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Abstract

In numerous real-world applications, the scarcity of high-quality labeled data constitutes
a significant impediment to the development of supervised machine learning models.
This challenge primarily arises from the fact that manual annotation processes are
often resource-intensive, requiring considerable time, expert knowledge, specialized
equipment, or elaborate experimental procedures. Consequently, collecting a sufficiently
large labeled dataset is frequently impractical. Conversely, unlabeled data are typically

abundant and readily accessible.

This thesis addresses the problem of small labeled sample classification, wherein
only a limited annotation budget is available. It demonstrates that deliberate exploitation
of unlabeled data can: (i) substantially enhance the predictive performance of classifiers
trained on small labeled datasets, and (ii) reduce the cost associated with data labeling.
To this end, the research investigates two principal directions based on the accessibility
of a labeling expert: semi-supervised learning (without direct expert access) and active

learning (with expert access).

This raises two research questions: (i) how can we use unlabeled data to improve the
performance of a classifier trained on small labeled data? and (ii) how can we leverage
unlabeled data to effectively identify a set of labeled samples that are most informative

in terms of predictive performance?

Within the scope of semi-supervised learning, the thesis introduces an enhanced
self-training algorithm that mitigates the prevalent issue of noise accumulation—
wherein incorrect pseudo-labels reinforce suboptimal model predictions—by randomly
partitioning unlabeled data into mini-batches during self-training. The experimental
results show that enhanced self-training outperforms standard self-training in 85% of
cases considered in this work. Furthermore, to more systematically address noise
accumulation, the research proposes a novel semi-supervised boosting algorithm.
This algorithm is carefully designed to leverage three core assumptions of semi-
supervised learning: (i) the smoothness assumption, which posits that data points
situated closely within high-density regions should be assigned the same label; (ii) the
cluster assumption, which suggests that data points belonging to the same cluster are
likely to share the same class; and (ii1) the manifold assumption, which holds that high-

dimensional data often lie on an underlying lower-dimensional manifold that captures
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its intrinsic geometric structure. By incorporating these assumptions, the proposed
algorithm improves pseudo-label quality and reduces the risk of error reinforcement,
thereby enhancing overall classifier performance. In particular, proposed algorithm
outperforms other methods in 91% comparisons investigated in this work.

In the domain of active learning, the thesis investigates the estimated error reduction
(EER) approach, which prioritizes the selection of unlabeled data points based on
their potential to reduce classifier error. In comparison with traditional methods that
primarily focus on data diversity, the EER approach directly considers the effect of
labeling specific data points on predictive performance. Despite its theoretical promise,
the original EER method suffers from high computational demands due to the necessity
of retraining the classifier for every candidate data point and each possible label. To
address this limitation, the research introduces a novel, computationally efficient active
learning algorithm. By formulating an innovative objective function, the method
enables recursive, closed-form updates that avoid the need for repeated retraining,
thereby significantly reducing computational cost. As a result, proposed active learning
method shows better results than other methods in 81% cases considered in this work.

Through extensive empirical evaluations, the thesis demonstrates that effective
utilization of unlabeled data can meaningfully improve classification performance and
decrease the reliance on expensive labeled data. The contributions presented herein
advance the understanding and practical implementation of semi-supervised and active

learning, particularly under constraints of limited labeled data.

v



Contents

Abstract iii
Contents %
List of Tables ix
List of Figures xi
List of Abbreviations xiii
1 Introduction 1
1.1 Small Labeled Sample Classification . . . . . .. ... .. ... 1
1.2 Semi-Supervised Learning . . . . . ... ... ... 2
1.3 Active Learning . . . . . . .. ..o o 4
1.4 Research Questions . . . . . . . . ... ... ... .. ..... 6
1.5 Contributions . . . . . . . . .. 7
1.6 Datasets . . . . . ... 8
1.7 Sourcecode . . . . . . .. 8
1.8 Outline . . . . . . . . . e 8
1.9 Related Publications . . . . . . . . . . . . ... ... ... ... 9

2 SRPM-ST: Sequential Retraining and Pseudo-labeling in Mini-

batches for Self-Training 11
2.1 Introduction . . . . ... ... 11
2.2 Motivation . . . . . . . . ... 12
2.3 Method: SRPM-ST . . . ... ... ... ... ......... 16
2.4 Experimental settings . . . . . . . ... ... ... ... ... 16
2.5 Results . . . . . . . . . 19
2.6 Discussion . . . . . . ... 21
2.7 Summary . . . ... e 24

3 BSSL++: A Boosting Algorithm for Semi-Supervised Learning
Inspired by Learn++ 25



3.1 Introduction . . . . . . . . ... e
3.2 Method: Learn++ . . . . . . . . . . . ..
3.3 Method: BSSL++ . . . . . . . . .

34 Experimental settings . . . . . . ... ... ... ...
3.5 Results . . . ... ...
3.6 Discussion . . . . . . ...
3.7 Summary . . . ...

BSSL++ with Similarity and Dissimilarity-based Manifold Regular-
ized Adaptive Boosting Algorithm

4.1 Introduction . . . . ... ..
4.2 Theory: graph Laplacian and mixed-graph Laplacian . . . . . . .
4.3 Method: AdaBoost.SDM . . . . .. ... ... ... ......
4.4 Method: BSSL++ with AdaBoost.SDM . . . . . .. .. ... ..
4.5 Experimental settings: AdaBoost.SDM . . . . .. ... ... ..
4.6 Results: AdaBoost.SDM . . . . . .. ... ... ... ......
4.7 Experimental settings: BSSL++SDM . . . . . ... ... .. ..
4.8 Results: BSSL++.SDM . . . . .. .. ... ... ... ...
4.9 Discussion . . . . . ...

410  Summary . . . ... oL e

Efficient Active Learning using Recursive Estimation of Error
Reduction

5.1 Introduction . . . . . . . . ... e

5.2 Theory: Estimated Error Reduction with Prior Probabilities

5.3 Theory: RLDA Classifier and Its Error Estimator . . . . . . . ..
5.4 Method: AL-RLDA . . . .. .. ... .. ... oL

5.5 Experimental settings . . . . . . ... ... ... ... ...
5.6 Results . . . . . . . . .
5.7 Discussion . . . . .. ..
5.8 Summary . . . ...
Conclusion

6.1 Semi-supervised learning . . . .. ... Lo
6.2 Activelearning . . . . . . .. ... L oL Lo
6.3 Societal impact . . . . . .. ...
6.4 Future works . . . . . . .. . L

Appendices

Dataset Repository and Source Code

39
39
40
41
45
46
48
49
49
49
52

53
53
56
56
58
60
64
65
69

71
71
72
73
73

75

77



A.l Dataset Repository . . . . . . .. ... ... oL
A2 SourceCode . . ... ... ... ... ... ..

B Derivation of (2.14) and (2.15)

C K-fold CV

D  Figures 2.2 and 2.3 with error bars
E Proof of (4.16)

F Weights assigned to observations
G  Proof of Lemma 5.4.1

H  Figures 5.1 and 5.2 with error bars
I Figures 5.6 with error bars

References

79

81

83

85

87

89

91

93

95

vil



viil



List of Tables

1.1

2.1
2.2
2.3

3.1
3.2

33

4.1
4.2
4.3

4.4

4.5

4.6
4.7

5.1
5.2
5.3

6.1

Taxonomy-based comparison of SSLand AL. . . . . .. ... ... ... 6
Summary of datasets. . . . . . ... ... L 18
Summary of fixed hyperparameter values. . . . . . .. ... ... ... 18
The test-set accuracy of SRPM-ST and F-ST with Mean Teacher and

FlexMatch using usps dataset. . . . . . . . . ... ... ........ 23
Summary of binary classification datasets. . . . . . ... ... ... .. 32

The average classification results in terms of test-set accuracy in the

form of meandstd (v : [ =90:10). . . . .. ... .. ... ... ... 33
The average classification results in terms of test-set accuracy in the

formof meantstd (v : 1 =80:20). . . ... . .. ... ... ... 33
Summary of binary classification datasets. . . . . . . . ... ... ... 46
Summary of hyperparameter spaces. . . . . . . .. ... ... ..... 47

The average performance in terms of test-set accuracy of the algorithms
across 20 datasets. . . . . . . ... Lo 48

The average classification results in terms of test-set accuracy in the

form of meandstd (v : [ =10:90). . . ... ... ... ... ..... 50
The average classification results in terms of test-set accuracy in the

formof meantstd (v : 1 =80:20). . . ... . ... ... ... .... 50
Summary of multi-class classification datasets. . . . . ... ... ... 51

The average performance in terms of test-set accuracy of the algorithms

across Sdatasets. . . . . ... 51
Summary of binary classification datasets. . . . . . ... ... ... .. 61
Summary of hyperparameter spaces. . . . . . . .. ... ... ..... 64
Summary of real-world case datasets. . . . .. ... ... .. ..... 67
Summary of proposed methods and key results. . . . . . ... ... .. 73

1X






List of Figures

2.1
2.2

23

24

3.1

3.2

33

34

5.1

5.2

53

Values of [Ag| — |A;] as a function of p; for different  and pj. . . . .

The average classification results in terms of test-set accuracy across
different mini-batch sizes for usps, mnist, har, and skin, datasets
and all considered classifiers. . . . . . ... ... .. 0oL

The average classification results in terms of test-set accuracy across
different mini-batch sizes for texture, churn, ups, and wine,

datasets and all considered classifiers. . . . . . . . . . . ... ... ..

The average performance in terms of test-set accuracy of the final
classifiers trained using SRPM-ST and F-ST across 10 repetitions for
usps, mnist, texture, and ups datasets. . . . ... ... ... ...

Decision boundaries of two half-moons dataset over iterations b
produced by BSSL++. . . . . . ... oo

Decision boundaries of two circles dataset over iterations b produced
by BSSL++. . . . . o

The test-set accuracy results over iterations b for aus, hdc, and
wdbc datasets produced by BSSL++ and BSSL++ without clustering
(w:1=90:10). . . . . . e

The test-set accuracy results over iterations b for aus, hdc, and
wdbc datasets produced by BSSL++ and BSSL++ without clustering
(w:1=80:20). . . . . . e

The average performance in terms of test-set accuracy results of all
considered AL methods across 20 AL cycles for cpu, heloc, ups,
compass, and higgs datasets. . . . . . . ... ... ... .......
The average performance in terms of test-set accuracy results of all
considered AL methods across 20 AL cycles for airlines, ipums,
bank, jannis, and emv datasets. . . .. ... ... ... .......
Empirical distributions illustrating the performance deviations of all
classifiers trained on data points selected by AL-RLDA or other AL
algorithms. . . . . . . . . ...

16

X1



54

5.5

5.6

D.1

D.2

H.1

I.1

Xii

The average performance in terms of test-set accuracy results across
20 AL cycles for heloc, ups, bank, and higgs datasets produced by
AL-RLDA and “AL-RLDA with posteriors”. . . . .. ... ... ...
The average classification results in terms of test-set balanced accuracy
using RLDA across 20 AL cycles for heloc dataset. . . . . ... ...
The average classification results in terms of test-set accuracy using
RLDA across 10 ALcycles. . . . ... .. ... ... ... ......

The average performance in terms of test-set accuracy with error bars
across different mini-batch sizes for all datasets and all considered
classifiersusingu : [ =99 :1. . . . ... ... L.
The average performance in terms of test-set accuracy with error bars
across different mini-batch sizes for all datasets and all considered

classifiersusingu : [ =98 :2. . . . .. ... L.

The average performance in terms of test-set accuracy results with error

bars of all considered AL methods across 20 AL cycles. . . . . .. ..

The average performance in terms of test-set accuracy results with error

bars of all considered AL methods across 10 AL cycles. . . . .. ...

83

84



List of Abbreviations

ML

SSL

ST

F-ST
SRPM-ST
BSSL++
AdaBoost
ASSEMBLE
RegBoost
SemiBoost
AdaBoost.SDM

BSSL++.SDM

AL

EER
EER-P
RLDA
AL-RLDA

KNN
LDA
SVM
S3VM
LSVM
LapSVM
LapRLS
LRR

RF
MLP
NB

Machine Learning

Semi-Supervised Learning

Self-Training

Full-batch ST

Sequential Retraining and Pseudo-labeling in Mini-batches for ST
Boosting algorithm for SSL inspired by Learn++
Adaptive Boosting

Adaptive Semi-Supervised ensEMBLE
Regularized Semi-Supervised Boosting
Semi-Supervised Boosting

AdaBoost with Similarity and Dissimilarity-based
Manifold regularization

BSSL++ with Similarity and Dissimilarity-based
Manifold regularization

Active Learning

Estimated Error Reduction

Estimated Error Reduction with Prior probabilities
Regularized Discriminant Analysis

AL method that minimizes an accurate closed-form
error estimation of RLDA

k-Nearest Neighbors

Linear Discriminant Analysis

Support Vector Machine

Semi-Supervised Support Vector Machine

Linear Support Vector Machine

Laplacian Support Vector Machine

Laplacian Regularized Least Squares

Logistic Regression

Random Forest

Multi-layer Perceptron

Naive Bayes

Xiil



DNN
TabNet
ProbCover
BALD
SCARF

Cv

X1V

Deep Neural Network

Deep Neural Network for Tabular data

Probability Coverage

Bayesian Active Learning by Disagreement
Self-Supervised Contrastive Learning using Random
Feature Corruption

Cross-validation



Chapter 1

Introduction

1.1 Small Labeled Sample Classification

The data is a crucial part of any machine learning (ML) pipeline. In supervised learning,
the raw data is usually required to be analyzed and assigned with certain labels or
numerical values according to some predefined criterion. These labeled data can be
used to train a classifier to make predictions on future, unseen data. In general, the
performance of the predictive model depends on the number of available labeled data
points. This well-known traditional wisdom of “the more data, the better’” has been
justified for many statistically consistent learning rules (Braga-Neto, 2020). That being
said, the dependence of the model on the large volumes of high-quality labeled datasets
can be a major problem. That is to say, in many real-world applications, obtaining
such datasets is often prohibitively expensive or practically infeasible, as it may require

domain experts or additional empirical experiments. For example,

* in speech recognition (Yu et al., 2010; Drugman et al., 2016), obtaining accurate

transcription of speech utterances is extremely time-consuming;

* in natural language processing (Zhou et al., 2013; Tomanek and Hahn, 2009),
annotating sentences and categorizing texts are laborious and require linguists

expert knowledge; and

* in medical and biological data processing (Zhang et al., 2022; Camargo et al.,
2020; Su et al., 2015), labeling the data can require expensive laboratory

experiments by experts.

At the same time, a large number of unlabeled data points can be easily collected
from a wide range of sources, including podcasts, web pages, and medical databases.
Therefore, there is a growing need for algorithms that can effectively use unlabeled
data in small labeled sample classification problem, which appears when the annotation

budget allows labeling only a limited amount of data.



Since conventional supervised learning algorithms are not capable of utilizing
unlabeled data in the training process, multiple approaches have been proposed to
effectively leverage unlabeled data to reduce labeling costs. In principle, we can
highlight two main directions for using unlabeled data based on access to the oracle
(i.e., data labeling expert): (i) semi-supervised learning, in which we do not have access
to the oracle during model training; and (i1) active learning, where it is assumed that
we have access to the oracle. Both approaches lead to a reduction in human labeling
efforts, especially, in cases where the amount of available annotation budget or time is

very limited.

1.2 Semi-Supervised Learning

Semi-supervised learning (SSL) is one of the major ML paradigms that focuses on
constructing a model that can encode both labeled and unlabeled data into the training
process. In general, most of the SSL methods either modify or extend a supervised
learning algorithm to leverage additional information from unlabeled data (Zhu, 2005;
Van Engelen and Hoos, 2020; Yang et al., 2022). In the classification task, the aim
of SSL is to use both labeled and unlabeled data to train a classifier, such that the
obtained classifier is better than a supervised classifier trained on merely labeled data.
The working principle of most SSL methods is generally based on assumptions that link
the distribution of unlabeled data and the target label. Traditionally, there are three main
SSL assumptions: semi-supervised smoothness, cluster, and manifold assumptions
(Chapelle et al., 2006; Van Engelen and Hoos, 2020).

» Semi-supervised smoothness assumption states that the output of data points in
a high-density region should vary smoothly with the distance. That is to say,
two data points that are close to each other in a high-density region should share

similar output labels.

* Cluster assumption is based on the observation that if data points of each class
tend to form a cluster, then unlabeled data could help to identify the boundary of
each cluster. In this regard, data points in the same clusters are likely to be from

the same class.

* Manifold assumption is described as the data in high-dimensional space may
lie on a low-dimensional manifold, and their outputs vary smoothly along the

manifold.

These assumptions have been used as a foundation of most SSL. methods (Zharmagam-
betov and Carreira-Perpindn, 2022; Chen and Wang, 2011; Zhang et al., 2021), in which
one or more are usually satisfied either explicitly or implicitly.
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In a broader context, SSL can be used in two settings: inductive and transductive.
This contrasts with supervised learning, where the only goal is to use a trained model
on future test data, which is an inductive setting. In SSL, an inductive setting employs
unlabeled data in addition to labeled data to train a model. On the other hand, a
transductive setting uses labeled and unlabeled to assign labels for the unlabeled data
used in training. Hence, in this setting, the prediction on the test data is not required as
it is only concerned with predicting labels for used unlabeled data. In this thesis, we

focus on an inductive setting.

Inductive SSL methods can be differentiated based on how unlabeled data is treated
in the training process: in the preprocessing step, in the objective function, and using
pseudo-labeling. The first approach corresponds to unsupervised preprocessing methods,
which use labeled and unlabeled data in two steps (Van Engelen and Hoos, 2020). One
method in this approach is cluster-then-label (Demiriz et al., 1999; Goldberg et al.,
2009), in which: (i) labeled and unlabeled data are clustered using an unsupervised
clustering algorithm; (ii) for each cluster, a supervised classifier is trained on a labeled
data that is allocated to that cluster; and (iii) unlabeled data is assigned with labels using

the classifiers from their respective clusters.

The second approach corresponds to intrinsically semi-supervised methods (Van En-
gelen and Hoos, 2020), which directly optimizes the objective function with encoded
components for labeled and unlabeled data. Unlike other approaches, these methods do
not rely on any supervised or unsupervised algorithms. One of the natural extensions of
objective functions for the semi-supervised setting is semi-supervised Support Vector
Machines (S3VM) (Bennett and Demiriz, 1998; Vapnik, 1995). In supervised SVM,
the decision boundary is found by maximizing the margin using labeled data, where
the margin is defined as the distance between the decision boundary and the nearest
data points to it. At the same time, given the unlabeled data, S3VM aims to ensure that
the decision boundary would cut through the low-density region of unlabeled data in

addition to margin maximization.

The third and the simplest approach to extending supervised learning algorithms to
the semi-supervised setting corresponds to the pseudo-labeling or wrapper methods
(Van Engelen and Hoos, 2020; Zhu, 2005). In particular, these methods use a supervised
classifier trained on labeled data to obtain predictions for unlabeled data, then retrains
the classifier using both pseudo-labeled data and existing labeled data. Since the
pseudo-labels are obtained using a wrapper procedure, a classifier is unaware of the
difference between pseudo-labeled and labeled data. In this thesis, we investigate the

wrapper SSL methods.

One of the earliest and easy-to-apply wrapper SSL methods is self-training (ST)
(Scudder, 1965; Xie et al., 2020). In principle, ST is an iterative learning procedure that

employs its own predictions to teach itself using one supervised classifier. The extension
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of ST for multiple classifiers corresponds to the co-training method (Blum and Mitchell,
1998). This method trains two (or more) classifiers on different feature sets of labeled
data. Then, each classifier is used to obtain pseudo-labels for unlabeled data. The
most confident pseudo-labels generated by one classifier are added to the labeled set
of another classifier and vice versa. Ultimately, the classifiers are iteratively retrained
on combined sets. Another approach that can be considered as a wrapper method
corresponds to semi-supervised boosting ensemble learning (Bennett et al., 2002). In
semi-supervised boosting, an ensemble classifier is constructed by sequentially learning
base classifiers, where at each iteration, the base classifier is trained on both labeled
and pseudo-labeled unlabeled data generated using the ensemble classifier constructed
so far. In principle, ST and usually most wrapper methods are based on the assumption
that their own predictions, or at least high-confidence ones, tend to be correct. This
assumption is more likely to hold when the data can be separated into distinct class
clusters. That is to say, the underlying assumption coincides with the cluster assumption
(Goldberg and Zhu, 2010; Amini et al., 2025).

The obvious drawback of wrapper methods is that they depend on initial pseudo-
labeled data that may include incorrectly produced pseudo-labels. These incorrect
pseudo-labels are then added to labeled data, which may be magnified in successive
iterations. This leads to the generation of more and more incorrect pseudo-labels,
resulting in performance degradation. This phenomenon is known as the noise
accumulation phenomenon. (Arazo et al., 2020; Lee et al., 2023; Zhang et al., 2016;
Wang et al., 2023b).

In this regard, this thesis investigates wrapper semi-supervised methods with a focus

on mitigating noise accumulation phenomenon.

1.3 Active Learning

Another direction that aims to use efficiently unlabeled data to reduce the labeling cost
corresponds to active labeling or active learning (AL). In particular, AL constructs
a labeled set by selecting the most beneficial unlabeled data for labeling in terms of
enhancing predictive performance. This is in contrast to classical passive learning,
where a labeled set is constructed by randomly selecting a set of unlabeled data points
for obtaining labels. That is to say, AL facilities prioritization of most informative
unlabeled data points for labeling. The primary motivation of AL is based on the
observation that in some applications cost of labeling the data points is substantially
high. That is the reason why, for a given classification task, it is reasonable to label the
most beneficial data points that can help to better distinguish class boundaries. Hence,
AL relies on the assumption that not all data points are equally important from a labeling

perspective (Aggarwal et al., 2014). For example, some data points may contain noises
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that cannot improve the generalization performance of the classifier. In other words,
some data points are less useful compared to ones that can enhance the classifier. In
this regard, given an annotation budget, AL methods can identify the most informative
data points from unlabeled data. An important note that distinguishes active learning
from passive learning is that the oracle is available for interactively labeling selected
data points. That is to say, AL comprises two main components: oracle and unlabeled

data point selection strategy.

There are a few possible scenarios that can be posed to AL based on how unlabeled
data are collected (Aggarwal et al., 2014; Settles, 2009). One of the earliest scenarios
i1s membership query synthesis (Schumann and Rehbein, 2019), in which a synthetic
unlabeled data point is generated and requested for labeling. The rationale behind
this strategy is to generate a data point based on areas where it is assumed will bring
additional helpful information. Another scenario is stream-based selective sampling
(Cacciarelli et al., 2022), in which unlabeled data points become available one by one,
and the decision to label or discard the arrived data point needs to be made in real-time.
The key assumption in this scenario is that obtaining unlabeled data points is relatively
inexpensive. Another and perhaps most common scenario is pool-based active learning
(Zhan et al., 2021). Since, for many real-world applications, a large amount of unlabeled
data can be collected at once, in this strategy, it is needed to identify the most important

data points from a pool of unlabeled data points.

In classification, AL constructs a labeled set to achieve either a specified classification
accuracy level or a predefined stopping criterion using as few labeled data points
as possible. As a result, the essential part of AL is the query strategy determining
which data points to select for labeling. There are various query strategies based on
the approach of defining the informativeness of unlabeled data points. Perhaps the
simplest strategy is to randomly select unlabeled data points, which is commonly
known as random sampling. However, more widely used strategies focus on selecting
heterogeneous data points. For example, uncertainty sampling (Kirsch et al., 2019;
Houlsby et al., 2011) queries unlabeled data points that the classifier trained on given
labeled data is less certain about. Diversity sampling (Gao et al., 2020; Shui et al., 2020)
selects data points from diverse regions of the data distribution. Query-by-committee
sampling (Zhao et al., 2006; Krawczyk and WoZniak, 2017) trains a committee of
different classifiers using labeled data and selects data points where classifiers disagree
the most. These strategies attempt to query data points that are dissimilar to data points
that labeled data already contains. However, they do not take into account the direct
effect of including an unlabeled data point with its potential class label to the labeled
set on the performance of the classifier (Aggarwal et al., 2014). On the other hand, the
estimated error reduction-based (EER) strategy focuses on reducing the generalization
error (Roy and McCallum, 2001; Moskovitch et al., 2007). In particular, this strategy

5



aims to select data points, that when used with labeled data for training, reduce the
estimate of the error rate the most. However, in its original form, the estimated error
reduction-based strategy is computationally expensive. Since, at its core, it requires
evaluating and retraining the estimator using each candidate unlabeled data point for all
possible class labels (Aggarwal et al., 2014; Tharwat and Schenck, 2023).

In this regard, this thesis focuses on a pool-based active learning scenario and

investigates EER-based AL algorithms with an attention on efficiency and effectiveness.

Table 1.1: Taxonomy-based comparison of SSL and AL.

Semi-Supervised Learning Active Learning
Data setup Labeled and large unlabeled pool Labeled and access to labeling oracle
Data flow Static (all data known in advance) Interactive (query-based)
Labeling Pseudo-labels from model True labels via queries

Data selection  Implicit (uses all unlabeled data) Explicit (selects informative samples)

Objective Improve generalization Maximize label efficiency

Table 1.1 presents a taxonomy-based comparison of SSL and AL, which highlights
their methodological distinctions and complementary nature. Particularly, SSL works in
a passive setting by leveraging the structure of unlabeled data through pseudo-labeling.
On the other hand, AL actively interacts with a labeling oracle to acquire the most
informative samples. The table outlines differences across key dimensions such as data

flow, data setup, label acquisition strategy, data selection, and objectives.

1.4 Research Questions

The thesis explores two main directions to effectively leveraging unlabeled data for
small labeled sample classification tasks and aims to study SSL and AL for reducing
labeling costs and improving predictive performance.

The first direction is to use available large number of unlabeled data points to building
a better classification model compared to one that is trained on labeled data only. In
this regard, three main SSL assumptions can possibly be employed to achieve this goal.
That being said, in the absence of effective mechanism, SSL methods are prone to noise
accumulation. Particularly, incorrectly used unlabeled data can harm the performance.
Hence, we also take into account the effect of noise accumulation.

The second direction is to carefully construct a labeled dataset by querying unlabeled
data points for labeling that are most beneficial and informative in terms of classification
performance. In this regard, the EER-based approach is readily applicable to consider
the reduction of generalization error as the main objective for the selection of unlabeled

data points. However, this approach generally depends on the repetitive retraining and
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evaluation procedure that demands highly computational resources. As a result, we aim
to avoid this repetitive procedure to efficiently and accurately select data points.

The research questions of this thesis can be formulated as follows.

Q1. Is it possible to use unlabeled data to improve the performance of the classifier
trained on small labeled data and, at the same time, safeguard against noise

accumulation by employing SSL assumptions?

Q2. Isit possible to use unlabeled data to identify a set of labeled samples that are most
informative in terms of predictive performance by employing the AL algorithm

with guaranteed efficiency and effectiveness?

1.5 Contributions

The contributions of this thesis are as follows.

* We propose a sequential semi-supervised method for ST. The method sequentially
retrains a classifier and pseudo-labels unlabeled data in the form of mini-batches—
we refer to this method as SRPM. We show that SRPM could improve the
performance of the classifier with respect to the pervasive form of ST. Moreover,
we show that there is a data-dependent mini-batch size that leads to the least error

rate.

* Inspired by an incremental supervised boosting technique, namely, Learn++, we
introduce a semi-supervised boosting algorithm, named BSSL++. In particular,
by taking into account the semi-supervised smoothness and cluster assumptions,

BSSL+ is designed to mitigate noise accumulation.

* In order to extend BSSL++ to encode the manifold assumption, we first introduce
a novel supervised boosting algorithm with manifold regularization. In particular,
based on manifold assumption, we define a convex objective function that
promotes a smooth change of predictions over data manifold using the mixed-
graph Laplacian. Then, having defined the objective function, we extend a
supervised boosting algorithm to encode manifold regularization for the case of
binary classification. With the developed boosting algorithm, we extend BSSL++

to include manifold regularization.

* We introduce a novel efficient AL algorithm that uses an accurate closed-form
error estimator of regularized linear discriminant analysis (AL-RLDA) for the
case of binary classification. At its core, AL-RLDA employs a new EER objective
function that uses class prior probabilities.



These novel methods contribute both theoretically and practically to the fields of SSL
and AL. Particularly, they enhance model performance and significantly reduce labeling
costs by improving pseudo-labeling reliability and enabling efficient sample selection.
The proposed frameworks are scalable and practically applicable to real-world domains
such as healthcare, genomics, and affective computing, where labeled data is often
scarce and expensive. Furthermore, the theoretical advancements provide a strong
foundation for future extensions and adaptations of SSL. and AL methods to more

complex and structure-aware scenarios.

1.6 Datasets

Throughout the thesis, all numerical experiments were conducted using datasets
collected from OpenML and UCI publicly available dataset repositories, with the
corresponding links provided in Appendix A.1.

1.7 Source code

The link of source code for reproducing the experimental results presented in this thesis

is presented in Appendix A.2.

1.8 Outline

The rest of the thesis is organized as follows.

Chapter 2 presents a novel ST algorithm that is based on sequential retraining and
pseudo-labeling in mini-batches (SRPM-ST).

Chapter 3 introduces a novel boosting algorithm for semi-supervised learning based on
semi-supervised smoothness and cluster assumptions inspired by the incremental

learning algorithm Learn++ (BSSL++).

Chapter 4 features the extending BSSL++ to take into account the manifold assump-
tion. As a result, it also describes a novel supervised boosting algorithm with

manifold regularization.

Chapter 5 shifts the focus to introducing a novel efficient AL algorithm based on the
EER approach that uses a closed-form error estimator of RLDA (AL-RLDA).

Chapter 6 concludes the thesis and describes future directions.

8



1.9 Related Publications

1. A. Mukhamediya and A. Zollanvari, “SRPM-ST: Sequential retraining and pseudo-
labeling in mini-batches for self-training,” Neurocomputing, vol. 605, p. 128343,
2024.

2. A. Mukhamediya, R. Sameni, and A. Zollanvari, “BSSL++: A Boosting Algorithm
for Semi-Supervised Learning Inspired by Learn++,” Under review.

3. A. Mukhamediya and A. Zollanvari, “AdaBoost.SDM: Similarity and Dissimilarity-
based Manifold Regularized Adaptive Boosting Algorithm,” Pattern Recognition
Letters, vol. 196, p. 66, 2025.

4. A. Mukhamediya, R. Sameni, and A. Zollanvari, “Efficient Active Learning using
Recursive Estimation of Error Reduction,” Neurocomputing, vol. 638, p. 130131,
2025.

The first research article provides foundations and experimental results for Chapter
2. The second (submitted) and third (published) articles are presented in Chapters 3 and
4, respectively, whereas the fourth research article provides results that are described in
Chapter 5.

During my PhD, I published a research article that investigates the effect of tuning
log-Mel spectrogram parameters in speech emotion recognition applications. This
work served as an ideological foundation for exploring the usage of unlabeled data
for small labeled sample classification problems. Speech emotion recognition is one
of the applications where scarcity of labeled data, as well as difficulty in collecting

annotations, 1S an issue.

1. A. Mukhamediya, S. Fazli, and A. Zollanvari, “On the Effect of Log-Mel
Spectrogram Parameter Tuning for Deep Learning-Based Speech Emotion
Recognition,” IEEE Access, vol. 11, pp. 61950-61957, 2023.

As this work does not contribute to a small labeled sample classification problem, this

paper is not presented within this thesis.
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Chapter 2

SRPM-ST: Sequential Retraining and
Pseudo-labeling in Mini-batches for

Self-Training

In this chapter, we investigate the first direction of this thesis research, in which we aim

to effectively use unlabeled data in the self-training (ST) framework.

2.1 Introduction

ST is one of the well-known forms of semi-supervised learning (SSL) (Scudder, 1965;
Xie et al., 2020). From an algorithmic perspective ST proceeds as follows: (i) a
supervised learning algorithm is called to train a classifier using an initial small-sized
labeled dataset; (ii) the classifier is used to obtain predictions on entire unlabeled data,
that is, to produce pseudo-labels for unlabeled data; (ii1) either entire set or a subset
of pseudo-labeled unlabeled data (e.g., using some confidence score) is merged with
labeled data to form an updated labeled set; (iv) the updated set is used to retrain the
classifier; and (v) steps (i1)-(iv) are repeated until some stopping criteria are met. ST has
been effectively applied across various applications, such as image classification (Xie
et al., 2020), semantic segmentation (Du et al., 2022), and text classification (Mukherjee
and Awadallah, 2020).

There are different strategies that have been proposed to select either a subset or an
entire set of pseudo-labeled data in step (ii) (Xie et al., 2020; Sohn et al., 2020; Zhang
et al., 2021; Wang et al., 2023a). For example, Xie et al. (Xie et al., 2020) proposed
a form of ST using the teacher-student framework. In particular, the teacher model
is trained using labeled data and is used to obtain pseudo-labels for entire unlabeled
data. A student model is trained on combined labeled and pseudo-labeled data. This
process is repeated a few times by exchanging the roles of student and teacher models

to generate updated pseudo-labels and to train a new student.
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Sohn et al. (Sohn et al., 2020) proposed the FixMatch algorithm that aims to match
predictions of the model on “weakly” and “strongly” augmented unlabeled images. In
particular, they generated pseudo-labels for “weakly” augmented images and selected
those with high confidence given a fixed (hard) threshold value. And trained the model
to predict the pseudo-label given the same “strongly” augmented image. A similar
strategy was employed by Zhang et al. (Zhang et al., 2021) where they selected pseudo-
labels using a soft thresholding strategy instead of relying on hard threshold values. On
the other hand, Wang et al. (Wang et al., 2023a) proposed to filter out pseudo-labels
with high confidence scores for the domain adaptation framework in order to prevent
bias in favor of the source domain.

Nevertheless, regardless of the subset selection technique, the pervasive form of ST
implicitly assumes that during the ST procedure, the classifier is retrained only after
pseudo-labels for entire unlabeled data are obtained. This form of ST will henceforth
be referred to as full-batch ST (F-ST).

In this chapter, we focus on the connection between steps (ii)-(iv), and therefore we

make the following assumptions.
Assumption 2.1.1. All pseudo-labeled data is used in step (iii).
Assumption 2.1.2. No repetition is involved in step (v).

In particular, we investigate the effect of unlabeled set size used in steps (ii)-(iv) on
the performance of the classifier obtained at the end of the ST procedure. As a result,
motivated by the online learning setting, where data commonly become available in
batches of unlabeled or labeled data points (He et al., 2020; Hoi et al., 2021; Gu et al.,
2013), we introduce sequentially retraining and pseudo-labeling mini-batches for ST
(SRPM-ST).

We show that SRPM-ST can, on average, lead to better classification performance
compared to F-ST. Notably, the performance of the classifier is improved, although
SRPM retrains the classifiers in an implicit order, while mini-batches of unlabeled data
are used in an arbitrary order. That being said, in practice, the size of the mini-batches
is data-dependent. Hence, it can be considered as a hyperparameter to estimate, for
instance, applying cross-validation. Nevertheless, the precision of such estimation is not
guaranteed a priori due to the large variance of cross-validation estimation, especially in
small labeled sample classification (Braga-Neto, 2020). Therefore, we also investigate

the capability of cross-validation in estimating the mini-batch size hyperparameter.

2.2 Motivation

Consider a binary classification task in a univariate setting, where the data are generated

from a mixture of two Gaussian distributions, denoted Px. Particularly, a sample
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point X = x is generated from either population 7% ~ N(u*,0?) or population
7~ ~ N(u~,0?) with equal probability of 0.5. Hence, the optimal Bayes classifier v

assigns class “+” to x if the discriminant function f(z) > 0, where (Duda et al., 2001)

+ -
JTANE T _
R e LA ! @
otherwise, z is classified to class “—”. Without loss of generality, we assume pu* > .

Therefore, ¢ () is equivalent to

+, ifz >0,
() = 22)

—, otherwise,

ptdp
5

The following assumptions are underlying for ST:

where 6 =

Assumption 2.2.1. There is an initial classifier 1o(x) that was trained on a small

number of labeled data points.

Assumption 2.2.2. There is a large-size unlabeled dataset U = {x;}}" , of size u that
can be utilized to update 1)y(x).

For simplicity in the discussion, we split / into two disjoint mini-batch sets
Uy = {z;}, and Uy = {x;}7", ., of size m = wu/2. We note that in practice,
we consider the size of the mini-batches or equivalently the number of mini-batches
as a hyperparameter. Given two mini-batches of unlabeled data, SRPM-ST produces
pseudo-labels for U/, and uses them to retrain vy(x), which will result in classifier
11 (). Then, ¥ () is used to produce pseudo-labels for U4y, and is updated by the new
pseudo-labels. In principle, both SRPM-ST and F-ST generates the same pseudo-labels
for U; hence, in what follows the primary focus in centered around the quality of
pseudo-labels assigned for Us.

In SRPM-ST, generation of pseudo-labels for I, yields m; and m; observations
(m{ + m; = m) pseudo-labeled as “+” and “—”, denoted as {z;} and {z;,},
respectively. Let pJ and p, denote the probability of correctly classifying a sample

(13 2

point that belongs to class “+4” and class using ¢y (z), respectively. Based on
Assumption 2.2.1, we neglect the effect of having a small amount of labeled data
compared to a large amount of unlabeled data in training ¢ (x). In other words, we
assume 11 () is only trained using {z; } and {7, }. Supposing that t; () is a plug-in
classifier in the same family of classifiers described by (2.2), then the estimator of 6

solely defines ¢ (). Hence, a natural estimator of 6, denoted éf’RPM, given by

+ —
A 1 T N
GSRM _ 2 (ZzlJr il szl_ 2,1). 2.3)
2 mj my

At this point, to estimate the optimal #, we leverage the results of (Yang and Xu,

2020). In this regard, we use our ability in estimating the optimal 6 as a proxy for the
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> 6> <
(2.4)

2

quality of pseudo-labels utilized in the estimation. Particularly, we have (Theorem 1 in
P
( ! 2 2
262 7nf7n17 + 2 7
< 2e 9% mf fm 4+ 2¢ 9wt—u)Z 4 Qe 9ut—u)? ,

(Yang and Xu, 2020))
{SRPM _ pt N pt =
8m] e 8m €

for any e > 0, where Ay £ pi — py .

+

In principle, m;” comprises two sets of samples. One is m; ™,

set of samples that

were generated from population 7 and were pseudo-labeled as class “+”, and another

one is mj~

set of samples that were generated from population 7~ but have been
pseudo-labeled as class “+”. We refer to the former and latter sets as {x; "} and {277 },
respectively. Since the samples from both classes are generated with equal probability
and in the light of Assumption 2.2.2, each set of mini-batches includes approximately
m /2 observations from each of the positive and negative classes. At the same time, we

have m{ ~ 2 (po + (1 —py )) Moreover, we can write

mi 4 ++ +—
i1 Ti1 Z Ti1 > Ti1
= — + 7. (2.5)
my my my

Based on Assumption 2.2.2 and the law of large numbers, we have

m
doaftx po ut, (2.6)

T
S~ (21’0),5. @.7)

Replacing (2.6), (2.7), and m] in (2.5), we have

+
Yz .
== mant + (L -ad)u 2.8)
1

where of = pi/ (po (1—po )) In similar manner, we can demonstrate that
SV v (1 —ag )t ag T, (2.9)

where o, = PE/(]?S + (1 — pé)). Replacing (2.8) and (2.9) in (2.3) yields

1

—(1—ag +ay)p” (2.10)

2
Recall that in SRPM-ST, ¢ (z) (which is described by A3R"M) assigns pseudo-labels

for U,. This results in m positively pseudo-labeled and m, negatively pseudo-labeled

1 _
O™ & (1 - o +af )t +

samples denoted as {z;,} and {z;,}, respectively, where m; + m; = m. To analyze

the quality of produced pseudo-labels for U, we can construct estimator of 6 using

+ —

. 1 /502 o, 2

jow | (Tl | Sy i)
2 ms My
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To estimate the optimal 6 and #SR*M using similar inequality given in (2.4), we first
need the probability of correctly classifying a sample point from class “+” and the

3 2

class using 1 (), denoted p; and p; , respectively. Note that these probabilities

are different form p§ and p, . Recall that A; = p{” — p;. In particular, p; and p; are

given by
= P(:c > SRM | o ¢ 7r+> , (2.12)
py = P(x < PRM | g e 7r_> : (2.13)
where OSRPM is described in (2.10). We can show that (the proof is provided in Appendix
B)
)
pf:(P(z(l—OéJ—i—aa)) , (2.14)
_ d ., 4
D1 :(13(2(1—040 + oy )) : (2.15)
where ®(.) denotes the cumulative distribution function of a standard normal random
variable and § = ’ﬁ;‘f . Hence, the similar inequality (2.4) for or #3R"M can be written
as
. ST +_ -
p<9;RPM_M-2H~L_A1M2M‘ 26> -
L (2.16)
o 262 Mo My 8m§re2 Sm;eQ

< 2e 952 mF 4my 4+ 2¢ 9wT-nT)? 4 Q¢ 9(ut—pn)2 ,
for any € > 0. We note that for large m; and m, (based on Assumption 2.2.2), the
right-hand-side of (2.16) converges to 0. Therefore, we can write

A + _— -
SRPM . g 4 Al%. (2.17)

In contrast, conventional ST utilizes ¢y (z) to assign pseudo-labels for both ¢/, and U,
indifferently. Hence, we construct the estimator of , denoted as éST, using U5 and their
pseudo-labels. In particular, we have
A, + e -
05T ~ 0 + AO%.

(2.18)

Figure 2.1 presents the numerically comparison of A and A, for a wide range of
d, py» and pg as it is not straightforward to analytically compare them. Particularly,
Figure 2.1 demonstrates |Ag| — |A4| as a function of p, using three different values of

§ and p§, where
+ - 0 + - 0 - +
Ao = |A1] = [pg —po | — c13(2(1 —ag + o )) —<I><2(1 —ay + ag )) . (2.19)

We observe that [Ag| > |A;], and therefore we can conclude that G5R"M is a better
estimator of # than éST Recall that the quality of estimation of ¢ is employed as proxy

for the quality of produced pseudo-labels.
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Figure 2.1: Values of |Ag| — |A;| as a function of p, for different ¢ and p .

2.3 Method: SRPM-ST

Given a supervised classification algorithm, a small-labeled dataset £ with size [ and
a large unlabeled dataset ¢/ with size u, the pipeline of SRPM-ST is as follows: 1) an
initial classifier is trained using £; 2) U is randomly split into B = {%J mini-batches
of size m; 3) each mini-batch of unlabeled data is successively pseudo-labeled; and 4)
the classifier is retrained after each pseudo-labeled mini-batch of unlabeled data. The

step-by-step implementation is presented in Algorithm 2.

In practice, the size of the mini-batches in step (2) is data-dependent and therefore
can be considered as a hyperparameter. Hence, we also examine the applicability of
a univariate search-based K-fold cross-validation strategy adapted to ST (we refer
to it as ST K-fold CV) to estimate the optimal mini-batch size. The pipeline of ST
K-fold CV is as follows: (i) a labeled set is split into K folds; (ii) Algorithm 2 is
applied on K — 1 folds and the unlabeled set to train a surrogate classifier; (iii) the
surrogate classifier is evaluated on the held-out fold; (iv) steps (ii)-(iii) are repeated /'
times, with each fold used once to evaluate the classifier; and (v) the average of the
performance of the classifier across each held-out fold is computed. We note that ST
K-fold CV can be seamlessly included into common search procedures to optimize
multiple hyperparameters, including the mini-batch size. For example, with a “random”
search or “grid” search. The step-by-step implementation of ST K -fold CV is detailed
in Appendix C.

2.4 Experimental settings

In the numerical experiments we: 1) compare the performance of the classifiers that are
trained using F-ST and SRPM-ST, and 2) examine the capability of ST K -fold CV in
estimating the optimal mini-batch size in SRPM-ST.
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Algorithm 1 ST

Input:

an initial labeled set £ = {(x;, y;)}\_, of size I

an unlabeled set U = {x;}?_, of size u

Parameters:

a classification algorithm W

a mini-batch size m

Return:

classifier ¢

Initialize training set: S < £

Use U to train classifier ¢ on S

Split U/ into B = { J mini-batches: U, = {x;}}™,

forb=1,...,Bdo
Generate pseudo-labels: y; < 1(x;) for x; € U,
Construct pseudo-labeled set: Uy, {(x:,0) | xi € Up}
Update the training set: S < S U,
Retrain the classifier ¢ on £

end for

return v

m+1

R N

_.
e

b=1,...

Algorithm 2 SRPM-ST

Input:
an initial labeled set £ = {(x;, y;)}\_; of size [
an unlabeled set U = {x;}!_; of size u
Parameters:
a classification algorithm W
a mini-batch size m
Return:
classifier 1)

1: Initialize training set: S + £

2: Use W to train classifier 1) on S

3: Split ¢/ into B = [%J mini-batches: U, = {x;}’" (b—1)mt1>

4: forb=1,...,Bdo

5:  Generate pseudo-labels: g; < 1 (x;) for x; € U,

6:  Construct pseudo-labeled set: Uy < {(x;, %) | X; € Uy}
7. Update the training set: S < S Ul

8:  Retrain the classifier ) on £

9: end for
10: return o

b=1,...

2.4.1 Dataset

We collected eight real datasets from OpenML dataset repository. Table 2.1 presents

the summary of datasets.
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Table 2.1: Summary of datasets.

Dataset No. of features No. of samples No. of classes
Handwritten digits (mnist) 784 70,000 10
Handwritten digits (usps) 256 9,298 10
Skin segmentation (skin) 3 245,057 2
Human activity recognition (har) 561 10,299 6
Churn prediction (churn) 20 5,000 2
Texture classification (texture) 40 5,500 11
White wine quality (wine) 11 4,898 7
KDDCup upselling (ups) 45 5,032 2

2.4.2 Supervised Learning Algorithm

For both SRPM-ST and F-ST, we use five classification algorithms: k-Nearest Neighbors
(KNN) (Fix and Hodges, 1989), Linear Discriminant Analysis (LDA) (Anderson, 1951),
Linear Support Vector Machine (LSVM) (Vapnik, 1995), Logistic Regression (LRR)
(Anderson and Richardson, 1979), and Random Forest (RF) (Breiman, 2001). We
excluded the effect of tuning hyperparameters of all classifiers by using the predefined

values of scikit-learn library (Pedregosa et al., 2011) (as of version 1.2.2). That

is to say, the comparison between SRPM-ST and F-ST was conducted using identical

hyperparameter values for all classifiers. The summary of fixed hyperparameter values

is shown in Table 2.2.
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Table 2.2: Summary of fixed hyperparameter values.

Model Parameter Value
LDA solver singular value decomposition
absolute threshold of 10~
for singular values
LRR regularization parameter C 1
penalty L,
LSVM regularization parameter C 1
penalty Ly
loss squared hinge
KNN  number of nearest neighbors 5
RF number of trees 100

maximum depth
maximum number of features

fully grown trees
square root of number of features




2.4.3 Evaluation

To perform experiments, we randomly split each dataset into two disjoint sets with a
90 : 10% ratio, where the smaller portion designated as the test set. The classifiers
trained using SRPM-ST and F-ST are evaluated on this test set. To simulate ST scenario
(i.e., having labeled and unlabeled sets), the larger portion was further split into two
disjoint sets to form the unlabeled and labeled sets. To have the effect of a large number
of unlabeled data points with respect to a small number of labeled data points, we
consider two scenarios with 99 : 1% and 98 : 2% splitting ratios. Hence, we have a
total of 80 comparison cases, derived from 8 datasets, 5 classifiers, and 2 data splitting
ratios. All splits were performed in a stratified manner, that is, the class proportions in
all splits were as in the entire dataset.

To assess SRPM-ST, we perform experiments with different mini-batch sizes, which
are determined as m; = GJ, where ¢ = 0,...,6. Note that for : = 0, SRPM-ST
becomes equivalent to F-ST. Additionally, we perform an estimation of optimal mini-
batch size using ST K-fold CV. In particular, a comparison between test-set and CV
accuracies sheds light on the applicability of ST K-fold CV in estimating the optimal
mini-batch size.

We repeat the experiments 30 times to obtain the average test-set accuracies using

different labeled, unlabeled, and test sets.

2.5 Results

Figures 2.2 and 2.3 demonstrate the average test-set accuracy of SRPM-ST and the
estimate of the accuracy of ST K-fold CV across different mini-batch sizes for all
datasets and classifiers. Specifically, Figures 2.2 and 2.3 contain plots with two straight
(solid) lines and four (dashed or dotted) curves. The straight lines show the average
test-set accuracy of an initial classifier, denoted a, that was trained merely on labeled
set. The average classification performance of the classifier obtained using SRPM-ST
is depicted by dashed curve in each plot. Recall that in each plot, 7+ = 0 corresponds the
average classification performance of the classifier obtained using F-ST. The estimate of
the accuracy of ST K-fold CV (STCV) is shown using dotted curve. Each straight line
and curve is given in two colors: purple and green colors that distinguishes v : [ = 99 : 1
and 98 : 2 cases, respectively. In addition, in each curve the optimal mini-batch size
(i.e., the highest accuracy) marked with bullet point e. For ease of visualization Figures
2.2 and 2.3 do not show the error bars. Similar figures with error bars can be found in
Appendix D.
The results show that:

1. in 96.2% of the cases (77 out of 80), the maximum of the average test-set accuracy
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Figure 2.2: The average classification results in terms of test-set accuracy across
different mini-batch sizes for usps, mnist, har, and skin, datasets and all considered
classifiers.
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(over mini-batch sizes) obtained using SRPM-ST is higher than ay. That is to say,
there exists a mini-batch size that leads to better performance, on average, using
SRPM-ST compared to the initial classifier in each case. In particular cases, the
improvement of performance is remarkable. For example, the difference between
the maximum average test-set accuracy of SRPM-ST and a could reach ~33%,
~22%, and ~22% in texture, mnist, and usps datasets using LDA classifier,

respectively;

. in 85% of the cases (68 out of 80), the maximum of the average test-set accuracy

of the classifier constructed using SRPM-ST, is greater than the accuracy of the
classifier obtained using F-ST. For example, on average, the accuracy performance
may improve by ~16%, ~9%, and ~9% for texture, mnist, and usps datasets

using LDA classifier, respectively; and

. in 50% of the cases (40 out of 80), the optimal mini-batch size estimated using

STCV matches the mini-batch size that leads to the maximum average test-set
accuracy of SRPM-ST. To the extent that the results of STCV can be analyzed,
they indicate that the estimated value of the optimal mini-batch size coincides with

the optimal mini-batch size in half of the considered cases. This is a considerable
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Figure 2.3: The average classification results in terms of test-set accuracy across
different mini-batch sizes for texture, churn, ups, and wine, datasets and all

considered classifiers.

result considering the variance of resampling-based error estimation methods

such as CV.
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Figure 2.4: The average performance in terms of test-set accuracy of the final classifiers
trained using SRPM-ST and F-ST across 10 repetitions for usps, mnist, texture,

and ups datasets.

2.6 Discussion

On the effect of repetition. As discussed in Section 2.1, based on Assumption

2.1.2, there is no repetition in SRPM-ST and F-ST frameworks after all unlabeled data
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points are assigned with pseudo-labels and merged with the labeled set. In order to
assess how repetition influences the performance of both algorithms, we performed the
experiment with ten repetitions and compared their performances. The experimental
results are presented in Figure 2.4, where the average test-set accuracy is shown across
ten repetitions for v : [ = 99 : 1 case.The experimental setup followed a similar
procedure to that described in Section 2.4, except that we trained a classifier using
SRPM-ST with the mini-batch size that was obtained using ST K -fold CV. The results
show that:

* in usps dataset, F-ST shows better results than SRPM-ST starting from the 4th

repetition;

* in mnist dataset, there is a degradation in the performance of both algorithms,
with F-ST after three repetitions and SRPM-ST after one repetition;

* in texture dataset, despite both methods follow the same trend, SRPM-ST
outperforms F-ST; and

* in ups dataset, the performance of F-ST saturates and does not reach SRPM-ST.

In summary, we can note that although repeating the F-ST several times may improve the
performance, F-ST may not reach the level of performance SRPM-ST trained without
repetitions. Furthermore, in practice, repetition of F-ST (and SRPM-ST) without
knowing the optimal number of repetitions requires additional criteria to terminate
training. This is because repetition is prone to noise accumulation, as it may reinforce
the effect of incorrect pseudo-labels generated in previous repetition. This is can be

seen in Figure 2.4, where the classifier performance may degrade over repetitions.

The size of the mini-batch in SRPM-ST. As discussed in Section 2.4.3, the
considered set of candidate mini-batch size values was determined exponentially as {;J ,
for: =0,...,6. The selection of such a modest number of candidate values was mainly
constrained by the feasibility of computation to obtain the results of SRPM-ST and
examine the applicability of the CV strategy for all cases and repetitions. Nevertheless,
the optimal mini-batch size can be estimated using a larger number of mini-batch sizes.
However, even with a small number of candidate values, the results confirm that there

is a data-dependent mini-batch size that can make SRPM-ST outperform F-ST.

Optimal mini-batch size estimation using ST K-fold CV. We examined the
capability of ST K-fold CV in estimating the optimal mini-batch size parameter
employed in SRPM-ST. In 50% of the considered cases, the mini-batch size estimated
using ST K-fold CV is identical with the optimal one within the candidate mini-batch

sizes. Nevertheless, we note that this result depends on the data and the candidate
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values. However, the result also shows that in almost all cases (38 out of 40), where the
optimal and estimated mini-batch size did not match, the difference of corresponding
the average test-set accuracies was less than one percent. This observation suggests
that, in practice, the utility of ST K '-fold CV seems to be a reliable estimator of a “good”

mini-batch size.

Table 2.3: The test-set accuracy of SRPM-ST and F-ST with Mean Teacher and
FlexMatch using usps dataset.

Mean Teacher  FlexMatch

F-ST 88.5 79.1
SRPM-ST (B = 2) 90.2 89.0
SRPM-ST (B = 3) 92.5 86.7

SRPM-ST with SSL algorithms. To test the applicability of SRPM-ST as a wrapper
method for other semi-supervised algorithms, we conducted numerical experiments
with Mean Teacher (Tarvainen and Valpola, 2017) and FlexMatch (Zhang et al., 2021)
semi-supervised image classification algorithms with usps dataset. The experimental
pipeline was as follows: (i) the unlabeled data is randomly split into B = 2, 3 mini-
batches of size m; (ii) the labeled data and a mini-batch of unlabeled data is used to
train Mean Teacher or FlexMatch classifier; (iii) pseudo-labels for that mini-batch of
unlabeled data are assigned using the obtained classifier; (iv) pseudo-labeled mini-batch
of unlabeled data is added to the labeled data; and (v) steps (ii)-(iv) are repeated until
all mini-batches of unlabeled data are used. The data splitting strategy was similar to
Section 2.4.1. We fixed the parameters of both algorithms as suggested in (Tarvainen
and Valpola, 2017; Zhang et al., 2021), except for the batch size of 32 and the use
of 200 training iterations per epoch. We trained both classifiers with a Wide ResNet-
28-2 network (Zagoruyko and Komodakis, 2016) and set the epochs to 10 and 15 for
FlexMatch and Mean Teacher, respectively. Table 2.3 presents the accuracy results on
the test set of Mean Teacher and FlexMatch with F-ST (i.e., their original forms) and
SRPM-ST using usps dataset in one random split for u : [ = 99 : 1 case. The results
show that using SSL algorithms with SRPM-ST can lead to improved performance
compared to using F-ST. In particular, the use of SRPM-ST resulted in ~ 4.0% and
~ 9.9% test-set accuracy improvement in comparison with F-ST with Mean Teacher

and FlexMatch, respectively.

Limitations. The main limitation of the ST framework is attributed to noise
accumulation, in which the cumulative effect of incorrectly generated pseudo-labels can
lead to performance degradation. The results suggest that SRPM-ST, which uses mini-
batch-wise retraining and pseudo-labeling seems more resilient to noise accumulation

compared to F-ST. Nevertheless, the common approaches to address this issue are based
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on using some thresholding strategy. This strategy is also applicable for SRPM-ST, for
example, by selecting a subset of pseudo-labeled mini-batch to retrain the classifier and
repeating this process for each mini-batch. The investigation of such approaches is left
for future studies.

Another limitation can be attributed to the computational expenses of tuning the
mini-batch size. Specifically, mini-batch size is tuned using K -fold CV, which runs
SRPM-ST K times. That being said, running /i -fold CV in parallel settings can reduce

the computational expenses.

Order of mini-batches. The numerical experiments reveal that we can expect better
results using SRPM-ST compared to the use of F-ST, even though the splitting of the
unlabeled data into mini-batches was performed randomly. Nevertheless, an important
direction for further investigation corresponds to finding the “successful” or optimal
order of mini-batches to be used in SRPM-ST. Since the quality of the pseudo-labels
produced in the first min-batches generally will affect the quality of pseudo-labels in
subsequent min-batches. Hence, the better the quality of pseudo-labels, therefore the

better the classifier.

2.7 Summary

In this chapter, we presented a novel approach to the self-training framework, which is
sequentially retraining and pseudo-labeling in mini-batches (SRPM-ST). Particularly,
SRPM-ST generates pseudo-labels and retrains the classifier using the mini-batches
one after another. In contrast, full-batch self-training (F-ST) pseudo-labels the entire
unlabeled set at once. The experimental results demonstrated that SRPM-ST shows

better results than F-ST in 85% of cases investigated here.
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Chapter 3

BSSL++: A Boosting Algorithm for
Semi-Supervised Learning Inspired by
Learn++

This chapter continues the investigation of using unlabeled data in the semi-supervised
learning (SSL) framework and focuses on the mitigation of the noise accumulation

phenomenon.

3.1 Introduction

Boosting constructs an ensemble classifier by sequentially learning base classifiers.
Similar to self-training (ST), boosting can be readily extended to the semi-supervised
setting by using an ensemble classifier constructed so far to generate pseudo-labels
for unlabeled data and use them in training subsequent base classifiers. In this regard,
given the efficacy of ensemble boosting techniques and their inherent dependency
between base learners, they have been successfully extended to SSL (Bennett et al.,
2002; d'Alché-Buc et al., 2001; Mallapragada et al., 2009; Chen and Wang, 2011; Wu
et al., 2018; Guo et al., 2015).

Some of the early SSL algorithms that utilized boosting correspond to ASSEM-
BLE (Bennett et al., 2002) and Semi-Supervised MarginBoost (d'Alché-Buc et al.,
2001). These semi-supervised boosting algorithms were designed based on the cluster
assumption. Nonetheless, they used both labeled and unlabeled data to minimize the
total classification margin cost. To be specific, the algorithms use an iterative procedure
where at each boosting iteration: (i) the ensemble classifier constructed so far is used
to generate pseudo-labels for unlabeled data; (ii) the sample weights of labeled and
pseudo-labeled data with lower classification margin (i.e., that are closer to current deci-
sion boundary) are increased; (iii) these weights are used to train the next base classifier;

and (iv) all base classifiers are combined linearly to form the ensemble. However, the
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drawback of this approach is attributed to entirely depending on the definition of margin
and margin costs for the labeled and unlabeled data. Subsequently, at each boosting
iteration, even incorrectly classified unlabeled data points may have high confident
predictions (i.e., have lower margin costs) (Hertz et al., 2004). As a result, additional

mechanisms are required besides minimum margin cost.

State-of-the-art SSL boosting algorithms, namely, SemiBoost (Mallapragada et al.,
2009) and RegBoost (Chen and Wang, 2011), leveraged pairwise similarity between
labeled and unlabeled data points in addition to minimizing the margin cost. Particularly,
Mallapragada et al. (Mallapragada et al., 2009) proposed to calculate the confidence
scores using similarity knowledge between data points alongside predictions of
ensemble classifier. Based on these scores, they generate pseudo-labels and identify
a subset of pseudo-labeled data to select for training a subsequent base learner. On
the other hand, Chen and Wang (Chen and Wang, 2011) proposed regularized semi-
supervised boosting (RegBoost) algorithm, in which they introduced a regularization
penalty on unlabeled data utilizing three main SSL assumptions and pairwise affinity
information in addition to margin cost on labeled data. That being said, since the
generation of pseudo-labels in each boosting iteration largely depends on previously
assigned pseudo-labels (via the classifier constructed so far), incorrectly generated
pseudo-labels may be potentially reinforced in subsequent iterations. Hence, without
an effective approach, the algorithm can construct classifiers that are more confident
about inaccurate predictions over boosting iterations—which corresponds to noise

accumulation.

In this chapter, we focus on reducing the dependence on the ensemble classifier
constructed so far in order to alleviate the noise accumulation. As a result, inspired by an
incremental supervised boosting technique namely, Learn++ (Polikar et al., 2001), we
introduce BSSL++, which is a novel semi-supervised boosting algorithm. In principle,
Learn++ (inspired by AdaBoost (Freund and Schapire, 1996)) incrementally learns and
constructs an ensemble classifier using a batch of data that arrives in a stream. That is
to say, Learn++ does not need to have access to the previously used training data. That
being said, BSSL++ utilizes the semi-supervised smoothness and cluster assumptions

to direct both the selection and the utility of unlabeled data in the training process.

In order to guard against effect of noise accumulation, at each iteration, the following
approach is considered: (i) clustering the data (both labeled and selected unlabeled)
and turning these clusters into meaningful classes based on the original labeled data;
(i1) using these classes to assign “initial" pseudo-labels for a selected unlabeled data;
and (iii) using these newly pseudo-labeled data with previously pseudo-labeled and
labeled data to train an AdaBoost-like classifier. At the end of this process, we update
all generated pseudo-labels by the ensemble classifier constructed so far. These updated

pseudo-labels are then partially used in training the AdaBoost-like classifier in the next
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iteration. As a result, we reduce dependence on the ensemble classifier and yet we do

not diminish the knowledge learned so far.

3.2 Method: Learn++

Suppose that a labeled dataset £ arrives in form of batches £,,b = 1,..., B, where
Ly, = {(x, yz) ® , of size [, in which x; € RP? is a p-dimensional feature vector and
y; € R is the corresponding label.

The algorithmic overview of Learn++ is as follows (Polikar et al., 2001). For each
batch of dataset £;, Learn++ constructs an ensemble classifier. In particular, at each
boosting iteration ¢ = 1,..., T, a training set £}" is drawn from L, according to sample
weights w; 4(i),7 = 1,...,1,. Note that when ¢ = 1, all data points in the training set
are set to have equal weights. Next, a base classifier h;p, : X — ) is trained using L,
where X and ) are the input and the output spaces, respectively. The error of hy, is
calculated on the entire training set £, as

€tp = Z wt,b(i)[{ht,b(xi#w} J (3.1)

x; €Ly
where Iy, is an indicator variable that equals 1 if a is true and 0 otherwise. The
normalized error (;;, is computed as 5, = €;5/(1 — €). At the end of each boosting

iteration ¢ weighted majority vote classifier, denoted H, , is constructed as

1
Hyp(x )—argmaleog 5, —Mh, 0=y} 5 (3.2)
]7

er ] 1

where x € X and y € ). Then, sum of the sample weights of misclassified observations
by H; is used to compute its error, denoted [, ;. In particular,
Et,b = Z wt,b(i)I{Ht,b(Xi)iyi} . (33)
x; €Ly
The normalized error of H, , is obtained by B;;, = E; /(1 — E,;). At this point, the
sample weights are updated such that in subsequent iterations, an additional classifier is
learned by focusing more on incorrectly classified data points. Specifically, the weight

update rule in an analogy with AdaBoost is

Bt,b> if Ht,b(Xz‘) = Yi,

] (3.4)
1, otherwise .

Wyy1p(1) = wep(7) X {

In order to interpret the updated sample weights as an appropriate probability
distribution (of being selected in subsequent iteration), they are generally normalized.
As soon as all batches of dataset £, b = 1,..., B are employed in the training

procedure, the final classifier is given as

Hﬁnal( = argmax Z Z log I{Ht »(x)=y} - (35)

YEY  p=1t=1
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The stopping criteria for terminating the boosting iterations is similar to the
AdaBoost, where the weak classifier is expected to perform not worse than random
guessing, that is, in the multi-class classification task, ¢; , < (k — 1)/k, where k is the

number of classes.

3.3 Method: BSSL++

Given a small-labeled dataset £ = {(x;,y;)}\_, of size [, and a large size unlabeled
dataset U = {x;}!_, of size u, BSSL++ iteratively builds an ensemble (AdaBoost-like
classifier) of ensemble classifiers similarly to Learn++. In particular, BSSL++ proceeds
as follows: (1) constructs a training set consisting of labeled and selected unlabeled
data, denoted as S, that initially comprises only labeled data; (2) divides S into clusters
and assigns class labels to these clusters based on the original labeled data; (3) selects
nearest neighbors of S among remaining unlabeled data; (4) generates “initial” pseudo-
labels for selected unlabeled data using class labels of clusters; (5) adds the pseudo-
labeled unlabeled data to S and removes them from unlabeled set U; (6) constructs
AdaBoost-like ensemble classifier using a similar approach as Learn++; (7) updates all
pseudo-labels that are generated at current iteration as well as all previously generated
pseudo-labels using the ensemble classifier constructed so far; and (8) repeats steps
(2)-(7) until all unlabeled data are pseudo-labeled and utilized during the training.
BSSL++ selects and assigns pseudo-labels based on guidelines of SSL smoothness
and cluster assumptions. Particularly, the selection procedure is directed by employing
the distance (e.g., Manhattan distance) between labeled and unlabeled data points. That
is, at each iteration, BSSL++ selects the nearest unlabeled data point to each labeled (or
pseudo-labeled) data point in S (steps 3 and 4). Let x(l)(xi) denote the (first) nearest
neighbor of x; € S among x; € U. Then, the selected unlabeled data points compose a

set Uy, that is,
Unn = U {xD(x;)}, (3.6)

where s is the size of set S.
At the same time, the “initial” pseudo-labeling procedure is directed by partitioning

S into k clusters (k is set to the number of classes in labeled data) utilizing the k-

means++ clustering algorithm (Arthur and Vassilvitskii, 2007). We note that, in the

first iteration, class-specific sample means are used to obtain centroids. Let £, ..., &
denote the obtained k clusters with centroids oy, . . . , o, respectively. Let /. denote the
number of labeled data points from class ¢ in S, where ¢ = 1,...,k, thatis

l.= ‘{xj eS| x; belongstoclassc}|, c=1,... k, (3.7)
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where |.| denotes the cardinality of the set. Let p.. denote the number of labeled data

points from class c in cluster £,, where cand z = 1, ..., k, that is
Pe = |{x; € L | x; belongs to cluster £, }|, ¢, z=1,...,k. (3.8)

Then the cluster &, is assigned with a class label 7, based on:

@Z:argmaxj%, z=1,...,k. (3.9)
With the class labels assigned to clusters, initial pseudo-label §; is generated by
identifying the cluster to which x; € Uyx belongs. Since we employed k-means++
to generate clusters in the first place, we assign a pseudo-label for x; based on the
assigned class label of the nearest cluster centroid. It is worth noting that the assigned
pseudo-label is independent of both the current ensemble classifier and pseudo-labels
of previously selected data points. This is purposely encoded into BSSL++ to mitigate
the effect of noise accumulation. Let Uy x denote the set of pairs of data points in Uy

and their pseudo-labels; that is,
Uvy = {(x;,7;) | x; € Unn} - (3.10)

The set S is then updated by adding U v, and Uy n 1s removed from the unlabeled set
U (step 5). Next, S is used to train an AdaBoost-like ensemble classifier using a similar
approach as described in Section 3.2 (step 6). At this point, we update all generated
pseudo-labels, including the initial pseudo-labels generated at the current iteration and
pseudo-labels generated in previous iterations using the ensemble classifier constructed
so far, denoted Hyy,,. The ensemble classifier is constructed by combining the previously
trained ensemble classifiers using a weighted majority vote (as in Equation 3.5) (step
7). In the following iteration, the updated pseudo-labeled data are partially utilized to
train the successive AdaBoost-like classifier. Algorithm 3 presents the step-by-step
implementation of BSSL++.

Remark: In the first iteration of boosting, instead of initializing the sample weights
to be equal for all s data points in set S, inspired by ASSEMBLE (Bennett et al., 2002),
we encode the importance of the labeled data points by setting the weights of the labeled
data to be higher than the unlabeled data. That is, in each iteration b, the initial sample

weights wy ;(i),7 = 1,. .., s are generated by

wy (1) = {< W/t ifx; € L, (3.11)

(@ =m)/(s=1), otherwise,

where ; is a tuning parameter that denotes the importance coefficient of labeled data.
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Algorithm 3 BSSL++

Input:

an initial labeled set £ = {(x;,y;)}\_; of size [ and an unlabeled set U = {x;}%; of size u
a base learning algorithm ¥

a number of classes k

a k-means++ clustering algorithm =+
Parameter:

a number of base learners T'

a distance metric d (default L)

a tuning parameter ; (default 0.9)
Output:

an ensemble of ensemble classifier Hgna

1: b< 1 {while loop counter}
2: S« L
3: Compute adjacency matrix A where
A = d(Xi, Xj) for each x;,x; € LUuU
4: while U # () do
5:  Call PLNS to obtain nearest unlabeled samples with and without pseudo-labels
Z;{NN,UNN — PLNS(S’,U, =TT ALK, b)
6:  Remove selected unlabeled data Uf < U \ Unn
7:  Update training set S < S UlUny
8:  Call ENSEMBLE to train AdaBoost-like classifier on S
Hr, . < ENSEMBLE(S, ¥, k,b,T, )
9:  Construct ensemble classifier Hpa (%) using (3.5)
10:  Generate new pseudo-labels §; <— Hfinai(x;) if x; € S \ L
11:  Construct new pseudo-labeled set I/ « {(x;, %) | x; € S\ L}
12:  Update pseudo-labels S < £ UU
13: b+ b+1
14: end while
15: return Hpg (x)

3.4 Experimental settings

3.4.1 Baseline and benchmark methods

We compare BSSL++ with state-of-the-art boosting algorithms ASSEMBLE (ASMB),
SemiBoost (SEMIB), and RegBoost (REGB). In addition, we collect the results of
AdaBoost (ADAB) to obtain the baseline performance. That is to say, AdaBoost
is trained using only labeled data. This provides insights about improvement in
performance, if any, gained by utilizing unlabeled data via the SSL algorithms. On
the other hand, results of ASMB, SEMIB, and REGB are considered benchmark
performance. In addition, to compare with state-of-the-art SSL. methods, we include
the results of FixMatch (Sohn et al., 2020) with FT-Transformer (Feature Tokenizer
+ Transformer) (Gorishniy et al., 2021) network. The parameters of these models
were fixed as suggested in (Sohn et al., 2020; Gorishniy et al., 2021), and for data
augmentation, we used Gaussian noise with 0 means and std of 0.1 and 0.4 for “weak"

and “strong" augmentations, respectively.
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Algorithm 4 AdaBoost-like classifier (ENSEMBLE)
Input:

a labeled/pseudo-labeled set S = {(x;, ;) }i_; of size s
a base learning algorithm ¥

a number of classes k

a ensemble counter b

Parameter:

a number of weak learners T'

a tuning parameter ~y; (default 0.9)

Output:

an ensemble classifier H;

1: Initialize sample weights wy (i) fori = 1,..., s using (3.11)
2: fort <+ 1to7 do
3:  Normalize wy  to be a distribution
Use wy p to randomly draw training subset of size m /2 from S, denoted S*
Use ¥ to train a classifier i j, on Str
Compute the error ¢; 5, of 1 j, on S using (3.1)
ife;, > (k—1)/k then
Discard hy p, go to Step 20
else
10: Compute the normalized error as B, = €.5/(1 — €:p)
11:  endif
12:  Construct majority vote classifier H; j(x) using (3.2)
13: Compute the error Eyp, of Hyp on S using (3.3)
14:  if B, > (k—1)/k then

AR e AN

15: Discard Hyp, go to Step 20

16:  else

17: Compute normalized error of B, = Eyp/(1 — Eyp)
18:  endif

19:  Update sample weights w;1 (%) using (3.4)

20: end for

21: return H;

3.4.2 Datasets

To perform experiments, we collected nine benchmark datasets from OpenML and UCI

dataset repositories. Table 3.1 shows the summary of datasets.

3.4.3 Supervised Learning Algorithms

Similar to Learn++ (Polikar et al., 2001), in BSSL++, we employ a one-hidden-layer
perceptron (MLP) (Ivakhnenko, 1971) for the base learner. The number of neurons
in the hidden layer is fixed to be 2p where p is the number of features in each dataset.
The rationale behind selecting 2p comes from the universal approximation theorem,
particularly, according to (Swingler, 1996), the size of the hidden-layer in a one-
hidden-layer perceptron does not generally need to be larger than twice the feature size.

The remaining hyperparameters of MLP were left at their default values provided by
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Algorithm 5 Pseudo-label Nearest Samples (PLNS)
Input:

a labeled/pseudo-labeled set S = {(x;,y;)}™, of size m
an unlabeled set U = {x;}"; of size u

a k-means++ clustering algorithm =+

a distance matrix A

a counter b

a number of classes k

Return:

set of selected unlabeled data points with and without “initial” pseudo-labels
Z/N{ NN and U NN

1: if b =1 then

2 Initialize centroids, o1, . . ., 0, by class-specific sample means in S

3: else

4:  Apply 2t to S to generate clusters 1, . . ., & with centroids oy, ..., o,

5 Compute [, forc = 1,..., k using (3.7)

6 Compute p., forc,z = 1,..., kusing (3.8)

7 Assign class label 7, to &, based on weighted majority of labels of true labeled data

points in £, using §j, = argmax pl%, z2=1,...,k

8: end if ‘

9: Let x(M)(x;) denote the nearest neighbor of x; € S among x; € U according to A
10: Take x(!) (xi),7 =1,...,m (i.e. take the nearest unlabeled data points)

11: Uyy = U {xW(x;)}

12: §; = argmin ||x; — 0,||? for x; € Uny
Uz

13: Construct Unn = {(x5,7;) | X; € Unn}

14: return Uypn and Uy N

Table 3.1: Summary of binary classification datasets.

Dataset No. of features No of. samples
Australian credit approval (aus) 14 690
Haberman’s survival (hms) 3 306
Heard disease Cleveland (hdc) 13 303
Hepatitis (hep) 19 155
Pima Indians diabetes (pid) 8 768
Kr-vs-Kp (kvk) 36 3,196
Voting records (vote) 16 435
Mammographic mass (mm) 5 961
Breast cancer Wisconsin (wdbc) 30 569

scikit-learn library (version 1.3) (Pedregosa et al., 2011). Similar to (Bennett et al.,
2002), the tuning parameter ~; in (3.11) was set to 0.9.

3.4.4 Evaluation

In order to simulate scenarios with a large number of unlabeled data compared to

labeled data, we first randomly partitioned each dataset into training and test sets with
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Table 3.2: The average classification results in terms of test-set accuracy in the form of
mean=std (u : [ = 90 : 10).

\ | aus  hms  hdc hep kvk mm pid  vote wdbc | avg.

ADAB |77.2+41 63.6+46 74.8+65 80.0+68 82.4+14 80.3+38 69.7+32 90.6+46 93.9423 [79.2+4.1
ASMB [76.5+46 66.7+78 75.5+54 80.0+52 81.1+24 79.5+38 70.3+58 89.0+46 93.242.1 |79.1+456

NB SEMIB |78.44+33 69.2457 69.5+71 81.0+49 80.4+28 80.1+37 68.6+29 88.6+39 93.343.1 |78.8+4.2
REGB [80.4+45 70.0+44 80.2+39 80.7+53 82.6+16 80.5+32 73.5+24 91.0+39 94.2+18|81.5+34
ADAB |81.2427 62.0+63 76.5+61 77.4+118 84.1+14 75.8+29 71.3+32 93.1424 91.9422(79.3443

C4s ASMB |77.3+58 65.4+69 70.5+59 71.6+141 81.6+22 79.0+49 68.9+50 91.5+3.1 88.7+57 |77.2+6.0

SEMIB |77.7+63 69.8+47 63.7+72 79.6+46 81.9+25 78.9+25 69.4+43 91.9422 91.4424 |78.3+4.1
REGB [83.0+35 68.8+52 77.3+73 80.0+58 84.1+14 80.3436 72.343.6 93.7+23 93.0+13|81.4+38

ADAB |77.7439 71.0+65 75.2+49 65.84299 87.2+150 82.1+23 72.9+30 91.0+43 95.4+25 [79.848.0
ASMB | 789437 724455 76.7+47 79.7+80 89.1x21 81.1+39 73.3433 91.3+42 93.843.1 [81.8+43
MLP| SEMIB |68.5+28 74.2+00 66.2+49 82.6+3.6 60.0+3.1 80.5+39 65.0+00 90.3+21 70.8+34|73.1+26
REGB |81.2+32 74.2+00 80.3+52 82.6+56 82.2+40 79.9+19 67.9+26 89.8+24 86.7+57|80.5+34
BSSL++ | 82.2427 74.2+00 79.5+42 81.0474 90.4+14 81.5+37 73.2434 91.3+27 95.4+1.7|83.2+3.0

FT-T|FixMatch | 82.8+36 70.5+49 78.7+67 79.4+93 60.9:156 81.1424 70.5:39 93.4+18 88.4+129|78.468

Table 3.3: The average classification results in terms of test-set accuracy in the form of
mean=std (u : [ = 80 : 20).

\ | aus  hms  hdc hep kvk mm pid vote wdbc | avg.

ADAB |79.6+32 70.5+78 76.74+59 80.6+48 83.9+12 80.5+35 72.6+22 93.6+1.6 95.0+29(81.4+37
ASMB [76.6+60 72.1+52 79.3433 80.3+84 84.1+14 79.8433 74.0+4.1 91.3426 94.2427|81.3+4.1

NB SEMIB |78.7+26 70.7+44 74.0+73 81.6+66 84.0+12 80.343.6 72.2+3.0 89.9+428 94.342.1(80.6+3.7
REGB |81.74+30 72.6+64 80.5+35 81.0+87 84.2+14 80.6435 74.2+44 92.6420 94.4+29(82.4+40
ADAB |83.1437 64.4438 77.7+40 79.3+101 87.24+09 76.5+35 72.5+40 93.8+1.1 95.2+19(81.1+37

c45 ASMB |78.3+43 67.7+83 75.5473 73.9+73 84.5+10 79.4431 71.543.1 91.8+40 91.1+1.7|79.3+45

SEMIB |82.2451 70.2446 71.1+67 80.0+59 85.2+12 80.7+13 72.5+39 93.4+427 92.1+29(80.8+38
REGB [84.5+34 69.0+80 79.0469 80.3+69 87.8+08 80.5+32 72.9+4.1 93.9+22 95.3+18(82.6+4.1

ADAB |80.7+37 74.4+59 73.6+78 81.0+55 83.2+213 82.4+18 74.6+37 93.1+27 96.6+1.6(82.2+6.0
ASMB [81.4+35 74.0+38 80.7+31 81.3455 93.7+13 81.1434 76.1+29 92.5+40 95.3+13(84.0432
MLP| SEMIB |67.0+46 74.24+00 73.9+48 82.3+30 61.6+2.1 80.6+33 65.0+0.7 89.4+436 73.6+3.7|74.2+2.9
REGB |82.24+37 74.2+00 78.7+41 82.9+56 81.7+40 80.6+24 70.5+2.1 90.7+27 89.9+39(81.3+32
BSSL++ [83.8+25 74.3+08 82.3455 84.4+57 94.3+14 82.7+38 76.1+1.7 93.1+3.0 95.8+19(85.2+29

FT—T‘FiXMatCh‘79.9iSA2 71.0+52 78.2+91 80.3+6.5 52.2+00 81.7+32 73.7+37 94.3+2.9 92.5199‘78.2&4

an 80:20 ratio. Then, we further split the training set into unlabeled and labeled sets
with relative size u : [ = 90 : 10 and u : [ = 80 : 20 ratios. All trained classifiers are
evaluated on the test set. Additionally, all splits were performed using stratification. We
repeat the experiments 20 times to obtain the average classification performance using

different labeled, unlabeled, and test sets.

3.5 Results

Tables 3.2 and 3.3 show the average classification performance of BSSL++ obtained
on benchmark datasets for the two cases of w : [ = 90 : 10 and 80 : 20, respectively.
The results are shown in the form of average test-set accuracies + standard deviations.

Tables 3.2 and 3.3 also demonstrate the results of four boosting algorithms: ASMB,
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1 iteration (b= 1) 4 iterations (b= 4) 11 iterations (b = 11)
o5

* unlabeled sample ®  pos. pseudo-labeled sample X pos. labeled sample

® g pseudo-labeled sample X neg. labeled sample

Figure 3.1: Decision boundaries of two half-moons dataset over iterations b produced
by BSSL++.

1 iteration (b= 1) 4 iterations (b= 4) 9 iterations (b =9)

0.5

unlabeled sample ®  1os. pseudo-labeled sample X pos. labeled sample

® neg. pseudo-labeled sample X neg. labeled sample

Figure 3.2: Decision boundaries of two circles dataset over iterations b produced by
BSSL++.

SEMIB, REGB, and ADAB. Similar to (Lu et al., 2021; Triguero et al., 2015; Chen
and Wang, 2011), Naive Bayes (NB), C4.5, and MLP are used as the base learning
algorithms in these four boosting methods. As a result, we have 117 performance
comparisons for each algorithm (13 algorithms x 9 datasets). The results show that in
~84% and ~91% of the comparisons, BSSL++ outperformed all other algorithms for
w:l=90:10and 80 : 20, respectively. At the same time, the runner-ups, REGB with
NB and ASMB with MLP, showed better performance than other algorithms in ~69%
and ~74% of the comparisons for v : [ = 90 : 10 and 80 : 20, respectively.

To summarize the results presented in Tables 3.2 and 3.3, on average (across
all datasets and the 20 repetitions), BSSL++ achieved accuracy of 83.2+3.0% and
85.24£2.9% for uw : [ = 90 : 10 and 80 : 20, respectively. This represents a
considerable improvement compared to the runner-up (ASMB) with an average accuracy
of 81.8+4.3% and 84.0£3.2% forw : [ = 90 : 10 and 80 : 20, respectively. As expected,
the average performance of all algorithms improves with a larger size of labeled data
(i.e., for v : [ = 80 : 20 compared to 90 : 10).
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Figure 3.3: The test-set accuracy results over iterations b for aus, hdc, and wdbc
datasets produced by BSSL++ and BSSL++ without clustering (v : [ = 90 : 10).
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Figure 3.4: The test-set accuracy results over iterations b for aus, hdc, and wdbc
datasets produced by BSSL++ and BSSL++ without clustering (u : [ = 80 : 20).

3.6 Discussion

The behavior of BSSL++. To examine the behavior of BSSL++, we conducted
additional experiments using two synthetic datasets known as two half-moons and
two circles. The nonlinear ground-truth decision boundaries of these datasets are
relatively difficult to handle using SSL algorithms. Particularly, the shape of these
datasets corresponds to the shape of a moon and a circle. That being said, these datasets
are commonly used to examine developed SSL algorithms (Chen and Wang, 2011;
Mallapragada et al., 2009; Ren et al., 2020).

The experimental setup was as follows. Each dataset was generated with 500 samples
where 470 of them are unlabeled and 30 of them are labeled samples (15 per class).
Figures 3.1 and 3.2 depict the decision boundaries produced by BSSL++ at different
boosting iterations. In each plot, a positive labeled, a negative labeled, a positive
pseudo-labeled, a negative pseudo-labeled, and an unlabeled data point are represented
with a green cross, a purple cross, a green full circle, a purple full circle, and a black
full circle respectively. In particular, full-circled green and purple samples are those that
are selected at each iteration and used in the training process. As seen in Figures 3.1
and 3.2, the decision boundaries correctly adjust to ground-truth boundaries after a few

iterations.
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Importance of the clustering-based procedure. As discussed in Section 3.3, the
generation of “initial” pseudo-labels for a selected set of unlabeled data is essentially
implemented using a clustering algorithm (Algorithm 5). This procedure is encoded
into BSSL++ in order to guard against noise accumulation. In order to examine the
importance of this clustering-based procedure, we conduct an ablation study by turning
off the clustering after the first iteration and using the ensemble classifier constructed
so far (i.e., Hgya) to produce “initial” pseudo-labels in subsequent iterations. Therefore,
we entirely rely on Hgp, for the generation of pseudo-labels. Figures 3.3 and 3.4
demonstrate the test-set accuracy results as a function of learning iterations obtained by
BSSL++ with and without clustering for both cases of « : [. In particular, the results are
obtained for aus, hdc, and wdbc datasets in one random split. In each plot, the solid
and dashed curves represent BSSL++ with and without clustering, respectively. The

results show that:

* the accumulation of noise over the iterations degrades the performance of BSSL++
without clustering. For example, in Figures 3.3 and 3.4, the performance of
BSSL++ without clustering on hdc and aus datasets fluctuates over the iterations

before declining to about the same level as in the first iteration, respectively;

* the decision boundary of BSSL++ without clustering may not improve over
iterations. For example, for wdbc dataset in Figure 3.4, the test-set accuracy
results of BSSL++ without clustering remained at the same level after the second

iteration; and

* the performance of BSSL++ (with clustering) gradually improves over iterations.
For example, in Figure 3.3, the test-set accuracy increase on hdc dataset starts
from ~70.4% and reaches ~77%.

In summary, BSSL++ improves the generalization performance by learning from
newly selected unlabeled data points at each iteration (this was also observed from
results of BSSL++ and ADAB in Tables 3.2 and 3.3). Moreover, the generation
of “initial" pseudo-labels using the clustering-based procedure can mitigate noise

accumulation.

Pairwise distance. Recall that SemiBoost and RegBoost algorithms use pairwise
affinity measures to direct the selection and utility of pseudo-labeled data. However, as
the computation of affinity measures is based on the radial basis function, the scaling
parameter of the function largely impacts the performance of the classifier and thus
requires tuning (Zhu et al., 2003). In contrast, as discussed in Section 3.3, we use a
pairwise distance metric (Manhattan distance), which does not require tuning, to find

the nearest unlabeled data point to each labeled one (line 10, Algorithm 5).
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The importance of unlabeled and labeled data points. As mentioned in Section 3.3,
we compute the sample weights at the first iteration using (3.11), in which the parameter
~; controls the initial weight distribution (also see line 1, Algorithm 4). As discussed
in Section 3.4, in all experiments 7; is set to be 0.9 similar to (Bennett et al., 2002).
This increases the chance of labeled data being sampled in the first iteration. That is to
say, the training set would primarily consist of labeled data points at the first iteration.
Hence, the first base classifier would likely be trained using the set of data points that
are mostly from labeled data. Nevertheless, another implication of (3.11) is attributed
to the uniform distribution of weights for all unlabeled (and labeled) data; that is, all
unlabeled data points have the same chance of being sampled. However, as pointed out
in (Ren et al., 2020), not all unlabeled data are equal in SSL. Future research may focus

on studying various techniques for the initialization of sample weights.

Time complexity. The time complexity of BSSL++ in terms of big O notation
can be derived from the time complexities of the following parts: (i) for 7" boosting
iterations, training one-hidden-layer perceptron requires O(ksTp?e) (LeCun et al.,
2012), where k is the number of classes, s = u + [ is the total number of unlabeled
and labeled data points, p is the number of features, and e is the number of epochs; (ii)
running the algorithm PLNS (Algorithm 5) is dominated by training time of k-
means++ algorithm, which requires O(kspr) (Bachem et al., 2016), where r is the
maximum number of iterations to solve k-means problem using Lloyd’s algorithm
(Lloyd, 1982); (iii) updating pseudo-labels after boosting (line 10, Algorithm 3)
requires O(kTup®logu). These procedures are repeated O(logu) times, that is,
until all unlabeled data are selected. As a result, the time complexity of BSSL++
is O(kpslogu(r + pTe + Tplogw)). This indicates that the proposed algorithm is
linearly complex in terms of s, T, e, k, r, logarithmically complex in terms of u, and
quadratically complex in terms of p. In comparison, the time complexity of RegBoost
algorithm with Naive Bayes as a base classifier is O(kslog s + kvT'sp), where v is the
number of nearest neighbors used in RegBoost.

Incremental learning. Despite being inspired by Learn++, the BSSL++ algorithm is
not an “incremental” learning algorithm in its current form. As pointed out in (Polikar
et al., 2001), the core mechanism of an incremental learning strategy corresponds to not
requiring access to training data that was used before once a new batch of data arrived. In
contrast, BSSL++ uses all labeled and past unlabeled data (via Algorithm 5) when a new
portion of selected unlabeled data is provided to the algorithm. A promising research
direction is adapting BSSL++ to learn from a newly arrived portion of unlabeled data

in an incremental manner.
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3.7 Summary

In this chapter, inspired by Learn++, we proposed a boosting algorithm for semi-
supervised learning (BSSL++). In particular, BSSL++ is designed using a classification
mechanism similar to Learn++, which is an (AdaBoost-like) ensemble of ensemble
classifiers. During the learning of an ensemble classifier at each iteration the training set
comprises labeled and selected pseudo-labeled unlabeled data. In order to guard against
noise accumulation, the generation of pseudo-labels does not depend on previously
pseudo-labeled data and the classifier constructed so fart. The guidance of selection
and utility of unlabeled data was based on semi-supervised smoothness and cluster
assumptions. The experimental results demonstrated that BSSL++ can outperform

state-of-the-art semi-supervised boosting algorithms.
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Chapter 4

BSSL++ with Similarity and
Dissimilarity-based Manifold
Regularized Adaptive Boosting
Algorithm

In BSSL++ presented in Chapter 3, we did not take into account the third main SSL
assumption, which is the manifold assumption. Hence, in this chapter, we aim to encode
this assumption into BSSL++. In order to achieve this, we first propose a manifold
regularized boosting algorithm that can be employed by BSSL++. As a result, this
chapter covers a novel supervised boosting algorithm with manifold regularization and
applicability of this algorithm with BSSL++.

4.1 Introduction

Previous works have shown that the use of knowledge about the underlying geometric
structure of data can possibly help to improve the performance of the classifier (Zhu
et al., 2018; Tang et al., 2019). In this regard, one effective approach for capturing
the intrinsic structure of data relies on manifold assumption. Recall that manifold
assumption states that data may lie in a low-dimensional manifold within higher-
dimensional representation space (Chapelle et al., 2006; Bengio et al., 2013).

Across different manifold learning techniques, the graph Laplacian has been
employed to learn a low-dimensional embedding that retains the local neighborhood
connections in data (Watanabe et al., 2023; Maretic and Frossard, 2020; Trillos et al.,
2021; Belkin et al., 2006). Particularly, the graph Laplacian uses the similarity
information between data points to promote a smooth variation of model predictions
over the data manifold. At the same time, to encode dissimilarity information, the

analog of graph Laplacian, the mixed graph Laplacian, was introduced in (Goldberg
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et al., 2007). In this regard, to encode the manifold assumption into BSSL++, we aim
to replace the boosting ensemble classifier (AdaBoost-like) algorithm used in BSSL++
with a manifold regularized boosting algorithm.

AdaBoost, which is one of the powerful boosting techniques, builds an ensemble of
base (weak) learners using a series of iteratively weighted training data (Freund and
Schapire, 1997). In particular, at each iteration, the observation-specific weights are
computed based on the performance of the ensemble classifier trained at the previous
iteration. Specifically, the weights of misclassified data points are increased so that in
the next iteration the learner focuses more on the incorrectly predicted data points in
the previous iteration.

Given the success of regularization methods in many applications, soft margin Ad-
aBoost, L-regularized AdaBoost, and entropy-based regularized AdaBoost algorithms
have been developed as the extension of AdaBoost in (Ritsch et al., 2001), (Xi et al.,
2009), and (Bereta, 2017), respectively. That being said, early work that used the graph
Laplacian in AdaBoost corresponds to (Wang and Kégl, 2004). In particular, Wang and
Kégl (Wang and Kégl, 2004) proposed boosting on manifolds algorithm, where each
base learner is regularized using graph Laplacian.

Having said that, we aim to extend AdaBoost using manifold regularization based on
label similarity and dissimilarity information between data points. To achieve this goal,
we (1) propose a convex objective function for training AdaBoost while considering the
underlying geometric structure of data, and (i1) use the mixed-graph analog of the graph

Laplacian to regularize the smoothness on the data manifold.

4.2 Theory: graph Laplacian and mixed-graph

Laplacian

A general framework of manifold regularization based on graph Laplacian has been
formulated by Belkin ef al. (Belkin et al., 2006). Let us consider a dataset {x;}!" ,
of size n, where x; € R? is a p-dimensional feature vector. Given the a symmetric
weighted adjacency matrix W, where W,; is the similarity measure between x; and x;
data points, and a discriminant function f : R? — R, the manifold regularization term
is defined as (Belkin et al., 2006)

1. 2
530S Wy (£x) - fx)) = £LE, “.1)

where L = D — W is the graph Laplacian, D denotes the degree matrix, which
is a diagonal matrix with D;; = 37 Wy, and f = [f(x1),..., f(x,)]". Given the
highly similar x; and x; data points, minimization of (4.1) in terms of f enforces

f(x:) = f(x;). By leveraging this regularization, Laplacian Support Vector Machine
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(LapSVM) and Laplacian Regularized Least Squares (LapRLS) algorithms have been
proposed in (Belkin et al., 2006).

As pointed out in (Goldberg et al., 2007), to force f(x;) ~ —f(x;) when x; and
x; have different labels, f(x;) — f(x;) in (4.1) can be replaced with f(x;) + f(x;).
In this regard, the following definition is instrumental in formulating the mixed-graph
Laplacian-based manifold regularization term that encodes both label similarity and

dissimilarity.

Definition 4.2.1. (Goldberg et al., 2007) A mixed undirected graph with n nodes is
described by two matrices S and W with sizes n x n. S represents type of the edge, in
which S;; = —1if 7, j nodes have a dissimilarity edge, and S;; = 1, if ¢, j nodes have a

similarity edge, and W describes the edge weights regardless of their types. [

The mixed-graph Laplacian-based manifold regularization term is then defined
as (Goldberg et al., 2007)

n n 2
; >0 Wi (f (x;) — Si;f (xj)> = fTM, 4.2)

where W;; represents the strength of similarity or dissimilarity between x; and x;,
S;; = 1if x; and x; are from the same class (label similarity) and S;; = —1 otherwise
(label dissimilarity), M = L + (1 — S) ©® W is the mixed-graph Laplacian, 1 is all-one
matrix, and © is the element-wise product. The regularization term (4.2) considers both
the label similarity and dissimilarity, compared to (4.1), which only uses label similarity
knowledge between data points.

Following this intuition, in this chapter, we introduce a method that allows training
AdaBoost while forcing the ensemble of ¢ base learners H;(x) to produce similar
outputs for observations that belong to the same class and also encouraging H,(x;) and

H,(x;) to have different signs when x; and x; are from different classes.

4.3 Method: AdaBoost.SDM

In a binary classification problem, let £ = {(x;,y;)}'._, be the labeled training set of
size [ where x; € R? and y; € {—1,+1} corresponding class label. In AdaBoost, the
discriminant function, denoted H;(x) : R? — R, is a linear combination of ¢ base
classifiers. In particular, it can be expressed as (Freund and Schapire, 1997)

Ht (X) = Ht_l(X) + Oétht(X), (43)
where h;(x) : R? — {—1, 41} is the base classifier trained at iteration ¢, oy € R is the
weight of the ¢ base classifier. Also note that Hy(x) = 0. Then, AdaBoost classifier is
given by

+1, if Hy(x) > 0,
b(x) = (4.4)

, otherwise,
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4.3.1 Regularized cost function

AdaBoost constructs a sequence of base classifiers in a greedy fashion (Friedman et al.,
2000). In particular, given H;_;(x), finding H,;(x) is equivalent to finding h,(x) and
;. That being said, we aim to optimize the regularized cost of training H;(x), or total
error F/, which is defined as

E =L+ )G, 4.5)

where L is the empirical loss between H;(x) and class labels, G is a regularization term,
and A is a hyperparameter that determines the impact of G. We seek to minimize
by finding h;(x) and o, that when combined with H;_;(x) results in the lowest £. In
AdaBoost, the common empirical loss is the sum of exponential loss for each data point

in the training set, which is given by (Hastie et al., 2009)
!
L= e 2uilliba) (4.6)

Since we intend to use the manifold regularization term based on both label similarity
and dissimilarity between data points, using (4.2), GG can be expressed as (Goldberg
et al., 2007)

[\D\»—l

11 2
YW (Ht x.) s,-th(xj)> — WM, 4.7)
i
where ht = [Ht<X1), ey Ht(Xl)]T.

Inspired by (Mallapragada et al., 2009), we leverage the following approximation
using the power-series expansion of cosh(a) ~ 1+ %2 to achieve a closed-form solution

for ay:

Lo
argmin ZZW”cosh(Ht(Xz) Sint(Xj)) ~

bt iy ) 4.8)
argmln <ZZWZJ + = ZZWW <Ht (xi) Sz‘th(Xj)> )

The first term on the right-hand side of (4.8) is constant, hence, minimizing the left-hand
side is (approximately) equivalent to minimizing the right-hand side. As a result, we

use the left-hand side of the equation as the regularization term G. Then, £ is given by
! 1o N
B =Y e M) 1 A3 Y W, cosh (HZJ> , (4.9)
i i
where H 2 H,(x;) — Syj Hy(x;). Using cosh(H,’) = (thij + e_Htij)/2 in (4.9) yields
! 1o
E =Y e 2wt 4 = Z Z W, et Z > Wie (4.10)
i J

7
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Hence, the problem of finding the best a; and h;(x) can be written as

l
argmin Z 6—221th71(Xi)e—2yiatht(xi)
a,ht i

A l l i
+ 5 Z ZWijthileat(ht(xi)*sijht(xj)) (411)
ij
Ay 2 g (—hi(xi) i)
_'_22122]:“[1]6 ) t t\ X4 7 Xy ,

where H,(x) in (4.10) is expressed in terms of H;_;(x), oy, and h; using (4.3). However,
the product of e*®#":(x:) and e¥"(*;) in (4.11) makes the minimization challenging.
To simplify the optimization, we first construct an upper bound of £, denoted as E,
using the following identities and then minimize the upper bound (Mallapragada et al.,
2009):

ot (he(xi)=Sishi (%)) < 1(€2atht(xi) n eQSijatht(Xj)> 4.12)
- 2 9 .
eam(fht(xi)JrSijhz(xj)) S ;(62atht(xi) + 62S'Ljatht(xj)) . (4.13)
Using (4.12) and (4.13) yields
E<E,, (4.14)

where

l
B, = Z e*Qythfl(Xi)€*2yi0¢tht(xi)
7
+ é zl: zl: W. .eHZil QQO‘tht(xi)
4 et Y
? J

)\ l l i
+ 520D Wigellimie2Sart) (4.15)

J
+ é Zl: Zl: W. .e—Hﬁle—%&tht(xi)
4 = 7 "
+ é zl: zl: W. .e_HtiileQSijatht(xj)'
4 = 7 "

We can rewrite F; by encoding label similarity or dissimilarity by setting S;; = 1 for
y; = yj, and S;; = —1 for y; = —y; (details can be found in Appendix E):

I
By =) e touhilxipl 4 pRaehelxi) gl (4.16)

where
ri =e 2 sy, +1)

)

)\ !
fE "W, Hi ) FH 1 (5) 5 () gy
*3 — e (- ) 4.17)

A l
LS Wy, ),
J
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=gy, —1)+

l
PR Wty )

q

7 (4.18)
A : He_1(x;)+He—1(x5)
+ = szje R R 5(:%7 _yj)u
where d(a,b) = 1 when a = b and 0 otherwise.
4.3.2 Sample weights w?
The weights associated with training data at iteration ¢ are given by
wh = rio(y;, +1) + ¢lo(ys, —1), i=1,...,L 4.19)

We note that when A = 0, the sample weights work similarly to the original AdaBoost.
In particular, the weights of correctly classified observations are decreased and the

weights of misclassified ones are increased (see Appendix F).

4.3.3 Selection of h;

Since h;(x;) is a function from R? to {—1, +1}, we can divide £ into two summations

as
l

E, = Z(e‘z‘“rf + 2 g0 (hy(x;), +1)

‘ l (4.20)

+ Z(emtrf + e 22 g5 (hy(x;), —1).

i

Reorganizing (4.20) yields

By = e W, 4 MW, 4.21)

where
W, — Z( (ha(xs), +1) + g6 (hy (1), 1)), (4.22)
W, = Z( (), =1) + g0 (hu(x:), +1))- 4.23)

Here, W, and W, describe the weighted cost of correctly and incorrectly classified data
points, respectively, with some additional terms that represent manifold regularization.

In order to find the optimal h,, we multiply both sides of (4.21) by 2. In particular,
B = (W +W,) + (e** — D)WL (4.24)

At the current iteration, the first term on the right-hand side of (4.24) is constant. Hence,

we select A, that will minimize W,.
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4.3.4 Computation of o;

To find the «; that minimizes E; with fixed h,, we differentiate the F; w.r.t. oy and
equate to zero,
—2e W, + 2e** W, = 0. (4.25)

Then the optimal « is given by

1. /W,
o = 4ln(We> . (4.26)

Algorithm 6 outlines the step-by-step procedure of AdaBoost.SDM.

Algorithm 6 AdaBoost.SDM algorithm
Input:

a labeled set £ = {(x;,y;)} of size [

a base learning algorithm W
Parameter:

a number of iterations 7’

a tuning parameter \

a tuning parameter o

Output:

an ensemble classifier ¥

1: Compute weighted adjacency matrix W where
W,; = e IPixill3/20% for each 4, j € [
2: Initialize Cy =0
3: fort =1inT do
4:  Compute r! for each i € N using (4.17)
Compute ¢! for each i € N using (4.18)
Compute weights w! for each i € [ using (4.19)
Normalize the weights to math a distribution
Call ¥ on £ with provided w! for each i € [ to train a base classifier A,
Obtain predictions on training set
U; < hy(x;) foreachi € [
10:  Compute W, and W, using (4.22) and (4.23), respectively
11:  Compute o using (4.26)
12:  if oy <0 then

R

13: return H,

14:  end if

15: Ht(Xz) = Ht—l(xi) -+ Oétht(Xi>
16: end for

17: return ¢)(x) = sign(Ht(x))

4.4 Method: BSSL++ with AdaBoost.SDM

In order to replace AdaBoost-like (Algorithm 4) algorithm in BSSL++ (line 8 in
Algorithm 3) with AdaBoost.SDM we note the following changes:
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Table 4.1: Summary of binary classification datasets.

Dataset No. of features No. of samples
Climate model simulation crashes (climate) 20 540
Castmetal (metal) 37 327
Breast cancer (breast-c) 9 277
Liver disorders (Liver) 5 177
Liver patients (ilpd) 10 583
Heart disease (heart-d) 13 107
Marketing (marketing) 32 364
Seismic bumps (seismic) 7 140
Thoracic surgery (thoracic-s) 16 470
Pro football scores (profb) 9 672
Australian credit approval (aus) 14 690
KC2 software defect (kc2) 21 522
Primary tumor (primary-t) 17 339
Protein localization sites (ecoli) 7 220
Single proton emission computed

tomography (spect) 22 267
Apnea (apnea) 3 475
Sensory evaluation (sensory) 11 576
Backache in pregnancy (backache) 31 180
Chatfield (chat) 12 235
German credit (german) 20 1,000

* since BSSL++ expects from AdaBoost.SDM a linear combination of base

classifiers, we return H, instead of ¢; and

* since AdaBoost.SDM is designed for binary classification tasks, we change the
Hgpa used in BSSL++ (line 9 in Algorithm 3) to

+1, it P ST ol H, o (x) >0,
Hpnar(x) = i X b 4.27)
—1, otherwise,

where b corresponds to the while loop counter used in BSSL++ (line 1 in
Algorithm 3).

We refer BSSL++ with AdaBoost.SDM algorithm as BSSL++.SDM.

4.5 Experimental settings: AdaBoost.SDM

We compare the proposed AdaBoost.SDM with the classification performance of several

benchmark approaches that use Laplacian regularization.
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Table 4.2: Summary of hyperparameter spaces.

Model Parameter Search space
AdaBoost Y {decision stump}
T {20}

AdaBoost.SDM Y {decision stump}
T {20}

P {10, 30,50, 70}

A {107°,107%,1073,1072}

BoM A {107°,107%,1073,1072}
number of neighbors {5,7,9,11}

LapRLS Ak {1075,1074,1073,1072}
A {107°,1074,1073, 1072}

number of neighbors {5,7,9,11}

LapSVM A {107°,107%,1073,1072}
Ay, {107°,107%,1073,1072}

number of neighbors {5,7,9,11}

4.5.1 Baseline and benchmark methods

To assess the AdaBoost.SDM, we include the results of AdaBoost to show the baseline
performance. In order to compare with state-of-the-art Laplacian regularization
techniques, we obtain the results using LapRLS, LapSVM, and boosting on manifolds
(BoM), which serve as benchmarks. Additionally, we include the results of TabNet,
which is a deep neural network (DNN) model for tabular datasets (Arik and Pfister,
2021). These results allow us to compare our method with a recent model proposed for
the family of DNNs.

Hyperparameters. The fixed and tuned hyperparameters of AdaBoost, Ad-
aBoost.SDM, LapRLS, LapSVM, and BoM are presented in Table 4.2. We note
that for AdaBoost.SDM, we tune the scale parameter o used for computing weighted
adjacency matrix W. In particular, o was searched to be p percentile of the distribution
of e~ Xi=%3l15/2 for all pairs of x; and x;, where p varied from 10 to 70, with a step size
of 20. At the same time, the parameters of TabNet were fixed as suggested in (Arik
and Pfister, 2021). For hyperparameter tuning, we used a stratified 5-fold stratified

cross-validation in a brute-force manner.

4.5.2 Datasets

To perform experiments, we collected 20 real datasets from the OpenML dataset

repository. Table 4.1 presents the summary of these binary classification datasets.
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Table 4.3: The average performance in terms of test-set accuracy of the algorithms
across 20 datasets.

dataset AdaBoost LapRLS LapSVM BoM TabNet AdaBoost.SDM
climate 90.2+£1.4 91.0£0.9 91.3+0.1 90.0+£1.0 89.5£1.9 91.2+0.6
metal 84.3£2.4 86.0+2.5 86.3+2.2 85.1+1.4 86.2+1.2 85.9£2.0
breast-c  72.6t4.1 71.5+4.1 68.4+£13.2 72.6+£3.8 71.7£6.0 74.9+3.7
liver 89.3£2.9 83.6+5.5 91.0+1.7 89.6+3.5 90.8+2.2 90.3£2.7
ilpd 69.7+£3.2 68.4£2.7 70.1£2.3 70.0£2.9 70.3£1.7 70.5+1.6
heart-d 52.4+9.2 49.7£7.2 50.5£6.4 53.2+9.9 52.7£8.4 54.1+8.0
marketing 64.9£2.0 59.5+4.4 68.2+0.0 66.0£2.1 58.9+3.7 67.4£1.9
seismic 95.844.3 96.7£3.1 95.8£3.8 96.1£3.5 97.6+2.0 96.7£3.0
thoracic-s 84.4+14 81.1+1.3 85.1+0.2 84.4+1.4 83.8+1.9 85.0£0.4
profb 65.94+2.4 63.7£3.2 67.0+£1.3 65.84+1.9 67.9+£3.7 66.7£2.2
aus 85.1£1.8 85.7+1.6 86.0+1.7 85.0+1.7 84.9+2.3 85.5+1.9
kc2 82.7+2.1 81.0+2.3 82.7+1.6 82.7+2.4 82.2+1.5 82.7£2.5
primary-t 84.6+2.5 82.24+3.2 82.94+2.2 84.7£2.4 83.5+3.1 85.3+2.4
ecoli 98.7+1.5 96.6£2.6 98.1£1.5 98.5+1.7 98.6+1.1 98.9+1.4
spect 84.24+2.5 82.1£3.6 81.2£2.5 83.3+3.3 77.8£5.1 84.21+3.0
apnea 90.3+2.2 92.5£1.3 91.4£8.6 88.9+2.2 94.8+1.7 89.7£1.9
sensory 63.1+£2.8 61.5£3.1 61.3£2.7 63.1+2.8 68.2+£3.3 63.3+£2.6
backache  83.2+4.0 84.1+2.8 85.9+1.7 83.3£3.1 79.6+4.9 85.1£2.2
chat 87.7£2.7 87.7£3.9 87.7£3.5 87.9+2.9 87.7£3.2 88.2+3.7
german 73.3+1.8 71.7£1.6 72.4£1.7 73.0+£2.0 71.6+2.9 73.3+1.6
avg. 80.1+£2.9 78.8+£3.0 80.2£2.9 80.2+2.8 79.9+£3.1 80.9+2.5

4.5.3 Evaluation

Each dataset is randomly partitioned into training and test sets with a splitting ratio
of 70:30 in a stratified manner. We evaluate the AdaBoost.SDM on classification
performance using the held-out test set. We repeat the experiments 20 times to obtain

the average classification performance using different labeled, unlabeled, and test sets.

4.6 Results: AdaBoost.SDM

Table 4.3 demonstrates the average performance in terms of test-set accuracy results for
all datasets using AdaBoost, LapRLS, LapSVM, BoM, TabNet, and AdaBoost.SDM
algorithms. In the last row of Table 4.3, the average performance of each method across

all datasets is presented. The results show that:

* AdaBoost.SDM outperforms the baseline in 16 datasets. For example, for
breast-c and marketing datasets, using AdaBoost.SDM the test-set accuracy
improved by ~2.3% and ~2.5% compared to the baseline AdaBoost, respectively;
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* AdaBoost.SDM shows better results then all Laplacian regularized algorithms in

nine datasets; and
* AdaBoost.SDM outperforms TabNet in 14 datastes.

Although LapSVM demonstrated better performance in seven datasets, AdaBoost.SDM
appears more efficient taking into account the higher cost of training LapSVM (Section
4.9 presents time complexities of training AdaBoost.SDM and LapSVM).

In summary, on average (across all datasets and all splits), AdaBoost.SDM achieved
80.9£2.5% accuracy. These results confirm that the proposed AdaBoost.SDM algorithm
is highly competitive with the compared algorithms.

4.7 Experimental settings: BSSL++.SDM

We assess BSSL++.SDM using the same datasets used to test BSSL++ (see Section
3.4.2 in Chapter 3). In addition, to be able to compare the result of BSSL++ with
BSSL++.SDM we employed the same data-splitting strategy. In particular, we divided
each dataset into training and test sets using a splitting ratio of 80:20, where the
training set was further split into unlabeled and labeled sets with the same ratios of
w:{ =90 : 10 and 80 : 20. Similar to BSSL++, we used MLP as a base classifier with
the same parameters described in Section 3.4.3 of Chapter 3. At the same time, we tuned
the parameters of AdaBoost.SDM in BSSL++.SDM using a stratified 5-fold stratified
cross-validation. In particular, we used the same hyperparameter space specified in
Table 4.2.

4.8 Results: BSSL++.SDM

Tables 4.4 and 4.5 demonstrate the average classification performance of BSSL++.SDM
for cases of u : [ = 90 : 10 and 80 : 20, respectively. The results show that usage of
AdaBoost.SDM in BSSL++ can lead to better performance compared to BSSL++ (in
the original form). Particularly, BSSL++.SDM outperformed BSSL++ in seven and
five datasets for u : [ = 90 : 10 and 80 : 20 cases, respectively. In addition, the results
also demonstrate that, out of 117 performance comparisons for each algorithm (13
algorithms x 9 datasets), BSSL++.SDM outperformed all other algorithm in ~90%
and ~91% of the comparisons for v : [ = 90 : 10 and 80 : 20, respectively.

4.9 Discussion

BSSL++ with AdaBoost.SDM. Recall that BSSL++ in its original form was designed

based on semi-supervised smoothness and cluster assumptions. At the same time,
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Table 4.4: The average classification results in terms of test-set accuracy in the form of
mean=tstd (u : [ = 10 : 90).

\ | aus hms hdc hep kvk mm pid vote wdbc | avg

ADAB 77.2+41 63.6+46 74.8+65 80.0+68 82.4+14 80.3+38 69.7+32 90.6+46 93.9+23|79.2+4.1
ASMB 76.5+46 66.7+78 75.5+54 80.0+52 81.1+24 79.5+38 70.3+58 89.0+46 93.2+2.1 [79.1+46

NB SEMIB 78.4+33 69.2+57 69.5+7.1 81.0+49 80.4+28 80.1+37 68.6+29 88.64+39 93.3+3.1 |78.8+42
REGB 80.4+45 70.0+44 80.2+39 80.7+53 82.6+16 80.5+32 73.5+24 91.0+£39 94.2+18 |81.5+34
ADAB 81.2427 62.0+63 76.5+6.1 77.4+118 84.1+14 75.8429 71.3+32 93.1+24 91.9422|79.3+43
45 ASMB 77.3+58 65.4+69 70.5+59 71.6+141 81.6+22 79.0+49 68.9+50 91.5+3.1 88.7+57 |77.2+60

SEMIB 77.7+63 69.8+47 63.7+£72 79.6+46 81.9+25 78.9+25 69.4+43 91.9422 91.4424 (783441
REGB 83.0+35 68.8+52 77.3+73 80.0+58 84.1+14 80.3+36 72.3+36 93.7+23 93.0+13 |81.4+38

ADAB 77.7+39 71.0+65 75.2+49 65.84209 87.2+15 82.1+2.3 72.9+430 91.0+43 95.4+2.5|79.8480
ASMB 78.9+37 72.4+55 76.7+47 79. 7480 89.1+2.1 81.1+39 73.3+33 91.3+42 93.8+3.1 (81.8+43
MLP SEMIB 68.5+28 74.2+00 66.2+49 82.6+36 60.0+31 80.5+39 65.0+00 90.3+21 70.8434|73.1+26
REGB 81.2432 74.2+00 80.3+52 82.6+56 82.2+40 79.9419 67.9+26 89.8424 86.7457 [80.5+34
BSSL++ 822427 74.2+00 79.5+42 81.0+74 90.4+14 81.5+37 73.2+34 91.3227 95.4+17 |83.2+30
BSSL++.SDM | 82.9+28 73.0+44 80.1+50 82.7+61 90.7+17 81.6+37 73.6+3.7 91.8+26 95.1+1.7 |83.5+3.1

FT—T‘ FixMatch ‘82.8i3.6 70.5+49 78.7+67 79.4+93 60.9+156 81.1+24 70.5+39 93.4+18 88.4i12.9‘78.4i6‘8

Table 4.5: The average classification results in terms of test-set accuracy in the form of
mean=tstd (u : [ = 80 : 20).

\ | aus  hms  hdc hep kvk mm pid vote wdbc | avg.

ADAB 79.6+32 70.5+78 76.7+59 80.6+48 83.9+12 80.5+35 72.6+22 93.6+16 95.0+29|81.4+37
ASMB 76.6+60 72.1+52 79.3+33 80.3+84 84.1+14 79.8+33 74.0+41 91.3+26 94.2427|81.324.1

NB SEMIB 78.7+26 70.7+44 74.0+73 81.6+66 84.0+12 80.3+36 72.2+3.0 89.9+28 94.3+2.1]80.6+3.7
REGB 81.7+3.0 72.6+64 80.5+35 81.0+87 84.2+14 80.6+35 74.2+44 92.6+20 94.4429|82.4+40
ADAB 83.1+£37 64.4+38 77.7+40 79.3+101 87.2+09 76.5+35 72.5+40 93.8+1.1 95.2+19|81.1+37
c4s ASMB 78.3+43 67.7+83 75.5+73 73.9+73 84.5+10 79.4+31 71.5+3.1 91.8+40 91.1+1.7|79.3+45

SEMIB 82.2+5.1 70.2+46 71.1+67 80.0+59 85.2+12 80.7+1.3 72.5+39 93.4+27 92.1+29|80.8+38
REGB 84.513.4 69.0480 79.0469 80.3+69 87.8+08 80.5+32 72.9+41 93.9+22 95.3+18(82.644.1

ADAB 80.7+37 74.4+59 73.6+78 81.0+55 83.24213 82.4+18 74.6+37 93.1+27 96.6+1.6|82.2+6.0
ASMB 81.4+35 74.0+38 80.7+3.1 81.3+55 93.7+13 81.1+34 76.1+2.9 92.5+40 95.3+13|84.0+32
MLP SEMIB 67.0£46 74.2+00 73.9+48 82.3+30 61.6+21 80.6+33 65.0+07 89.4+36 73.6437|74.2+29
REGB 82.2+37 74.2+00 78.7+4.1 82.9+56 81.7+40 80.6+24 70.5+2.1 90.7+27 89.9+439|81.3+32
BSSL++ 83.8425 74.3+08 82.3+55 84.4+57 94.3+14 82.7+38 76.1+1.7 93.1+30 95.8+1.9|85.2+29
BSSL++.SDM |84.3+28 74.5+1.4 83.0+52 84.5+55 933116 82.4436 76.1+23 93.3124 95.642.1|85.2+3.0

FT-T| FixMatch |79.9:82 7l+s2 78.2:01 80.3x65 5220 81.7+32 73.7+37 94.3+29 92.5+99|78 2454

AdaBoost.SDM, which at its core uses mixed-graph Laplacian, is based on manifold
assumption. That being said, to encode the manifold assumption into BSSL++, we
used AdaBoost.SDM to train an ensemble classifier instead of the AdaBoost-like
classifier proposed by (Polikar et al., 2001). The results from Tables 4.4 and 4.5 suggest
that encoding manifold assumption via similarity and dissimilarity-based manifold
regularized AdaBoost can possibly capture the intrinsic structure of the data manifold

and improve the performance of BSSL++.

Time complexity of AdaBoost.SDM. The complexity of AdaBoost with decision
stump is O(T'lp), where T is the maximum number of base learners (i.e., the maximum
number of boosting iterations), [ is the size of the training set, and p is the number of

features. Since the AdaBoost.SDM is the extension of AdaBoost, its time complexity is
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O(Tlp + I*p + T1?), where O(I?p) is needed to compute the matrix W, and O(T'1?) is
needed to compute (4.17) and (4.18). For comparison, the time complexity of LapSVM
is (’)(lzp + 13) (Belkin et al., 2006). In practice, we generally have T' << [, therefore
AdaBoost.SDM tends to be more efficient compared to LapSVM. To show the runtime
differences, we collected the average training time (across 20 repetitions) of both
algorithms using german dataset with a fixed hyperparameter set. For the runtime
experiments, we used a Windows 10 workstation with an Intel(R) Xeon(R) W-2145
CPU (3.7 GHz). The results show that AdaBoost.SDM required 0.444-0.01 seconds to
train the classifier, while LapSVM required 95.72+£8.95 seconds (i.e., around 200 times

slower).

Time complexity of BSSL++.SDM. To derive the time complexity of BSSL++.SDM,
recall that the time complexity of BSSL++ in its original form is O(kpslogu(r +
pTe + Tplogu)) where k is the number of classes, s = u + [ is the total number of
unlabeled and labeled data points, 7 is the maximum number of iterations to solve
k-means problem using Lloyd’s algorithm (Lloyd, 1982), and e is the number of epochs
(see Section 3.6 in Chapter 3). Now, replacing the AdaBoost-like classifier in BSSL++
with AdaBoost.SDM results in time complexity of O (ks log u(pr + p?Te + ps + T's +
Tp*logu)).

Table 4.6: Summary of multi-class classification datasets.

no. dataset no. of samples no. of features no. of classes
1 glass 214 9 6
2 solar-flare 315 12 5
3 cleveland 303 7 5
4 thyroid 215 5 3
5 splice 3,190 60 3

Table 4.7: The average performance in terms of test-set accuracy of the algorithms
across 5 datasets.

AdaBoost LapRLS LapSVM BoM TabNet AdaBoost.SDM

glass 68.94£6.7 70.2£5.3 69.8+5.7 69.8£5.7 67.2+5.1 70.3+6.3
solar-flare 71.24+3.9 66.4£3.1 66.7+4.4 70.4+£3.4 74.6£2.6 71.9£3.9
cleveland  58.14+3.0 52.7£4.4 56.0+1.4 57.7+4.4 55.2+3.2 58.4+2.9
thyroid 95.74£3.0 96.2+3.2 95.2+3.0 96.2+2.1 90.0+4.0 96.2+2.6
splice 87.0£1.4 85.5+0.9 74.449.2 92.1£1.3 94.5+1.0 92.6£0.9
avg. 76.2+3.6 74.2+£3.4 72.4+4.7 77.2£3.4 76.3+3.2 77.9+3.3

One-versus-rest multi-class experiments. To assess the performance of Ad-

aBoost.SDM in multi-class settings, we studied extending the method to multi-class
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setting using a one-versus-rest (OvR) classification strategy. In this approach, a separate
binary classifier is trained for each class against all others, and final predictions are made
by selecting the class with the highest confidence score. We evaluated the multi-class
version of AdaBoost.SDM on five benchmark datasets collected from OpenML dataset
repository (see Table 4.6). The experimental setup was similar to Section 4.5, except
we repeated experiments ten times using different splits of labeled, unlabeled, and test
sets. Table 4.7 shows the average test-set accuracy results of all methods across five
datasets. The results indicate that AdaBoost.SDM can achieve competitive performance

in multi-class scenarios.

Limitations. The limitation of the proposed AdaBoost.SDM (and BSSL++.SDM) is
its restriction to binary classification problems. While we demonstrated that the method
can be extended to multi-class problems using a one-versus-rest (OvR) strategy and
achieves promising results across several datasets, this approach does not provide a
principled solution to the multi-class setting. As discussed in (Bishop, 2006), combining
multiple binary classifiers to construct a multi-class decision function can result in
ambiguous decision regions. To address this limitation, AdaBoost.SDM can be extended
to support multi-class classification using a similar approach that was employed in
AdaBoost Stagewise Additive Modeling (SAMME) (Hastie et al., 2009) algorithm. On
the other hand, one can extend the manifold regularization used in our work to a multi-
class setting using the same approach as in (Goldberg et al., 2007). In particular, these
approaches extend to the multi-class setting using the following class label encoding:
for a k-class classification task, the class labels can be encoded to k-dimensional vector
with all entries as —1/(k — 1) except for the entry to which class belongs (e.g., k"

class), which is set to 1. We leave these investigations for future studies.

4.10 Summary

In this chapter, we proposed AdaBoost.SDM, which is the similarity and dissimilarity-
based manifold regularized AdaBoost algorithm. In particular, the regularization
is based on label similarity and dissimilarity knowledge between data points. The
experimental results demonstrate that the proposed algorithm can effectively exploit
manifold regularization to achieve promising results. At the same time, experiments
with BSSL++ using AdaBoost.SDM reveal the applicability of manifold assumption
into BSSL++. The results show that by taking into account the manifold assumption,

we can improve the performance of BSSL++ in its original form.
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Chapter 5

Efficient Active Learning using
Recursive Estimation of Error

Reduction

This chapter describes another approach for using unlabeled data for small labeled
sample classification tasks by constructing efficient labeled training data while reducing

labeling costs.

5.1 Introduction

Given a labeling budget of b data points, active learning (AL) aims to actively build
a labeled training dataset by querying the most beneficial data points for training a
classifier from an available pool of unlabeled data points. Thus, AL helps to reduce the
cost of producing the labels and redundancy by focusing more on labeling the most
“informative” observations. In this regard, different proposed AL algorithms are based
on how they define and identify informative data points.

There have been proposed AL algorithms that are mostly based on either diversity
sampling (Gao et al., 2020; Shui et al., 2020) or uncertainty sampling (Houlsby et al.,
2011; Kirsch et al., 2019). In diversity sampling, the approach focuses on querying the
data points in diverse regions of the data distribution. On the other hand, uncertainty
sampling ensures the selection of data points that a classifier trained using labeled data
is least certain about. This can be obtained by predicting the labels for unlabeled data
points by the classifier. However, both approaches consider querying heterogeneous
data points. As a result, these methods do not take into account the effect of an
unlabeled data point on the performance of the classifier once its label is obtained from
the annotator and added to the training set (Aggarwal et al., 2014).

In contrast to the above-mentioned methods, the AL method, which is referred to

as estimated error reduction (EER), considers reducing the generalization error (Roy

53



and McCallum, 2001; Moskovitch et al., 2007). Particularly, the aim of the EER is
to identify the b “most informative” unlabeled data points in a one-step-look-ahead
manner (Aggarwal et al., 2014; Tharwat and Schenck, 2023). That is to say, in each
step, the most informative data point is the one that reduces the estimate of the error
rate the most if employed in training, along with all available labeled data.

EER can be formalized as follows. Consider a classification task with a labeled
training set containing [ labeled data points and their labels, £ = {(x;, y;) }\_, where

€ RP? represents a p-dimensional feature vector, y; denotes the class label associated
with x;. In classification, £ is used to construct a classifier (x) : R? — ),
where ) = {0,1,...,k — 1} in which k is the number of classes. Consider plug-in
classification rules, where a classifier is constructed by estimating the unknown posterior
probability of class Y given an input X = x. Let P(Y'|x) denote the (unknown) true
posterior probability, and pg(Y]x) denote its corresponding estimate. Hence, the error
of the classifier with given some loss function L, denoted €%, is given by (Roy and
McCallum, 2001):

gﬁ_/ < (Y]x), Pﬁ(Y|X)) (x)dx, G.1)

where p(x) is the marginal probability density function of X at x. The probability of
misclassification, that is the error of the classifier, using conventional 0/1 loss, denoted

€, can be written as
ee=P(Y(X)£Y) = / <1 — max Pe(y = y|X)>p(X)dX- (5.2)

Given a set of v unlabeled data points i/ = {xV}",, EER successively finds the
unlabeled data point xp 2 XU € U that corresponds to the lowest weighted average
error across all candidate labels for x , if X and its label is included to the labeled
training set. In other words, considering classification error rate (5.2), in the first

iteration X can be found as

Xop = argmin Z pﬁ(Y = y*\ij)aﬂu{(ng’y*)} . (5.3)
x? €U yrey ’
Nevertheless, to determine xo in (5.3), p(x) in (5.2) is substituted with an empirical
density function P(X = xg-] ) = %, V7. This puts an equal mass at the observed samples
and yields to an estimate of &, (xv ,+)}, denoted £, ;v )}, Which is given by (Roy
7’ 7’

and McCallum, 2001)
1 N
Eouled ) = 2 (1 — max P o (V= wlxi )) : (5:4)

u xUel

As soon as X is identified, the data labeling expert will assign the true label, and x¢
and its label will be added to the set of labeled data points.
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From an algorithmic point of view, EER methods generally use (5.3) and (5.4) in the
following fashion: (i) a classifier is trained using a labeled training set; (ii) the training
set is updated by adding a candidate unlabeled data point with a candidate class label;
(ii1) the updated training set is used to retrain the classifier; (iv) the retrained classifier
is evaluated by computing (5.4); (v) steps (i1)-(iv) are repeated over all possible class
labels—this represented by the summation in (5.3); (vi) steps (ii)-(v) are repeated for
all unlabeled observations from the pool; and (vii) the b unlabeled data points that with
the least weighted average error are queried for annotation. As it has been pointed out
in earlier works, this repetitive “retraining-evaluation” procedure requires substantially
high computational resources (Aggarwal et al., 2014; Tharwat and Schenck, 2023).
Particularly, it runs the learning algorithm for every unlabeled observation and every
potential class label, which yields in training and evaluating u x k classifiers.

Earlier attempts have been made to mitigate the computational limitations of EER
by avoiding retraining the classifier from scratch. For instance, Zhang et al. (Zhang
et al., 2017) proposed an approximation approach for updating Logistic Regression
model and employed an incremental variant of the Support Vector Machine. Roy and
McCallum (Roy and McCallum, 2001) employed Fast Naive Bayes to increase the
efficiency of retraining. However, computational requirements still hinder the use of
EER-based for large unlabeled data. Hence, an efficient mechanism for estimating the
effect of labeling the particular unlabeled data point on the performance of the classifier
is still required.

In this chapter, we focus on reducing the computational requirements of the EER
method. Specifically, we intend to substitute the repetitive retraining-evaluation
procedure with a re-evaluation. Having said that, to achieve this objective, the following

assumptions are made:

Assumption 5.1.1. The method is focused on the probability of misclassification given
in (5.2) for the binary classification task, where observations are randomly sampled

from two populations 11y and 11, with prior probability o and o, respectively.

Assumption 5.1.2. The posterior weights P.(Y = y*|xY) utilized in (5.3) are

substituted with class prior probabilities.

Assumption 5.1.3. Regularized discriminant analysis (RLDA) classifier (Duda et al.,
2001) is used for screening the pool of unlabeled data points.

As a result, we propose a computationally efficient EER-based AL method that
minimizes an accurate closed-form error estimation of RLDA (AL-RLDA). In particular,
the method uses a re-evaluation procedure, which can be viewed as integrating the
retraining procedure entirely into the evaluation step. Moreover, we derive recursive
update rules to efficiently compute the re-evaluation procedure for screening unlabeled

data points.
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5.2 Theory: Estimated Error Reduction with Prior
Probabilities

Based on Assumption 5.1.2, we propose the following objective function for EER,
formulated based on prior probabilities, which we refer to as EER with prior
probabilities (EER-P)

X0 = ai%rergn y*%:y Q€ LUf(xY )} » (5.5)

J

where o+ 1s the class prior probability. As pointed out by Roy and McCallum (Roy and
McCallum, 2001), using the objective function with posterior probabilities (5.3), the
selection of data points is directed if data points reinforce the learner’s existing belief
over unlabeled set. That being said, the proposed EER-P is designed to maintain the
balance between the existing belief of the current classifier and the problem’s nature
captured in the class prior probability of data points in ¢/. This is beneficial in two

ways:

1. EER-P reduces dependence on the current classifier. That is, the method that
selects the most informative data points and the final classifier does not need to
be the same. In other words, we can employ RLDA for “screening” and selection
of data points for annotation, however the final classifier can be trained utilizing a
different learning algorithm (discussion about this point is given in Section 5.7);

and

2. EER-P allows to use of a re-evaluation procedure instead of retraining-evaluation
that is employed in the conventional EER. To elaborate, let us consider the
objective function of conventional EER given in (5.3). Despite the provided
an efficient estimator of ¢ ¢ (U )} dependence of (5.3) on the classifier itself
via Pr(Y = y*|xY) does not allow avoiding retraining-evaluation procedure.
In contrast, in novel objective function EER-P, the proportion of data points
from class y* can be used to consistently estimate o~ under random sampling

assumption (Braga-Neto et al., 2014).

5.3 Theory: RLDA Classifier and Its Error Estimator

Let £, = {Xi}i’;l denote a labeled set of size [, from class k£, where £ = 0, 1, and
lo + Iy = [. For the binary classification task, the objective function (5.5), which
describes the identification of the unlabeled data point with the least weighted average

error rate, can be written as

— 3 @Q,x1 «aQ,x1
Xp = ar%mm Q0 € oo ixUY, 2 + aq € Lo LUKV 2 (5.6)
X; cu J J
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where

«p,1 «p,01 Q0,01
ELo. £y = Q0E0 Lo, T X1EL Ly 1y (.7
aQ,01 @Q,01

and where £, ' and 7 - denote the class-specific error rate. Specifically, for
i =0,1, &7, which is a function of o and «y, is the probability of misclassifying a

data point from class ¢ given as
Eiloly = P(w(X) #Y | x €1, Lo, L1). (5.8)

RLDA dichotomizer, denoted /*"P(x), is given by (Di Pillo, 1976; Friedman, 1989;
Zollanvari and Dougherty, 2015)
1, it WRIPA(x) < 0

YRR () = { ~ (5.9)
x) 0, if WRPA(x) >0

where
- = T
WRLDA<X) =7 (X - XEO;_X&> H£07£1 (iﬁo - iﬁl) - 10g ﬂ 5 (510)
Qo
and where v > 0,
_ 1
Xe, = > X, (5.11)
? XZGLZ
HE0,£1 = (Ip + 7250,E1)_1v (5‘12)
o (lo— )3z, + (L — D)3,
> = 1 (5.13)
Fok lo+ 1 —2 ’
A 1 _ _
M= 2 (=X ) —xe)", (5.14)
[ Xleﬁi

and I, denotes the identity matrix with p X p size . Note that we need to compute the
class-specific error rates €7 . in (5.8) to identify xo from (5.6). Since ;" is a
function of unknown feature-label distributions, it needs to be estimated. However,
instead of relying on resampling-based error estimation rules such as bootstrap or
cross-validation, which would lead to greater computational requirements of the EER
algorithm, we leverage a closed-form error estimator of RLDA proposed in (Zollanvari
and Dougherty, 2015). Particularly, Zollanvari et al. (Zollanvari and Dougherty, 2015)
developed the generalized consistent estimator of 53‘2’5}:1 of RLDA by considering the

following sequence of Gaussian discrimination problems relative to RLDA:
2 = {Io, Iy, g, oy, 3, 1o, Iy, WREPA €090 4 p=1,..., (5.15)

where all parameters are functions of p (which is omitted for ease the notation), and =,

is restricted by the following conditions:

(I) 1I; follows a multivariate Gaussian distribution N (g, 33).
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II) Iy — o0,l; — o0, p — o0, and the following limits exist: % — Jo> 0, ﬁ —
Jy > 0,andﬁ—>J<oo.

(IIT) All eigenvalues of X are located in a segment [c1, ¢5], where ¢; > 0 and ¢ does

not depend on p.

(IV) |p;| is bounded over all p, that is, there exists () such that |u,;| < @ fori = 0,1
andp=1,2,....
Under the stated conditions, the following theorem holds.

Theorem 5.3.1. Under conditions I-1V (Section IIl.A in (Zollanvari and Dougherty,
2015)):

EPN — e %0, (5.16)
where
Er = a0 ol +an EY (5.17)
and
—1)it1Gooo
Eitor, =@ (< )ikt | (5.18)
Dﬁ()7£1
- - i (lo+1—2)6 1 a
G, = Gty + (-1 00 S 10 2 19
! i Y Qp
Dryr, =1+ 75£07L1)2D2£07E17£0,£1, (5.20)
. P o tr[HﬁOvﬁl]
Oro.0, = — ottt (5.21)
v (1 T horh=2 T oth—2 )
_ Xro + X0\ _ _
Gy cncs = (Re, = "4 ) Haye, (%, — %e,) (5.22)
D2L0,61,£0,£1 = (}_{/;0 - iﬁl)THﬁoﬁl 2E0,£1H£o,£1(>_{£0 - >_<£1>> (5.23)

and where “% denotes almost sure convergence, ®(-) denotes the cumulative distribution
function of a standard normal random variable, and tr[-] is the trace operator. B
Theorem 5.3.1 describes that the estimator £7'}:",. converges almost surely (under
conditions I-TV) to 77" . . Despite in condition I, the data is assumed to be drawn from
Gaussian distribution, the estimator has demonstrated promising results in estimating
the true error of RLDA on real data as well (Zollanvari and Dougherty, 2015; Bakir

et al., 2016).

5.4 Method: AL-RLDA

The proposed AL-RLDA method successively finds xp € U that corresponds to the
least estimate of the EER-P for the RLDA classifier. Particularly, in the first iteration
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X0 can be found using

_ s A AG0,41 A abp,b
Xo = argmin aog, vy + QEL " r UixUY (5.24)
xVel J J
J

where 6p = 1 — G4y = lolfr)ll and for two arbitrary sets A and B, £"5" is computed using

(5.17). Note that &y is a consistent estimator of o under the assumption of random

sampling (Braga-Neto et al., 2014).

The use of £/’ presented in (5.18) for computation of the class-specific error

: ~&,01 A, 01
rate estimates 5£0U{X§]}7£1 and €£OV£1U{X§J}

more efficient computation compared to resampling-based rules due to its closed-

that are used in (5.24) already allows

form expression. Nevertheless, to further reduce the computational requirements, the
following lemma provides the derivation of recursive update rules for the core statistics
that are required in (5.18) through (5.19)-(5.23). Hence, we avoid the recalculating

these statistics from scratch for every newly presented unlabeled data point XJU.

Lemma 5.4.1. Suppose that the sample means X, and Xr,, the pooled sample

covariance matrix X, r,, and

oyl -2

K= (I,+m3c.)", k= ,
(p 7[:07£) l0+l1—1

(5.25)

are available and computed using Lo and L. To compute éigf{lxu} )
J b

that is required in (5.24), we can update all necessary statistics in (5.18)-(5.23) using

U
foreveryx;j €U

the following updates rules:

_ _ dyy41

Xoqute)y = Xeo + 370 (5.26)

2E0U{X§]},£1 - "12[’0,51 + Blo Dl0+17 (5.27)
Y61, Dip+1 K )

H —Kx (I, - 5.28

,C()U{X?}aﬁl X < P 1 +76[0 dlj;+1K d10+1 ’ ( )

l,

, = : : 5.29
= T DG+ 1) (5.29)
di1 =x] — Xz, (5.30)
Dy 1 =dy1d] g, (5.31)

wfle}’e iﬁlu{xgg}, Eﬁoﬁlu{xg}, and Hﬁoﬁlu{xgg}, which are needed to compute
AQQ,0]

Lo, L10{xV Yy
and (5.28), respectively.

can be obtained by interchanging the roles of ly and l, in (5.26), (5.27),

Proof. See Appendix G. B
Algorithm 7 outlines the step-by-step implementation of the proposed method.
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Algorithm 7 AL-RLDA

Input:

a labeled set £, = {Xi}ﬁ’;l from class k = 0, 1
an unlabeled set ¢/ = {x}}*_, of size u
Parameters:

an estimate of prior probabilities &, and &

a regularization parameter y

an annotation budget size b

Return:

a set of selected unlabeled data points u

1: Calculate sample means X, and X, from (5.11)

2: Calculate pooled sample covariance matrix 3 £o,c, from (5.13)
3: Calculate K from (5.25)

4: forj=1,...,|U| do

5 for £k =0,1do

6: S() < Eo, S+ L4, S, +— S U {ng}

7 Update x5, using (5.26)

8 Update EA)SO,SI using (5.27)

9 Update Hy, s, using (5.28)

10: Calculate éggg; using (5.17)

11:  end for

12:  Calculate the EER-P objective function in (5.24):

A & Adp,4n A al,01
€ = aogﬁou{ng},ﬁl + algﬁo,ﬁlu{ng}

13: end for

14: Sort ¢; and take indices of the b least ¢;
j},...,jI;(—ejl <€, < ... <€,

15: U ={x{ | j e, ...}

16: return U

5.5 Experimental settings

5.5.1 Baseline and benchmark AL methods

To assess the AL-RLDA, we include results of using the following AL baseline methods:
(1) random sampling, which selects unlabeled data points in a uniform manner from
the available pool; (ii) uncertainty sampling, which selects data points with the lowest
scores assigned by a classifier; and (iii) diversity sampling, which selects data points
based on the lowest and highest scores produced by a classifier. We also obtain the
results of the state-of-the-art methods: (i) Probability Coverage (ProbCover) (Yehuda
et al., 2022); and (ii) Bayesian Active Learning by Disagreement (BALD) (Houlsby
et al., 2011) algorithms. Specifically, ProbCover is a graph-based algorithm that selects
data points based on maximizing coverage of unlabeled data within a predefined radius
from any labeled data point. In addition, since ProbCover properly works only with

given good embeddings, we construct the embedding using Self-Supervised Contrastive
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Table 5.1: Summary of binary classification datasets.

Dataset No. of features No. of samples Iy /1,
CPU activity (cpu) 21 8,192 23
KDDCup upselling (ups) 45 5,032 1.0
Home equity line of credit (heloc) 22 10,000 1.0
Higgs bosons (higgs) 24 2,000 1.0
Compass analysis (compass) 17 2,000 1.0
KDDCup IPUMS census (1pums) 20 2,000 1.0
Bank customers (bank) 32 8,192 2.2
Airlines delay (airlines) 7 2,000 1.2
Eye movements (emv) 20 7,608 1.0
AutoML challenge jannis (jannis) 54 2,000 1.0

Learning using Random Feature Corruption (SCARF) (Bahri et al., 2022). On the other
hand, BALD selects data points that maximize the mutual information between model

posterior and predictions.

5.5.2 Datasets

To perform experiments, we collected 10 datasets from the OpenML dataset repository.
In Table 5.1, the summary of binary datasets is presented. In addition, Table 5.1 includes
the class imbalance ratio information, ly/l1, where [ is the number of samples from

majority class, /; is the number of samples from minority class.

5.5.3 Supervised Learning Algorithms

As discussed before, AL-RLDA is an efficient screening method for identifying
unlabeled data points for annotation. However, the final classifier trained with all
combined labeled data (labeled and queried with AL) is not required to be the RLDA.
Therefore, we compare all considered AL methods by obtaining the average test-set
accuracy of five classifiers: particularly, three linear classifiers, namely, RLDA, Logistic
Regression (LRR) with L, regularization (Anderson and Richardson, 1979), and Linear
Support Vector Machine (LSVM) (Vapnik, 1995), and two non-linear classifiers such
as one-hidden-layer perceptron (MLP) (Ivakhnenko, 1971) with a fixed g neurons, and
Random Forest (RF) (Breiman, 2001). The hyperparameter space of each classifier is
shown in Table 5.2. The remaining hyperparameters were left at their default values
provided by scikit-learn library (as of version 1.3.0) (Pedregosa et al., 2011) or
fixed a priori (e.g., the number of neurons in the MLP).
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Figure 5.1: The average performance in terms of test-set accuracy results of all
considered AL methods across 20 AL cycles for cpu, heloc, ups, compass, and
higgs datasets.

5.5.4 Evaluation

To perform experiments and evaluate the proposed method, we randomly divided each
dataset into training and test sets using a splitting ratio of 70 : 30. The training subset
was further split into labeled and unlabeled sets, where labeled set £ comprised 100
randomly selected data points, and the rest of the data points constructed unlabeled set
U. All splits were performed in a stratified manner.

To simulate active learning settings, we conduct experiments with 20 AL cycles. In

particular, given a labeling budget size of b data points, in each AL cycle we: (i) run an
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Figure 5.2: The average performance in terms of test-set accuracy results of all
considered AL methods across 20 AL cycles for airlines, ipums, bank, jannis,
and emv datasets.

AL algorithm to query the b “most informative” data points from I/; (ii) obtain labels
for selected data points; (iii) update the labeled set by adding the selected data points
along with their acquired labels; (iv) use the updated labeled set to train the classifier;
and (v) evaluate the classifier using the test set. As a result, we have 20 AL cycles and

10 datasets, thus yielding 200 cases for comparison (10 datasets x 20 cycles).

We repeat the experiments twenty times using different labeled, unlabeled, and test

sets.
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Table 5.2: Summary of hyperparameter spaces.

Model Parameter Search space
LSVM regularization parameter {10,5,1,0.5,0.1}
penalty { L1, Ly }

loss  { squared hinge, hinge }

LRR regularization parameter { 100, 10, 1, 0.1, 0.01 }

MLP solver { SGD, Adam, L-BFGS, }
activation { relu, logistic sigmoid }

RF number of estimators {1,5,10,20}
maximum depth {2,5,10}

maximum features { square root, log, }

RLDA v { 100, 10, 1, 0.1 }

5.6 Results

In Figures 5.1 and 5.2 the average (over twenty repetitions) test-set accuracy of each
classifier (RLDA, LSVM, LRR, MLP, and RF) across 20 AL cycles with budget size
of b = 10 are shown. In each AL cycle, the performance results of all considered AL
algorithms are shown. In each plot, AL cycle 0 shows the average accuracy on the test
set of the classifier trained using merely initial labeled set. In each plot, AL-RLDA,
uncertainty sampling, diversity sampling, random sampling, BALD, and ProbCover
are depicted in the blue, purple, green, orange, red, and brown curves, respectively.
In addition, we also show the average accuracy on the test set of the classifier trained
utilizing all data points and true labels of labeled and unlabeled sets, denoted as a*.
For the ease of visualization, errors bars are not presented in Figures 5.1 and 5.2 (see

Appendix H for figures with error bars).

As can be seen from Figures 5.1 and 5.2, the results demonstrate that in a number of
cases AL-RLDA uniformly performs better than all other AL algorithms. Particularly,
AL-RLDA shows better results than all other AL methods in 156, 162, 97, 106,
and 66 cases for RLDA, LSVM, LRR, MLP, and RF classifiers, respectively. These
results confirm the efficacy of the proposed algorithm. Nevertheless, the results also
reveal that the data points queried using AL-RLDA fit more effectively with linear
classifiers compared to highly non-linear classifier such as RF. As an example, AL-
RLDA outperformed all other AL algorithms in 66 cases when using RF, while with
LSVM, AL-RLDA showed the highest performance in 162 cases. That being said,
with RF, none of the other algorithms achieved better performance in more than 66 out
of 200 cases. Particularly, the runner-up algorithm, which corresponds to uncertainty

sampling, outperformed other methods in only 44 out of 200 cases.
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Figure 5.3: Empirical distributions illustrating the performance deviations of all
classifiers trained on data points selected by AL-RLDA or other AL algorithms.
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Figure 5.4: The average performance in terms of test-set accuracy results across 20
AL cycles for heloc, ups, bank, and higgs datasets produced by AL-RLDA and
“AL-RLDA with posteriors”.

5.7 Discussion

AL-RLDA classification performance. To provide a summary of the experimental
results, we compute the distribution of average test-set accuracy differences (i.e.,
empirical deviation distribution) between each classifier trained on data points selected
by AL-RDLA and other AL algorithms. In particular, Figure 5.3 shows the empirical
deviation distributions for all considered classifiers. In each plot, a positive shift in these
distributions suggests that AL-RLDA is a superior algorithm compared with another AL
algorithm for the same classifier. Figure 5.3 reveals that the majority mass of deviation

distributions are on the positive side for all classifiers.

EER with prior probabilities. As outlined in Section 5.1, we proposed the objective
function with class prior probabilities for EER, in contrast to using a common objective
function (5.3) with posterior probabilities. Naturally, if good estimates of posteriors
were available, using them in (5.3) would have been advantageous. However, having
good estimates of posteriors generally leads to the use of AL futile in the first place.
On the other hand, using the EER-P objective function allows to balance between
the existing belief of the learner, which in this case is captured by the error rate of
the RLDA classifier, and the nature of the problem, which is captured by the class
prior probabilities. In order to investigate the effect of using prior probabilities instead
of posterior estimates, we conducted addition numerical experiments with the same
AL-RLDA algorithm except with the use of posteriors to weight error estimates, to

which we refer as “AL-RLDA with posteriors.” The experimental setup was similar

65



to Section 5.5. Figure 5.4 demonstrates the average test-set accuracy for AL-RLDA
and AL-RLDA with posteriors across four datasets. The results demonstrate that AL-
RLDA with EER-P shows better performance in comparison with AL-RLDA with EER
objective function. However, it is worthwhile to study the proposed EER-P and the

common EER objective functions for other estimated error reduction approaches.

Impact of class imbalance. To examine the performance of AL-RLDA under class
imbalance, we performed an additional experiment with simulated imbalanced datasets.
Particularly, we used the largest available heloc dataset and obtained class imbalance
ratios of 1, 2, 4, and 8 by randomly downsampling one class. The experimental setup
was similar to Section 5.5, except we show the balanced accuracy results, as this metric
is more appropriate for evaluating performance on imbalanced datasets (Brodersen et al.,
2010). Figure 5.5 shows the average test-set balanced accuracy of RLDA achieved under
four class imbalance scenarios. Also, in the plots, a* displays the average balanced
accuracy on test set of the classifier trained utilizing data points and true labels of
labeled and unlabeled sets. The results demonstrate that AL-RLDA shows better results
than all other AL methods for all considered cases except ly/l; = 8, where in the first

three cycles, ProbCover demonstrated better results.

I/l = 1 lo/ly =2 I/l =4 Io/ly =8

0.66

0.65

0.64

Balanced accuracy, %

0.63

0 10 20 0 10 20 0 10 20 0 10 20
—— AL-RLDA Random —— Diversity ——  Uncertainty —— BALD —— ProbCover

Figure 5.5: The average classification results in terms of test-set balanced accuracy
using RLDA across 20 AL cycles for heloc dataset.

Less annotation budget. An alternative approach to assess the performance of a
specific AL algorithm is to compare how much annotation budget was required to
achieve the same level of performance as other AL methods. For instance, we can
see from Figures 5.1 and 5.2 that for both jannis and heloc datasets, the AL-RLDA
reached ~68% test-set accuracy after ten cycles of AL (corresponds to a total of 100
obtained labels), respectively. At the same time, ProbCover and uncertainty sampling
methods needed four and five more AL cycles (corresponds to 150 and 140 total labels)
to achieve the same level of performance, respectively. For higgs dataset, AL-RLDA
reached ~55.5% test-set accuracy in the fifth cycle of AL (50 total labels), whereas the
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Table 5.3: Summary of real-world case datasets.

Dataset No. of features No. of samples [y/[;

DNA 180 1,532 1.0
SAVEE 128 120 1.0
EMODB 128 131 1.1

runner-up algorithm, uncertainty sampling, required 10 cycles of AL (150 total labels)

to yield the same accuracy.
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Figure 5.6: The average classification results in terms of test-set accuracy using RLDA
across 10 AL cycles.

Real-world cases. To evaluate the practical applicability of the proposed AL-RLDA
method, we conducted additional experiments on diverse real-world datasets from the
domains of genomics and speech emotion recognition. For the genomics task, we
used the DNA (Noordewier et al., 1990) dataset, which involves classifying nucleotide
sequences to detect biologically meaningful patterns. Specifically, the task focuses on
distinguishing exon/intron (EI) and intron/exon (IE) boundaries. Each DNA sequence
consists of nucleotides (A, C, G, T), which were encoded using three binary indicator
vectors per nucleotide. In the speech domain, we evaluated AL-RLDA on the SAVEE
(Haq and Jackson, 2010) dataset using the happy and sad emotion classes, and on the
EMODB (Burkhardt et al., 2005) dataset using anxiety and sad classes. For each audio
sample, we computed the log Mel-spectrogram (Mukhamediya et al., 2023) and then
averaged across time frames to obtain a fixed-length 128-dimensional feature vector.
The summary of datasets is shown in Table 5.3. These tasks reflect real-world scenarios
where labeling is time-consuming and often requires domain experts.

The experimental setup was similar to Section 5.5, except we repeated experiments
ten times using different splits of labeled, unlabeled, and test sets. In addition, for each
dataset, EMODB, SAVEE, and DNA, the labeled set was initialized with 10, 20, and 50
randomly selected samples, respectively. Figure 5.6 shows the average test-set accuracy

results of RLDA for three datasets with budget size of b = 1 (see Appendix I for figure
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with error bars). The results demonstrate that AL-RLDA uniformly outperforms all

other methods across all AL cycles.

Limitations. We note the following limitations of our method. As mentioned in
Section 5.1, in its current form, AL-RLDA is designed for binary classification tasks.
This limitation arises from the use of a closed-form error estimator of RLDA, which is
originally developed for use in binary classification settings. To extend AL-RLDA for
multi-class classification tasks the following approaches can be considered. The first
approach is to undertake the development of a counterpart to Theorem 5.3.1. Then, the
developed closed-form error estimator of a multi-class RLDA classifier can be used to
extend the AL-RLDA method to support multi-class classification. Another approach is
to use the existing error estimator of binary RLDA classifier and modify the objective
function (5.6) for one-versus-one binary tasks. We leave these research directions to
future studies.

Another limitation corresponds to the estimation of class prior probabilities. As
discussed in Section 5.4, we estimate the class prior probabilities using &; = lolTill’ 1=
0, 1. We note that this is a legitimate estimator of prior probabilities only under the
assumption of random sampling (Braga-Neto et al., 2014). For separate sampling
cases, where samples are drawn independently from each class, we cannot use
the class proportions in the labeled data to estimate «; (Braga-Neto et al., 2014;
Shahrokh Esfahani and Dougherty, 2013). In this case, we can obtain reliable estimates
of class prior probabilities by collecting population statistics separately from the labeled

data.

AL-RLDA as a sampling method. As discussed in Section 5.2, once the AL-RLDA
selected samples to label, the updated labeled set can be used to train a different
classifier besides RLDA. The results in Figures 5.1 and 5.2 reveal that the AL-RLDA
can outperform other AL methods when used with linear classifiers. However, when
employing a non-linear classifier, the performance of AL-RLDA can deteriorate. This
is not surprising since the AL-RLDA attempts to minimize the error of RLDA, which is
a linear classifier. Thus, the EER-based optimal selection strategy should be classifier
rule-dependent. Nonetheless, future work may focus on deriving the closed-form

expressions for various classifiers.

Scalability to ultra-high-dimensional settings. AL-RLDA is inherently suitable for
ultra-high-dimensional settings due to its closed-form error estimator and the use of
RLDA. In comparison with traditional EER-based approaches which require retraining
the model for each unlabeled candidate, AL-RLDA computes the estimated error
recursively without retraining. Moreover, RLDA can effectively handle the small-

sample and high-dimensional regime by regularizing the within-class scatter matrix,
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which prevents numerical instability when the number of features exceeds the number
of labeled instances. These characteristics make AL-RLDA scalable and efficient,
particularly in domains with thousands of features, such as genomics or medical signal

analysis.

Time complexity. Since the most time-consuming operation in RLDA is the matrix
inversion, we derive the time complexity of AL-RLDA in terms of matrix inversion. As
can be seen from Algorithm 7, AL-RLDA requires a calculation of matrix inversion
once, which takes O(p®). An alternative and naive approach to estimating the consistent
error is to use cross-validation or bootstrapping estimation rules. For comparison, the
time complexity of K-Fold CV is O(Kup?) to compute matrix inversions, where u is

the number of unlabeled samples.

5.8 Summary

In this chapter, we proposed an efficient estimated error reduction-based active learning
method for binary classification tasks, named AL-RLDA. At its core, AL-RLDA
employs an accurate closed-form error estimator of RLDA. That is to say, AL-RLDA
identifies unlabeled data points with the least weighted average error estimate of the
RLDA classifier. At the same time, AL-RLDA uses a new objective function that is
based on class prior probabilities in contrast to the conventional objective function
with posterior probabilities. The efficiency of AL-RLDA is achieved by replacing the
retraining-evaluation procedure with the re-evaluation stage, which can be performed
recursively for each new candidate data point. The experimental results showed that
AL-RLDA can achieve better performance compared to baseline and state-of-the-art

active learning methods.
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Chapter 6
Conclusion

In this thesis, two main directions have been explored that aim to efficiently leverage a

large number of unlabeled data points for a small labeled sample classification task.

6.1 Semi-supervised learning

The first direction focused on semi-supervised learning (SSL) in which unlabeled data
can be employed with available labeled data to potentially improve the performance
of the classifier. In particular, we conducted a study of wrapper SSL methods and
introduced two novel SSL algorithms.

In Chapter 2, we introduced a new form of self-training algorithm, named SRPM-
ST, which sequentially retrains and pseudo-labels mini-batches of unlabeled data.
Experimental results show that SRPM-ST can, on average, outperform a pervasive
form of self-training. In particular, the results suggest that there exists the optimal
mini-batch size that can lead to the lowest error rate. In practice, this mini-batch size
can be considered a hyperparameter, therefore we also studied the applicability of a
cross-validation-based search strategy adapted for self-training to estimate the optimal
mini-batch size. The results demonstrate that cross-validation can be used as a reliable
mini-batch size estimator. Another interesting point is attributed to the observation that
improvement is shown even though unlabeled data in SRPM is divided into mini-batches
randomly and used in an arbitrary order.

A key limiation of self-training methods is that they are prone to noise accumulation.
Since the quality of generated pseudo-labels depends on the classifier trained on
the previously pseudo-labeled and labeled data, incorrectly assigned pseudo-labels
may be reinforced in subsequent iterations, thus leading to performance degradation.
Therefore, an additional mechanism is required to avoid reinforcement of incorrectly
pseudo-labeled data in the training process. Nonetheless, the results indicate that the
generation of pseudo-labeled unlabeled data in mini-batches can be more resilient to

noise accumulation compared to iterative self-training.
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In Chapter 3, we introduced a novel boosting algorithm for SSL based on semi-
supervised smoothness and cluster assumptions. In particular, the selection and utility
of unlabeled data is performed in the form of “batches”. That is, BSSL++ iteratively
selects a portion of unlabeled data based on the guidance of smoothness assumption
and generates pseudo-labels relying on cluster assumption. Experimental results show
that BSSL++ can outperform state-of-the-art semi-supervised boosting algorithms.
Particularly, the results also show that the clustering-based procedure used in BSSL++
reduces dependence on the classifier and thus guards against noise accumulation. In
addition, we observe that the generalization performance of BSSL++ improves by
learning from a newly selected portion of unlabeled data at each iteration (this is also
seen from experimental results on synthetic data).

In Chapter 4, we introduced a novel adaptive boosting algorithm with manifold
regularization based on label similarity and dissimilarity between data points, namely
AdaBoost.SDM. In particular, AdaBoost.SDM leverages the mixed-graph Laplacian to
use the information about the underlying structure of the data. Additionally, to encode
the manifold assumption into BSSL++, we replace AdaBoost-like ensemble used in
BSSL++ with AdaBoost.SDM (we referred to this algorithm as BSSL++.SDM). As a
result, BSSL++.SDM encodes the manifold assumption alongside already presented
semi-supervised smoothness and cluster assumptions. Experimental results show that

BSSL++.SDM can improve the performance of BSSL++.

6.2 Active learning

The second direction focused on active learning (AL) to construct a labeled dataset from
a pool of unlabeled data points by selecting the most beneficial ones in terms of leading
to better predictive performance. In particular, we conducted a study of estimated error
reduction-based AL methods and introduced an efficient AL algorithm.

In Chapter 5, we introduced an efficient AL algorithm that reduces an accurate
closed-form error estimation of RLDA, named AL-RLDA. In particular, the efficiency
of AL-RLDA is attributed to the factor that, at its core, it uses the proposed objective
function based on class prior probabilities (EER-P). Specifically, EER-P allows to use re-
evaluation procedure that can be performed recursively instead of conventional repetitive
retraining-evaluation. Experimental results show that AL-RLDA can outperform state-
of-the-art AL algorithms. It is essential to note that the results also show that AL-RLDA
requires less annotation budget to achieve the same performance level as other AL
algorithms. Another interesting point is that AL-RLDA can be used as solely a sampling
method. In particular, data points that were selected using AL-RLDA can be used to
train a different classifier besides RLDA. The results also indicate that AL-RLDA can

be successfully used with linear classifiers.
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Table 6.1: Summary of proposed methods and key results.

Method Key idea Key results

SRPM-ST Sequential mini-batch pseudo-labeling Up to 33% improvement in accuracy

vs. Full-batch ST

BSSL++ Learn++-inspired semi-supervised boosting Adaptively learns from selected

using SSL smoothness and cluster assumptions and pseudo-labeled data

AdaBoost.SDM Manifold regularized adaptive boosting Encodes manifold assumption effectively
BSSL++.SDM

AL-RLDA EER-P objective function Faster than EER and label-efficient

Recursive estimation of error

Table 6.1 summarizes the core contributions and outcomes of the methods proposed
in this thesis. Each method addresses a key challenge in learning with limited labeled
data, specifically, by improving pseudo-labeling (SRPM-ST), enhancing ensemble
strategies (BSSL++), incorporating structure-aware classification (AdaBoost.SDM
and BSSL++.SDM), and enabling efficient data labeling (AL-RLDA). These methods
demonstrate significant improvements in both performance and efficiency, supporting

effective learning in real-world settings with limited annotations.

6.3 Societal impact

SSL and AL methods have significant societal implications, particularly in domains
where data annotation is expensive, time-consuming, or requires specialized expertise.
For instance, in healthcare, labeling medical images or clinical data often demands
highly trained professionals such as radiologists or pathologists. In this context, SSL
reduces the dependence on large annotated datasets by leveraging abundant unlabeled
data, while AL focuses on selecting the most informative samples for labeling, thereby
minimizing expert effort. These methods can substantially reduce annotation costs and

accelerate model development.

6.4 Future works
Future work may consider the following directions:

* SRPM-ST can be enhanced with a method to identify the most successful or
even optimal order of mini-batches of unlabeled data that is used to retrain the

classifier sequentially;

* SRPM-ST can be potentially used with a subset selection strategy, particularly, a
subset of pseudo-labeled unlabeled data can be selected utilizing either soft or
hard thresholds;
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* BSSL++ can be extended for incremental learning strategy, in which the ensemble
classifier is trained only on newly arrived batches of unlabeled or labeled data

without having access to the original training data; and

e AdaBoost.SDM (and BSSL++.SDM) and AL-RLDA can be extended to multi-

class classification settings.

Another promising direction for future research lies in applying the proposed semi-
supervised and active learning frameworks to real-world domains with limited labeled
data. For example, in healthcare, our methods could support diagnostic systems that
learn effectively from a few expert-annotated samples while leveraging large volumes
of unlabeled medical images. Similarly, in genomics, where labeling often involves
costly laboratory experiments, the ability to prioritize the most informative genetic
sequences for annotation could significantly reduce experimental burden. As a result,
integrating the proposed AL and SSL techniques in such applications enables greater

data efficiency and broadens the accessibility of machine learning solutions.
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Appendix A

Dataset Repository and Source Code

A.1 Dataset Repository

The links to the dataset repositories are as follows:

* https://openml.org/

* https://archive.ics.uci.edu/

A.2 Source Code

All source codes are available at:

* https://github.com/Azamat-Mukhamediya/source-codes
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Appendix B

Derivation of (2.14) and (2.15)

pf:P<x>QA§RPM]x€7T+) =

(B.1)

where § = ’ﬁ;’f . Same approach can be applied to derive (2.15).
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Appendix C

K-fold CV

Algorithm 8 ST K-fold CV
Input:
an initial labeled set £ = {(x;, y;)}\_, of size [
an unlabeled set U = {x;}!_; of size u
Parameters:
a classification algorithm W
a pre-specified set of / candidate mini-batch sizes, denoted M;,7 = 1,..., I, to evaluate
Return:
estimated optimal mini-batch size M;
1: fort=1,...,1do
2:  Split £ into K folds £y, = {(x;,y:)},i=(k—1)F+1,...,kF,k=1,... K,
where F' = N/K

3: Initialize the estimate of the error rate: € < 0

4. fork=1,...,Kdo

5: Held-out fold £, from £: £ = L\ L},

6: Call SRPM-ST algorithm: 1), <~ SRPM-ST(L, U, m;)
7: €. < Evaluate classifier ¢, on £},

8: €4 €+ €

9: end for
10: €; < %
11: end for

12: ¢ = argmin ¢;

1
13: return M,
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Appendix D

Figures 2.2 and 2.3 with error bars
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Figure D.1: The average performance in terms of test-set accuracy with error bars
across different mini-batch sizes for all datasets and all considered classifiers using
w:l=99:1.
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Figure D.2: The average performance in terms of test-set accuracy with error bars
across different mini-batch sizes for all datasets and all considered classifiers using
w:l=98:2.
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Appendix E

Proof of (4.16)

To derive the (4.16), we rewrite (4.15) by interchanging the indices ¢ and j in the third

and fourth lines of (4.15) as

l
Z —2y; Hy—1(x3) ,—2y; e he (%)

Dt

v

l 1 )
+ i Z Z Wit =28 o)

+ - ZZWUG Zi ~2ehe(xs)

—Hji QS'iOé,h X;
+ZZ;W]Z6 t—1p=27it o ).

Then, replacing Hffl with H;_(x;) — S;; Hi—1(x;) yields

l
El — Z e~ 2yiHm—1(x:) o =2yicthe(x;)

i

l l
+ :\1 Z Z Wijth_l(Xi)*Sinz—l(Xj)€2atht(xi)
+ — Z Z Wﬂth 1) =85i He—1(xi) o =28 jicve b (x:)
+ — Zzwzjeth 1(xq)+Si; Hy— 1(x]) —2arhy(x;)

+ Z Z Z le'eth_l(xj)‘i’sjth—l(xi)ezsjiatht(xi) )

J

Setting S;; = 1 for y; = y;, and S;; = —1 for y; = —y; gives

(E.1)

(E.2)
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l
— Z e*2yth—l(Xi)€*zyiatht (%)

i

A l l
AW i,
(]

A l l
A ST S W e ) o) 3, )
i
Y l l
+ Z Z Z Wjith_l(Xj)_Ht_l(Xi)6_2atht(Xi)5(yi, y])
i
A l l
+ 2D Wil bortinbaltadetlg(y,;, —y;) (E3)
i

)\ l l
+ Z Z Z Wije_Ht—l(Xi)"‘Ht—l(xj)e_zatht(xi)é(yi’ yj)

(]
A l l
S Wt sy,
(]
A l l
+ DD W e bulttlimbaletadibelsy, )
J 7
Y l l
A S W st )
7 7

Since W is symmetric, we can sum common terms and split the first line into two

summations using y; € {—1,+1} as

l
Z 2Ht 1(X1) —QOétht(Xz)é‘(y _|_1)

7

l
Z 2H:—1(x;) 2atht(x1)5( 1)

A l l
S s
\ o (E.4)
+ §ZZWU€Ht 1(xi)+He—1(x5) Zatht(xz)é(yi,—yj)
(]
l

PR _ N _
4 5 Z Zwije_Ht—l(xz)"l‘Ht—l(x])e 2atht(xz)6(yi’ yj)

A l l
LA S W s gy, )
i

Factoring out e~2®" (<) and e2*+h+(x:) results in (4.16).
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Appendix F

Weights assigned to observations

To show that when A = 0 the weights associated with observations work similarly to

original AdaBoost, we can rewrite Eq. (4.19) as

wt = e 215y 1) 4 2By 1), i=1,...,N. (F.1)

The weights at the next iteration, m + 1, can be written as

witt = e 2§ (g 4 1) 4 2D 5 (g, —1)
= e*QHt—l(Xi)672atht(xi)5(yia +1) + €2Ht_l(Xi)€2atht(Xi)5(yi7 _1) (FZ)
_ u}fe,Qcht(xi)(g(yi7 +1> + w;562atht(xz')5(yi7 —1) .

Suppose y; = 1. Misclassifying x; leads to w!™ = w!e?** (the weight is increased). In
case of correct classification, wf“ = wfe_%‘t (the weight is decreased).
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Appendix G

Proof of Lemma 5.4.1

To prove (5.26), we can write X, (v} as
J

icou{xg} = &(XEO X; + X]U>
_ > x;eLo Xl i XJU
lo+1 lo+1 G.1)
_ loXz, ng _ Xg, Xz,
lo+1 lo+1 lh+1 lh+1
U =
Replacing X! — X, with dy, 11 yields (5.26).
To prove (5.27), Eﬁou{ngEl can be written as
f]Lou{xU} L, = noiﬁou{xg]} (-1, ) (G.2)
ih lo+1—1
Then 1
Scou{><§f} D icou{ng})(xl - iz:ou{x;f})T
0 xieLoufxy}y
_ 1 (xl — Xy, — i+ ) (xl —Xpy — ig+1 )T
lo xiez, lo+1 lot+1 (G.3)

L/ oy - dyy11 ) ( U - diy11 )T
+ Un <Xj XEO lo + 1 Xj XEO l() —|— 1
R | D
pr— ‘CO .
lo

Replacing (G.3) in (G.2) gives (5.27). Given an invertible matrix A € RP*P and vectors

u, v € RP, the Sherman—Morrison identity states that (Sherman and Morrison, 1950)
A~ luvTAT
A TV-1 _ A1 _ ) G4
(A +uv') e (G4)

To prove (5.28), H (xvy,z, can be written as
J )
H[,oU{XJU},El = (Ip + ﬁygﬁou{xg},[q)il' (G'S)
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Replacing (5.27) in (G.5) gives

HCOU{X?}vﬁl = <Ip + 572507[:1 + 76[0D10+1>71- (G6)

Using (G.4) in (G.6) leads to (5.28).

90



Appendix H

Figures 5.1 and 5.2 with error bars
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Figure H.1: The average performance in terms of test-set accuracy results with error
bars of all considered AL methods across 20 AL cycles.
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Appendix I

Figures 5.6 with error bars

DNA SAVEE EMODB
0.94 T T . . .
a* = 0.97+0.01 a* = 0.97+0.02 a* = 0.97+0.02
0.98¢ 0.95
0.93
0.96}
3
= 0.92 0.94F 0.90
g
g 0.92}
2091 0.85
0.90
0.90 L
0.88 0.50
0 2 4 6 8 10 08655 2 1 6 8 10 0 2 4 6 8 10
—— AL-RLDA Random —4— Uncertainty —+— BALD —4—  ProbCover

Figure I.1: The average performance in terms of test-set accuracy results with error bars
of all considered AL methods across 10 AL cycles.
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