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Abstract

Modern machine learning has witnessed a striking empirical phenomenon: overparame-
terized neural networks, trained to perfectly interpolate noisy training data, often generalize
remarkably well, defying classical statistical intuition that such interpolation should lead to
overfitting. Understanding this behavior is one of the relevant and interesting challenges in
learning theory.

A fruitful approach has been to study kernel ridge regression (KRR). In the infinite-width
limit, training a neural network with gradient descent corresponds to kernel regression with
the neural tangent kernel (NTK). Building on recent works that derived convenient closed-
form expressions for the expected test risk of KRR in terms of the kernel eigenspectrum,
we perform an asymptotic analysis for the case of decaying ridge parameter and the exact
power-law spectra and the spectra majorized by a power law. We discuss the assumptions
underlying these closed-form expressions and indicate how they can be relaxed to more
realistic settings, following the narrative of the relevant works in this direction.

Our main results characterize the asymptotic behavior of the effective regularization
parameter and the noise overfitting coefficient (which determines the test risk for pure
noise). We find that the relative decay rates of the ridge parameter and the kernel eigenvalues
governs the overfitting regime. We then connect these results to the effective dimension of the
input domain (the support of the data distribution) with respect to the kernel, introduced
by Takhanov [14] via Kolmogorov n-widths. This provides a link between the intrinsic
dimension of the data (as seen through the kernel) and the type of overfitting. We also
obtain upper bounds for spectra majorized by a power law and discuss open problems for
further work.

1 Introduction

1.1 Motivation and Background

The past decade has seen a revolution in machine learning driven by deep neural networks.
These models are typically vastly overparameterized: they contain much more parameters than
training examples. Classical statistical learning theory, rooted in the bias–variance tradeoff,
suggests that such overparameterization should lead to severe overfitting, especially when the
model is allowed to interpolate the training data exactly. Yet, empirically, deep neural net-
works trained to near-zero training error often achieve excellent test performance, even in the
presence of label noise [15]. This surprising phenomenon has prompted a re-examination of the
foundations of generalization theory.
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A powerful and now standard tool for gaining theoretical insight is kernel ridge regres-
sion (KRR). KRR is a nonparametric regression method that operates in a reproducing kernel
Hilbert space (RKHS) associated with a positive-definite kernel. A landmark result by [8] shows
that in the limit of infinite width, a randomly initialized neural network trained by gradient
descent evolves as a linear model in an RKHS whose kernel is the neural tangent kernel (NTK).
Consequently, insights gained from KRR directly inform the behavior of wide neural networks
in the so-called “lazy training” regime. Thus, a thorough understanding of overfitting in KRR
is not only interesting in its own right but also serves as a stepping stone toward a theory of
generalization in deep learning.

1.2 Three Regimes of Overfitting

To classify the asymptotic generalization behavior of learning algorithms that interpolate noisy
data, recent work [1,11] has proposed a taxonomy consisting of three distinct regimes: benign,
tempered, and catastrophic overfitting. These regimes describe what happens to the test
error as the number of training samples n grows to infinity, in the presence of a fixed level of
label noise.

• Benign overfitting: the excess risk tends to zero, so the predictor asymptotically
achieves the Bayes-optimal performance.

• Tempered overfitting: the excess risk converges to a finite positive constant, meaning
the predictor is suboptimal but does not diverge.

• Catastrophic overfitting: the excess risk diverges to infinity, i.e., the predictor becomes
arbitrarily bad as more data are added.

1.3 Main Contributions

In this work we focus on KRR, where these regimes can be characterized quantitatively in terms
of the kernel eigenvalue decay and the strength of regularization. In particular, we will show
that for power-law eigenvalue decay λi ∼ Ci−α (α > 1) and a decaying ridge parameter δ = n−a

with fixed exponent a > 0, the asymptotic behavior of the test error (in the pure noise setting)
is governed by the relation between a and α − 1, and that this behavior maps directly to the
three regimes above.

1. Asymptotics of effective regularization κ. We solve the implicit equation for the
effective regularization parameter κ in the limit n → ∞ and identify three asymptotic
regimes depending on the relation between decay of eigenvalues and decay of ridge-
parameter.

2. Asymptotics of overfitting coefficient E0 for pure noise. Substituting the asymp-
totics of κ into the expression for E0, we find that E0 converges to a finite limit.

3. Connection to effective dimension dK . For kernels with polynomial spectral decay on
regular domains, the effective dimension satisfies α = 1+2/dK . In the weakly regularized
regime, the asymptotic noise overfitting factor becomes 1 + 2/dK , linking the intrinsic
dimension of the data to the overfitting type. The case dK = 0 lies outside this analysis.

4. Upper bounds for spectra majorized by a power law. For kernels whose eigenvalues
satisfy λi = O(i−α), we derive upper bounds on E0 that depend on whether the ridge
parameter decays more slowly or more rapidly than a threshold determined by the spectral
exponent. These bounds are not tight but illustrate how faster spectral decay can worsen
overfitting.
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All our results are derived under the Gaussian design (universality) assumption of [12]. We
explicitly note this assumption further in work and mention here the recent works by [2] and [5]
that study the generalization in KRR in the context of more realistic setting.

1.4 Relation to Prior Work

This paper builds on a rich literature. The closed-form expressions for the test risk of KRR in
terms of the eigenspectrum were derived by [13] in the context of Gaussian process regression
and later refined by [3, 4, 9, 12]. The taxonomy of overfitting (benign/tempered/catastrophic)
was proposed by [11], building on earlier work by [1]. The effective dimension dK was introduced
by [14] using Kolmogorov n-widths; the relation λi = O(i−(1+2/dK)) is established there. Our
asymptotic analysis of κ and E0 under power-law spectra and power-law ridge extends results
by [6] and [10] by providing explicit constants and add interpretation via dK . The Gaussian
design assumption is common in this line of work; for a discussion of its validity and extensions
to sub-Gaussian settings we refer to [2] and [5].

1.5 Organization of the Paper

The remainder of this report is organized as follows. Section 2 presents the necessary prelimi-
naries regarding the KRR, the eigenlearning equations, and the definition of effective dimension
dK . Section 3 defines the three overfitting regimes. Section 4 contains our main asymptotic
results for power-law spectra and power-law ridge, with the analysis of κ and E0. Section 5
interprets these results in terms of dK and the classification of overfitting. Section 6 extends
the analysis to spectra majorized by a power law, providing upper bounds. Section 7 discusses
open problems and directions for further research. Section 8 concludes. Proofs are provided in
the appendices.

2 Preliminaries

2.1 Notation and Basic Setup

Let X ⊆ Rd be a compact input domain and let µ be a Borel probability measure on X . We
consider a supervised learning setting with n i.i.d. training samples D = {(xi, yi)}ni=1 drawn
from the distribution µ on X and the conditional distribution of y given x. The labels are
generated as

yi = f(xi) + ηi, ηi ∼ N (0, ϵ2), (2.1)

where f : X → R is an unknown target function and ηi are independent Gaussian noise
variables with variance ϵ2. The goal is to estimate f from the training data.

Let K : X ×X → R be a continuous, positive-definite kernel. The reproducing kernel Hilbert
space (RKHS) associated with K is denoted by HK . It is a Hilbert space of functions on X
with the property that for every x ∈ X , the evaluation functional f 7→ f(x) is continuous, and
the kernel satisfies the reproducing property: f(x) = ⟨f,K(x, ·)⟩HK

for all f ∈ HK .
Throughout the paper, we use the following standard asymptotic notation for positive func-

tions f(n) and g(n) as n → ∞:

• f(n) = O(g(n)) means there exists a constant C > 0 and n0 such that f(n) ≤ Cg(n) for
all n ≥ n0 (in another notation, this is f(n) ≪ g(n)).

• f(n) = Ω(g(n)) means g(n) = O(f(n)), i.e. f(n) ≥ cg(n) for some c > 0 and large n
(f(n) ≫ g(n)).

• f(n) = Θ(g(n)) means both f(n) = O(g(n)) and f(n) = Ω(g(n)) hold (f(n) ≍ g(n)).
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• f(n) = o(g(n)) if limn→∞ f(n)/g(n) = 0.

• f(n) = ω(g(n)) if limn→∞ f(n)/g(n) = ∞.

• f(n) ∼ g(n) (asymptotic equivalence) if limn→∞ f(n)/g(n) = 1.

2.2 Mercer Decomposition and Eigenfunctions

Under mild regularity conditions (e.g., X compact and K continuous), Mercer’s theorem guar-
antees the existence of an orthonormal basis {ϕi}∞i=1 of L2(X , µ) and a sequence of non-negative
eigenvalues λ1 ≥ λ2 ≥ · · · ≥ 0 such that

K(x, x′) =
∞∑
i=1

λiϕi(x)ϕi(x
′), x, x′ ∈ X , (2.2)

with uniform absolute convergence. The eigenfunctions satisfy∫
X
K(x, x′)ϕi(x

′) dµ(x′) = λiϕi(x),

∫
X
ϕi(x)ϕj(x) dµ(x) = δij . (2.3)

Because {ϕi} is a complete orthonormal system, any function f ∈ L2(X , µ) can be expanded
as

f(x) =

∞∑
i=1

viϕi(x), vi =

∫
X
f(x)ϕi(x) dµ(x), (2.4)

and its L2 norm is ∥f∥2L2
=
∑∞

i=1 v
2
i . If additionally f ∈ HK , then its RKHS norm is

∥f∥2HK
=
∑∞

i=1 v
2
i /λi.

2.3 Kernel Ridge Regression (KRR)

Given a regularization parameter δ ≥ 0 (the ridge parameter), the KRR estimator is the mini-
mizer of the regularized empirical risk:

f̂ = arg min
f∈HK

{
1

n

n∑
i=1

(f(xi)− yi)
2 + δ∥f∥2HK

}
. (2.5)

By the representer theorem, the solution admits the closed form

f̂(x) = kxD
(
KDD + δIn

)−1
y, (2.6)

where kxD = [K(x, x1), . . . ,K(x, xn)] is a row vector, KDD is the n× n kernel matrix with
entriesK(xi, xj), and y = (y1, . . . , yn)

⊤. The expected test mean squared error (MSE) is defined
as

E(f) = ED,η,x∼µ

[
(f̂(x)− f(x))2

]
, (2.7)

where the expectation is taken over the random training set (including noise) and a fresh
test point x independent of D. The irreducible noise variance is ϵ2, so the Bayes-optimal risk
equals ϵ2.
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2.4 The Eigenlearning Framework [12]

Working in the eigenbasis greatly simplifies the work. For each eigenmode i, denote its coefficient
in the target function by vi = ⟨f, ϕi⟩L2 . Under the Gaussian design (universality) assumption
(see Section 2.5), one can derive closed-form expressions for the expected test MSE in terms of
the eigenvalues λi and the target coefficients vi.

The central quantity is the effective regularization κ, defined implicitly as the unique
positive solution of

n =
∞∑
i=1

λi

λi + κ
+

δ

κ
. (2.8)

Intuitively, κ acts as a threshold that separates eigenmodes into two groups: modes with
λi ≫ κ are well learned, while modes with λi ≪ κ are poorly learned. This behaviour is
captured by the learnability of the i-th mode:

Li =
λi

λi + κ
. (2.9)

Indeed, Li ≈ 1 when λi ≫ κ (the mode is nearly fully learned) and Li ≈ 0 when λi ≪ κ (the
mode is not learned at all). The learnabilities also satisfy a conservation law:

∑∞
i=1 Li = n

when δ = 0 [12], which reflects the fact that the total “amount of learning” is bounded by the
number of training examples.

The noise overfitting coefficient is defined as

E0 =
n

n−
∑∞

i=1 L2
i

. (2.10)

This quantity measures how much the algorithm overfits pure noise. Finally, the expected
test MSE for a target function with coefficients vi is

E(f) = E0

( ∞∑
i=1

(1− Li)
2v2i + ϵ2

)
. (2.11)

In the pure noise case where f ≡ 0 (hence all vi = 0) which we will consider, this simplifies
to

E(0) = E0 ϵ2. (2.12)

Thus, the asymptotic behavior of E0 directly determines the overfitting regime: benign if
E0 → 1, tempered if E0 → constant > 1, and catastrophic if E0 → ∞.

2.5 On the Gaussian Design (Universality) Assumption

The closed-form expressions (2.8)–(2.11) are derived under the assumption that the random
variables ϕi(xj) (the eigenfunctions evaluated at the training points) are independent and iden-
tically distributed as standard Gaussian. This is known as the Gaussian design or universality
assumption. While this assumption is not satisfied for most real kernels, it has been shown
empirically and theoretically that the resulting formulas accurately predict the generalization
performance of KRR for a wide range of kernels, especially in high dimensions and in the limit
of large n. The assumption is standard in the statistical physics approach to KRR [3, 4, 12].
Recent work [2,5] has extended these results to more realistic sub-Gaussian designs, and we will
discuss these extensions in Section 7.

In the present paper, we adopt the Gaussian design as a working assumption to obtain sharp
asymptotic results. The derived asymptotics are expected to hold for a broader class of kernels
that satisfy the same spectral decay conditions.
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2.6 Kolmogorov n-Widths and Effective Dimension dK

To characterize the intrinsic geometric complexity of the domain X as seen through the kernel
K, [14] introduced the notion of effective dimension dK using Kolmogorov n-widths. Recall
that the Kolmogorov n-width of a set S in a normed space H is defined as

wn(S;H) = inf
Ln⊂H

dimLn=n

sup
s∈S

inf
h∈Ln

∥s− h∥H. (2.13)

In our context, consider the embedding of X into the RKHS HK given by the map x 7→
K(x, ·). Let S = {K(x, ·) : x ∈ X} ⊂ HK . Then the Kolmogorov n-width of S is denoted by
wK(n) = wn(S;HK). It measures how well the set of kernel sections can be approximated by
an n-dimensional subspace.

The effective dimension is then defined as

dK = lim sup
n→∞

log n

log(1/wK(n))
. (2.14)

This parameter captures the rate at which the n-widths decay. For many common kernels
on regular domains (e.g., the Laplace kernel on the sphere Sd−1), one has wK(n) ≍ n−1/dK .

Exact Spectral Asymptotics for NTK and Laplace kernel

For certain concrete kernels on regular domains, the asymptotic behaviour of the eigenvalues is
known from classical results in harmonic analysis and approximation theory, independently of
the concept of effective dimension. In particular, for the Laplace kernel K(x, y) = e−∥x−y∥ on
the sphere Sd−1 with the uniform distribution, the eigenvalues satisfy

λi ≍ i−(1+ 1
d−1

).

Remarkably, theReLU Neural Tangent Kernel (NTK) on the same domain shares the same
eigenfunctions (spherical harmonics) and exhibits the same asymptotic decay of eigenvalues [7].
Consequently, for these kernels we have α = 1 + 1/(d− 1).

According to the definition of effective dimension dK (through Kolmogorov n-widths), for
such kernels one finds dK = 2(d − 1); see Table 1 in [14]. A direct calculation then yields
α = 1 + 2/dK . This demonstrates how the effective dimension emerges naturally from the
known spectral asymptotics of these kernels.

Importantly, this relation is not universal; it holds for kernels with polynomial spectral decay
on regular domains.

Majorization via Kolmogorov n-Widths

A key result from [14] (Theorem 3) provides a general upper bound connecting Kolmogorov
n-widths and eigenvalues. For any Borel probability measure µ on X ,

λ2n(OK,µ) ≤
wK(n)2

n
. (2.15)

Combining (2.15) with the known asymptotic behaviour wK(n) ≍ n−1/dK for the Laplace
kernel, ReLU NTK we obtain an upper bound for their eigenvalues:

λn = O
(
n−(1+2/dK)

)
. (2.16)
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Two Complementary Settings

In this paper, we will focus on two complementary settings:

• Exact power-law decay (λi = Ci−α with α = 1 + 2/dK), which applies to the Laplace
kernel, ReLU NTK on the sphere, and other kernels with polynomial spectral decay. For
this setting, we obtain sharp asymptotics for κ and E0 (Section 4).

• Power-law majorization (λi = O(i−α)), which is a weaker condition satisfied by a
broader class of kernels (including those with faster, e.g., exponential, decay). For this
setting, we establish universal upper bounds on E0 (Section 6).

The effective dimension dK will then appear naturally in the asymptotic expressions for E0
in both settings.

3 Overfitting Regimes: Benign, Tempered, Catastrophic

Following the taxonomy introduced by [11], we classify the asymptotic generalization behavior
of KRR in the pure noise setting (f ≡ 0) according to the limit of the noise overfitting coefficient
E0 defined in (2.10). Recall from (2.12) that for pure noise the expected test MSE is E(0) = E0ϵ2.
The three regimes are defined as follows.

• Benign overfitting occurs when the excess risk tends to zero, i.e.,

lim
n→∞

E0 = 1. (3.1)

In this case the predictor asymptotically achieves the Bayes-optimal risk ϵ2. From the
definition E0 = n/(n−

∑
i L2

i ), benign overfitting is equivalent to

∞∑
i=1

L2
i = o(n) (n → ∞),

i.e., the total squared learnability grows slower than linearly in n.

• Tempered overfitting occurs when the excess risk converges to a finite positive constant
greater than the Bayes risk:

lim
n→∞

E0 = C with 1 < C < ∞. (3.2)

This regime is equivalent to

n−
∞∑
i=1

L2
i = Θ(n), i.e.,

∞∑
i=1

L2
i = n−Θ(n).

It is characteristic of kernels with polynomial spectral decay (e.g., Laplace kernel, ReLU
NTK) when the ridge parameter decays sufficiently slowly or is absent.

• Catastrophic overfitting occurs when the excess risk diverges to infinity:

lim
n→∞

E0 = ∞. (3.3)

This corresponds to

n−
∞∑
i=1

L2
i = o(n) ⇐⇒

∞∑
i=1

L2
i = n− o(n).

Catastrophic overfitting occurs, for example, for the Gaussian kernel in the ridgeless limit
(δ = 0).
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4 Asymptotic Analysis for Power-Law Spectra

The effective regularization κ = κ(n) is defined implicitly by equation (2.8). Our goal is to find
the leading-order asymptotics of κ and of the noise overfitting coefficient E0 (given by (2.10))
as n → ∞. The analysis reveals three distinct regimes depending on the relation between a and
α− 1.

Asymptotics of κ

Theorem 4.1 (Asymptotics of κ). Let λi = Ci−α with α > 1 and let δ = n−a, a > 0. Then as
n → ∞,

κ ∼


CAαn−α, a > α− 1,

n−a−1, a < α− 1,

Cc∗n
−α, a = α− 1,

where A =
π

α sin(π/α)
and c∗ is the unique positive solution of AC1/αc

−1/α
∗ + 1/c∗ = 1.

Proof idea. The detailed proof of this statement is given in appendix B, here we outline some
of the steps. With the substitution µ = κ/C equation (2.8) becomes

n =
∞∑
i=1

1

1 + µiα
+

n−a

Cµ
. (4.1)

Using the integral approximation (see appendix A) we obtain

n = Aµ−1/α +O(1) +
n−a

Cµ
. (4.2)

The asymptotic behavior of µ (and hence κ) depends on the competition between the two
terms on the right-hand side.

Weak regularization (a > α−1). In this regime the ridge term δ/κ = n−a/(Cµ) is negligible
compared to n. One can show that µ = Θ(n−α), and hence µ−1/α = Θ(n) so that the ridge
term is O(nα−a) = o(n) because α− a < 1. Equation 4.2 then reduces to n ∼ Aµ−1/α, yielding

µ ∼ Aαn−α =⇒ κ ∼ CAαn−α. (4.3)

Strong regularization (a < α − 1). Here the ridge term dominates. We anticipate µ ∼
n−a−1/C. With this scaling, µ−1/α = O(n(a+1)/α) = o(n) because a + 1 < α. Thus the sum
term is negligible, and 4.2 gives

n ∼ n−a

Cµ
=⇒ µ ∼ n−a−1

C
=⇒ κ ∼ n−a−1. (4.4)

Critical regularization (a = α− 1). Both terms contribute at leading order. Set µ = cn−α

with a constant c > 0 to be determined. Then µ−1/α = c−1/αn and the ridge term becomes
n/(cC). Substituting into 4.2 and dividing by n yields

1 = Ac−1/α +
1

cC
. (4.5)

This equation has a unique positive solution c∗. Consequently

κ ∼ Cc∗n
−α. (4.6)

8



Asymptotics of E0 for pure noise

Theorem 4.2 (Asymptotics of E0 for pure noise). Under the same assumptions as in Theo-
rem 4.1, the noise overfitting coefficient satisfies

E0 ∼



α, a > α− 1,

1, a < α− 1,

1

1− α− 1

α
Ac

−1/α
∗

, a = α− 1.

Proof idea. The detailed proof of this statement is provided in Appendix C, but one obtains
this result easily by establishing the 4.1 first and then using asymptotics of κ in each of the
three cases to get the corresponding result for E0.

Discussion

The results show that for power-law spectra:

• Strong regularization (a < α− 1) leads to benign overfitting (E0 → 1).

• Weak regularization (a > α− 1) leads to tempered overfitting (E0 → α).

• Critical regularization (a = α − 1) also yields tempered overfitting (a finite constant
> 1).

The boundary between benign and tempered is precisely a = α − 1. When the ridge decays
faster than this threshold, the effective regularization κ is dominated by the sum term, and the
asymptotic overfitting factor is α, which exceeds 1. When the ridge decays slower, the ridge
term dominates and the overfitting is benign. We note that no catastrophic overfitting occurs.
In the next section we interpret these results in terms of the effective dimension dK .

5 Interpretation via Effective Dimension dK

In Section 4 we derived the asymptotic behaviour of the noise overfitting coefficient E0 for kernels
with exact power-law eigenvalues λi = Ci−α. To give a geometric interpretation of these results,
we now relate the exponent α to the effective dimension dK introduced in Section 2.6.

The value of dK is fixed for a given kernel and domain, but comparing different domains or
kernels reveals its role:

• For high-dimensional spheres, as the dimension d grows, dK = 2(d− 1) tends to infinity,
so E0 → 1: overfitting becomes nearly benign.

• For low dimensions, dK is small, giving E0 = 1+ 2/dK > 1: tempered overfitting with
a factor that decreases as dK increases.

• We cannot give any interpretation for the kernels with exponential spectral decay. For
example, for Gaussian kernel we have dK = 0, and α = 1 + 2

dK
doesn’t applicable. It’s

known that in the ridgeless limit, such kernels exhibit catastrophic overfitting; however,
we will show that regularisation can restore benign behaviour (see Section 6).

The weakly regularized regime requires a > α − 1 = 2/dK . If a < 2/dK (stronger reg-
ularisation), the ridge term dominates and E0 → 1 independently of dK . Hence, increasing
regularisation can always suppress overfitting, even for kernels with small effective dimension.
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6 Upper Bounds for Spectra Majorized by a Power Law

In this section we relax the assumption that the eigenvalues follow an exact power law. Instead,
we assume that they are majorized by a power law, i.e., λi = O(i−α). We motivated the
analysis of this case in 2.6. Our goal is to obtain upper bounds for the noise overfitting
coefficient E0 (and hence for the test MSE E(0) = E0ϵ2 in the pure noise setting) under this
majorization, using the same decaying ridge δ = n−a with a > 0.

The key idea is to derive a universal upper bound for κ using the inequality λi ≤ Ci−α.
Then we combine it with the simple bound E0 ≤ nκ/δ, which follows from

∑
i L2

i ≥ 0 and the
definition of E0:

E0 =
n

n−
∑

i L2
i

≤ n

n−
∑

i Li
=

n

δ/κ
=

nκ

δ
= na+1κ. (6.1)

Here we used that
∑

i Li = n− δ/κ from (2.8).

Lemma 6.1 (Upper bound for κ under majorized spectrum). Let λi ≤ Ci−α with α > 1 and
let δ = n−a, a > 0. Then as n → ∞,

κ ≤

O(n−a−1), a < α− 1,

O(n−α), a ≥ α− 1.

Proof idea. The proof proceeds by contradiction. For a < α−1, assuming κ is asymptotically
larger than n−a−1 leads to a violation of equation (2.8) because the ridge term becomes too
small. For a ≥ α − 1, assuming κ grows faster than any constant times n−α makes the sum
term Aµ−1/α negligible, while the ridge term also becomes negligible, contradicting the fact
that their sum must equal n. The detailed rigorous argument is given in Appendix D.

Using Lemma 6.1 together with 6.1 yields the following result.

Theorem 6.2 (Upper bounds for E0 under majorized spectrum). Assume λi ≤ Ci−α with
α > 1, and let δ = n−a with a > 0. Then for the pure noise case, as n → ∞,

E0 ≤

O(1), a < α− 1,

O(na+1−α), a ≥ α− 1.

Consequently, the expected test MSE satisfies E(0) = E0ϵ2 = O(1)ϵ2 when a < α − 1, and
E(0) = O(na+1−α)ϵ2 when a ≥ α− 1.

Proof idea. From Lemma 6.1, κ = O(n−a−1) for a < α − 1 and κ = O(n−α) for a ≥ α − 1.
Substituting into E0 ≤ na+1κ gives the stated bounds. This is done more explicitly in appendix
E.

Interpretation

1. Guarantee against catastrophic overfitting. For any kernel whose spectrum decays
no faster than i−α (i.e. it satisfies the majorisation), the condition a < α− 1 ensures that
the noise overfitting coefficient E0 remains bounded (does not grow with n). The theorem
provides a sufficient condition for stability : the test risk does not diverge.

2. Universality of the threshold. The theorem identifies the critical point a = α − 1 as
a theoretical threshold:

• For a < α − 1 (strong regularization), the model is controlled by the user via the
decay rate of δ.

10



• For a ≥ α− 1 (weak or critical regularization), the kernel’s spectral tail takes over.

3. Asymptotic ceiling in the weak regularization regime. When a ≥ α−1, we obtain
the upper bound κ = O(n−α). Hence, even if the external ridge vanishes very quickly,
the effective regularization cannot decay slower than n−α. The intrinsic smoothness of
the kernel (characterized by α) imposes a fundamental limit on how “free” the model can
become.

Limitations of the result

These points are crucial for a correct understanding of the majorisation-based approach.

1. Absence of lower bounds (no lower bounds). The theorem is proved in terms of
O-notation. Thus we know that κ or E0 does not decay slower than the stated rates, but
we have not proved that it cannot decay faster.

2. Indistinguishability of infinitely smooth kernels. The theorem distinguishes be-
tween kernels with different polynomial exponents α, but it cannot tell the difference
between the Gaussian kernel or any other exponentially decaying spectrum. All such ker-
nels are in the strong regularisation regime (Case 1) for any finite a (for Gaussian, for
example, the quantity dK = 0, which means that we can formally perceive α − 1 = 2

dK
as infinitely large quantity bigger than any finite a). Consequence: The theorem with its
current assumptions (specifically the type of ridge decay chosen to be power-law) cannot
be used to predict the onset of catastrophic overfitting for the Gaussian kernel.

3. No direct statement about the total test risk. The theorem only addresses κ and
E0 (the noise amplification factor). It does not, by itself, determine whether the total
test MSE tends to zero or to a constant. This would require additional assumptions on
the target function.

7 Open Problems and Future Directions

While our analysis has provided a detailed characterization of asymptotic overfitting in KRR
for power-law spectra and for spectra majorized by a power law, several important questions
remain open. We outline the most promising directions for future research.

7.1 Exponentially Decaying Ridge Parameter

In Section 6 we considered ridge parameters decaying as δ = n−a with a fixed exponent a > 0.
A setting of faster decay could be addressed (e.g. δ = e−na and other exponential regimes).
This regime is of practical interest because early stopping in gradient descent corresponds to an
effective ridge that decays inversely with training time, which can be exponential in the number
of epochs under certain conditions. However, the analysis becomes substantially more delicate
because the ridge term δ/κ in equation (2.8) is now exponentially small, and the competition
between the sum over eigenvalues and the ridge term depends critically on the precise rate of
spectral decay.

For exponentially decaying eigenvalues (e.g., Gaussian kernel), the sum
∑

λi/(λi + κ) itself
decays very quickly with κ, and the behaviour of κ is governed by the balance between the two
exponentially small quantities. Preliminary observations suggest that:

• If the eigenvalues decay as e−βi and δ = e−na with a > β, the ridge term is negligible
compared to the smallest eigenvalues that contribute to the sum, leading to catastrophic
overfitting (E0 → ∞).
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• If a < β, the ridge term dominates and may force κ to be of order δ/n, potentially yielding
bounded risk.

7.2 Non-Zero Target Functions (Source Conditions)

Our main results focus on the pure noise case f ≡ 0. For a non-zero target function with
eigencoefficients vi, the test MSE formula (2.11) includes an additional term E0

∑
i(1−Li)

2v2i .
To fully characterise the excess risk, one needs to understand the asymptotic behaviour of this
bias term. Under a source condition of the form |vi| ≤ Ci−r with r > 0, one can bound∑

(1−Li)
2v2i using the asymptotics of Li. For power-law spectra, one would obtain a trade-off:

faster spectral decay (larger α) makes the bias term smaller (since 1 − Li decays faster), but
increases E0. The optimal regularisation exponent a might be chosen to balance bias and
variance, leading to a classical bias-variance trade-off. Extending our analysis to include source
conditions is a natural next step.

7.3 Lower Bounds for Majorized Spectra

In Section 6 we derived upper bounds for E0 under the assumption λi ≤ Ci−α. It would be
desirable to obtain matching lower bounds (or at least to determine the sharp asymptotic order)
for specific classes of spectra that are majorized by a power law. For example, if the eigenvalues
decay exactly as Ci−α, we already know that E0 converges to a constant (either 1 or α), which
is much smaller than the polynomial upper bound O(na+1−α) when a ≥ α − 1. The question
is: for which faster-than-power-law spectra does E0 actually diverge, and at what rate?

7.4 Relaxation of the Gaussian Design Assumption

Our entire analysis, following [12], relies on the Gaussian design (universality) assumption.
While this assumption is known to give accurate predictions for many kernels, it is not univer-
sally valid. Recent work by [2] and [5] has extended similar results to sub-Gaussian designs, but
these extensions often come with additional technical conditions. A systematic study of how
the overfitting regimes change when moving from Gaussian to sub-Gaussian is an interesting
direction for future research.

7.5 Empirical Verification and Real Data

Although this paper is purely theoretical, the results naturally invite empirical validation. Ex-
periments on synthetic data (e.g., power-law kernels on spheres) could confirm the predicted
asymptotics of κ and E0. Testing the effective dimension dK as a predictor of overfitting be-
haviour on real datasets (e.g., using empirical NTKs of neural networks) would be valuable.
The algorithm proposed by [14] for estimating n-widths from finite samples could be used to
compute empirical estimates of dK and compare with the observed test error curves.

7.6 Connection to Neural Network Training Beyond the Kernel Regime

Finally, while the NTK equivalence holds in the infinite-width limit, real neural networks operate
in a feature learning regime where the kernel changes during training. Understanding whether
the overfitting taxonomy (benign/tempered/catastrophic) extends to this more realistic setting,
and how it relates to notions like the neural network’s intrinsic dimension, is a challenging open
problem. Our work provides a baseline for the kernel regime; future work could explore how
feature learning modifies the effective dimension and the overfitting behaviour.
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8 Conclusion

In this work we have carried out a detailed asymptotic analysis of kernel ridge regression under
power-law eigenvalue spectra and a decaying ridge parameter δ = n−a. Restricting to the
pure-noise setting (f∗ ≡ 0) and employing the eigenlearning framework [12] (which assumes
Gaussian design), we derived sharp asymptotics for the effective regularisation κ and the noise
overfitting coefficient E0 for exact power-law spectra λi = i−α (α > 1). Our results (Section 4)
reveal three regimes depending on the relation between the ridge exponent a and the spectral
exponent α:

• Strong regularisation (a < α− 1): E0 → 1 (benign overfitting).

• Weak regularisation (a > α− 1): E0 → α (tempered overfitting).

• Critical regularisation (a = α− 1): E0 → c∗ > 1 (still tempered).

These results are fully consistent with the overfitting taxonomy of [11] and the exact asymptotics
of [6], and they refine the picture by characterising the effect of a decaying ridge.

For certain kernels on regular domains (e.g., the Laplace kernel or the ReLU neural tan-
gent kernel on the sphere), the eigenvalues are known to decay exactly as a power law, λi ≍
i−(1+2/dK), where dK is the effective dimension introduced by [14]. This motivated our analysis
of exact power-law spectra in Section 4.

For kernels whose spectrum is only known to be majorised by a power law (λi ≤ Ci−α),
Section 6 establishes upper bounds on E0. In the strong regularization regime (a < α − 1) we
obtain E0 = O(1); this is a sufficient condition for stability - the test risk remains bounded.
In the weak regularization regime the bound gives E0 = O(na+1−α), which is not sharp. The
majorisation approach is therefore conservative and its main value lies in the stability guarantee
under strong regularization.

Several limitations and open problems remain. Our analysis is restricted to pure noise; for
non-zero target functions the bias term would appear and the asymptotic risk may differ (a
source condition would be required). The Gaussian design assumption, while standard, may
not hold for all real kernels; relaxing it to more realistic settings (as in [?]) is an important
direction. Deriving lower bounds for majorised spectra, analysing exponentially decaying ridge
parameters, and empirically testing the predicted rates on real data are natural extensions of
this work.
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A Integral Estimates

We provide rigorous bounds for the sums appearing in Section 4. Let µ > 0 and α > 1. Define

f(x) =
1

1 + µxα
, x ≥ 0.

Since f is positive and strictly decreasing on (0,∞), for any integer N ≥ 1 we have∫ ∞

N
f(x) dx ≤

∞∑
i=N

f(i) ≤ f(N) +

∫ ∞

N
f(x) dx.

Setting N = 1 gives ∫ ∞

1
f(x) dx ≤

∞∑
i=1

f(i) ≤ f(1) +

∫ ∞

1
f(x) dx.

Adding
∫ 1
0 f(x) dx to both sides yields∫ ∞

0
f(x) dx ≤

∞∑
i=1

f(i) +

∫ 1

0
f(x) dx ≤ f(1) +

∫ ∞

0
f(x) dx.

Because 0 ≤ f(x) ≤ 1 on [0, 1], we have
∫ 1
0 f(x) dx ≤ 1. Also f(1) = 1/(1 + µ) ≤ 1. Therefore∣∣∣∣∣

∞∑
i=1

f(i)−
∫ ∞

0
f(x) dx

∣∣∣∣∣ ≤ 1. (A.1)

The integral is evaluated via the substitution t = µ1/αx:∫ ∞

0

dx

1 + µxα
= µ−1/α

∫ ∞

0

dt

1 + tα
.

This integral is known,

A =

∫ ∞

0

dt

1 + tα
=

π

α sin(π/α)
.

Hence ∫ ∞

0

dx

1 + µxα
= Aµ−1/α. (A.2)

For the sum of squares, consider g(x) = 1/(1 + µxα)2. The same reasoning yields∣∣∣∣∣
∞∑
i=1

g(i)−
∫ ∞

0
g(x) dx

∣∣∣∣∣ ≤ 1. (A.3)

The integral is ∫ ∞

0

dx

(1 + µxα)2
= µ−1/α

∫ ∞

0

dt

(1 + tα)2
.

which is also known to be equal to∫ ∞

0

dt

(1 + tα)2
=

α− 1

α

∫ ∞

0

dt

1 + tα
=

α− 1

α
A.

Thus ∫ ∞

0

dx

(1 + µxα)2
= J(α)µ−1/α, J(α) =

α− 1

α
A. (A.4)

These estimates are used throughout Section 4.
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B Derivation of the Asymptotics of κ

We now prove Theorem 4.1 by treating the three regimes separately and following the key steps
outlined after the theorem.

Recall λi = Ci−α, δ = n−a. Equation (2.8) reads

n =
∞∑
i=1

λi

λi + κ
+

δ

κ
. (B.1)

Set µ = κ/C. Then λi/(λi + κ) = 1/(1 + µiα) and δ/κ = n−a/(Cµ). Hence

n =
∞∑
i=1

1

1 + µiα
+

n−a

Cµ
. (B.2)

Denote the sum term
∑∞

i=1
1

1+µiα = S(µ). For an upper bound of this term we use the
standard integral estimate

S(µ) ≤
∫ ∞

0

dx

1 + µxα
= Aµ−1/α, A =

π

α sin(π/α)
. (B.3)

To obtain the lower bound, choose an integerN =
⌊
(C/κ)1/α

⌋
. For i ≤ N we have Ci−α ≥ κ,

hence λi
λi+κ ≥ 1

2 . Therefore

S(µ) ≥
N∑
i=1

1

2
=

N

2
≥ 1

2

(
(C/κ)1/α − 1

)
. (B.4)

In particular, for all κ small enough (so that (C/κ)1/α ≥ 2) we have the simple bound

S(µ) ≥ 1

4
C1/ακ−1/α. (B.5)

(Any positive constant would work, we will only need the existence of such a bound when
κ → 0.)

Case a > α− 1 (weak regularization)

Step 1: We claim that κ = Θ(n−α).
To show that κ = Ω(n−α), for the sake of contradiction assume that κ = o(n−α). Then

κ−1/α = ω(n). Using the lower bound B.5, we obtain

S(µ) ≥ 1

4
C1/ακ−1/α = ω(n). (B.6)

But from B.1 we have S(κ) = n− n−a/(Cµ) ≤ n. This contradiction shows that there exists a
constant c1 > 0 such that κ ≥ c1n

−α for all large n, which is by definition κ = Ω(n−α).
To get an upper bound, we use

n = S(µ) +
n−a

κ
≤ AC1/ακ−1/α +

n−a

κ

and note that since κ ≥ c1n
−α, we have n−a

κ ≤ n−a

c1n−α = 1
c1
nα−a. Since a > α − 1 implies

α− a− 1 < 0, this term is o(n). Hence

n ≤ AC1/ακ−1/α + o(n) =⇒ κ−1/α ≥ n− o(n)

AC1/α
. (B.7)
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Now we isolate κ. Because κ−1/α ≥ n
AC1/α (1 − o(1)), taking both sides to the power −α

yields

κ ≤

(
AC1/α

n(1− o(1))

)α

= AαC n−α(1− o(1))−α.

For any sequence ε(n) = o(1), we have (1−ε(n))−α = 1+o(1). Indeed, expanding (1−ε)−α =
1 + αε+O(ε2) shows that it differs from 1 by a term that tends to 0. Therefore

κ ≤ AαC n−α(1 + o(1)). (B.8)

Combined with κ = Ω(n−α), we obtain κ = Θ(n−α).

Step 2: From the previous step we have κ = Θ(n−α). Define the sequence cn = κnα. Then
cn is bounded and bounded away from zero. We then have µ = κ/C = cnn

−α/C.
Using the integral approximation A.1 we have S(µ) = Aµ−1/α +O(1). Now

µ−1/α =

(
cnn

−α

C

)−1/α

= C1/αc−1/α
n n,

and also
n−a

Cµ
=

n−a

C · (cnn−α/C)
=

n−a

cnn−α
=

1

cn
nα−a.

Since a > α− 1 is equivalent to α− a < 1, we have nα−a = o(n). Hence this term is negligible
compared to n.

Substituting into B.2, we obtain

n = AC1/αc−1/α
n n+O(1) + o(n).

Dividing by n and letting n → ∞, we find that any limit point c of the sequence {cn} must
satisfy

1 = AC1/αc−1/α.

Thus the only possible limit is c = AαC. Since the sequence is bounded, it converges to this
value. Consequently,

κ ∼ CAαn−α. (B.9)

Case a < α− 1 (strong regularization)

Step 1: From B.2 we have directly n ≥ n−a/κ, hence

κ ≥ n−a−1. (B.10)

We will show that actually κ ∼ n−a−1. Assume for the sake of contradiction that for some
ε > 0 there exist arbitrarily large n with κ > (1 + ε)n−a−1. Then using B.3,

S(µ) ≤ Aµ−1/α = AC1/ακ−1/α < AC1/α((1 + ε)n−a−1)−1/α = AC1/α(1 + ε)−1/αn(a+1)/α.
(B.11)

Because a+ 1 < α, the exponent (a+ 1)/α < 1, so S(µ) = o(n). Moreover,

n−a

κ
<

n−a

(1 + ε)n−a−1
=

n

1 + ε
.

Inserting these into A.2:

n = S(µ) +
n−a

κ
< o(n) +

n

1 + ε
.

For large n the right-hand side is strictly smaller than n (since ε > 0), a contradiction. Hence
for any ε > 0 and all sufficiently large n

κ ≤ (1 + ε)n−a−1. (B.12)

Combining B.10 and B.12, we conclude κ ∼ n−a−1.
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Case a = α− 1 (critical regularization)

Both terms contribute in this case. From the lower bound B.10 we already have κ ≥ n−α. To
get an upper bound, assume κ ≥ C0n

−α with a large constant C0. Then we have

n ≤ AC1/ακ−1/α +
n−(α−1)

κ
≤ AC1/αC

−1/α
0 n+

n

C0
.

Dividing by n gives 1 ≤ AC1/αC
−1/α
0 + 1/C0. With sufficiently large C0 the right-hand side

becomes less than 1, which is a contradiction. Therefore κ cannot be too large; we have
κ = Θ(n−α).

Define the sequence cn = κnα. Then cn is bounded and bounded away from zero. Substi-
tuting κ = cnn

−α, we have

n = AC1/αc−1/α
n n+O(1) +

n−(α−1)

cnn−α
= AC1/αc−1/α

n n+
n

cn
+O(1).

Dividing by n and letting n → ∞, we find that any limit point c of the sequence {cn} must
satisfy

1 = AC1/αc−1/α +
1

c
. (B.13)

The right-hand side is strictly decreasing in c for c > 0, tends to +∞ as c → 0+ and to 0
as c → ∞. Hence equation B.13 has a unique positive solution c∗. Consequently, the whole
sequence cn converges to c∗. Therefore

κ ∼ Cc∗n
−α. (B.14)

This completes the proof of Theorem 4.1.

C Derivation of the Asymptotics of E0
We now prove Theorem 4.2. Using the integral estimates A.3 and A.4 with the same µ = κ/C,
we have

∞∑
i=1

L2
i = J(α)µ−1/α +O(1).

Case a > α− 1 (weak regularization)

From Theorem 4.1, µ ∼ Aαn−α, so µ−1/α ∼ A−1n. Then∑
L2
i = J(α)A−1n+O(1) =

α− 1

α
n+O(1).

Hence

n−
∑

L2
i = n− α− 1

α
n+O(1) =

n

α
+O(1).

Therefore
E0 =

n

n−
∑

L2
i

=
n

n/α+O(1)
→ α.

Case a < α− 1 (strong regularization)

Now µ ∼ n−a−1/C, so µ−1/α ∼ C1/αn(a+1)/α. Since a+ 1 < α, this is o(n). Thus∑
L2
i = o(n) +O(1) = o(n), n−

∑
L2
i = n− o(n) ∼ n,

and E0 → 1.
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Case a = α− 1 (critical regularization)

We have µ ∼ c∗n
−α, so µ−1/α ∼ c

−1/α
∗ n. Then∑

L2
i = J(α)c

−1/α
∗ n+O(1) = γn+O(1), γ =

α− 1

α
Ac

−1/α
∗ .

Hence

n−
∑

L2
i = n(1− γ) +O(1), E0 =

n

n(1− γ) +O(1)
→ 1

1− γ
.

One must check that γ < 1; this follows from the fact that
∑

L2
i < n for all finite n, so

lim sup
∑

L2
i /n ≤ 1, and equality would imply E0 → ∞ which is not the case because the ridge

term δ/κ is of order n and prevents
∑

L2
i from approaching n. A direct verification using the

equation for c∗ shows γ < 1. This completes the proof of Theorem 4.2.

D Proof of Lemma 6.1

We begin again with the expression

n ≤ Aµ−1/α + 1 +
n−a

Cµ

and treat the two regimes separately.

Case a < α− 1 (strong regularization)

Assume, for contradiction, that there exists ε > 0 and arbitrarily large n such that κ > (1 +
ε)n−a−1. Then µ = κ/C > (1 + ε)n−a−1/C. Consequently,

µ−1/α <
(
(1 + ε)n−a−1/C

)−1/α
=
(

C
1+ε

)1/α
n(a+1)/α.

Because a + 1 < α (since a < α − 1), the exponent (a + 1)/α < 1, so n(a+1)/α = o(n). Hence
the first term satisfies Aµ−1/α = o(n).

For the second term,
n−a

Cµ
<

n−a

C · (1 + ε)n−a−1/C
=

n

1 + ε
.

Thus for sufficiently large n,

n < o(n) + 1 +
n

1 + ε
.

Since 1/(1 + ε) < 1, the right-hand side is eventually less than n (the o(n) and the constant 1
are negligible), a contradiction. Therefore for all large n we must have κ ≤ (1 + ε)n−a−1. As ε
was arbitrary, κ = O(n−a−1).

Case a ≥ α− 1 (weak and critical regularization)

We prove that κ = O(n−α). Suppose, to the contrary, that κ ̸= O(n−α). Then there exists a
sequence nk → ∞ such that

κ(nk)

n−α
k

→ ∞ i.e. κ(nk) = ω(n−α
k ).

Set µk = κ(nk)/C. Then µk = ω(n−α
k ), and therefore

µ
−1/α
k = o(nk). (D.1)
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Now estimate the ridge term:

n−a
k

Cµk
=

n−a
k

C · ω(n−α
k )

=
nα−a
k

ω(1)
. (D.2)

Because a ≥ α − 1 implies α − a ≤ 1, we have nα−a
k = O(nk). Hence the fraction is o(nk)

(it is O(nk) divided by a quantity tending to infinity).
Plugging D.1 and D.2 yields

nk ≤ o(nk) + 1 + o(nk) = o(nk), (D.3)

which for large k is impossible. Therefore κ = O(n−α). This completes the proof of
Lemma 6.1.

E Proof of Theorem 6.2

Recall the simple bound 6.1. We now substitute the upper bounds for κ obtained in Lemma 6.1.

Case a < α− 1. From Lemma 6.1 we have κ = O(n−a−1). Hence

E0 ≤ na+1 ·O(n−a−1) = O(1).

Case a ≥ α− 1. In this regime Lemma 6.1 gives κ = O(n−α). Therefore

E0 ≤ na+1 ·O(n−α) = O(na+1−α).

Thus we obtain

E0 ≤

O(1), a < α− 1,

O(na+1−α), a ≥ α− 1,

which is exactly the statement of Theorem 6.2. The corresponding bound for the test MSE
follows immediately from E(0) = E0ϵ2.

20


	Introduction
	Motivation and Background
	Three Regimes of Overfitting
	Main Contributions
	Relation to Prior Work
	Organization of the Paper

	Preliminaries
	Notation and Basic Setup
	Mercer Decomposition and Eigenfunctions
	Kernel Ridge Regression (KRR)
	The Eigenlearning Framework simon2021eigenlearning
	On the Gaussian Design (Universality) Assumption
	Kolmogorov n-Widths and Effective Dimension dK

	Overfitting Regimes: Benign, Tempered, Catastrophic
	Asymptotic Analysis for Power-Law Spectra
	Interpretation via Effective Dimension dK
	Upper Bounds for Spectra Majorized by a Power Law
	Open Problems and Future Directions
	Exponentially Decaying Ridge Parameter
	Non‑Zero Target Functions (Source Conditions)
	Lower Bounds for Majorized Spectra
	Relaxation of the Gaussian Design Assumption
	Empirical Verification and Real Data
	Connection to Neural Network Training Beyond the Kernel Regime

	Conclusion
	Integral Estimates
	Derivation of the Asymptotics of 
	Derivation of the Asymptotics of E0
	Proof of Lemma 6.1
	Proof of Theorem 6.2

