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Abstract

We consider a n-particle PushTASEP, a model introduced by Alimohammadi et al. In their work they
obtained the exact solution for the master equation of PushTASEP with boundary conditions. In this paper we
use the technique outlined by Tracy and Widom to extend their result and find a solution which satisfies the

initial condition of the model.

1 Introduction

The n-particle totally asymmetric simple exclusion process with drop-push dynamics (PushTASEP) is an
interacting particle system in which n particles move to the right along an integer line. If the place to the right
of the particle x is empty, it jumps to the right with rate 1. If two particles are adjacent, particle x jumps to the
right and pushes the neighbouring particle to the right with rate ;. For k adjacent particles, particle x pushes all
neighbouring particles to the right with rate r;. Any position can be occupied by at most one particle at time ¢
[1].

If there is at least one empty position between the particles, the master equation of the model is

d
—P vy Xy t) = Plx; — 1 vy Xy 1)+ P — 1, x,0)+...
dt (xl7x27 yXns ) (X] 3 X2 +-+3Xn;s )+ (X],.Xz y ooy Xy )+ (1)

+P(x1, X2,y Xy — 1,8) —0P(X],X2, ..., Xn, 1),

where the function P(x;,x,...,x,,t) is the probability of finding n particles at positions xi,x,, ..., X, with x; <
Xy < ... < x at time ¢. The initial positions y1,ys,...,y, of the particles at time ¢ = 0 are omitted from notation
for simplicity. Alimohammadi et al. [1] have shown the exact solution of the master equation (1) with boundary

conditions
P(X1,5eeiy Xim 1,0, X, X142 ooy Xy ) = FIP (X1 oo X1, X — 1,20, X425 ooy Xy 8) @
F(1=r)P(xX1y ey X1, X, X+ X1 0, ooy X ),
where i=1,2,...,n.
The main objective of this paper is to find the transition probability of the PushTASEP by solving the

equation (1) with boundary conditions (2) and initial condition

1,if xp =y forallk=1,...,n,
P(yl,y2a"'aynat = O) = (3)
0, otherwise.



Following the results of Alimohammadi et al. [1], in Section 2 we will show that all boundary conditions of
the PushTASEP model are implied by boundary conditions (2). In Section 3, we use the method given by Tracy
and Widom [2] to obtain the transition probability of the model. We introduce variables &1, &y, ..., &,,n € C and
Y= 6171 4.+ é —n, and show that the formula for the transition probability is

P(x1,X2,...;%n,t) = Z ((%m)ne’” yﬁ ...%(gSa’ﬁ) (inIl gik(;)yff(k>’1+c(k>7k)déldéz...dén), 4)

oeSy

where k = 1,2,...,n. The sum in (4) is taken over all permutations ¢ in S,, with (¢, 8) all possible inversions

of the permutation ¢ such that & > B and the coefficient Sy, g := —%. The integration is along

simple closed contours around & = 0,&, =0, ..., &, = 0 respectively, with radii R < r+(+r)n and small enough

to avoid other singularities in (4). In the Appendix, we give the solution for the three-particle case.

2 Redundancy of the boundary conditions

2.1 Boundary conditions of a three-particle model

The master equation for a three-particle PushTASEP, if all of the particles are separated by at least one

empty space, is

d
EP(XIJCLX%[) =P(x1 — 1,x2,x3,1) + P(x1,%0 — 1,x3,1) + P(x1,%2,x3 — 1,1) = 3P(x1,x2,%3,).  (5)

Consider the particle configuration x; = x,x, = x+ 1,x3 where two out of three particles are adjacent. Master

equation for this configuration is

d
EP(x,x—F L,x3,t) =P(x—1,x+ Lx3,¢) + riP(x—1,x,x3,1) + P(x,x+ 1,x3 — 1,1) ©

—(24r1)P(x,x+ 1,x3,1),

where 7| is the rate with which a particle pushes one particle to the right when jumping. If we set x; = x,x; =
x4+ 1in (5) and equate to (6), we get the following boundary condition:

P(x,x,x3,t) = riP(x—1,x,x3,t) + (1 — r))P(x,x+ 1,x3,1). @)
Similarly, for x1,x, = x,x3 = x+ 1 we have the boundary condition
P(xlaxvxat) = rlP(xlaxf 1,)6,[) + (1 7}‘1)P()C],)C,x+ 1at)' (8)

For the configuration x; = x,x; = x+ 1,x3 = x+ 2 where all three particles are adjacent, we have the fol-

lowing master equation:

d
EP(X’)H_ Lx4+2,8)=P(x—1,x+ 1,x+2,¢)+rPx—1,x,x+2,1) ©

+rnP(x—Lx,x+ 1,6)—(1+r +rn)Pl,x+ 1,x+2,1),

where r, is the rate with which a particle pushes two particles to the right when jumping. Set x| = x,x; =
x+1,x3 =x+21n (5) and equate it to (9) to get the boundary condition

Plx,x+ 1,x+1,t) =rnPx—1,x,x+1,t)+ (1 —ra) P(x,x+ 1,x+2,1). (10)



By (8), P(x,x+ L,x+ 1,¢) = riP(x,x,x+ 1,¢)+ (1 — r;)P(x,x+ 1,x+2,¢t). Express P(x,x,x+ 1,¢) from (7)

and substitute:

r% l—r

P 1 1t)=—F+~——Px—1 1,¢{)+ —P 1 2,1). 11
(x,x+ 1x+1,1) [ p— (x—1,x,x+ ,)+17r1(17r1) (xr,x+1,x+2,1) (1n
So if
, _L_(H&ﬁj)”
T ln(-n) poou2

where u = r;,A = 1 —ry, boundary condition (10) is implied by boundary conditions (7), (8).

2.2 Proof of redundancy of the boundary conditions in a n-particle system

Similar to the three-particle case, if we consider a particle configuration with n + 2 adjacent particles x; =
X, % =x+1,....x,40 =x+n+1,n > 1, we get boundary conditions different from those given by (2). Following
the results of Alimohammadi et al. [1], we show that all these boundary conditions of a n-particle system are

implied by boundary conditions (2).

a1
Lemmal. Ifr, = [1 + % + ﬁ—; 4.+ %} , where W = ri,A =1—r, and n > 1, then boundary condition

Plx,x+1,...x+n—1,x+nx+nt)=rp Px—Lx,...x+n—2,x+n—1,x+n,t) 12
+(1—rpr1)Plx,x+ 1, x+n—1,x+nx+n+1,1),
which arises from particle configuration with n+ 2 adjacent particles x1 = x,xo =x+1,....xp1 0 =x+n+1is

redundant.

Proof. We proceed by induction [1]. We have shown in Section 2.1, that in a three-particle system the boundary

condition arising from particle placement with all three particles being adjacent is redundant.

-1
Similarly, in a n+ 2 particle system, if r, = (1 + % + ﬁ—i) , boundary conditions

P(xl,...,x,-,l,x,x—&— 1,X+ 17xi+3’~-~7xn+17-xn+2’t) = rZP(xla--wxi*lax_ 1,x,x+ 17xi+37"'7xﬂ+17xﬂ+27t)

13)
F(1=r)P(x1y ey X1, X, X+ Lx 2, X043, oo, Xt 1, X2, 1),
are implied by boundary conditions
P(x17"'7-xi—17-x7-x7xi+27 "'7xn+1a-xn+27t) = r1P(x1,...,xi_1,x— l7x7xi+27"'7xn+17-xl’l+27t) (14)
+(1 - rl)P(XI, ~-~7xi—lax7-x+ 1axi+25 "'axn+laxn+25t)7
where i=1,2,...,n, n+1.
Suppose that if r; = |1+ % + ﬁ—; +...+ ﬁ—: , then boundary condition from k + 1 adjacent particles

a1
configuration is implied by (14) for any k € 2,3,...,n. In particular, if r, = [1 +44 ﬁé +o 45| then

boundary conditions from n + 1 adjacent particles configurations

Plx,x+1,...x+n—1x+n—1,x42,0) =r,P(x—1,x,....x+n—2,x+n—1,x,42,1) 15)
+(1=ry)Px,x+1,....x+n— L, x+n,x,42,1)

and
P(xy,x,x+1,....x+n—2,x+n—1,x+n—1,t) =r,P(x;,x— 1,x,...x+n—73, 16)
x+n=2x+n—-1,0)+(1—r,)P(x1,x,x+1,....x+n—2x+n—1,x+n,t)



are implied by (14).

Consider one of the boundary conditions in (14), with i = n+1:

P(x1,x2, ey Xp, X +n,x+n,t) = riP(x1,x2, .., Xp,x+n— L, x+n,t)

(17)
+(1=r)P(x1,22, ey Xy X+ 1, x+ 0+ 1,1),
andsetx; =x,x, =x+1,....x, =x+n—1.
In (15) set x,42 = x+n, express P(x,x+1,....x+n— 1, x+n— 1,x+n,t) and substitute to (17):
Plx,x+1,....x+n—1,x+nx+n,t)= LP(x— Lx,...x+n—2,
1—ri(l—ry)
(1-r) as)
x+n—1lx+nt)+ ————P(x,x+1,...,x+n—1,x+nx+n+1,1).
L—ri(1=rp)
i 2 22 Antl =1 . . .. .
I ooy = s = 1+ 2+ 44 u"“} , (18) is the same as (12), that is (12) is implied by (15)

and (17). Given that (15) follows from (14), we conclude that all boundary conditions of the model are implied

by boundary conditions (14).
O

3 Transition probability of the one-parameter PushTASEP

As we have shown in Section 2, the n-particle PushTASEP has the following master equation and n — 1

boundary conditions:

d
“p ot d) = P(x) — 1,52, 0o X0 1) + P ) +
T (X132, ooy Xy 1) = Py — 1,x2, oy, 1) + P(xy, %0 — 1,y 1) + "

+P(X1,X2, ey Xy — L,8) —nP(x1,X0, ..., Xn, 1),

P(-xla"'7xi—17x7x7xi+27"’7xn7t) = VP(X],...7XZ'_1,.X— 1,X,.Xi+2,...,xn,t) )

H(1=r)P(x1,y oo Xim1,X, X+ 1, X110, ooy Xy 1),

where i=1,2,...,n, and notation for the rate | from Section 2 was replaced by r.

3.1 Separation of variables

We use separation of variables to solve the master equation (1) [2]. Suppose the transition probability can
be written as P(x|,x2, ..., X,1) = X (x1,X2, ...,%,) T (¢), where X (x1,x2,...,X,) # 0 and T'(¢) # 0. Substitute it into
equation (1):

T'(t)  X(x1— 1,20, 00%0) + X (1,00 — 1y ooy ) oo £ X (01, X2, 0oy X0 — 1) — 10X (X1,%0, -0, X))

() X(x1,%2, %) =7

The spatial part can be solved by substituting X (x1,x2,...,x,) = &1&52...5™ [2]. Any other expression
of this form with indexes from 1 to n permuted, is also a solution, so solution to the spatial part is a linear

combination of solutions:

X(wx,00) = Y A [T650,
k=1

cesS,

where A is the weight of each term and o (k) is the k' element of the permutation G.



Solution to the time part is

T(t) :A(617§2;-~-,§n)ew7

where vy = éil—l—...—i—é—n.

Then, solution to the master equation (1) is

P(x17x27"'7-xn7t) :A(§1;§2;- a e},t Z AGHéxk (19)

oces,

3.2 Solution with the boundary conditions

Substitute the solution (19) into (2), cancel the time part and rearrange:

Y At ElEaian bty — L (1= 1AcEs ) EEESEL - En

oE<s, OESy

_ Z T’Agéxl éx lgx (+1)- é:xn —

oeS,

Y 4 H £ ES &y — (L= PES St — P E )] = 0.
S\
k#llJrl

Permutations in S,, can be grouped into two: even and odd. Let ¢ be an even permutation, ¢ € A,, and T;(0)

be an odd permutation obtained by transposition of the i’ and (i + 1) element in o:

¥ (10 TT & lEsoSsenn — (0= Esiby ~ &) e
=1,

O€EA, )
kti,i+1
1
+AT H é éT )(i+1) —(1 _r)éz §x+ (i+1)
k;ét t+1

—ré%_ éT )(i+1 D =0.

Since T;(c) only interchanges positions of the i and (i + 1) element in o, T;(c)(i) = o(i+ 1) and
T:(o)(i+ 1) = o(i). For all other elements where k # i,i+ 1, T;(0) (k) = o(k):

)3 kH & (AolEa Eaeny — (1= &S ) — i Exan)
O i (20)

+A7(0) [€§<i+])€§<,~> —(1 _r)éé(i+l)§é(+i)] H—l éx D =

Set each term of the sum in (20) to be equal to 0, then if

) Ay, forall 6 €A, @1

A _ r+(l_r)§cr éc i+1) _éo(i) éG(H—l
o) = (1= néo é (i+1) — Colir1) Eo()

the boundary conditions (2) are satisfied [2].



3.3 Lemma for weights A,

Any permutation can be written as a product of transpositions. Then it follows from (21) that for any

permutation o in S, A can be expressed in terms of the weight for identity permutation, Aj23. , = Aj:

+(1=r)8abp —&p\ &a Eq
Ag = Ar=TT5qa52%A,, 23
£}< g2 6 ~[TSasg @2)

where (o, 3) are all possible inversions of permutation &, such that & > B. We define a coefficient Sy g :=

r+(1—r 6055[3 &[3
s o e Since there are no inversions in the identity permutation, for 6 =/, set [[q g Sq g := 1.

The product of ratios of &’s in (22) can be simplified as shown in the following lemma.

Lemma 2. For given ¢ € S,

HE“ 1™ (23)
aB B k=1
where k € {1,2,...,n}.
Proof. For o(k), k™ element of the given permutation &, we have éé?lg‘ where:
* [ is number of inversions of the type (k, j) such that k < j and o(j) < o(k), and

* m is number of inversions of the type (j,k) such that j < k and &(j) > o (k).

These m inversions occur in the first (k — 1) positions. Then in the first (k — 1) positions there are m numbers
greater than ¢ (k) and k — 1 —m numbers less than o (k). In general, if we consider n numbers from 1 to n and
1 < o(k) < n, there are n — 6 (k) numbers greater than ¢ (k) and o (k) — 1 numbers less than o (k).

So in the remaining (n — k) positions of the permutation o
* n—o(k) —m numbers greater than o (k), and
e I =0(k)—1— (k—1—m) numbers less than o (k).

Hence & ;z,:;’ = 55(%)_1_(1‘_1_”’)_”’ = gg((:))_k. Then if we consider all possible inversions and elements of o,

we get:
Sa Y pol)—k
2 _TT¢E
1% =%
which is the same result as in (23). L

3.4 Solution with the initial condition

To solve with the initial condition (3), we will use the fact that for all integer k, z € C , integral along a

simple closed contour around z = 0 is

(%)ygzkdz: l,iszl—l, 4

0, otherwise.

Using Lemma 2, we can express Ag in terms of A; and rewrite (19):

P(x1,x2,...;xn, 1) = A(E1, &, .., € Z (Hsaﬁ) (kljl gélszr)G(k)ik)Al

oeS,



v n—1 n
LetA(&1,8,....6) =111, éagk‘;(k) LA = (ﬁ) , and take n contour integrals with respect to &1, &, ..., &,

along simple closed contours around & = 0,&, =0, ..., &, = 0 respectively [2]:

P(xl,xg,...,xn,t):yg...?g(Z}g (%)" H aﬁ) (ngk Yo —1+ok)— )e}")d&déz...dén:
ﬁ e}'ryg yg Hsaﬁ ngl\ Vo —1+o(k )d§1d§2 dg,,) 4)

GES

At time 7 = 0 the time part vanishes:

P(xl,xz,...7xn,0)— 2m §I§ %Hsaﬁ HéXk Yo —1+o(k >d§1d§2 di”) 25)
creS

In (25), consider the term of the sum corresponding to ¢ = I. Using (24) and the fact that for the identity
permutation []o g Sq g := 1, 6(k) = k and yg(x) = yi:

1\~ n xe—yp—1 . n 1 xp—yp—1 _ Lif X = y,
(55:) %...%ggf : dgldgz...dén—]g(székk ¢ dék)—{ , 26)

0, otherwise.

For all terms of the sum in (25) corresponding to the permutations ¢ # I, there exists at least one inversion
(o(a*),0(B*)), such that ¢* < B* and o(a*) > o(B*):

Xk—Yo(k)— 1+
2m yﬁ §I§ H gl yewirol 5555 (l—ﬁ[ S )So(e) o8
[0

ey B)#(o(a*),0(8*)) 27)
Yor Vo(ar) ~1HO(a7) 0" L —yo(pr) — 1+6(l3
60(0‘*) éG(ﬁ*) dgc(a*)dég(ﬁ*)}dé]d&z...dén.

Consider only the integrals with respect to <§G ) and ég ) in (27):

xa*fyo.(a*)*l*‘r(f(a*)fa* Xﬁ*fyo-(ﬁ*)*l‘FO'(ﬁ*)fﬁ* o
5595( <l—/3[> S“»B)Sc(a*)ﬂ(ﬁ*)éo(a*) So(B*) d&o(a)dSo(p) =
a,fB),
(a.B)#(o(a”),0(B*))
r+ (1 - r)éo‘(a*)&g(ﬁ*) - go'(ﬁ*) xaxfyo-wc*)*l‘l*c(a*)*a* Xﬁ* 7)/6(’3*)714’0'([3*)*[3*
S . . d
y%]g( (g), a’ﬁ) r+(1=r)8o(a*)5o(p) —go(m)&"(“ ) (5 a(a
(a,B)#(o(a”),0(B"))
d .
Let gc(a*) = 50? o déc(a*) = 55(2*) [2]:
_ r+(1=rn—S&sp
nxa* Yo(a*)~ 1+G( ) % S 7
}15 (9 <oI:}>7 ‘ >”+(1"’)”_&5?ﬁ*>
(a.B)#(o(a”),0(B"))
Xg* —Vo(B* +o(B*)-B* —Xox HVo(a* —o(a*)+a*
g o) Yo(a*) d&c )dn—
(B*) g
( 6 ) S oo
o o r+1—r77— o(B*)
nx(x* Yo(a*) Ito(a")—a % S .
515 ( ( (oEsI» “'ﬁ) rSo(ps) + (1=r)M&s(p) —

(a.B)#(c(a*).0(B*))

xpr —Yg(pr) T (B*) =B —Xgr +Vg(ar)—0 (") +*

9dSo(pr)



Since xg« —xg+ > B* — & and yg(q+) — Yo (pr) = —0(B*) +o(a*), the power of &g g+,

XBx — Xor — B* +a* +y6<a*) —Yo(B*) + G(ﬁ*) — G((X*) >0. (29)
Then the integrand in (28) has singularities at 56( g = r+(+r)n and at points where the denominator of coef-
ficients Sy g are zero. Then for a simple closed contour around éa(ﬁ*) = 0 with radius R < . | 1nfr)n and small

enough to avoid other singularities, the integral with respect to 50(5*) in (28) is always zero.

This implies that for all x;, the expression in (28) is equal to zero, and consequently the value of (27) is
equal to zero. So terms of the sum (25) for all permutations ¢ # I are always equal to zero. Then (4) satisfies
the initial condition (3).
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Appendix

As we have shown in the Section 2.1, for a three-particle model we have the master equation (5) with

boundary conditions (7) and (8). The initial condition (3) for n = 3 is

1,if xp = yp forall k =1,2,3,
P()’h)’zv)’%f :O> = (30)
0, otherwise.

Separation of variables

Suppose the transition probability can be written as P(x1,x2,x3,1) = X (x1,x2,x3)T (¢), where X (x1,x2,x3) #
0 and T'(¢) # 0. Substitute it into equation (5):

X(xl,X2,X3)T/(t) ZX()Q — I,X2,X3)T(l‘) +X(x1,x2 — I,X3)T(l) +X()C1,XQ7X3 — I)T(l) — 3X(x1,x2,x3)T(t),

T(r)  X(x1—1,x2,x3) + X (x1,x0 — 1,x3) + X (31, x2,%3 — 1) — 3X (x1,x2,%3)

T(t) X (x1,%2,x3)

The spatial part can be solved by a substitution X (x1,x,,x3) = &1 £52&3%:

~1 ~1 ~1
S GG GG =B+ 0815%6

1 1 1
Substituting any other expression of this form with indexes from 1 to 3 permuted we get the same 7, so all these
substitutions are solutions. Then solution to the spatial part is a weighted linear combination of solutions.
T'(t)

Solution to the time part % =7Yis

T(t) :A(§17§27§3)ew7


https://doi.org/10.1103/PhysRevE.57.6370
https://doi.org/10.1103/PhysRevE.57.6370
https://doi.org/10.1007/s00220-008-0443-3

where function A(&;,&,,&;3) is arbitrary .

Then full solution to the master equation (5) is

P(x1,x2,x3,1) = A(&1,&, &3)e" (A3 E2E3° + A& 1 E32E5°

3D
+A2138 &2 63 + 40318 2 € + A3 &P 6 + A3 &1 &2 EP).

Solution with the boundary conditions

Substitute the solution (31) into the boundary condition (7), cancel the time part, and rearrange:

r r
EFEEP As — (1—r1) &A1 — gllAlzs +A23— (1—r1)E1A213 — glezm]-&-
r r
EFEFEP Az — (1= r1)&1A312 — éAmz +A13—(1—r1)&A130 — gllAlsz]-&-
r r
EE3EP Azt — (1—r1)E3A031 — éz‘\m +A31 — (1 —r1)&An — éz‘\m] =0.

For the the boundary condition (7) to be satisfied, we need this sum to be equal to 0. So if we set each term
in this sum to be equal to 0, the boundary condition (7) is satisfied. We know that &, &,, &3 # 0 by assumption,
hence we set the expressions in each of the square brackets to be equal to 0. Notice that this allows us to express

the weights corresponding to odd permutations in terms of the weights for even permutations:

_ nt(-r)ga&-6é&
A I mEE-& &
_ n+t(1-r)&i&-8&&
A T mE G =& & G2
A :771-1—(1—"1)&2&3—52@[‘
. nt(l-m&&-5&& !

Following the same steps for the boundary condition (8), we get a similar result:

o ont(1-rn)e&-648

SR (A
_ nt+(-r)éi&—-8&3a

A213 nr(=m&s —& 3A231, (33)
_ nt+t1-r)éi&h-aé&

Az r+(1-r)&i&—& 1A312'

Let the even permutation be ¢ = (...a...) where « is the i element and 3 is the (i + 1), then the odd
permutation obtained by transposition of the i/ and (i + 1) element is T;(c) = (...Ba...). Then if weights
above adhere to the following pattern for i = 1,2, 6 = 123,231,312:

~ A =r)8sm a1 ~So) Soli+1)
ri+(1=r1)&s()So(i+1) — Solit1) o)

At(0) = Ag,

boundary conditions (7), (8) are satisfied.



Solution with the initial condition

Defining S, g as in (22) and using (32), (33), we can write Ap3; as follows:

n+(-r)&is—&n+(1-r)éis&-86&& —S31521£A123 (34)

A1 = rn+(l—-r)&ié&—&rn+1-r)bié&b—-& 515 &2

Similarly, we can express all other weights in terms of A»3, and then the solution (31) is

P(x1,x2,x3,1) = A(E1,82,83)e" A3 (&) &2 & + 8308 xﬁl > 1+521§x1+1§f271 33

_ (35)
+531521§x1+1 2t 2 2+S31532§X'+2 ot 3 l+5325315215x1+2 P %),

_ | T T T 3
Let A(&1,8,&) =TT} 665{3’(“ —gnlglentla = (ﬁ) , and take contour integrals with
respect to &1, &, &3 along simple closed contours around &; = 0,&, = 0,&; = 0 respectively:

Plxtx2,23,0) = 27r1 %%%én o & I‘S? T 1d§1d§2d§3

2m ) $¢ yﬁsazé’“ g g i g + (5 yﬁgﬁ Ponig e gty

Zm %5’5555315215)(1 g ‘35)(3 e 3d§1d§2d§3+ yg%?g& S35 EN I g 2 2 e e, g
27” %%%SMSB 152185 y3+1§XQ o l‘im aE dEdE. (36)

Consider the first term of the sum in (36) and use (24):

2m %%%gﬁ n-lgnon-len-n-lge ge,gg; — 27: 9§§x1 - 1d§1) (%yﬁ&;‘z’”*‘d@)

. 37
755)“ - ldé Lifxy = yi,x = y2,x3 = y3, 7
3
27” 0, otherwise.
Consider the term of the sum in (36) corresponding to the permutation ¢ = 231 and let &, = g—l:
27;, %%yg& 1S, lé 1 )26 2 Mém - 3d§1d§2d§3 _ ygéxz »355 X1 =y2
(38)

r1+(1*r1)§1§3f§1 rlJr(lfr])T]fé] X3—y14yp—x1 =3
¢r1+(1—r1)§1§3—§3 rn&+—r)né—n"! yy dordndss.

Since x3 —x; > 2 and y; —y; > 1, the power of & in (38),
x3—x1+y2—y1—3=>0.

Then for a contour around & = 0 with radius R < and R < firﬁ the integral in (38) is zero.

1
ri+(l=ri)n
Similarly, we can show that all terms of the sum in (36) corresponding to other permutations ¢ # I are zero.
Hence

P(x1,x2,x3,1) = 271 ewyﬁﬁﬁﬁnsaﬁng” Yoty OOk e e de, (39)

ceS

is the solution to the master equation (5) with boundary conditions (7), (8) and initial condition (30).
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