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Abstract

This thesis explores the numerical approximation of special case of Non-
linear Schrédinger Equation(NLSE) using quantum computing techniques. A
Variational Quantum Linear Solver(VQLS) is utilized to address the challenges
of solving complex-valued linear systems derived from the discretised form of
the CSE. The original complex-valued problem is converted into a real-valued
system to perform the approximations. The performance of the quantum sim-
ulation of VQLS algorithm is compared with the classical methods of approx-
imation through numerical experiments on 4 x 4,8 x 8,16 x 16 systems via
quantum simulations. While classical methods prove to be faster and more
accurate for the given systems, the future of the hybrid quantum-classical algo-
rithms are promising. Accuracy and runtime analyses showed the exponential
scaling behaviour of the quantum approach as the system became larger. The
results suggest that although quantum methods are currently constrained by
hardware and algorithmic limitations, they offer a promising foundation for

future research on computational sciences.
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1 Introduction

Numerical approximation of differential equations has been pivotal in mathematics
and applied industries but increasing model complexity strains classical computers.
The numerical approximation of differential equations holds significant importance in
mathematics and various applied sectors such as engineering and structural mechan-
ics. While classical computers have historically excelled in tackling diverse problems,
the increasing complexity of emerging models demands substantial computational
resources. This challenge has prompted the development of quantum computers, of-

fering a promising solution that could revolutionize problem-solving methodologies.



Quantum computers store information using quantum bits (qubits) and exploit spe-
cific properties of quantum mechanics for computation []. Unlike classical computers,
qubits can represent data as both 1 and 0 simultaneously, expanding problem-solving
capabilities. This novel approach to storing digital information presents an oppor-
tunity to solve linear systems of equations exponentially faster compared to classical

computing methods.

Unlike classical mechanics, where the systems are described by definite quantities
such as momentum and position, quantum systems are characterized by a wave func-
tion u(zx, t), which encodes the probability amplitude of a particle’s state [3]. Quantum
observables, such as energy or momentum, are represented by Hermitian operators
acting on complex vector spaces, and the outcomes of measurements correspond to
eigenvalues of these operators. A quantum state is a complete mathematical descrip-
tion of a system and is typically represented as a unit vector in a complex Hilbert
space. These states can exist in a superposition, meaning a particle can occupy mul-
tiple states simultaneously until measured. In practical terms, a quantum state |z)
is often expressed in Dirac’s bra-ket notation and evolves under the influence of a

Hamiltonian operator|[10].

1.1 Background and motivation

Quantum computing has emerged as a promising paradigm for solving partial
differential equations (PDEs). In certain cases, it offers exponential speedups com-
pared to classical methods. In 2009, Harrow, Hassidim, and Lloyd devised a quantum
algorithm specifically for addressing linear systems of equations[9]. Techniques like
quantum variational algorithms and Hamiltonian simulation further enable the ap-

proximation of complex PDE solutions with potential applications in physics, finance,



and engineering[2]. However, practical implementation faces challenges, including
noise, error correction, and scalability of quantum processors[!1]. In 2023, a research
team led by Daribayev successfully applied the HHL algorithm to solve the Poisson
equation[6]. By implementing the algorithm on a quantum simulator, they demon-

strated its exponential speedup compared to classical methods.

This trend of solving PDEs using quantum computers motivated me to find mod-
ern trends and techniques that can be used to approximate the solution of the special
case for Nonlinear Schrodinger Equation(NSE). This thesis project endeavours to offer
comprehensive insights into the numerical approximation of NSE using classical and
quantum computing techniques. Additionally, this work aims to contribute to the on-
going discourse surrounding the integration of quantum systems into computational

sciences and engineering.

1.2 Nonlinear Schrodinger Equation(NLSE)

The Nonlinear Schrodinger Equation (NLSE) is a fundamental equation in mathe-
matical physics that extends the classical linear Schrodinger equation by incorporating
nonlinear effects. It appears in various physical contexts, including optics, fluid dy-
namics, and Bose-Einstein condensates (BECs). The general form of the NLSE from

the classical field theory is given by:

Ou 0%u )
Za——@ﬂLﬂM Ju (1)

where u is the complex wave function (v = u(x,t) = v(z,t) +iw(z,t)) and f(|ul?) is
the nonlinear term that represents the intensity of the wave.

In this thesis project, we consider a special case of NLSE, which is the Cubic



Schrodinger Equation(CSE) of the following general form

Ou 5
z§+@+q|u|u:0; Loy<zxz <Ly, t>t (2)
where ¢ = /=1 and ¢ > 0 is a real parameter of cubic nonlinearity [3]. Equa-

tion (2) describes the propagation of light pulses in optical fibers, leading to soliton

formation[!].

2 Methods

2.1 Classical Approach

There are various numerical methods for solving PDEs, that offer different insights
into solutions. Among these methods, the finite difference methods (FDM) and the
finite element methods (FEM) are widely used due to their efficiency and accuracy
in approximating solutions to PDEs. The choice between these methods depends
on the problem’s nature, the desired accuracy, and computational efficiency. These
methods provide discrete approximations to PDEs, enabling simulations of various
complex physical phenomena used in fluid dynamics, wave propagation and quantum

mechanics]|13].

The FDM is based on approximating derivatives using difference equations on
a structured grid. It is particularly effective for problems with regular geometries
and is widely used in time-dependent PDEs due to its simplicity and computational
efficiency[16]. On the other hand, FEM employs piecewise polynomial basis functions
over an unstructured mesh, making it suitable for irregular domains and problems

involving complex boundary conditions[5]. While FEM provides higher flexibility and



accuracy for complex geometries, it typically requires more computational resources

compared to FDM.

For this thesis work, the FDM was chosen to approximate the solution of CSE
as its efficiency and ease of implementation is suitable for these types of equations.
CSE requires accurate time-stepping schemes such as the Crank-Nicolson method or
the split-step Fourier method. Additionally, FDM accommodates periodic bound-
ary conditions, which are common in CSE applications. It also provides an efficient
framework for handling the CSE’s dispersive and nonlinear terms while maintaining

computational feasibility for high-dimensional problems][l5].

It was decided to take the existing numerical approximation of CSE and replicate

its results. From [3] the initial condition is described in the following form

u(z;to) = f(x) = fr(e) +ifi(z); Lo <2 < Ly (3)

in which fgr and f; are real-valued, continuous functions of # and boundary conditions

au(Lo,t) — 0 and aU(Ll,t)

=0: t>to.
ox ox 0; 1=t (4)

The initial /boundary-value problem(IBVP), described in equations (2) and (4), gives
rise to soliton solutions in which the solution and its derivatives with respect to x
vanish as |z| — oo [3]. For the single-soliton case when ¢ # 0, the analytical function

is of the form

2a

() = (?) : exp {i ch - Ht] sechla? (z — cf)], (5)



where 0 = % — a satisfies the IVBP.

Through the Crank-Nicolson scheme equation (2) is written as

(i ), + 3 (i P+ ) =0, (O

Trx

where for the space derivative the following central-difference formula is used

Pulr,t) (e —hyt) = 2u(e,t) + ule + b1

where h = Az and | = At. Let U be a numerical approximation of u. Now, the
linearized form of the scheme is obtained by using Taylor’s expansion of |U™ ! |21

about the n-th time-level(for the detailed numerical scheme and analysis see [3]).

Finally, we obtain our three-level finite-difference scheme

p(UTP U 42 (i — p) UL = —p (U2, + U2 _,) +2(i + p)UT.

—lg[(2 + 3N)|URI* = 2M| U5 U Uy, + NglUp [PUR™

l

with p = 55, where X is an appropriate positive real number. When (8) is applied to

all points of the grid, it leads to a linear algebraic system of equations of the form

AU = (U™, U™ (9)



where A is a tridiagonal matrix of order NV + 2 given by

20—p)  2p

p 2(i—p) p

p 2(i—p) p
2p  2(i —p)

was used

The von Neumann method with linearization of the non-linear term |U"2|2

for the stability analysis of the provided method. For the full stability analysis of the

method see [3].

2.2 Complex valued problems

The classical scheme described in (8) contains complex values. Since it is not
a trivial task for a quantum algorithm to work with complex-valued matrices, it is
more efficient to convert complex-valued matrices into real-valued matrices, preserving
their structure and properties. Now, we can convert the complex values scheme to a

real-valued scheme by applying the following substitution

U = Wl + (11)

where w represents the real part and v represents the imaginary part of original

scheme. Our original scheme becomes
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PU(wiZy +dvp D) + (Wil + ivpth)) + 200 = p) (™ + i ™) =

—p((wy,_y +ivy,_4) + (wﬁm + Z'U:;ZH)) + 2(i + p)(wy, + iv,,)

—lg [(2 4+ 3N |(w), 4+ ivl) [P — 2w, + vk [(win '+ dvp )] (wph + ivlk)

+ Nglw, + il P ). (12)

Now, we can separate the real parts of the scheme from the imaginary parts. So the

real part of the scheme becomes

p(U;ill + Ugmill) + 2(w:Ln+1 - p(”?nﬂ)) =

= PUp 1 — PV + 2wy, + 2pup, — (2 + 3X) * ((wp,)* + (v7,)?)

— 20/ (w)? + (v)2V/ (wi )2 + (v )2 op, + M((wis)? + (o) vt (13)

and imaginary part

11



p(d}j}l + ngill) + Q(U}Zjl - p(vgjl)) =

— DUy — PV + 2wy, + 2pup, — 1g((2 4 3A) * ((wy)* + (v,)°)

= 22/ (wp )2 + (up) 2/ (w2 + (o )2)og, + A((w),)® + (vp)?)op " (14)

Now, when real part and imaginary parts are separated, the new real valued matrix

is obtained

(2 2 0 2 0 0 11w ]

p —2p p | 0 2 0 Wo
|

p —2p p | 0 2 0 Wy,

0 2p —2p | 0 0 2 Wht1

Ab=| - - - - - - - - - - |- (15)

2 0 0 | —2p 2p O Uy

0 2 0 | p =2 p vy
|

0 2 0 | p  —2p p Up

I 0 0 2 | 0 2p —=2p| |Vns1]

Similarly, the b vector is divided into real and imaginary parts. Now, every complex

valued matrix n x n becomes 2n X 2n real valued matrix.

12



2.3 Quantum Approach(Quantum Linear Solver)

Numerous quantum algorithms have been developed for solving linear systems
of equations. The cornerstone of modern ways to solve linear systems on quantum
devices is the HHL algorithm[9]. Unlike the classical way of solving linear systems
of equations, where given a matrix A and a vector b, we find a vector x such that
Ax = b, the proposed algorithm does not need to know the solution z, but rather
an approximation the expectation value of some operator associated with vector x.
There are conditions that must be followed in order for the algorithm to succeed. The
matrix A must be Hermitian matrix, sparse and efficiently row computable. If the

matrix is not Hermitian, then a new matrix can be defined as follows:

0 A
AT 0

A:

Once these conditions are satisfied, we can proceed with the algorithm itself. First,
the given Hermitian matrix A is transformed into a unitary operator ¢'4*. Since A is

Hermitian, the problem can be solved

to obtain

y:
i

Next important step is to to prepare quantum state [b) as |b) = S°I, b;|i). Then, the
techniques of Hamiltonian simulation[7] are used to apply e to |b) for a superposi-
tion of different times ¢. This ability to exponentiate A translates, via the well-known

technique of phase estimation[!12], into the ability to decompose |b) in the eigenbasis

13



of A and to find the corresponding eigenvalues \;. Informally, the state of the system

after this stage is close to
N
> Bilu)Ag),
j=1

where u; is the eigenvector basis of A, and

|b) = Zﬁﬂuj)-

Then the linear map is performed taking |A;) to C' )\j_l\)\j>, where C' is a normalizing
constant. After it succeeds, it is needed uncompute the |\;) register and are left with

a state proportional to
N
D Bid ug) = AT b) = |a).
j=1

However, in the modern state of Noisy Intermediate-Scale Quantum (NISQ) de-
vices that operate on relatively fewer qubits, implementing a pure HHL algorithm
for large linear systems is challenging due to the algorithm’s resource intensity (large
number of qubits). Therefore, many alternative approaches exist for solving linear
systems on existing quantum devices such as adiabatic-inspired quantum algorithms
that was implemented for an 8 x 8 system, which is still quite small for our proposed
problem. Another alternative, that this thesis will be using, is variational hybrid
quantum-classical algorithms(VHQCAs)[1]. In contrast with previously mentioned
gate based quantum algorithms, VHQCAs use additional classical optimization tech-

niques to reduce the depth of quantum circuits to improve their time complexity.

For this thesis, the Variational Quantum Linear Solver[3] will be used as a main
tool for solving our problem. The proposed VQLS hybrid methods seeks to variation-

ally prepare |z) such that A|z) o |b)[!]. Figure 1 demonstrates the schematic diagram

14



for the VQLS algorithm. The input to VQLS is a matrix A written as a linear combi-
nation of unitaries A; and a short-depth quantum circuit U which prepares the state
|b). The output of VQLS is a quantum state |z) that is approximately proportional
to the solution of the linear system Az = b. Parameters « in the ansatz V(«a) are
adjusted in a hybrid quantum-classical optimization loop until the cost C'(«) (local
or global) is below a user-specified threshold. When this loop terminates, the result-
ing gate sequence V' (a) prepares the state |x) = x/||x||2, from which observable
quantities can be computed. Furthermore, the final value of the cost C'(a,:) provides
an upper bound on the deviation of observables measured on |z) from observables

measured on the exact solution. The schematics of the algorithm is shown in Figure 1.

L

Quantum computer Classical computer | | A=3"cA and @ such that U0} = |b)
i=1
o —a @ o O 7 Input
o) — —i~ ifc>7) Output
D (v H .
10y — FA) A min C'(a) 0) — —
- o
0 — [C(a 10) — il
:l:E || G| g Ve =R
o —c
o) -

Figure 1: Schematic diagram of algorithms proposed in [/]

It is also, important to ensure that the linear system is properly constructed.
Thus, in the VQLS framework, the matrix A is expressed as a linear combination
of unitary operators, often using Pauli strings. To be specific, A = )", ¢;A;, where
each A; is a unitary operator - a tensor product of Pauli matrices, and ¢; are complex
coefficients. Such decomposition allows shallow circuits to operate efficiently during

the execution of the algorithm on NISQ devices. These Pauli operators consist of

15



three 2 by 2 Hermitian and unitary matrices:

Pauli-X(o,) =
10
—1

Pauli-Y(o,) =

t 0
10

Pauli-Z(o,) =
01

The combination of these matrices and the 2 x 2 identity matrix forms a basis for
the vector space of 2 by 2 Hermitian matrices. This property allows any single-qubit
Hermitian operator to be expressed as a linear combination of Pauli matrices, which

is instrumental for the algorithm which we are implementing.

The proposed algorithm heavily relies on an optimization of cost functions while
preparing a quantum state |z(«)) that approximates the solution to the quantum
linear system A|x) = |b). There are several cost functions that can benefit this
algorithm. The global cost function C¢ is defined to measure the overlap of the trial
state 1)) = Alx), which explicitly looks as

S aci (OIVIALU0){0[UT A V]0)

Zz,w acy (0[VTA, AV |0)

Here, all expectation values could be estimated with a Hadamard test. However, the
global cost function is experimentally challenging since it requires applying all the
unitaries (U, A; and V) in a controlled way, which can be further implemented as a

development of this thesis work.

16



Another method is to minimize the local version of the cost function, which is
easier to measure and also leads to the same optimal solution. This local cost function

can be obtained by replacing |0)(0| from 16 by the following operator

1 1
P_§+%sz, (17)

where Z; is the Pauli operator Z applied to the jth qubit. Now, our new cost function

becomes - T
ey (0|VTA, UPUTA, V|0
CLzl—Z” ll” l T l ‘) (18)
Zl,l/ ClC;k/ <O|VTAZ/AlV|0>

Then we can solve our problem using C. By substituting P into the expression (18)

we get
n—1
c 11 X250 2y acibu
L=75—
2 20 Yy aciiuy,—

(19)

which we can compute whenever we are able to measure the following coefficients
;= O\VIALUZ,U AV |0),

where we used the convention that if j = —1, Z_; is replaced with the identity. These,
coefficients can be measured using a Hadamard test. The advantage of this local cost
function is that only the unitary operations Al,AlT,, Z; need control on an ancillary

qubit. V, U and their adjoints can be directly applied to the system.

2.4 Technical setup

The implementation of classical numerical schemes and quantum simulations was

performed on the mid-range processor based on AMD’s Zen 4 architecture, Ryzen 5

17



7500f. Below are the specifications of the device.

Processor AMD Ryzen5 7500f

Architecture | Zen 4(5nm process)

Cores/Threads | 6 cores /12 threads

Base clock 3.7 GHz
Boost clock Up to 5.0 GHz
Cache 32MB L3, 6MB L2
RAM 32Gb
RAM frequency 6000Hz

Table 1: Technical specification of first device

The high clock speeds and efficient number of cores, combined with 12 threads,
provide good performance for large enough systems. With 32GB of 6000Hz RAM,
the computation speed allows fast approximation of large systems. For this project,

GPU acceleration was not used in any part of the process.

3 Results

All of the code used for this thesis can be found in the following GitHub repository

Quantum-computing-for-solving-Cubic-Schrodinger-Equation.

The IBVP (3) - (5) was solved numerically with the following values. Baundaries
lie between —80(Lg) and 100(L1), and the initial value is U(x,tg) = u(x,to);z €
(—80,100), which means the numerical solution at time step ¢ = 0 is equal to the
theoretical solution. Additionally, since our scheme is implicit in 2 time levels, the

numerical solution at time step t = 1 is also equal to the theoretical solution. This

18
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gives us the following

(

Ou(—80,t) ou(100,t)
or =0 and oz 0

Qu(z, to) = ulz, t1) = f(z) = frlz) +ifi(z); =80 < z < 100 (20)

1

u(z,t) = (%“) : exp {i [$cz — 6]} secha? (z — ct)]

\

For the accuracy, it was decided to use the following percentage relative error L, =
Lo x 100/ |ul |, where Lo = |ul, — U|.

The original approximation provided in [3], with theoretical parameters ¢ = 1,a =
0.01,¢ = 0.1 to time t = 36 with time step [ = 0.01 and space step h = 1 is provided
in figures 2 and 3 below. The relative percentage error for the conducted experiment

was L. = 0.145.

0.125 0.075

0.100 0.050

0.075 0.025

0.050 0.000

0.025 —0.025

0.000

Figure 2: Real part of solution Figure 3: Imaginary part of solution

However, due to the technical limitations of the VQLS algorithm, the size of the
problem was decreased. For the original problem boundaries were Lo = —80 and
Ly = 100 with space step h = 1; the size of the matrix is 181 by 181, which cannot
be described as 2" for n € Z, which is crucial for implementation of VQLS. Also, the
time is changed to ¢ = 10 with time step [ = 1. Thus, for the following experiments,

different values of space step h were used to satisfy the requirements for the VQLS

19



algorithm. The VQLS algorithm was used to approximate solutions for the 4 by 4, 8
by 8 and 16 by 16 complex-valued matrices. For the quantum simulation, the number

of system qubits was chosen according to the size of the matrix.

3.1 4 by 4 matrix

The 4 by 4 complex-valued matrix becomes an 8 by 8 real matrix. Applying the

substitution from (11) we obtain the following real-valued matrix

9% 2% 0 0 | 2 0 0 0]
p  —2p p 0O | O 2 0 0
O p -2 p | O 0 2 0
A 0 0 2p —-2p | O 0 0 2
2 0 0 0 | =2p 2p 0 0
0 2 0 O | p»p —-2p »p 0
0 0 2 0O | 0O p —2p p
0 0 0 2 | 0 0 2p  —2p|

l

where p = 55.

Then we decomposed the matrix into unitary operators. After the
decomposition we can enter our vector b computed using scheme (8). We then imple-
ment the Hadamard test, where unitary operators A; are controlled by the state of
an ancillary qubit. Then we generated the solution state |z) = V(w)|0). To generate
solution we optimized the local cost function from (18). To minimize the cost func-
tion, the gradient-descent optimizer was used. The optimization results with respect
to the optimization steps can be seen in Figure 4. The threshold value for the termi-
nation of local cost function optimization was set to 300. Additionally, loop has an

option to terminate if C;, < 107°. From Figure 4 we can see that the cost function

optimization terminated before reaching 300 steps as it already reached the threshold

20



value of 1075,

0.35 7

0.30 7

0.25 ~

0.20 A

0.15 A

Cost function

0.10 1

0.05 7

0.00 A

T
0 20 40 60 80
Optimization steps

Figure 4: Cost function optimization

After the variational weights were optimized, we generated the quantum state |z).
Measurement of |z) is not a solution itself, but the probability of each basis state. The
probability distribution over the basis state is estimated by computing the frequency
of each outcome. After the probabilities are obtained, we can compare the results with
the classical approach. The side by side charts of classical and quantum probabilities
are represented in Figure 5. Finally, by unnormalizing the quantum probabilities we
obtained the solution for our 4 by 4 complex-valued matrix. The plots of the solution
is represented in Figures 6 and 7. The same procedure was repeated for 8 by 8 and 16
by 16 matrices. For each problem the adjustment of hyperparamters should be made.
One of the main hyperparameters is learning rate(eta), a hyperparameter that controls
how much the model’s parameters are adjusted during each step of the optimization
process to minimize the error. Also, during the experiment a predefined structure

of circuit(ansatz), which provides variational freedom to accurately approximate the
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Classical probabilities Quantum probabilities

0.7 0.7
0.6 0.6 -
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 - 0.1 -
0.0 1 . . 0.0 1 . .
0 2 4 6 0 2 4 6

Figure 5: Classical and quantum vector probabilities

ground state without introducing excessive circuit depth. For this particular system
circuit operated on 8 system qubits, and an additional ancillary qubit, with a learning

eta of 0.3 and 2 layers of ansatz.

0.010

0.000
0.008

0.006 —0.005

0.004

0.002 =0:010

0.000 _0.015

Figure 6: Real part of solution Figure 7: Imaginary part of solution

From Figures 6 and 7 we can see that the general wave type shape is preserved
despite being too sharp. It is caused due to the smaller size of the system compared

to the original classical method.
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3.2 8 by 8 matrix

This 8 by 8 complex system is converted into a 16 by 16 real system, with the
same structure as for the 4 by 4 case. For solving this problem circuit operated on the
following hyperparameters: number of qubits = 16, ancillary qubit = 1, number of
optimization steps = 300, eta = 0.2, layers of ansatz = 3. The number of optimization
steps and the threshold value for C';, remained unchanged. The optimization results
with respect to the optimization steps can be seen in Figure 8. As we can see from
8, the cost function terminated before reaching the threshold value, and outputted

relatively accurate vector probabilities from Figure 9.

0.5+

0.4 1

0.3 1

Cost function

0.2 1

0.1

0.0 4

T T T
0 20 40 60 80 100 120 140
Optimization steps

Figure 8: Cost function optimization

From Figure 9 we can see that the approximation of the probabilities was visually
accurate. From Figures 10 and 11, we can notice that as the size of the grid increased,
the shape of the waves also changed. It is smoother compared to the previous result,

and the change in the imaginary part of the solution is more noticeable.
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Classical probabilities Quantum probabilities

1.0 - 1.0 A

0.8 0.8 -

0.6 0.6 -

0.4 0.4

0.2 0.2

0.0 - . m_m=_ | g0 . e .
0 5 10 15 0 5 10 15

Figure 9: Classical and quantum vector probabilities

0.14
0.12
0.10 0.06
0.08
0.06 0.04
0.04
0.02
0.00 0.02

0.015
0.010
0.005
0.000
—0.005

0.00 -0.010

Figure 10: Real part of solution Figure 11: Imaginary part of solution

3.3 16 by 16 matrix

16 by 16 complex-valued matrix was converted into a 32 by 32 real-valued matrix,
which means the number of system qubits used was 32, the number of optimization
steps remained unchanged, eta = 0.01, layers of ansatz = 4. For this problem, the

termination condition of the cost function loop was changed to C;, < 1073, due

24



to the time constraints, as the original condition did not allow the experiment to
finish within the given time. From Figure 12, we can see that despite increasing the

threshold value, the cost function loop terminated at 300th step.

0.5 A

0.4 4

0.3+

Cost function

0.2 7

0.1

0.0

T T T T T T
0 50 100 150 200 250 300
Optimization steps

Figure 12: Cost function optimization

Due to the change of termination criterion from 107° to 1073, the accuracy of the
approximation of probabilities has suffered. Despite the general shape and directions
being similar, from Figure 13 we can notice that some components of the vectors for
classical and quantum probabilities differ. However, these differences did not cause
any global changes when it comes to the approximation of the whole solution over
the chosen grid. The solution preserved its shape and amplitude. The visualization

of the solution for a 16 by 16 complex matrix can be seen in Figures 14 and 15.
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Classical probabilities Quantum probabilities

0.5 A
0.5
0.4 1 0.4
0.3 1 031
0.2 0.2 1
0.1 4 0.1 A
0.0 = . -ll'lll T 0.0 - B -TI'III T
0 10 20 30 0 10 20 30

Figure 13: Classical and quantum vector probabilities

We can also see that the

0.12] 0.10
0.10

0.08 0.08
0.06 0.06
0.04
0.02 0.04
0.00

0.02

0.00

—0.02

Figure 14: Real part of solution Figure 15: Imaginary part of solution

3.4 Accuracy

The time taken to conduct each experiments and the accuracy of solutions can

bee seen from Table 2.
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Size Classical ~ Quantum L. (C) L.(Q)

4 by 4 3.61s 4h 36m 18s  0.307 0.324

8 by 8 4.8s 19h 24m 18s 0.274  0.288
16 by 16 3.45s 117h 7m 39s 0.245 0.313
32 by 32 2.87s - 0.219 -
64 by 64 5.07s - 0.198 -

Table 2: Accuracy and time complexity

We can see that as the size of the matrix increases, the time it takes to solve the
problem increases. The change in time is exponential rather than linear. As the size of
the problem increases, the adjustment of hyperparameters should be more precise to
obtain an optimal solution. Also, the termination threshold affected the accuracy of
the approximation. For the first two experiments, where the termination parameters
were the same, the trend is decreasing. However, due to the change of termination
threshold from 107° to 1073 for the cost function for the 16 by 16 system, L. has
increased. From the table we can also note that the accuracy of the approximation

is relatively close.

3.5 Limitations

The main limitation of this project is the lack of access to the real NISQ devices,
where the computational speed for the given circuit could have been exponentially
faster. Previous successful experiments in that field were implemented on various
NISQ devices such as Rigetti’s quantum computer and IBM’s Q System One. How-
ever, throughout the course of this work, obtaining access to the real NISQ devices
was not possible. Also, the time taken to simulate the systems that operate on 32

or more qubits does not allow for conducting more experiments. For the experiment
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on a 16 by 16 complex-valued matrix, the threshold value for the optimisation was
sacrificed to obtain the results, to efficiently use the given time. Additionally, the
quantum circuits that were used during the experiments initially were designed to
solve small problems, which might be the reason behind challenging hyperparameter

tuning.

4 Conclusion

This thesis work investigated the numerical approximation of the Cubic Schrodinger
equation using both a classical approach and a simulation of the quantum approach.
The classical implicit finite difference method has proven to be time-efficient and ac-
curate for solving these types of equations on a classical computer. On the other
hand, the quantum approach utilises more complex tools to achieve the same result,

which in our case is not as efficient classical approach.

Through extensive experiments, the application of the VQLS algorithm on 4 by
4, 8 by 8 and 16 by 16 systems demonstrated its potential for solving linear sys-
tems. Although through the quantum approach we were able to preserve the general
shape and behaviour of the classical solutions, it suffered from limitations in terms of
runtime, precision and hardware dependence. Notably, the execution time increased

exponentially as the size of the systems increased.

This study highlighted several key limitations that could be improved for the fu-
ture development of the hybrid classical-quantum algorithm. The high computational
cost of the quantum simulations on classical computers can be easily solved when the
accessible quantum devices become available. Access to real quantum hardware and

further refinement of cost functions and optimization strategies will be essential for
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practical scalability.

In conclusion, while classical methods currently outperform the quantum meth-
ods of solving linear systems, this work provides promising evidence that quantum
computing - especially hybrid approaches like VQLS - can play a significant role in

the future of scientific computing.
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