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Abstract

This thesis compares an autoregressive Hilbertian model of order 1 (ARH(1))
with a classical two-step PCA+VAR(1) approach for forecasting daily electricity
consumption curves. We use a year-long subset (Oct. 1, 2023 to Sept. 30, 2024)
of the PJM Hourly Energy Consumption data across five areas. We additionally
benchmark modern forecasting models including NHITS, a deep neural network, a
recurrent LSTM model, and Nixtla’s TimeGPT (a pre-trained time-series Trans-
former). Each method predicts the next day’s 24-hour load curve from the current
day’s curve, except TimeGPT, which generates forecasts based on the full histor-
ical context available up to each forecast origin. Forecast accuracy is evaluated
via mean absolute error (MAE), mean squared error (MSE), and symmetric mean
absolute percentage error (sSMAPE). The ARH(1) and PCA+VAR(1) models show
very similar performance and outperform the other methods on average. This was a
surprising finding, suggesting that in this well-behaved data scenario, the functional
approach offers little advantage over a simple PCA-based multivariate approach.
To investigate further, we conduct a simplified experiment forecasting the next
day’s average consumption using functional PCR (FPCR) vs. standard PCR.
The results again show nearly identical performance from both methods. We hy-
pothesize that when the functional data are densely and regularly sampled with
no missing values, functional principal component analysis (FPCA) is essentially
equivalent to ordinary PCA, and thus ARH(1) offers no clear improvement over
PCA+VAR(1). We formalize this hypothesis and discuss conditions under which
fully functional methods may still offer advantages (e.g. irregular sampling or com-
plex functional structure). Finally, we propose directions for theoretical work to
rigorously explain the observed equivalence.

1 Introduction

Forecasting electricity demand is crucial for power grid reliability and economic dispatch.
In regional power systems like PJM (a large U.S. regional transmission organization),
system operators forecast hourly load curves for day-ahead planning. These daily load
profiles can be viewed as functional time series: each day’s consumption is a continuous
curve over the 24-hour period. Functional data analysis (FDA) provides tools to
model such data by treating each curve as a single observation in a function space. FDA



can capture the smoothness and intra-day correlation structure of the curves and has been
successfully applied in domains like demographic forecasting and environmental data.

Traditional approaches to forecast a time series of curves often involve two main
strategies. The first is a functional modeling approach. In this framework, we consider
the process {Yi(u) : w € T} (with T the time-of-day domain, e.g. [0,24] hours) as a
single time series of functions. One popular model is the functional autoregression
of order 1, known as FAR(1) or ARH(1) (autoregressive Hilbertian model of order 1). It
can be written as

Vi (u) = U{Yi}(u) + e (w),

where W is a linear operator on the function space (analogous to a regression coefficient
in infinite dimensions), and e;41(u) is a random error function. Under suitable assump-
tions, ¥ can be represented in terms of the orthonormal functional principal components
(FPCs) of the process. In particular, if {¢g(u)}r>1 are the eigenfunctions of the covari-
ance operator of Y3, then one can expand Y;(u) = >, o, &k Ok (u). In practice we truncate
to the first d components, and the ARH(1) model then reduces to

€t+1 =RE¢, + N1

where &, = [&1,...,&.q), and 1, = [, ..., Mea) s a noise vector. This is essentially
the approach of Aue et al. [2015]. One advantage of the functional approach is that it
retains the interpretation in the space of functions and can, in principle, use smoothing
techniques or basis expansions to handle noise and ensure smooth forecasts.

The second strategy is a more classical multivariate approach: perform principal
component analysis (PCA) on the discretized curves to reduce dimensionality, then
fit a vector autoregressive model of order 1 (VAR(1)) to the principal component
scores. We refer to this two-step method as PCA+VAR(1). Conceptually, this ap-
proach should be very similar to the truncated ARH(1) method described above, since
both ultimately rely on the leading principal components of the daily curves to capture
dynamics. The difference is mostly in estimation: ARH(1) estimates the operator ¥ in
the function space, whereas PCA+VAR explicitly estimates a finite-dimensional VAR on
the selected principal component features. In theory, if the ARH(1) model is correct and
one includes enough principal components, the two approaches should yield equivalent
one-step forecasts. However, in practice one might expect some differences due to how
the models are regularized or if the functional approach smooths the data. One of the
goals of this thesis is to empirically compare these two approaches on real data and see
if the more complex functional modeling provides any tangible benefit over the simpler
PCA+VAR method.

Recently, there has been growing interest in applying advanced machine learning
models to time series forecasting, including forecasting of high-dimensional or functional
data. We include in our comparison two state-of-the-art learning approaches: NHITS
and LSTM. NHITS (Neural Hierarchical Interpolation for Time Series) is a modern
deep learning architecture introduced by Challu et al. [2023]. Tt is a pure neural network
approach that builds on the success of N-BEATS [Oreshkin et al., 2020], employing multi-
rate hierarchical interpolation and residual links to capture time series patterns. NHITS
has demonstrated strong performance on many forecasting competitions and represents a
cutting-edge univariate forecasting method, extended here to the multivariate context by
independently fitting to each time series. The LSTM (long short-term memory) model
is a recurrent neural network capable of learning temporal dependencies. Hochreiter and



Schmidhuber [1997] introduced LSTMs to address long-term dependence issues in RNNs,
and they have since been widely used for sequence prediction problems. We use an LSTM
model that takes the past 24 hours and learns to predict the next day’s sequence. Unlike
ARH or VAR, LSTMs can, in principle, capture non-linear patterns in the data.

Finally, we include TimeGPT, a recently released foundation model for time se-
ries forecasting by Nixtla. TimeGPT is essentially a large-scale pre-trained Transformer
model that can be fine-tuned or used directly for forecasting a variety of time series.!
According to Nixtla’s documentation, TimeGPT uses a Transformer encoder-decoder ar-
chitecture with multi-head self-attention to capture complex patterns in time series. The
model is trained on a massive collection of time series data and is offered as a service
where users input their time series and receive forecasts (similar in spirit to how GPT
models are used for language). We treat TimeGPT as a black-box benchmark to see
how a general-purpose learned model compares to our more specialized statistical models
on this particular task. It is expected that TimeGPT should be able to model weekly
seasonality and other patterns if given enough context, but it might not necessarily out-
perform simpler models on a one-day-ahead forecasting task, despite being given the full
historical context.

In summary, our comparison spans a spectrum from classical statistical models (ARH(1),
PCA+VAR) to modern deep learning (NHITS, LSTM) and cutting-edge pre-trained mod-
els (TimeGPT). We aim to answer the following questions:

1. How do the functional and multivariate approaches—ARH and PCA+VAR—compare
in forecasting accuracy for daily load curves?

2. Do machine learning models like NHITS, LSTM, and TimeGPT offer improvements
over these statistical approaches in this context?

3. If the functional approach (ARH) does not outperform the simpler approach (PCA
+ VAR), what might be the reasons?

We address these questions through a careful experimental study described in the follow-
ing sections.

2 Data and Preprocessing

We use data from the PJM regional electricity market, specifically the Hourly Load data
for five zones over a one-year period. PJM publishes zonal load (electricity consumption)
at an hourly frequency. We extracted data from October 1, 2023 through September
30, 2024 for the following five areas: “AP”, “DOM”, “JC”, “PN”, and “RTO”. Each
area corresponds to a different region or utility within PJM (for example, DOM refers to
Dominion Virginia Power’s zone, and RTO represents the entire PJM region aggregated).
The choice of these five series was motivated by their availability and use in previous
studies. Each series consists of 24 hourly observations per day. We treat each day’s
24-hour load profile for a given zone as one functional observation Y;(u), where u ranges
from hour 0 to hour 23 of the day. Figure 1 illustrates examples of daily load curves for
each zone.

'https://www.r-bloggers.com/2025/02/a-first-look-at-timegpt-using-nixtlar-2
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Figure 1: Example of one week load in each zone

Typically, these curves exhibit a clear daily pattern with peaks in the late afternoon
and lows in the early morning. They also show intra-week patterns (e.g. weekdays vs
weekends) and seasonal effects (summer vs winter demand differences), but in this one-
year span with daily forecasting, we primarily focus on day-to-day dynamics.

For preprocessing, we aligned all series to have the same time index (each day from
2023-10-01 to 2024-09-30). There were no missing hourly values in this dataset (which is
ideal for functional analysis). We did not apply any additional smoothing or interpolation,
since the data are already essentially curves sampled at regular hourly intervals. In FDA
terms, our functional observations are discretized on an equally spaced grid of 24 points.
We treat these as realizations of an underlying continuous load function over the 24-hour
period.

The data was then split into training and testing sets for modeling. We used the
period from October 1, 2023, 04:00 up to July 20, 2024, 03:00 as the training set, and
reserved the rest as the test set for evaluating one-day-ahead forecasts. In total, the
training set contained on the order of 293 daily curves per zone, and the test set around
73 daily curves. The one-day-ahead forecasting task is defined as follows: use the data
of the current day to forecast the 24 hours of the next day. All models were retrained
or updated only with information up to the forecast origin (except TimeGPT, which is
pre-trained). For the statistical models (ARH(1), PCA+VAR(1)), this effectively means
we fit the models once on the training set and generate one-step forecasts recursively for
each day in the test. For the learning models (NHITS, LSTM), we trained the networks
on the training period and similarly produced iterative one-day-ahead forecasts.



3 Methodology and Models

3.1 ARH(1) Functional Autoregressive Model

The ARH(1) model was implemented following the approach of Aue et al. [2015] and the
classical theory in Bosq [2000]. In practice, implementing ARH(1) involves a few steps.
First, we perform a functional principal components analysis (FPCA) on the training set
of curves

Yi(u), ..., Yn(u).

This yields an estimated mean curve fi(u) and a set of empirical eigenfunctions

of the sample covariance operator

Oy (f) = / (F () — () (Yo(ur) — fa(w))du

(averaged over training days). We choose a truncation level d that captures most of the
variation in the data — in our case we chose d = 5 principal components for each zone,
which accounted for over 99.8% of the variance in each training set. Let

§er = (Yi— i )
be the k-th PC score of day ¢. The ARH(1) model assumes

&1 =RE +m,

where &, = (&.1,...,&.q)" and R is a d x d coefficient matrix estimated by least squares
regression of &, ; on &, over the training days ¢t = 1,..., N — 1. Forecasts are constructed
as: X X

Envi = Réy,

and the forecast curve is

d
Y (u) = fi(u) + Z éNJrl,k O (w).

k=1

We note that this implementation (FPCA followed by VAR(1)) is essentially the algorithm
described by Aue et al. [2015] (see their Algorithm 1) for functional forecasting. We will
later compare this with the PCA+VAR approach.

One important consideration was selecting the number of components d. We used a
simple heuristic of variance explained (around 99.8%), which gave d = 5 for each zone.

For simplicity, we assumed p = 1 was sufficient (i.e., only yesterday’s curve is needed
to predict today’s, which is reasonable for daily load with strong daily autocorrelation)
and focused on comparing d-dimensional ARH(1) vs. VAR(1). Alternatively, one could
use an automatic selection criterion such as those proposed by Kokoszka and Reimherr
[2013] or others to check if an ARH(p) with p > 1 is needed.

All functional analysis was carried out using the scikit-fda package in Python and
custom scripts for FPCA and forecasting.



3.2 PCA + VAR(1) Model

The PCA+VAR(1) approach operates on the discretized data directly as a multivariate
vector. For each day ¢t and zone, we have a 24-dimensional vector of loads

Y0, Ye1s - - - Y.23] (hour 0 through 23).

We perform a standard PCA on the collection of these 24-dimensional daily vectors (after
mean-centering them). In practice, this PCA on discrete data is almost identical to the
FPCA described above — in fact, the eigenvectors from this PCA are proportional to the
eigenfunctions obtained in FPCA, with differences only due to scaling by the grid size
[Crainiceanu et al., 2024, Chapter 3|. In our data, because we have equal hourly spacing
and no missing values, the discrete PCA essentially recovers the same modes of variation
as FPCA.2

We again choose d = 5 principal components for each zone’s data. Let 2 de-
note the k-th principal component score of day ¢ from this multivariate PCA (so 2z, =
Zfio Yr.nvk(h) where vy, is the k-th eigenvector of the sample covariance matrix of the
24-dimensional data). We then fit a standard vector autoregressive model of order 1—
VAR(1)—to the d-dimensional time series {z; = (2¢1,...,2.4)" }. That is, we estimate

Zi1 = Az + e

for a d x d matrix A. We allow A to be a full matrix, so this VAR(1) can capture
potential interactions between the principal components. We used the vars package in
R to fit the VAR models by ordinary least squares (given N training observations and
d = 5). For most zones, the off-diagonal elements of A were small, indicating that the
leading principal components evolve largely independently (consistent with uncorrelated
scores in PCA).

Forecasting with the PCA+VAR model is straightforward: given the last observed
day N, we compute its PC score vector zy, then the one-step forecast of the score vector
is R

zZni1 = Azy.

We then reconstruct the predicted next-day curve as

d
YN+1 =Y + E ZN+1,k Vis
k=1

where y is the mean daily vector and vy the k-th principal component (eigenvector).
This yields the 24-hour forecast for day N + 1. This process is essentially identical to
the functional approach’s forecast (replace A with diagonal R if we had constrained it).
Indeed, from a theoretical perspective, Panaretos and Tavakoli [2013] have shown that if
the true process is FAR(1) and one uses a sufficiently rich basis, the finite-dimensional
score process will follow a VAR(1) that approximates the functional model. Our imple-
mentation of PCA+VAR(1) serves as a direct comparison to ARH(1) to test this theory
empirically.

It is worth noting that the PCA4+VAR method does not explicitly enforce smoothness
or functional structure in the forecast —- it operates purely on the numbers. However,

2This is a key observation that we will revisit: theoretically, if data are fully observed on a regular
grid, FPCA and PCA should coincide up to a normalization.



since we reconstruct the forecast using the leading principal component vectors, the
resulting curve is smooth (being a linear combination of smooth patterns observed in
data). In cases with noise or irregular observation times, one might prefer the FPCA
which can include smoothing splines or Fourier basis, but in our clean dataset that was
unnecessary.

3.3 NHITS (Neural Hierarchical Interpolation) Model

For the NHITS model, we used an open-source implementation provided by the
NeuralForecast library (by Nixtla).> We configured the model to take as input the past
1 day of hourly data for a given zone and to output the next 24 hours. The architecture
of NHITS, as described by Challu et al. [2023], uses multi-layer perceptrons (MLPs) with
residual connections and a hierarchical interpolation scheme to progressively refine pre-
dictions across multiple scales. In simpler terms, NHITS first produces a coarse forecast
and then adds finer detail, ensuring consistency across different temporal resolutions. We
trained a separate NHITS model for each zone (due to the relatively small number of
series, we did not attempt a global model across zones). Each model was trained on the
training period using a rolling window approach (where the model sees many examples of
1-day history — next-day mapping). We used default hyperparameters from the litera-
ture, which include multiple stacking blocks and a backward /forward residual link setup
(we did not heavily tune these due to limited time, but we ensured the model converged
on the training data). The loss function was mean absolute error over the prediction
horizon.

3.4 LSTM Model

Our LSTM model was a relatively standard sequence-to-sequence architecture. We used
a univariate LSTM for each zone, feeding in a sequence of past day’s observations and
training it to output the next day’s observations.

Because an LSTM processes one time step at a time, we had to decide how to present
a daily curve to the model. We tried two approaches: (a) treating each hour as a time
step and feeding the 24 hourly values of the past day one by one into the LSTM, or (b)
summarizing each day as a feature vector and then using an LSTM on the daily level.
Approach (a) essentially uses the raw hourly series; approach (b) uses the LSTM at the
level of days. We opted for approach (a), because it uses the raw hourly series directly,
preserving intra-day temporal structure.

The architecture consisted of one LSTM layer with 64 hiden units, followed by a dense
output layer that produces 24 values (the forecast for each hour of the next day). We
trained the model with mean absolute error loss.We tried to keep the model size moderate
to mitigate the overfitting. The LSTM did manage to capture the general shape of the
daily load curve, but as we will see, it did not outperform the simpler models.

3.5 TimeGPT Model

TimeGPT is a closed-source model provided via an API, so we utilized it by feeding the
historical data and retrieving the forecasts. According to Nixtla, TimeGPT is based on
a Transformer architecture with an encoder-decoder and self-attention, pre-trained on a

Shttps://github.com/Nixtla/neuralforecast.
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large corpus of diverse time series.* It can handle multiple series input. In our case,
we formatted the five series into the required input format (each with timestamps and
values) and requested a one-day-ahead forecast for each series repeatedly over the test
period. Since TimeGPT is generative and pre-trained, it does not require training on our
data from scratch. However, we allowed it to “fine-tune”.

Unlike the other learning models, TimeGPT forecasts based on the full historical
context. In practice, using the NeuralForecast package, we simply specified the horizon
(24 hours) and provided the historical data accumulated to that date; the model then
returned the forecast. We assume TimeGPT leveraged both the rich context we provided,
and also patterns learned from many years of data. We treated TimeGPT’s output as-is.
Its forecasts were generally smooth and reasonable, showing that the model recognized
the daily cycle. One limitation is that we could not fully control what features TimeGPT
uses; for example, it might inherently consider seasonalities beyond what one-year data
shows (like annual seasonality) due to pretraining. Nonetheless, it provides an interesting
benchmark: if TimeGPT performs as well as or better than our dedicated models, it
suggests that large pre-trained models can capture a lot of the needed structure; if it
underperforms, it indicates that specialized or localized modeling (like ARH or VAR)
can still be superior for this task.

4 Experiments and Results

All models described were applied to each of the five zone time series. We evaluated
forecast accuracy on the test set (from 2024-07-20 to 2024-09-30). Figures 2-4 summarize
the results for each model and each zone in terms of MAE, MSE, and sMAPE. We
emphasize that lower values indicate better accuracy for all these metrics. For sMAPE,
the values are given in fractional form (e.g. 0.02 is 2%). Each metric was computed by
comparing the predicted 24-hour curve to the actual curve for each test day and averaging
over all forecast days in the test set. Because the test set is about two and a half months
(73 days), an MAE of e.g. 240 for a given zone means on average the total daily load
was off by 240 MW each hour, roughly; sMAPE of 0.02 means 2% error relative to the
actual values.

Looking first at the comparison between ARH(1) and VAR(1) (PCA+VAR), we see
that their performances are indeed very close for all zones. In fact, the differences in
metrics are often within a few percent of each other. For instance, in zone AP, ARH(1)
achieved MAE 242.7 vs VAR(1)’s 240.9, and sMAPE 2.151% vs 2.129%. In some zones
(AP, and possibly DOM), ARH(1) is marginally better in one metric or another; in other
zones (JC, PN, RTO), VAR(1) slightly edges out ARH(1). Overall, neither functional
ARH(1) nor PCA+VAR(1) is consistently superior—their results are effectively on par.
This empirically confirms our expectation that when implemented with the same number
of components, the two methods yield equivalent forecasts. It also suggests that any
minor differences might be due to estimation nuances. The key finding is that a simple
approach (PCA+VAR) can match the complexr FDA method on this problem.

Next, comparing these to the other models: ARH(1) and VAR(1) clearly outperform
the LSTM and NHITS in almost every case. The LSTM in particular struggled: its
sMAPE was around 3% for most zones, compared to 2% for ARH/VAR, and its MAEs
were substantially higher (e.g. 6137 vs 3630 in RTO, meaning the LSTM had nearly

‘https://www.r-bloggers.com/2025/02/a-first-look-at-timegpt-using-nixtlar-2.
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70% higher error in that large zone). The NHITS model did better than LSTM, but still
generally had higher error than ARH/VAR. For example, in zone PN, NHITS MAE =
86.8 vs ARH’s 79.2, and sMAPE 2.162% vs 2.014%. In the largest zone RTO, NHITS
sMAPE was 1.913% vs ARH’s 1.856% (so NHITS about 0.06 percentage points worse).
These gaps may not seem huge in percentage terms, but they are consistent across zones
and metrics.

One reason the statistical models outperformed the deep learning models is likely the
limited training data. With only 293 daily samples, the neural networks may not have
fully learned the daily and weekly patterns. In contrast, ARH and VAR effectively capture
those patterns through averaging (mean curve) and linear regression on the dominant
components, which is very data-efficient. Another reason is that the daily profiles are
quite smooth and regular, which linear models can handle well; the added capacity of
LSTM/NHITS isn’t needed and can overfit noise.

The TimeGPT model’s performance is noteworthy. It often came close to ARH/VAR
and sometimes even outperformed them on certain metrics. For instance, in the DOM
zone, TimeGPT had the lowest MAE (568 vs 612.1 VAR vs 622.7 ARH) and lowest
sMAPE (1.831%, slightly better than VAR’s 2.02%). In zone JC and PN, TimeGPT and
VAR/ARH are almost indistinguishable in error (TimeGPT had a hair lower sMAPE in
PN at 1.839% vs VAR’s 2%). TimeGPT seems to particularly do well in capturing the
base level and weekly pattern (perhaps due to its pretraining). However, in the largest
zone RTO, TimeGPT’s MSE was higher (2.9482e7 vs VAR’s 2.2660e7), indicating its
forecasts had occasionally larger deviations (perhaps one or two days with spikes that
it missed). Overall, TimeGPT is the closest competitor to ARH/VAR, confirming that
modern Transformer models can be competitive even with minimal fine-tuning. Yet, it
did not decisively beat the simpler models, which is an interesting result: it suggests that
for one-day ahead load forecasting, a well-tuned simple model can hold its own against
a massive deep model. This could be because TimeGPT might excel more in scenarios
with longer forecasting horizons or multiple seasonalities, whereas here the main task is
short-term and largely driven by yesterday’s value (a scenario where linear persistence
does well).

Figures 2—4 thus answer question (1) that ARH(1) and PCA+VAR(1) are essentially
tied, and question (2) that these simple models tend to outperform or match more complex
ML models on this data. To visualize the differences, Figure 5 (not included here for
brevity) would show a time series of actual vs predicted loads for each model in one zone.
Typically, ARH(1) and PCA4+VAR(1) produce predictions that overlap and very closely
follow the actual curve across different regions. They are smooth and effectively capture
the shape of daily loads. TimeGPT is generally smooth too, and aligns well with actual
curves and close to ARH(1) and PCA+ARH(1), however, had some mis-estimations
during high peaks, indicating difficulty capturing extreme demand fluctuations. NHITS
slightly smoothes the fluctuations out and less responsive to sudden changes in the daily
pattern. LSTM noticeably overestimates the actual curve and overshoots the peaks which
is particularly evident around midday.
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The surprising parity of ARH(1) and PCA+VAR(1) led us to our deeper investigation.
Intuitively, one might have expected the functional model to leverage the smoothness and
inherent functional nature of the data to perform better, especially if measurement noise
or discretization issues were present. However, our data is noise-free (being aggregated
load) and well-aligned. The results hint that in this scenario the functional approach
does not add much beyond what the PCA step already provides. To explore this further,
we designed an ancillary experiment focusing on a simpler prediction target with these
functional vs multivariate approaches, described in the next section. The source code
for all experiments is available at https://github.com/q8e4/Forecasting-Hourly-Energy-
Consumption-using-ARH-1-

5 Discussion

The close performance of PCA4+VAR(1) to the ARH(1) model suggests that when data
conditions are favorable, the simpler multivariate approach is just as effective. We hy-
pothesized that this is because the FPCA step in ARH(1) and the PCA in the classical
approach are effectively capturing the same information. When the functional data are
observed at equally spaced, dense points (24 hourly points which is reasonably dense for
a daily cycle) and there is little observational noise, the distinction between treating the
data as a continuous function vs. a high-dimensional vector blurs. In theory, if we let
the grid become arbitrarily fine (e.g. 48 points per day, 96 points, etc.), the PCA on the
grid should converge to the true FPCA (Karhunen-Loeve decomposition). In our case,
24 points might already be sufficient to approximate that decomposition well. Moreover,
the principal components we found were very smooth and global (like “overall level”,
“peak vs off-peak contrast”, “timing of peak” etc.), which are the kind of patterns both
methods can capture.

To test our hypothesis more directly, we conducted a simplified comparison using
functional principal component regression (FPCR) vs. ordinary principal com-
ponent regression (PCR) for a scalar response. Specifically, instead of forecasting the
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entire next-day curve, we tried to predict a single summary metric of the next day (the
average daily load) using the current day’s curve. This is a regression problem: response

1
Ry = 21 / Yii1(u) du (average load of day ¢ + 1)

and predictor is the function Y;(u) (the entire curve of day t). We can approach this via
FPCR:

Rip = ot / B(w)[Yi(u) — ju(us)] du + ¢

for some functional coefficient 3(u), which we estimate via functional PCA basis expan-
sion. Alternatively, we can do standard PCR: compute PCA of Y; as before, take the
first d principal component scores z; 1, ..., 24, then regress Ryy; on those scores with a
linear model. If FPCR and PCR yield the same predictions (especially as d increases), it
supports the notion that FPCA and PCA are capturing the same predictive features.

We carried out this experiment® on Allegheny Power (AP) region. We varied the
number of components d used (3, 5, 6, 7, 9, 11) and computed the out-of-sample prediction
error for FPCR vs PCR. The Table ?? summarizes the results.

n FPCR PCR

3 | 11.891464741 10.833256138
5 | 1.887191601 0.6311034968
6 | 0.038936333 0.0478674852
7 | 0.029985277  0.0322615318
9 | 0.006346992  0.0035427643
11| 0.007701026  0.0007536407

Table 1: Comparison of predictive error (MSE) for forecasting next-day average load
using FPCR vs PCR, as a function of number of principal components used.

Both methods show nearly identical performance for d > 6. For very low dimensions
(d =3 or 5), PCR had an edge, but with sufficient components the difference vanishes.

As shown in the table, when using only 3 components, FPCR had a considerably
higher prediction error (MSE ~ 11.89 in normalized units) than PCR (MSE ~ 10.83).
With 5 components, both errors dropped (FPCR ~ 1.887, PCR ~ 0.631 — here PCR was
much better). But interestingly, once we reached 6 components, the errors became very
small for both and quite close to each other (FPCR 0.039 vs PCR 0.048). Using more
components (7, 9, 11) drove the error down further, and the two methods essentially
alternated in which was slightly better, but were on the same order of magnitude (1072
or 1073). For example, at d = 9, FPCR MSE 0.0063 vs PCR 0.0035; at d = 11, FPCR
0.0077 vs PCR 0.00075 (PCR slightly better). These results demonstrate two things: (1)
Once enough basis components are included, both FPCR and PCR can approximate the
underlying regression function extremely well (the error becomes very low, indicating we
can almost perfectly predict the next day’s average from today’s curve in this dataset,
which is unsurprising because tomorrow’s average load is highly correlated with today’s
average). (2) There is no consistent gap between FPCR and PCR when d is large — the
small differences we see are likely due to estimation variability rather than a fundamental
modeling advantage. In fact, PCR was a bit better at lower d in this example. We

5The experiment was carried out by Amantay Nurlanuly
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suspect this might be due to how FPCR was implemented: in FPCR, one typically has
to estimate the coefficient function 3(u) which involves an integral equation that could be
ill-posed, and often a penalty or regularization is used (e.g. functional ridge regression).
Our FPCR implementation might have effectively regularized differently than PCR. PCR,
on the other hand, is just OLS on the principal components, which might accidentally
benefit from including the right combination of components.

The finding that PCR outperformed FPCR at very low dimensions (like d = 5) could
indicate that the discrete PCA captured a particular feature that FPCA’s first 5 modes
did not, or it could be an artifact of how variance vs covariance is handled. We recall
that the FPCA eigenfunctions are orthonormal in L? (continuum), while the discrete
PCA eigenvectors are orthonormal in Euclidean space. If the discretization is coarse, the
first few FPCA modes might not align perfectly with the discrete variance. However, as
we add more components, the span of the FPCA modes covers the same space as the
PCA modes (for d up to 24 in theory). The equivalence of FPCR and PCR for large d
aligns with our hypothesis that in a well-sampled scenario, functional methods offer no
magic beyond what their multivariate counterparts provide.

So under what conditions do we expect a difference between functional and multi-
variate approaches? One key scenario is when the data are sparsely or irregularly
sampled. If, for example, we only observed a few points of each daily curve (say 3-
4 readings per day at irregular times), a purely multivariate approach would struggle
because each day’s data vector is of length 3 and not aligned in time across days. A
functional approach, however, could leverage functional smoothing and the fact that we
assume an underlying smooth curve, and use methods like functional principal component
analysis for sparse data (as in Yao et al. [2005]) to estimate the continuous curves and
their principal components. In such cases, FPCA can borrow strength across observations
at different times and reconstruct a more accurate representation of the curve than any
interpolation followed by PCA would. Another scenario is when we have measurement
noise on the observations. FDA models often explicitly separate the signal (the under-
lying smooth curve) from high-frequency noise, using techniques like roughness penalties
or measurement error models. The FPCA then captures the major smooth variations,
ignoring noise. A discrete PCA on noisy data might mistakenly treat some noise vari-
ation as signal unless the data is first denoised. Thus, we expect functional models to
outperform if the data benefits from smoothing or noise removal prior to forecasting. In
our electricity load example, the data was essentially noise-free (being aggregated load,
the noise is negligible relative to load size).

Another area is if the relationship we are trying to capture is inherently functional.
For instance, in functional linear regression, if the response depends on an integral or
shape feature of the predictor curve, a functional model might capture it with fewer com-
ponents than a multivariate model. However, if one uses sufficiently many components,
even that can be captured by PCR. Functional models also allow inclusion of derivative
information (e.g., how the rate of change of the curve influences the future), which could
be beneficial if domain knowledge suggests it. A multivariate approach would have to
manually incorporate those as additional features (e.g., differences between hours as extra
variables).

There is also the aspect of phase variation (timing shifts in curves).® If one day’s
peak occurs at 5pm and another day at 6pm, a functional model might consider aligning
or using warping methods (time shift alignment) to better compare shapes, whereas a

Shttps://stats.stackexchange.com/questions/26048/when-where-to-use-functional-data-analysis
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multivariate approach on raw data might see them as different principal components.
In our data, phase variation is minor (peaks occur roughly same time each day except
perhaps weekends). In domains with significant phase variability (like growth curves
occurring at different paces), functional data analysis has tools to align curves before
analysis, which can improve forecasts. That would be an advantage of FDA not easily
replicated by a simple PCA.

In light of these considerations, our hypothesis is:

If the functional data are densely and regularly sampled, with low measurement error,
and the primary variation is in amplitude (not phase), then performing a functional
analysis offers little advantage over an equivalent multivariate analysis on the
discretized data.

Essentially, FPCA ~ PCA in such “well-behaved” data settings, and any functional
time series model (like ARH(1)) ~ its multivariate analog (VAR(1) on scores). This
hypothesis is consistent with our results. Under these conditions, one might choose the
simpler approach for ease of implementation.

However, we caution that this does not make functional data analysis obsolete. Rather,
it delineates its domain of usefulness. In messy data situations (irregular sampling, noise),
or when one wants to incorporate continuous-time operations (like smoothing, derivatives)
or enforce inherent smoothness in forecasts, functional models are invaluable. Moreover,
functional models provide a richer interpretation: for example, one can interpret the
operator ¥ in ARH(1) as “tomorrow’s curve is obtained by applying a certain smooth-
ing /filtering to today’s curve”. In our ARH(1) analysis, one could examine the estimated
operator U or its kernel \if(s, t) to see how each hour of today influences each hour of to-
morrow. This is something a VAR on principal components doesn’t directly give (though
one can transform it back to get an operator). In our case, inspecting 0 (not shown in
detail) indicated that, as expected, the operator put most weight on the identity (tomor-
row’s load at hour ¢ is mostly predicted by today’s load at hour ¢), with a slight smearing
effect (due to daily patterns shifting slightly). This is intuitive in a power load context.

Finally, let us consider future directions and how one might rigorously justify the
observed equivalence. One direction is to derive theoretical error bounds for the differ-
ence between the ARH(1) predictor and the PCA+VAR predictor as the grid resolution
increases. Aue et al. [2015] mention in an appendix that if an FAR(p) holds, then the
scores follow approximately a VAR(p). This could be expanded into a formal proof that
the forecasts from the two methods converge. Another direction is to explore the role of
dimensionality d: functional models often rely on choosing d via criteria like fraction of
variance explained or AIC-type measures. The performance might depend on d, and one
could investigate how sensitive the ARH vs VAR comparison is to the choice of d. In our
FPCR vs PCR experiment, we saw differences at low d; similarly, perhaps ARH vs VAR
would differ if we severely under-fit the dimension (say d = 1 or 2). A theoretical analysis
could show that as d — oo (up to the true inherent dimensionality of the process), the
difference vanishes.

Another interesting theoretical path is to examine scenarios with model misspecifica-
tion. Our ARH(1) assumes the process is actually AR(1) in truth. If the true process
had higher order or some seasonal component, how would the functional vs multivariate
strategies compare? One could simulate from a known functional process and empirically
check. Additionally, investigating functional models that capture non-linear dynam-
ics (e.g., functional neural networks or functional additive models) vs their multivariate
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counterparts might reveal if the parity holds beyond linear realm.

In summary, the discussion highlights that our findings are context-specific but in-
sightful: they show that for the case of highly regular functional data, there may be no
penalty in using simpler methods. This is a useful practical takeaway for analysts—one
doesn’t always need sophisticated functional models if the data doesn’t call for it. On
the other hand, the framework of FDA is ready to tackle more complex situations when
they arise.

6 Conclusion and Future Work

We conducted an extensive comparison of functional and non-functional forecasting meth-
ods on the problem of day-ahead electricity load curve prediction. The main conclusion is
that the functional ARH(1) model performed essentially the same as a simpler
PCA+VAR(1) approach. Both significantly outperformed more complex black-box
models (NHITS, LSTM) in our one-year, five-zone case study, and were on par with a
state-of-the-art foundation model (TimeGPT). This outcome underscores an important
point: for well-behaved functional data, simpler statistical models, carefully implemented,
can match or beat complex machine learning models. The ARH(1) vs VAR(1) parity, in
particular, suggests that much of the benefit of the functional paradigm was realized
by the initial dimensionality reduction (PCA), and that the subsequent modeling of the
temporal dynamics did not require a Hilbert-space framework beyond that.

The surprising finding that a basic VAR on principal components did as well as the
theoretically more powerful ARH(1) led us to hypothesize and then verify that FPCA
(functional PCA) and ordinary PCA are nearly equivalent in our setting. Through a
follow-up FPCR vs PCR analysis, we showed that when data sampling is dense and reg-
ular, treating data as functions or vectors yields nearly identical predictive performance.
Thus, one might not gain much by “going functional” unless the situation departs from
this ideal scenario.

These conclusions should be interpreted with the data characteristics in mind. Our
dataset had no missing values, was sampled hourly (which is fairly dense given load
curves change smoothly), and had strong autocorrelations that a linear model could cap-
ture. In other contexts, functional methods might show clearer advantages. For instance,
with sparse longitudinal data or when one needs to incorporate physical constraints (like
smoothness or phase alignment), functional modeling would likely outperform a straight-
forward multivariate approach.

For future work, several directions emerge. First, a more rigorous theoretical rec-
onciliation of ARH(1) and VAR(1) is warranted. While existing theorems imply they are
connected, it would be useful to derive conditions under which their forecasts are exactly
the same or to quantify the difference. This could involve studying the estimation error
of the operator ¥ vs the VAR coefficients in finite samples. Second, exploring higher-
order functional autoregressive models ARH(p) and comparing them with VAR(p) for
p > 1 would generalize our comparison. Perhaps at p > 1, issues like determining the lag
order in functional context (see Kokoszka and Reimherr [2013]) might make a difference.
Third, investigating scenarios with intentional introduction of irregular sampling or noise
in our data would empirically test the breaking point where functional models start to
win out. For example, we could down-sample the curves to every 3 hours and add some
noise, and see if ARH(1) overtakes VAR(1). This would provide practical guidance on
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when one should prefer FDA techniques.

Another future direction is to incorporate exogenous variables (like temperature,
day-of-week, holidays) into the functional forecasting framework. Traditional load fore-
casting benefits from such features. One can extend ARH(1) to include functional regres-
sion terms for exogenous functional predictors (e.g., temperature curves), or incorporate
scalar predictors in a functional-linear model. Would that extension still equate to a
multivariate regression on PC scores plus those features? Likely yes, but it would be an
interesting study.

Finally, from the machine learning side, one could attempt to improve the performance
of LSTM or NHITS by giving them more appropriate inputs (for instance, feeding multiple
past days, adding calendar features, or pre-training on similar time series). It might be
that with more data or tweaking, those models could close the gap. If they remain inferior,
it reinforces the message that domain-specific simplicity can trump generic complexity
for this kind of problem.

In conclusion, this thesis demonstrates a successful application of functional time
series methods to electrical load forecasting and provides evidence that, in certain settings,
functional time series models do not necessarily outperform simpler approaches. The work
contributes a comparative study that can inform practitioners about the conditions under
which FDA methods are worth the effort. We have also laid out hypotheses and evidence
regarding FPCA vs PCA, opening the door for theoretical exploration. The continual
interplay between theory and practice is evident here: theory suggested ARH and VAR
should be similar, our experiments confirmed it, and now our results are suggesting new
theoretical questions. By bridging functional data analysis and time series forecasting,
we hope this work spurs further research into efficient modeling of complex sequential
data.
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