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Abstract—This paper presents a nonlinear optimal speed
controller based on a state-dependent Riccati equation (SDRE)
for permanent magnet synchronous motor (PMSM). An SDRE-
based near optimal load torque observer is also proposed to
provide the load torque information for the controller. In both
designs, the stability is analytically proven and Taylor series
method is used to find an approximate solution because the
SDRE cannot be directly solved. The SDRE-based optimal
controller and observer can ensure better control performance
such as no overshoot and fast transient response in speed
tracking than the linear conventional controllers such as LQ
regulator and PI controller even under the variations of the
model parameters and load torque. The proposed SDRE-based
control strategy is implemented on a PMSM testbed using
TMS320F28335 DSP. The simulation and experimental results
are given to prove the feasibility of the proposed control scheme.

Index Terms—Nonlinear control, observer, optimal control,
permanent magnet synchronous motor (PMSM), speed control,
state-dependent Riccati equation (SDRE), Taylor series method.

I. INTRODUCTION

Permanent magnet synchronous motor (PMSM) is one of
the most popular ac motors in industry because of good
controllability and high efficiency. In industrial PMSM drive
applications, PID or linear quadratic (LQ) regulator has been
extensively adopted since its implementation is easy [1]-[2].
However, these linear control methods cannot assure high
control performance (e.g., fast transient response, zero steady-
state error, and robustness) because it is highly vulnerable to
parameter variations and external disturbances. Consequently,
it is quite challenging to precisely and quickly control the
PMSMs with the nonlinear dynamic model. Recently, to cope
with the limitations of the linear control methods, many
researchers have proposed various nonlinear control
techniques such as adaptive control [3]-[5], fault-tolerant
control [6], robust control [7], intelligent control [8], sliding
mode control [9], direct torque control [10]-[11], model
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predictive control [12], and fuzzy control [13].

Of nonlinear feedback control strategies, nonlinear optimal
control has been applied to various industrial applications.
This control method is an extension of quadratic optimal
control for linear systems that should solve an algebraic
Riccati equation (ARE) to satisfy the desired control
performance. Particularly, one of the nonlinear optimal
control methods is referred to as a state-dependent Riccati
equation (SDRE) based control because the SDRE is a
function of the system’s states that should be solved to
construct a nonlinear control law. It is known that the SDRE-
based control method is a systematic and efficient way to
design the nonlinear feedback controllers and is applicable to
a wide range of nonlinear systems [14]-[23]. In design of the
SDRE-based optimal controllers, the solution of the nonlinear
control problems can be approximated by using some
numerical methods. Therefore, the SDRE approach can be an
attractive alternative to many engineers who design the
controllers of the nonlinear systems. Comprehensive
simulation studies have demonstrated the effectiveness of the
SDRE method as a successful technique for controlling an
artificial human pancreas [14], high-pressure chemical vapor
deposition reactors [15], spacecrafts [16], robots [17], ducted
fans [18], magnetic levitation systems [19], tandem hot metal
strip rolling process [20], and tethered satellite systems [21].
Recently, the SDRE control method has been applied to
control the speed of the PMSMs [22]-[23]. In [22], an
adaptive SDRE technique based on gradient-type neutral
networks is presented, and an SDRE-based controller-
observer is introduced in [23]. However, both methods are
quite complicated to implement and do not fully show the
results that can verify its control performance, respectively.

In this paper, a nonlinear optimal controller based on a
state-dependent Riccati equation (SDRE) is proposed to
control the speed of the PMSM. Also, an SDRE-based
optimal load torque observer is designed to supply the
controller with the load torque information. In both designs,
the stability is analytically proven and Taylor series numerical
method is used to approximate the solution of each SDRE.
The SDRE-based optimal controller and observer can
guarantee better control performance such as no overshoot
and fast transient response in speed tracking than the linear
conventional controllers such as LQ regulator and PI
controller even under the variations of the model parameters
and load torque. The proposed SDRE-based control algorithm
is implemented on a prototype PMSM drive with



TMS320F28335. Simulation and experimental results are

shown to justify the feasibility of the proposed control scheme.

Il. SDRE-BASED NEAR OPTIMAL CONTROLLER DESIGN

A. SDRE Parameterization of Optimal Controller Gain and
Stability Analysis

In the synchronously rotating d-q reference frame, a three-
phase surface-mounted PMSM can be described by the
following nonlinear equations:

o = —Kaigs — ks + keVgs — igs 1)

Iy = —Kylgs + KgVys + Ol

where
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10} Electrical rotor angular speed,;
Igs g-axis current;
igs d-axis current;
Vs g-axis voltage;
Vs d-axis voltage;
T Load torque;
p Number of poles;
R Stator resistance;
L Stator inductance;
J Rotor inertia;
B Viscous friction coefficient;
Am Magnetic flux.

The speed error, g-axis current error, and desired g-axis
current can be defined as

O =0-0q4,igs =g ~ligsd

. . ©)
lgsd = (kza’d +ag +KgTL )/kl
where
oy Desired electrical rotor angular speed;
@ Electrical rotor angular speed error;
Igsd Desired g-axis current;
i;s g-axis current error.
Let the control inputs Vg and Vs be represented as
Vs =Usig +Ugng, Vs =Usg + Uspg 4
where
Usiq,Ung  O-axis feedforward and feedback control laws,
respectively;
Usig Uy d-axis feedforward and feedback control laws,

respectively.

The feedforward control laws Usq, Usg are defined as

1/ . ) .
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Using (3) to (5), the dynamic model (1) can be expressed
as the following error dynamics

X = A(X)X + Bu (6)
where x=[£5 i;s ids]T , U= [Uqu ufbd]T »and
-k,  k 0 0 0

A(X)=|-ks -k, —@| B=|ks 0 )
0 65 _k4 0 k6

In (7), A(x) is a continuous matrix for all x and B is a
constant matrix. Finally, the optimal feedback control law is
given by

u=-Kx)x=-R™*B"L(x)x (8)
where K(x) is an SDRE gain matrix, and L(x) is a unique,
symmetric, positive definite solution of the following SDRE

L(X)A(X)+*—L(x)BR™BTL(x)+Q=0 (9)
where * represents blocks that are readily inferred by
symmetry, QeR¥® is a constant symmetric positive
semidefinite weighting matrix, and ReR¥? is a constant
symmetric positive definite weighting matrix. Then by
referring to [24] the following theorem can be established.

Theorem 1: Consider the closed-loop system of (6) and the
control law u defined in (8). Then the equilibrium of the
closed-loop system (6) is asymptotically stable.

Proof: Firstly, the state-dependent coefficient matrix A(x)
is rewritten as sum of a constant matrix A, and a state-
dependent incremental matrix AA(X) which satisfies AA(0) = 0,

A(X) = Ay + AA(X) (10)
where
-k, Kk 0 0 0 O
Ay=|-ks -k, 0 |, AAX)=|0 0 -o (12)
0 0 -k, 0w O
Let L, be the solution of the following ARE
LA, +*—LOBR‘lBTLO +Q=0 (12)

and L(x) = Lo + AL(x). Therefore, a state-dependent optimal
gain matrix K(x) can be represented as the sum of a constant
matrix Ko and an incremental matrix AK(x),
u =—(Kq +AK (x))x (13)
where
Ko=R™BTL,, AK(x)=R™BTAL(x) (14)
Thus the controlled nonlinear dynamics can be expressed
as the following form
% = (Ay — BKy )x +h(x)
where let h(x) = g(x)x = (AA(X) — BAK(x))x.
Then the system (15) can be regarded as a linear system
problem satisfying the property below

(15)
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It can be easily inferred from the following inequality

Ineol <Jo0all b < (laacal-8llak coflix| - (17)
where the norms of the state-dependent incremental matrices
AA(X), AK(x) are continuous and equal to zero at the origin.
Then, Ig(x)l converges to zero as Ixl goes to zero.
Consequently, h(x) meets the condition (16). In other words,
let > 0 be given. Hence, there exists § such that Ih(x)I < {IxI
for all IxI < ¢o. Let IxX(0)I < g, then the solution x of (16) exists
and satisfies Ixl < ¢ as long as £ > 0. For te[0,f), the

solution of (16) satisfies
t
[x®] < [e% X |Ix@)] + ¢ [ e * k] o (18)

From the linear quadratic regulator (LQR) theory, with the
matrix Ko which is calculated in (14), all eigenvalues of (A, —
BK,) have negative real parts. It means the existence of >0
such that Re(1) < — g for all eigenvalues of (Ag — BKy). Thus
there exists a positive constant G such that

“E(ArBKo)t <Ge Mt

19)
so that

pol<ce ™ @)+ 6 [e P fdr  (20)

Multiplying both sides of (20) by e* and borrowing from
the Gronwall inequality, the following equation can be found

e x(®)| < G [x©)e*® or [x()] <G [x@[e " (21)
for all t > 0 such that Ixl < J. The initial condition domain is
restrained further by choosing {€(0, g/G). If ¢ is equivalent to
¢and ye(0, 9), do = min(d, y/G) is adopted. Hence for Ix(0)I <
do, it is given that Ix(t)l <y < do for all t > 0 and x = 0 is stable.
Besides, (21) holds for all t > 0 in case that Ix(0)I < o. It can
be concluded that the nonlinear system is asymptotically
stable at the origin (x = 0) because (8 — {G) > 0. ]

Remark 1: It should be noted that the optimal feedback
control law obtained from (8) and (9) is the suboptimal
solution of the optimal control problem associated with
nonlinear dynamics (6) by minimizing the following
performance index [24],

J(x,u)=%J;:O(xTQx+uTRu)dt (22)

B. Near Optimal Controller Design by Taylor Series Method

It is not easy to analytically solve the SDRE (9) because
A(x) is a state-dependent matrix. In this subsection, Taylor
series numerical method is used to approximate the solution
of the SDRE (9).

By introducing a new variable ¢, the state-dependent matrix
A(x) can be rewritten as

A(X) = Ay + eAA(X) (23)

The solution of the SDRE (9) can be represented as the

following Taylor series

L(x,8)=Y&"L,(x) = L), , + LX)
n=0 =0

where each L,(x) matrix is symmetric because L(x) is

symmetric.

Inserting (23) and (24) for A(x) and L(x) into the SDRE (9),
the following equation is obtained

(ig”Ln(x)j(Ao + EAA(X))+*

—(Zw:g”Ln(x)jBR'lBT(ig”Ln(x)j +Q=0

By arranging like powers of ¢ and then assigning the
coefficients to zero, the equations to calculate all L, matrices
are given as

(24)

(25)

LA +*-LBR'B'L,+Q=0 (26)
LA +LAA+*=0 (27)

n-1
LA +L,_AA+*->"LBR'B'L, , =0 (28)

k=1
where A, = A, -BR'BTL,.

It is noted that (26) is the algebraic Riccati equation (ARE)
corresponding to (Ao, B), whereas (27) and (28) are the state-
dependent Lyapunov equations. It is understood that this
methodology converges locally to the solution of the SDRE
(9) because A(x) is continuous and B is constant [25]. For
transforming (27) and (28) to algebraic Lyapunov equations,
the state-dependent incremental matrix is rewritten as

00 O 00 0
AMX)={0 0 -a|=a|0 0 -1|=dAA (29)
0 @ O 01 0

By establishing L,(x) = (@)"LS where L, is a constant
matrix, (26) to (28) can be expressed as the following

LSA +*—LSBR™B'LS +Q =0 (30)
LSA +LSAA. +*=0 (31)

n-1
LA + L5 AA +*= D LFBRMBTLS, =0 (32)

k=1
Therefore, the solution of the SDRE (9) can be
approximated by solving (30) to (32). Finally, the near
optimal feedback control law is given by

u= {RlBT le“(a?)” LS ]x = {le“(a?)” K, ]x (33)

where K, =R™BT LS and N is the number of members of the

series computed offline.
Fig.1 illustrates the block diagram of the proposed SDRE-
based near optimal speed controller.
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Fig. 1. Block diagram of the proposed SDRE-based near optimal speed
controller.

I1l. SDRE-BASED NEAR OPTIMAL LOAD TORQUE OBSERVER
DESIGN

A. SDRE Parameterization of Optimal Load Torque Observer
Gain and Stability Analysis

As shown in (6), the SDRE-based speed control approach
requires some information to design a state feedback control
law: electrical rotor angular speed w, g-axis current igs, d-axis
current ig, and load torque T,. In this paper, it is assumed that
o, lgs, and ig are available. Generally, the load torque T is
estimated in industrial applications since a toque meter is so
expensive and deteriorates system reliability. In this section,
we will design an SDRE-based near optimal load torque
observer which can accurately estimate T,.

For a fixed sampling interval, the load torque does not vary
suddenly. Thus, assume that T, is constant, and its derivative

T, is equal to zero. Based on T, =0 and (1), the fourth-order
dynamic model is given as follows:

Xo = Ao(xo)xo + U (34)
where
T, 0 1 0 0 0
» ks -k, k O 0
=i 1R 0 L ke [T eV
i 0 0 o -k KoV

Then, the load torque observer model can be expressed as
Xo = Ay (%)% + M (%)Y =M (%)Co%, + g
Yo =CoX,
fL =C; )A(o

(35)

where T, is an estimate of T, M (X,) eR*®is an observer
gain matrix, and
T

T

x>
Il

1
C - 0
0 o 1 (I
Igs 0

ids 0
Similar to (10), A,(xo) is rewritten as sum of a constant
matrix KO and a state-dependent incremental matrix AA,(X,)

o O o

1
0
0

o +— O

0
0l C =
1

Ay (X5) = A, + AA(X,) (36)
where
0 0 0 0 000 O
| -ks -k, Kk 000 O
= A =
A S e T
0 0 0 -k, 00 @ O

Then Py, which is the solution at x, = 0, is the solution of
the following ARE

AR, +*~PRCIRC,P+Q, =0 (37)
Define AP(x,) = P(x,) — Py where P(x,) solves the following
SDRE for some Qy >0, Ry >0
A (%,)P(%,) +*= P(%,)CoR'C,P, (%,) +Q, =0 (38)
Thus, a state-dependent optimal gain matrix M(x,) is
calculated as
M (Xo) = MO +AM (Xo)

where My =P,CJ Ry and AM (x,) = AP(x,)Ca Ry*.

(39)

Here, M, is the gain matrix that stabilizes (A,,CJ) .
Consequently, (A, — MoC,) has all eigenvalues with negative
real parts. Moreover, AA(X,) and AP(x,) are small and
bounded in a neighborhood of the origin because they are zero

at X, = 0 and continuous. Therefore, AM(0) is equal to zero
and AM(x,) is small in a neighborhood of the origin.

Theorem 2: Consider the following SDRE

A\)()zo)P()zo)—i_*_ P()QO)C;—RO_:LCOF)O()QO)—FQO =0 (40)
where Q,eR*“is a constant symmetric positive semidefinite
weighting matrix, and R,eR¥? is a constant symmetric
positive definite weighting matrix. Also, assume that the load
torque observer gain matrix M(X, ) is given by

M (%,) = P(%,)Co Ry* (41)

Then the estimated state in (35) converges locally
asymptotically to the state.

Proof: The proof can be completed similarly to that of
Theorem 1. [

Remark 2: It should be noted that the observer gain matrix
which is calculated in (40) and (41) is the suboptimal solution
of the optimal control problem associated with the following
nonlinear dynamics

)A(o = A;— ()A(o))A(o + C;—uo (42)
and the performance index [24] is given as
- 1 (T A o
Jo (%4, U) ZEL (ngoxO +u) Rouo)dt (43)
0

B. Near Optimal Observer Design by Taylor Series Method

The SDRE optimal observer gain matrix (41) can be
obtained in the manner of the SDRE-based optimal controller.
That is, the solution of the SDRE (40) can be approximated by



(44)

NO NO
M (%,) = {z Pfa”)”}cg Ro' =D M0"
n=0 n=0

where M, = PSC/R;? and all P, matrices can be achieved
by solving the following equations

AR’ +*—R CIR'C,Ry +Q, =0 (45)
A\n Plc + POCAAJTC +*=0 (46)
n-1
AP+ AACPY +* - Z RCCoR'C,PE =0 (47)
k=1
000 O
— B 000 O
where Ay = A, —PyCoR;'Co, AA = 000 -1/
001 O

Remark 3: For the case N, = 0, the above SDRE-based
observer is reduced to the Kalman-Bucy optimal observer
minimizing the performance index E(e'e) that implies the
expectation value of e'e for the following linear time-invariant
model

%o = AgX, +Ug +d, Yo =CoX, +V (48)
where deR? veR® are independent white Gaussian noise
signals with E(d) = 0, E(v) = 0, E(dd") = Q,, and E(w") = R.

Fig. 2 depicts the block diagram of the proposed SDRE-
based near optimal load torque observer.

u {

Ay ()X, +u, +

Yo sf (X i
n [ZM}’I&}”J(};O _Co“{ﬂo)
3 L |

n=0

Fig. 2. Block diagram of the proposed SDRE-based near optimal load torque
observer.

IV. SDRE-BASED NEAR OPTIMAL SPEED CONTROL LAW
WITH LOAD TORQUE OBSERVER

By solving the Riccati and Lyapunov equations (30) to (32)
and (45) to (47) with respect to the SDRE-based optimal
controller and observer, a load-torque-observer-based control
law can be designed. It is noticed that the solution matrices
L and PE of these equations can be easily computed by
using the Matlab’s command “care” and “lyap” as follows:

LOc= care(AQ, B, Q, R);
Q1=LOc*dAc+dAc™*LO0c;
A1=A0-B*inv(R)*B"*L0c;
Llc = lyap(Al, Q1);

Lnc = lyap(Al, Qn);

POc= care(Aobar’, Co’, Qo, Ro);
Qol= dAoc *P0Oc + POc* dAoc’;
Aol=Aobar-P0Oc*Co™inv(Ro)*Co;
Plc =lyap(Aol’, Qol);

Pnc = lyap(Aol’, Qon);

where Lkc and Pkc represent L and P (k = 0, 1, ...n), and
A0, Al, dAc, Aobar, Aol, dAoc, Qo, Ro, Co are used for Ag, Ay,

AAc, Ay, Aoty AAc, Qo, Ro, Co, respectively.

Finally, by using the estimated load torque fL instead of
T,, the observer-based optimal control inputs can be expressed

as.
v N
{ qs}:- RB™Y (@)L %
Vas n=0
1 ~ . A 49
k_(k4lq5d + Ky +igs04 + |qsd) (49)
+ 6
12 -
where igg = (Kpog +KsTL +@g) 1Ky, g =lgs —lgeg
%=, 115,

Remark 4: It should be noted that the proposed SDRE-
based control strategy can be applicable to various electric
drive applications which can be represented as (6). The design
procedure of the proposed control scheme can be generalized
as follows:

Step 1: Choose appropriate weighting matrices Q, and R,
for the observer design through intensive
simulation studies.

Step 2: Solve algebraic Ricatti equation (45) and
Lyapunov equations (46), (47) to obtain the
solution matrices P, .

Step 3: Calculate the observer gain matrices M,, and
construct the load torque observer (35).

Step 4: Choose appropriate weighting matrices Q and R for
the controller design through intensive simulation
studies.

Step 5: Solve algebraic Ricatti equation (30) and
Lyapunov equations (31), (32) to obtain the
solution matrices L, .

Step 6: Calculate the near optimal control gain matrices K.
Finally, construct the load torque observer-based
near optimal speed control law (49).

V. CASE STUDY FOR VERIFICATIONS

To confirm the effectiveness of the proposed SDRE-based
optimal control system design, let us consider a prototype
PMSM with the following nominal parameters: rated power
Pratea = 1 HP; rated phase current l,yq = 3.94 A; rated torque
Trates = 3.9 N'm; p = 12; R, = 0.99 Q; Ly = 5.82 mH; 4, =
7.92x10? V-sec/rad; J = 12.08x10™ kg-m% B = 3x10*



N-m-sec/rad. Then the coefficients of the system model (1) are
given as:
k; = 3539.6, k, =0.2484, k; =34968.8
k, =170.1, ks =13.6, kg =171.82
By solving the algebraic Riccati equation (45), the
Lyapunov equations (46) and (47) with N, = 2, the load torque
observer gain matrices can be calculated as
—0.0241 0.0041 —0.0000

1.0555 0.1663 —0.0000
0.1663  0.9690 —0.0000
—0.0000 -0.0000 0.9831
—0.0000 -0.0000 -0.0359
0.0000 0.0000 0.0804
17| 00000 0.0000  0.0005
0.0804  0.0005 -—0.0000
—-0.0129 0.5413 -0.0000
5 0.0292 -0.3786 -—0.0000
—-0.3786 —-0.0799 0.0000
—0.0000 0.0000 -0.0269

By solving the ARE (30), the Lyapunov equations (31) and
(32) with N = 2, the near optimal control gain matrices can be
computed as

M, =10* x

(50)

(51)

M, =10 (52)

[31.5397 56.4596 0.0000 (53
©71-0.0000 0.0000 43.7423
~[-0.0000 0.0000 0.0005 =)
' 7| -0.0039 0.0005 —0.0000
. 03660 —0.1550 —0.0000
K, =10"%x (55)
~0.0000 —0.0000 -—0.0647

Based on the observer gain matrices (50) to (52) and the
control gain matrices (53) to (55), it is noted that My and M;
are much more dominant observer gain matrices than M,
while K, and K; are also much more critical control gain
matrices than K,. Therefore, in this paper, only N, =1and N =
1 are chosen, which can guarantee good performance of the
SDRE-based near optimal control system without much
computational effort.

Finally, the observer-based optimal control inputs can be
given by

{vqs} _ | 3153974 +56.4506iq +0.0005i4é>

Vs —0.00390% +0.00050 iy, + 43.7423i,
. : (56)
0.9900i,4 +0.0792a, +O.0006(id5a)d +iq5dj

+ ~
- 00006( iqswd + C{)iqsd j

Fig. 3 shows the configuration of a prototype PMSM drive
system to prove the proposed control methodology. It
comprises a PMSM, an electrical brake, a three-phase PWM
inverter with a TI TMS320F28335 DSP.

DSP-Board with TI TMS320F28335

DC Power
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§ - z é Encoder
a8 ©
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PMSM

Variable DC-Voltage Power Supply | Brake

Fig. 3. Configuration of a prototype PMSM drive system.

As described in Fig. 3, the proposed SDRE-based near
optimal observer estimates the load torque T, and then the

estimated load torque fL is provided to the SDRE-based near

optimal speed controller. The rotor position (6) and two phase
currents (i, ip) are measured by means of an encoder and
current sensors, respectively. Taking into account a trade-off
between the system efficiency and the control performance,
the sampling frequency as well as the PWM frequency is
designed as 5 kHz. Additionally, a space vector PWM
(SVPWM) technique of various PWM methods is used to
regulate the phase currents flowing into the PMSM.

For comparisons, this paper presents the simulation results
of three control methods: proposed control method (N, = 1
and N = 1), proposed control method (N, = 0 and N = 0), and
conventional proportional-integral (PI) control method. It
should be noted that when N is equal to zero, the proposed
controller is very similar to a LQ regulator (with a little
difference in ugy and ugg). Three different control schemes
have been simulated using Matlab/Simulink, which is a very
powerful simulation tool, under the following three cases:

- Case 1: Speed Transient Response
1) The desired speed (wq): —188.5 rad/sec — 188.5
rad/sec — —188.5 rad/sec;
2) Nominal motor parameters;
3) Load torque T, =1 N-m.

- Case 2: Speed Transient Response
1) The desired speed (wq): —188.5 rad/sec — 188.5
rad/sec — —188.5 rad/sec;
2) 150% variations of some motor parameters (R, L, J),
i.e, Ry=1.485Q, Ls=8.73mH, J = 18.1x10*kg-m?;
3) Load torque T, = 1.5 N'm.

- Case 3: Load Torque Transient Response
1) The desired speed (wq) = 188.5 rad/sec;
2) 150% variations of some motor parameters (R, L, J),
i.e, Ry=1.485Q, L;=8.73mH, J = 18.1x10*kg-m?;
3) Load torque T.: 1 N'm — 2 N'm — 1 N-m.

Case 1 and Case 2 show the speed transient response under
nominal parameters and some parameter Vvariations,
respectively when the desired speed (wq) changes and the load



torque (T.) is constant. Meanwhile, Case 3 shows the load
torque transient behavior in the presence of motor parameter
variations when the desired speed (wq) is constant and the
load torque (T.) changes with a step.

Figs. 4 to 6 show the simulation results of the proposed
control method (N, = 1 and N = 1) under Case 1 to Case 3,
respectively, and each figure shows the waveforms (w, wq, @ ,

igs, lds, TL, 'fL, i). In all cases, the speed errors @ in steady-

state are almost zero. In Figs. 4 and 5, the speed errors vary up
to 2.67% and 3.88% from the reference in the transient time
when the desired speed (wq) varies at 0.3 sec and 0.7 sec. Also,
in both figures, the speed response has no overshoot and a
short settling time (0.033 sec, 0.033 sec). Fig. 6 shows that the
motor speed (w) is very stable during the transient time when
the load torque suddenly changes from 1 N'm to 2 N-m and
vice versa. Particularly, Figs. 4 to 6 show that the load torque
T, is accurately estimated by the SDRE-based near optimal
observer.

Figs. 7 to 9 show the simulation results of the proposed
control method (N, = 0 and N = 0) under Case 1 to Case 3,
respectively. In Figs. 7 to 9, the speed errors @ in steady-state
are almost zero. However, Figs. 7 and 8 show that the speed
errors change by 43.5% and 55.63% from the reference in the
transient time when the desired speed (wg) varies. In Fig. 7,
the speed response has no overshoot but a longer settling time
(0.085 sec). Meanwhile, Fig. 8 shows that the speed behavior
has a bigger overshoot (5.31%) and a longer settling time
(0.114 sec). In Fig. 9, it is shown that the motor speed changes
up to 10.85% during the transient when the load torque
abruptly varies from 1 N-m to 2 N-m at 0.3 sec and vice versa
at 0.7 sec. Note that the load torque observer does not work
well in all cases because the estimated load torque has some
steady-state error not to be neglected.

Next, Figs. 10 to 12 show the simulation results of the
conventional Pl control method under Case 1 to Case 3,
respectively. Note that the Pl speed controller is used in an
outer loop and the PI current controller is used in an inner
loop. The gains of both PI controllers are determined by the
tuning rule [26], and the bandwidths are designed as wgpeed =
2n-16 rad/sec and weyrrent = 21- 160 rad/sec, respectively. Thus,
the PI control law can be expressed by the following equation,

~ t
|:Vqs:| _ kPiq |qs + k|iq b |qsdT +i|:k4iq3 + k5w+wids + i.qsd

Vs k6 I(4ids —oi

t
Kpigids * Kiig o'dsdT o

(57)
-~ t-...
where iqeq =Kp, 0 + k,wjowdr, keiq and kiiq are the PI gains

of the g-axis current controller, and kpiq and kjq are the PI
gains of the d-axis current controller. Meanwhile, kp,, and k;,
are the Pl gains of the speed controller, respectively. As a
result, when comparing the proposed control law (56) and the
Pl control law (57), it seems that there is no significant
difference between both control laws regarding computational
complexity.
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Figs. 10 to 12 show that the steady-state speed errors are
not considerable. Also, Fig. 10 shows that the speed error
changes by 17.73% from the reference in the transient time.
Fig. 11 shows that the speed error varies up to 31.19% during
the transient time. In these figures, the speed behavior has a
bigger overshoot (15.34%, 30.66%) and a longer settling time
(0.087 sec, 0.100 sec), respectively. Fig. 12 shows that the
motor speed changes by 12.20% during the transient when the
load torque varies with a step.

Table | summarizes the comparisons of control
performance about three control strategies during the transient
with respect to the simulation results.

TABLE I
COMPARISONS OF THREE CONTROL SCHEMES DURING THE TRANSIENT WITH
RESPECT TO SIMULATION RESULTS

Methods Proposed Proposed Conventional Pl

Conditions (No=1,N=1) | (No=0,N=0)

Maximum | Casel 2.67% 43.5% 17.73%
Speed Case 2 3.88% 55.63% 31.19%
Error Case 3 0.97% 10.85% 12.20%

Case 1 0% 0% 15.34%

Overshoot | Case 2 0.83% 5.31% 30.66%

Case 3 0.97% 9.85% 12.09%

Settling Case 1 0.033 sec 0.085 sec 0.087 sec
Time Case 2 0.033 sec 0.114 sec 0.100 sec
Case 3 0 sec 0.112 sec 0.035 sec

For evaluating the speed tracking performance of the
proposed controller (N, = 1 and N = 1) in a wide speed range,
Fig. 13 illustrates the simulation results of the proposed
control law under 150% variations of some motor parameters
(Rs, Ls and J) when the load torque is equal to rated value (3.9
N-m) and the reference speed (wq) increases up to the rated
value (1850 RPM). That is, the desired motor speed (wq)
suddenly increases from 565.49 rad/sec to 1162.39 rad/sec
and then decreases from 1162.39 rad/sec to 565.49 rad/sec. It
is definitely verified that the proposed controller can
accomplish good performance (maximum speed error: 1.25%,
overshoot: 0.28%, settling time: 0 sec).

The proposed SDRE-based control algorithm s
implemented on a prototype PMSM drive with
TMS320F28335 as shown in Fig. 3. Figs. 14 to 16 show the
experimental results about the speed response of the proposed
SDRE-based near optimal control method (N, =1 and N = 1;
N, = 0 and N = 0) and conventional PI-PI control method,
respectively. Figs. 14 (a) to 16 (a) show the measured speed
(), the desired speed (wg), and the speed error (@ ). Figs. 14
(b) to 16 (b) illustrate the g-axis current (iqs) and the d-axis
current (igs). Figs. 14 (c) to 16 (c) show the load torque (T.),

the estimated load torque ('fL ), and the phase a current (iy,).

Also, Fig. 17 shows the experimental results about the load
torque behavior of the proposed control method (N, =1 and N
= 1) under 150% variations of some motor parameters (R, L
and J) when the load torque changes with a step.

TABLEI
COMPARISONS OF THREE CONTROL SCHEMES DURING THE TRANSIENT WITH
RESPECT TO EXPERIMENTAL RESULTS



Methods Proposed Proposed
- _ - _ Conventional Pl
Conditions MNo=1,N=1) | (No=0,N=0)

Maximum 3.02% 50.32% 25.82%
Speed Error

Overshoot 0.73% 8.13% 42.13%
Settling Time 0.034 sec 0.121 sec 0.115 sec
Table 1l summarizes the comparisons of control

performance about three control methods during the transient
with respect to the experimental results. It is clear that the
proposed controller shows a better transient performance in
comparison to the conventional LQ regulator or Pl controller.
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under Case 2.
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Fig. 10. Simulation results of the conventional PI-PI control method under
Case 1.
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Fig. 11. Simulation results of the conventional PI-PI control method under
Case 2.
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Fig. 12. Simulation results of the conventional PI-PI control method under
Case 3.
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Fig. 13. Simulation results of the proposed control method (N, =1 and N = 1)
under 150% variations of some motor parameters (Rs, Ls, J) when the

reference speed increases up to the rated value (1850 RPM).
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Fig. 14. Experimental results of the proposed control method (N, = 1, N = 1). Fig. 15. Experimental results of the proposed control method (N, = 0, N = 0).
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Fig. 16. Experimental results of the conventional P1-PI control method.
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Fig. 17. Experimental results of the proposed control method (N, = 1 and
N = 1) under 150% variations of some motor parameters (Rs, Ls, J) when the
load torque changes with a step.

From the simulation and experimental results, it is
definitely proven that the proposed SDRE-based near optimal
control scheme can achieve better control performance such
as no overshoot, zero steady-state error, and fast transient
response in speed tracking than the linear conventional control
methods such as LQ regulator and Pl controller in the
presence of the motor parameter and load torque variations.

VI. CONCLUSION

An SDRE-based near optimal controller and observer are
proposed to exactly track a reference trajectory of a PMSM. In
both designs, the stability is analytically proven and Taylor
series numerical method approximates the solution of each
SDRE which cannot be solved directly. To verify the
effectiveness of the proposed control strategy, simulations
have been performed with Matlab/Simulink program and



experiments have been implemented with a PMSM drive
using a TMS320F28335 DSP. It has been shown that the
proposed SDRE-based near optimal control algorithm can
guarantee better control performance (e.g., no overshoot, zero
steady-state error, and fast transient response) in speed
tracking capability than the linear conventional control
methods (e.g., LQ regulator and PI controller) even under the
variations of the motor parameters and load torque.
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