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Abstract

In this paper we present L? and L7 versions of the geometric Hardy inequalities in
half-spaces and convex domains on stratified (Lie) groups. As a consequence, we
obtain the geometric uncertainty principles. We give examples of the obtained
results for the Heisenberg and the Engel groups.
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1 Introduction

In the Euclidean setting, a geometric Hardy inequality in a (Euclidean) convex
domain Q has the following form
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|u|?
Vul?dx > = d
/l u*dx /dlst(x 0Q)? - (.D

for u € C;?(Q) with the sharp constant 1/4. There is a number of studies related to
this subject, see e.g. [1-3, 5, 6, 13].

In the case of the Heisenberg group H, Luan and Yang [12] obtained the following
Hardy inequality on the half space H* := {(x|,x),x;) € H,|x; > 0} foru € CP(H")

[P+ I P
IV, uldr > / BT e (1.2)
H+ H+ x3

Moreover, the geometric LP-Hardy inequalities for the sub-Laplacian on the convex
domain in the Heisenberg group was obtained by Larson [11] which also generalises
the previous result in [12]. In this note by using the approach in [11] we obtain the
geometric Hardy type inequalities on the half-spaces and the convex domains on
general stratified groups, so our results extend known results of Abelian (Euclidean)
and Heisenberg groups.

Thus, the main aim of this paper is to prove the geometric Hardy type inequalities
on general stratified groups. As consequences, the geometric uncertainty principles are
obtained. In Sect. 2 we present L? and L” versions of the subelliptic geometric Hardy
type inequalities on the half-space. In Sect. 3, we show subelliptic L% and L versions of
the geometric Hardy type inequalities on the convex domains.

1.1 Preliminaries

Let G = (R",0,6,) be a stratified Lie group (or a homogeneous Carnot group), with
dilation structure 6, and Jacobian generators X, ..., Xy, so that N is the dimension of
the first stratum of G. We denote by O the homogeneous dimension of G. We refer to [9],
or to the recent books [4, 8] for extensive discussions of stratified Lie groups and their
properties.

The sub-Laplacian on G is given by

L=)x]. (1.3)

We also recall that the standard Lebesque measure dx on R” is the Haar measure for
G (see, e.g. [8, Proposition 1.6.6]). Each left invariant vector field X, has an explicit
form and satisfies the divergence theorem, see e.g. [8] for the derivation of the exact
formula: more precisely, we can formulate

r

ZZ 0 (e aD) 2 (1.4)

1}
=2 m=1 ox, '(n)

O

with x = (x',x?, ..., x?), where r is the step of G and x = (x”, xx)) are the
1

variables in the I"* stratum, see also [8, Section 3.1.5] for a general presentation. The
horizontal gradient is given by
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1044 M. Ruzhansky et al.

VG = (Xl’ “en ,XN),
and the horizontal divergence is defined by
divgy 1= Vg - v

We now recall the divergence formula in the form of [14, Proposition 3.1]. Let
£, €CHQ)NCE), k=1,...,N. Then foreachk = 1, ..., N, we have

/ Xifdz = / SelXp» dz). (1.5)
Q 0Q

Consequently, we also have

N N
L;XJde=AQ;ﬁ<Xk’dZ>' (1.6)

2 Hardy type inequalities on half-space
2.1 L?-Hardy inequality on the half-space of G

In this section we present the geometric L2-Hardy inequality on the half-space of
G. We define the half-space as follows

={xeG: {x,v)>d},

where v := (v, ..., v,) with v, € [RN/',j =1, ...,r, is the Riemannian outer unit nor-
mal to 0G* (see [10]) and d € R. The Euclidean distance to the boundary aG* is
denoted by dist(x, 0G*) and defined as follows

dist(x,0G") = (x,v) — d. 2.1

Moreover, there is an angle function on 0G* which is defined by Garofalo in [10] as

N
D (X, v)2. (2.2)

i=1

W(x) =

Theorem 2.1 Let G* be a half-space of a stratified group G. Then for all f € R we
have

Wx)*
G+ dist(x ()G+)2

XX, (x),v) 5
+P /G ; dist(x, a@+)| uldx,

/ |VGu|2dx > Ci(p) |u|*dx
G+

(2.3)

% Birkhauser



Subelliptic geometric Hardy type inequalities... 1045

forallu € C8°(G+) and where C,(f) := —(B* + p).

Remark 2.2 1If G has step r =2, then for i =1,...,N we have the following left-
invariant vector fields

N, N

_ 0 s 4 0
Xp=—5+ Z Z T 2.4)
i s=1 m=1 s
where @’ . are the group constants (see, e.g. [7, Formula (2.14)] for the definition).
Also we have x := (', x") with x' = (x’l, ,xl’\,), X" = (x’l’, ,xxz), and also
vi= (V) withy' = (v, ..., vy)and V' = (v, ..., v)).
2

Corollary 2.3 Let G* be a half-space of a stratified group G of step r = 2. For all
p € Randu € C(G*) we have

2
WVeulde > ¢,p) | 2 pp
Gt o+ dist(x,0G*)?

|u|?
——dx,
o+ dist(x,0G™)

where C,(B) := —(f* + ) and K(a, v, p) := f X2, SN a’ v/

iivs”

2.5)
+ K(a, v, p)

Proof of Theorem 2.1 To prove inequality (2.3) we use the method of factorization.
Thus, for any W := (W, ..., Wy), W, € C'(G*) real-valued, which will be chosen
later, by a simple computation we have

0< Vi + fWu|dx = |(Xyu, ..., Xyu) + BV, ..., Wy)u|*dx
Gt G+

= [ |Xu+ Wy, ..., Xyu + pWyu)|*dx
G+

N
= / Z | X;u + pWu|*dx
G* =1
N
- / O [IXiul® + 2RepWuXu + f W] ul?|dx
G* =1
N
= / Z [1X;ul® + WX |ul* + B*W?{u|?|dx
G* =1
N

=/ 3 (1%l = AWl + B2W2|ul]
G+

i=1
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1046 M. Ruzhansky et al.

From the above expression we get the inequality

N
[ Weuanz [ 3 (0w - 2w as 26
G+ G* =]

Let us now take W; in the form

<Xi(x)’v> _ <Xi(x)’v>

W.(x) = =
i dist(x,0G*)  (x,v) — 27
where
/ ' 2
X =0,....1,...,0,a%),....a}" fc @ xrhyy,
and
v=_(V, V..., V), v, € RN,
Now W;(x) can be written as
r N, ) _
W) = + i Xl i (s D)y,
(x) =
! Z;:] x(l) v = d
By a direct computation we have
X(X,(x), v)dist(x, 0G") — (X;(x), V)X, (dist(x, 0GT))
XiWi) = dist(x, 0G* )
; (2.8)

_ XXy (X, v)?
" dist(x,0G%)  dist(x, 0G+)2’

where

X,(dist(x, 0G*)) = (Zx Vi ¥ Z wa,m )

=2 m=

.
=v,;+ Z (l) . x(l_l))v,’m

=2 m=

= (X,(x), v).

Inserting the expression (2.8) in (2.6) we get
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N

(X;(x),v)?
2 @2 i 2
/@ Voul'dr2 =5+ ) /@ Zi:l diste a6 T

S X (X,(0),v)
+h /@ ; disicr.96+0) T

The proof of Theorem 2.1 is finished. O

As consequences of Theorem 2.1, we have the geometric Hardy inequalities on
the half-space without an angle function, which seems an interesting new result
on G.

Corollary 2.4 Let G* be a half-space of a stratified group G. Then we have

1 |u|?
Veuldx > ~ | ————dkx, )
o, | Vouldr =7 /@ dist(x, G2 29)

for allu € C(G).
Proof of Corollary 2.4 Let x :=(x',x?,....x") € G with x' = (x],...,x,) and

X eRY, j=2,...,r. By taking v := (V,0,...,0) with v/ = (v, ..., v} ), we have
that
i
Q2) /. s r) 1 (2) (r=1)
Xi(x)=(0,...,1,...,0,ai’1(x),...,a[’Nr(x,x e, X )

we have

N N
DX = Y= VP =1,
=l i=1
and

X{(X;(x),v) = XiVi’ =0.

Inserting the above expressions in inequality (2.3) we arrive at

|u|?

Veulldx > (6> + M
o ez =D | ae

For optimisation we differentiate the right-hand side of integral with respect to g,
then we have

—2p—-1=0,

which implies
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1048 M. Ruzhansky et al.

We complete the proof. O
We also have the geometric uncertainty principle on the half-space of G*.

Corollary 2.5 Let G* be a half-space of a stratified group G. Then we have

1 1
2 2
< / |V6u|2dx> < / dist(x,()G+)2|u|2dx> > 1 / ulPdx  (2.10)
Gt Gt 2 G+

for allu € C(G).
Proof of Corollary 2.5 By using (2.9) and the Cauchy—Schwarz inequality we get
|VGu|2dx/ dist(x, 0G*)?|u|>dx
G+ G+

> 1 | e | dint 06 Plufds
4 Jo+ dist(x,0Gt)? G+

1 2
2 Z(/@ Iulzdx> .

To demonstrate our general result in a particular case, here we consider the
Heisenberg group, which is a well-known example of step r = 2 (stratified) group.

O

Corollary 2.6 Let H* = {(x;,x,,x3) € H| x3 > 0} be a half-space of the Heisenberg
group H. Then for any u € C*(H*) we have

2 2
+
IVHulzdxz/ bal”+ el 2|x2| |u|?dx, @11
H+ H+ x3
where Vi = {X,,X,}.

Proof of Corollary 2.6 Recall that the left-invariant vector fields on the Heisenberg
group are generated by the basis

0 0
X =—+2x,—,
: 0x, x20x3
PRI
0x, 0x3

with the commutator
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0
X, X,] = —4—.
X1, Xl 0x4

For x = (x;,x,, x3), choosing v = (0, 0, 1) as the unit vector in the direction of x; and
taking d = 0 in inequality (2.3), we get

X,(x) =(1,0,2x,) and X,(x)=(0,1,-2x,),
and
(X,(x),v) =2x,, and (X,(x),v)=—2x,,
X, (X;(x),v) =0, and X,(X,(x),v)=0.
Therefore, with W(x) as in (2.2), we have

We? P+l

dist(x, 0G*)2 2

Substituting these into inequality (2.3) we arrive at

2 2
X |°+ |x
|VHM|2dXZ/ Mhﬂzd)@
H+ H+ X3
taking f = —%. O

Let us present an example for the step r = 3 (stratified) groups. A well-known strati-
fied group with step three is the Engel group, which can be denoted by E. Topologically
E is R* with the group law of E, which is given by

xXoy= (x1 T Y1X +YX3 Y3 +P1,x4+y4+P2),

where

P, = (x1)’2 _x2y1)’

—_— N =

1
P, ZE(M)@ —x3y1) + E(ﬁ)’z —x1y1( +¥) +x2yf).

The left-invariant vector fields of E are generated by the basis

xzi_ﬁi_<ﬁ_’ﬁ)i
"Tox,  20x, \2 12 Jox,”
2
0 Xy 0 X1 0
X, = —+=—+ ——,
2 0x, 20x3 120x,
Xo= 0 B0
S 0xy; 2 0xy
0
X, =—.
4 0x,
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1050 M. Ruzhansky et al.

Corollary 2.7 Let E* = {x := (xy,%,,%3,%,) € E|{(x,v) > 0} be a half-space of the
Engel group E. Then for all p € R andu € C*(E*) we have

(X, ), v)? + (X, (x), v)?
E+ dist(x, 0[E+)2
p XoVy

+2 [ 2H updy,
3 J.. disteoEn) M

|Veul*dx > Cy(8) |ua|*lx
E+

(2.12)

where Vg = {X;, X, }, v := (v}, V5, V3, V), and C,(B) = —(B* + p).

Remark 2.8 If we take v, = 0 in (2.12), then we have the following inequality on E,
by taking g = —%,
1 (X0, v)* + (X, (), v)?

|Veul®dx > — : u|dx.
E+ 4 E+ dlSt(.x,al]E+)2

Proof of Corollary 2.7 As we mentioned, the Engel group has the following basis of
the left-invariant vector fields

xzi_ﬁi_(&_’ﬁ)i
"Tox, 20x; \2 12 Jox,”

0o X o0 X o

X,=—+—-—+—=—,
2 0x, 20x3 120x,

with the following two (non-zero) commutators

a X 0
X, =[X.X,]= — + =

ox; 2 0x,
d

X4 = [XI,X3] = a
4

Thus, we have

X0 = (1,0,-2,-(2 - 22)).

X, =(0121 il
W=D )

A direct calculation gives that
X X3 XX
KW = == (3 =55
(X, v) = v, + v, + i
2. V) =t Svit v
RUTET T

XX, (x0),v) = 3
X5 (X5 (x), v) = 0.
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Now substituting these into inequality (2.3) we obtain the desired result. a

2.2 LP-Hardy inequality on G*

Here we construct an L version of the geometric Hardy inequality on the half-space
of G as a generalisation of the previous theorem. We define the p-version of the
angle function by W, which is given by the formula

N »
W, () = (2 |<X,-(x),v>|1’> : (2.13)
i=1

Theorem 2.9 Let G* be a half-space of a stratified group G. Then for all f € R we
have

3 XulPdx > C Wple¥ rd
/@Zﬂ ulPdx > z(ﬂ,P)/@mM x
i=1

N -2
(X0, V)] 77 XX (), v)
the-D /@ 2 <dist(x, aG+)> disi(x, 067 "

i=1

(2.14)
forallu € C(G*),1 <p < coand Cy(f,p) :=—(p - 1)(|ﬁ|p%1 + p).

Proof of Theorem 2.9 We use the standard method such as the divergence theorem to
obtain the inequality (2.14). For W € C*(G") and f € C'(G"), a direct calculation
shows that

/ divg (W) u|Pdx = —/ SW - VglulPdx
G* G+

=—p/f(W,VGu)|u|p_1dx
G+

p-l

Sp(/ (W, VGu)|”dx>; (/ hE |u|”dx>7.
G+ G*
(2.15)

Here in the last line Holder’s inequality was applied. For p > 1 and g > 1 with
11) + é = I recall Young’s inequality
P q
ab< @+ foraz0.b>0.
p q

Let us set that

% Birkhauser



1052 M. Ruzhansky et al.

p—1

a:= </ |(W,V6u)|”dx>p and b= </ [f|p'_’1|u|l’dx> "
G+ G+

By using Young’s inequality in (2.15) and rearranging the terms, we arrive at

KW, VG”)lpde/ (divG(ﬂV)—(p— 1)lf|ﬁpj)|u|”dx. (2.16)
Gt Gt

—~N
We choose W := I, which has the following form /; = (0, ..., 1,...,0) and set

X, v P!

f= dist(x, 0G+-1"

Now we calculate

1(X;(0), V)| >”‘1

divg(Wf) = (Vg - I)f = Xif = ﬁX"(W

_ [{(X;(x), V)| P2 (X;(x), v)

e < dist(x,0G™) > % < dist(x, 0G*) >

_ ﬂ(P _ 1) |<Xi(x)’ V>| P2 Xi<Xi(x)? v> B |<Xi(x)’ V>|2
- dist(x, 0G*) dist(x,0G*)  dist(x, 0G+)2

= fp—1) <|(Xi(x),v>| P72 X (X (%), V) _x@.mP
- dist(x,0G%) ) \dist(r,06%) ) ~ dist(x, 0G*y |

[(X;(x), v)I?
dist(x, 0GP’

and
L i
[fl-1 = |B]r

We also have

i’ N T
(W, Veu) =(0,...,1,...,0) - (Xyu, ..., Xju, ..., Xyu) = Xu.
Inserting the above calculations in (2.16) and summing overi = 1, ..., N, we arrive
at

N

N
. X, )
/@ ; IXulPdx > —(p — 1)<|/3|, + ﬁ) A Z T 35T |u|P dx

i=1
N -2
(X0, V)] \77° XX (x), v)
=1 /@ Z‘ <dist(x, aG+)> distcr, 96+
2.17)

We complete the proof of Theorem 2.9. O
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Remark 2.10 For p > 2, since

N s N
2
|Veul? = (Z} |Xiu|2> Z |Xul?) (2.18)

we have the following inequality

Veulldx > C Wy rd
@+| culPdx > Cy(B,p) 03#WM x
|<Xi(x)’ V>| 2 Xi<Xi(x)v V>
=D £ <dist(x, aG+)> diste 060 4
(2.19)

3 Hardy inequalities on a convex domain of G

In this section, we present the geometric Hardy inequalities on the convex
domains in stratified groups. The convex domain is understood in the sense of the
Euclidean space. Let Q be a convex domain of a stratified group G and let Q2 be
its boundary. Below for x € Q we denote by v(x) the unit normal for 92 at a point
X € 0Q such that dist(x, Q) = dist(x,X). For the half-plane, we have the distance
from the boundary dist(x, 0Q) = (x,v) — d. As it is introduced in the previous sec-
tion we also have the generalised angle function

N ;
W, (x) = <Z (X0, v>|P) :
i=1

with W(x) 1= W, (x).
3.1 Geometric L>-Hardy inequality on a convex domain of G

Theorem 3.1 Let Q be a convex domain of a stratified group G. Then for f < 0 we
have

2 W(_x)z 2 /NX{X(X)V) 2
/QIV@uI drz O | oSSl p | 3 e

i=1

3.1
Jorallu € Cy(Q), and C,(p) := —(f* +P).

% Birkhauser



1054 M. Ruzhansky et al.

Proof of Theorem 3.1 We follow the approach of Simon Larson [11] by proving ine-
quality (3.1) in the case when Qs a convex polytope. We denote its facets by { 7}, and
unit normals of these facets by {v;};, which are directed inward. Then Q can be con-
structed by the union of the dlsJomt sets Q; 1= {x € Q : dist(x, 0Q) = dist(x, F;)}.

Now we apply the same method as in the case of the half-space G* for each element
Q; with one exception that not all the boundary values are zero when we use the par-
t1al integration. As in the previous computation we have

N
os/ IVGu+ﬂWu|2dx=/ D X+ BWuldx
Q Q

i i=1

/ 2 [1X;ul? + 2RepW,uX,u + F*W2|ul|*|dx
S

/Z[|Xu|2+ﬂ X|u|2+/32Wi2|u|2]dx
N

/Z [1X;ul® = BOGW ul> + B2 W2 |ul?]dx

N
+p / Z WiX;(x), nj(x»lulzdragj(x),
0 =]

where #; is the unit normal of 0€2; which is directed outward. Since F; C 0Q; we
have n; = —v;.

The boundary terms on 02 vanish since u is compactly supported in Q. So we
only deal with the parts of 0€2; in €. Note that for every facet of 0€; there exists
some 0€); which shares this facet We denote by I';; the common facet of 0€; and
09, with "k|r = —n,lF From the above express1on We get the following 1nequa11ty

/|V6u|2dx2/ Z[(ﬂ(X,Wi)—ﬂsz)Iulz]dx
& & =l

N 3.2)
- b / D WX, (), m () ul*d g ().
0% =1
Now we choose W, in the form
X, v) (X, v;)
Wix) = — = !
dist(x,0Q)  (x,v;) —d
and a direct computation shows that
XX v) (X, v)?
X W(x) = : (3.3)

dist(x,0Q)  dist(x,0Q,)?"

Inserting the expression (3.3) into inequality (3.2) we get

% Birkhauser
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/ |Vgul*dx > —(f* + p) /

X{(X;(0), v uf? X0, v (X0 my)
/ z dist(x, aQ) d _ﬂ/ Z dist(x, ) lul“dl;,.

Uy i=

X;(x), v)2

N
2
d
;d ST, asz)zl uldx

(3.4)
Now we sum over all partition elements €2; and let n; = ”k|r , i.e. the unit normal of
I';, pointing from €2, into ;. Then we get

N
<X<(X), V>2
2 (2 i 2
/QIVGMI dx > —(p +ﬂ)/ Z —dist(x,aQ)2|u| dx

X(Xi(x),v) 5
4 / Z dist(x, ag)l uldx

(X;(x), v)(X(x) jl> )
ﬁel /ﬂ lE dist(x, F}) |u|"dT,

2
- —(ﬁ2+ﬂ>/ Zchlx
XX, (x),v) 5
+/ / Z dist(x, aQ)I uldx

<X(X)V Vi (X;(x), )
Y/ Z e L

j<i JTy =

Here we used the fact that (by the definition) Iy is a set with dist(x, .7-}) = dist(x, F)).
From

FJ,:{x:x-vj—dj:x-v,—dl}

rearranging x - (v; —v;) —d; +d; = 0 we see that I'; is a hyperplane with a nor-

mal v; —v,. Thus, v, —v, is parallel to n; and one only needs to check that

(v; = v)) - n; > 0. Observe that n; points out and v; points into jth partition element,
so Vi ny is non-negative. Slmllarly, we see that vl n; is non-positive. This means
we have (v; = vp) - nj; > 0. In addition, it is easy to see that

|vj—vl|2 ==V (v,=v)=2=2v;-y

=2 - Zcos(a_ﬂ),

which implies that

where a; is the angle between v; and v;. So we obtain

% Birkhauser



1056 M. Ruzhansky et al.

N

(X(x), v)?
2 2 i 2
[ Weutar >~ [ 3t s
X; <X (x), V> 2
+h / Z dist(x, asz)l uldx

< ()a l>
Yy / V1= eoste e

Jj<l i=1

Here with f < 0 and due to the boundary term signs we verify the inequality for the
polytope convex domains.

Let us now consider the general case, that is, when € is an arbitrary convex
domain. For each u € C°(2) one can always choose an increasing sequence of con-
vex polytopes {€; };i such thatu € C°(€2),€; C Qand Q; — Qas j — co. Assume
that v;(x) is the above map v (corresponding to €2;) we compute

/|V6u|2dx=/ |V gu|*dx
Q g.

(X;(x), v
- +ﬁ)/ Zdlst()c 0Q. )2 Jul*dx
XAX;
/Z i (x)v) uldx
dzst(xaﬂ)

(X;(x), v
_ 2 2
= +ﬁ)/ < disi(x, 09)2 lul"dx

X(X;(x), v; )
/ Z |u|*dx
dist(x, 0€2;)

(X;(0), v
2 2
e ﬁ)/ 2 dist(x, 69)2 ludx

X(X; (X),V>
/ Z dist(x, 0Q) Juldx

Now we obtain the desired result when j — co. a

3.2 LP-Hardy'’s inequality on a convex domain of G
In this section we give the L”-version of the previous results.

Theorem 3.2 Let Q be a convex domain of a stratified group G. Then for f < 0 we
have

% Birkhauser
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XulPdx > C /Ly
/Z| iul"dx z(ﬁp)/m“ﬂ x

X\ (XX, v)
+he -1 / Z (dzst(x ag)> <d1st(x, Q) >|u|de,
) 3.5)
forallu € CY(Q), and Cy(,p) = —(p — DB + p).

Proof of Theorem 3.2 Let us assume that Q is the convex polytope as in the p =2
case. Thus, we consider the partition €2; as the previous case. For f € C 1(Qj) and
W e C*(L)), a simple calculation shows that

[ avewtaras=-p | rov.Veptavs [0t 0
Q o o,

=

5p</g (W, V@u>|”dx> ' </Q 1f|fl|u|l’dx>

+ / W, nj(x))|u|pdl—‘09f(x).
0% ‘

(3.6)

In the last line Holder’s inequality was applied. Recall again Young’s inequality for
p>1,q9> 1and}7+%,:1, wehaveabs%p+%, for a > 0, b > 0. We now take

= P
q:=:5 and

1 p-1

a:= </ KW, VGu)lpdx> and b := </ [f|ppTl|u|de>'_),
Q

By using Young’s inequality in (3.6) and rearranging the terms, we arrive at

/|<W,VGu>|dez/(divG(fW)—(p—l)m/?)mwdx
Q Q

3.7
- [ AW P 0

We choose W := I, as a unit vector of the i’ component and let

|<Xi(x)’ Vj>|p_1
dist(x, ;P! '

As before a direct calculation shows that

% Birkhauser



1058 M. Ruzhansky et al.

(X0, v\
dist(x, 0F;)

a1y KK N X))
- )(dist(x,df,-)> i(dist(x,afj)>

X0, N2 (XX, vy 10, v) 2
=ﬂ(p—1)< : ) . -—

divg(Wf) = Xf = ﬂxi(

dist(x,0F;) dist(x,0F;)  dist(x,0F;)?

(X0, v\~ XX, v\ XG@), v 1P
| (LY (X )y ]

dist(x, 6.7-"1-) dist(x, 6.7:]-) dist(x, 6.7-"1-)1’
and
> e [(Xi), v) P
11 = 11—
dlst(x, .7:j)l’

We also have

T
(W, Veuy=(0,....1,...,0 ) - (Xyu, ... Xju, ... . Xyu) = Xu.

Inserting the above calculations into (3.7) and summing overi = 1, N, we arrive at

s o gl P
/;| wlPde = ~p ~ 1) +ﬁ)/9 o

|<X(x) v\ £ XX, v;)
i 1)/ Z <d1st(x 6}')) (dlst(x, 0F)) >|ulpdx

[{X;(x), vj)]
-’ /ag, ;’ (W,}_j}) (X,-(x), () |ul”dl 50, (X).

(3.8)
Now summing up over ., and with the interior boundary terms we have
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N N
. (X, )P
/QZ;|XMI”OZXZ—(P—1)(|ﬂ|‘ +ﬁ)2/m|u|”dx
(X0, v\ [ XX (), v)
+h (p_l)iz / (dlst(x am) <d1st(x,6§2)>|ulpdx

(X0, v\
_ﬂZZ/FI ( dist(x, ) > (X;(x0), ny () [ulPdl

il
[{X;(x), v)IP

=—(p - DI +p) Z oy

(X0, I ( XX, 00, v)
+h (p_l)iz / <dzst(x ag)> <dzst(x,0£2)>|u|pdx

[{X;(0), v)l
_ﬂ,g;/rl l( dist(x, F;) > <X(x) n;,(x))

p—-1
dist(x,]—"l)) (X, z(X)>]|u|”d

As in the earlier case if the boundary term is positive we can discard it, so we want
to show that

|<Xi(x)’vj>| p-1 |<Xi(x),vl>| p-l
l(m) <Xi(x)’njl(x)>_<m> (X;(x0), n(x))

-y

Noting the fact that n;; = i

4/2-2 cos(aj,)

1 |00, v\ X\
2 —2cos(ay) {( dist(x, F;) ) (X0, v —vi) = (m) (X;(x), v; = vp)

X )IP = (K@) 1P K@), v) = [ )P (X, v) + (X0 )P
- (2 = 2 cos(ay))dist(x, .ﬁ)ﬁ"
(14X v | = XG0, v (1600 v)IP™! = (X0, )P
- (2 = 2 cos(ay))dist(x, F;r~!

and dist(x, .7-}) = dist(x, F;) on Iy, we arrive at

> 0.

Here we have used the equality (a — b)(@ ™' — b)) =a? —a~'b— b""la + bP~!
with a = [(X;(x), ;)| and b = [(X;(x), v;)|. From the above expression we note that
the boundary term in Q is positive and f < 0. By discarding the boundary term we
complete the proof. O

Remark 3.3 For p > 2, since
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N 2 N
IVeul” = Y 1xul | =Y (1Xul?) (3.9)

i=1 i=1

we have the following inequality
VeulPdx > C Woly Pd.
> —_—
[ Weuras> ey | s

N -2
|<Xi(x)» 2 r X,'<X[(x), v)
=1 /Q ; <dist(x, Q) > < dist(x, 0Q) ) Jul k.

(3.10)
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