse instant sequence tk, which is used in impulsive feedback and hybrid

impulsive pinning control, the parameters in Assumption 3 are chosen as θ = 1
52 and θ = 1

48 .

One can easily calculate the values of Ta and N0, which are 0.02 and 2 respectively. The

Fig. 4-1 shows the impulse control sequence.

The strategy of pinning was explained in the Remark 1. The parameters for pinning

ratio and impulse gain are chosen as follows: qij = 0.9, ηk = 0.5 for all i, j and k. Recall

that in impulsive feedback control, at t = tk, impulses are applied to all states, not only for

the part of all states with the highest error. Figs. (4-4) and (4-5) show impulsive feedback

and hybrid control simulations, respectively.

In the table (4.1) computation time of each control against two different accuracy
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Figure 4-2: Error system (3.3) without controller does not give synchronization as errors
do not tend to 0.
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Figure 4-3: Error system (3.3) gives finite-time synchronization with feedback control (3.8)
with the settling time being between 0.09 and 0.33 depending on the initial conditions.
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Figure 4-4: Error system (3.3) gives finite-time synchronization with impulsive feedback
control (3.9) with the settling time being between 0.01 and 0.04 depending on the initial
conditions.
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Figure 4-5: Error system (3.3) gives finite-time synchronization with impulsive feedback
control (3.7) with the settling time being between 0.03 and 0.05 depending on the initial
conditions.
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Control type Settling time (av-
erage)

Mesh 10−6 Mesh 10−8

Feedback control 0.21 sec 296 sec ∼ 7.7 h
Impulsive feedback control 0.025 sec 376 sec ∼ 9 h
Hybrid control 0.04 sec 314 sec ∼ 8 h

Table 4.1: Computational cost of each control with two different values of accuracy

values is shown. To get appropriate values, all these simulations were done on the computer

with the following characteristics: Intel Core i9 processor and 16GB RAM.
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Chapter 5

Discussion

By substituting the calculated parameters from numerical simulations into the theo-

rems, we obtain the following results:

• for feedback control: the settling time is T2 = 1.258;

• for hybrid control: we get that µ1 = 0.55 and the settling time is T1 = 0.201;

• for impulsive feedback control; the µ2 = 0.1 and the settling time is T3 = 0.123.

By substituting values into the theorem (7), we obtain that for ϵ < 5.03, hybrid and

impulsive feedback control performs better than feedback control.

From Fig. (4-2) one can notice that the master-slave system (3.3) does not synchronize

if control is not applied. However, the system becomes finite-time synchronized after adding

one of the controllers to the slave system, regardless of the controller type. Finite-time

synchronization with feedback, impulsive feedback, and hybrid impulsive pinning controls

are shown in Figs. (4-3),(4-4), and (4-5), respectively. These results demonstrate that

impulsive feedback control synchronizes faster than hybrid impulsive pinning control, which

in turn synchronizes faster than feedback control. Furthermore, the manual calculations and

the numerical simulations coincide with the obtained theoretical results, which supports the

findings of comparative analysis.
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It is important to point out an interesting phenomenon that can be observed in the

simulations with feedback control - the synchronization rate is linear. The same situation

is repeated in simulations of other controls, except for a discrete time domain. The reason

for that is the parameter ϵ, which was tuned as a positive constant. In future studies, it

can be changed to a time-varying variable.

Finally, in the table (4.1), the computational cost of each control is shown. In the table

two different values of accuracy, or in other words, two different values of mesh are given.

It was done to imitate the high dimensional system and how each control will cope with

this. As predicted, a minor sacrifice in settling time results in a major gain in computation

time. Therefore considering settling time and computation cost, hybrid impulsive pinning

control is better than impulsive feedback and classical feedback control.
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Chapter 6

Conclusion

In this thesis, we considered the finite time synchronization problem of SICNN with

time-varying delays. Our main goal was to improve previous results on finite-time synchro-

nization in terms of faster synchronization, or smaller settling time. Previously finite-time

synchronization of SICNN was achieved by using feedback control. The feedback control was

upgraded by adding impulses since impulsive control helps to decrease the error between the

master and slave system instantaneously. However, excessive utilization of impulses leads to

high control costs, which means the control will be computationally difficult. In this regard,

we have strengthened control once more in order to get a consensus on better settling time

and computational cost by adding pinning control. As a result, a hybrid impulsive pinning

control was proposed. Therefore in order to make a qualitative comparison we considered

three types of control: classical feedback control, impulsive feedback control, and a novel

hybrid impulsive pinning control. Then by applying the Lyapunov function sufficient con-

ditions to ensure finite-time synchronization for the aforementioned three types of controls

were given. After, a comprehensive comparison analysis of these controls was given. The

comparative analysis included the comparison of settling times of each control and proved

the effectiveness of hybrid impulsive pinning control and impulsive feedback control over

feedback control. The theoretical results were confirmed by numerical simulations, which

consisted of manual calculations and graphs obtained using MATLAB software. Finally, a
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table with computational cost was obtained by using the same software. The table included

the average value of settling times and execution time for two different mesh amounts of

each control. This shows that hybrid control is computationally quicker than impulsive

feedback control. Based on these results, we conclude that by sacrificing a small amount of

settling time, control costs of the system can be decreased.
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Chapter 7

Future plans

In this thesis work, we introduced that finite-time synchronization in SICNN with

time-varying delays could be improved in terms of faster synchronization and less computa-

tional difficulty. In the future, this topic might be used and developed in a variety of ways.

The primary examples of future study emphasis are listed below.

• Different control strategy: On the one hand, by applying different strategies for pinning

control, computation time could be decreased once again. On the other hand, because

we used constant epsilon in the hybrid impulsive pinning control, it may be changed

to time-varying. After that, the obtained results could be investigated and analysed

to determine the best function for the epsilon.

• Different model: To apply the hybrid impulsive pinning control to different models.

Furthermore, a complete study of the other models with different controls might be

performed. Because if the system already has impulses, impulsive control may produce

significant computational difficulties or even instability.

• Fixedtime synchronization: Fixed-time synchronization implies that the settling time

of the finite-time synchronization is bounded by a positive constant. The ability to

achieve fixed-time synchronization could be researched. In addition, a comprehensive

analysis of three distinct settling times of fixed-time synchronization could be done.
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