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KEYWORDS Abstract Fractional differential equations with constant coefficients can be readily handled by a
Fractional differential equa- number of methods, but those with variable coefficients are much more challenging. Recently, a
tions: method has appeared in the literature for solving fractional differential equations with variable
Atangana-Baleanu frac- coefficients, the solution being in the form of an infinite series of iterated fractional integrals. In
tional calculus; the current work, we consider fractional differential equations with Atangana—Baleanu integro-
Differential equations with differential operators and continuous variable coefficients, and establish analytical solutions for
var%able CoéfﬁCient5§ such equations. The representation of the solution is given by a uniformly convergent infinite series
Series solutions; involving Atangana-Baleanu operators. To the best of our knowledge, this is the first time that

Analytical solutions explicit analytical solutions have been given for such general Atangana—Baleanu differential equa-

2010 tions with variable coefficients. The corresponding results for fractional differential equations with

MATHEMATICS SUB- constant coefficients are also given.
JECT CLASSIFICATION © 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
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1. Introduction easier to handle than those with variable coefficients. For
example, various transform methods, such as Laplace and
Much of applied mathematics is concerned with differential Fourier analysis, are most useful when applied to differential

equations with constant coefficients. For differential equations
with variable coefficients, it often happens that more advanced
methods must be employed [3,4,10,18,32].

An emerging field of study in mathematics and the sciences,
especially popular in the last few decades, is the use of frac-
— tional derivatives and integrals to formulate and solve frac-
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equations and the various methods for solving them. It is
well-known that linear differential equations are simpler than
nonlinear ones, and it can also be observed that, among linear
differential equations, those with constant coefficients are
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viscoelastic flow [21], and various other topics in physics and
engineering [14,38].

In the second half of the 2010s, some researchers have
focused a great deal of attention on newly developing opera-
tors of fractional calculus, which in some cases have been more
effective in modelling than the classical operators of Riemann—
Liouville and Caputo [7,15,16]. These include operators with
non-singular kernels, and in particular the so-called Atan-
gana—Baleanu model [5,6] has attracted immense attention
[37] since its creation in 2016.

The Atangana—Baleanu (AB) operators were defined using
as a kernel the Mittag—Leffler function, a function of immense
importance in fractional calculus [13]. As well as the study of
these operators from the pure mathematical viewpoint
[1,11,17], fractional differential equations and systems using
the AB operators have been widely used in modelling of vari-
ous phenomena including in biology, engineering, fluid
dynamics, etc. [25,34,27]. The mathematical analysis of such
equations has proceeded in a number of directions, including
various numerical methods [29,33] and analytical ones such
as fixed point theorems [30] and transform methods [23], but
the work has mostly focused on specific equations which are
required for particular applications. Here we shall study and
solve a general class of equations, with arbitrary continuous
variable coefficients. Our results will include as special cases
many particular equations which will have important applica-
tions for the advancement of science.

In the current paper, we shall study fractional differential
equations with Caputo-type AB operators and continuous
variable coefficients. We shall follow the approach of succes-
sive approximations leading to an infinite series solution,
which has been applied for fractional differential equations
with classical Riemann—Liouville [20] and Caputo [26] deriva-
tives and also for those with Caputo derivatives with respect to
monotone functions [31]. The same method will work for AB
fractional differential equations, again giving rise to solutions
in the form of infinite series.

This paper is organised as follows. In Section 2, we give
some definitions and basic results on fractional calculus and
AB integro-differential operators, including proving a formula
for the ABC derivative which is valid for any continuous func-
tion without any differentiability assumptions. Section 3 is
devoted to the main results of the paper: namely, finding
explicitly the unique continuous solution of the considered
AB type differential equation. Some conclusions can be found
in Section 4.

2. Preliminaries

In this section we give definitions and auxiliary results on
integro-differential operators of Riemann—Liouville and Atan-
gana—Baleanu type. We first need to recall the Riemann—Liou-
ville fractional integral.

Definition 2.1. [19,35] Let « > 0 and f an integrable function
defined on [a, b]. The left-sided Riemann—Liouville fractional
integral of fis defined as

This integral operator has a semigroup property in «: namely,
RLp RLIE f(1) = REPPA(1) for any o, f > 0 and any integrable
function f.

Next, we recall the function E, 4, called the Wiman function
or two-parameter Mittag—Leffler function:

+00 n

E,5(z) = Z T(ak + )’

n=0

z,B,a € C,Rea >0,

where this series is locally uniformly convergent for all z € C
under the condition Rea > 0. For f = 1 we recover the origi-
nal Mittag—Leffler function E,(z) = E,(z).

Definition 2.2. [5,6] The ABC fractional derivative is defined
by

w0 =2 [ e (- @)

where 0 <o < l,a<t<b, f€ AC[a,b], and B(x) a positive
real multiplier satisfying B(0) = B(1) = 1.

The requirement that /'€ ACla, b] implies that fis differen-
tiable a.e. and f/ € L'(a7 b), which is sufficient for existence of
the ABC derivative by [6, Definition 2.2]. In fact, however, the
ABC derivative can be defined for any L' function f; just like
its partner the ABR derivative, by means of a different for-
mula. We state the result as follows.

Lemma 2.3. The ABC derivative can be written in the following
Sorm for f € AC[a,b], and the right-hand side is well-defined for
all f € L'[a, b):

B(«) o

D) = 1 () ~Aa) B (7= (1 = a)")

- * - /a/ (t— ) fW)E, ., (%(z - u)“) du).
(2.3)

Therefore, the formula (2.3) can be used as the definition of the
ABC derivative for any L' function f.

Proof. The identity follows from integrating by parts in (2.2).
The right-hand side is well-defined for all L' functions f by the
same argument as that used in [6, Lemma 2.1] for the ABR
derivative. In fact, the expression (2.3) shows that the ABC
derivative is identical to the ABR derivative minus an initial
value term (f{a) times a Mittag—Leffler function). Since the
right-hand side of (2.3) gives an operator defined for all
f€ L'[a,b], which is identical to the ABC derivative on the
subspace ACla,b] C L'[a,b], it is natural to define the ABC
derivative on the larger space L'[a,b] using this formula. (]

Note that integration by parts can only be applied to the
Caputo-type AB operator in this way because it is a non-
singular operator [12]. This non-singularity enables us to
extend the definition of the ABC derivative to all L' functions.
From now on, we shall treat (2.3) as an equivalent, alternative,
way of defining the ABC derivative.
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Lemma 2.4. Let f € Cla,b] be a continuous function.

(1) The ABC derivative “5¢D? £ (¢) is also continuous on
[a,b].
(2) lim,_,"5D? £ (1) = 0.

Proof. These facts follow from the new expression (2.3) for the
ABC derivative, as well as the limiting properties of the kernel
function. [

Definition 2.5. [5,6] The AB fractional integral is defined by

f(t) + = RLIZ+f(t)7 (24)

where 0 < o < 1,a <t < b,f € L' (a,b), and B(a) is as in Def-
inition 2.2.

Lemma 2.6. [6, Theorem 2.2] The following alternative repre-
sentation of the ABC fractional derivative is useful for proving
various properties:

B(a) & —o \"

ABC nyx RL yon+1

b= PSS (2

— B(O() S —« nRL o

=1, 0 (=) M Al 2.5)
where the series above are uniformly convergent on

[@,b],0 <a <1, and for the first series f should be in
AC]a, b, while for the second series (2.5) any continuous func-
tion f'is acceptable.

We finish this subsection by proving a useful result, the
inversion property for the ABC derivative and AB integral.

Lemma 2.7. Let f be a continuous function on [a,b]. Then the
Sfollowing relations hold:

ABInr (AB(,Doc+‘f( ))

a+

f( ) 7‘]{(&), re (av b]7 (26)
DL (L S0) =) ~@E (751 ), 1€ (a,b].

(2.7)
Proof. The first result (2.6) was proved in [6, Corollary 2.3] for

f € ACla, b], and for continuous f'it can be proved easily using
the formula (2.5). For the second one, by (2.5) we have

wepy (10, i) = PO S (TN R (v o) 08 fla).

— o

Since f{t) is continuous and therefore bounded near ¢ = a, we
have *I7, fla) = 0 and therefore **I; fla) = 3% f(a). So the
right-hand side of the above expression equals

3™ () e (30 + o LA

n=l

12 (a)

0
+oo +00
= D () A 5 D () A
n=0 n=0
_Z - l"(rf/:jH a)
+00 +00

=D ()" MBS = D7) R — E (75 ) fa)
n=0 n=1

= 1) = E.(7% ) fa).

Thus, both inversion relations are proved. [

3. Main results

We will study the following differential equation with contin-
uous variable coefficients and AB operators:

1)+ idi(t)f‘“og;x(z) = h(1),

i=1

ABCD(/;O X(
+

e [0, 1], (3.1)

under either the homogeneous initial condition

x(0%) =0, (3.2)
or the general initial condition
x(07)=c € R, (3.3)

where me N and 1>8,>p,>...>f,>0 and x,h,d;
(i=1,...,m) are continuous functions on [0, 7]. For consis-
tency of the problem, the function /& must satisfy 4(0) = 0.

The following theorem establishes existence and uniqueness
of a continuous solution of the Eq. (3.1) with the homogeneous
initial condition (3.2) (later we will extend this result to the
same equation with general initial conditions).

Theorem 3.1. Let h,d; (i =1,...,m) be continuous functions on
[0, 7], satisfying h(0) = 0 and also the following bound on the d;

functions:

'||d||

<C<l. (3.4)

Then the initial value problem 3.1,3.2 has a unique continuous
solution x(7), and it is given by the uniform limit
x(1) = lim,_, 5o x, () of the following sequence:

xo(t) = 2LV h(1),

m
xut) = xo(t) = P10 "d(1)ECDY X, (1), n=1,2,....
i=1

(3.5)

Proof. Firstly, we prove that the initial value problem (3.1)
and (3.2) can be seen equivalently as an integral equation.

Let us suppose that x(¢) is a continuous function on [a, b]
satisfying (3.1) and (3.2). Define w(z) = 2D} x(1). By
Lemma 2.4, we have w e C[0, 7] and w(0) =0. By Lemma
2.6 and the initial condition (3.2), we have ABlgiw(t) = x(1).
Hence, Eq. (3.1) becomes
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w(t) + Y _di(t) P DY AL w(t) = h(r). (3.6)
i1

We have then proved that x € Cla, b] is a solution of the initial
value problem 3.1,3.2, then w(z) = “5€ DI x(7) gives a solution
w € C[0, T] of the integral Eq. (3.6). Note that w(0) = 4(0) =0
since ABC derivatives are zero at the initial point.

Let us now prove the converse statement. Assume that
w € C[0, T] is a solution of (3.6) such that w(0) = 0. Applying
the operator ABIgi to expression (3.6), we obtain

AB w(t) + AP0, Zd 1) 45D AP w(t) = AEI0 h(r).

Define x(z) = “81) w(r), which is also continuous on [0, 7]. We
have

m

ABIﬂﬂZd ()5 (1) = 210 A (1),

where all the functions in this expression are continuous on

[0, T]. Applying the operator *‘B(“Dgi, we have

B;
ABCD(/fg+ ABIgizd ABCD/ )

= ABCDiy AP h(r).

DR x(1) +

Using Lemma 2.7, and the fact that both 4 and all ABC deriva-
tives are zero at the initial point ¢ = 0, it follows that

Dl x(0)+ 3 di (1) D x(1) = k(o)
=1
Now we have shown that x satisfies (3.1), and it remains to
check the initial condition (3.2).
Since x(1) = ABIgﬂrw(t) is a linear combination of w(¢) and
RLIg?Fw(t), it must be zero as t — 07, since w(0) =0 and w is
continuous therefore bounded near 1 =0. So we have the

desired initial condition (3.2).
Then the solution w(z) € C[0,7] of (3.6) implies that
x(1) = I{)+w( t) € C[0,7] is the solution of problem (3.1)
satisfying condition (3.2).

Now we have proved that the initial value problem 3.1,3.2
is equivalent to the integral Eq. (3.6) with the initial condition
w(0) =0, via the = 4BCplh x(1) and
x(1) = Ig‘jrw(l), both problems being considered and solved

for continuous functions x, w. It remains to prove the existence
and uniqueness of a continuous solution of Eq. (3.6).

substitutions  w(7)

Let us define the operator T by

Tw(t Zd 0)ABEDY AB I (1),

Then the Eq. (3.6) is equivalent to Tw(f) = w(z), so we con-
sider T as an operator mapping the space Cy[0, 7] of continu-
ous functions w with w(0) =0 to itself. Now we use an
equivalent norm to the supremum norm on Cy[0, 7], namely
the following:

Jell, = sup e I=()},

1€[0,7]
for some k € R" to be fixed later. Using the series representa-
tion (2.5) of the ABC derivative, and taking into account the
fact that w(0) = 0 and therefore lim, .o *21,° w(r) = 0, we get
for any wy, w, € Gy[0, 7] and any ¢ € [0, 7] that

[T1(0) = Twa()] < Dl DR 211 0) = 2D, 80|
-’EIHde>?@> (ﬂ&) SRS (0 (1) = (1)
< I =l ) + 400,
where
m ﬁ 00 n k
RL 1;
‘ann —52( ) 7(e)
n=0 t
and

J l Hd H ( > RLI{fTJr/’o (ek/).
|B ﬁ() E 1 n=0 ¢

Let us now prove that, for an appropriate choice of k € R,

there exist positive constants C;, C, < 1 such that

(0)] < C1é¥, | Ia(1)] < ek, forany 1€ [0, ).

We first recall the following estimate from [32, Remark 3.2]:
R Pl

I()‘+e”’<]7, t,.>0,peR,. (3.7)

For the case of J;, we must treat the n = 0 term of the inner

series separately and use (3.4), while the series over n > 1 is

treated using (3.7):

1—B, - Bi n
(0 = iy 2l (+ () e >)
Z( ,) JPin

_ kt 1-fo E H ﬁ:\B(ﬁ)\ kP
B(fy) ! %k Bi?

assuming k € R, is large enough so that ’lﬂﬁ k™ ﬂ" < 1. The

freedom of the choice of k € R, enables us to guarantee that
there exists sufficiently large k such that |J;(¢)] < (C+ C;)et
for any ¢ € [0, 7], where C; € (0,1) is a fixed constant satisfy-
ing C; <155 The case of J; is similar, except that the n =0
term does not merit separate consideration, since f;n + f; is
positive for all values of n > 0. Therefore, we can guarantee
|[J2(1)] < Cyet for any t € [a,b], where C, € (0,1) is a fixed
constant satisfying C, <15 We then get a constant
Cr=C+ C; + C; € (0,1) such that

e M| Tw (1) — Twa (1))

k Kkt 1—P
<G te ’\B(ﬁf\Z”dM

< Crllwi = wally,

which means ||Tw; — Tws||, < C||w; — wy||,. Thus, the opera-
tor 7 is contractive with respect to the norm || - ||,, and hence
it is contractive with respect to the supremum norm || - || . B
the Banach fixed point theorem, it follows that the integral Eq.
(3.6) has a unique solution in C,[0, 7] with respect to || - || ..
Also, the sequence {w,(f)},., defined recursively by
wo = h € Co[0, 7] and
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wu(1) = Twy—y (

Zd ABCle, A31ﬁ+wn 0

converges uniformly to the fixed point w(¢). Defining

x,(1) = “BI% w, (1) and making use of the fact that fractional
integrals preserve uniform convergence, we obtain the
sequence of functions (3.5) converging uniformly to the unique
continuous solution x(¢) of 3.1,3.2, which completes the proof.
|

We now establish the main result of the paper on the expli-
cit representation of a continuous solution of Eq. (3.1).

Theorem 3.2. Let h,d; (i = 1,...,m) be continuous functions on
[0, T] satisfying h(0) = 0 and the bound assumption (3.4). Then
the initial value problem 3.1,3.2 has a unique continuous solution
x() and it is given by the uniformly convergent series formula

k
kABIIIU (Zd ABCDg,JrABIgUJr) h(l), (3.8)

k:O

Proof. From Theorem 3.1 follows the existence and unique-
ness of a continuous solution of the initial value problem
3.1,3.2. To find the explicit solution, we use the method of suc-
cessive approximations based on the recursively defined
sequence of functions (3.5). The first approximation
X € C[O, T] is

N(0) = )~ H S 0 D )

i=1

=Sy (id,—(t)

k=0

k
ABCD(J;A”@&) (),

The second approximation x, € C[0, 7] is

m

_ AB[/fo Zd
— AB[ﬂoh _ ABIﬁo Zd ABCD/3, (“Blgih(z)

x(f) = 4B h( (1) 45 DY x, (1)

5 B 5
w@zmwmw%wﬁ
i=1
S0 Dl

i=1

2
ABCDQ;ABI@&) ()

= I h() -

m
+HABI (Zd,-(z)
i=1
2

k
=y (Sa ot ot ) o)
k=0 i=1

Now we prove by induction that for all n € N the nth approx-
imation function x, € C[0, 7] is given by

n

Xty =Y (-

k=0

oy (SSat w0l g ) wo. o)

Let us assume that x, can be written in the form of (3.9), and
show that the corresponding formula also holds for x,.,. We
have

Xur (1) = 221 h(r) — 421N "di(1) 5 DY, x, (1)

= I (1)

k
_ABIgu} Zdi(l)AH('Dg,‘ (Z( 1 k ABI(iu (Zd<l AB(‘Dﬁ ABIIX4;> ())

i=1 k=0

k+1
— 431”"/1(!) +Z( 1 ’\+1A31ﬂn (Zd (l ABCD/f ABI/30> /1([)

k=0
+1

k
_ Z(fl)]\ ABIg¢: (Zdr<f)ABCDg'> ABIgu.> h(r).
k=0 i=1

By the principle of induction, we have shown that the nth
approximation x, to the solution is given by (3.9) for all
n € N. Since the sequence of functions {x,(#)},, is uniformly
convergent to x(f), we obtain

= k B & "B B ‘
= > (=D D () D AP | h(),
k=0 i=1

where the infinite series over k is uniformly convergent on
[0, 7]. O

The above work was all done under the assumption of the
homogeneous initial condition (3.2). For the general initial
condition x(f) = ¢ € R, the following result is an easy conse-
quence of Theorem 3.2, since the ABC derivative of a constant
is zero.

Theorem 3.3. Let h,d; (i = 1,...,m) be continuous functions on
[0, 7] satisfying h(0) = 0 and the bound assumption (3.4). Then
the initial value problem given by (3.1) and the general initial
condition (3.3) has a unique continuous solution x(t) and it is
given by the uniformly convergent series formula

+00 m k
K0 = o+ 3 (1) (Zd,(r) ABCD@;ABI@&) ).
k=0 i=1
(3.10)

As a consequence of the above results on AB fractional dif-
ferential equations with variable coefficients, we also obtain
the following result for the solution in the simpler case of con-
stant coefficients.

Corollary 3.4. Let & be a continuous function on [0, 7]
satisfying h(0) =0, and let dy,...,dy, and
1> By>p >...>p, >0 be constants such that

" BB
|B/fo Z —p <1

i=l

Then the initial value problem given by
PEDYX(1) + Y di DY x(1) = h(1),
-1

x(07) = ¢ € R,

1€ 0,7,

has a unique continuous solution x(#) and it is given by the
uniformly convergent series formula

+oo m

x(t) =c¢o+ 22(7
=0 i=1

(Aﬁﬂ‘o ABC pf ) B ). (301)
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Remark 3.5. Note that the above result for constant-
coefficient AB fractional differential equations cannot be
expressed in such a neat form as the corresponding results
for Riemann—Liouville or Caputo fractional differential equa-
tions [20,26]. This is due to the lack of semigroup property for
AB operators [6]: a composition of arbitrarily many AB oper-
ators of independent orders, even with constant coefficients
and no functions intervening, even assuming homogeneous ini-
tial conditions, cannot be written as a single simple integral
operator of AB type. Even if we write the AB operators in
terms of Prabhakar operators [12], we are unable to make
use of the Prabhakar semigroup property since the orders
Bi, By are different. For this reason, we have not illustrated
our results with a specific example, since even in the simplest
case of constant coefficients and an elementary function /A(r),
the formula for the solution function would still be an infinite
series without a closed form. We expect that future works from
the numerical point of view will be able to make use of our for-
mula for efficiently constructing approximate solutions to AB
differential equations of the type considered here, even if there
is no simple closed form for the exact solution.

4. Conclusions

In this work, we have considered fractional differential equa-
tions with Atangana—Baleanu operators and variable coeffi-
cients. We used the Banach fixed point theorem to establish
the existence and uniqueness of solutions to such equations,
and also used the method of successive approximations to find
an explicit expression for the solution in terms of a uniformly
convergent infinite series. To the best of our knowledge, this is
the first time that such a general fractional differential equa-
tion has been solved in the Atangana—Baleanu model by a con-
structive analytical method yielding an explicit solution
function.

Series solutions are a tried and tested method for solving
fractional differential equations [2,6], and the solution estab-
lished here is exact and analytic, albeit perhaps difficult to cal-
culate numerically in specific examples. In future work, we
plan to improve the form of this solution by rewriting it in a
way that is easier to calculate and therefore more applicable
in the various real-world problems that arise involving AB
operators and differential equations. Other directions of future
research will include extending the work of this paper to the
more general Prabhakar operators [12], and potentially also
extending to abstract Cauchy problems in a Banach space
setting.
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