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1. Introduction

Consider the following Bessel-Riesz operators
[z —yl*™"

o f(z) = /Rn Koq(r—y)f(y)dy = /Rn At jz—g)

where f € L! (R"),p>1,~v>0and 0 < a < n. Here, I, and K, , are

loc
called Bessel-Riesz operator and Bessel-Riesz kernel, respectively.

fy)dy, (1.1)

The boundedness of the fractional integral operators I, on Lebesgue
spaces was shown by Hardy and Littlewood in [24], [25] and Sobolev in
[43]. In the case of R™, the Hardy-Littlewood maximal operator, the gen-
eralized fractional integral operators, which are a generalized form of the
Riesz potential I, = I,, Bessel-Riesz operators and Olsen type inequali-
ties are widely analysed on Lebesgue spaces, local (central) Morrey spaces
and generalized local (central) Morrey spaces (see e.g. [1], [10], [29], [13],
[11], [28], [30], [31], [23], [42], [26] and [27], as well as [6] for a recent sur-
vey). For some of their functional analytic properties, see also [7], [§] and
references therein. We also refer [17], [18], [16], [5], [37] for analysis in local
(central) Morrey spaces and generalized local (central) Morrey spaces, and
[], [3] in anisotropic local Morrey-type spaces.

In this paper we are interested in the boundedness of the Hardy-Little-
wood maximal operator, Bessel-Riesz operators, generalized Bessel-Riesz
operators, generalized fractional integral operators and Olsen type inequali-
ties in generalized local (central) Morrey spaces on homogeneous Lie groups.
The obtained results give new statements already in the Euclidean setting
of R when we are working with anisotropic differential structure. Further-
more, even in the isotropic situation in R™, one novelty of all the obtained
results is also in the arbitrariness of the choice of any homogeneous quasi-
norm, and some estimates are also new in the usual isotropic structure of
R"™ with the Euclidean norm, which we will be indicating at relevant places.

Thus, we could have worked directly in R™ with anisotropic structure,
but since the methods work equally well in the setting of Folland and Stein’s
homogeneous groups, we formulate all the results in such (greater) general-
ity. In particular, it follows the general strategy initiated by their work, of
distilling results of harmonic analysis depending only on the group and di-
lation structures: in this respect the present paper shows that the harmonic
analysis on local (central) Morrey spaces largely falls into this category.

In turn, this continues the research direction initiated in [36] devoted to
Hardy and other functional inequalities in the setting of Folland and Stein’s
[15] homogeneous groups. We also refer to recent papers [32], [33], [34], [35],
[38], [39], [40] and [41] for discussions related to different functional inequal-
ities with special as well as arbitrary homogeneous quasi-norms in different
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settings. Local (central) Morrey spaces for non-Euclidean distances find
their applications in many problems, see e.g. [20} 21] and [22].

We also refer to the recent survey paper [2] for some inequalities in
fractional calculus that are used in differential or integral equations, and
refer to [9] for the boundedness of the Riesz fractional integration operator
from a generalized Morrey space LP?(R") to a certain Orlicz-Morrey space
L®%(R™).

For the convenience of the reader let us now shortly recapture the main
results of this paper.

For the definitions of the spaces appearing in the formulations below, see
(B.1) for local (central) Morrey spaces LMP4(G), ([B.2]) for generalized local
(central) Morrey spaces LMP?(G), and (Z.I)) for generalized Camponato
spaces LMP?(G), as well as ([34) for the Hardy-Littlewood maximal oper-
ator M, ([2.4) for Bessel-Riesz operators I, ~, (G.I]) for generalized Bessel-
Riesz operators I, -, and (6.I]) for generalized fractional integral operators
T,. Both I,, and T}, generalise the Riesz transform and the Bessel-Riesz
transform in different directions.

Thus, in this paper we show that for a homogeneous group G of ho-
mogeneous dimension () and any homogeneous quasi-norm | - | we have the
following properties:

e If0<a<@and~y >0, thenKaweLpl(G)for%<p1<

1
gkR )p1+Q 1
_Qc,ga’ and || Koy 2r1 6 (ZkeZ H_Qk—R)'ypl) for any R > 0,
— \w\‘k"
where K, , = EEIRE

e For any f € LMP?(G) and 1 < p < oo, we have

||Mf||LMp,d>(G) < Op||f||LMPv¢(G)’

where generalized local (central) Morrey space LMP?(G) and Hardy-
Littlewood maximal operator M f are defined in (3.2) and (B.4),
respectively.

elety>0and 0 < a < Q. If ¢(r) < CrP for every r > 0,3 <
—a,1 < p < oo, and <p < Qi then for all f € LMP?(G)
we have

Qty—a

HIaﬂ/fHLMqvw(G) < Op,qb,QHKan/HLPl (G)Hf”LMPv‘P(G)’

where ¢ = ;ff—f@ and (1) = (¢(r))P/9. The Bessel-Riesz operator

I, ~ on a homogenous group is defined in (Z.4]).
e Lety>0and0<a<Q. If ¢(r) < CrP for every r > 0,8 < —a,

<py<p1 < i and py > 1, then for all f € LMP?(G) we

_Q
Q+y—«a Q-

have
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”Ia,’yf”LMqvw(G) < CP <¢>7QHKa ’YHLMP%I’I(G)”f”LMPv‘P(G)v

where 1 < p < 00,q = Bﬁprﬂ/J( )= (¢(7’))p/q'

Let w : Rt — R* satisfy the doubling condition and assume that
w(r) < Cr=@ for every » > 0, so that K,, € LMP**(G) for
ﬁ <p2<&andpgz1,where0<a<Qand'y>0.
If ¢(r) < CrP for every r > 0, where < —a < —Q — 3, then for
all f € LMP?(G) we have

oy fll Laraw @) < Cb, ¢,Q||Ka,w||LMP2M(G 1 flaze.s ()

where 1 < p < 00,q = m and () = (¢(r))P/9.
Let v > 0 and let p and ¢ satisfy the doubling condition (B.3)).

Let 1 < p < ¢ < . Let ¢ be surjective and satisfy foo 2OF gy <
C1(¢(r))P, and

o) || Fgmars [ G2 < cotrp

for all » > 0. Then we have

”Ipv'yf”LMq,ﬁbp/q(G) S Cp’q7¢7QHfHLMp7¢(G)7

where the generalized Bessel-Riesz operator I, is defined in (5.1J).
This result is new already in the standard setting of R".

Let p and ¢ satisfy the doubling condition (3.3]). Let v > 0, and
assume that ¢ is surjective and satisfies (5.3)-(5.4]). Then for 1 <
p < p2 < 0o we have

||WIp,'yf||LMp,d>(G) < Opy¢,Q||W||LMp2,¢P/p2 (G)||f||LMPv¢(G)7

provided that W € LMP2:e"'2 (G). This result is new even in the
Euclidean cases.
Let p and ¢ satisfy the doubling condition (B3]). Let 1 < p < ¢ <

oco. Let ¢ be surjective and satisfy [ (z)(tﬁdt < C1(¢(r))?, and
" p(t < p(t)o(t
o) [ Aars [T ar < cooiryprn,

for all » > 0. Then we have

||Tpf||LMq,¢P/q(G) < Cp7q7¢,Q||f||LMPv¢(G)v

where the generalized fractional integral operator T}, is defined in

©1).
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e Let p and ¢ satisfy the doubling condition (83]). Let ¢ be surjective
and satisfy (6.3])-(6.4). Then for 1 < p < py < co we have

IWTpfllars@) < CpsQlIWI 0, o0re2 ) |l aar o),

provided that W € LMP29""(G).
e Let w: RT — RT satisfy the doubling condition and assume that
w(r) < Cr=® for every r > 0, so that K,, € LMP**(G) for

Q—-i-?y—a < pg < _Q‘Ea and po > 1, where 0 < o < Q, 1 < p <
00,q = 6+%D_a and v > 0. If ¢(r) < CrP for every r > 0, where

b < —a< —Q — 3, then we have

IW Loy fllLamee) < Coo.@I Wy a2 gy 1l Larro ()

provided that W € LMp2v¢p/p2(G), where p% — Jlu

is new already in the Euclidean setting of R™.

o Let p satisfy (6.2)), (B3), (3], (74), and let ¢ satisfy the doubling
condition (33) and [ @dt < oo. If

/rw@dt/or%t)dt+r/rw%dtéc3¢(”

for all 7 > 0, then we have

— %. This result

||Tpf||£Mp,w(G) = Op@,QHfHLMM(G)a I <p<oo,

where the generalized local (central) Campanato space LMPY(G)
and operator T}, are defined in (ZI)) and (Z2), respectively.

This paper is structured as follows. In Section 2 we briefly recall the
concepts of homogeneous groups and fix the notation. The boundedness
of the Hardy-Littlewood maximal operator and Bessel-Riesz operators in
generalized local (central) Morrey spaces on homogeneous groups is proved
in Section[Bland in Section M, respectively. In Section [l we prove the bound-
edness of the generalized Bessel-Riesz operators and Olsen type inequality
for these operators in generalized local (central) Morrey spaces on homo-
geneous groups. The boundedness of the generalized fractional integral
operators and Olsen type inequality for these operators in generalized local
(central) Morrey spaces on homogeneous groups are proved in Section [6l
Finally, in Section [1 we investigate the boundedness of the modified ver-
sion of the generalized fractional integral operator in Campanato spaces on
homogeneous groups.
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2. Preliminaries

A connected simply connected Lie group G is called a homogeneous
group if its Lie algebra g is equipped with a family of dilations:

[e.e]

D) = Exp(Aln\) = Z /i' (In(A\)A)¥,
k=0

where A is a diagonalisable positive linear operator on g, and each D) is a
morphism of g, that is, VX, Y € g, A > 0, [D\X, D,Y] = D,[X,Y].
The exponential mapping expg : g — G is a global diffeomorphism and
gives the dilation structure, which is denoted by D)z or just by Az, on G.
Then we have

IDA(S)| = X\9|S| and /(}f()\m)dx:)\_Q/(}f(a:)dx, (2.1)

where dz is the Haar measure on G, |S| is the volume of a measurable set
S C G and @ := Tr A is the homogeneous dimension of G. Recall that
the Haar measure on a homogeneous group G is the standard Lebesgue
measure for R" (see e.g. [14] Proposition 1.6.6]).

Let | - | be a homogeneous quasi-norm on G. We will denote the quasi-
ball centred at x € G with radius R > 0 by

B(z,R):={y€G: |z 'yl < R}
and we will also use the notation
B%z,R) :={y € G: |z 'y| > R}.

The proof of the following important polar decomposition on homogeneous
Lie groups was given by Folland and Stein [15], which can be also found in
[14, Section 3.1.7]: there is a (unique) positive Borel measure o on the unit
sphere

={zreG: |z| =1}, (2.2)
so that for any f € L1( G) one has

/f dac—/ /fry Q-14q (y)dr. (2.3)

Now, for any f € L} (G), p>1landvy >0, 0 < o < @, we shall define the
Bessel-Riesz operators on homogeneous groups by

1 . |$y_1|a_Q
Inqf(z /Ka’y vy ) f(y )dy—/(smf(y)d% (2.4)

where | - | is any homogeneous quasi-norm. Here, K, , is the Bessel-Riesz
kernel. Hereafter, C, C;, Cp, Cp g o and Cp 44 o are positive constants,
which are not necessarily the same from line to line.

Let us recall the following result, which will be used in the sequel.
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(ukR)a

LemMmaA 2.1 ([26]). Ifb > a > 0, then Z TR

kGZ

< o0, for every

u>1and R > 0.

We now calculate the LP-norms of the Bessel-Riesz kernel.

THEOREM 2.1. Let G be a homogeneous group of homogeneous di-
a-Q
mension (). Let | -| be a homogeneous quasi-norm. Let K, ~(z) = (‘ﬂT\)V

If0 <a <@ and~y >0, then K, € LP*(G) and i
(2FR)(a=Q)m1+Q
HK(JI7’YHLP1(G) ~ (% (1 + 2kR)’yp1 9

for any R > 0 and o a<p1<&.

REMARK 2.1. We note that this result was proved in [26, Theorem 3]
in the Abelian case G = (R",+) and ) = n with the standard Euclidean
distance |z = \/2? + 22 + ... + 22.

Proof of Theorem [ZIl Introducing polar coordinates (r,y) =
(||, %) € (0,00) x & on G, where & is the sphere as in ([2.2]), and using

23) for any R > 0, we have 2[(e=0)
x a— P1
Pl —
[ estprie = [ EE e

Q)p1+Q— 1 a—Q)p1+Q—1
B
(14 7)ww rR<r<oiig (L4 1)

keZ
where |o| is the @ — 1 dimensional surface measure of the unit sphere.

Then it follows that

1
K, (2)Pdz < |o 7/ S
[ o @ <| 2 TSR ey

B o] (2l Qp1+@ 1)
- (a-Qm+Q Z

kEZ

(2F R)(e—Qm+Q
(1+ 2kR)¥7

On the other hand, we obtain

o] 1 / - B
X pg (a=Q)p1+Q-1,
/ ‘ oc’y ‘ Tz 27P1 % (1 + QkR)’Ypl QkR§r<2k+1Rr '

lo|(2(a-@Pr1+@ _ 1) (2F R)(e—Qm+Q
27w ((a— Q)p1 + Q) k% (14 2kR)¥m
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Therefore, for every R > 0 we arrive at

/G Ko (@)Prde ~ Y

kEZ

(2FR)(e—Qm+Q
(1 + 2kR)¥P1

For p, € (ﬁ, &) using LemmaIlwithu = 2,a = (a—Q)p1+Q, b =
. (a—=Q) . . .
yp1, we obtain » 7, % < oo which implies K, € LP*(G). O

The following is well-known on homogeneous groups, see e.g. [14]
Proposition 1.5.2].

PropPOSITION 2.1 (Young’s inequality). Let G be a homogeneous
group. Suppose 1 < p,q,p1 < oo and %—i— 1= %—i— pil. If f e LP(G)
and g € LP*(G), then

g * fllea) < 1flr @) 9l o )

In view of Proposition 2] and taking into account the definition of
Bessel-Riesz operator ([2.4)), we immediately get:

COROLLARY 2.1. Let G be a homogeneous group of homogeneous
dimension Q. Let | - | be a homogeneous quasi-norm. Then for 0 < o < @
and v > 0 we have

HanfllLa@) < 1Kanllze @)l fllr@)
P 1 -1, 1 Q
for every f € LP(G), where 1 < p,q,p1 < 00, ;Hl=5+ - and g—=— <
p1 < &.

Corollary 2.1l shows that the I, is bounded from L?(G) to LY(G) and

Hanllzr @)= La@) < 1KaqyllzeG)-

3. The boundedness of Hardy-Littlewood maximal operator
in generalized local (central) Morrey spaces

In this section we define local (central) Morrey and generalized local
(central) Morrey spaces on homogeneous groups. Then we prove that the
Hardy-Littlewood maximal operator is bounded in these spaces. Note that
in the isotropic Abelian case the result was obtained by Nakai [29].

Let G be a homogeneous group of homogeneous dimension ). Let us
define the local (central) Morrey spaces LMP2(G) by

LMPUG) :={f € L}, .(G) : |fllLarraie) < oo}, 1<p<gq, (3.1)

loc
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1/p
where || f||zazpa(c) = sup,~o r@(1/a=1/p) (fB(O,r) |f(:1:)|pdac) . Next, for a

function ¢ : R™ — R™ and 1 < p < oo, we define the generalized local
(central) Morrey space LMP*(G) by

LMP?(G) = {f € Lj,(G) : || fll Lasro(e) < o0} (3.2)

1/p
where || fllare@) = SuPso W <r_Q fB(Om) \f(m)\pda;> . Here we as-

sume that ¢ is nonincreasing and ¢%/ P¢(t) is nondecreasing, so that ¢ sat-
isfies the doubling condition, i.e. there exists a constant C7 > 0 such that

1 L _olr)
<l <2 — < <C 3.3
27 s - Cr = o(s) = (33)
Now, for every f € L} (G), we define the Hardy-Littlewood maximal op-
erator M by )
M f(z) := sup ——- |f (y)ldy, (3.4)

7“>0 |B($ T)| B(z,r)
where |B(xz,r)| denotes the Haar measure of the (quasi-)ball B = B(x,r).
Using the definition of local Morrey spaces (8.1), one can readily obtain:

LEMMA 3.1. Let G be a homogeneous group of homogeneous dimension
Q. Let |- | be a homogeneous quasi-norm. Then

HKa ’yHLMpz P1( < HKa,’yHLMPIvPI(G) = ”Ka,'y”Lpl(G)a (3-5)
where 1 < py < py and QJW - <p1 < &

We now prove the boundedness of the Hardy-Littlewood maximal op-
erator on generalized local Morrey spaces.

THEOREM 3.1. Let G be a homogeneous group. For any f € LMP?(G)
and 1 < p < oo, we have

IM fll Laroe) < CpllfllLareo)- (3.6)

REMARK 3.1. We note that this result was proved on stratified groups
(or homogeneous Carnot groups) in [19, Corollary 3.2]. Here, Theorem [3.1]
holds on general homogeneous groups.

Proof of Theorem Bl By the definition of the norm of the gen-
eralized local (central) Morrey space ([B.2]), we have

1/p
1 1
| f ooy = U2 ( /B(O’T)If(ﬂc)lpdﬂf> -
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This implies that

1/p
(/ If(x)ldeC) < $(r)rv 1| Lare ) (3.7)
B(0,r)

for any r > 0.
On the other hand, using Corollary 2.5 (b) from Folland and Stein [I5]
we have

1/p 1/p
</G \M(fXB(o,r))(xﬂpdl’) <G, (/G ‘f(m)XB(O,r)‘pdx>
1/p
-, ( / \f(fr)\”dw> ,
B(0,r)
which implies

1/p 1/p
( / \Mf(z’)\”dw> e ( / \f(fr)\”dw> (38
B(0,r) B(0,r)

Combining [B.7) and ([B.8]) we get for all r > 0

1 (1 v
— = Mf(x)Pdx < Gyllf Pb(G)>
o (TQ Lo, 7@ ) ol fasmeoey
which implies || M f|| .06y < Cpll fll Laswo (), completing the proof. [

4. Inequalities for Bessel-Riesz operators on
generalized local Morrey spaces

In this section, we prove the boundedness of the Bessel-Riesz opera-
tors on the generalized local (central) Morrey space (8.2]). In the Abelian
case G = (R",4) and @ = n with the standard Euclidean distance |z| =
V2?2 + 22 + ... + 22 the results of this section were obtained in [27].

THEOREM 4.1. Let G be a homogeneous group of homogeneous dimen-
sion Q). Let |-| be a homogeneous quasi-norm. Lety > 0 and 0 < a < Q. If
$(r) < CrP for every r > 0,8 < —a, 1 < p < 00, and ﬁ <p < %,
then for all f € LMP%(G) we have

Han [l Laaw @) < Cpo@l Eanllie @)l f |l Lare ) (4.1)
where g = LgﬁpQ and 9 (r) = (¢(T))p/q-

Proof of Theorem EIl Forevery f € LMP9(G), we write I,  f ()

. zy—1 a—Q
in the form I, ~ f(z) := I1(x)+ I2(x), where I (z) := fB(w,R) wdy
and I(x) := fBC(I’R) %dy, for some R > 0.
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By using dyadic decomposition for I, we obtain

~1
2y~ '] f ()]
[ (z)| < k:z_:m/ (1+ [zy 1) dy

2k R<|zpy—1|<2F+1R

—1 (QkR)a—Q

W (L+2FR)Y /QkR<xy1<2k+1R

-1

<COMf(z) )

k=—o0
From this using Holder’s inequality for pil + i =1, we get
1

| (y)ldy

(28 R)*~Q+Q/p1 (2% R)Q/)
(1+2+R)Y

-1

kRya-Qp+@\ /Pt [ Lp
‘fﬂxﬂﬁCMf(w)(Z (2<1R+)2k3;p1 ) (Z <2’“R>Q) .

k=— k=—00

Since
i (2% R) (- @m+Q 1/’”< Z(gkR)(a—@mQ 1/
2 A+ Ry = 1+ ZR)»

keZ
~ ||Ka,'y||LP1((G)a (4-2)

we arrive at ,

11(2)] < Cll Kol )M f () R, (4.3)
For the second term Is, by using Holder’s inequality for % + i =1 we
obtain that

2kRa Q
U ];) 14 2kR)Y

(2R)*©

|f(y)|dy < m

/2kR§wy1|<2k+1R =0

1/p

1/p
( / dy) < / If(y)lpdy> ,
2k R<|zy—1|<2++1R 2k R<|zy—1|<2++1R
that is,

1/p
2"/’R a—Q 2kt1R
Ih(x g / / r@ Yo (y)dr

k:O

1/p
( / If(y)lpdy>
2k R<|zy—1|<2k+1R

[e'e] 1/p
R ey
<C 2T 9k p)@/p Pd .
SO TR Y | fnr e O

X
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Taking into account ¢(r) < Cr?, one obtains from above that

2kR a—Q+Q/p1 i i /
I1(2)| < Ol lgammece) kz_o T R R
>, (2FR)e—@t@/m

< Clflamoqe) D 7
L (1R

kR)/BJ"Q/pII‘

Applying Hélder’s inequality again, we get

1/p1 1/p
> (2k R)(e—Q)p1+Q o , 1
[I2(z)| < OHf”LMP»cb(G) <Z ( a _z SRy Z(gkR)BlerQ .

k=0 k=0

From the conditions p; < % and 8 < —a, we have ,Bpll +Q < 0. By
Theorem 21|, we also have

(i (2kR)(a—Q)p1+Q>l/m < (Z (ZkR)(a—Q)lerQ)l/pl o
k = 2 ~ a,v || LP1(G)-
— (1 + 2kR) = (1+2FR)™

Using these, we arrive at
|I2(2)] < Cll Ko lloos @)1 fl Lagro@ BRI HP. (4.4)
Summing up the estimates (4.3]) and (4.4]), we obtain

Loy f(7)] < CllKapllLe () (Mf(m)RQ/pl + HfHLMPv¢(G)RQ/pl+B) :

Assuming that f is not identically 0 and that M f is finite everywhere, we

can choose R > 0 such that R? = L() that is,
170 2 asp, 45(«;,)

@ Q
1+
ﬁ 7
Loy f(2)] < Cl|KapyllLe @ ||f||L]\f£¢ y(Mf(z)) P

Bplp
Bp1+

for every z € G. Setting ¢ = , for any r > 0 we get

< / § IIa,yf(ﬂr)lqd:E) < O Kanllon @ 11525

1/q
« (/WT |Mf(:r)|pdx> .

Then we divide both sides by (¢(r))P/9r?/? to get



HARDY-LITTLEWOOD, BESSEL-RIESZ, AND ... 589

1

(S Mo f ) 22 )
P(r)reld

1—
< Ol Kasllim @ 113000

(e MEF@P)
x (¢(7«))p/q7«Q/q ’

where () = (¢(r))P/9. Now by taking the supremum over r > 0, we
obtain that

1—
||Ia,’yf||Lquw(G) < OHKa,'yHLI’l(G)||f||LJ\%,q¢(G)||Mf||i/1\i/p,¢(@)v
which gives (1), after applying estimate (B.6]). O

Lemma [3.1] gives the property that the Bessel-Riesz kernel belongs to
local Morrey spaces, which will be used in the following theorem.

THEOREM 4.2. Let G be a homogeneous group of homogeneous dimen-
sion Q. Let |-| be a homogeneous quasi-norm. Lety > 0 and 0 < a < Q. If
o(r) < CrP for every r > 0,8 < —a, ﬁ <pa<p1 < & and ps > 1,
then for all f € LMP?(G) we have

Han fllzareve@) < CrpliBanllarr @l fliamee), — (4.5)

where 1 < p < 00,q = ,B?—fQ and Y(r) = (¢(T))p/q-
1

Proof of Theorem Similarly to the proof of Theorem A1l we

write I~ f(z) := I (x) + I2(x), where

i

() ¢=/ = f(Y)dy
B(z.r) (14 [zy~ 1)

and

i
Ir(x) ¢=/ == f(Y)dy
Be(e,r) (1+ |2y~ 1)

for R > 0. As before, we estimate the first term I; by using the dyadic
decomposition:
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—1 —lja—Q
b oo Y 2FR<|zy~1|<2F+1R (1 + |lzy=H)

o~ (2R)C

N b —oo (1 + 2kR)ﬂ/ /2kR§wy1<2k+1R

| (y)ldy

-1 4
(2F R)*—@+@/p2(2k RYQ/P

k=—o00

where 1 < po < p;. From this using Holder’s inequality for p% + z% =1, we
2
get

L gk pye—@prQ ) 7 [ e
[ (2)] < OM f() ( > (2(1}2 sz;pQ ) ( > (sz)Q) :

k=—00 k=—00

By virtue of (4.2]), we have

1

|Il(aj‘)| < OQMf(l‘) (/0< ‘<RKP727( )da:) P2 RQ/P;

< O||Ka,ry||LMp2vP1 (G)Mf(x)RQ/pl. (4.6)

Now for Iy by using Hélder’s inequality for % + z% =1, we have

e ) 1/p
2*R)*9 o /
L(z)| < — = (2"R)%/P Pd ,

that is,

1/p2
2 (2FR)*¢(2¥R) (kaR<|xy 1\<2k+1Rdy)

1(@)] < C|lfllpame) ,;) TR OF R
1/p2
o / fk 1| cok+1 nga,(xy_l)dy)
k Y (ok 2\Q/p ( RS |ey T <PIR T
< W lamee) 2 HE R R @Rl ’

where we have used the following inequality

1/p2
( / sza:y—l)dy)
2k R<|zy—1|<2k+1R

_ a— 1/p2
N (2F R)(a=@)+Q/p2 . C(gk’R)( Q) / ay (47
(1 + 2kR)ﬂ/ N (1 + 2kR)ﬂ/ 2k R<|zy—1|<2k+1R ‘ ‘
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Since we have ¢(r) < Cr” and

p2 (0 —1 1/p2
<f2kR§\wy*1|<2k+1R Ka,y(:vy )dy)

(2~ R)Q/p2=Q/p1 S 1Koyl are e )
for every k =0,1,2, ..., we get
[o¢]
|Ix(z)] < O||Ka,’y||LMP2vP1(G)||f||LMp¢ Z 2kR ,6’-#-62/;101
k=0

Taking into account 8 + @/ pll < 0, we have
|12(2)| < C|[KaqllLarez o )| £l agree R7T9P (4.8)
Summing up the estimates (£6]) and (48], we obtain
Ton @) < ClKanllLare e ) (M F (@) RYPr 4 || fl| ageqey RTTOM).
Assuming that f is not identically 0 and that M f is finite everywhere, we

can choose R > 0 such that R® = /@) , which yields
||f||LMp 4’(@)
BPl 1+ Bi,
|Ia,'yf(x)‘ < CHKa,’y”LMP%Pl ”f”LMp ¢(G) (Mf(l’)) L.
- By
tt =
Now by putting ¢ B Q

1
q
1
( / Mo f@[0de | < Clias lamne) It

1/q
« (/WT |Mf(;v)|pda:> .

Then we divide both sides by (¢(r))?/9r%/4 to get

(f\xkr ‘Ia,’yf(l’ﬂqu)
P(r)reld

1

1
< ClKasllzamen @) 11305 )

(e MEF @)
x (o(r ))p/qu/q ’

where (1) = (6(r))P/4. Taking the supremum over r > 0 and then using
([36]), we obtain the following desired result

1_
oy Fllzaras @) < CllKanllzamemn @l F IS o M I o)

= Cp7¢7Q||Ka,’y||LMp27p1 ((G)HfHLMp@(G)a
completing the proof. O

By Lemma B.1] we note that Theorem implies Theorem ATk
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oy fllaraw @) < CllEanllLarraey @)1 flLamo @)
< CllKapyllze @)l f 1l Lares )-

In order to improve our results, we present the following lemma, which
states that the kernel K, , belongs to the generalized local Morrey space
LMP>¥(G) for some py > 1 and some function w.

LEMMA 4.1. Let G be a homogeneous group of homogeneous dimension

Q. Let’y>0,p221andQ—p%<a<Q. If w: RTY — RT with

w(r) > Cr*=9 for every v > 0, then K, € LMP?“(G).

Proof of Lemma [l Here, it is sufficient to evaluate the following
integral around zero

|| (= @2
K2 (z)dx :/ ————dx
lz|<R zj<r (1 +[z])7P2
<o rle=@p2+Q=1g < CwP2(R)RY.
0<r<R

By dividing both sides of this inequality by w”?(R)R? and taking p4*-root,

we obtain
1/p2

<f\I\SR Kgfy(m)dm)
w(R)RY/P2
Then, we take the supremum over R > 0 to get
(f\z\gR Kg?v(x)dJJ) o
;i% w(R) RQ/p2
which implies K, € LMP?>“(G). O

< C1/p2.

< 00,

THEOREM 4.3. Let G be a homogeneous group of homogeneous dimen-
sion Q. Let |-| be a homogeneous quasi-norm. Let w : Rt — R satisfy the
doubling condition and assume that w(r) < Cr~® for every r > 0, so that
Ko~ € LMP>¥(G) for ﬁ < po < & and py > 1, where 0 < a <
and v > 0. If ¢(r) < CrP for every r > 0, where f < —a < —Q — 3, then
for all f € LMP?%(G) we have

Hon fllLaev @) < Coo@llKanllLymee@)llfllLames), (4.9)
where 1 < p < 00,q = gﬁg,gip—a and ¢(r) = (¢(T))p/q-

Proof of Theorem 3 As in the proof of Theorem [T we write
In~f(2) = Ii(z) + Ix(x),
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zy—1 a—Q zy—1 a—Q
where I (z) := fB(z,R) Wdy and Ir(x) := ch(gc,R) Wdy,

R>0.
First, we estimate I; by using the dyadic decomposition

-1
2y~ 9 ()]
ol = k:zoo/ eyl

2k R<|py—1|<2F+1R

—1 (QkR)a_Q

T (28R /QkR<zy—1<2k+1R

-1

<CMf(x) Y

k=—00

| (y)ldy

(2F R)o—@+Q/p> (QkR)Q/p;
(1+2+R)Y

From this using Holder’s inequality for p% + i =1, we get
2
-1

kp\(e—Q)p2+Q Y2 s —1 Lp2
|h<x>|sch<x>(Z %le)m) (Z@’%Q) -

k=— k=—o00

By ([@2]) we have

I (z)] < CMf(x) ( /0 y <RK§?V(x)da;> RQ/P

< C||Kapllparee @M f(z)w(R)RY,
and using w(r) < Cr~¢
[11(2)] < Cll KagllLarm«(c)M f(2) RO (4.10)

Now let us estimate the second term Is:

, we arrive at

(2 R)"@

L) < S 2T /
‘ 2( )| (1+2kR)’y QkRS‘zy_1|<2k+lR‘f

k=0

1/p
(2"R)* 9 ' /
<0y A (2kR)9/P Pd
< k:0(1+2kR)y( ) 2kRS\wy71|<2k+1R‘f(y)‘ y

(y)|dy

[e.e]

1/p2
(2¥R)*¢(2FR) (fsz<\zy—1|<2k+ley)

< Clfluams o) kZO 1+sz (@ R) ,

1/p2
where we have used that (fsz<|xy_1|<2k+ley) ~ (2kR)Q/;D2, Using
(7)) we obtain
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. (2FR)*¢(2"R)
[2(2)] < ClfllLaees (@) kZO 2"3R0‘ 0

1/p2

<f2kR§|:cy_1 |<2k+1R Kg?v(my_l)dy>
. (@F )@/

Taking into account that ¢(r) < Cr? and w(r) < Cr— for every r > 0, we
have

1/p2
(fszg\zy—1|<2k+lR Kg?v(xy_l)dy>

Ep\Q—a+p3
[L2(2)| <C|f | Lagro @) kZ:O (2"R) w(2FR) (2~ R)Q/p2

Since we have

P2 —1 1/p2
G L), < 1K
w(2kR)(2k R)Q/p2 S ey llLyvpe (@)

for every k =0,1,2, ..., it follows that
|11(2)| < CllKan s e @)l fllame@) D2 R,
k=0

and since Q — o+ [ < 0, it implies that
|12(2)| < Ol KanllLamme @) |fllase@ R, (4.11)
Summing up the estimates ([LI0) and ([II]), we have
[an f(@)] < Ol KanllLam @) (M f(@) RS + || fll Lo R P).

Assuming that f is not identically 0 and that M f is finite everywhere, we

can choose R > 0 such that R® = L() that is
170 L asp, 4’(@)

[Loq f(2)] < Cll Koyl pamae ||f||LMp¢(G (M f () @m0,

Now by putting ¢ = ,8710_7 for any r > 0 we get
y B+Q—a

! 1
(/ - |Ia,~/f($)|qd$> < Cl[KaqllLare« () ||f||L;\%q¢ @)

1/q
x (/MQ |Mf(a;)|1”dx> .

Then we divide both sides by (¢(r))P/9r?/? to get
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1

(f\IKr ‘Ia,’yf(l’ﬂqu)
P(r)rQ/a

1
< ClKanlam @ f s e

(e M F @)
x (o(r ))p/qu/q ’

where ¢ (r) = (¢(r))?/4. Finally, taking the supremum over 7 > 0 and using
([B6]), we obtain the desired result

1—
Mol asaoey < CllEanllzam @ | IS o 1A o g,

< CP,¢,QHK(17’YHLM1’2'“(G HfHLMp,¢(G),

completing the proof. ]

REMARK 4.1. We can make the following comparison between the ob-
tained estimates, similarly to the Euclidean case [27, Section 3|, namely,
that also in the case of general homogeneous groups, Theorem HE.3] gives
the best estimate among the three. Indeed, if we take w(R) := (1 +
RQ/)R=Q/Pt for some q1 > pi1, then | Koyl arere @) < Kol Lamer @)-
By Theorem [£.3] and Lemma [B1] we obtain

”Ia,’yf”LMqvw(G) < CHKa,’y”LMP%w(G)”f”LMP@((G)
< ClKaqllLyre o @) f | Lareo e
< OllKanlln @)1 | s

5. Inequalities for generalized Bessel-Riesz operator
in generalized local Morrey spaces

In this section, we prove the boundedness of the generalized Bessel-
Riesz operator [, and establish Olsen type inequality for this operator in
generalized local Morrey spaces on homogeneous groups.

We define the generalized Bessel-Riesz operator I, by

_ [ Alzy)
o d@) = | T (5.1)
where v > 0, p: RT — R™, p satisfies the doubling condition (B3.3)) and the
condition

1 ~
p(t)
/0 Qi dt < 0. (5.2)

For p(t) =t @,y < o < Q, we have the Bessel-Riesz kernel



596 M. Ruzhansky, D. Suragan, N. Yessirkegenov
—1lja—Q
Iy =lay = =y |_ :
’ T (A fmy )
THEOREM 5.1. Let G be a homogeneous group of homogeneous di-

mension Q). Let |-| be a homogeneous quasi-norm and let -y > 0. Let p and
¢ satisfy the doubling condition ([3.3]). Let ¢ be surjective and for some

1 <p<q< oo satisfy - )
/ @dt < Oy (B(r)P, (5.3)

é(r) /0 ' tf%lldw / h ﬁ(t)gil)dt < Co((r))/1, (5.4)

for all r > 0. Then we have

and

HIﬁKYfHLMq@P/q(G) < Op,q,(b,QHfHLMP@(G)' (5-5)

Proof of Theorem |5:|1 We write I~,yf( x) = Ilp( )—1—12”5(33),

xy~ ! x

for every R > O For ILP( x), we have

I 5 ﬁ(|x—y_1\) d M d
LYCIEY (1+|xy_1|),ylf(y)l y< /|R Wy

-1 |
k=—o0 <ley

I e

By virtue of ([3.3]), we get

@) <C Z QkR Wl'dwuwndy
—  H(2*R
<CMf(z) Y (Q’L(Rﬁ

k=—o0

2k+1R
< CMf(x Z/Q _—= QHdt

R
_ p(t)
=CMf(x )/0 ﬂ_QHdt,
where we have used the fact that

2ktiR  ~ k k
p(t) P2"R) P(2"R)
—2 —_— .
/sz Lot > Oy R= Ot (56)
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Now, using (5.4]), we obtain
|11 5(2)| < CM f(z)(b(R))P~9/1. (5.7)
For I, 5(x), applying (3.3) we have
1 =1 —1
[T2,5(z)| < /xw'zRM\ﬂy)\dy S/| M_lthf(y)ldy

1+ |$y_1|) zy~ >R |$y
00

-
-3/ Dty

=0 Y 2FR< |2y~ <2k IR |xy

p(2¥R)
CZ @ R) |f(y)|dy.

|oy—1|<2k+1R

From this usmg the Holder inequality, we obtain
1—1

2kR P %
I <C d d
11 52) Z o (L wen®) (e 0N

1

p(2¥R) g
<C d .
Z 2kR Y= Q+ </|zy—1<2k+1R |f(y)| y)

Using the deﬁnltlon B2), one gets

1L2,5(x)] < CllfllLarree) Z
k=0

+1R ¢(2k+lR)
(2kR)7—@

o0 k+1R
p(t)o(t
< CHfHLMp,¢(G Z/ t'(y )Q.E.l)dt
k=0

kR

p(t)o(t
= Clf ooy [ 2050

where we have used the fact that

2k+HIR ~ ~(9k+1 k+1 ~(ok+1 k+1
[0 s LR ey, B RO
2k R 7~ Q@+l (2k+1 R)y—Q+1 (2kR)7—@Q
Now, using (5.4]), we obtain
|12,5(2)| < CIlf | ares () (S(R))P9. (5.8)

Summing the two estimates (5.7) and (5.8]), we arrive at

|15 f ()] < C(M f (@) (S(R) P~ 4 || £l Lagrio () (D(R))P).

Assuming that f is not identically 0 and that M f is finite everywhere and
then using the fact that ¢ is surjective, we can choose R > 0 such that
d(R) = M f(x) HfHEJl\/[M(G)' Thus, for every = € G, we have
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p a-p
|G f(x)] < C(Mf(x))a ||f||L}1\4p,¢>(G)‘
It follows that

1/q 1/q v
. f(x)|? <C / M f(z)|P £l )
( / o il >|> ( [ MEP ) W)

then we divide both sides by (p(r))?/2r@/ to get

1/q
1 1
oL (T_Q /B(Om) |Iﬁ,~yf(a:)|q>

1/q
1 1 K3
<7 (7 7)1

Taking the supremum over r > 0 and using the boundedness of the maximal
operator M on LMP?(G) from (3.6), we obtain

||Iﬁ,’yf||LMq,¢P/q(G) < Op,q,¢,Q||f||LMp’¢(G)'

This completes the proof. O

Now let show the Olsen type inequalities for the generalized Bessel-
Riesz operator I, .

THEOREM 5.2. Let G be a homogeneous group of homogeneous di-
mension Q). Let | - | be a homogeneous quasi-norm and let v > 0. Let p
and ¢ satisfy the doubling condition (8.3]). Let ¢ be surjective and satisfy
(6.3)-(.4). Then for 1 < p < pa < oo we have

IW Lo fllare@) < Cog QW ypa.ovrve (G)HfHLMP@((G)’ (5.9)
provided that W € LMP2%"'" (G).

Proof of Theorem (2l By using Holder’s inequality, we have

1

p/p2
— W (x) P2 dx
@ B0 W)l )

W ()T f (@) P < (T—Q /

x i/
rQ B(0

Now let us take the p-th roots and then divide both sides by ¢(r) to obtain

p2—Pp
p2

PPy
| [l f(z)|P2=P dﬂc)

5
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1/p
1 (1 -

1/p2
1 1 pa
= (¢(T))p/P2 (TQ /B(O,?”) | (x)| dm)

1 1 o
) (@) (T_Q /B(O,r) o f (@) 7277 dm)

By taking the supremum over r > 0 and using the inequality (5.5]), we get

p2—PpP
ppP2

IW T3 (6 < Cosl Wy g 1 a |, e
LP2P ©)
o pp2 : _ pp2
Taking into account that 1 < p < oy <0 and putting ¢ = in (IBEIS

. p2—p
we obtain (5.9)).

6. Generalized fractional integral operators
in generalized local Morrey spaces

In this section, we prove the boundedness of the generalized fractional
integral operators and establish Olsen type inequality in generalized local
Morrey spaces on homogeneous groups.

We define the generalized fractional integral operator T, by
p(lzy ')
O = (61)
g ¢ vy~
where p : RT — R™ satisfies the doubling condition (3.3]) and the condition

/1 @dt < 00. (6.2)
o t

As in the Abelian case, for p(t) = t%, 0 < a < @, we have the Riesz
transform

ZJ@)ZLJ@OZ/‘ L i)y,

G |lzy 1@«

THEOREM 6.1. Let G be a homogeneous group of homogeneous di-
mension Q. Let | -| be a homogeneous quasi-norm. Let p and ¢ satisfy
the doubling condition ([33]). Let ¢ be also surjective and satisty, for some
1 < p < q < o0, the inequalities

|2 < oy, (63

and
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o(r) /0 ' %t)dt + / - wdt < Cy(p(r))P/e, (6.4)

for all r > 0. Then we have

ITof U pgasorngg) < Coasllfliame ) (6.5)

Proof of Theorem For every R > 0, let us write T), () in the
form

T,f(z) = Ti(x) + Ta(x)
zy L zy—1
where Tl fB(w R) (O‘gyyq)gf(y)dy and T2( ch(w R) (|(| y1‘)g f(y)dy

For Ty (x ) we have

T 1
mels [ M)

zy‘1|<R “Ty
p(lzy~ )
- / E g .
oo/ 28 R< [zy~ <2k 1R |TY

By view of (IB:{I) we get
—1

k
Ti(x)] < C Z QkR Ixy_1<2k+1R|f(y)|dy§CMf(a:)k;OOp@ R)
-1 ok+1lp R
CM @d =CM @d.
< f(a:)k;m/QkR i f(g;)/o ar

Here we have used the fact that

2R p(t) k 2R k
/2kR Tdt > Cp(2"R) /2kR Zdt =Cp(2°R)In2. (6.6)
Now, using (6.4]), we obtain

Ty (z)| < CM f(z)((R))P=9/1. (6.7)
For Ts(x), using (B3]) we have

T —1
o) < | AUy D)) ey

zy~ >R “Ty_l ‘Q

- p(lzy )
-> / - b )l

—l|<2k+1R |a;y

[e.e]

k
Z P2 R) F()ldy.

(2kR)@ lzy—1|<2k+1R

| /\
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From this using Holder’s inequality, we obtain

[e.e]

1-1/p 1/p
p(2FR) /
dy / f(y)ldy
Z 2kR ( ley—1|<2kt1R > ( \wy*1|<2k+1R‘ W)l

k=0
1/p
p(2FR)
d
S ( L y>

o0

< Clfllpavec ZP 2T R)p(2" R)

k=0
2k+1R
< Ol Z /
where we have used the fact that

2k+1R 2k+1R
/ wdt > Cp(2" 1 R) (251 R) / Lat
2

| /\

T2 (z

M8

k=0

~Clifllamsce [ 224,

kR 2kR t (68)
= Cp(2"M R)p(2F1R) In 2.
Now, in view of (6.4]), we obtain
[ To(2)] < Ol fll Lagwo gy (@(R))P . (6.9)

Summing the two estimates (6.7)) and (6.9), we arrive at

Ty f (@) < C(M f(2)(@(R) P~ + [ f | Lagoo () (S(R)P).

Assuming that f is not identically 0 and that M f is finite everywhere and
then using the fact that ¢ is surjective, we can choose R > 0 such that
d(R)=Mf(z)- HﬂE}\pﬁ(@' Thus, for every x € G, we have

» a—p
Tpf (@) < CMf (@) 7 f1l 2w ()
It follows that

1/q 1/q -
</B(0,7~) |Tpf($)|q> <C </B(O,r) |Mf(gg)|P) HfHLMp @y

then we divide both sides by (p(r))P/2r@/ to get

1/q
1 1
o (T—Q / . |Tpf(a:)|q>

1/q
1 1 K3
<7 (7 o 7)1
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Taking the supremum over r > 0 and using the boundedness of the maximal
operator M on LMP?(G) (3.6), we obtain

HTPfHLMq,¢P/‘1(G) < CPH@QHJCHLMP@(G)'
The proof is complete. O
Now let us turn to the Olsen type inequalities for the generalized frac-

tional integral operator T, and Bessel-Riesz operator I, ..

THEOREM 6.2. Let G be a homogeneous group of homogeneous di-
mension Q. Let |- | be a homogeneous quasi-norm. Let p and ¢ satisfy the
doubling condition [B3]). Let ¢ be also surjective and satisfy (G.3])-(C.4).
Then we have

WL fllaro@) < CosQUWIypm, oorva g 1 | arme(e), 1< <p2 < oo,

e (6.10)
provided that W € LMP2*""(G).

Proof of Theorem By using Hélder’s inequality, we have

1 p
@ [, WELi@pe

1 p/p2 1
< | = W(zx)P2dx —/
(TQ /B(O,r)| ) ) (TQ B(0

Now let us take the p-th roots and then divide both sides by ¢(r) to obtain

1/p
(L p
o(r) (rQ /B(o,r) IW()Tofe) dx)
1 1 1/p2
< CORE (r_Q /B(o,r) \W(m)\pzdm)

1 1 _Ppa_ pp2

X 7172—_1) T_Q/ |Tpf($)|p27pd$ .
(¢(r)) »2 B(O.n)

By taking the supremum over r > 0 and using the inequality (6.5]), we get

p2—Pp
p2

|Tpf<x>|553dx>
r)

5

HWTprLMM(G) < Cp,¢,Q”W”LMp2,¢p/pz (G)”Tpf” opy P22

Lpz*p"zb 2 (G)
Taking into account that 1 < p < 1% < oo and putting ¢ = % in

(65)), we obtain (G.10). O
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THEOREM 6.3. Let G be a homogeneous group of homogeneous dimen-
sion Q. Let |-| be a homogeneous quasi-norm. Let w : R™ — R satisfy the
doubling condition and assume that w(r) < Cr~® for every r > 0, so that
K.~ € LMP>%(G) for ﬁ <py < & and ps > 1, where 0 < o < Q,
1<p<oo,q= BJr’%ip_a and v > 0. If ¢(r) < CrP for every r > 0, where
b < —a < —@Q — B, then we have

IWlan fllLaree@) < Cpo QMWL 4 1y /w2 @ 1 lzame @), (6.11)

provided that W € LMP2%""(G), where L =1

1
B

Proof of Theorem B3l As in Theorem [6.2] by using Holder’s
inequality for p% + g =1, we have

1/
— W(x)Ionqf(x)Pdx
@ [ W@as @)

1 p/p2 1 p/q
<|—= W (x)[P2dx —/ Io~f(2)|%dx .
(TQ/BW (@) ) (TQ o Haaf @) )

Now we take the p-th roots and then divide both sides by ¢(r) to get

1/p
1 (1 )
e (T—Q L, W @as @) dx>
1/p2
1 1 .
< Gy (TQ /B(O,,«) Wizl dm)

1 1
* (@) (r_Q /B(o

By taking the supremum over r > 0, we have

1/q
| IIa,wf(x)lquC) .

)

||WIa,~/f||LMp,¢(G) < O||W||LM172,¢p/p2 (G)HIanHLM‘Z@p/q(G)’

which implies (6IT)) in view of Theorem B3 after putting ¢ (r) = (¢(r))P/9.
g

7. Inequalities for the modified version of generalized fractional
integral operator in Campanato spaces

In this section, we prove the boundedness of the modified version of the
operator T, in Campanato spaces on homogeneous groups.
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We define the generalized local (central) Campanato space by

LMPOG) = {f € L (C) : [|fll ppgmo(y < o0}, (7.1)

1 1 1/p
» = su z) — fpl|Pdx ,

19 leasmsi@) = sup ¢()<TQ /B NGRS )
(r)

where

1S nonin-

with f8 = fpor) = o fB(Om) f(y)dy, and we assume that
creasing.

Next, for the function p : R™ — R™, we define the modified version of
the generalized fractional integral operator 7}, by

T plzy™)  pUyD( = x50, W)
T, f () —/G< P e >f(y)dy, (7.2)

where B(0,1) := {z € G : |z| < 1} and xp(g,1) is the characteristic function
of B(0,1). In this definition, we assume that p satisfies (6.2]), (3.3]) and the
following conditions:

/ %dt < C’1M for all r» > 0; (7.3)
. r

1 _r p(r)  p(s) p(s)

§§g§2:> T‘—Q_S—Q §C2|T—S|SQ+1- (74)

For instance, the function p(r) = r® satisfies (6.2), (33) and (T4) for
0 < a < @, and also satisfies (Z.3]) for 0 < a < 1.

THEOREM 7.1. Let G be a homogeneous group of homogeneous dimen-
sion Q. Let |- | be a homogeneous quasi-norm. Let p satisfy (IBED (B_._El)

(@3), (TA), and let ¢ satisfy the doubling condition 33) and [} dt <
oo. If

/TOO @dt /01“ @dt + T/TOO %dt < Csy(r) for allr >0, (7.5)

then we have
||Tpf||£Mp,w(G) = Op@,QHfHLMM(G)a I <p<oo. (7.6)

Proof of Theorem [ZIl For every z € B(0,r) and f € LMPO(G),
let us write 7}, f in the following form:

T,f(z)=Tp.)(x EHCE 0. CB0.r) Té(o,r) (‘T)_'—TJ%(O,T) (@HCB0.+CB0r):

where

- - - T
Tpor(z) = /G(f(y)_fB(o,zr)) <p|(x|y1_/1|Q|) DS |y>|<§(0,2 )(y))> .
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Chor = /(}(f(y)_fB(O,%))

PUyD(A = xBo2n®) Py = XB0,1H W)
< (T )

> p(lzy™) eyl (1 = xBo,1)(¥))
CBor) '—/(;’fB(O%“ (\my—1|Q - P dy,

plzy™"))
Té(o ) (z) == /B(O 2T)(f(y) - fB(o,zr))Wdy,

- B p(lzy=) _ plyl)
Taon(@) = /Bc(o,zm(f(y) ~ 2020 ( R >dy'

Since
‘p(ly\)(l —x5020®) YD = xBo1H[®) ‘
ly|? Y@
{0, ly| < min(1,2r) or |y| > max(1,2r);

P‘SW?/D = const, otherwise,

C%,(O r) is finite.
Now let us show that C’B(O r) is finite. For this it is enough to prove
that the following integral is finite:

/ (p(lxy‘ll) _p(lyh@ - xB(o,1>(y))> ay
G

lzy—1|@Q ly|®
p(lzy™)) p(lyl)> / p(lyl)
— _ dy + B gy
/¢;< lzy=HQ  |y|¢ Bo1) Y9

Let us denote A := fG (%HIQD %) dy. For large R > 0, we write A

in the form A = Ay + As + As, where

p(lzy ")) / p(lyl)
A ::/ =y — —Zdy,
' B(x,R) |lzy 1@ B(0,R) ly|@

zu~!
@:/‘ OyQ@_/ o).,
B(z,R+r)\B(z,R) lzy 1| B(z,R+7)\B(0,R) ly|@

1
A ;:/ (p(lxy D _ p(\y|)> .
’ Be(z,R+r) |33y_1|Q |y|Q

Since we have fl 20 g < +00, it implies that %, p‘g[y') € L,.(G), and
hence A7 = 0. By (IEI) we have




606 M. Ruzhansky, D. Suragan, N. Yessirkegenov

lzy= 1@ [y[@

pllay ™))
|a:y_1|Q+1 :

-1
P N =i Tl
Be(z,R+T)

<C llzy ™| = [yl
Be(x,R+r)

By using the triangle inequality (see e.g. [14], Theorem 3.1.39, p.113]) and
symmetric property of homogeneous quasi-norms, we get

Ay < Clle 41y~ ol [ " [ 2D a0y
- Rir Jo t9F1

+00
t
< Clo|r &dt.
12
R+-r

The inequality (7.3]) implies that the last integral is finite and |A3| — 0 as
R — +00. For Ay, we have

~1
Ay S/ (P(Iwgl g) N p(|?JQ|)> dy
B(a,R+r)\B(z,R—r) \ |2y Y|

p(R) p(R)
~(R+7)?—(R-1)9 70 <Cr R

and taking into account the conditions (B3] and (Z3]), we obtain

| As SCT%{E) — 0 as R — +o0.

Since A — 0 as R — +00, we have A = 0 and hence

pley~ ') Py = xBo1H®) B p(lyl) ~
/G ( > dy = /B dy < )

|zy =19 ly|? o1 1Yl°

which implies that C%(o r) is finite.
Now before estimating Té(o ") let us denote f:: (f = fB(0,2r))XB(0,2r)
and ¢(r) := [ @dt. Then, we have

_ _ -1
Thon@I< [ 1Tl ay

B(0,2r)
0 -1
pPUTY ]
-y / o wlay
e —oo ¥ 2kr<|zy—1|<2k+1r Yy

By using (3.3) and (6.0]), we get
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71 C p(2k7,) ry d
Thon@I <0 30 Gagg [ e 0N
0 0
<CMf(x) Y p@Fr) <OMf(z) Y p2F'r)
k=—o00 k=—00

0 9k r
= P 0 _ oy [P
< CMf(x) ,2_00:/2 ot = OMf( )/0 dt.

k=1, t

Now using (7.5]), we have |Tvé(0 ") (x)] < C’wé:)) M f(z). It follows that

1/p 1/p
1 1 ~ 1 ~
e T} rq C— MJ(z)]Pd
Y(r) <7°Q /B(o,r) Ta0n)(7)] x) = H(r)rQ/p (/B(O,r) M f ()] x)

1 ~
< C,vi D 5
< ¢(r)rQ/p||f||L (©)

-

where we have used (3.8)).
By the Minkowski inequality, we have

1 -
W\\f“m(@) = WHU — fB0,2r))XB0,20) | L0 (@)
< OW(H(f = ())xpoan lzr@) + (QT)Q/p|fB(0,2r) —a(H)),

where o(f) = li_}rn IB(0r)-
T [e.e]
Moreover, we obtain the following inequalities exactly in the same way
as in the Abelian case (see [13], Section 6)

1f = o) agmiey < Cillflleammoey, (7.7)
and
80 = 0] < Collfll ppme @) 9(r). (7.8)
Finally, using these inequalities we get our estimate for Té(o,r) as
ITh 0. @) < ClFll pptro ) (7.9)

Now let us estimate fé(o’”. By B.3) and (7.4]), we have

—1
T PUTY rly
Th0, (@)] S/Bc(m)u(y)_fB(ow (lzy="D  p(lyl) a

lzy=HQ  |y|@

- p(yl)
< Cllzy™ = |yl 1f () = [Bo2n | o7
ly|>2r (©.2r) |y|Q+1
By using the triangle inequality (see e.g. [14] Theorem 3.1.39, p.113]) and

symmetric property of homogeneous quasi-norms, we get
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T2 00 (@) < Cllal + [y - / 3 Tp(lyl)
T, (@) < Cllzl + [y~ | = lyll ‘>2T (v) fB(0,2)|—|y|Q+1
p(lyl)

< Clx - N T AT
< Clzl |y\>2r\f(y) fB(o,2)|| @+
p(lyDIf(y) — fB(0,2T)|dy.

=C
|x\Z/k Lr<|y|<2kr |y| @+

By using (33]) and Holder’s mequahty, we obtain

T3(0.(@)] < Clo \Z iyt [ 1)~ Toanldy
<2Fr

00 p(?k’l") 1 1/p
< — P .

As in the Abelian case ([I3]), we have

1 1/p
YOy Yol fW) = Ieo2ndy
<(2kr)Q /]3(072kr)| () = fB©.20)] N
2 r
o(s
<O lgweey [ 22

2r

9

for every k > 2. The inequality (66]) implies that
p(2'r)
-

orp 12T 2k+1r oy t T 2k

By using the last two inequalities, we get

~ 9] 2k 2k+1r

Thior (@)l < cwx|uf|rw,¢(@zp<2 A / 8y,
ok+1, t .

<O|1’|||f||LMP¢(G Z/ 75(2) (/ @ds) gt

< C'|ﬂ'3|||f||c/vtpv<1>(@)/2 ,5(2) ( ) ¢i) >dt
:C‘mmf”ﬁ/v(”*d’((@)/z </ %dt) @d&

T

Using (7.3) and then (7)), it implies that

~ > n(8)p(s
B0 @) < Crlifleppnce) | 2 2ds < CUONIS N cpmsioy

This follows that
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1/p
o(r) (r_Q /B(O’r) T50,r) (33)|pd$) < Clfl camws ()- (7.10)
Summing the estimates (7.9]) and (7.10), we obtain (7.0]). O
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