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In this paper, we present geometric Hardy inequalities for the sub-Laplacian in half-
spaces of stratified groups. As a consequence, we obtain the following geometric Hardy
inequality in a half-space of the Heisenberg group with a sharp constant:

P p—l P W(g)p P
[ wapde> (P22) [ i, >,

which solves a conjecture in the paper [S. Larson, Geometric Hardy inequalities for
the sub-elliptic Laplacian on convex domain in the Heisenberg group, Bull. Math. Sci.
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6 (2016) 335-352]. Here,

1

2

W(E) = (Zm(sx V)% + (Vi (9), u>2>
i=1

is the angle function. Also, we obtain a version of the Hardy—Sobolev inequality in a
half-space of the Heisenberg group:

p—1\P W(E)P v . \FF
(s v (52)" [, g oe) 20 (L) ™

where dist(£, OHT) is the Euclidean distance to the boundary, p* := Qp/(Q — p), and
2 < p < Q. For p = 2, this gives the Hardy—Sobolev—Maz’ya inequality on the Heisenberg

group.

Keywords: Stratified groups; Heisenberg group; geometric Hardy inequality; half-space;
sharp constant.

Mathematics Subject Classification 2020: 35A23, 35H20, 35R03

1. Introduction

Let us recall the Hardy inequality in the half-space of R™

—1\? P
/ \Vul|Pdz > <p7) / %d:c, p>1, (1.1)
R R

T on
for every function u € C§°(R’), where V is the usual Euclidean gradient and
R = {(a',2n)|2" := (x1,...,20—1) € R" 1 2, > 0},n € N. There is a number of
studies related to inequality (L), see e.g. [1L 2, 51 12].
Filippas et al. in [0] established the Hardy—Sobolev inequality in the following

NP b\ 7 O\
/ \VulPdz — (p—l> / %d:p >C / wPde |, (1.2)
R p R? Tn R?

for all function u € C§°(R"}), where p* = % and 2 < p < n. For a different proof
of this inequality, see Frank and Loss [§] as well as Psaradakis [13].

A Hardy inequality for a half-space of the Heisenberg group was shown by Luan
and Young [I1] in the form

$2+ 2
/ IV pruf2de > / [ 11 2 (1.3)
H+ H+

n
+

form:

n
+

t2

An alternative proof of this inequality was given by Larson in [I0], where the author
generalized it to any half-space of the Heisenberg group

2 1 Z;’I:1<Xl(£)7 V>2 + <}/1(§)7 V>2 2
/W |Vau|dg > Z/H+ dist (¢, OH)? |ul“dg,

where X; and Y; (for i = 1,...,n) are left-invariant vector fields on the Heisenberg
group, v is the Riemannian outer unit normal (see [J]) to the boundary. In the same
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paper the following LP-generalization of the inequality was proved

p—=1\" [ X (Xi(©), )P + [(Yi(§),v) P
/H+ |V gulPdé > (T) o ! dist(€, OHT )P |u|PdE.

Note also that the authors in [I5] have extended this result to general Carnot
groups, see [IGHII].

The main aim of this paper is to improve the LP-version of the geometric
Hardy inquality for the sub-Laplacian in the half-spaces of stratified groups (Carnot
groups), where the obtained inequality will be a natural extension of the inequality
derived by the authors in [I0] [I5] on Heisenberg and stratified groups, respectively.
In particular, we prove an inequality conjectured in [I0]. Moreover, we obtain a
version of the Hardy—Sobolev inequality in the setting of the Heisenberg group.

The main results of this paper are as follows:

e Geometric LP-Hardy inequality on G*: Let Gt := {x € G : (z,v) > d} be
a half-space of a stratified group G. Then for all u € C§*(GT), 3 € R and p > 1,
we have

2 W(z)?
[ Veupds =~ 1o +8) [ R e

L, (dist(z,0G™))

0 ., distz, a6yt

|u|Pdz,

where W(x) := (Z§11<Xi(x),u>2)1/2, and £, is the p-sub-Laplacian on G, see
D).

e Geometric LP-Hardy inequality on H*t: Let Ht := {£ € H" : (£,v) > d}
be a half-space of the Heisenberg group. Then for all u € C§°(H") and p > 1 we

p—1\" W)
o romae = (52) [ g

where W(&) == (31 (Xi(£),v)? + (Yi(€), V>2)1/2 and the constant is sharp.

e Geometric Hardy—Sobolev inequality on Ht: Let Ht := {£ € H" : (£,v) >
d} be a half-space of the Heisenberg group. Then for all u € C§°(H™') and 2 <
p < Q with @ = 2n + 1, there exists some C' > 0 such that we have

have

1

p=1\' [ WP ’ )
(/H (Varuffdl = (T) /H dist(f,aHﬂP'“'pdg) =¢ </H ef dg) ’

where dist(§,0HT) = (£,v) — d is the distance from ¢ to the boundary and
p*i=Qp/(Q—p).

1.1. Preliminaries on stratified groups

Let G = (R™,0,d)) be a stratified Lie group (or a homogeneous Carnot group),
with dilation structure d, and Jacobian generators Xi, ..., Xy, so that N is the
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dimension of the first stratum of G. Let us denote by @) the homogeneous dimension
of G. We refer to the recent books [T [20] for extensive discussions of stratified Lie
groups and their properties.

The sub-Laplacian on G is given by

N
L=>Y X; (1.4)

k=1

We also recall that the standard Lebesque measure dx on R™ is the Haar measure
for G (see, e.g. [0, Proposition 1.6.6]). Each left invariant vector field X has an
explicit form and satisfies the divergence theorem, see e.g. [7] for the derivation of
the exact formula: more precisely, we can express

9 r N o 9
_ l ’ (1-1)
X = + ap (@ ) , (1.5)
333;6 ;mZ:l " &ng)
with z = (2/,2®, ..., (")), where r is the step of G and z(!) = (:zzgl), e ,xg\l,)L) are

the variables in the Ith stratum, see also [7, Sec. 3.1.5] for a general presentation.
The horizontal gradient is given by

Ve = (X1,..., Xn),
and the horizontal divergence is defined by
divgv := Vg - v.
The p-sub-Laplacian has the following form:
L,v = Vg(|[Veu[P2Vgv). (1.6)
Let us define the half-space on the stratified group G as
Gt :={z€G: (z,v) >d},

where v := (v1,...,v,) with v; € RN, j =1,...,r, is the Riemannian outer unit
normal to G™ (see [9]) and d € R. Let us define the so-called angle function

such function was introduced by Garofalo [9] in his investigation of the hori-
zontal Gauss map. The Euclidean distance to the boundary OG™ is denoted by
dist(z,0G") and defined as

dist(z, 0G™) = (z,v) — d.
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2. Geometric Hardy Inequalities

Theorem 2.1. Let GT be a half-space of a stratified group G. Then for all B € R
and p > 1, we have

_Pp_ W(x)p
P i 2 C W@r
[ Veupds = - (a4 ) [ s
L, (dist(z,0G"))
+ﬁ/@+ dist(z, 0G+)p—1 |ulPdz, (2.1)

for all u € C§°(GT).

Proof of Theorem [2.71 Let us begin with the divergence theorem, then we apply
the Holder inequality and the Young inequality, respectively. It follows for a vector
field V € C>°(G™) that

/ dive V]ulPde — —p/ PV, Vi ul)dae
G+ G+

P

Sp(/ |vG|u||Pda:> (/ |V|v’*|u|*°da:>

G+ G+

< / VelulPdz + (p— 1) / V|75 e
G+ G+

By rearranging the above expression and using |Vgu| > |[Vg|u||, we arrive at
/ VeulPds > / (diveV — (p— 1)|V[70)|ulPda. (2.2)
G+ G+
Now, we choose V in the following form:

| Vedist(z, G ) [P~

= dist * 2.
V=p dist(z, G )1 Vedist(z, 0G™), (2.3)

that is

_p_ _p_ V(;,dist w,@G* p
Vst = st VoIt 07
dist(z, 0GT)P

Also, we have
|Vedist(z, 0GT)|P = |(X1dist(x, 0GT), ..., Xydist(x, 0GT))|?
= |({(X1(z),v),.... (Xn(2), )

= (Z(Xi(w)w>2> = W(x)".

i=1

(NS
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Indeed, let us show that (X;(z),v) = X;{(x,v):

Xi(x) =0, 1,....0,a(@),....al%, (@),...,
N2
agfl)(x/,x(2),...,x(rfl)),.. ETK, (o, x(Q),...,x(rfl))),
Ny
(Xi(z),v) = v +Z Z a(l) A A
=2 m=1

and

Zxkyk +i Z x l)u l),

=2 m=1
Xi(z,v) = v, +Z Za(l) e ION
=2 m=1

A direct calculation shows that

V(| Vadist(z, 0GH)|P~2Vgdist(z, 9G))

diveV' =5 dist(z, 0GT)r—1
|Vdist(z, 3G+)|p72VGdiSt(I, 3G+)
dist(z, 0GT)P~2Vdist(z, 0GT)
- 6(p - 1) . 2(p—1
dist(x, 0G+)2(r—1)
i + i +)|p
_ gl L, (dist(z,0G™)) T 1)|nglst(:17,5G )|

dist(x, 0GT)p—1 dist(z, 0GT)P

So, we get

Vedist(z, 0GH)[P

divgV — (p — 1)|V|”}%1 =—(-1(pl = +0) dist(z, 9G+)P

L, (dist(x, 0G™))
dist(x, 0GT)p=1 "~

+ 5

Putting the above expression into inequality [22), we arrive at

. L (EL @)
[ IVeuPde > =187t + ) [ A s

L,(dist(z, 0G™))
o dist(z, 9G+)P1

[SIS]

+0

|u|Pda,
completing the proof.
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2.1. Preliminaries on the Heisenberg group

Let us give a brief introduction of the Heisenberg group. Let H” be the Heisenberg
group, that is, the set R?"*! equipped with the group law

gof:: (z+Z,t+t+2Im(z,2)),

where ¢ 1= (z,y,t) € H", 1= (x1,...,20), ¥ := (Y1, -, Yn), 2 := (7,y) € R is
identified by C”, and ¢! = —¢ is the inverse element of ¢ with respect to the group
law. The dilation operation of the Heisenberg group with respect to the group law
has the following form:

Ox(€) :== (\x, Ay, A*t)  for A > 0.

The Lie algebra b of the left-invariant vector fields on the Heisenberg group H" is

spanned by
0 0
X, = a—wi+2yi§ for 1 <i <n,
Y, = 9 72331-2 for 1 <i <n,
c’)yi ot
and with their (nonzero) commutator
0
[ ] 5

The horizontal gradient of H” is given by
vH = (X17 s 7Xn7Y17' s 7Y’r7.)7

so the sub-Laplacian on H" is given by

Let us define the half-space of the Heisenberg group by
H' :={£eH": (,,v) > d},

where v = (vg, vy, 1) with v, v, € R” and 14 € R is the Riemannian outer unit
normal to HT (see [9]) and d € R. Let us define the so-called angle function

i=1

The Euclidean distance to the boundary OHT is denoted by dist(¢,0H') and
defined by

dist(&,0H™) == (¢, v) — d.

2050016-7
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2.2. Consequences on the Heisenberg group

As a consequence of Theorem Il we have the following inequality.

Corollary 2.2. Let HY be a half-space of the Heisenberg group H™. Then for all
u € C(HT) and p > 1, we have

p—1\" W(E)”
[owmraez (P2) [ e (2.4

where the constant is sharp.

Remark 2.3. Note that inequality ([24) was conjectured in [10] which is a natural
extension of inequality ([3) in [II]. Also, the sharpness of inequality (Z4]) was
proved by choosing v := (1,0,...,0) and d = 0 in the paper [10].

Proof of Corollary Let us rewrite the inequality in Theorem 2.1l in terms of
the Heisenberg group as follows:

- W
Vi > =087 1) [

dist (&, OHT

4 / ‘CP( 18 (578 _)1) |U|pd€
m+ dist(&, OHT)P

In the case of the Heisenberg group, we need to show that the last term vanishes

to prove Corollary [Z2 Indeed, we have

Ly(dist(¢,0HT)) = Ve ([Ve (& v) — d)P Ve (& v) —d)
Ve (Ve (& )P *Ve (&, v))

= Z(Xi(lvm;r(&V>|p_2<Xi(€),V>) +Yi(IVa (& ) Pm(Yi(€),v))

=) X Z (((X5(8), ) + ((Y5(8), v))?) (Xi(&),v)
+y Y Z (((X5(8), ) + ((Y5(8), v))?) {Yi (&), v)

2050016-8
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p—2__
> 1
n n

+(=2) Y || Do(UX5€),)* + (Y;(6), 1))

i=1 \ \j=1

since
(Xi(€),v) = vai + 2yin,  (Yi(§),v) = vy, — 2xiw,
Xi(Xi(€),v) =0, Yi(Yi(§),v) =0,
Yi(Xi(§),v) =2v, Xi(Yi(§),v) = —2u,

where ¢ = (z,y,t) with z,y € R" and ¢t € R, v := (vg,vy,1n) with v, :=
Vo, s Vpn) and vy == (Vy1,..., V). Then, we have

—
X&) =(0,...,1,...,0,0,...,0,2y;),
—_— —

So, we have

»_ W(E)P
[ 1Vnas = = 00817 ) | e

Now, we optimize by differentiating the above inequality with respect to (3, so that
we have

p -
e p— 1:0
ST =0,

_(p=1\
6(19) '

Using this value of 3, we arrive at

p—1\" W(E)P
/]HH Vauf?d = (T) /H dist(e, omryr

We have finished the proof of Corollary 2.2 O

which leads to

3. Geometric Hardy—Sobolev Inequalities

In this section, we present the geometric Hardy—Sobolev inequality in the half space
on the Heisenberg group.

2050016-9
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3.1. A lower estimate for the geometric Hardy type inequalities

We start with an estimate for the remainder.

Lemma 3.1. Let H' be a half-space of the Heisenberg group H™. Then for p > 2,
there exists a constant Cp, > 0 such that

B p—1\" |V pdist (&, OHT)|P
Ep[u]—/]w |VHu|pd§_( D ) /H+ dist(&, OHT)P Jul?dg

> Cp/+ |dist(&, OHT) [P~V go|Pde, (3.1)
H
for all w € C§°(HT), where dist(§,0HT) := (§,v) — d is the distance from & to the
boundary, Cp, = (2771 — 1)1, and u(¢) = dist(ﬁ,@H'*‘)pT?lv(ﬁ).

The Euclidean version of such a lower estimate to the Hardy inequality was
established by Barbaris et al. [4].

Proof of Lemma [B.1l Let us begin by recalling once again the angle function,
denoted by W,

|V dist(&,0HT) P = [(X1(&,v), ..., Xp (&), Y1 (& v), ... Yol(E )P
(Z Yi(ﬁ)ﬂ/>2> = W(E)". (3.2)

Note that X;(£,v) is equal to (X;(£), V), see the proof of Theorem 2] This expres-
sion |V gdist(&,0HT)[P = W(E)P will be used later. For now, we will estimate the
following form:

—1\? W(E)P
Byl i= [ Ve - (P2) [ LSS (03)

To estimate this, we introduce the following transformation:

u(€) = dist(&, 0H) T v (€). (3.4)
By inserting it into (B3] and using [3.2]), we have
_ P
E,[u] :/ L 1dist(§,5H+) PVHdlst(§ OHT v + dist (€, 0HT) 7 Vv d¢
H+
_(p=1Y [ _vEr 2L
( P ) L. it o e o) o
p— 1 . +y—1 . + p—1 VH'U P p
> g 3 e ——
> /H | Fdist (e, 0B o+ s, 05) 7 )

p

IW(E)[PdE.

— 1dist(§,6H+)‘Ev

2050016-10
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Then for p > 2 and A, B € R™, we have that
|A+ BIP —|A]” > C,|B|P + p|APT*A - B,
where Cp, = (277! — 1)7! (see [4, Lemma 3.3]). By taking

VHU
V g dist (€, OHT)

-1 p—
A= "dist(6,0HY) " Fv and B := dist(¢, 9H) 7
p
then we have the following lower estimate:

Bl > [ WOP(A-+ B - |Ap)de

. - W(E)” p—1\""
> +yp—1 P
> C, - dist(&§, 0OH™ )P~V g |VHdist(§,8H+)|Pd§ + ( ’ )

« / IW(E)PIV srdist (€, OHY) [P~ (V prdlist(€, OHY) - V prlo]?) dé
H+

z(QZ/ dist (¢, OH )P~V ro[Pde.
H+

In the last line, we have used (8.2 and we dropped the last term on the right-hand
side. This completes the proof of Lemma [311 O

3.2. Geometric Hardy—Sobolev inequality in the half-space on H™
Now, we are ready to obtain the geometric Hardy—Sobolev inequality in the half-

space on the Heisenberg group H"™.

Theorem 3.2. Let HT be a half-space of the Heisenberg group H™. For 2 <p < Q
with Q@ = 2n+ 1 there exists some C > 0 such that for every function u € C§°(H™)
we have

p—1\" W(e ' ALY
(/H IVarufde - (T) /H dist(§,6H+)P|“|pd€) = ¢ (/H ful? d§> ’

(3.5)

where p* 1= Qp/(Q — p) and dist(&, 0HT) := (£, v) — d is the distance from £ to the
boundary.

Remark 3.3. Note that for p = 2 we have the Hardy—Sobolev—Maz’ya inequality
in the following form:

1 W(E)? : L\
( | wautae-5 [ W'“'2d§> > ¢ ( [t dé“) . (36)

where 2* :=2Q/(Q — 2).

2050016-11



Bull. Math. Sci. 2020.10. Downloaded from www.worldscientific.com
by 93.171.67.175 on 02/01/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

M. Ruzhansky, B. Sabitbek € D. Suragan

Proof of Theorem Our key ingredient of proving the Hardy—Sobolev inequal-

ity in the half-space of H" is the L'-Sobolev inequality, or the Gagliardo—Nirenberg

inequality. It has been established on the Heisenberg group by Baldi et al. in [3].
The L'-Sobolev inequality on the Heisenberg group follows in the form:

)
(/ |g|@1d§) < [ Vuglie
H» H»

for some ¢ > 0, for every function g € Wh(H"). Now, let us set g = |u|?”
then we obtain

Q-1

* -1 p—1
o [ ras) T <|BEED [ 5wl
(Q—l) pr(p
e /H ] @
_|p(@—-1)
Q- /H+u

We have used |V g |u|| < |Vgu| (see [14, Proof of Theorem 2.1]). Then, we arrive at

Q-1
. o
a (/ uf? dg) <[ lu
H+ H+

where Cy := c’ Q 1) ‘ > 0. Let us estimate the right-hand side of inequality &.1).

N
3

bS]

IN

3

(3.7)

Again, we use a ground transform u(¢) = dist(&, 9HT) 7 (f) which leads to

/ |
H+
7/ |U|p (1 1/p)

x Vg dist (€, 0H v

S/ lu
H+

+ p—1 dist(f, 8H+)p*(1—1/p)2—1/p
p H+

X |V grdist (&, OHY)||v]?”
p—1
2

dist(€, 0HY) "7 Vo + 2 1dist(§,aH+)*1/P

dg

P (=1/) digt(¢, H*) 7 |V rolde

In the last line we have denoted two integrals by I; and Is, respectively. Also, for
simplification we denote o := p*(1 — 1/p)? + 1 — 1/p. First, we estimate I using

2050016-12
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integrations by parts
I - / dist (¢, OH )|V ydist (¢, OH ) |[v] 2P/ D de
H+

] /H (Vardist(€, 0F)°, i (€, OH))

«

|v|ep/(P=1)
|V g dist(€, OHT)|

dg

L - V g dist(€, OH)[v|or/ (= 1)
—— [ dist(¢, omt)°
- /]HH ist(&, )V ( IV prdist (€, OHV)|

= 71/ dist(¢, OH™T)®
H+

«

y V pdist (&, OHT)V g |v|o#/ (P=1)
|V rdist (&, OH)|

(Vydist(&, 0HT), V|V grdist (€, OHT) ) [v]or/(P=1) dt
|V gdist(&, OHT)|?

o Vadist(€, 0HT)V gr|v|oP/ (P=1)
|V dist (&, OHT)|

dg

«

S /H+ dist(¢, OH)

<L | dist(e, oHF)|u]oP/ P17 ro|de

p—1 Jg+

L O P dist(e, 0BV olde < 2T,
p—1Jg+ p—1

We have used |V |u|| < |Vgul, and

n

L(dist(¢,HT)) = Y " (Xi(Xi(€),v) + Yi(Yi(€),v)) =0,

i=1
since
(Xi(€),v) = v+ 2yve, (Yi(§),v) = vy — 2w,
XZ<X1(£)7V> :Oa }/7,<}/Z(£)7V> :Oa
where ¢ = (z,y,t) with z,y € R" and t € R, v = (vg,vy, 1) with v, :=
(Va1 Vo) and vy == (Vy1,...,Vyn). Also, we have
(Vgdist(&,0HT), Vg |V gdist(€, 0HT)|)

o 2Vt
|V gdist(¢, OHT)|

X ((2z1ve — vy 1) We1 + 2y1ve) + - + 2opry — Vyn) Ve + 2ynts)

n

+ (Vy,l — 2(171Vt)(1/z,1 + 2y1Vt) + -+ (Vy,n - 2xnyt)(yx,n + 2yth)) = 07

n
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since

V|V gdist(¢, 0H1)| = (X1|V gdist(¢, OHY)|, . .., X,|V pdist(¢, 0H)|,
x Y1 |V gdist(€, OHT)|,. .., Y, |V pdist (¢, OHT)|)

2Vt

T [V dist(€, 0HT)|

X (2@ — Uy, ., 2Tl — Vyon, Va1 + 201V, oo, Ve n + 2Unlt),

n n

and

Vudist(&,0HT) = (Ve + 201, « « s Vaon + 2Ynlt, Vy1 — 22104, .« o, Vy .y — 2Tp14).

n n

As we see that integral I can be estimated by integral I;. From this estimation,

we knOW that
/ |u
H+

Now, it comes to estimate I; by using the Holder inequality

L= / {lu
H+
. 1-1/p 1/p
< (/ |ul|? d§> (/ dist(g,aH+)P1|vHu|Pd§>
H+ H+
1-1/p
<cUr (/ Jul” dé)
H+

p—1\" W(E)P Y
. (/H IVirultde = (T) /H dist<£,8H+)P|“|pd5) '

In the last line we have used Lemma BTl Inserting the estimate of I; in (B.8]), we

PrA=P) ulde < 21, (3.8)

PrA=1/P) Y (dist (€, OHT) P~ D/P|V o] LdE

arrive at

/ |l O ruldg
H

1-1/p
<2, ([ i)
H+

p—1\" W(E)? z
. (/H IVarulde = (T) /H dist(f,aHﬂP'“'pdg) '

2050016-14
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Plugging the above estimate in (3.7)), we have

a (/ fuf? d§> <2051/ (/ fuf? dg)
H+ H+

p—1\" W(E)? ;
X(/H 'VH“'pdg_( ’ >/H dist(g,aH+>p'“'pd§> '

By collecting terms, we finish the proof of Theorem O

3.3. Consequence of Theorem [3.2]

Let us demonstrate our result in a particular case when p = 2.

Corollary 3.4. Let HT := {¢ = (z,y,t) € H"|[t > 0} be a half-space of the Heisen-
berg group H™. Then for every function u € C§°(H™) taking d = 0, we have

2 [ Pl ) ( > )
(/H+|VHu|d§ /IHI+ S upag) > 0 /H+|u| i) (39

where 2% :=2Q/(Q — 2),Q = 2n + 2, with C > 0 independent of u.

Proof of Corollary B4l We have the following left-invariant vector fields:

0 0 0
Xi=——+2= and Yi=—— -2
oz, TG T
with the commutator
0
Xivifi 74_
[ =45
r—L\ ,_/"H
Then for &€ = (21,...,Zn,Y1,.--,Yn,t) and v = (0,...,0,0,...,0,1), we get
<XZ(£)7V> = 2y; and <)/Z(£)7V> = —2z,
where
/—/; /—fﬁ
Xl(é-) = (07 '717"'70707 0 2y1)

Thus, we arrive at
WE? Bl P
dist (&, OHT)? t2 ’
Plugging the above expression into inequality (B8, we obtain

2|2 + |y[? 3 b
(/ IV ul*dg —/ %Wﬁdf) >C (/ lu df) ;
H+ H+ H+
showing ([B.9). O
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