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1 INTRODUCTION

In this paper, we study the following system of nonlinear Schrödinger equations with quadratic interaction{ iut + Δu + 2vū = 0,
ivt + 𝜅Δv + u2 = 0, (x, t) ∈ R

4 × R, 𝜅 > 0,
(u(x, 0), v(x, 0)) = (u0(x), v0(x)),

(1.1)

where u and v are complex scalar functions. The system models the Raman amplification phenomena in plasma and also
appears in some phenomena in the nonlinear optics [1]. See also Mathieu et al. [2] for more details. System (1.1) has
formally the following conserved quantities:

E(u⃗) = 1
2
‖∇u‖2L2(R4) +

𝜅

2
‖∇v‖2L2(R4) −K(u⃗),

F(u⃗) = 1
2
‖u‖2L2(R4) + ‖v‖2L2(R4) , P(u⃗) = 1

2
⟨i∇u,u⟩ + 1

2
⟨i∇v, v⟩ ,

where

K(u⃗) = ℜ∫
R

4
u2v̄ dx,

and ⟨𝑓, g⟩ = ℜ∫
R

4𝑓 ḡ d x. We notice that (1.1) can be written as the Hamiltonian system

d
dt
(u, v) =

[
−i 0
0 −i

]
E
′(u, v).
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It is also invariant under the scaling

(u, v) → 𝜆2 (u(𝜆x, 𝜆2t), v(𝜆x, 𝜆2t)
)

and the gauge transform (u, v) → (exp(i𝜃)u, exp(2i𝜃)v) for 𝜃 ∈ R.
It was proved in Hayashi et al. [3] that (1.1) is locally well-posed in the energy space H1(R4) × H1(R4) and the flow

conserves the aforementioned invariants. When 𝜅 = 1
2

(called the mass-resonance condition), (1.1) is invariant under the
Galilean transformation

(u, v) →
(

e
i
2

c·x− i
4
|c|2tu(x − ct, t), eic·x− i

2
|c|2tv(x − ct, t)

)
, ∀c ∈ R

4.

In this case, (1.1) is also invariant under a pseudo-conformal transformation

(u, v) →
(

1
A2(t)

e
i𝛽|x|2
4A(t) u
(

B(t)
A(t)

,
x

A(t)

)
,

1
A2(t)

e
i𝛽|x|2
2A(t) v
(

B(t)
A(t)

,
x

A(t)

))
,

where A(t) = 𝛼 + 𝛽t, B(t) = 𝛾 + 𝛿t, and 𝛼, 𝛽, 𝛾, 𝛿 ∈ R with 𝛼𝛿 − 𝛽𝛾 = 1. Hence, the traveling waves

(u, v) = (ei𝜔t𝜙(x − ct), e2i𝜔t𝜓(x − ct))

are derived via the above symmetries and the traveling waves with zero-speed c = 0. No such symmetries exist for the
solutions of (1.1) if 𝜅 ≠ 1

2
. But to see the effect of lack of symmetry on the global behavior of solutions of (1.1), it is crucial

to find the traveling waves of (1.1) in the nonmass resonance case 𝜅 ≠ 1
2
. It was proved recently in Fukaya et al. [4]

that (1.1) possesses a nonzero speed traveling wave if

⎧⎪⎨⎪⎩
1 ≤ n ≤ 5, 𝜅 > 0, 𝜔 > max

{|c|2
4
, |c|2

8𝜅

}
,

3 ≤ n ≤ 5, 0 < 𝜅 < 1
2
, 𝜔 = |c|2

8𝜅
, c ≠ 0,

n = 5, 𝜅 > 1
2
, 𝜔 = |c|2

4
, c ≠ 0.

In this paper, we extend the previous result to n = 4 which was left open in Fukaya et al. [4]. Indeed, the
concentration-compactness argument does not work. We show that this case is considered as a limit case (energy criti-
cal case) of an elliptic equation including a nonlocal nonlinear term. To describe our result, we consider traveling waves
of (1.1) in the form u(x, t) = ei𝜔t𝜑(x − ct) and v(x, t) = e2i𝜔t𝜓(x − ct), where (𝜔, c) ∈ R × R

4. So that (𝜑,𝜓) satisfies{
−Δ𝜑 + 𝜔𝜑 + ic · ∇𝜑 − 2𝜑̄𝜓 = 0,
−𝜅Δv + 2𝜔𝜓 + ic · ∇𝜓 − 𝜑2 = 0. (1.2)

As obtained in Fukaya et al. [4], we should assume that 𝜅 > 1
2

and 𝜔 = |c|2
4

. So the change of variables 𝜑 → ei c
2
·xu and

𝜑 → eic·xv turns (1.2) into {−Δu = 2ūv,
−𝜅Δv + |c|2

2
(2𝜅 − 1)v − i(2𝜅 − 1)c · ∇v = u2.

(1.3)

Recall that D1,2(R4;C) =
{

u ∈ L4(R4), ∇u ∈ L2(R4)
}

. By the Sobolev inequality, we have D1,2(R4;C) =
.

H1(R4) (with
equivalent norms). We denote the set of all nontrivial solutions of (1.3) by

𝔄c =
{
(u, v) ∈ H = D1,2(R4;C) × H1(R4;C)∖{(0, 0)}, S′(u, v) = 0

}
,

where S = E + 𝜔F + c · P, and the set of all ground states is defined by

Gc = {(u, v) ∈ 𝔄c, S(u, v) ≤ S(𝑓, g), ∀( 𝑓, g) ∈ 𝔄c} .

Theorem 1.1. Let 𝜅 > 1
2

and c > 0. Then there exists a ground state of (1.3), that is, Gc is not empty.
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To prove Theorem 1.1, we rewrite (1.3) in the form of an elliptic equation with a nonlocal nonlinearity ūKc,𝜅 ∗ u2

(see (2.1)). We use the concentration-compactness method to obtain a constrained minimization problem deduced from
a general critical Sobolev-type inequality, which leads us to the existence of ground state solutions in the H1-critical case.
Such a problem was studied by Lions [5], but we need to modify the approach due to the presence of the nonlocal non-
linearity, the lack of compactness of the injection D1,2(R4) → L4(R4), and also lack of coordinate-scaling of the nonlinear
term. It is worth noting that our solutions of (1.3) with 𝜅 > 1

2
are essentially nonradial and complex-valued, which is dif-

ferent from the previous works on zero mass problems in nonlinear elliptic equations (see, e.g., the seminal work [6] and
articles cited to it).

2 EXISTENCE OF GROUND STATES

In this section, we prove the existence of ground states of (1.3). It is clear that if (u, v) ∈ H is a solution of (1.3), then
u ∈ D1,2(R4;C) is a solution of

−Δu = 2ū
(

Kc,𝜅 ∗ u2) , (2.1)

where
K̂c,𝜅(𝜉) =

1
𝜅|𝜉|2 + (2𝜅 − 1)c · 𝜉 + |c|2

2
(2𝜅 − 1)

> 0.

Moreover, if u ∈ D1,2(R4;C) is a solution of (2.1), then (u, v) ∈ H is a solution of (1.3) provided v = Kc,𝜅 ∗ u2 ∈ H1(R4).
To see this fact, we have from u ∈ D1,2 that u2 ∈ L2(R4). Since ⟨𝜉⟩ K̂c,𝜅 ∈ L∞, we obtain from the Plancherel theorem that| ⟨𝜉⟩ K̂c,𝜅 û2| ≲ |û2| ∈ L2(R4), from which we conclude Kc,𝜅 ∗ u2 ∈ H1(R4). Therefore, it suffices to investigate (2.1).

To study (2.1), we define the action 𝔖(u) = ‖∇u‖2L2(R4) −𝔎(u), where 𝔎(u) = ℜ
⟨

u2,Kc,𝜅 ∗ u2⟩. So, 𝜑 is a ground state
of (2.1) if 𝔖(𝜑) minimizes the action 𝔖 among all solutions of (2.1).

Remark 2.1. It is simple to see that any solution of (2.1) satisfies the Pohozaev-type identity

‖∇u‖2L2(R4) = 2𝔎(u).

Moreover, notice that

𝔎(u) =
⟨

û2, K̂c,𝜅 û2
⟩
= ∫

R
4
K̂c,𝜅|û2|2 d𝜉 = ∫

R
4

||||
√

K̂c,𝜅 û2
||||
2

d𝜉 = ∫
R

4

|||ℌ ∗ u2|||2 dx ∈ R,

where ℌ̂(𝜉) =
√

K̂c,𝜅(𝜉),

ℌ(x) = a
3
2√
𝜅

e−i
(

1− 1
2𝜅

)
c·xB1

(√
ax
)
, a = (2𝜅 − 1)|c|2

4𝜅2 ,

and

B1(x) = C ∫
∞

0
e−
|x|2

s e−ss−
5
2 ds.

We note that B1(x) ∼ exp(−|x|∕2) if |x| ≥ 2 and B1(x) ∼ |x|−3 if |x| ≤ 2. So we have from Huang et al. [7, 8] that

‖B1 ∗ 𝑓‖Lr ≲ ‖𝑓‖Lp , (2.2)

where 1 < p < ∞, 4
p
≤ 1 + 4

r
, and p ≤ r < ∞. Moreover, it is known for 1 ≤ p ≤ ∞ that

||B1 ∗ 𝑓 ||Lp ≲ ||𝑓 ||Lp .

This means that 𝔎(u) is a real-valued function and positive.

12123
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Remark 2.2. It is also known that u(x) = 8𝛿
𝛿+|x−z|2 with 𝛿 > 0 and z ∈ R

4 is the minimizer for S, where S−1 is the best
constant of

||u||2
L4(R4)

≤ S−1||∇u||2
L2(R4)

.

Keeping Remark 2.1 in our mind, we now consider the following minimization problems

I = inf
{‖∇u‖2L2(R4) , u ∈ D1,2(R4), 𝔎(u) = 1

}
, (2.3)

I∞ = inf
{‖∇u‖2L2(R4) , u ∈ D1,2(R4), 𝛾||u||4

L4(R4)
= 1
}

(2.4)

and

mc,𝜅 = inf
u∈D1,2(R4)∖{0}

‖∇u‖2L2(R4)

𝔎
1
2 (u)

, (2.5)

where 𝛾 > 0 is the (best) constant in 𝔎(u) ≤ 𝛾||u||4
L4(R4)

. It is trivial that I < I∞.
If u is minimizer of (2.5), then we have for any h ∈ C∞(R4) that

ℜ ⟨−Δu, h⟩ − mc,𝜅

𝔎
1
2 (u)

ℜ
⟨

Kc,𝜅 ∗ u2,uh
⟩
= 0;

and by changing h → −ih, we get

ℑ ⟨−Δu, h⟩ − mc,𝜅

𝔎
1
2 (u)

ℑ
⟨

Kc,𝜅 ∗ u2,uh
⟩
= 0;

so that u satisfies
−Δu −

mc,𝜅

2𝔎
1
2 (u)

2ūKc,𝜅 ∗ u2 = 0.

Taking ũ =
√

mc,𝜅

𝔎
1
2 (u)

u, it is seen that ũ satisfies (2.1). The constant mc,𝜅 actually determines the corresponding

interpolation estimate

𝔎
1
2 (u) ≤ m−1

c,𝜅 ‖∇u‖2L2(R4) .

Remark 2.3. If u is a minimizer of (2.3), it is also a minimizer of (2.5). Moreover, mc,𝜅 = 2𝔎
1
2 (u). In addition, u is a

ground state if and only if u is a minimizer of (2.5).

By using Remark 2.3, we show the existence of a minimizer of (2.3). To this end, we use the following result inspired
by the concentration-compactness principle (see Lions [5]) in the limiting case to describe the lack of compactness of the
injection D1,2(R4) → L4(R4).

Lemma 2.4. Let {uk} ⊂ D1,2(R4) be a bounded sequence such that uk ⇀ u in D1,2(R4), |∇uk|2 ⇀ 𝜇 and |uk|4 → 𝜈,
where 𝜇, 𝜈 ≥ 0 are measures on R

4. Then, we ave the following:

(i) There exists an at most countable set J, distinct points {x𝑗}𝑗∈J ⊂ R
4, and nonnegative weights {𝜇𝑗, 𝜈𝑗}𝑗∈J such that

𝜇𝑗 > 0 and
𝜈 = |u|4 +∑

𝑗∈J
𝜈𝑗𝛿x𝑗 , 𝜇 ≥ |∇u|2 +∑

𝑗∈J
𝜇𝑗𝛿x𝑗 .

(ii) It holds for all 𝑗 ∈ J that 𝜈𝑗 ≤ I−2𝜇2
𝑗 , where I is defined in (2.3). Moreover,

∑
𝑗∈J
√
𝜈𝑗 < +∞.

The following result is crucial in applying Lemma 2.4.

12124
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Lemma 2.5. Assume that uk ⇀ u in D1,2(R4). Then

∫
R

4

|||ū2
kKc,𝜅 ∗ u2 − ū2Kc,𝜅 ∗ u2 − (uk − u)2Kc,𝜅 ∗ (uk − u)2||| dx → 0 as k → ∞.

Proof. The proof replies one an elementary inequality. For any a1, a2, b1, b2 ∈ C, and 𝜖 > 0, we have from the Young
inequality that

|||(a1 + a2)(b1 + b2)2 − a1b2
1
||| ≤ 2 |a1b1b2| + 2 |a2b1b2| + |a1| |b2|2 + |a2| |b1|2 + |a2| |b2|2
≤ 𝜖
(
3|a1|2 + 5|b1|4 + 3|a2|2) + 4𝜖−3|b2|4 + 𝜖−1 (2|b2|4 + |a2|2) .

Taking a1 = Kc,𝜅 ∗ (u2
k − u2), a2 = Kc,𝜅 ∗ u2, b1 = uk − u and b2 = ū in the above inequality, we derive that

𝜛(𝜖) = |||ū2
kKc,𝜅 ∗ u2

k − (ūk − ū)2Kc,𝜅 ∗ (uk − u)2 − ū2Kc,𝜅 ∗ u2

− 𝜖
(

3|||Kc,𝜅 ∗ (u2
k − u2)|||2 + 5|uk − u|4 + 3|||Kc,𝜅 ∗ u2|||2)||||

≤ |||ū2Kc,𝜅 ∗ u2||| + 4𝜖−3|u|4 + 𝜖−1
(

2|u|4 + |||Kc,𝜅 ∗ u2|||2) .
The dominated convergence theorem together with the embedding D1,2(R4) → L4(R4) implies that 𝜛(𝜖) → 0 in
L1(R4) as k → ∞. This implies by using

|||ū2
kKc,𝜅 ∗ u2

k − (ūk − ū)2Kc,𝜅 ∗ (uk − u)2 − ū2Kc,𝜅 ∗ u2|||
≤𝜛(𝜖) + 𝜖

(
3|||Kc,𝜅 ∗ (u2

k − u2)|||2 + 5|uk − u|4 + 3|||Kc,𝜅 ∗ u2|||2)
the boundedness of {uk} in D1,2(R4) and arbitrariness of 𝜖 that

∫
R

4

|||ū2
kKc,𝜅 ∗ u2 − ū2Kc,𝜅 ∗ u2 − (uk − u)2Kc,𝜅 ∗ (uk − u)2||| dx = o(1)

as k → ∞. □

Now, let {uk} be a minimizing sequence of (2.3). Then {uk} is bounded in D1,2(R4) whence in L4(R4). The proof is based
on using the concentration-compactness result with the sequence

𝜌k = |∇uk|2 + |uk|4 + |||ū2
kKc,𝜅 ∗ u2

k
||| .

Notice that
{

ū2Kc,𝜅 ∗ u2} is bounded in L1(R4). So we can presume that

∫
R

4
𝜌k dx → ℘c,k > 0.

To show that {uk} is relatively compact in D1,2(R4), we rule out the possibility of occurring the evanescence and dichotomy
cases in the concentration-compactness principle.

Avoiding the evanescence case. Suppose by contradiction that

sup
𝑦∈R4 ∫BR(𝑦)

𝜌k dx → 0 (2.6)

as k → ∞ for some R > 0. We conclude if we show that 𝔎(uk) → 0 as k → ∞.

12125
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Now, we first assume that {uk} ⊂ L∞(R4) is bounded. It follows from (2.6) that

sup
𝑦∈R4 ∫BR(𝑦)

|uk|4 dx → 0 (2.7)

as k → ∞. Recall that ℌ(x) ≲ exp(−|x|∕2) + |x|−3. Thus,

|𝔎(uk)| ≲ ‖‖‖e− |x|2 ∗ u2
k
‖‖‖L2(R4)

+ ‖‖‖(|x|−3𝜒{|x|≤2}
)
∗ u2

k
‖‖‖L2(R4)

≲ ‖uk‖L8(R4) + ‖uk‖2
L

8
3 (R4)

.
(2.8)

Since ||uk||L4(R4) and ||∇uk||L2(R4) are bounded, it is deduced from (2.7) and an application of Lions [9, Lemma I.1] that
uk → 0 in Lq(R4) for any 4 < q < ∞. The L∞(R4)-boundedness of uk and (2.8) shows that 𝔎(uk) → 0 as M → ∞. In
general case, where {uk} is bounded in D1,2(R4), we see that the functions

vk = max {min uk,M,−M} , ∀M > 0

are bounded in L∞(R4). Then, 𝔎(vk) → 0 as k → ∞; whence,

𝔎(uk) ≤𝔎(vk) + ∫
R

4

|||v̄2
kKc,𝜅 ∗

(
u2

k1{|uk|≥M}
)||| dx + ∫

R
4

|||(ū2
k1{|uk|≥M}

)
Kc,𝜅 ∗ u2

k
||| dx

≤𝔎(vk) + ||vk||2L4(R4)
||uk1{|uk|≥M}||2L4(R4)

+ 𝜀M||uk||2L4(R4)
,

with 𝜀M → 0 as M → +∞. This yields that ‖∇uk‖2L2(R4) → I and

lim
k

𝛾||uk||4L4(R4)
≥ 1

contradicting I < I∞ = 𝛾−1∕2I0.
Avoiding the dichotomy case.
Define for 𝜆 > 0, the following minimization problem

I𝜆 =
{‖∇u𝜆‖2L2(R4) ; u ∈ D1,2(R4), 𝔎(u) = 1

}
,

where u𝜆(x) = u(𝜆−1∕4x). Clearly, I𝜆 =
√
𝜆I implying

I < I𝜏 + I1−𝜏 ∀𝜏 ∈ (0, 1). (2.9)

Suppose that the dichotomy case occurs, then we can find 𝜏 ∈ (0,℘c,𝜅) such that for any 𝜖 > 0, there exist {𝑦k} ⊂

R
4, R0 > 0 and {Rk} ∈ (R0,+∞) such that Rk → ∞,

|||||∫BR0 (𝑦k)
𝜌k dx − 𝜏

||||| ≤ 𝜖,

||||||∫R
4∖BRk

(𝑦k)
𝜌k dx −℘c,𝜅 + 𝜏

|||||| ≤ 𝜖,

||||||∫BRk
(𝑦k)∖BR0 (𝑦k)

𝜌k dx − 𝜏

|||||| ≤ 𝜖.

Define for any 𝜆 ≥ 1 and R > 0 the mappings

T𝜆,R(x) = x1BR(0)(x) +
(
𝜆x + (1 − 𝜆)R x|x|

)
1Bc

R(0)(x)

12126
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and set uk,1(x) = uk(T𝜆,R(x)). Notice that when |𝑦| ≥ R, then

||||𝑦𝜆 + (1 − 𝜆)R x|x| |||| ≥ 𝜆|𝑦| − |1 − 𝜆|R ≥ R.

Hence, |||||𝔎(uk,1) − ∫BR(0)
ū2

kKc,𝜅 ∗ u2
k dx
||||| ≲
|||||∫BR(0)

∫Bc
R(0)

ū2
k(x)Kc,𝜅(x − 𝑦)u2

k(T𝜆,R(𝑦)) d𝑦 dx
|||||

+
|||||∫Bc

R(0)
∫
R

4
ū2

k(T𝜆,R(x))Kc,𝜅(x − 𝑦)u2
k,1(𝑦) d𝑦 dx

|||||
≲
|||||∫BR(0)

∫Bc
R(0)

ū2
k(x)Kc,𝜅(x − 𝑦)u2

k(T𝜆,R(𝑦)) d𝑦 dx
|||||

+
|||||∫Bc

R(0)
∫
R

4
ū2

k(T𝜆,R(x))Kc,𝜅(x − 𝑦)u2
k,1(𝑦) d𝑦 dx

|||||
≲
|||||∫BR(0)

∫Bc
R(0)

ū2
k(x)Kc,𝜅(x − T−1

𝜆,R)u
2
k(𝑦)𝜒𝜆,R(𝑦) d𝑦 dx

|||||
+
|||||∫Bc

R(0)
∫
R

4
ū2

k(x)Kc,𝜅(x − 𝑦)u2
k,1(𝑦)𝜒𝜆,R(x) d𝑦 dx

||||| ,
where 𝜒−1

𝜆,R(x) = 𝜆(𝜆 + R(1 − 𝜆)|T−1
𝜆,R(x)|−1)3 for x ∈ R

4∖BR(0). Since 𝜒−1
𝜆,R(x) ≥ 𝜆, we get

|||||𝔎(uk,1) − ∫BR(0)
ū2

kKc,𝜅 ∗ u2
k dx
||||| ≲ 𝜆−1.

On the other hand, we have from the definition of T that

∫
R

4
|∇uk,1|2 dx = ∫BR(0)

|∇uk|2 dx + ∫BR(0)c
|∇T · ∇uk(T(x))uk|2 dx

and 𝜕x𝑗 (Ti)(x) = 𝜆𝛿i𝑗 − (1 − 𝜆)R|x|−3(𝛿i𝑗|x|2 − xix𝑗); whence,

∫Bc
R(0)
|∇T · ∇uk(T(x))|2 dx ≲ 𝜆∫Bc

R(0)
|∇uk|2𝜒𝜆,R(x) dx

≲ (𝜆 + (1 − 𝜆)RR−1
𝜆 )−3 + ∫Bc

R(0)∩BR𝜆 (0)
|uk(x)|2 dx,

where R𝜆 ≥ R ≥ R0 and 𝜆R̄𝜆 = R𝜆 + (𝜆 − 1)R. Hence,

|||||‖‖∇uk,1‖‖2L2(R4) − ∫BR(0)
|∇uk|2 dx

||||| ≲ 𝜖 +
(
𝜆 − (𝜆 − 1) R

R̄𝜆

)−3

,

if R ∈ [R0,R𝜆]. If we choose R = R0 and 𝜆 ≫ 1, then we get that

|||||𝔎(uk,1) − ∫BR0 (0)
ū2

kKc,𝜅 ∗ u2
k dx
||||| ≤ 𝜖,

|||||||uk,1||2D1,2(R4)
− ∫BR0 (0)

|∇uk|2 dx
||||| ≲ 𝜖 (2.10)

when n is large enough. For the above R0, we define for any 𝜆 ≥ 1 and R > R0 the mapping

S𝜆,R(x) = 𝜆x1BR(0) +
(

x − (1 − 𝜆)R x|x|
)

1Bc
R(0)
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and uk,2(x) = uk(S𝜆,R(x)). Similar to the above argument and following Lions [5], by choosing 𝜆 = 𝜖−
1
2 and R = R0 in the

definition of S𝜆,R, we obtain that

||||||𝔎(uk,2) − ∫Bc
Rk
(0)

ū2
kKc,𝜅 ∗ u2

k dx
|||||| ≲ 𝜖,

||||||||uk,2||2D1,2(R4)
− ∫Bc

R0
(0)
|∇uk|2 dx

|||||| ≲
√
𝜖, (2.11)

when n is large enough.
Now set 𝛽𝜖 = limk𝔎(uk,1). We show that 𝛽𝜖 ∈ (0, 1) is bounded from zero and 1 as 𝜖 → 0. First, if 𝛽𝜖 → 0, then

lim inf
𝜖

lim inf
k
‖‖uk,2‖‖2D1,2 ≥ I,

but we see from (2.10) and (2.11) that

lim inf
𝜖

(
lim inf

k
‖‖uk,1‖‖2D1,2

)
+ lim inf

𝜖

(
lim inf

k
‖‖uk,2‖‖2D1,2

) ≤ I,

which is a contradiction with lim inf𝜖lim infk‖uk‖D1,2 > 0. The case lim𝜖𝛽𝜖 ≥ 1 is excluded, by an argument similar to
above by replacing uk,2 by uk,1. So we can assume that lim𝜖𝛽𝜖 ∈ (0, 1), and then we get by (2.10) and (2.11) for small 𝜖 that

I ≥ lim inf
k
||uk,1||2D1,2(R4)

+ lim inf
k
||uk,2||2D1,2(R4)

− C
√
𝜖 ≥ Ilim

𝜖
𝛽𝜖 + I1−lim

𝜖
𝛽𝜖 − o(𝜖).

This contradicts (2.9), and the dichotomy case is ruled out.
Compactness. The concentration-compactness principle shows now that there exists {𝑦k} ⊂ R

4 such that for any
𝜖 > 0, there is R > 0 such that

∫Bc
R(𝑦k)

𝜌k dx ≤ 𝜖 (2.12)

for all k. For simplicity, we denote the sequence uk(· − 𝑦k) by the same uk. Then, there is u ∈ D1,2(R4) such that uk ⇀ u in
D1,2(R4), a.e. in R

4 and 𝔎(u) < ∞ by Fatou's lemma.
If u ≡ 0, then we show that 𝔎(uk) → 0 as k → ∞. From (2.12), we have

∫Bc
R(0)

ū2
kKc,𝜅 ∗ u2

k dx ≤ 𝜖

for sufficiently large R and for all k. Since uk → 0 in L1(BR(0)), we get the claim by an argument similar to the
evanescence case.

To complete the proof, we prove that 𝔎(u) = 1. It is trivial that 𝔎(u) ≤ 1 because of ||∇u||2
L2(R4)

≤ I. We prove that
𝔎(u) ≥ 1. By Lemma 2.4, there are {x𝑗}J ⊂ R

4 and {𝜈𝑗}J ⊂ (0,∞) such that

|uk|4 → |u|4 +∑
𝑗∈J

𝜈𝑗𝛿x𝑗 , ||uk||4L4(R4)
→ ||u||4

L4(R4)
+
∑
𝑗∈J

𝜈𝑗 as k → ∞. (2.13)

We prove that

1 = lim
k

𝔎(uk) ≤ 𝔎(u) + 𝛾
∑

𝜈𝑗. (2.14)

Referring to (2.12), we get for all k that
∑

𝑗∈J,x𝑗∉BR(0)
𝜈𝑗 ≤ 𝜖 and

∫Bc
R(0)

|||ū2
kKc,𝜅 ∗ u2

k
||| + |uk|4 dx ≤ 𝜖, ∫Bc

R(0)

|||ū2Kc,𝜅 ∗ u2||| + |u|4 dx ≤ 𝜖.
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Lemma 2.5 shows that

∫
R

4∖BR(0)

|||ū2
kKc,𝜅 ∗ u2 − ū2Kc,𝜅 ∗ u2 − (uk − u)2Kc,𝜅 ∗ (uk − u)2||| dx → 0 as k → ∞.

To get (2.14), it is enough to show that

lim inf
k ∫BR(0)

(uk − u)2Kc,𝜅 ∗ (uk − u)2 dx ≤ 𝛾
∑
𝑗∈J

𝜈𝑗.

But it is known that |uk − u|4 →
∑

𝑗𝜈𝑗𝛿x𝑗 , and by an argument similar to the dichotomy case, we obtain that

lim inf
k ∫BR

||||(uk − u)
2
Kc,𝜅 ∗ (uk − u)2|||| dx ≤ 𝛾 lim inf

k
||uk − u||4L4 = 𝛾

∑
𝑗

𝜈𝑗 .

Lemma 2.4 and (2.14) give

1 ≤ 𝔎(u) + 𝛾
∑
𝑗

𝜈𝑗 , 1 ≥ ‖∇u‖2L2(R4) + I0
√∑

𝑗

𝜈𝑗 .

If 𝔎(u) ≤ 0, then 𝛾
∑

𝑗𝜈𝑗 ≥ 1 and

I > I0
√∑

𝑗

𝜈𝑗 ≥ I0𝛾−
1
2 = I∞.

This contradiction completes the proof of existence of a minimizer for (2.3).

Corollary 2.6. There exists a ground state solution of (2.1).

Proof. If u is a minimizer of (2.3), then there is 𝜃 ∈ C such that

ℜ ⟨∇u,∇v⟩ = 2𝜃ℜ
⟨

uv,Kc,𝜅 ∗ u2⟩
for all v ∈ D1,2(R4). By taking v = u and v = −iu, we get 𝜃 ∈ R is nonzero, and then u by a scaling satisfies

⟨∇u,∇v⟩ = 2
⟨

uv,Kc,𝜅 ∗ u2⟩ .
Remark 2.3 shows that u is a minimizer of (2.5). Consequently, it is a ground state. □

Define
𝜄c = inf {S(u, v), (u, v) ∈ 𝔊c}

and
𝔐c = {(u, v) ∈ 𝔊c, S(u, v) = 𝜄c} ,

where 𝔊c =
{
(u, v) ∈ H∖{(0, 0)}, 𝔛(u, v) = ⟨S′(u, v), (u, v)⟩ = 0

}
. Analogous to Fukaya et al. [4, Proposition 2.1], we can

get the following result.

Corollary 2.7. There holds 𝔐c = Gc.

Proposition 2.1. Let u ∈ D1,2(R4) be a nontrivial solution of (2.1). Then u ∈ L∞(R4). Moreover, it is a classical solution
of (2.1).

Proof. To get the regularity of solutions (2.1), we note that for any q ∈ [4∕3, 4) from (2.1), the Hölder inequality, and
the embedding D1,2(R4) → L4(R4) that

‖−Δu‖Lq(R4) ≲ ||u||L4(R4)
‖‖‖Kc,𝜅 ∗ u2‖‖‖L

4−q
4q (R4)

≲ ||u||2
L4(R4)

.
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This means that u ∈
.

H2,q(R4) for any q ∈ [4∕3, 4). Now, if we use the Hardy–Littlewood–Sobolev inequality for the
Riesz potential of order 2 (see, e.g., Linares & Ponce [10]), we get for any r > 4 and q ∈ [4∕3, 2) that

‖u‖Lr(R4) ≲
‖‖‖ūKc,𝜅 ∗ u2‖‖‖Lq(R4)

≲ ||u||L4(R4)
‖‖‖Kc,𝜅 ∗ u2‖‖‖L

4−q
4q (R4)

≲ ||u||2
L4(R4)

provided 1
r
+ 1

2
= 1

q
. Hence, u ∈ Lr(R4) for any 4 ≤ r < ∞. The Gagliardo–Nirenberg inequality implies that

u ∈ H2,q(R4) for any q ∈ [4∕3, 4]. By repeating the above argument, we obtain that u ∈ H2,q(R4) for all 2 ≤ q < ∞.
The Sobolev embedding shows that u ∈ L∞(R4) and u is a classical solution of (2.1). □

2.1 Global existence
Having proved the existence of the ground stats, we are able to find some conditions, by the potential well theory, under
which the existence of global solutions of (1.1) is guaranteed. To do so, we define the submanifolds

𝒜±
c = {(u, v) ∈ H, S(u, v) < 𝜄c,±𝔛(u, v) ≥ 0} .

These sets are invariants under the flow of (1.1).

Lemma 2.8. If (u0, v0) ∈ 𝒜±
c , then the solution (u(t), v(t)) ∈ C1([0,T);H) of (1.1) belongs to 𝒜±

c for all 0 ≤ t < T.

Proof. We consider 𝒜+
c , and 𝒜−

c is treated in the same fashion.
Assume by contradiction that there is t0 ∈ (0,T) such that (u(t0), v(t0)) ≠ 𝒜+

c . It is clear that S(u(t), v(t)) < 𝜄c for all
t ∈ [0,T), so that 𝔛(u(t0), v(t0)) < 0. This implies by the continuity that there is t1 ∈ (0, t0) such that 𝔛(u(t1), v(t1)) = 0.
This means by the uniqueness of (u(t), v(t)) of (1.1) that (u(t1), v(t1)) ∈ 𝔊c; whence, (u(t1), v(t1)) ∈ Gc. This leads us to
the contradiction

𝜄c ≤ S(u(t1), v(t1)) < 𝜄c.

□

Proposition 2.2. If (u0, v0) ∈ 𝒜+
c , then the unique solution (u(t), v(t)) ∈ C1([0,T);H) of (1.1) exists globally in time.

Proof. First, we note that 𝒜+
c ≠ ∅. Suppose by contradiction that T < +∞, so that

lim
t→T−
||(u(t), v(t))||H = +∞.

Then we have from Lemma 2.8 and the conservation law F that

𝜄c ≥ S(u(t), v(t)) = S(u(t), v(t)) − 1
3
𝔛S(u(t), v(t))

= 1
6

(‖∇u‖2L2(R4) + ‖∇v‖2L2(R4) + 2P(u(t), v(t))
)
≊ ||(u(t), v(t))||2H ;

which completes the proof. □
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