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Abstract 

The numerical analysis of the gas displacing immiscible liquid in 2D homogenous 

porous media is demonstrated. The model is analyzed in terms of different flow and pore 

geometry specifications, namely capillary number (Ca), liquid – gas viscosity ratio (D), surface 

wettability, and the pore domain's geometrical properties. The research intends to extend the 

understanding of complex multiphase flow in a porous domain with various physical 

parameters. The analysis was conducted using a 2D homogenous porous medium with seven-

column circular- or square-shaped obstacles, representing the pores' solid wall. The model is 

constructed using pseudopotential Lattice Boltzmann Method (LBM) in Peng-Robinson's (P-

R) EOS framework. One pore from the first column is removed to simulate more realistic flow 

behavior. 

Additionally, small perturbations between neighboring pores were added. This work 

demonstrates that the gaseous phase penetration into the pore domain certainly depends on the 

aforementioned physical parameters. It was found that higher Ca and the surface wettability 

increases the effective gaseous phase penetration while increasing liquid-gas viscosity ratio 

leads to the opposite effect.  
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Chapter 1 - Introduction 

The growth of greenhouse gases (GHG) concentration in the atmosphere over the past 

centuries caused strong interest in developing technologies to reduce or sequestrate especially 

CO2 emissions. CO2 is primarily produced by fuel-burning during power and energy 

generation [1-3]. CO2 sequestration technology, which is part of the Carbon Dioxide Capture 

and Storage (CCS) project, is developed as one of the leading solutions to decrease CO2 

concentration [4]. The concept of the technology is based on two main phases. Firstly carbon 

dioxide is captured from industrial and energy sources, then transported for further storage in 

an underground aquifer, commonly porous media isolated from the atmosphere [5-6]. Then, 

CO2 can be sequestrated by shear-driven force into smaller portions [7]. The displacement by 

the non-wetting phase by wetting phase is one of the most critical processes affecting CO2 

storage in underground aquifers in terms of storage capacity, efficiency, and security [8-9]. 

However, it is a complicated phenomenon to study only in the laboratory or by analytical 

analysis. Therefore, numerical modeling is a complementary and powerful approach that can 

significantly help understand this phenomenon, provided the discretized model is capable of 

capturing the rich physics involved in such a process. 

Generally, modeling and solving the phenomenon based on the conventional Navier-

Stokes computational fluid dynamics (CFD) approach is challenging due to complex 

geometries and two-phase two-component systems. Simulation of CO2- brine flow in a porous 

domain can be done using several techniques: pore-scale models, core scale models, pilot-scale 

models, and field-scale models [9-10]. All models apart from pore-scale models are classified 

as continuum-scale models, and they describe macroscopic fluid flow in porous space. 

Therefore, Lattice Boltzmann Model (LBM) is used as the primary approach due to the 

capability to work with macro-scales difficulties [10]. The LBM models macroscopic fluid 

parameters based on its microscopic characteristics but avoids tracking every single molecule. 

In comparison with other CFD approaches, such as the volume of fluid (VOF) [11], the level 

set (LS) [12], and the phase-field (PF) [13], LBM has been successfully implemented in the 

accurate simulation of multiphase flows in porous media. Additionally, according to Yang and 

Boek [14], these CFD techniques have numerical instabilities at small-scale interface regions.  

Another advantage of using LBM as a numerical tool in this research is that despite its 

memory consumption, its simplicity (every grid node generally only needs information from its 

immediate neighbor) makes the method very easy to be parallelized so the computational time 
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can be dramatically reduced [15-16]. Since the development of the method, multiple models 

have been developed [17-18], specifically the pseudopotential model, the color-fluid model, the 

mean-field theory, and the free-energy model. However, according to [19-22], all these models 

have limitations at high density and viscosity ratios due to spurious currents at the interface, 

which causes numerical instabilities. Fakhari and Rahiman [23] state that LBM 

multicomponent multiphase models can be used effectively only in limited gas-liquid density 

ratios (up to 15) due to numerical instability. Additionally, the model produces undesirable 

results if spurious currents' magnitude satisfies the local flow velocity [15]. 

Therefore, numerous studies were conducted to increase multiphase flow efficiency at 

high-density ratios in a porous domain. For instance, Yuan and Schaefer [26] found that using 

different EOS improves stability. It was stated that using  Peng-Robinson (P-R) [30] and 

Carnahan-Starling (C-S) EOS can significantly enhance the model's stability. It correctly 

models the multiphase fluid flow process with an additional thermodynamic parameter such as 

temperature compared to other EOS. Other methods are based on calibrating the sound speed 

[24] and the interface thickness [25]. Moreover, Fakhari et al. [27] propose to appropriately 

calibrate inlet boundary conditions due to the model's vulnerability at the entrance.  

Most LBM multiphase multicomponent studies on porous media were conducted using 

color-fluid LBM with a density ratio of 1 [6, 18, 28, 29]. However, it has been determined that 

the pseudopotential model has excellent capability in dealing with higher density ratios [26, 

30]. The efficiency of the model subjects to EOS and the forcing scheme is examined in multiple 

research types [31-33, 26]. Depending on the introduction of interaction force into LBM, the 

forcing schemes are divided into three primary schemes: velocity-shift, exact difference method 

(EDM), and Guo's forcing scheme. Several studies were done to identify the stability and 

accuracy of schemes [17, 31-33]. Li et al. [31] found that EDM forcing scheme is more stable 

at relaxation time (𝜏) less than 1, and the velocity-shift forcing scheme is preferred when 

relaxation time equals 1, i.e., 𝜏 ≈ 1. However, Kupershtokh et al. [32] determined that at 𝜏 ≈

1, both forcing schemes demonstrate the same results. It can be said that some contradictions 

can be caused due to the novelty of LBM. Consequently, we analyzed different forcing schemes 

concerning numerical stability and accuracy in this work.  

In this study, the displacement process is analyzed using pseudopotential LBM rather 

than the widely applied color-fluid model. Additionally, P-R EOS, which is described by an 

acentric factor, is used due to its accuracy. During the work, the gaseous phase is injected into 
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the porous domain at different capillary numbers (Ca), viscosity ratios (D), and pore geometry. 

The efficiency of displacement is analyzed by manipulating these parameters. The density ratio 

is set at 5 to eliminate spurious current at the interface.  

The paper is arranged as follows: Chapter 2 is dedicated to the multiphase LBM and P-

R EOS, validation of the model is discussed in Chapter 3, Chapter 4 describes the analysis of 

displacement efficiency under different parameters. The conclusion is presented in Chapter 5. 
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Chapter 2 - Methodology 

For this study, we used a standard LBE two-dimensional nine-level (D2Q9) model with 

Bhatnagar-Gross-Krook (BGK) collision operator, which characterizes the particle distribution 

function (PDF) in terms of space x and time t.  

𝑓𝑖(𝒙 +  𝒆𝒊∆𝑡, 𝑡 + ∆𝑡) =  𝑓𝑖 (𝒙, 𝑡)  +  
1

𝜏
(𝑓𝑖

𝑒𝑞(𝒙, 𝑡) − 𝑓𝑖(𝒙, 𝑡)) , (𝑖 =  0, 1 … , 𝑀)  (1) 

The streaming step is described on the left side of Equation 1, while the collision operator is 

presented on the right side. 𝑓𝑖  is the particle velocity distribution, 𝒆𝒊  is the microscopic velocity, 

and ∆t is the time increment. 𝜏 expresses the dimensionless relaxation time, which is used to 

describe the kinematic viscosity 𝑣 = 𝑐𝑠
2(𝜏 − 0.5)∆t. M is the number of discrete velocities and 

𝑐𝑠 is the speed of sound.  𝑓𝑖
𝑒𝑞

 is the corresponding equilibrium distribution function given by the 

following formula: 

𝑓𝑖
𝑒𝑞(𝒙, 𝑡) = 𝜔𝑖𝜌[1 + 3(𝒆𝒊𝒖) +

9

2
(𝒆𝒊𝒖)2 −

3

2
𝒖𝟐]    (2) 

where u denotes the macroscopic velocity and 𝜔𝑖 is the weighting factor. The schematic 

illustration of D2Q9 is given in Figure 1.  

 

i  wi 

0  4/9 

2,4,6,8  1 /9 

1,3,5,7  1/36 

 

Figure 2.1. D2Q9 model and weighting factors 
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𝜌 describes the local mass density, and 𝜌𝒖 denotes local momentum density, Equations 3 and 

4, respectively. The ideal EOS is defined in Equation 5.  

𝜌 = ∑ 𝑓𝑖    𝑖    (3) 

𝜌𝒖 = ∑ 𝑓𝑖𝒆𝒊   𝑖    (4) 

𝑝 = 𝑐𝑠
2𝜌       (5) 

 

In this project, the pseudopotential or Shan-Chen (S-C) model [34], which consists of body 

force depending on the discrete gradient of a density function, was used. The interaction force 

between neighboring nodes is described as follows: 

𝑭𝒊𝒏𝒕(𝒙) = −𝜓(𝒙) ∑ 𝐺(𝒙, 𝒙́)𝜓(𝒙́)(𝒙́ − 𝒙)𝒙́   (6) 

where 𝐺(𝒙, 𝒙́) is Green's function, which describes the interaction strength between neighbor 

nodes. The interaction force can be described as repulsive or attractive, depending on its 

magnitude. 𝜓(𝒙) is effective mass. The original SC model can be expressed by the general 

EOS:  

𝑝 = 𝑐𝑠
2𝜌 +

𝑐𝑠

2
𝑔[𝜓(𝜌)]2     (7) 

The following equation expresses the adhesion force between two fluids. 

𝐹𝑎𝑑𝑠(𝒙, 𝑡) = -𝐺𝑎𝑑𝑠𝜌(𝒙, 𝑡) ∑ 𝜔𝑖𝑠𝑖 (𝒙 + 𝒆𝒊∆𝑡, 𝑡)𝒆𝒊     (8) 

where, 𝐺𝑎𝑑𝑠 is adhesion parameter, which describes the interaction force between solid wall 

and fluid. The fluid can be considered non-wetting and wetting depending on its magnitude, 

specifically positive indicates non-wetting condition and negative expresses wetting condition 

[35]. The contact angle is calculated using the Young-Laplace equation [36]: 

                𝑐𝑜𝑠𝜃 =
𝐺𝑎𝑑𝑠,2 − 𝐺𝑎𝑑𝑠,1

𝐺𝑐
(𝜌1 − 𝜌2)

2

                          (9) 

where, 𝐺𝑐 is cohesion parameter, 
(𝜌1−𝜌2)

2
 is density factor. 

The Shan-Chen EOS is used widely for LBM simulation due to its simplicity. However, in this 

study, for high-density ratios, Peng-Robinson EOS [37] is preferred (Equation 10 and 11). 

Additionally, P-R EOS reduces instability caused by spurious currents [26]. 
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𝑃 =
𝜌𝑅𝑇

1 − 𝑏𝜌
−

𝑎𝛼(𝑇)𝜌2

1 + 2𝑏𝜌 − 𝑏2𝜌2
                                             (10) 

𝛼(𝑇) = [1 + (0.37464 + 1.54226𝜔 − 0.26992𝜔2) ∗ (1 − √
𝑇

𝑇𝑐
)]2 (11) 

where R is the universal gas constant, a (𝑎 = 0.45724𝑅2𝑇𝑐
2/𝑝𝑐) and b (𝑏 = 0.0778𝑅𝑇𝑐/𝑝𝑐) 

are species-dependent coefficients, 𝛼 denotes a function of reduced temperature (𝑇𝑟 =
𝑇

𝑇𝑐
, 𝑇𝑐is 

the critical temperature of species) and 𝜔 is an acentric factor. In this project, the values of a, b 

and R are 2/49, 2/21, and 1, respectively.  
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Chapter 3 - Validation of the model 

Before starting the simulation, the model's validation has been performed using a 

capillary pressure test with expected analytical results. As shown in Figure 3.1, the gaseous 

phase penetrates two parallel passages with different widths. The top and bottom boundary 

conditions are on-grid bounce back, while inlet and outlet boundaries are defined as constant 

velocity and constant pressure correspondingly. Since the passages' width (r1 and r2) are not 

the same, the capillary pressure is different in passages (Pc1 and Pc2). The Young-Laplace 

equation is used to describe capillary pressure (Equation 12).  

𝑃𝑐 = 2𝜎 ∗
cos(𝜃)

𝑟
   (12) 

where σ is the surface tension, and 𝜃 is the contact angle. Afterward, the results are analyzed 

with pressure difference (∆p) between the inlet (pin) and outlet (pout). According to conditions, 

the phase can penetrate or not into passages. When ∆p is more significant than Pc1, the gaseous 

phase can flow through both passages, and the gas can only flow through Pc2 while ∆p is in the 

range between Pc1 and Pc2. Lastly, the gas cannot penetrate both passages if ∆p is less than 

Pc2.  

 For this study, contact angle equals θ=70o, viscosity ratio D = 1, and liquid-gas density 

ratio set to 5. The passages' widths (r1 and r2) are 15 and 30, respectively. Three different 

pressure differences are evaluated, specifically ∆p1 = 1.04*10-3, ∆p2 = 2.13*10-3, ∆p3 = 

4.3*10-3. Capillary pressures (Pc1 and Pc2) are calculated from Equation 12 and equals 

2.51*10-3 and 1.25*10-3. Non-dimensional lattice units (lu) characterizes all these variables. 

The domain grid equals 280x140 lu2, and both passages have 100 lu in length. It can be seen 

from Figure 3.2. that the numerical solutions satisfy expected flow behavior.   

 

Figure 3.1. Initial domain grid for capillary pressure test. 
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Figure 3.2. Capillary pressure test results: a) ∆p1 = 1.04 *10-3, b) ∆p2 = 2.13*10-3 and c) 

∆p3 = 4.3*10-3. 
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Chapter 4 - Results and discussion 

4.1. Model setup 

The graphical illustration of the computational domain is presented in Figures 4.1 and 

4.2. Top and bottom boundaries are periodic, while inlet and outlet are uniform velocity and 

constant pressure. The porous domain has 401 lu width and 401 lu length. The domain is 

occupied by circular pores with a radius of 10 lu (Figure 4.1) or 20x20 lu2 square pores (Figure 

4.2) separated with 10 lu passages. The pores are spatially located with small perturbation (±1 

lu) to split flow uniformity throughout modeling and simulate more reasonable flow 

performance. 

Moreover, in the 1st column, one pore is eliminated to analyze its impact on the fingering 

phenomenon. Initially, the pore domain is occupied by the liquid phase, and the gaseous phase 

is penetrated from left to right at a constant velocity. All cases are done at a constant liquid-gas 

density ratio of 5 and Tr of 0.95 (both parameters are related to a simulated fluid) to eliminate 

spurious currents [26]. 

 

Figure 4.1. Illustration of 401x401 lu2 domain filled with the circular pores (white circles 

are pores with radius = 10 lu) 
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Figure 4.2. Illustration of 401x401 lu2 domain filled with the square pores (white squares 

are pores with side = 20 lu). 

As discussed before, the gaseous phase's penetration depends on multiple dimensionless 

parameters, precisely the Capillary number (Ca), the viscosity ratio (D), and surface wettability. 

The ratio of viscous and interfacial forces is presented by capillary number Ca: 

𝐶𝑎 =
𝑢𝐺𝑛𝐺

𝜎
     (13) 

where 𝑢𝐺  and 𝑛𝐺  are the dynamic viscosity and the average velocity of Fluid 1 

correspondingly. The viscosity ratio is described as the ratio of Fluid 0 and Fluid 1 viscosities: 

𝐷 =
𝑛𝐿

𝑛𝐺
      (14) 

where 𝑛𝐿 is the dynamic viscosity of the Fluid 0. 

Moreover, a dimensionless time t* is introduced to avoid the effect of injected gaseous 

phase's velocity.  

𝑡∗ =
𝑢𝐺∗𝑡

𝐻
        (15) 

where t defines the total time-steps and H is the domain's width. 
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4.2. Effect of forcing scheme 

Firstly, before starting simulations, a forcing scheme analysis was done to guarantee its 

appropriate selection. For this reason, a circular-pore-based computational domain with θ = 70° 

and Ca = 0.038 was chosen. During this simulation, the velocity-shift and EDM forcing 

schemes were examined at τ = 1. Figure 4.3 shows that both models have almost the same 

outcomes as was previously discussed. Therefore, the original velocity-shift forcing scheme at 

τ = 1 was selected for the following simulations. However, it can be said that at low-temperature 

and low-viscosity ratio, which is not in the scope of this study, EDM forcing scheme is preferred 

due to improved numerical stability.  

 

Figure 4.3. Illustration of Fluid 0 (red) evolution in circular pore domain at t* = 0.175, Ca 

= 0.038 and θ = 70° with: (a) velocity-shift forcing scheme and (b) EDM forcing scheme. 

 

4.3. Effect of capillary number 

Numerous simulations were conducted to analyze the influence of Ca on the gaseous 

phase penetration effectiveness. For this purpose, different Ca were selected, specifically Ca1 

= 0.038, Ca2 = 0.076 and Ca3 = 0.115. The variation of Ca can be achieved by manipulating 

inlet velocity. Additionally, the D was selected as 1 and θ set to 70°, indicating wettable 

condition.  

Figures 4.4 and 4.5 show that despite the same amount of fluid has been introduced at 

t* = 0.175 and different Ca, the penetration of the gaseous phase differs. Figures 4.4 and 4.5 

show that higher Ca results in more effective penetration of the gaseous phase into the porous 
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domain, as was expected [30]. Furthermore, the fingering effect can be noticed for each selected 

pore geometry. Since lower entry pressure at a lower Ca (Figure 4.4a and Figure 4.5a), the 

fingering expands in the span-wise direction, while at higher Ca, the fingering favored the 

stream-wise direction. Lenormand et al. [38] found that low entry pressure can result in the 

backward evolution of capillary fingering. However, backward fingering is more common for 

a heterogeneous porous domain due to a higher difference in pore throat between neighboring 

pores [29]. 

Moreover, this study solves limitations denoted by Lenormand et al. [38]. They noticed 

that fluid occupies only a limited portion of the domain at higher Ca for a non-homogeneous 

porous media. Therefore, in this work, the model has periodic boundary conditions with 

uniform size and pores positioning, which neglects this drawback. 

 

Figure 4.4. Illustration of Fluid 0 (red) evolution in circular pore domain at t* = 0.175 with 

different Ca: (a) Ca = 0.038; (b) Ca = 0.076 and (c) Ca = 0.115.

 

Figure 4.5. Illustration of Fluid 0 (red) evolution in square pore domain at t* = 0 .175 with 

different Ca: (a) Ca = 0.038; (b) Ca = 0.076 and (c) Ca = 0.115. 
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As shown in Table 4.1, the gaseous phase's penetration into the porous domain is 

affected by pore geometry. Figure 4.6 shows fluid evolution parameters: L denotes the domain 

length, the slip distance is S, and the effective penetration length is T. In this study, S is the 

constant for all cases.  

 

Figure 4.6. Graphical representation of gaseous phase penetration. 

Table 4.1 illustrates that both pore geometries have approximately the same T at low 

Ca. However, the effective penetration length increases significantly in the square-shaped 

domain compared to circular-shaped. Additionally, it was found that excessively low Ca results 

on spurious currents related to numerical instabilities, as was noted by Raeini et al. [39] 

Table 4.1. Results of penetration length T for different pore domains at various Ca and t* = 

0.175. 

Pore Geometry Ca T (lu) 

Circular 0.038 84.322 

Square 0.038 93.691 

Circular 0.076 89.931 

Square 0.076 97.447 

Circular 0.115 92.812 

Square 0.115 103.107 
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4.4. Effect of viscosity ratio 

Moreover, viscosity ratio D is analyzed by manipulating Fluid 1 viscosity and keeping 

constant viscosity of Fluid 0. Furthermore, Ca is selected as 0.038, and θ is set as 70°. Figures 

4.7 and 4.8 illustrate that a higher viscosity ratio makes the gas penetration more challenging. 

Additionally, it increases the time taken to displace the liquid phase from porous media. The 

results show that at low D, the fingering narrows, and as D increases, it thickens, as expected 

[18]. 

Additionally, our results show that the gas occupies only a fraction of the domain at low 

viscosity ratios, confirming previous results [30]. Also, increasing the viscosity ratio increases 

the displacement's stability (Figures 4.7c and 4.8c) [28]. It might be said that the pore geometry 

influences the gaseous phase penetration. In the square-shaped porous domain, T is longer than 

that in the circular-shaped domain, as shown in Table 4.2. 

 

Figure 4.7. Illustration of Fluid 0 (red) evolution in circular pore domain at t* = 0.275, Ca 

= 0.038 and: (a) D = 1; (b) D = 2; (c) D = 3. 
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Figure 4.8. Illustration of Fluid 0 (red) evolution in square pore domain at t* = 0.275, Ca = 

0.038 and: (a) D = 1; (b) D = 2; (c) D = 3. 

 

Table 4.2. Results of penetration length T for different pore domains at various D and t* = 

0.275. 

Pore Geometry D T (lu) 

Circular 1 119.937 

Square 1 126.201 

Circular 2 113.468 

Square 2 118.933 

Circular 3 106.619 

Square 3 110.051 

 

4.5. Effect of surface wettability 

Lastly, the influence of surface wettability is examined by varying the contact angle 

between fluid and wall. As it was discussed before, according to capillary pressure (Equation 

12), the penetration of the gaseous phase into the porous domain can be correctly determined. 

Therefore, the surface wettability, i.e., the surface contact angle, efficiently influences the 

gaseous phase's penetration into the porous media. A constant surface contact angle was used 

in previous studies on a porous domain [6, 18]. Consequently, in this work, numerous 
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simulations were conducted at varying surface contact angle, specifically θ = 83°, θ = 70°,  θ = 

50° and θ = 33° at constant Ca and D.  

Figures 4.9 and 4.10 illustrate the gaseous phase's penetration into the liquid-filled 

domain at t* = 0.225. All models were carried out at wetting conditions, i.e., θ < 90°. Figures 

4.9 and 4.10 demonstrate that the gaseous phase penetration length increases with decreasing 

surface contact angle, as was predicted [30]. Nevertheless, the effective gaseous phase 

evolution length is higher in circular-shaped (Figure 4.9) pore domain than in the square-shaped 

(Figure 4.10) pore domain because of the wider inter-pore passages (Figure 4.11).  

 

Figure 4.9. Illustration of Fluid 0 (red) evolution in circular pore domain at t* = 0.225 with 

fixed Ca = 0.038, D = 1 and: (a) θ = 83°; (b) θ = 70°; (c) θ = 50°; (d)  θ = 33°. 
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Figure 4.10. Illustration of Fluid 0 (red) evolution in square pore domain at t* = 0.225 

time-step with fixed Ca = 0.038, D = 1 and: (a) θ = 83°; (b) θ  = 70°; (c) θ = 50°; (d) θ = 33°. 

 

Figure 4.11. Results of penetration length T for different pore domains at various θ at t* = 

0.225. 
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Chapter 5 – Conclusions 

In conclusion, this work was done to identify the effect of Capillary number, viscosity 

ratio, and surface wettability on gaseous phase penetration into a 2D homogeneous liquid-filled 

porous domain. Previous works [6, 17, 27, 28] were conducted on the phase-field (PF) CFD 

method in collaboration with a color-fluid multiphase LBM model at a constant density ratio of 

1. In this project, a pseudopotential LBM model with Peng-Robinson EOS was used to improve 

the model's numerical stability. Accordingly, P-R EOS makes it possible to model immiscible 

fluid displacement at a liquid-gas density ratio of 5 with insignificant numerical instabilities 

(i.e., spurious currents) at the interface. Moreover, the proper selection of forcing scheme 

increases the model's stability. It was determined that the velocity-shift and EDM forcing 

schemes have the same stability conditions at τ = 1; hence, the velocity-shift forcing scheme 

was selected to simulate the models. 

The numerical solutions indicated that the higher capillary number (Ca) and surface 

contact angle increase the gaseous phase penetration length for fixed viscosity ratio (D). The 

contrary effect can be noticed when D is increased with constant Ca and constant surface 

wettability. Moreover, the pore geometry affects the fingering length and effective gaseous 

phase penetration. In this work, the gaseous phase evolution length was lower in the circular-

shaped pore domain than the square-shaped pore domain by about 10% and 4% with respect to 

Ca and D, respectively. However, at different surface contact angles, the square-pore domain's 

fingering length was less than 3% than that in the circular-shaped domain. Future research aims 

to examine gas-liquid displacement performance in a non-homogeneous porous medium with 

increasing the viscosity ratio. Additionally, in a future project, the EDM forcing scheme is 

planned to increase the model's stability at low relaxation times. 
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