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Abstract We present a dynamical toy model for an expand-
ing universe inside a black hole. The model is built by match-
ing a spherically symmetric collapsing matter cloud to an
expanding Friedmann–Robertson–Walker universe through
a phase transition that occurs in the quantum-gravity dom-
inated region, here modeled with semi-classical corrections
at high density. The matching is performed on a space-like
hyper-surface identified by the co-moving time at which
quantum–gravity induced effects halt collapse. The purpose
of the model is to suggest a possible reconciliation between
the observation that black holes are well described by the
classical solutions and the fact that the theoretical resolution
of space–time singularities leads to a bounce for the collaps-
ing matter.

1 Introduction

Singularities appear to be unavoidable as the endstate of com-
plete gravitational collapse within General Relativity (GR)
under physically reasonable conditions [1,2]. The fact that
the existence of curvature singularities leads to a breakdown
of the causal structure of the space–time with loss of pre-
dictability has led Penrose to conjecture that such pathologies
must always be hidden behind horizons [3].

Another way to address the problem relies on the possi-
bility that singularities must be generically resolved within
a theory of quantum-gravity (QG) and therefore do not arise
in realistic physical scenarios [4]. This idea bears signifi-
cant consequences for both cosmology [5,6] and black hole
physics (see [7] for a recent review). Dynamical models for
‘quantum inspired’ bounces from gravitational collapse have
become of great interest in recent years as they pose interest-
ing theoretical questions on the consequences of singularity
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resolution within black holes and their possible implications
for astrophysics [8]. The most important feature of such mod-
els is that, by removing the central singularity that forms at
the end of collapse in the classical scenario, they allow for
the space–time to be geodesically complete. Matter and infor-
mation are not destroyed in the singularity, leaving the door
open for other possibilities (see for example [9–17]). How-
ever, the nature of the bounce and the evolution of the matter
fields after the bounce are at present poorly understood and
several theoretical questions remain open [7].

In particular one of the main open problems is the nature
of the geometry of the space–time in the exterior of the col-
lapsing cloud after the bounce. The recent observation of
the shadow of the supermassive black hole candidate at the
center of the galaxy M87 by the Event Horizon Telescope
collaboration has not shown any significant departure from
the prediction of GR [18,19]. At present, from theoretical
consideration, it is clear that the QG modifications that allow
for the resolution of the singularity must affect the geometry
at distances larger than the Planck scale and possibly outside
the boundary of the collapsing object. However, it is unclear
whether such modifications may propagate to the exterior of
the event horizon [20]. It has been suggested that such mod-
ifications may extend outside the horizon but must remain
confined within a short (i.e. Planck scale) distance (see for
example [21] or [22], [23] for models where the effects are
macroscopic).

In the present work, we assume that no departure from
the classical black hole solution exists outside the horizon
and investigate one possible behavior of matter in the post-
bounce era by constructing a toy model that leads to a baby
universe causally disconnected from its parent universe. The
idea of the existence of universes inside black holes has been
suggested by many authors. For example in [24] it was sug-
gested that universes with black holes arise naturally through
a selection process where new universes with slightly differ-
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ent values of fundamental constants are created inside black
holes. A critical analysis of this idea was developed in [25]
and the implications of the idea for longstanding problems
in cosmology were analyzed in [26]. In [27,28] the authors
matched the interior of a Schwarzschild black hole at the
endpoint of collapse with a DeSitter universe. Other models
with new universes being created in regions of space–time
causally disconnected from the parent universe were consid-
ered for example in [29–34].

In our model, we follow a similar approach to that of [27]
with the additional ingredient of the bounce. Therefore, we
match a collapsing matter cloud to an expanding Friedmann–
Robertson–Walker (FRW) universe at a space-like hyper-
surface defined by the time at which collapse halts and the
bounce occurs. This addition of the bounce mechanism nat-
urally allows for an expanding universe to develop inside
the black hole, thus supporting Smolin’s idea of universes
with black hole being favoured via a selection mechanism.
The geometry outside the horizon is assumed to be described
by Schwarzschild at all times. In this way, the observers at
infinity will only detect the formation of a classical black
hole without any evidence of the bounce.

As noted by several authors, the price to pay for allowing
the collapsing matter to bounce, thus avoiding the forma-
tion of the singularity, is the necessity for the presence of
a finite region of space–time where classical GR does not
hold. This is due to the fact that the light-cone structure of
the space–time must change in the transition of the geometry
from collapsing to expanding, and thus a finite size region
interpolating between the two geometries must exist (see for
example [20]). In our case, such region, located in the vicinity
of the space-like matching surface, remains confined inside
the black hole horizon.

It must be noted that the model does not describe the mech-
anism of the phase transition at the bounce, since that would
require a quantum gravitational theory of matter. Therefore
the model does not predict what matter content would be
allowed in the expanding phase. However, we show that if
such a phase transition happens, then the bounce mechanism
provides a natural framework for the extension of the geom-
etry in the expanding universe.

The paper is organized as follows: In Sect. 2 we construct
the model for collapse matched to an expanding FRW metric.
Sections 3 and 4 are devoted to the discussion of the match-
ing of the exterior vacuum space–time with the collapsing
interior and with the expanding universe, respectively with
particular attention to the behavior of the apparent horizon.
Finally in Sect. 5 we outline some properties and open issues
of the model presented.

Throughout the paper, we make use of natural units setting
G = c = 1.

2 Dust collapse with bounce matched to FRW

We shall begin by considering the collapsing interior space–
time (we shall call it region I) described by homoge-
neous dust, i.e. the Oppenheimer–Snyder–Datt (OSD) model
[35,36]. We shall label the coordinates as {tI , rI , θ, φ}. The
equation of motion for the classical collapsing homogeneous
dust cloud is [37]

ȧI = −
√
mI

aI
− kI , (1)

where the dot represents derivative with respect to the co-
moving time tI and mI and kI are constants related to the
initial density and initial velocity of the collapsing dust cloud.
The scale factor aI (tI ) is the only degree of freedom of the
system and describes the rate of collapse of each shell of the
dust cloud. In order to turn collapse into a bounce, one must
require either a violation of the energy conditions or failure
of Einstein’s equations. It can be argued that in some cases
the modifications to GR at high densities can be treated as an
effective energy-momentum tensor thus reducing the prob-
lem to that of classical Einstein’s equations with an effective
matter-source describing the modifications to GR [11]. Then
the minimal requirement in order to obtain a bounce lead-
ing to a new universe is that the matter source (effective or
not) violates the strong energy condition [38]. In [13] it was
shown how the OSD model can be modified in order to halt
collapse at a finite radius and obtain a matter bounce if an
effective energy density is introduced in the form

ρeff = ρ − ρ2

ρcr
, (2)

where ρcr is a critical density that signals a regime where the
classical description fails. By replacing the physical density
with the effective density one obtains a model described in
terms of effective quantities. These are the effective density
ρeff(t), pressure peff(t) and mass Meff(t). Then one obtains
a model of collapse in which the equations for the effective
quantities are formally identical to the usual Einstein’s equa-
tions for a perfect fluid. However, due to the non-physical
nature of the effective corrections, the energy conditions can
be violated for the effective quantities, thus allowing for col-
lapse to halt (see [13] for details). The effective equation of
motion then becomes

ȧI = −
√
mI

aI

(
1 − ρI

ρ I
cr

)
− kI . (3)

In the simplest case of marginally bound collapse, i.e. kI = 0,
the solution is readily obtained as
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aI (tI ) =
[
aI (tB)3 +

(√
1 − aI (tB)3 − 3

√
mI

2
tI

)2
]1/3

.

(4)

In this scenario the collapse halts at a size aI (tB) =
(3mI /ρcr)

1/3 when ȧI = 0 and ρI = ρcr. This occurs at
the time

tI = tB = 2
√

1 − (3mI /ρcr)1/3

3
√
mI

. (5)

In the following, we shall consider the more general and more
realistic case of bound collapse (i.e. ki > 0) where the ‘star’
initiates collapse with zero velocity at a finite radius. This is
the case also classically, as can be seen from Eq. (1) for which
the scale factor must satisfy a ≤ m/k. Classically a = m/k
is the only root of ȧ=0 and must define the initial configura-
tion. On the other hand, in the quantum-inspired model we
see from Eq. (3) that ȧ2 = 0 is a quartic function of a that
has two positive real solutions for m > (16k/3)

√
k/ρcr (for

the sake of clarity in this paragraph we have omitted the sub-
script). Since we are considering collapse of massive objects
(such as stars) which is halted in the quantum-gravity regime,
which can be assumed to have ρcr of the order of the Planck
density, it is easy to see that for any reasonable choice of m,
k and ρcr Eq. (3) will have two positive roots. Then the study
of the dynamical system f (a) = a4 −ma3/k + 3m2/(kρcr)

obtained from Eq. (3) shows that motion is allowed within
the two positive solutions of f (a) = 0 given by the initial
time and the time of the bounce. The behavior of collapse is
similar to the marginally bound case and the cloud halts and
bounces back at a finite co-moving time tI = tB . In this case,
the maximum density achieved at the time of the bounce tB
is

ρB =
(

1 − ka(tB)

m

)
ρcr < ρcr. (6)

We shall now treat the hyper-surface � given by tI = tB as
a phase transition at which the collapsing matter turns into an
expanding FRW universe. We shall call the expanding phase
region II and label the coordinates as {tI I , rI I , θ, φ}. The
metric on both sides of the phase transition can be written as

ds2
i = −dt2

i + ai (ti )2

1 − kir2
i

dr2
i + (ri ai )

2d�2, (7)

with i = I, I I and the matching across the hyper-surface can
be done following the Darmois–Israel formalism (see [39–
42]). The boundary hyper-surface can be given in parametric
form on both sides as

ti − tB = 0. (8)

The induced metric on the hyper-surface, as seen from the
i th region is given by

hiab = giαβe
α
a e

β
b , (9)

where, eα
a = ∂xα/∂ya are the tangent vectors on the hyper-

surface � which has coordinates ya = (r, θ, φ) and Latin
letters cover the three spatial coordinates. The non-vanishing
components of the induced metric are

hirr = ai (ti )2

1 − kir2
i

, hiθθ = hiφφ

sin2 θ
= (airi )

2, (10)

and the three dimensional line element on � can be written
in either coordinate systems as

ds2
� = ai (tB)2

1 − kir2
i

dr2
i + ai (tB)2r2

i d�2. (11)

Now, from the matching conditions hI
ab = hI I

ab, we get

rI I = aI (tB)

aI I (tB)
rI , (12)

aI I (tB) =
√
kI I
kI

aI (tB), (13)

the second of which gives the initial condition for the scale
factor in the expanding phase. To have a smooth matching
across the phase transition surface one needs to ensure that
the second fundamental form has the same value on both
sides. The only non-vanishing components of the extrinsic
curvature as seen from either side are

Ki
rr = ai ȧi

1 − kir2
i

, (14)

Kθθ = Kφφ

sin2 θ
= ai ȧi r

2
i , (15)

from which we see that continuous matching is possible at
the surface ti = tB since

ȧi (tB) = 0. (16)

In Fig. 1, it is shown the evolution of the scale factor from
the initial condition aI (0) = 1 (which need not correspond
to the initial time at which ȧI = 0) to the bounce and into the
expanding phase. Considering a FRW metric with a perfect
fluid energy-momentum tensor and equation of state pI I =
ωρI I (ω ∈ [−1, 1]), we can write the equation of motion for
the scale factor in the expanding region as [13]

ȧI I =
√

mI I

a3ω+1
I I

(
1 − ρI I

ρcr

)
− kI I , (17)

with initial condition given by Eq. (13).
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Fig. 1 The physical radius of the boundary Rb(t) = rba(t) as a
function of the co-moving time with a(t) = aI (tI ) for t ≤ tB and
a(t) = aI I (tI I ) for t ≥ tB . The bounce occurs at the critical scale
given by aI (tB) = aI I (tB). The values of the parameters are kI = 1.5,
mI = 2 and kI I = 1.96, mI I = 3, ω = 1/3 for the collapsing and the
expanding part respectively

Then, assuming that the value of the critical density be the
same on both sides, the initial condition given by Eq. (16)
can be satisfied at tI I = tB once mI I and ω are chosen in
such a way that mI I /a

3(ω+1)
I I = mI /a3

I at tI = tI I = tB .
Note that in principle one could also assume that the critical
density be different on either side of the phase transition in
which case one would have to choose mI I , ω and the new
ρcr in such a way that ȧI I (tB) = 0.

3 The exterior space–time

We now turn the attention to the exterior geometry in the col-
lapsing phase. In the classical picture, as the cloud collapses a
black hole forms when the matter cloud passes the threshold
of the horizon. In the following we assume that the modifi-
cations to the matter fields due to QG effects do not alter the
exterior geometry and so for the exterior we shall consider
the Schwarzschild solution with coordinates {T, R, θ, φ} and
mass parameter MSch given by the matching of the interior
mass at the boundary of the collapsing cloud. We shall call
the exterior space–time region III, with line element given
by

ds2
I I I = −FdT 2 + F−1dR2 + R2d�2, (18)

with

F = 1 − 2MSch

R
. (19)

Classically, the continuous matching of the second fun-
damental form across the boundary Rb(T (tI )) = rIbaI (tI )
implies that the total mass of the collapsing cloud is related

to the Schwarzschild mass MSch of the exterior space–time
via

MSch = 1

2
r3
I bmI , (20)

where the co-moving boundary rIb in the region I can be
chosen arbitrarily due to the absence of pressures. However,
in our model, we have introduced semi-classical corrections
for which the effective density and the effective mass of the
interior space–time change because of the contribution to
the geometry of QG effects that become important at high
densities. Therefore the Misner–Sharp mass function in the
interior is replaced by its effective counterpart which is not
constant in time. In fact, it is easy to see that,

Meff
I (tI ) = mI

(
1 − ρI

ρcr

)
. (21)

At large radii (or early times in collapse) the corrections
are negligible and in the limit of ρcr → +∞, we recover
the classical scenario. However, as collapse progresses the
corrections become important and the effective mass in the
interior is not conserved anymore so that at the boundary the
effective mass is lower than the corresponding Schwarzschild
mass given by Eq. (20). This may be interpreted as a sign that
semi-classical effects must propagate to the exterior region.

On the other hand, here we consider the exterior space–
time to be a classical black hole and assume that semi-
classical corrections do not alter the exterior geometry.
Therefore, in order to match the semi-classical interior with
the Schwarzschild exterior, we need to allow for an effec-
tive energy-momentum tensor to be present on the boundary
surface. This additional matter component must be under-
stood as resulting from QG corrections to the interior geom-
etry that exists only in the presence of high density matter
fields. Therefore the effective matter content on the boundary
allows for the matching of a classical Schwarzschild exterior
to the interior described above and must be understood not
as a physical matter field but as a consequence of the semi-
classical corrections in the interior.

The matching between the interior of the region I and
the exterior of region III is performed across the time-like
boundary surface given by rI − rIb = 0 in the region I and
R − Rb(T ) = 0 in region III. Continuity of the metric is
easily ensured from the conditions

dT

dtI
=

√
r2
I ȧ

2
I

F2 + 1

F
, (22)

Rb(T (tI )) = rIbaI (tI ). (23)

On the other hand, continuity of the second fundamental form
can not be satisfied in this case. The extrinsic curvature being
not same on the two sides of the collapsing boundary implies
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that the shell rI = rIb must carry a delta-like surface stress-
energy tensor Sab given by

Sab = − ε

8π

([Kab] − [K ]hab
)
, (24)

where ε = 1 for a time-like boundary, hab is the induced
metric on the boundary and [Kab] is the jump of the extrinsic
curvature across the boundary. Here the notation [A] which
defines the jump of A across a surface � is given by [A] =
AI I I |� −AI |� .

For region I the extrinsic curvature is given by

K I
tt = 0,

K I
θθ = K I

φφ

sin2 θ
= rI aI (tI )

√
1 − kI r2

I . (25)

For region III the extrinsic curvature is given by

K I I I
tt = −1

F−1 Ṙb − F

[
MSch Ṙ2

b Ṫ

(2MSch − Rb)Rb

+ MSch(2MSch − Rb)Ṫ 2

R3
b

+ MSch Ṙ2
b

(2MSch − Rb)Rb

]
,

K I I I
θθ = K I I I

φφ

sin2 θ
= −(2MSch − Rb)

F−1 Ṙb − F
,

(26)

where dot denotes derivatives with respect to the co-moving
time tI in region I. Now from the 2nd junction condition, we
obtain the effective density on the shell as

Stt = ρ�(tI ) = − 1

8π

(
[Ktt ] − [K ]hI

tt

)
, (27)

where K = habKab. The effective mass distribution on the
shell is given by

M� = ρ� × 4πr2
I b. (28)

In Fig. 2 we show the evolution of the effective density of
the boundary surface between region I and region III.

4 The expanding phase

As the collapsing matter (I) reaches the phase transition the
space–time turns into an expanding FRW universe (II). This
leaves open the question of what happens to the portion of
the Schwarzschild space–time between the boundary and the
horizon of region III. There are several possibilities that can
be constructed at this point and we will mention here three
that are, in our view, the most significant:

(a) Matching the Schwarzschild region III to another
Schwarzschild space–time (region IV), with a different

Fig. 2 Evolution of the effective density ρ� concentrated on the
boundary surface between region I and region III. The shell’s density
increases in such a way that M� + r3

I bM
eff
I /2 = MSch at all times. The

numerical parameters used in these plot are mI = 2, kI = 1.5

value of the mass parameter, at a surface R = R0 =
const. inside the horizon on both sides.

(b) Matching the Schwarzschild region III to a DeSitter uni-
verse (region IV) at a surface R = R0 = const. inside
the horizon of region III.

(c) Matching the Schwarzschild region III to an FRW uni-
verse (region IV) at a surface T = TB = const. inside
the horizon of region III.

Notice that in all three cases the matching occurs inside the
horizon for the region (III), and therefore it remains causally
disconnected from the black hole exterior. We shall briefly
discuss the cases (a) and (b) below and devote more attention
to the case (c).

4.1 Case a

Here we consider the matching of two Schwarzschild regions
(III given by the line element (18) and IV with coordinates
{T̃ , R̃, θ, φ} with the same line element and different value
for the mass parameter). The matching is performed across
the surfaces R − R0 = 0 and R̃ − R0 = 0, with R0 <

2MSch and R0 < 2M̃Sch respectively. Notice that having
(1 − 2MSch/R0) < 0 and (1 − 2M̃Sch/R0) < 0 implies
that the matching is space-like in this case. Continuity of the
metric gives the relation

dT

dT̃
=

√
R(R̃ − 2M̃Sch)

R̃(R − 2MSch)
, (29)

that holds on the boundary surface and can be easily inte-
grated. However, continuity of the extrinsic curvature can
not be satisfied in this case, as we get

123



373 Page 6 of 10 Eur. Phys. J. C (2020) 80 :373

Fig. 3 The Penrose diagram for the described model in the case (a)
contains four separate regions. Region I describes the collapsing OSD
cloud matched to a vacuum Schwarzschild exterior, region III. Region
II describes the expanding cloud which is matched to the collapsing
one at the time of the bounce and to a different Schwarzschild exterior,
region IV. The two Schwarzschild regions are causally disconnected
as they are matched through a massive thin layer located at a constant
radius inside the horizon. The dotted lines in region I and region II are
apparent horizons

Ki
T T = MSch

R2

√
1 − 2MSch

R
, (30)

Ki
θθ = Ki

φφ

sin2 θ
= −R

√
1 − 2MSch

R
, (31)

with i = I I I, I V . Therefore one has to consider a non van-
ishing stress-energy tensor, which accounts for the difference
in mass from one side to the other, that must be located at
R0.

Matching region IV with region II can then be performed
similarly to the matching of the region I and III. In this case,
we obtain a dust cloud (i.e. ω = 0) which expands in a white-
hole solution in a space–time causally disconnected from the
parent universe. The Penrose diagram of this scenario is given
in Fig. 3.

4.2 Case b

Here we consider the matching of the Schwarzschild region
III to a DeSitter universe (region IV). The DeSitter line ele-
ment can be written from the FRW metric (7) in region II in
the classical limit (i.e. ρcr → +∞) when one takes ω = −1.
Therefore in this case region II and region IV coincide outside
the QG dominated region and are both described by the FRW
line element with ω = −1. The matching, neglecting the QG
corrections, is again performed at a space-like surface given
by R − R0 = 0 inside the horizon on the Schwarzschild side
and tI I = tB on the DeSitter side. Continuity of the metric
implies

dT

drI I
=

√
rI I aI I (tB)3

(1 − kI I r2
I I )(2MSch − rI I aI I (tB))

, (32)

R0 = rI I aI I (tB). (33)

Once again the matching is in general not smooth as can
be seen by the evaluation of the extrinsic curvature on the
DeSitter side:

K I I
rr = aI I (tB) ˙aI I (tB)

1 − kI I r2
I I

, (34)

K I I
θθ = K I I

φφ

sin2 θ
= aI I (tB)ȧI I (tB)r2

I I , (35)

which vanishes at tI I = tB while the extrinsic curvature on
the Schwarzschild side is non zero for R0 �= 2MSch. This is
the scenario that was considered in [27] in the classical (i.e.
without bounce) case. The Penrose diagram of this scenario
is given in [27] and, for the sake of comparison, we also report
it herein, see Fig. 4. Notice that in [27] the radius where the
transition occurred was determined by the limiting curvature
hypothesis, while in our case it is determined by the critical
density.

4.3 Case c

Here we consider the matching between the Schwarzschild
region III at a surface T = TB inside the horizon and the
FRW universe described by region II at the surface tI I = tB .

The first thing to notice is that in this case, we are match-
ing a time-like surface on one side to a space-like surface on
the other. This is consistent with the idea that the light-cone
structure of the geometry must change in the QG region near
the bounce. In the present case we will adapt an idea to con-
struct the geometry interpolating from black hole to white
hole that was proposed in [20]. In our case the transition is
confined within the black hole horizon. We then construct an
interpolating region (we shall call it region II.5) separating
regions I and III from region II. First of all we need to make
the assumption that the quantum-gravity dominated regime
can still be described via a semi-classical geometry. Then we
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Fig. 4 The Penrose diagram for the model described in the case (b)
shows distinct regions of space–time denoted as I, II+IV and III. Region
I represents the modified OSD collapse, which is matched with an
expanding FRW universe denoted by region II. The darker triangular
region is the quantum gravity dominated region under which the col-
lapsing and expanding space–times are joined. The exterior of region
I is the vacuum Schwarzschild solution denoted by region III which is
matched to a DeSitter universe denoted by region IV inside the horizon.
In this model the expanding FRW universe and the DeSitter universe
coincide. The dotted line in region I is the apparent horizon and the
same in region II + IV are Cauchy horizons

can assume that region II.5 is given by the generic spherically
symmetric line element

ds2
I I.5 = −A(r̃ , t̃)dt̃2 + B(r̃ , t̃)dr̃2 + C(r̃ , t̃)d�2 (36)

with coordinates {t̃, r̃ , θ, φ}. The interpolating geometry
shall have a finite thickness 
t̃ . Then we match region III
with region II.5 on a time-like hyper-surface t̃ − TB = 0
inside the horizon. By matching the first fundamental form
we obtain,

B(r̃ , TB) =
(

1 − 2M

R

)−1

,

C(r̃ , TB) = R2.

(37)

The components of the second fundamental form in region III
vanish, KRR = Kθθ = Kφφ = 0, while the non-vanishing
components of the second fundamental form as seen from

the region II.5 are

Kr̃r̃ = − Ḃ(r̃ , TB)

2A(r̃ , TB)3/2 ,

Kθθ = Kφφ

sin2 θ
= Ċ(r̃ , TB)

2A(r̃ , TB)3/2 .

(38)

Therefore on the hyper-surface, we must impose Ḃ(r̃ , TB) =
Ċ(r̃ , TB) = 0.

Now we would like to match region II.5 to region II on
a space-like hyper-surface characterized by the equation t̃ −
tB = 0. The first junction conditions give

B(r̃ , tB) = a(tB)2

1 − kr2 ,

C(r̃ , tB) = r2a(tB)2.

(39)

The non vanishing components of the second fundamental
form in region II are

Krr = a(tB)ȧ(tB)

1 − kr2 ,

Kθθ = Kφφ

sin2 θ
= r2a(tB)ȧ(tB),

(40)

while in region II.5 they are

Kr̃r̃ = Ḃ(r̃ , tB)

2A(r̃ , tB)3/2 ,

Kθθ = Kφφ

sin2 θ

= Ċ(r̃ , tB)

2A(r̃ , tB)3/2 .

(41)

Therefore, since ȧ(tB) = 0, the second junction conditions
become again Ḃ(r̃ , tB) = Ċ(r̃ , tB) = 0. Notice that, as
expected, the sign of B changes from one side to the other of
the interpolating region. This describes the required change
in the light-cone structure of the manifold in the QG region.
This is also the reason why the interpolating region II.5 can
not be described by a quantum corrected FRW line element,
satisfying the equation of motion (17). In fact it is easy to
check that the junction conditions for the quantum corrected
FRW universe can be satisfied at the boundary between II and
II.5 but not at the boundary between II.5 and III. This is in fact
the reason why we need an interpolating geometry. The thick-
ness of the interpolating region, namely 
t̃ = TB − tB can
then be considered to be arbitrarily small thus accomplishing
the change of signature on the surface between region III and
region II through a thin hyper-surface with signature change.

The matching of two manifolds through a hyper-surface
with signature change was also studied in [43,44]. The Pen-
rose diagram representing our model is presented in Fig. 5.
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Fig. 5 The Penrose diagram for the model described in case (c) shows
three distinct regions of space–time denoted as I, II and III. Region I rep-
resents the modified OSD collapse, which is matched with an expanding
FRW universe denoted by region II. The darker triangular region is the
quantum gravity dominated region (II.5) under which the collapsing
and expanding space–times are joined. The exterior of region I is the
vacuum Schwarzschild solution denoted by region III which is matched
to interpolating region II.5 inside the horizon at a surface T = TB , the
quantum–gravity region II.5 is then matched to the expanding FRW
region II at a surface tI I = tb. The dotted lines in region I and region II
represent the apparent horizons

We turn now the attention to the horizons in the collapsing
and expanding phases. The apparent horizon for the collaps-
ing (expanding) FRW metric, i.e. region I (II, respectively),
is obtained from the expansion of future-directed outgoing
and ingoing null geodesic congruences and it can be defined
by the conditions

θl = 0,

θn < 0.
(42)

Here,

θl =
[
gμν + lμnν + nμlν

−nσnλgσλ

]
∇μlν, (43)

where lμ and nμ are null tangents satisfying lμlμ = nμnμ =
0 and lμnμ = −2 and θn is obtained from the above equation
by replacing lν with nν in the covariant derivative. In spheri-

cally symmetric space–times, the condition for the formation
of trapped surfaces reduces to the requirement that the sur-
face R(r, t) = const. is null, which is equivalent to requiring
gμν(∂μR)(∂νR) = 0.

For the metric in Eq. (7) the above condition becomes

1 − kir
2
i − Ṙ2

i = 0. (44)

Notice that for kI = 0, the condition reduces to r iah(ti ) =
±1/ȧi which is the usual equation for the apparent horizon
in the homogeneous flat case. In general, the equation for
apparent horizon radius becomes

r iah(ti ) = 1√
ki + ȧ2

i

. (45)

The occurrence of the bounce implies that ȧi (tB) = 0, so
that the apparent horizon radius at the time of the bounce is

r iah(tB) = 1√
ki

, (46)

which in the case of the collapsing phase is located outside
the boundary of the cloud.

Figure 6 shows the apparent horizon curves in the collaps-
ing and expanding phases. The left panel in Fig. 6 shows the
apparent horizon curve r Iah(tI ) for the collapsing phase. The
dashed line represents the apparent horizon curve for classi-
cal collapse without the bounce and the solid line represents
the apparent horizon curve for quantum inspired collapse.
We can see that in quantum inspired scenario, the apparent
horizon reaches a constant value as given by Eq. (46) at the
time of bounce, which is not the case in classical collapse.
The mid panel in Fig. 6 shows the apparent horizon curve
r I Iah (tI I ) for expanding universe after the bounce. The appar-
ent horizon forms at a constant radius at the time of bounce
and increases as the expansion proceeds. In the right panel,
we show a schematic feature of apparent horizon formation
combining both the curves in quantum inspired gravitational
collapse.

5 Discussion

Preliminary analysis of the data from the recent observation
of the ‘shadow’ of the supermassive black hole candidate at
the center of M87 suggests that the object is well described
by a black hole solution [18,19]. However, there are reasons
to believe that the singularities present in such solutions must
be removed once the same object is described within a theory
of Quantum-Gravity (see [7] and references therein).

In the present work, we suggested a possible reconcilia-
tion between the observation that astrophysical black holes
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Fig. 6 The left panel shows the apparent horizon curve rIah(tI ) for the
collapsing phase with the solid line representing quantum inspired col-
lapse and the dashed line representing classical collapse. The middle
panel shows the apparent horizon curve rI Iah(tI I ) for the expanding

phase. In the right panel we plot a schematic of the apparent horizon
curve both before and after collapse. The values of the parameters are
kI = 1.5, mI = 2 and kI I = 1.96, mI I = 3, ω = 0 for the collapsing
and the expanding part respectively

are well described by the classical solutions and the theo-
retical implications that the removal of singularities within
a theory of Quantum–Gravity may have for black holes. In
particular, we constructed a dynamical model for an expand-
ing universe forming inside a black hole by matching a col-
lapsing spherically symmetric dust cloud with an expanding
FRW universe on a space-like hyper-surface at the time when
the collapse halts and the bounce occurs.

Therefore, an observer at spatial infinity would only detect
a classical black hole without any evidence of a bouncing
event. For the expanding phase, we proposed three possibil-
ities., namely, matching the exterior Schwarzschild region
to another Schwarzschild space–time with a different value
of the mass parameter, matching the exterior Schwarzschild
region to a DeSitter universe and matching the exterior
Schwarzschild to the expanding FRW universe inside the
horizon. The second option has been explored in the litera-
ture before [27]. We showed the matching conditions in all
three cases and calculated the apparent horizon for the col-
lapsing matter and the expanding FRW universe.
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