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Abstract We study the effects of gravitational lensing on
neutrino oscillations in the γ -spacetime which describes a
static, axially-symmetric and asymptotically flat solution of
the Einstein’s field equations in vacuum. Using the quantum-
mechanical treatment for relativistic neutrinos, we calculate
the phase of neutrino oscillations in this spacetime by con-
sidering both radial and non-radial propagation. We show
the dependence of the oscillation probability on the abso-
lute neutrino masses, which in the two-flavour case also
depends upon the sign of mass squared difference, in sharp
contrast with the well-known results of vacuum oscillation in
flat spacetime. We also show the effects of the deformation
parameter γ on neutrino oscillations and reproduce previ-
ously known results for the Schwarzschild metric. We then
extend these to a more realistic three flavours neutrino sce-
nario and study the effects of the parameter γ and the lightest
neutrino mass while using best fit values of neutrino oscilla-
tion parameters.

1 Introduction

The fact that neutrinos have tiny masses and large mixing has
been well-established by now, thanks to several experimen-
tal evidences gathered over a long periods of time [1]. For
a latest update on neutrino parameter values, one may have
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a look at the latest global fit of neutrino data [2,3]. In spite
of this great success story, there are still several unanswered
questions related to neutrinos. In addition to the fundamental
question of the origin of light neutrino mass, we do not know
a few things from experimental point of view. For example,
we still do not know whether the atmospheric mixing angle
lies in the first or second octant, even though the best fit value
prefers the second octant. Also, since only two mass squared
differences are experimentally measured, we do not have any
idea about the lightest neutrino mass leading to the possibil-
ity of both normal ordering (NO): m1 < m2 < m3 as well
as inverted ordering (IO): m3 < m1 < m2. The global fit
data, however, suggests a normal mass ordering. While neu-
trino oscillation experiments are sensitive to mass squared
differences only, there are other ways to measure the abso-
lute neutrino mass scale. For example, the tritium beta decay
experiment KATRIN has recently measured an upper limit
of 1.1 eV on absolute neutrino mass scale [4] which is how-
ever, weaker than the upper limits from cosmology. Latest
data from Planck collaboration constrains the sum of abso-
lute neutrino masses as

∑
i |mi | < 0.12 eV [5]. In spite of

recent advances in determining the leptonic Dirac CP phase
[6] suggesting a maximal CP violation, the measurement of
leptonic Dirac CP phase is not statistically significant enough
to be considered as a discovery.

The results of various neutrino oscillation experiments are
interpreted by using the quantum mechanical neutrino oscil-
lation probability derived in flat Minkowski spacetime. While
such descriptions are valid for the laboratory based oscilla-
tion experiments, in extreme astrophysical environments or
cosmology in general, the effects of non-trivial spacetime
background may be important. This has led to several theo-
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retical studies on the effects of curved spacetime on neutrino
oscillations [7–31]. The general conclusion reached in most
of these works is the increase in effective neutrino oscillation
length due to gravitational redshift in such curved spacetime.
In this work, we consider the effects of gravitational lensing
on neutrino oscillations. In the presence of lensing around
a massive astrophysical object, the oscillation probability at
a particular point is calculated by considering all possible
trajectories of neutrinos which get focused at that point due
to the lensing phenomenon. While this was first discussed
in [11], some follow-up works have also appeared in the lit-
erature [15,24,30]. While these works have focused on the
Schwarzschild spacetime for such studies, we consider here
a different and well-motivated spacetime metric.

In this paper, we study gravitational lensing of neutri-
nos in the so-called γ -metric, also known as the ‘Zipoy-
Voorhees’ spacetime [32,33]. The γ -metric is a static,
axially-symmetric and asymptotically flat solution of Ein-
stein’s equations in vacuum and it belongs to the Weyl class
of exact solutions. The metric is characterized by only two
parameters: M related to the mass of the source and γ related
to the static mass quadrupole moment of the source. The
parameter γ describes deviations from the spherical symme-
try in such a way that γ = 1 reproduces the Schwarzschild
metric while γ > 1 (γ < 1) describes an oblate (prolate)
source. The structure of the metric at small radii is also very
interesting since when γ �= 0 the horizon at 2M is replaced
by a true curvature singularity. Therefore, the singularity in
the γ -metric is naked and Virbhadra in [34] showed that the
singularity has ‘directional nakedness’ which depends on the
angle of approach [35]. For γ < 1, this singularity is globally
visible along polar as well as equatorial direction. For γ > 1,
the singularity is globally naked along equatorial direction,
but it is not visible (even locally) along the polar direction.
In [36], it was shown that the same singularity at 2M can
be resolved in conformal gravity theories. Also it is worth
noticing that, the ‘Zipoy-Voorhees’ metric is non-integrable,
as shown in [37], which leads to interesting and possibly
chaotic behavior for the general motion of test particles.

Goedesic motion of massive and massless particles in the
γ -metric was studied in [38–41]. Shadows and optical prop-
erties was calculated in [42] and it was shown that this space-
time can behave as a black hole mimicker for some allowed
values of γ . Therefore, the γ -metric provides an excellent
and simple candidate to study toy models of astrophysical
scenarios where the exterior region of a massive compact
object is not given by a black hole line element. We calculate
the quantum mechanical phase of neutrino oscillations in this
metric by considering both radial and non-radial propagation
of neutrinos. Using the weak-field approximation, we also
arrive at simple expressions for this phase and use it to cal-
culate the neutrino oscillation probabilities. We then use the

effects of gravitational lensing and calculate the oscillation
probabilities for both two-flavor and three-flavor regimes.

The article is structured as follows: In Sect. 2, we give a
very brief review of neutrino oscillation in flat and curved
spacetimes and in Sect. 3, we present a brief overview of γ -
metric. In Sect. 4, we calculate the phase for neutrino oscilla-
tions in the γ -metric for radial and non-radial propagation of
neutrinos and in Sect. 5, we calculate the oscillation probabil-
ity of neutrinos moving in a geometry described by γ -metric.
In Sect. 6, we discuss gravitational lensing of neutrinos and
present the numerical results of both two and three flavor
neutrino oscillation probability in this spacetime. Finally, in
Sect. 7 we summarize and comment on our results. Through-
out the paper we employ (−,+,+,+) signature for the line
element and adopt geometrical units setting c = G = h̄ = 1.

2 Neutrino oscillations

Neutrinos are produced and detected in different flavor eigen-
states denoted by |να〉, and the flavor eigenstates are superpo-
sition of mass eigenstates denoted by |νi 〉. So a flavor eigen-
state can be written in terms of mass eigenstates as

|να〉 =
∑

U∗
αi |νi 〉 , (1)

where α = e, μ, τ and i = 1, 2, 3.U is a 3×3 unitary mixing
matrix. For three flavor neutrino oscillation, this is known as
the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) leptonic
mixing matrix [43–45].

We assume that the neutrino wave-function is a plane wave
as considered originally in [43–45] and it propagates from a
source S located at a spacetime event (tS, xS) to a detector D
located at a spacetime event (tD, xD). So the wave-function
at the detector point is given by

|νi (tD, xD)〉 = exp (−i�i ) |νi (tS, xS)〉 . (2)

Neutrinos are expected to be produced initially in the
flavour eigenstate |να〉 at S and then travel to the detector D.
In that case, the probability of the change in neutrino flavour
from να to νβ at D is given by

Pαβ = | 〈νβ |να(tD, xD)
∣
∣ |2

=
∑

i, j

UβiU
∗
β jUα jU

∗
βi exp

[−i(�i − � j )
]
. (3)

In flat spacetime, the phase �i is given by

�i = Ei (tD − tS) − pi (xD − xS). (4)

It is typically assumed that all the mass eigenstates in a flavour
eigenstate initially produced at the source have equal momen-
tum or energy [46]. Either of these assumptions together with
(tD − tS) � |(xD − xS)| for relativistic neutrinos (Ei � mi )
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lead to

��i j ≡ �i − � j � �m2
i j

2E0
(xD − xS), (5)

where �m2
i j = m2

i − m2
j , and E0 is the average energy of

the relativistic neutrinos produced at the source.
To generalize the expression of the phase �i for neutrino

propagation in curved spacetime, Eq. (4) is written in the
covariant form [11]

�i =
∫ D

S
p(i)
μ dxμ, (6)

where

p(i)
μ = mi gμν

dxμ

ds
(7)

is the canonical conjugate momentum to the coordinates xμ

and gμν and ds are the metric tensor and line element of the
curved spacetime, respectively.

3 The γ -metric

The γ -metric is an exact solution of the Einstein’s field equa-
tions in vacuum belonging to the class of Weyl metrics. The
line element for γ -metric can be written as [32,33]

ds2 = − f γ dt2 + f γ 2−γ g1−γ 2
(
dr2

f
+ r2dθ2

)

+ f 1−γ r2 sin2 θdφ2,

(8)

where

f = 1 − 2M

r
,

g = 1 − 2M

r
+ M2 sin2 θ

r2 .

(9)

There are two parameters characterizing this line element:
M > 0 is related to the mass of the source, and γ > 0 quan-
tifies the departure of the geometry from spherical symme-
try. For γ = 1, the spacetime becomes spherically symmet-
ric and from Eq. 8 we recover the Schwarzschild solution in
Schwarzschild coordinates. For γ > 1 (γ < 1), the space-
time posses oblate (prolate) structure, which may be used to
describe the exterior of a compact object. Interiors for the γ -
spacetime were obtained in [47–49]. In order to have a better
understanding of the interpretation of the parameters, it is
useful to consider the asymptotic expansion in multipoles of
the gravitational potential. We see that the total mass as mea-
sured by an observer at infinity Mtot, namely the monopole
moment, and the quardupole moment Q are given by [50]

Mtot = MADM = γ M

Q = γ M3(1 − γ 2)

3
.

(10)

For γ �= 1, the spacetime has a naked singularity at the
radial coordinate rsing = 2M as it can be seen by calculating
the Kretschmann invariant. So the spacetime is geodesically
incomplete with the radial coordinate range r ∈ (2 M,∞).
In the following discussions, we consider the exterior of a
massive object to be approximated by the γ -metric in the
mentioned radial coordinate range.

4 Phase of neutrino oscillation

Let us now calculate the phase of neutrino oscillation prob-
ability in the γ -spacetime. First, for simplicity, we shall
rename the metric coefficients as follows.

gtt = −A, gtt = −1/A,

grr = B, grr = 1/B,

gθθ = C, gθθ = 1/C,

gφφ = D, gφφ = 1/D.

(11)

We can write the components of canonical momenta p(k)
μ for

test particles moving on the equatorial plane θ = π/2 in the
γ -spacetime as

p(k)
t = mkgtt

dt

ds
,

p(k)
r = mkgrr

dr

ds
,

p(k)
φ = mkgφφ

dφ

ds
,

(12)

where mk is the particle’s mass, i.e. the neutrino mass eigen-
state, ad s is the trajectory’s affine parameter. These momenta
are related to each other and the mass of the kth eigenstate
by the mass-shell relation

− m2
k = gtt p2

t + grr p2
r + gφφ p2

φ. (13)

To avoid confusion, we have dropped the prefix ‘k’ in the
momenta.

4.1 Radial case

We first investigate the case of radial propagation of neu-
trinos. For radial propagation, dφ = 0. Therefore, from
Eq. (12), we have

dt

ds
= pt

mkgtt
,

dr

ds
= pr

mkgrr
. (14)

Thanks to the spacetime being static we know that the energy
E of test particles in conserved and we can define, pt = −Ek

and pr = pk(r), where the subscript k refers to the neutrino
flavor. With this notation, the phase of a neutrino propagating
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radially in a light-ray trajectory becomes

�k =
∫ D

S

[

−Ek

(
dt

dr

)

0
+ pk(r)

]

dr, (15)

where, S and D denote the source of the neutrino and detector,
respectively. We again emphasize that the phase in Eq. (15) is
not the phase on a classical trajectory for the mass eigenstates
but the phase calculated on a light-ray trajectory [11]. Now,
from Eq. (14), we get the light-ray differential as
(
dt

dr

)

0
= E0

p0(r)

B

A
, (16)

where E0 is the energy of a massless particle at infinity. The
mass-shell relation gives

p0(r) = ±E0

√
B

A
,

pk(r) = ±
√

BE2
k

A
− Bm2

k .

(17)

Using Eq. (16) and (17) in the expression for phase, we obtain

�k = ±
∫ D

S
Ek

√
B

A

[

−1 +
√

1 − m2
k A

E2
k

]

dr. (18)

Now, using the fact that 0 < A < 1, we expand the square-
root under the bracket to write

�k = ±
∫ D

S

√
ABEk

m2
k

2E2
k

dr. (19)

In relativistic approximation (mk << Ek), the following
relation holds [11]

Ek � E0 + O
(

m2
k

2E0

)

Ek
m2

k

2E2
k

� E0
m2

k

2E2
0

.

(20)

Hence the phase becomes

�k = ± m2
k

2E0

∫ D

S

√
AB dr. (21)

Integrating the above integral from rS to rD , we get

�k � ± m2
k

2E0
(rD − rS)

[

1 − M2(γ 2 − 1)

2rSrD

]

. (22)

Here the phase is calculated up to order O (M2/r2
)

to obtain
some information on its dependence on γ . In fact, we can see
that γ has no effect in the order O (M/r). So in the lowest
order in (M/r ), the phase is same as that in Schwarzschild
spacetime. This behaviour is interesting as the phase of the
radially propagating neutrinos in the equatorial plane and in
the weak field limit is not affected by the deformed geometry

of the spacetime. The reason behind this is that, in the weak
field limit gtt grr � 1 for the γ -metric.

4.2 Non-radial case

Now we would like to concentrate on non-radial motion of
neutrinos. Let us write the phase for a neutrino travelling
along a light ray using Eqs. (12) and (17) as

�k =
∫ D

S

[

−Ek

(
dt

dr

)

0
+ pr + Jk

(
dφ

dr

)

0

]

dr, (23)

where the integral is taken along the light-ray trajectory. For
simplicity, we have ignored the indices and used conservation
of energy and angular momentum which give p(k)

t = −Ek ,
p(k)
φ = Jk , where J is the angular momentum of the test

particle. Now from the equations for canonical momenta we
can obtain

dt

dr
= −Ek

pr

B

(−A)
,

dφ

dr
= Jk

pr

B

D
. (24)

And along the light-ray paths, these equations become

(
dt

dr

)

0
= E0

p0(r)

B

A
,

(
dφ

dr

)

0
= J0

p0(r)

B

D
. (25)

It is convenient to express the angular momentum Jk as a
function of the energy Ek , the impact parameter b and the
velocity at infinity v

(∞)
k as

Jk = Ekbv
(∞)
k . (26)

Asymptotically, the metric is flat. So we can write

v
(∞)
k =

√
E2
k − m2

k

Ek
� 1 − m2

k

2E2
k

,

Jk � Ekb

(

1 − m2
k

2E2
k

) (27)

where in the last equality we used the relativistic approxima-
tion. For a massless particle, the angular momentum is

J0 = E0b. (28)

Using Eqs. (25), (26), (27) and (28), the phase can be written
as

�k =
∫ d

S

E0Ek B

p0(r)

[

− 1

A
+ p0 pk(r)

E0Ek B
+ b2

D

(

1 − m2
k

2E2
k

)]

.

(29)
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Now from the mass-shell relation, we can find the following
two relations

p0(r)

E0B
= ±
√

1

AB
− b2

BD
,

p0(r)pk(r)

E0Ek B
= 1

A
− b2

D
− m2

k

2E2
k

.

(30)

Using Eq. (30) in the integral for the phase we can again write

�k = −
∫ D

S

E0B

p0(r)
Ek

m2
k

2E2
k

dr. (31)

Using the second equation in relativistic approximation given
in Eq. (20), the phase becomes

�k = − m2
k

2E0

∫ D

S

E0B

p0(r)
dr

= ± m2
k

2E0

∫ D

S

√
AB

(

1 − b2A

D

)−1/2

dr.

(32)

For b = 0 and γ = 1, we recover the well-known result of the
phase for a radially propagating neutrino in Schwarzschild
spacetime

�k � m2
k

2E0
|rD − rS|. (33)

Now we would like to integrate the integral in Eq. (32) for
two cases: (a) in the first, we shall consider the case where a
neutrino is produced in a gravitational field and then propa-
gates outward in the potential non-radially; (b) in the second,
we shall consider the case where a neutrino is produced at a
source S, travels outward, moves around the massive object
(which is effectively the gravitational lens), crossing the clos-
est approach point at r = r0 and reaches the detector D. The
second situation will be used for calculating the oscillation
probability in a setting of gravitational lensing of neutrinos.

Let us first look at case (a). In the weak field approxima-
tion, we expand the quantity under integral in Eq. (32) as

�k � ± m2
k

2E0

∫ rD

rS

⎡

⎣ 1
√

1 − b2

r2

+ b2(1 − 2γ )M/r

(r2 − b2)

√
1 − b2

r2

⎤

⎦ dr.

(34)

Now this can be easily integrated and the result is

�k = m2
k

2E0

[√
r2
D − b2 −

√
r2
S − b2

+ (2γ − 1)M

⎛

⎝ rD
√
r2
D − b2

− rS
√
r2
S − b2

⎞

⎠
]

.

(35)

It can be seen from this expression that when b = 0, we
recover the phase for the case of radial motion of neutrinos.

In case (b) a propagating neutrino moves in the vicinity
of the lensing object passing the closest point of approach at
r = r0. In this case, the integral for the phase can be written
as the sum of two parts taking into account the sign of the
momentum,

�k(rS → r0 → rD) = m2
k

2E0

∫ rS

r0

√
√
√
√

AB
(

1 − b2A
D

)dr

+ m2
k

2E0

∫ rD

r0

√
√
√
√

AB
(

1 − b2A
D

)dr.

(36)

The position of closest approach of the neutrinos can be
obtained from the equation

(
dr

dφ

)

0
= p0(r0)D

J0B
= 0. (37)

In the weak-field approximation, we solve this equation to
obtain the point of closest approach as

r0 � b

[

1 − (2γ − 1)
M

b

]

. (38)

Now integrating Eq. (36) using the point of closest approach
we get

�k = m2
k

2E0

[√
r2
D − r2

0 +
√
r2
S − r2

0

+ (2γ − 1)M

(√
rD − r0

r2
D + r2

0

+
√
rS − r0

r2
S + r2

0

)]

,

(39)

or

�k � m2
k

2E0

[√
r2
D − b2 +

√
r2
S − b2

+ (2γ − 1)M
( b
√
r2
S − b2

+ b
√
r2
D − b2

+ rS − b√
rS + b

+ + rS − b√
rS + b

)]

.

(40)

Now, for b << rS,D expanding the above quantity over b/rS
and b/rD and keeping terms of the order up to (b2/r2

S,D) we
obtain

�k = m2
k

2E0
(rS + rD)

[

1 − b2

2rSrD
+ 2(2γ − 1)M

rS + rD

]

. (41)

As we can see, the phase now depends on γ in the first order
in (M/rS,D). This is because, all the particles travelling non-
radially will be affected by the deformed geometry. This
expression will be used to discuss gravitational lensing of
neutrinos in γ -spacetime in the following section.
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5 Neutrino oscillation probability

Let us now consider neutrinos with mass eigentaste νi trav-
elling in the γ -spacetime, through different classical paths,
from a source S to meet at a detector D. The neutrino fla-
vor eigenstate να , propagated from the source to the detector
through a path denoted by p, is given by,

|να(tD, xD)〉 = N
∑

i

U∗
αi

∑

p

exp
(−i�p

i |νi (tS, xS)〉
)
.

(42)

Here �
p
i is given by Eq. (41) with bp as the path dependent

impact parameter. If a neutrino is produced in α flavor eigen-
state at the source S then the probability of it being detected
in β flavor at the detector location, is given by [30]

P lens
αβ = | 〈νβ |να(tD, xD)

∣
∣ |2

= |N |2
∑

i, j

UβiU
∗
β jUα jU

∗
αi

∑

p,q

exp
(
−i��

pq
i j

)
, (43)

where

|N |2 =
(
∑

i

|Uαi |2
∑

p,q

(−i��
pq
ii

)
)

(44)

is the normalization constant and ��
pq
i j can be given as

��
pq
i j = �i

p − �
j
q = �m2

i jApq + �b2
pqBi j , (45)

where

Apq = rS + rD
2E0

(

1 + 2(2γ − 1)M

2rSrD
− �b2

pq

4rSrD

)

,

Bi j = −�m2
i j

8E0

(
1

rS
+ 1

rD

)

.

(46)

In the above equations, the quantities �m2
i j ,
∑

m2
i j , �b2

pq

and
∑

b2
pq are given by

�m2
i j = m2

i − m2
j ,
∑

m2
i j = m2

i + m2
j ,

�b2
pq = b2

p − b2
q ,
∑

b2
pq = b2

p + b2
q ,

(47)

respectively. Based upon these, we can make the following
observations.

• Apq and Bi j are symmetric under interchange of their
indices, Apq = Aqp and Bi j = B j i .

• The oscillation probability depends on the sum of indi-
vidual mass squared of neutrinos

∑
m2

i j through �b2
pq .

• For those paths for which �b2
pq vanishes, P lens

αβ is invari-

ant under the symmetry m2
i → m2

i + C .
• For the paths for which �b2

pq does not vanish, the sym-
metry m2

i → m2
i + C is broken. The shift implies

Bi j → Bi j + 2C .

Therefore, a generic configuration of source S, lens and
the detector D will retain the information about

∑
m2

i j .
Hence the observation of lensed neutrinos would carry
information about their absolute masses [30].

6 Gravitational lensing of neutrinos in γ -spacetime

We can see clearly from the expression for phase difference
derived in previous section that the probability of neutrino
oscillation depends on �m2

i j through a path dependent term

�b2
pq . This was also shown in two and three flavour neu-

trino oscillation case in [30] for Schwarzschild. Similarly, in
the γ -spacetime, it appears that the absolute neutrino mass
dependent effect is same as in Schwarzschild, since Bi j does
not depend on γ . However, we shall see later that the impact
parameters bp depend on γ and hence we should be able to
see the effect of the quadruple deformation parameter γ in
both terms of the phase difference (45).

Now we can simplify the expression for the oscillation
probability in order to understand the effect of γ more clearly.
For simplicity, first we shall consider a toy model with two
neutrino flavors. Specifically, we shall evaluate the two flavor
neutrino oscillation probability at a generic point in a plane
connecting the source, the lens and the detector in the weak
field limit. Therefore we substitute Eq. (45) in Eq. (43) to get

P lens
αβ = |N |2

⎡

⎣
∑

i, j

UβiU
∗
β jUα jU

∗
αi

(
∑

p=q

exp
(
−i�m2

i jApp

)

+ 2
∑

p>q

cos
(
�b2

pq Bi j

)
exp
(
−i�m2

i j Apq

)
)]

,

(48)

where |N |2 is given by

|N |2 =
(

Npath +
∑

i

|Uαi |2
∑

q>p

2 cos(�b2
pqBi i )

)−1

. (49)

Here, for simplicity, we consider neutrino propagation in the
equatorial (θ = π/2) plane and in this case, Npath = 2. Now
the general expression of probability reduces to a simpler
form

P lens
αβ = |N |2

[

2
∑

i

|Uβi |2|Uαi |2(1 + cos(�b2Bi i ))

+
∑

i, j �=i

UβiU
∗
β jUα jU

∗
αi

[
exp(−i�m2

i jA11)

+ exp(−i�m2
i jA22)

+ 2 cos(�b2Bi j ) exp(−i�m2
i jA12)

]
]

(50)
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with Apq and Bi j being given by Eq. (46) and the normal-
ization factor reduces to

|N |2 =
(

2 + 2
∑

i

|Uαi |2 cos(�b2Bi i )

)−1

, (51)

where �b2 = �b2
12. Now for the qualitative and quantitative

understanding of neutrino oscillation in the γ -spacetime, we
consider the simplest two neutrino flavors oscillation, νe →
νμ. In this case, the oscillation probability becomes

P lens
eμ = |N |2 sin2 2α

[

sin2
(

�m2 A11

2

)

+ sin2
(

�m2 A22

2

)

− cos(�b2B12) cos(�m2A12) + 1

2
cos(�b2B11)

+ 1

2
cos(�b2B22)

]

,

(52)

where

|N |2 = [2(1 + cos2 α cos(�b2B11) sin2 α cos(�b2B22))
]−1

,

(53)

and �m2 = �m2
21.

6.1 Two flavor case: numerical results

Now for a quantitative understanding, we would like to see
how the probability changes over some change in the lensing
parameters. Therefore it is useful express the impact param-
eter bp in terms of the geometric quantities of the system. To
this aim we can refer to Fig. 1, which shows a schematic rep-
resentation of a weak lensing event in γ -spacetime. Here we
have the source (S) of neutrinos, the gravitational lens char-
acterized by the γ -metric and the detector (D) on a plane.
Physical distances from the source to the lens and from the
lens to the detector are rS and rD , respectively, in the (x, y)
coordinate system. We can also consider another coordinate
system (x ′, y′) obtained by rotating the original coordinate
system (x, y) by an angle ϕ such that x ′ = x cos ϕ + y sin ϕ

and y′ = −x sin ϕ + y cos ϕ. In the rotated frame, the angle
of deflection of the neutrino, δ from its original path is related
to the impact parameter b by the following relation

δ ∼ y′
D − b

x ′
D

= −4γ M

b
= −2Rx

b
, (54)

where (x ′
D, y′

D) is the location of the detector, Rx = 2γ M
and we have used the expression for δ in the weak lensing
limit. Now using the identity sin ϕ = b/rS from Fig. 1, the
previous Eq. (54) can be written as

(2Rx xD + byD)

√

1 − b2

r2
S

= b2
(
xD
rS

+ 1

)

− 2RxbyD
rS

.

(55)

Solution of this equation gives the impact parameters in terms
of rS , Rx and the lensing location (xD, yD). As a numerical
exercise we can consider the Sun-Earth system with typi-
cal values of the geometrical quantities and assume that the
gravitational field of the Sun is represented by the γ -metric
while the Earth is taken to be the detector. The source is con-
sidered to be situated behind the Sun and it emits relativistic
neutrinos with typical energy E0 = 10 MeV. Now assum-
ing a circular trajectory of the detector around the Sun such
that xD = rD cos φ and yD = rD sin φ, we can numerically
solve the quartic polynomial given by Eq. (55) in the equa-
torial plane and obtain two positive real roots b1 and b2 for
every φ. In this system, rD = 108 km and rS = 105rD . In this
numerical exercise, neutrino oscillation probability is calcu-
lated only for those value of bp for which Rx � bp � rD .
Other relevant parameters are MADM = γ M = 1M� (as
defined in (10)) and |�m2| = 10−3 eV2. Note that, these
numbers are for illustrative purposes only and in a realistic
scenario proper numerical values of the geometric parame-
ters of the model have to be selected.

Oscillation probabilities for the two-flavor toy model of
neutrinos are shown in Figs. 2, 3, 4, and 5 as a function of the
azimuthal angle φ. Note that our main aim is to investigate the
dependence of the oscillation probability on the deformation
parameter γ . Figure 2 shows the neutrino oscillation proba-
bility νe → νμ for γ = 1.0 (top panel) and γ = 1.5 (bottom
panel).1 In each of these two plots shown in Fig. 2, the solid
line corresponds to normal hierarchy (�m2 > 0) and the
dashed line corresponds to inverted hierarchy (�m2 < 0).
The mixing angle here is α = π/6. The first thing we notice
from these three plots is that the oscillation probability is
different for normal and inverted mass ordering (except for
some values of φ) confirming the absolute mass dependent
effects in gravitational lensing [30]. This is in sharp contrast
with two flavour vacuum oscillation probability in flat space-
time where the sign of �m2 does not make any distinction.
We also notice an increase in frequency for higher values of
φ. Figure 3 shows the same results in order to better highlight
the dependence of the probability on γ .

The top panel in Fig. 3 shows the conversion probability
for γ = 1 (solid line), γ = 0.5 (dashed line) and γ = 1.5
(dotted line) for normal hierarchy (�m2 > 0). The bottom
panel shows the conversion probability for γ = 1 (solid
line), γ = 0.5 (dashed line) and γ = 1.5 (dotted line) for
inverted hierarchy (�m2 < 0). It can be clearly seen from
the plots that the conversion probability is different for dif-
ferent values of the γ parameter even though the observable
mass MADM = γ M is same. In standard optical observa-

1 It is worth mentioning that the actual realistic values of the γ parame-
ter are expected to be much closer to 1 both for the solar system as well
as for any astrophysical compact object. Here, we choose large values
of γ for illustrative purposes only.
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Fig. 1 Schematic diagram for
weak lensing of neutrinos in the
γ -spacetime. Neutrinos
propagate from the source S to
detector D in the exterior of a
static and non spherical massive
object which is described by the
γ -metric

Massive object
x

y
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x'

y'

b
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Fig. 2 Top panel: neutrino oscillation probability for γ = 1.0 when
the mixing angle is α = π/6. Bottom panel: neutrino oscillation proba-
bility for γ = 1.5 when the mixing angle is α = π/6. The solid and the
dashed curves represent normal hierarchy and inverted hierarchy respec-

tively. Values of the other parameters are as follows: MADM = 1M�,
�m2 = 10−3 eV2, and the lightest neutrino here is considered to be
massless
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Fig. 3 Top panel: neutrino oscillation probability as a function of
azimuthal angle φ for γ = 1.0 (solid line),γ = 0.5 (dashed line)
and γ = 1.5 (dotted line) for normal hierarchy �m2 > 0. Bottom
panel: neutrino oscillation probability for γ = 1.0 (solid line),γ = 0.5

(dashed line) and γ = 1.5 (dotted line) for inverted hierarchy �m2 < 0.
The mixing angle here is α = π/6. Values of the other parameters are as
follows: MADM = 1M�, �m2 = 10−3 eV2, and the lightest neutrino
here is considered to be massless

tions, such as deflection of light in weak-field limit, it is
not possible to constrain the parameter γ independently as
it appears together with the mass parameter M , creating a
degeneracy. For example, the deflection angle in the weak-
field limit is δ = −4γ M/b = −4MADM/b which remains
unchanged if we change γ and M is such a way that MADM

remains the same. However, this degeneracy is broken in the
phase difference of neutrino oscillation and appears in Apq

as 2(2γ − 1)M/2rSrD in the coefficients of neutrino mass
squared difference (�m2

i j ). Note that, Bi j is independent of

γ however, bp,q and hence �b2
pq and �b2

pq are γ depen-
dent as the paths will be affected by the deviations from the
spherical symmetry (see Eq. (55)). Therefore, the deviations
of the geometry from spherical symmetry can in principle be
constrained from neutrino observations. For values of γ < 1,
we see a larger change in conversion probability than for val-
ues of γ > 1. With decrease in γ , the conversion probability
increases for both normal and inverted hierarchy as seen from
Fig. 5. Also it is important to note that in Figs. 2, 3 and 5, the
lightest neutrino is assumed to be massless.

In Fig. 4, we compare the conversion probability of the
massless case for lightest neutrino with the massive case. The
left panel in Fig. 4 shows conversion probabilities for the case
of normal hierarchy for γ = 0.5, 1 and, 1.5 when the lightest
neutrino mass m1 = 0 eV and 0.03 eV. Similarly the left
panel of Fig. 4 shows the case of inverted hierarchy for γ =
0.5, 1 and 1.5 when the lightest neutrino mass is m1 = 0 eV
and 0.03 eV. We notice similar effects of γ on the conversion
probability in this case as well. This, in principle, confirms
that neutrino probability observation can constrain deviations
from spherical symmetry of a gravitational system.

6.2 Three flavor case: numerical results

In this section, we shall apply the formalism developed ear-
lier to the realistic three flavor neutrino model. We start with
Eq. (50) and write down the oscillation probability expres-
sions for νe → νμ, νe → ντ and νμ → ντ conversion.
The 3 × 3 matrix U is the usual PMNS matrix parametrized
by three angles θ12, θ13, θ23 and the Dirac CP phase δCP.
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Fig. 4 Left panel: neutrino oscillation probability as a function of
azimuthal angle φ for γ = 1.0, 0.5 and 1.5 with �m2 > 0 (nor-
mal hierarchy). Here the solid line represents m1 = 0 eV and γ = 1.0,
the dashed line represents m1 = 0.03 eV and γ = 1.0, the dotted line
represents m1 = 0 eV and γ = 1.5, the dotted-dashed line represents
m1 = 0.03 eV and γ = 1.5, the thick solid line represents m1 = 0 eV
and γ = 0.5, and the triple-dotted dashed line represents m1 = 0.03 eV
and γ = 0.5. Right panel: neutrino oscillation probability as a function

of azimuthal angle φ for γ = 1.0, 0.5 and 1.5 with �m2 < 0 (inverted
hierarchy). Here the solid line represents m1 = 0 eV and γ = 1.0,
the dashed line represents m1 = 0.03 eV and γ = 1.0, the dotted line
represents m1 = 0 eV and γ = 1.5, the dotted-dashed line represents
m1 = 0.03 eV and γ = 1.5, the thick solid line represents m1 = 0 eV
and γ = 0.5, and the triple-dotted dashed line represents m1 = 0.03
eV and γ = 0.5. The other parameters are as follows: MADM = 1M�,
�m2 = 10−3eV2
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Fig. 5 Zoomed-in version of the γ dependence for the neutrino oscilla-
tion probability. Left panel: neutrino oscillation probability as a function
of azimuthal angle φ for γ = 0.5 (thin solid line), γ = 0.75 (dashed
line), γ = 1.0 (dotted line), γ = 1.25 (dotted-dashed line), γ = 1.5

(thick solid line) in case of normal hierarchy. Right panel: neutrino
oscillation probability for γ = 0.5 (thin solid line), γ = 0.75 (dashed
line), γ = 1.0 (dotted line), γ = 1.25 (dotted-dashed line), γ = 1.5
(thick solid line) in case of inverted hierarchy

Similar to the two flavor case, we solve the quartic poly-
nomial in Eq. (55) numerically to find the lensing locations
and calculate the different oscillation probabilities in these
locations. The numerical values of the parameters here are
taken from the latest global best fit of neutrino oscillation
data [2]. The parameters are θ12 = 33.44◦ (θ12 = 33.45◦),
θ13 = 8.57◦ (θ13 = 8.61◦), θ23 = 49.0◦ (θ23 = 49.3◦),
�m2

21 = 7.42 × 10−5 eV2, �m2
31 = 2.514 × 10−3 eV2

(�m2
32 = −2.497 × 10−3 eV2) and δCP = 222◦ (δCP =

286◦) for normal (inverted) hierarchy.
The results for conversion probability in three flavor neu-

trino oscillation are shown in Figs. 6, 7, 8 and 9.Peμ,Peτ and

Pμτ for γ = 1 and m1 = 0 eV is plotted in Fig. 6. Figure
7 shows the γ dependence of the conversion probabilities
when the lightest neutrino is massless m1 = 0 eV for normal
hierarchy. The top, mid and the bottom panel showsPeμ,Peτ

andPμτ , respectively, for γ = 1, 0.5 and 1.5. Figure 8 shows
the γ dependence of the conversion probabilities when the
lightest neutrino is massless m3 = 0 eV for inverted hier-
archy. The top, mid and the bottom panels show Peμ, Peτ

and Pμτ , respectively, for γ = 1, 0.5 and 1.5. Significant
differences can be noticed between the normal and inverted
hierarchies from comparing Figs. 7 and 8. Figure 9 shows the
γ dependence of the conversion probabilities when the light-
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Fig. 6 Probability of να → νβ conversion, for different α and β, as
function of the azimuthal angle φ in the three flavor case for γ = 1
(spherical symmetry). The solid, dashed and the dotted lines represent
the νe → νμ, νe → ντ and νμ → ντ conversion probabilities, respec-

tively. We take rD = 108 km, rS = 105rD , MADM = 1M� and E0 = 10
MeV. Neutrino mass squared differences, mixing angles and the Dirac
CP phase are taken from the latest global fit [2]

est neutrino is massive m1 = 0.08 eV. Similarly to the two
flavor case, we notice that the presence of the parameter γ

induces significant effects in three flavor case as well. This
is especially noticeable when the lightest neutrino is mas-
sive, when we observe the most significant difference in the
conversion probabilities for different values of γ .

7 Conclusion

Neutrino flavor oscillation is an interesting phenomenon
which has the potential to resolve several longstanding ques-
tions in fundamental physics. In flat spacetime, with or with-
out matter effects, the flavor oscillation depends only on the
difference of the squared masses and does not give us any
information about individual neutrino masses. However, neu-
trino flavor oscillation in a curved spacetime depends on the
absolute neutrino masses, as shown in several earlier works,
and may be relevant for neutrinos produced by highly ener-
getic astrophysical phenomena. In particular, the effects of
gravitational lensing on neutrino oscillations appear to be
promising in determining the neutrino masses [30].

This dependency on the individual neutrino masses exists
for a wide class of trajectories, including of course geodesics,
thus providing a novel potential experimental method to
determine masses through the measurement of flavor tran-
sition probability. In this work, we extended this method to a
larger class of geometries which include mass quadrupole
moment by considering a static, axially symmetric and
asymptotically flat solution of Einstein’s field equations in
vacuum known as γ -metric. The additional parameter γ in
the line element describes deviations of the source from
spherical symmetry. We showed how deviations from the
usual Schwarzschild metric for the background geometry in

which neutrinos travel affects the flavor transition probability
and thus potential observations. Conversely, if one knows the
transition probabilities, this method provides in principle a
new and unique tool to measure γ and hence the quadrupole
moment of a spacetime which would otherwise be impossible
by usual weak optical lensing experiments.

The numerical results of oscillation probability in the γ -
spacetime for two and three flavor neutrinos show that the
probability increases for decreasing γ at certain locations of
the detector on the orbit. This is true for both normal and
inverted hierarchies when the lightest neutrino is massless,
and changes in the value of γ alter the peak of the oscilla-
tion probability. Similar qualitative but different quantitative
behaviour is observed when the lightest neutrino is massive
showing that the effects due to the absolute neutrino mass
depend also on the value of γ . This suggest the possibility of
measuring the neutrino masses if the quadruple moment of
the source is known or, vice versa, measuring the quadrupole
moment if the oscillation probabilities are known.

While the toy model presented here can be considered as
a first step, a more realistic approach that may be pursued in
the future will require the use of a quantum field theoretical
treatment [31,51] and the choice of a geometry that describes
the exterior of rotating compact objects. Additionally, to have
a complete picture of gravitational effects on neutrino oscil-
lations, one would need to consider effects of gravitational
decoherence [52], gravitational spin-flip transitions of neutri-
nos [53,54] etc. We would also like to point out some earlier
work [55,56] where it was shown using a QFT-based for-
mula that neutrino oscillations (in vacuum-flat spacetime) in
the “non-relativistic” regime depends on individual neutrino
masses.

In the future the growth of observations of neutrinos from
distant highly energetic astrophysical sources will play an
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Fig. 7 Oscillation probability for the three flavor case in normal hier-
archy with m1 = 0. Top panel: probability of νe → νμ conversion for
γ = 1.0 (solid line), γ = 0.5 (dashed line), γ = 1.5 (dotted line).
Mid panel: probability of νe → ντ conversion for γ = 1.0 (solid line),
γ = 0.5 (dashed line), γ = 1.5 (dotted line). Bottom panel: probability

of νμ → ντ conversion for γ = 1.0 (solid line), γ = 0.5 (dashed
line), γ = 1.5 (dotted line). We take rD = 108 km, rS = 105rD ,
MADM = 1M� and E0 = 10 MeV. Neutrino mass squared differences,
mixing angles and the Dirac CP phase are taken from the latest global
fit [2]

important role in our understanding of compact objects in the
universe as well as fundamental physics. In particular, gravi-
tational lensing of neutrinos can provide a unique probe to test
the nature of the source and the validity of modified gravity
theories. In this context, detecting neutrinos from extra-solar
sources lensed by compact objects is expected to provide

constraints on the geometry ond thus the nature of the lens-
ing object. In future work we plan to extend the framework
to modified theories of gravity to determine how future neu-
trino observations may be used to test alternative theories.
The hope is that the growth of multi-messenger astronomy
[57] and extra-galactic neutrino astronomy [58], will make
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Fig. 8 Oscillation probability for the three flavor case in inverted hier-
archy with m3 = 0. Top panel: probability of νe → νμ conversion for
γ = 1.0 (solid line), γ = 0.5 (dashed line), γ = 1.5 (dotted line).
Mid panel: probability of νe → ντ conversion for γ = 1.0 (solid line),
γ = 0.5 (dashed line), γ = 1.5 (dotted line). Bottom panel: probability

of νμ → ντ conversion for γ = 1.0 (solid line), γ = 0.5 (dashed
line), γ = 1.5 (dotted line). We take rD = 108 km, rS = 105rD ,
MADM = 1M� and E0 = 10 MeV. Neutrino mass squared differences,
mixing angles and the Dirac CP phase are taken from the latest global
fit [2]

it possible to test the nature of the geometry surrounding
compact objects, put constraints on the validity of modified
theories of gravity and explore fundamental properties of

neutrino physics such as their absolute masses, which remain
unknown with present oscillation experiments.
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Fig. 9 Oscillation probability for the three flavor case in normal hierar-
chy with m1 = 0.08 eV. Top panel: probability of νe → νμ conversion
for γ = 1.0 (solid line), γ = 0.5 (dashed line), γ = 1.5 (dotted line).
Mid panel: probability of νe → ντ conversion for γ = 1.0 (solid line),
γ = 0.5 (dashed line), γ = 1.5 (dotted line). Bottom panel: probability

of νμ → ντ conversion for γ = 1.0 (solid line), γ = 0.5 (dashed
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MADM = 1M� and E0 = 10 MeV. Neutrino mass squared differences,
mixing angles and the Dirac CP phase are taken from the latest (NuFIT
5.0 (2020)) global fit [2]
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