EXISTENCE AND UNIQUENESS RESULTS FOR A SYSTEM OF
COUPLED KDV EQUATIONS IN WEIGHTED SOBOLEV SPACE

YERZHAN UMIRZAKOV

ABSTRACT. The system of Korteweg—De Vries (KdV) equations is a system of
partial differential equations. It is used to describe the modeling of shallow water
surface waves. In this paper, we show the well-posedness of the coupled Kor-
teweg—De Vries system of equations with initial data under Sobolev Space and
Weighted Sobolev Space for % <s<1.
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2 YERZHAN UMIRZAKOV

1. INTRODUCTION

In this paper, we are interested in the initial value problem for the Korteweg-de
Vries system of equations [6] under Sobolev Space:
(1) Ut + Q1 Ugzy = DUy + 10U, + diuv, + 10Uy,
UV + AoVppe = Dol + CoVV, + douv, + evuy,, reR

with given initial data:

(2) uo(z,0) = ug(x),vo(x,0) = vo(x).

The Korteweg-de Vries system of equations is a mathematical system of equations,
that describes the behavior of waves on shallow water surfaces [2]. Firstly, it was
deduced by Boussinesq [4], a French mathematician, in the 19th century [5]. Then,
this system of equations was rediscovered by Korteweg and de Vries [13|, Dutch
mathematicians, with a simpler solution. This system of equations is important
because it provides insights into the behavior of nonlinear waves, which can be
applied to physical modeling and optics.

This system of equations contains also initial data, which is crucial for establishing
the solution. Given initial data, we want to establish the solution. Since this system
of equations is nonlinear, The KdV equation may not have explicit solutions, but
it may possess weak solutions. In that sense, Sobolev spaces allow us to work
with weak solutions by providing several useful properties for functions with partial
derivatives.

With the use of Sobolev spaces, it is possible to establish the well-posedness of the
solution for a coupled KdV system of equations. The problem is said to be
locally well-posed in H*(R) x H*(R) if it has existence, uniqueness, and persistence
shown in H*(R) x H*(R) with continuous dependence on the initial data in some |0,
T| time interval [3]. This work focuses on two parts, especially the Existence and
Uniqueness of the solution. Next, this paper considers a brief review of well-known
well-posedness results for the system of KdV.

(1) In 1992, J. Bona, G.Ponce, J. Saut, and M. Tom [3] showed well-posedness
with aq, b1, as,co = 1 and |a3|\/l;2 <1lfors>1

(2) In 2008, J.Alvarez [1] have shown well-posedness for s > 3/4, where a; = 1,
bl = 661, Ccl = Qb, d2 =3

(3) In 2009, T. Oh [I7] obtained the well-posedness for s > 0, where a; = 1,
b1:O,Cl:1,d1:0,61:OGQIO(,bQIO,CQIO,dQILGQIOby
considering bilinear estimates.

(4) In 2021, A. Munoz and A.Pastor, [I5] showed for s > 3/4 within a; = b,
b1:6a,01:27’,d120,61:OCLQ:1,b2:070220,d2:3,62:01n
Weighted Sobolev Space.

From the literature review, it can be seen the general trend of decreasing regularities
with more general coefficients. This paper considers the exact regularity of 3/4
for Sobolev Space, which requires the introduction of Bourgain Space. This space
allows working in low regularities, providing several tools such as bilinear estimates
to provide well-posedness.

The second focus of this work is the establishment of well-posedness for the same
regularity in the Weigthed-Sobolev Space. Weighted Sobolev space guarantees the
decay of the solution at infinity with the decay of initial data, so the solution would
be more consistent. The proof methodology is done similarly as in Sobolev Space,
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except that it requires control in the weighted norm. This control would proceed
by introducing three intermediate commutators and the final nonlinear part. The
control of each commutator requires the use of technical estimates and exploring the
control of oscillatory integrals in Lemma [3.4]

2. DEFINITIONS AND PRELIMINARIES

This paper uses Banach’s fixed point theorem as the main tool for showing
the existence of a unique solution.

Definition 2.1. Banach’s fized point theorem [19] Let (X, ||-|| ) be a complete
normed vector space. If @ : X — X is a contraction mapping, that is,

[8(z) = 2(y)llx < Kllz —ylx, z,y€X,
for some 0 < K < 1, then there exists a unique x* € X wverifying that
= d(x").

This theorem is useful since our initial problem can be converted to the Fixed
fixed-point problem as in [21] using Duhamel’s principle:

(3) (1, v) = (P1(u, v), Pa(u, v)),
where @4 (u,v), Po(u,v) is defined by

Dy (u,v) = e102 ) + fot e (t=t)33 [bruu, + crvv, + dyuv, + ejvug| dt
Dy (u,v) = ey, 4 fg e (02 [hyuny + cvv, + dotivg + eqvug] dt.

Therefore, we focus on the well-definedness and contraction mapping as the main
method in this paper. In this paper, we consider A < B as A < CB, where C>0 is

a constant. Furthermore, A~ B indicates A < B and B < A as in [14].

Next, consider the definitions of Function spaces, Bourgain spaces, Fractional Derivates,
and a few lemmas which are important tools in showing the main results.

2.1. Function spaces.
Let a function f € L*(R). Then its Fourier Transform f as in [6] can be defined

by:
Fl&) = / e f(x)dr, xeR

R
and its inverse Fourier transform by

1 )
x): —/e”ff(x) de, x€R
R

:27r

This work considers inhomogeneous Sobolev Space H*(R) of order s € R
defined through the norm:

1l = [ (1-+1€RY1F@P !

This inhomogeneous Sobolev space satisfies the principle of inclusion [6] such that
for any H* C H® such that s < §', we have the following inequality:

(4) [ llrs S U f e
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Furthermore, to measure functions regularity in the space-time domain, we futher
consider mixed-norm Lebesgue spaces as in [0], L2LT. or LIL2, for 1< p,q < oo,
given by the norms:

1

ey = { [ ([ 1560 ay )’
([ [ i

We consider some well-known results in the L, spaces, which will be useful in this
paper. The first one is the Holder’s Inequality, which is defined in the following
lemma considered in [I§].

, and

Lemma 2.1. Let p, ¢ > 1 with ]lo + % = 1. Then:

[ rwoia < ([ y@ra)”([owra)”
= 1@ 9 e

Also, we consider Minkowski’s integral inequality. It is stated in the following
Lemma as in [I8].

Lemma 2.2. For1l < p < oo, we have'

/‘/ xtdx(dt //|uxt|”dt dz

Next, we consider Young’s inequality [18], which is a useful property when working
with convolution.

Lemma 2.3. For 1 < p,q < oo with 113 +% > 1,letf € LP(R) and g € LY(R). Then
f*g € L"(R) with the following equaly % + % —1= % In addition,

1 * gl < [1F 1l 9]l Loy
2.2. Bourgain space. For a,b,s € R, we define the Bourgain space X¢,

Y 31\2b 25| 2 1/2
o= (] ] i —ag@ )+ el 7)dsdr)
Lemma 2.4. The following Lemma from (|21] states that the bilinear estimate holds
for any s > =3/4, b € (1/2,bo(s)) and for all wy,wy € R with some by(s) > 1/2

1) 102 (w1, wo)[[xoz | S lwallxes [[wallxeq

it) 1|0z (whwz)Hxal LS lel\xall\wsz%

i) || (Ox wl)w2Hxa1 LS ||w1||xa1||wz|lxa2,

i) [Jw:(9s w2)”X"1 S ||lexﬂ1sz||xa2

,b—1
2.3. Fractional Derivative.
Fractional Derivative D; for Fourier multiplier, where s € R is defined as:

1

Diult) = G |G

which is the same as saying that
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Furthermore, Plancherel’s property allows rewriting || f|

[ llms@ S 11l + 103 f]] 2
Lemma 2.5. For any r € R, we have that

Hs (R) asS

i) [luvellrz2 < [lvallpeerz lullpzrse
i)
1D (w222 S Noall s I DSl s + lull s | D300 12
1
< T ||D;u||L%°L§HU$HL4TLg° + ||u||L%L%°HD;(U$)HLg°L2T
Lemma (2.5, 7).
T
1
etall 2 22 = stz ca = ( / ( / Joug 2dt)) dda

< [ Wl sl do < ooz Nelzzaz-

Lemma i1).

1Dz s S || ol | Dyl

L Fllullzzrge | D5 (va) [ poe 2,
LT

1
< | Dyull gz lvellparee + lull2oge [ Dz (ve) [ o3

Lemma 2.6. The following inequalities in [1] hold

i) HeatagugHH* S luwollm,, r € R,
i) [|0pe 5 ugl| 1 1o S |a1‘% uol|m, forr >3,

iid) | Dh0pe = ug| oo 2, < rliDzulls, for v € R,
a

iv) ||e“t83u0||L%L%o < Can(1+ T)%||u0||HT forr > %.
Lemma i). It is a group property defied in [
Lemma i1). This expression follows from Theorem 2.1 in [11].
For ¢ € A define for v > 0 and (z,t) € R

W, (o () = / U9 6(6)||3 o (€)

19
Then, we have for any v € [0, 1]:

[ W2 (#)uoll o ey < clluoll2
Consider 9,e% vy and take ¢(€) as a&? and v as 1/2:

axeataguo(x) — / e”%@bo(ﬁ)df = / eix5+it£3£%(€)d€ =
R

R

- - 1 3 1 - . 1 3
- / IO LTy () dE ~ — / eSO ()i gy (€)dE
R la|i Jr
1 i 1" L 1 3
_ . / ez(t¢(£)+xé)H¢ (f)“‘*uo(f)df = W;(ag uo)
alt Jo af*
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Using Thereom 2.1 in [II] and taking the norm with v = 1, ¢ = 4, and p > oo, we
have the following:

a atd3 _L %14 a%
0. un(e)g s = W) (O uo)lzgs
1
(16841 + ol ) < v sl o
™ Jalt af*

Lemma 2.0}, 7i1). Observe that

D;0,eug(x) = |¢|" e € ug(€) = e € €] €] uo(€) = e~ &, Do ©)
Then the following equality is a case of Theorem 4.1 in [IT],

DI, P ug(x) = (e 9, Drug) ' (€) = / ¢~ 18" ) Drug(€) d€ = W (1) f(x).
R

Now applying Theorem 4.3-4.4 in [11], We can derive that:

1 —
I sy 5 [ O ae= L 7D ac
0]

Lemma iv). Using proposition 2.4 in [14], we have the following property for
s> 1/2, and for T' > 0:

+o0 1
e unollzss = ([ sup [ Ouale)|de)” S (T + D uo(o)]e

—oo te[-T.T]

O

2.4. Well-posedness in Sobolev 3/4 < s < 1.
This section generalizes Well-posedness results for 3/4 < s < 1 established by
Alvarez-Samaniego and Carvajal in 2008 [I].

Proposition 2.7. Let 3/4 <s<1,a,a R \ {O} and by, by, c1,co,d1,do, 1,69 €
R. Then, for ug,vo € H*(R) there exist T > 0 and a unique solution (u,v) of Fized
Point such that

u(-,t),v(,t) € H*(R), te0,T].

Proof. Consider the mappings ¢ = (1, ¥3) defined in Theorem [2| Then, we define
the norm
, _1
A (u) = max lw(@)r, + el ree + [ Dptall oo rz + (L+T) 72 |ullz2pge + el oo 2
Define ||(u, v)||x, = AL (u) + AT (v).
For some M, T > 0 conveniently fixed later, consider the space [I]
X' ={(u,v) € C([=T,T); H*(R)) x C([=T,T}; H*(R)); [|(u,v)[| < o0}

and X, = {(u,v) € XT;||(u,v)|| < M}
We prove that there exist T > 0 and M > 0 such that if (u,v) € XM x XM then
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(u,v) = ®(u,v) € XL, x X, and & : XTI, x XI, — XT x XT is a contraction. For
that, for (u,v) € X1, x XM we prove that
1P (u, v) || xr < M.

where,
[@(w, v)|[xr = (|1 (u, 0) | g rs + [[Pow, V)| g s + [|00P1(u, 0) || L Lo

102, 0) g+ D302 1+ ID2OPlon )15

+ 191 (w, ) |2 zge + ([ P2(u, v)|[ 2050 + 102D (u, v) || Lo 22,

+ |1 0:P2(u, U)”ngLZT-

Without loss of generality, we consider just the @, (u, v), and the @5(u, v) can proceed
similarly. In the same manner, we consider just the uu, norm, the other norms can
proceed similarly. Then, consider the well-definedness of &:

Step 1: @ is well-defined

We consider the well-definedness of each norm separately, then we combine the
results.

Case 1: First, consider the [|®;(u,v)| L gs norm

t
Hd51 ('LL, U) HL%OHS S HeataguoHHs + H / eal(t*t/)agbguux(t') dt/HL%OHS .
0
Linear part can be rewritten in the following way

o= ([ (4 PV de)? = o

Next, consider the nonlinear part

||eat8§

U0| Hs-

t t
[ / e % by, () dt || pzope = sup || [ e % by, () dt|| -
0 te[0,7 0

T
’Hsdt'S/ |||
0

Then, consider Holder’s inequality to get the following results.

T
/Hwﬂ
0

We apply the following equivalence, || f[|%. ~ || f||22 + [0z f||?. and Lemma [2.5] we
get the following results

T
< sup/ | Dottt | e dt'.
0

t€[0,T]

e dt <[]z - w2 e < T2ttt 2 o

1D (u, v) || eers S ol s + T2 M2

Case 2: In this subsection, we focus on 0,P1(u, v)|| ;4 norm
T x

T
0.1, 0l < 100 Falligae + [ 1100 by () 4.1
0

c c T ,
S —lluollas + —5 [ [lbauws ()]s o0 dt
jal lalt Jo

T
swwm+/\mwmw
0

e dt

T
S luollr + [ el ¢
0
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Using previous results and Lemma [2.5] we have the following results

e+ T2 M2,

3
e %= g pa e S (o]
Case 3: Next, consider the ||D;0,91(u,v)||pe 2 norm

1D20,%1 (1w, v)|| oo 2. < || D30p™ g | oo 2

T b
+ / | D59, )% by, (1) | oo 2. dt!
0

1
S —l1Djuol|z2 + —
[ |l

T
| 102 )12
0

i+ T2|| D3ty 13 12

S uollas + ([ Dyuue[py 2 < [luol

e + T2 M2,

< lluol

Case 4: Next, consider the |[®1(u, v)||r2r5 norm.
t
10,0 121 < (14 DIl + (L4 D] [ e () a1
0

< a1+ T)2|uol

t
ae + Cam (1 + T)% /0 || Do, || dt'ys

T
s +/ |||
0

Case 5 Finally, consider the |[0,®1(u, v)|[Le 2 norm.

e+ T2 M2,

ws At S [[uo

S lluol

T
1021 (u, v) || Lo 2. < HaxealtagUOHLgOL,%r +/ ||axea1(t7t/)agb2uux(t/)|’L30L2T dt'
0

1 1
S; 1 ”uOHLﬁ + 1
|al2 |al2

< ol + T3 utall 2.2 S luol s + T2 M2,

T
| bsa(e)1 S Yol -+ e
0

Conclusion
The substitution of all cases into ||®(u,v)||x, and considering other norms gives

21, 0)lly < K luol] s+ T202]

for some K,T > 0.
Applying the same argument for the ||®2(u,v)| x,., we obtain

22 0)lLr < Bl s + T202]

for some Ky, T>0.
Taking
M = 2(Ky + Ka)([|uol| gara + llvoll ya/4)
and 7" > 0 small enough such that
M/2+ (K| + K)TY?M?* < M
for some T, M > 0. Hence, it follows that
[ (u, v) || xar < M.

is true. O
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Step: 2 Contraction in X7,
In this subsection, we consider the contraction mapping for the solution of fixed
point problem. This mapping in X7, is defined by:
[@(ur, v1)(E) = Pluz, v2) (1) < Kl (ur, v1) = (uz, va)]]
for 0 < k < 1 and for (uj,v;) in X1, and (ug,v3) in X7, solutions with the same
initial data (ug,vo)
Using the definition of the X7, space, this inequality is equivalent to the following
inequality:
AS (@1 (ur, v1) (1) = Dr(uz, v2) () + AT (Pa(ur, v1) () — Po(uz, va)(1))
< (AL (ur — ug) + AL (v — v2))
Without loss of generality, we will focus on the @;(u,v) and |uu,| norm. The

contraction mapping for ®9(u,v) and other norms can proceed similarly. The
&1 (uq,v1) — P1(uz,ve) is defined as:

t
@1 (ul, U1> — @1 (UQ, UQ) = ea1t8§.u0 ‘I— / em(t—t’)@i [blul (ul)a;] (t,) dt/ — 6a1t8“3'uO
0

t t
- / e (1% [b2U2(U2)x](t/) dt' = / e (=100 [b2 [ur(u1)z — Uz(“2)]x] (t/) dt'
0

0
We consider the norms of @1 (uy,v1) — @1(ug, v9) piece wisely
Case 1: In this subsection, we consider the ||®;(u1,v1) — P1(u2, va)l| s mrs

t
D1 (ug, v1) — ¢1(U2,U2)||L;9Hs = ||/ e (it )83b1[u1(u1)z — ug(ug)] () dt/HL%OHs
0

Hs dt/

< / Bt ) — )]

Using Lemma 2.3, we will have:

11 (w1, v1) — B (2, v) | e e S T2 || () (g — uz)|| 2 s + % us (uy — Un)a |12 115
S THMAL (w1 = wp)) + TEM(AT (1 = u2))

Case 2 Next, consider the |0, <Q51(u1, V1) — @1(u2,vg)> ||L‘7&Lgo.

Oy <@1(u1, Ul) - 951(162, Uz)) ’

LA L

dt’

LA L

T
: / Haﬂﬂeal“‘t')a% (1 (2)a: — ua(u2)]s
0

: \acl}l /oT
< [ et~ .

Using the Lemma 2.3, we got the following results:

|20 (@1 00) = Br0m,00) | TEMIAT (0 — )]

(') dt’

by [Ul(m)x - U2(U2)]x .

(t') dt.

S

4
LT
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Case 3: Next, consider the ||D:0, (@1 (u,v1) — Dy (ua, v2)> | Lo L2 norm

|1D30% (4151(“1» v1) — Pr(ug, U2)> zeorz

T
< /0 HDiaxem(tft/)B% [bl[ul(ul)z - UQ(U2>]x] Lsor2 t’) dt’
1 T
1 / HDf; [bl[ul(ul)x - ug(ug)]m} (t") at’
|CL| 2J0 L2

S D3 [ui(wn)e — ua(u2)a]l L1 22

S THID3 1 (1) — wo(w)e] g 2]

S TH{1D: | () (s = w2) + ualun = a1z 2

Applying, Lemman we get the following results
3103 | (wn)altr = uz) + wa(er = wa)a 3.2
51%[T%A§aqpﬁkul—1m>+(1+1v%A§@hpQXUy—ug
+ THAT (uz) AT (ug = up) + (1 + T)2 AT () AT (w1 — up)

< T4M[/1 (uy — Ug):|

Case 4 Next, consider H¢1 (ul, Ul) — @1 (Ug, UQ) ||L%L§S’ .

|1 (u1, v1) — @1 (ug, v2)|[r205e S (1+ T)%/ byfur (u1)e — ug(ug)]e||  (t')dt’

s

1+T5/Hu11q—wﬂmﬁ
+/ [lug(uy — ug)z||gs dt’
<Tm4A@rmﬂ
Case 5 Finally, consider [|0,(®1(uy,v1) — Py (ug,vg))HLgoLzT norm.
100 (D1 (ur, v1) = P1(uz,v2)) || 512,
SiAT‘ ”@mﬁqng—uﬂmﬂmLf%@Uﬁ’
< E/‘W”Mm>—wmm G
/ Hbl uy)z (U — ug) + us(uy — us), ](t') . at’
S TH{[[(wn)alur — ua)llg zz + s (w1 — wa)l 313 |

D=

<T ]\/[[/1 (u; — UQ)]
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Conclusion The substitution of all cases into ||®;(u1,v1) — Py (u2, v9)| x, and consid-
ering other norms gives

(5) 121, 01) = By (2, 02) Ly < KATH M | AT (1 = )]

for some K1, M,T > 0.
Applying the same argument for the ||®Po(uy, v1) — Po(uz, v2)||x,, We obtain

(6) [ @2, 1) = @iz, o), < KTHM AT (01 — )]

for some Ky, M, T > 0.
Taking 7" > 0 small enough such that

T%M Kl/lST(ul — UQ) + KZAZ(Ul — UQ):| S k’|:/1§(u1 — Ug) + AST(vl — UQ):|
for some k € [0, 1]. Hence, it follows that

[D(ur, v1)(8) = P(uz, v2) (8) || xz, < Kl[(ur,v1) = (u2,v2)|| x7.

is true.

2.5. Well-posedness in Sobolev s = 3/4.
This section focuses on the Well-posedness results in Sobolev s = 3/4 shown by
Yang and Zhang in 2022 [2I]. This result is considered below.

Proposition 2.8. let s = 3/4, aj,a; € R\ {0} and by, be,c1,c0,dy,da, 61,62 € R.
Then, for ug,vy € H*(R) there exist T > 0 and a unique solution (u,v) of Fized
Point Problem [J] such that

u(-,t),v(-,t) € H¥*(R), te|0,T].

In this section, we discuss the main tools and features in dealing with lower

regularity s = 3/4. The complete proof of this proposition is and it can found in
[21].
Recall that, in the previous section Well-posedness in Sobolev Space for s > 3/4
was considered. The key idea was the introduction of the specific norms such that
they allow to construct a contraction mapping || (uq,v1) — P (us, vo)|| < k|[(uy,v1) —
(ug,v9)||. However, this technique is not applicable under the s = 3/4 as since one of
the essential preliminaries in Lemma [2.6|7v), especially|[u| 1z s does not hold since
it requires condition s > 3/4.

Thus, in this proof, consider the Bourgain Space, which was defined in Equation
2.2l This space is a subset of LFH. This allows to use of Bourgain space as a
uniform tool to build the contraction mapping in the Sobolev Space through the
introduction of bilinear estimates. Below consider the brief scheme of showing well-
definedness for our problem. Using Lemma 2.1 in [2I] and Lemma 3.2 in [21] for s
> 0 and considering uu, case, we obtain the following results

t
&1(u,0)() S P uollxr, + | / e by, + eyov, + dyuv, + erouy] o
) 0 S

e+ (102 ()| ko

s,b—1

< [ul < lwoll + lulyes.
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3. WEIGHTED SOBOLEV SPACES

3.1. Well-posedness in weighted Sobolev for 3/4 < s < 1.

Proposition 3.1. Let 3/4 < s <1, aj,as € R\ {0} and by, by, 1, c2,dy,ds € R such
that dy = ey and dy = ey. Then, for ug, vy € H*(R) N L*(|z|*dx), with 0 < r < s/2,
there exist T > 0 and a unique solution (u,v) of Fized Point Problem[d such that

u(-,t),v(-,t) € H* (RN L*(|z|*"dz), t€[0,T).

Step 1: @ is well-defined
We consider the 3/4 < s < 1, so we can escape the introduction of Bourgain Space
in this proof because the norm properties of the Sobolev Space for this regularity are

still useful. For the Weighted case, we consider the space with conveniently chosen
M, T > 0.

X' ={(u,v) € C([-T, T H*(R) N L*(|2") x C([=T, T]; H*(R)); || (w, v)|| < o0}

and X, = {(u,v) € XTs[|(u,v)|| < M}
By defining the norm:

_1
A (u) = max [[ullars + luallgre + 1 Dpuellios + 1+ 1) llullzig

+ el pee e + "l pger2

Define ||(u,v)|| := AT (u) + AT (v).
Looking for T, M > 0 such that @ is well-defined in X7,. This section considers the
analysis of the L L2 of |z|"®(u) since the analysis of other norms was considered
in Section 2.2. Without loss of generality, we focus on uu, norm. Other norms can
proceed in similar way.

t
llal @)l < el e Fuolers + [lo [ e b, (t) @t
0

LgL?

=L+ NL.
The linear part can be controlled using Theorem 1 in [9:
L < |[|2]"e P2ug|| e 12 + [l W 0 (10(E) | 3o 2

S [[letul| , + (1 + T)(Uuollzz + 102wl 2)

S et , + ol
L3

The nonlinear part can be controlled using
T "NAH3 T "NAH3 v
NI S/ Hem(t—t )0 |$|rbluuzl|Lg§Lg dt/—i-/ Hem(t—t )0 <wt,rb1uuz) ||L%°L§ dt’
0 0

< NL;y + NL,.

The control of NL; can be established by Holder’s inequality with ¢; = 1,p; =
0,4 = 00, P2 = 2.

T
_ 3
/0 e 0P |2 b vy || e 2 dt S el woellzyrz S el wllog e lvell o1 e

S T2l ull gz | oall g ree S T2,

~J



KDV SYSTEM IN WEIGHTED SOBOLEV SPACES 13

The next term can be controlled through Lemma 2.5

T "NH3 v
NL2 5 / ||€a1 (t=t1)9 (thbluux) ||L%°L?E dt/
0

T
S [ sl + D2 sz @t S T4 (Jusul oz + D2 stz )
0

< TV 02
Conlusion.

The substitution of all unweighted and weighted results into ||®1(u,v)||x, and con-
sidering other norms gives

@1 (u, v)[[ xp < K [HUOHH;’/‘* + |l ol 2 + Tl/QMQ}

for some K;,T > 0.
Applying the same argument for the ||®2(u,v)| x,., we obtain

@21 0)llxr < Kol s + Nl w0z + 2022
for some Ky, T>0.
Taking
M = 2(Ky + Ks)([luoll yors + [[voll gars + [l uoll 2z + lll2|"voll 22)
and 7" > 0 small enough such that
M/2+ (K + Ko)TY2M? < M
for some T, M > 0. Hence, it follows that
1P (u, V)| xpr < M.
is true.

3.2. Well-posedness in weighted Sobolev for s = 3/4.

In this section, we focus on the well-posedness in Weighted Sobolev for s = 3/4.
We can not obtain the control for s = 3/4 by using Theorem 1 in [9], because we
consider Bourgain setting for lower regularities. Therefore, the main focus of this
section is to consider the control by setting auxiliary tools such as commutators,
which would provide the following theorem.

Theorem 3.2. Let aj,ay € R\ {0} and by, by, ¢q,co,dy,ds € R. Then, for ug,vy €
H34R) N L2(|x|*dz), with 0 < r < 3/8, there exist T > 0 and a unique solution
(u,v) of Fized point Problem[d such that

u(-,t),v(-,t) € H¥*(R) N L?(|z|*"dz), t € 0,T].
Proof. First, we define the norm

)y =l o,

+ el ull gz +lvllgs, , + el vl gz

For 11/12 < b < 1 and some M,T > 0 , that will be conveniently fixed /later,
consider the space

X" = {(u,v) € C([=T,T]; H¥*(R) 0 L*(|z") x C([=T, T]; H¥*(R)); || (u, v) || x7 <
oo} and Xi, = {(u,v) € XT; ||(u,v)|x, < M}

Recall, & = (®1,P,) is defined in Equation . For any fixed (ug,vo) € (H3* x
H3*)Y N (L*(|z)*rdx) x L2(|z|*dx)) with s = 3/4, r € (0,3/8], we denote by (u,v) =
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®(u, v) the solution of the system of linear inhomogeneous IVP 2]

We prove that there exist 7> 0 and M > 0 such that if (u,v) € XM then
(u,v) = P(u,v) € XM and & : XM — XM is a contraction.

That is, for (u,v) € X2 we prove that

1D(u, v) || xr < M.
Here

[P, ) xp = 11 (s 0)l g, |+ ([P, 0)l| gz,
+ [z @1 (u, v) || ez + [||2]"Pa(u, v) || oo 2.

Without loss of generality, this section focuses on well-defined mapping. The con-
traction mapping can proceed similarly. In section 2.3, the well-definedness was
shown for 3/4 in the unweighted norm. This section focuses on the well-definiteness
of |[|z|"ul| g2 norm for s = 3/4. We later conveniently fix T, M > 0 such that @ is
well-defined in X7,.

By triangle inequality the norm |||z["®;(u)|[rsr2 can be represented as follows

" @1 (W) L r2 < Il e P ug| e 12

=L + NL.

LPL2

t
+ H !:v\’"/ e (t=1)0z [bruny, + civv, + dyuv, + eqvug](t') dt!
0

The linear part can be controlled using Theorem 1 in [9):
L < H|$|T€altagU0HL%oLg + Healtagﬁpt,r(’lfo(f)vHL%OLz
S Ml uollzz + (1 + T)(lluollrz + 1D7 uollrz)
S Il wollzz + (1 + T)[uol| a4
where r € (0,3/8].

Next, we consider ¢ € C3°(R) defined in [20] to be smooth and cut off function
such that assigns to 1 on [—1,1] and has suppyy C (—2,2). For T' > 0, we put

Ur(t) = o(t/T).
We invoke the time localization estimate [8, Lemma 2.7]. Let —1/2 < 5/ < 8 <
1/2. Then the following inequality

(7) lot/Thullxs, , ST lullxg

3/4,8" ™ 3/4,8
holds for any 0 < T" < 1. The nonlinear part can be controlled by moving =" inside
the integral by introducing additional norms.
Without loss of generality, it is sufficient to consider uu, case. We insert function
v inside on the norm and then, we apply Plancherel Theorem:

t
NL= [0(T el [ e O ) €, )it
0

t
= I 0Dy [ [ e F ) 6 it
0

Then, with the same approach, function 1 can be introduced inside of the integral.
Therefore, the goal is to show by considering several cases the following identity

(8) (T ) Lpg(t) = (T ) Loy ()0 (t'(2T) ).
Case 1. First, consider |t'| < 2T
V(T ) =1.
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Case 2. Next,consider [t'| < 2T, we show that ¢)(T't') 1 4(t') = 0
by considering two specific intervals. Then, we have following two equalities

V(T )y=0 for |t|>2T
Log(t) =0 for ¢ &[0,

Applying two equations, we consider the following two subcases of the second case.
Case 2.1 [t| > 2T, then

PTH) =0

Case 2.2 |t| < 2T, then

Since [t'| > 2T and |t| < 2T, we have that ¢’ ¢ [0, ¢], which implies (T~ 't')1j9 4 (t') =
0

Therefore by equality in , the 1(T~1t) can be inserted inside of the integral.

t
le(rtnog| / e AT IR |
0
t
— o] / e O (T F, () (6 )t | | -
0

Define f(£,7) = FiFo <1/1(T_1t)uuz) and h(€,7) == (€)1 — a1 €)1 for 0 <
0 < b—11/12. Then, we got the following results:
L L2

oz [[(f[ emoce pienanar]]

— || px( /R e f e, 7 ( /0 ) at') dr)

it' (t4a1€3) _ 1
‘ Lo L2

N Dg(/R US T)eimltgg : T+ a1&3 €

r ,—iait&3 6it/(T+a1§3) -1
_ (/R Dy (oo e eI 7)) dr)

Applying commutators three times gives 2" be inside of the norm.

I Dg((ffa_lgagﬂh“’T)f Sk
— *m1t§3

<[(f [ e D J e n) an
+ /R (em‘ewgs - DL(hD)(E. 7)) dr)

LFL?

2
Lger?

LF L3

2
L L}

T+ a8 h(&T) LyL2
= H(/R [(Tefa_lg”;:(lz 7)’ Dg’] (hf)(f,T)) dT)‘ LFL?

o, (o - ) |

+H(/R (em_e—z‘altsg’ 1 D’"((§>3/4f)> d’i’)‘

Trad (@7

2
L L2

2
LEF L3
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et e—ia1t§3
= H(/R |:(7' + ar&3)h(E, 7))’ Dg’] (RF)(Es T)> dT)HL;OLg

(e wen e mer . odugrn) o]

o (Em o pe i) an)

Ly L2

T+ a1&3 LEFL?
i) 1 d Ci+Cyt C
)i s
I (e D€ an)| L, = Gt Gt Gt N

Using Propositions 3.3} B.6] B.§ and, 3.9 we obtain the estimations for Cy,C5,C5, and
NLli

(9) Ci+Cy+C5 S ||hf||Lng7
NL; S T1/4’|U|\X§/47bHWVUHL%%%
Using , we note that
(10)  [hflliza = IRFEF (T el zr = (T ey,

S T0llul%es

S Tllunellxen, o

The substitution of two results (9) and into ||®1(u,v)||x, and considering other
norms gives

121 (u, v) ||, < £ [HUoHHgM + [l uoll 2

61 2 2
(1) STl + Rl + Tl Dol
(12) +llullxe,, , Mol llge s + llullxe , , ol ull e L2
+ llvllxg,, Mzl vl ez + llvllxg 2] ull g 2]

< K [lfuoll s + |l o 2 + T M)

for some Ki,T,6; > 0.
Applying the same argument for the ||®2(u,v)| x,., we obtain

[@2(u, v) [ xr < Ky [||vo||Hg/4 + [l voll 2

(13) STl + Tolies, + Hullas, ol

(14) +llullxg,, , Mol 0l s + llullxg , , e ull e L2
+ llvllxg,, Ml vl ez + llvllxg 2] ull g 2]

(15) < Ks[[lvoll yasa + Nl "ol 22 + T% M?]

for some T, 6, K5>0.

Taking

M = 2(Ky + Ks)([|luoll yors + [[voll gars + [l uoll 2z + lll2|"voll 22)
and 7" > 0 small enough such that
M/2+ (K + K)T°M? < M
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for some T € (0,1),0 = min{6,, 0, }. Hence, it follows that
[P(u, v) || xp < M.
1s true. U

3.2.1. Analysis of C1 commutator.

Lemma 3.3. Let a; € R\{0} and 11/12 <b<1,0<60 <b—11/12 and h(&,T)
(61 — ar1€3)7170. Then for T € [0,1] such that

| [ [t ppemar] . 5 WSl

T 7€

The proof of the above proposition is skipped in this discussion. It can be done
similarly to [I6, Section 3| and [7, Section 3|.

3.2.2. Analysis of C2 commutator. In this subsection, we provide the control of
Commutator 2 defined in Section 3.2. We start by introducing two Lemmas: [3.4]
and [3.5, which are essential in this proof.

First, we consider the control of the oscillated integral. We are particularly inter-
ested in K, g(x, 7) as generalization of Naha’s Lemma 3.4 [16] with extra parameter
7. Ko (2, 7) is defined as

Koalor) = [ €0 — )7 de
R
Without loss of generality, we consider a;=1.

Lemma 3.4. For 0<a<1,0<f8<1,0<e<f and x € R we have that
1
' e (L + Jaf ) 7]

17| <1,
‘Kaﬂ(ma 7_)| 5 1

5 e 1712

Proof. We prove this lemma by considering specific intervals of the x,7 values. Thus,
we split our analysis into four specific considerations.

Case 1: |z| > 1 and |7| < 1
In this integral, we use the differential property of exponential term that will be
useful further:

(%[e‘”ﬁ] = (—ix)e ™ — 7 = }m% [e—mg]

Applying this property and also the Integration by Parts method to our inequality,
we get the following equation:

[t -eyta = — [ Zle=eir- et
1 0

= | g lomr - der —e g - eI
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Notice, that the boundary term is zero. Applying Integration by Parts a second
time, we get the following results:

2
~ing O

[emsta ey rae = [ gl - a

Next, we consider the second derivative of the last term

0? 1
o2 [@)_a(T — &) ~ (1 + €2)o/2+1(1 + (1 — £3)2)8/2
. e . e
(14 E2)o/22(1 1 (1 — E3)2)82 ' (1 + €2)o/2+1(1 1 (1 — £3)2)B/2+1
n (-8 n Hr = &)

(14214 (1 = €2)2)2t - (14 82)2(1+ (1 — £2)2)P/2+2
= A1<£,T) + Ag(f, T) + A3(€,T> + Bl(f,’?’) + BQ(&,T).

We can show the integrals convergence of each of the derivative terms. We consider
the A; and B; terms, the others can be shown in a similar manner.

; ! &
‘/Re W&l S /IR | (14 £2)a/241(1 + (7 — £3)2)3 463 /R (1 +[g])er2 ™

We proceed for B; term by adding and subtracting 7:

et (Ir| + 7 — €3]}
/R A e+ [ —eppe © = / A FIe)e+ 17— &)

T e

! (1+ ¢33
S; /R (1 + |£|)a(1 + |7- _ §3|)2)5+2/3 df S /R (1 + |£Da+1(1 + ‘7_ — £3|)2>5+2/3 df

(14 |r] + |7 — €} e
< / A (1t | = elppen < / L F €)1 (L1 | — 2P

d§
< > <
~ / Crjepe ~ "

Then, we can show the following results.

A27A1§A17 BQSBI'

Applying previous results and collecting all terms, we conclude the following
results:

vt _ 1 2|2+ [z ) |7
g ey lr 3V B ge < <
/]Re O =) e S 22 ™ x|t (1 + 2 ]?) 2?7
(14 |z])t= < 1

e O o R (O e e [

for 7| < 1, |z| > 1.

Case 2: |z| > 1 and |7| > 1:

In this section, we consider Case 2. The analysis of Case 2 can be referred to previous
case 1, where we introduced A;, As, A3, Bi, and Bs.

Next, we consider each case separately by introducing the change of variables with
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¢ — 75¢ and d€ — T3d¢'.
First, consider the integral of the A;:

1
—/Al § T df_ /(1_’_52)&/24_1(1_’_(7__63) )/3/2 d§

1 1/3
- — dg
2 J (L4 |75€[)o2 (L + |7 — 7¢%))7
1 1
< | = ; e
TOl3302 Jy (s + [€]) 22 (2 + |1 - €3))°

1 1
N 31352/ 1 \2(¢fol 3 dg.
T o ()G A 1= €217

Then in the integral of A;, we consider the three following intervals |£] < %
€] < 2 and 2 < [¢:

1
a+l1 df
++5x2 / <1 /<g|<2 /2<|g| PIEN (5 + 1= €35
1 1
S T [ P T
oG HB2 /glsé % § 75 HB2 1 jel<2 |1 —&|P £

1 / 1 1
+ a d S —— :
75 a2 Jacig (1191 — 3P T A2

Next, we consider the integral of Aj:

1 1 %

72 Azdf /(1+€2)a/2+2(1+( — £3)2)8/2 ds
<i 1+ |1+ it
~oa? Jr (L4 €)1+ (7 = €9)2)P

1 1
S5 e = e *

——/Aldeg 7'3*5952

Now, consider the analysis of A3 integral:

. £ —¢)
_/A3 d§ = / (1 + 20/ 1(1 1 (r — £3)2)B/2+ dé

1 11 + I — €]

: _/R T+ =20+ e

<5 i ¢
& (L+ [73e)™2(1 + |7 — &)

3
S; a+11 / 1 |§1| df.
P2 Jy (g + D E + - P

1
2

19

<
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Recall that the last term was previously considered in A; analysis. Therefore, we
can conclude that:

_/A3 L3S +5x2
We apply the same methods and techmques in integrals of By and By to show that:
1 1 {(r=&)
B d. d
e Ry e e
SJ a+11 ! 2 d& S %1;7
P e (L e - g T e

i gy
_/32 /<1+§2> e R

5 a+11 / ! 2 d§ S %
P e (e L) T T

In conclusion of Case 2, if we combine all cases, we have the following results for
|z| > 1 and |7| > 1:

[ -ey i s
R T

2" =#(1 + Jaf?)
R bl
(Lt 1
YA o) TR A(1 4 fa))

Case 3: |z| <land |7| < 1:

First step, we apply the change of variable with £ = 7%5’ and d¢§ = T%dfl Then, we
split the integral by the region (2 = [\wl’ \xl} Thus, we get the following identity:

/ e ()~ 7 — €4)7P d = / e (1 |7RE) (14 [ — € P) P2 dg
R R

::/RAdfz/QAder/R/QAdf:: Dy + D,.

Consider the analysis of the D, case.
L1
Dy = / e (L PR AL | - T g
2

1
T3

<
/5|<|x| (L+|73€) (1 + |7 — 7€3))7

dg

B—a/3
< ki d
~/|< ErErcrn-ep

7—%—5—‘1/3
5 3 1 3 d£
ez TP+ [L— @

</ i
~ \£|S% T*'B+E|1 53‘5
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/ L e L1 L1
<y 11— €I° K S - b

Next, consider the Dy part by integrating by parts:

oa\»-‘

Nl

. 1 1
Dol =1 [ e s i eP) A (4 = 7€) dg
R/0
d 1
=15 [ e e e - ey g
r/0 A€

< e ( :
P\ 4 €D

+|1—53|>ﬁ‘s=3|
o/l 1
r €Ly + 1€ (5 + (1 - &P

Consider the boundary term Dy;.

gl < pa-cpa

Pail = T“l 2l (4 + ¢])e (1+I1—§3I)BL=|§
1 1
S a] ()= (T = &) le=py
1 1 1 1

TO7ET5 ] [§]2]€3] le=
Next, consider the Dyy term with splitting:

2 Ta+%|x|1_3g_a ~ 7-5|x|1—3a‘

1 d 1
D —a d
| Das| = 57| R/Q|d§[(7_%3+‘§|2>a/2<7i2+|1_§3|2)B/2]| §
1
e | (4 3 i
TS 2] Jryo N + €2 + 11— E87)P
1 1 — &3¢
N 1-gle

P Ta] Jaga (5 4GP (% + [T — @

Notice that the second term is dominated by the first one. Therefore, we consider
just the first term.
1 ¢ o< ! 1 .1

= § e
7-ﬁ+3|x| ]R/.Q( ) ’fPlﬁ sll ‘ ~ et R/ |& [Betotl ~ |zl T

In conclusion of Case 3, we get the following results:
1

o Jal

| 1
|/€—w§<€>—a<7— — §3>_ﬁ d£| S Al + A21 + A22 5 |IL'|1_3E

R
1 1

S el = Tl (L e

Case 4: |z| <1 and |7| > I:
In this section, we start the analysis of Case 4 by introducing the change of variables
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and splitting the integral into two parts as it was shown previously in Case 3.
Then, consider D; case.

|| = | / TS (L [SEP) P (L |r - € P) T ]
N 1
§/ - dé
< (L4 [msehe(L+ |r —7e3))?
1 / 1
55 fg<z (G + €D (G + 11— €))7

dg

1 1
< - /3
™ orhes /g|< (1D ((7 + 1= €])7 ¢

At this step, we have two smgularltles at £ = 0 and £ = 1. Therefore, we split the
considered integrals into two parts, considering each discontinuity separately:

1 1 1 1
ot dE< - I
ﬂ/ (D (E+ -y g’wﬁ%l Joes, 0P

/5| 2 g - ep |1—€3\5

[E3
1
lwd/&[ a2 n_ep f)

< e lys ]
A+t R A A M P

Next, consider Dy by Integration By Parts method:

Dol =| [ e w14 [r3gl?) (1 |7 — 7)) =

_ = i —iazfrfli 1e12y—a/2 L ¢#312\—B/2
=13 | gl Ja it e - e ag

1 < 1
ARG SRHIEC

+1-¢))’ Lg

d 1
" /R/rz dg [< + €[22 (m + 11— £3|2>5/2] dé)

= Doy + Dy,.
Consider Dy; and Dy separately:
1 1 1 1
Dasl = =5 —l|_. Sl
T 3|$|( TSI =) e T 3la]|gle)1 — &7 le=
1

=
~ |$|17a736’7-‘5+§
Finally, we consider Ayy case:

1 d 1

Dol = | [
T Jejo T T PP & L= 6D
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< | (& < de
Tﬂ+§|x| R/0 (_% + |£|2)a/2+1(ﬁ + |1 _ £3|2)ﬁ/2
1 1— &3¢
L1 1 1- e g€
TS 2] Jrye (S +1€17)22 (% + [1 = E82)2H
o 1 1 ¢ = 1 1 B 1
~ 7_B+%|%| R/Q |£|a+1‘€’3ﬂ T6+%|SL' |£|a+35 % \1‘]1—@—35|7-]5+%'

To conclude in Case 4, if we combine all cases, we have the following results for
|| <1 and |7] > 1
: 1 1
—ix€ —a 3\—p3
e T — NUSPS o + T
/R <§> < § > § B+ 1 |x|1_5 |x|17a73ﬁ|7—|ﬁ+§

ﬁ/
L )

= R A A1+ )
S a—1 1 *
T |2 [1A (1 + |2)P)

O

This Lemmal3.4]is a generalization of Nahas’s Theorem 3.4 [16], which is essential
in the control. If we apply this Lemma in our analysis, we obtain the following
results:

Lemma 3.5. Let 0 <r <3/8 and 11/12 <b< 1, § <b—11/12. Then,

[Koaonrsnlcom) o - P Roacpsol, 7|, < 00
Proof. We apply the Lemma to get the following
[ojaaa1-aate ) < - PRossval-. ),
S [[1Kajaaar-antes sl Poscssale D]
S /R ‘HK3/4,21>—1—20(‘7T)HL}DH’ ["Ko—v+0(- )| s Cdr
1 1 2
= J o M e e g e

2

1 1
dr

| 7| (2b=1=20)+1/4=1/3 | 7 [1-b+0-1/3

g
IT|>1

1 1
< — <
~ /|r<1 T4 et /|:r>1 | 7| 201 /45=2/3) sl

The last result is true provided that & < min{1/4,2b — 1 — 26,1 — b + 0} and
2(b—60+1/4—2/3) > 1. Hence, we have b > 6 4+ 11/12 > 11/12 condition. O

Now, return to the main analysis of the C2 commutator by defining the following
identities:

A(E,7,1) = (T — &) ()™,

eit‘r __—iart€d S bo
t) = ——— (17— -
g(f,T, ) T+a1€3 <T alg > )
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Applying the following definitions,lemmas, and |g| < (7 — a1£%)*"17?, we introduce
the following proposition.

Proposition 3.6. Let a; € R\{0} and b — 0 > 1/2. Then there exists T > 0 such
that where h(&,7) == (&)1 — a, 37179 for 0 < 6 < b—11/12.

” /IRA(g’ T, t)g(§7 T, t) [<T - a1€3>b_1_67 Dg] (<§>3/4f)(€a T) dTHL;’.oLg S thHLng

Proof. Denote F(&,7) := (£)°f(&, 7). We can obtain the following results by consid-
ering Young’s convolution inequality and Holder’s Inequality. We also consider

I [ A6 gt ) {7 - ang®) 2, D] (F)(E. )
S [ 1A D9 7017 = ) DIPE Tl
S [ () # el Kassial. )+ (Fegx Fe sz dr

S [ 7 llelBicseat ) dr
R

1 gF ocor 2
Ll LEL3

S R o O | e e R G

LEFL?

Apply Holder’s inequality to have the following
JA R o [ e e R E)
R 3

2
L§e L2

S LA <1 1Bl Il ar

The last term can be controlled using Lemma [3.5] Therefore, we have the control
of the C2 commutator:

ey« 1 1Ry, 7)

I fl222z

= HKs,zb—1—29(',T) |- |"Ko1—pt0(-, 7)

S hfllezez.

L2LL

I fll2

3.2.3. Analysis of C3 commutator. First, we state the auxiliary lemma.

Lemma 3.7. For F = F({,7) and W =W (&, 1) , we have that
148~ DIE iz S 1Pl vy

for fived T € R

Proof. We bound the commutator

16" Dl (E) 2wy = [IW(E, 7) (€)™, Del(F)l 2

= WK DF) @) sz = 17, 7) % 1) DE(F) @)
<|| [ we==n" D)

L3
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The proof of Lemma 3.4 from [6] and Fubini’s Theorem allows to show that:

| [ [we==n||to= B e,
: ”/R\W“"/‘\“)\(/RV—y|T|Ks<z—y>||F/<y,\z>|dy) |,
= [ ([l - w1 a2)

Next, by applying a change of variable z — y = m, we get the following
| [ ([ 1=t = miw == mFl ) o],
=l 1 ) 9 (o =) = 1 2 )

= |/ i1 /|W (e =)~y )\ Fy, | dy) dm|

= | [ il 18 () ¢ FC)) ]

= | (175 + (W( )+ F(,7)) (@)

Then, we apply Young’s convolution inequality with 1 + 1 = 1 + 1 to have

(-7 &) « (WC 7« FC0) @], 5 el o], [0« FCA)

= [t m@], W nren] s IFE iz,

z

‘,L.

L3

here we recall inequality (24) from [6]

< 0.

Ly

|21 5 (o)

The next proposition is the main statement of this chapter.

Proposition 3.8. Let a; € R\{0} and b — 6 > 1/2. Then there exists T > 0 such
that the following inequality

_ Za1t€3
I [ S DI ) Pl S I

T — a8

Proof. By Lemma 3.3 [12], Lemma 2.1 [2I] and Lemma [3.7 we define h(¢,7) =
(€)% (T — a1§3>b71*9 and bound Cj

([ (o o pe e an

T+ CL1£3

LFL?

S| ez [t o] £ g e ) a

LFL?

S| e i, pe] E @ u T ) ar)

al
Xs,b—l—@
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-

s |z o o Eerer )| L,

(r — a0 (E) ", D) F(E sz,
(€)™ DI FE iz ramesp1-s
<l — a0 STz,

||

4. Analysis Nonlinear Part.

Proposition 3.9. Let a; € R\{0},0 <7 <3/8, 11/12 < b < 1. Then we have the
following inequality holds

t
—i —t"o3
(16) II/0 e % w12 5T1/4|||$|TUIIL;°LgIIUI|X§{b-

Proof. We consider the following inequality using [[10], Lemma 2, i)].

13 3
10l e ~ 1 DE(Dd)l| g rge S TN Diuall g gy1sace

3
S TDiul xay S T [lull e

3/4,b

Now, we focus on the main result.

Wi

thout loss of generality, we consider the wu, term. Other cases can proceed

similarly. Applying the inequality above, we have

t
| / e % g (1) dt
0

< T
] (CIRNICR

S [ieruiahatez ], < fleru], @, ST e ul sl
The proof of the proposition is complete. O
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