
APL Mater. 9, 101111 (2021); https://doi.org/10.1063/5.0056049 9, 101111

© 2021 Author(s).

Photonic memory with nonlinear plasmonic
nanotubes
Cite as: APL Mater. 9, 101111 (2021); https://doi.org/10.1063/5.0056049
Submitted: 06 May 2021 • Accepted: 18 September 2021 • Published Online: 12 October 2021

 Aivar Abrashuly and  Constantinos Valagiannopoulos

COLLECTIONS

Paper published as part of the special topic on Light and Matter Interactions

ARTICLES YOU MAY BE INTERESTED IN

Spin–orbit torques of an in-plane magnetized system modulated by the spin transport in
the ferromagnetic Co layer
APL Materials 9, 101106 (2021); https://doi.org/10.1063/5.0048917

Automatic design of chiral mechanical metamaterials
APL Materials 9, 101112 (2021); https://doi.org/10.1063/5.0066210

Homoepitaxial β-Ga2O3 transparent conducting oxide with conductivity σ = 2323 S cm−1

APL Materials 9, 101105 (2021); https://doi.org/10.1063/5.0062056

https://images.scitation.org/redirect.spark?MID=176720&plid=1737561&setID=376414&channelID=0&CID=635106&banID=520622475&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=54c01d4518588d30a857e87df8c919eb574fdac5&location=
https://doi.org/10.1063/5.0056049
https://doi.org/10.1063/5.0056049
http://orcid.org/0000-0002-0306-8866
https://aip.scitation.org/author/Abrashuly%2C+Aivar
http://orcid.org/0000-0003-1560-2576
https://aip.scitation.org/author/Valagiannopoulos%2C+Constantinos
/topic/special-collections/lmi2022?SeriesKey=apm
https://doi.org/10.1063/5.0056049
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0056049
http://crossmark.crossref.org/dialog/?doi=10.1063%2F5.0056049&domain=aip.scitation.org&date_stamp=2021-10-12
https://aip.scitation.org/doi/10.1063/5.0048917
https://aip.scitation.org/doi/10.1063/5.0048917
https://doi.org/10.1063/5.0048917
https://aip.scitation.org/doi/10.1063/5.0066210
https://doi.org/10.1063/5.0066210
https://aip.scitation.org/doi/10.1063/5.0062056
https://doi.org/10.1063/5.0062056


APL Materials ARTICLE scitation.org/journal/apm

Photonic memory with nonlinear plasmonic
nanotubes

Cite as: APL Mater. 9, 101111 (2021); doi: 10.1063/5.0056049
Submitted: 6 May 2021 • Accepted: 18 September 2021 •
Published Online: 12 October 2021

Aivar Abrashuly1,2 and Constantinos Valagiannopoulos2,a)

AFFILIATIONS
1 Department of Electrical Engineering, Stanford University, Stanford, California 94305, USA
2 School of Sciences and Humanities, Nazarbayev University, Nur-Sultan KZ-010000, Kazakhstan

Note: This paper is part of the Special Topic on Light and Matter Interactions.
a)Author to whom correspondence should be addressed: konstantinos.valagiannopoulos@nu.edu.kz

ABSTRACT
Photonic memory devices are capable of giving different outputs for the same present input, judging from the input’s past values and, in
this way, “remembering” what happened the previous times. Nonlinear cylindrical metasurfaces, when fed centrally by line sources of various
angular momenta, are found to possess exactly this property, which is called multistability; in particular, they can develop multiple responses in
proportion to what the history of excitation intensities is. Interestingly, some of the potential radiation patterns of the considered nanotubes,
despite the homogeneous and isotropic nature of the structure, are azimuthally rotated, even for symmetric excitations. Such a feature of
several alternative stable solutions with different amplitudes and angular tilts may provide a promising route for designing reconfigurable
optical setups with versatile memory and storage utilities.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0056049

I. INTRODUCTION

Nonlinearities are present in practically any photonic substance
as long as the local field magnitudes are suitably large to substan-
tially modify the effective properties of the media.1 Such intensity-
dependent features inherit enriched and versatile dynamics to the
corresponding systems and make them able to host counter-intuitive
effects2 and manipulate electromagnetic fields.3 Fascinating applica-
tions such as the precise control of high-field interactions in laser
oscillators4 or strong light confinement5 and intense focusing6 in
photonic crystals nanocavities have become feasible only because of
the nonlinear response of the utilized materials. Under harmonic
excitation, the constituent relations describing such a response are
oscillating too, and thus, higher-order harmonics are generated,
allowing for efficient frequency mixing7 and all-optical light mod-
ulation.8 Importantly, devices exploiting nonlinearities such as pho-
tonic sensors using silicon,9 optical switches10 or limiters that inte-
grate plasmonics,11 and tunneling waveguides comprising near-zero
index media12 are expected to become ubiquitous and affordable for
mass production in the near future.

One of the most important applications associated with non-
linear setups concerns the ability to modify the output judging not
only from the current level of their inputs but also from their history,

namely, making efficient photonic memory components. Their prin-
ciple of operation is related to the supported phase changes by the
incorporated media such as metalloid alloys,13 organic films,14 com-
posite nanoparticles,15 or simply isolated elements.16 That switch
in the response can permanently modify the crystalline texture and
lead to the design of storage cells that can retain stored informa-
tion even after power is removed17 such as non-volatile architectures
that can be programmed with a single pulse regardless of the previ-
ous state of the material.18 Furthermore, metasurfaces comprising
arrays of film-coupled nanopatches have been both designed19 and
fabricated20 and are found to possess substantial bistability in the
reflection of various diffraction orders. Finally, memory elements
are based on nonlinear operation even though they do not concern
electromagnetic response but involve other effects such as quantum
scattering,21 neuronal activity,22 or optothermal interplay.23

Cylindrical geometries, being amenable to analytical treat-
ment, are particularly suitable for investigating nonlinear interac-
tions with light. In particular, chemically synthesized nanowires
offer a unique material platform24 for producing photonic elements,
including beam formers,25 anomalous scatterers,26 and all-optical
signal processors.27 Multilayered nanorods have also been exam-
ined28 to achieve plasmonic bistability for the propagating modes,
an effect that has been significantly enhanced by non-local cores.29
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Importantly, several approximate solutions have been proposed for
studying cylindrical configurations with nonlinear features from
quasi-phase-matching in resonators30 to discretization of cross sec-
tions31 and iterative scattering corrections32 in isolated wires.

In this work, we consider a nanotube characterized by sur-
face impedance with Kerr nonlinearity that is centrally excited by
a line source. Once its field is omni-directional, the problem is
analytically solvable, and ordinary bistability is recorded. In case
the feeding source has a dipolar pattern, a nonlinear set of two
equations is obtained, and the steady-state transmissivity pattern is
approximately determined by dropping the higher orders of angular
momentum. The obtained solution does not always respect the sym-
metry of the excitation. In particular, several solution branches are
identified, leading to the emergence of multistabilities, and impor-
tantly, parts of the sets of roots give rotated radiation profiles that
further enrich the potential of the device as electromagnetic mem-
ory cell. All these combinations of input intensity, solution type,
and output power make a versatile phase space, exceptionally befit-
ting to a variety of memory-related applications from reconfigurable
beam steering and dynamic displays to tunable photonic tagging,
information storage, and encrypted optical communications.

II. MATHEMATICAL FORMULATION
A. Omni-directional excitation

Let us consider a cylindrical metasurface of radius a, as depicted
in Fig. 1, where the employed Cartesian (x, y, z) and cylindrical
(r, φ, z) coordinate systems are also defined. The surface admittance
σ comprises a linear part iγ and is characterized by Kerr nonlinear-
ity with coefficient κ. The structure exists into vacuum and is excited

FIG. 1. Indicative sketch of the investigated configuration. A circular cylindrical
metasurface of radius a and surface admittance σ having a linear part γ and
Kerr coefficient κ is excited centrally by line sources possessing either an omni-
directional or bipolar angular profile. Our mission will be to examine the multi-
stability of its radiation pattern and test its ability to work as a photonic memory
nanotube. The amplitude of the electric field is denoted by E0 > 0.

internally by an electric current line source of wavelength λ, produc-
ing an omni-directional excitation pattern of electric field amplitude
E0 > 0 at r = a. Since both the excitation and the structure are not
dependent on the z variable, the electric field is always and in all
areas parallel to the z axis, and thus, E = ẑE. For brevity, we assume a
lossless structure, and thus, the surface admittance σ is purely imag-
inary; as a result, both γ and κ are taken as real. With the suppressed
harmonic time dependence (e+iωt , where ω is the adopted angular
frequency), in case the nanotube is of dielectric nature (relative per-
mittivity ε > 1), and we have Im[σ] > 0, and if it is plasmonic (ε < 1),
we have Im[σ] < 0.

The incident electric field is expressed as Einc = E0
H0(k0r)
H0(k0a) while

the transmissive component (for r > a) is written in the form
Etran = E0T H0(k0r)

H0(k0a) , where k0 = 2π/λ is the free-space wavenumber,
T the dimensionless complex transmission coefficient, and Hn is
the second-type Hankel function of n-th order. If one applies the
boundary conditions at r = a for continuity of electric field and dis-
continuity of magnetic field by the effective surface current σE, the
following cubic equation with respect to transmissivity τ = ∣T∣2 is
derived,

[1 + F2
0(γη0 + τ κη0E2

0)
2
]τ = 1, (1)

where η0 = 120 Ω is the wave impedance into vacuum and Fn

= πk0a
4 ∣Hn(k0a)∣2. Such an equation as (1) can be analytically solved,

and the acceptable solutions 0 < τ < 1 can be collected. The trans-
missivity τ cannot surpass unity, as indicated by (1), given the fact
that both γ and κ are real. It should also be stressed that the linear
solution is readily found for κ = 0 as τ = 1

1+(γη0)2F2
0
.

B. Dipolar excitation
If the angular pattern of the incident field is dipolar,33 as indi-

cated by Fig. 1, that is, Einc = E0
H1(k0r)
H1(k0a) cos φ, we can assume that the

transmission possesses the form Etran = E0
H1(k0r)
H1(k0a) [T+e+iφ

+ T−e−iφ
],

where (T+, T−) are the dimensionless transmission coeffi-
cients. Note that we let the transmissivity be non-symmetric
(T+ ≠ T−) due to the nonlinearity of the metasurface, which excites
additional angular harmonics einφ.

We impose the same boundary conditions as in Subsection II A,
but the inhomogeneous one referring to the magnetic field is now
applied only approximately by keeping only the dipolar terms e±iφ.
After expressing the real and imaginary parts of the transmission
coefficients (T+, T−) in terms of the transmissivities τ± = ∣T±∣2, we
obtain the following 2 × 2 system of nonlinear coupled equations:

{1 + F2
1[γη0 + (τ+ + 2τ−)κη0E2

0]
2
}τ+ = 1, (2)

{1 + F2
1[γη0 + (τ− + 2τ+)κη0E2

0]
2
}τ− = 1. (3)

It is obvious from (2) and (3) that, as also happening in the omni-
directional scenario, the transmissivities are searched between zero
and unity, that is, τ± ∈ [0, 1]. It is noteworthy that (3) is obtained
from (2) if one mutually interchanges the transmissivities (τ+, τ−);
such a property means that the solutions will appear in pairs leading
to the same radiation pattern seen from different perspectives, even
if τ+ ≠ τ−.
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Once we solve (2) with respect to τ−, the two (A, B) solutions
τA,B
− of the quadratic equation (2) read

2τA,B
− = −τ+ −

γη0

κη0E2
0
±

1
F1∣κ∣η0E2

0

√
1 − τ+

τ+
. (4)

Expression A corresponds to the plus (upper) sign and expres-
sion B is defined by the minus (lower) sign in (4). By substituting
back to (3), one obtains two transcendental equations GA,B

(τ+) = 0,
each of which will be solved for steady-state τ+ within the interval
0 < τ+ < 1. For every single solution of τ+, we refer back to the cor-
responding formula (4) for τ− and, if 0 < τ− < 1, an acceptable set
of (τ+, τ−) is derived. In this way, the problem of dipolar excita-
tion for a nonlinear metasurface is induced to the (straightforward)
detection of real roots of single-variable transcendental functions
belonging to a finite range τ± ∈ [0, 1]. For a linear device (κ = 0), we
obviously find perfect symmetry with respect to the x, y axis (cos φ)
and thus τ+ = τ− = 1

1+(γη0)2F2
1
.

C. Alternative polarization
When the magnetic field is parallel to the z axis and the sys-

tem is excited by a centrally located magnetic current source, the
analytical formulation seems more complicated since the electric
field determining the nonlinear admittance has two components.
However, even in this polarization, for the omni-directional sce-
nario where the incident magnetic field is given by Hinc =

E0
η0

H0(k0r)
H1(k0a)

and transmission (r > a) by Htran =
E0
η0

T H0(k0r)
H1(k0a) , the transmissivity τ

= ∣T∣2 is found to satisfy the following law:

[1 + F2
1(γη0 + τ κη0E2

0)
2
]τ = 1. (5)

It is very similar to that of the other polarization (1) and can be
solved analytically, in closed form. Note that we use the expres-
sion E0/η0 as the input magnetic field magnitude for the obtained
results to be directly comparable with those of the other set of waves
(of incoming electric field amplitude E0).

When the nanotube is excited by a magnetic cur-
rent source of a dipolar pattern, that is, the excitation is
written as Hinc =

E0
η0

H1(k0r)
H1(k0a) cos φ and the output field as

Htran =
E0
η0

H1(k0r)
H1(k0a) [T+e+iφ

+ T−e−iφ
], we follow the same approach

and obtain again a nonlinear couple of equations with respect to
τ± = ∣T±∣2 given by

⎧⎪⎪
⎨
⎪⎪⎩

1 +G2
1[4γη0 + 4

κη0E2
0

(k0a)2 τ+ +
G1

4F1
κη0E2

0(τ+ + 2τ−)]
2⎫⎪⎪
⎬
⎪⎪⎭

τ+ = 1, (6)

⎧⎪⎪
⎨
⎪⎪⎩

1 +G2
1[4γη0 + 4

κη0E2
0

(k0a)2 τ− +
G1

4F1
κη0E2

0(τ− + 2τ+)]
2⎫⎪⎪
⎬
⎪⎪⎭

τ− = 1, (7)

where Gn = πk0a∣H′n(k0a)∣2 and the prime denotes the deriva-
tive with respect to the entire argument. The coupling dynam-
ics are more complicated than the ones captured by (2) and (3);
importantly, they differ from each other since (6) and (7) directly

involve the optical radius k0a. Specifically, for thin nanotubes, the
autonomous presence of k0a enhances the effect of the Kerr coeffi-
cient since it appears at the denominator of a fraction whose numer-
ator is proportional to κ. However, the transmissivities (τ+, τ−) are
again reciprocally exchangeable between (6) and (7). The steady-
state solutions can be derived once again via solving (6) with respect
to τ−, that is,

2τA,B
− = −τ+ −

4F1

G1

⎡
⎢
⎢
⎢
⎢
⎣

4γη0

κη0E2
0
+

4τ+
(k0a)2 ±

1
G1∣κ∣η0E2

0

√
1 − τ+

τ+

⎤
⎥
⎥
⎥
⎥
⎦

, (8)

and replacing τ− in (7). In this way, the problem is converted
into determining the roots of two transcendental functions across
a closed interval τ+ ∈ [0, 1].

III. NUMERICAL SIMULATIONS
A. Omni-directional excitation

By inspection of (1), it is clear that the system is dependent
only on the two impedance parameters of the metasurface (γ, κ). In
Fig. 2(a), we show the number of real roots of (1) exactly on that
plane, and we clearly observe that two domains, symmetric with
respect to the origin, correspond to three solutions (brown color)
while all the other parametric combinations lead to one unique solu-
tion for transmissivity (blue color). Along the line separating the two
domains of different colors, either an additional double root emerges
(when moving from blue to brown), or solution degeneracy happens
(from brown to blue), and thus, two transmissivities are supported.
As expected,34,35 more than one root is found only if the metasurface
medium changes its phase when increasing the input intensity E2

0.
In other words, a switch from the dielectric character to plasmonic
or vice versa is necessary (but not sufficient), and thus, the signs of
the linear admittance and the Kerr coefficient should be opposite
(γκ < 0). Remarkably, when ∣κ∣ is increasing, the range of (oppositely
signed) γ for which three solutions emerge gets more extended. Note
finally that when both (γ, κ) are small, the metasurface becomes
almost transparent and supports a single solution τ. Quantitatively
speaking, the map shown in Fig. 2(a) requires huge electric field

FIG. 2. (a) Number of acceptable solutions of (1) with respect to transmissivity τ
as a function of the linear admittance γη0 and the unitless Kerr coefficient κη0E2

0 .
When the number is three, we have the appearance of bistability since the third
solution is inaccessible and thus unstable (a = 0.05λ). (b) The S-shaped transmis-
sivity τ as function of incoming intensity E2

0 for various electrical radii a/λ of the
metasurface. The blue color denotes stable, and the red color denotes unstable
(inaccessible) solution branches [γη0 = −10 and κη0 = 20(m/V)2].
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intensities E2
0 since the values of Kerr coefficient κ are usually very

low. For this reason, several techniques of boosting the nonlinear-
ities, that is, effectively increasing the quantity κ, have been devel-
oped. In particular, nonlinear media can be located in the middle
of dipole nanoantenna arrays whose resonances amplify the signal
locally,36 assisted by negative refractive index metamaterials com-
bined with strong artificial magnetism to achieve bistable response37

or sandwiched between epsilon-near-zero plasmonic channels that
enhance Kerr effects.38

In Fig. 2(b), we present the transmissivity τ as a function of the
incoming intensity E2

0 for various sizes of the nanotube a divided
by the operational wavelength λ. One directly notices the S-shaped
curves, which reveal bistability; indeed, if the intensity increases
from zero, it will reach a critical value where the system will have
no alternative but to jump at the upper branch (blue color). Sim-
ilarly, when the input decreases from a high value, the output will
be discontinuous but at an intensity level lower than the previously
mentioned one. In this way, a hysteresis loop is formulated, which
is the backbone feature in most photonic memory elements; indeed,
the system with a specific present excitation E2

0 will respond differ-
ently in proportion to its past values E2

0 = E2
0(t). Note that there is

always a solution branch that is inaccessible and is called unstable
(red color); it makes, therefore, sense that we name this regime bista-
bility despite the presence of three distinct solutions for τ, according
to Fig. 2(a).

By inspection of Fig. 2(b), one easily observes that, at a specific
level of incoming intensity E2

0, the transmissivity equals unity (τ = 1)
regardless of the size a/λ; obviously, we are talking about E2

0 = −γ/κ
where the metasurface behaves as totally transparent (σ = 0). In this
way, if different linear admittances or Kerr coefficients are selected,
the input E2

0 for 100% transmission can be controlled at will. When
it comes to the S-shaped variation τ = τ(E2

0), the hysteresis loop
is more extensive across the E2

0 axis for larger nanotubes since the
developed dynamics are richer and more complex for bigger struc-
tures. Note also finally that the linear response can be found by
these graphs too by setting E2

0 → 0; thus, it is clear that the linear
transmissivity is inversely correlated with the optical size a/λ of the
cylinder.

B. Dipolar excitation
Once the excitation has a dipolar profile, the solution is more

complicated since the transmissive field is described by the nonlin-
ear expressions (2) and (3). In Fig. 3(a), we consider a nanotube with
a = 0.05λ, as in Fig. 2(a), and show the number of different trans-
missivities for each point of the plane (γη0, κη0E2

0); one can clearly
see that up to nine solutions with 0 < τ± < 1 are feasible, contrary
to the case shown in Fig. 2(a), where a maximum of three solutions
appeared. As in Fig. 2(a), multiple solutions are possible only when
γκ < 0, that is, if the material has the ability of changing its type of
response (dielectric/plasmonic). Remarkably, the parameter combi-
nations leading to bistability for the omni-directional excitation of
Fig. 2(a) will send the system to a state with as many as nine dif-
ferent solutions for τ±, when excited by dipoles. Into that domain,
parametric lobes giving seven non-identical transmissivities emerge
while outside of it, the number of potentially supported responses
drops to five. When one approaches the boundaries γ = 0 or κ = 0,
there is a unique solution to the problem, independent from the

FIG. 3. Number of acceptable solutions of coupled nonlinear equations (2) and (3)
with respect to transmissivities (τ+, τ−) as a function of the linear admittance γη0

and the unitless Kerr coefficient κη0E2
0 . (a) a/λ = 0.05 and (b) a/λ = 0.005.

previous values of the excitation, and thus, the operation is memory-
less. Note finally the appearance of an almost vertical parametric
strip around γη0 = –3 corresponding to three distinct solutions.

In Fig. 3(b), we consider a much thinner cylinder (a = 0.005λ)
and show again the number of acceptable solutions of (2) and (3)
on the conductivity plane (γη0, κη0E2

0). It is noteworthy that the
domain corresponding to nine solutions gets substantially shrunk
and move toward smaller linear admittances ∣γ∣, while the scenario of
seven distinct transmissivities becomes the dominant one. One may
also observe that a system supporting only three different responses
is unlikely and, of course, the parametric domains corresponding to
the unique solution are similar to these in Fig. 2(b).

In Fig. 4(a), we pick a combination of linear and nonlinear
admittance [for E2

0 = 3 (V/m)2] that give five distinct transmissiv-
ities and represent the function defined by (3) when τ− is expressed
via (4). In this way, two functions of τ+ are determined, and their
variation with respect to τ+ is shown. We notice that the function
obtained with τ− = τA

− gives three roots and the other one evaluated
with τ− = τB

− adds two extra acceptable solutions for τ+. It should
be stressed that τ−, computed via the corresponding formula (4)
for a given root of τ+, is not necessarily equal to τ+. Therefore,
asymmetric radiation patterns can emerge even if the excitation is
symmetric (cos φ), due to nonlinearity; similar effects have been

FIG. 4. (a) Function (3) when τ− is expressed via (4), represented with respect
to τ+. The zeros of the functions correspond to acceptable τ+. The black curve
corresponds to τ− = τA

−
, and the brown curve corresponds to τ− = τB

−
with E2

0

= 3 (V/m)2. (b) The transmissivity τ+ as a function of incoming intensity
E2

0 . The dashed line at E2
0 = 3 (V/m)2 crosses the solution branches at the

five roots indicated by Fig. 4(a). Plot parameters: a = 0.05λ, γη0 = −10, and
κη0 = 15(m/V)2.
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observed owing to gyrotropy.39,40 In this particular example, the
lesser solution τ+ ≅ 0.005 is asymmetric, as shown in Fig. 4(a) since
it pairs with τ− ≅ 0.25. Obviously, if the positions between (τ+, τ−)
are exchanged, that pair constitutes another asymmetric transmis-
sive pattern, as also revealed by the form of (2) and (3); for this
reason the number of asymmetric solutions is always even. As it is
apparent from Fig. 4(a), the same function originating from each
of the two τ− choices of (4) can have roots corresponding to both
symmetric and asymmetric patterns.

In Fig. 4(b), we represent the transmissivity τ+ for the same
design of Fig. 4(a) as a function of incident power E2

0; the solutions of
Fig. 4(a) are found by determining the values of the curve in Fig. 4(b)
at the level E2

0 = 3 (V/m)2, as indicated by the vertical dashed line.
It is remarkable that the variation contains several S-shaped seg-
ments, not only one as in Fig. 2(b); in this way, the system permits
not two but multiple stable solutions (multistability) and enhances
its memory utilities. It should be stressed that τ+ = 1 occurrs at two
different incoming intensities E2

0 while at least three large hystere-
sis loops are formed. As predicted by the map of Fig. 3(a), there are
ranges of nonlinear admittance κη0E2

0 (controlled by E2
0) that make

the device support any odd number of solutions, up to nine of them;
however, there are combinations of an even number of τ+ too, but
they concern only the boundaries of the corresponding parametric
spaces where solution degeneracies happen. In this specific example,
the transmissivity is unique for E2

0 → 0, but beyond a low threshold,
multiple (nine) solutions are achievable; when E2

0 increases further,
three different degeneracies gradually occur, and for larger input
intensity, the number of different transmissivities τ+ equals to three.

As shown in Fig. 5(a), we repeat the calculations of Fig. 4(b)
for a nanotube of the same size (a = 0.05λ) but different linear
and nonlinear admittances. It is remarkable that for most incom-
ing power levels E2

0, only a single transmissivity is permitted, and
only within a closed interval, three transmissivities are supported, at
the ends of which triple roots emerge. One may point out that even
in this simple case, bistability is possible if the system is pushed to
select another branch when passing from the crossing points. How-
ever, there is a clear distinction between the branch that does not
exhibit bistability, which gives symmetric patterns obeying the pri-
mary excitation (cos φ calling for τ+ = τ−) and a “bubble-like” locus
of solutions that break the azimuthal symmetry (τ+ ≠ τ−).

The multistability dynamics are much more interesting in
Fig. 5(b) where a thinner structure is considered (a = 0.015λ) for
the same admittance profile as that of Fig. 5(a). Again, one directly

FIG. 5. Transmissivity τ+ as a function of incoming intensity E2
0 for (a) a = 0.05λ

and (b) a = 0.015λ. Plot parameters: γη0 = −1.5 and κη0 = 3.5(m/V)2.

observes two solution branches: one S-shaped similar to that of
Fig. 2(b) along which τ+ = τ− and another that gives asymmet-
ric radiation patterns (τ+ ≠ τ−). Note that the two branches cross
each other in several points, and thus, multistability effects, hys-
teresis loops, and memory properties similar to those indicated by
Fig. 5(a) can be also pursued in this setup. However, the most ordi-
nary way for the system to change the solution branch is to be forced
to do it, that is, to perform jumps as those shown in Fig. 5(b).
Indeed, when one keeps increasing E2

0 and the system cannot con-
tinue across the same solution branch due to root degeneracy, it has
no other option but to discontinuously modify its transmissivity. In
the depicted example, there are three alternative destinations for that
jump: two leading to asymmetric patterns, which are flip mirrored
since (τ+, τ−) mutually exchange their positions, and one leading
to symmetric patterns. We show two transitions—one to symmetric
with respect to the x, y axis transmissivity pattern (red color) where
the systems continue to work at the S-shaped response curve and
another to asymmetric (green color).

In order to better digest the response of the structure, in
Fig. 6, we depict the variation in the transmissive field magnitude
∣Etran(x, y)∣/E0 across the xy plane in the two cases indicated by the
jumps in Fig. 5(b). In Fig. 6(a), we show the symmetric radiation pat-
tern, and we realize that it is just an attenuated copy of the primary
excitation Einc. What is really interesting is that the asymmetric pro-
file shown in Fig. 6(b) is a rotated bipolar distribution. In this way,
one can demonstrate sophisticated sensing, switching, and memory
features based not only on the magnitude of the bipolar response but
also on its rotation angle.

An interesting question that emerges by inspection of Fig. 6
would be “how does the system decide to make transition to the
asymmetric or symmetric transmissivity pattern, once the intensity
threshold is surpassed?” The truth is that if more than one alternative
solution branches exists, the system’s choice is dictated by the initial
conditions under which it begins to operate. Indeed, each individ-
ual point comprising the transmissivity graphs of Figs. 4(b) and 5
corresponds to a constant solution at which the response potentially
converges when it reaches its steady state. Every single of the solu-
tions forms parametric regions (basins of attraction) in the phase
space of starting points from which the produced fields are attracted
by the corresponding steady state as the time goes by. In other words,
the exact transitions will be found if one numerically determines

FIG. 6. Spatial distribution of electric field magnitude ∣Etran(x, y)∣/E0 for the
design of Fig. 5(b) at the intensity level E2

0 ≅ 0.62 (V/m)2, where the discon-
tinuous switch occurs. (a) Symmetric response [indicated by red color in Fig. 5(b)]
and (b) asymmetric response [indicated by green color in Fig. 5(b)]. The white disk
corresponds to the nanotube cross section.
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the temporal evolution of the nanotube transmissivity, which falls
outside the scope of this work; we simply show two indicative dis-
continuous changes in the response of the structure, assuming that
the initial states of the system allow for them. Thorough analyses
on the role played by the basins of attraction41 in nonlinear setups
are provided in studies examining a variety of setups including cou-
pled Kerr oscillators,42 saturable photonic dimers,43 and nonlinear
nanomechanical resonators.44

C. Alternative polarization
The system responds differently if excited by the alternative

polarization where the magnetic field is parallel to the z axis. As
shown in Fig. 7(a), we investigate the transmissivity under omni-
directional illumination, as a function of incoming intensity E2

0,
based on dynamic law (5). The well-known S-shaped curves are
formulated for each electrical thickness of the nanotube, and full
transmission is observed at the same input power regardless of
the radius a/λ since the metasurface becomes transparent (σ = 0).
Importantly, the extent of hysteresis cycle diminishes for bigger
cylinders, oppositely to what happens in Fig. 2(b). Another dif-
ference in the responses between the two polarizations is that the
one considered in Fig. 7(a) needs thicker designs to sustain bista-
bility than the case where the electric field is parallel to the z axis
[Fig. 2(a)]. Such a trend has been also met when optimizing similar
configurations;45 indeed, it is the electric field that understands the
metasurface effect since it constitutes a dependent source of elec-
tric (and not magnetic) current. When the electric field is oriented

FIG. 7. Structures excited with the alternative polarization, where magnetic field is
parallel to z axis. (a) Transmissivity τ as function of input intensity E2

0 for various
sizes of nanotubes a/λ under omni-directional feeding, similar to Fig. 2(b) with
γη0 = −10 and κη0 = 20(m/V)2. (b) Transmissivity τ+ as function of input inten-
sity E2

0 under dipolar feeding, similar to Figs. 4(b), 5(a), and 5(b) with γη0 = −0.9
and κη0 = 4(m/V)2. (c) and (d) Spatial distribution of magnetic field magnitude
∣Htran(x, y)∣/(E0/η0) for the nanotube described in Fig. 7(b). Two different solu-
tions are depicted: one symmetric [such as in Fig. 6(a)] and one asymmetric [such
as in Fig. 6(b)] corresponding to the same input intensity E2

0 = 0.46 (V/m)2.

normally to the rod’s axis, it only interacts with its cross section
of width 2a and demands for more sizable diameters to support a
bistable response; this is not the case when the electric field vector
is parallel to the axis and “sees” the whole (infinite) cylinder by its
oscillation.

In Fig. 7(b), we consider a bipolar source with an axial magnetic
field via solving the nonlinear pair of equations (6) and (7), and once
again, multistability is observed for the transmissivity of the device
when the input intensity E2

0 is being swept. As in Fig. 5, two fami-
lies of solutions are formulated: one giving radiation following the
excitation azimuthal distribution (cos φ, symmetric with respect to
the x and y axis) and another producing rotated transmissivity pat-
terns (asymmetric with respect to the x and y axis). The asymmetric-
response branch is a closed “bubble-like” loop as found in Fig. 5(a);
however, this time, the solution family developing symmetric radia-
tion is bistable by itself, offering the possibility of sharp transitions
to multiple values in proportion to the starting point (initial condi-
tions) and the time evolution of the response under causal excita-
tion. In Figs. 7(c) and 7(d), we show the spatial distribution of the
normalized radiated magnetic field on the xy plane for two alterna-
tive solutions concerning the same input intensity E2

0, at which the
asymmetric branch gives maximal transmissivity.

In Fig. 7(c), we depict the symmetric solution, which is obvi-
ously weaker than the asymmetric one appearing in Fig. 7(d); one
also observes that the rotation is more substantial than that in
Fig. 6(b). Finally, the optical radius of the cylinder is selected quite
large, and such a feature is certainly related to the used polarization
as indicated by Fig. 7(a) and explained above; in addition, it has to
do with the amplifying influence of k0a on the nonlinearity of the
device, as predicted by the coupled dynamics (6) and (7). Indeed, for
a very thin nanotube (k0a→ 0), the quantity into the brackets of (6)
and (7) increases unboundedly, and in order to give a finite (uni-
tary) product when multiplied by τ±, it inevitably calls for the trivial
solution τ+ = τ− = 0.

IV. CONCLUSIONS
A cylindrical metasurface with surface conductivity obeying a

simple Kerr-nonlinear law is excited by a line source along its axis
either of a circular or bipolar pattern. When the system is fed omni-
directionally, the solution is analytically obtained, and bistability is
recorded. On the contrary, to solve the formulated boundary value
problem for the dipole source, we drop the terms of higher angular
momentum orders, and a coupled nonlinear system is educed. The
solutions for transmissivity are obtained by detecting the roots of a
transcendental function within a closed interval, and multistability
is observed. Importantly, certain solution branches give azimuthally
rotated patterns that do not follow the variation of the excitation; in
this way, the discontinuous transitions of the response do not con-
cern only the radiated power but also the shape of the transmissive
patterns.

An interesting extension of the present work would be to rev-
olutionize the metasurface by admitting it to be not only nonlinear
but also active, yielding to a much more interesting and enriched
dynamic scheme with reflection-compensation utilities. Of course,
when considering structures incorporating gain media, a careful sta-
bility analysis is required46 in order for the transmissivity to be
strong but not unboundedly increasing with time. In addition, one
may consider multiple concentric metasurfaces47 characterized by
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inhomogeneous surface admittances48 via modifying the followed
analytical and numerical treatment, to increase the number of stable
solutions supported by the system. In this way, the versatility of the
device operation as a photonic memory element will be substantially
boosted and offer unprecedented capabilities of tunable storage and
reconfigurable information encryption.
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