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1 Introduction

Water waves are complex and important physical phenomena to explore in order to predict disastrous events. While the
full equations for water wave motion are known, they are often too complicated to study or simulate directly, especially
over long time scales. So, researchers have developed simplified models that capture the essential features of wave behavior
in specific physical regimes.

One such model is the Dysthe equation, an extension of the well-known nonlinear Schrédinger (NLS) equation, that
includes higher-order effects that are important for accurately modeling extreme wave events.

Despite its practical relevance, the Dysthe equation is mathematically more challenging than the NLS equation. In
particular, understanding the well-posedness of its initial value problem — whether solutions exist, are unique, and depend
continuously on the initial data — is essential for both theoretical and applied purposes.

In this work, we focus on the one-dimensional Dysthe equation and study its local well-posedness in Sobolev spaces.
In [1], a similar equation was proved to be well-posed, but with a constraint on coefficients, and now we improve the result
by removing the constraint, but prove the well-posedness in a less regular weighted Sobolev space.

The one-dimensional case of the Dysthe equation [2] is defined to be as follows.
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where L}, is defined in Fourier variables by

L1, ](€) = i sgn(€) coth(h[¢]) F(£).

For simplicity, we consider an equation with independent real parameters and also set h = +o00, which in applications
refers to the analysis of waves in the deep water. The second term is usually dropped because we can do change of
variables, so we have

Oy + iadiu + b u+
+iclul*u + du?dpu + e|lul|?*Opu + i fudy Loo (Ju?) =0 (1)
ug(z) = u(z,0)
And further we consider the similar Schrédinger-airy type equation
Oy + iadu + b2 u+

+iclul*u + du?du + e|u|*dpu = 0 (2)
uo(x) = u(z,0)



2 Preliminaries

For a function f € L?(R), consider its Fourier transform

o~

F(f) = (&) = / ¢ f(x) dv, €€ R

and its inverse Fourier transform by

FU = )= = / S (e)de, xeR.
R

o

In this work we use the inhomogeneous Sobolev space H*(R), of order s € R, defined as

T ( La+ |£2>5f<£)|2d§>1/2,

which satisfy H*' (R) ¢ H*(R) for s < s/, meaning,

[l zzs S S W e

To measure the regularity of functions defined in the space-time domain R x [0,7], we introduce the mixed-norm
Lebesgue spaces L L% or LILP 1 < p,q < oo, given respectively by the norms

p/q 1/p

I fllzera == /R </OT|f(x,t)|th> dz
[ fllza e == </OT (/R |f(x,t)|r>dx>q/p dt)

with the standard modifications involving the essential supremum when p or g are equal to infinity.
For a € C, we define the fractional derivative D¢ as the Fourier multiplier given by

(D )NE) = 1€ F(©).

Analogously, we introduce the operator (1 4+ D2)® via

(L+D2)f)" (&) = (L +|€2) f(e).

Hence, the Plancherel identity allows us to write

1/q

1l ~ |1+ D272

Lo S e + 1Dz fllze

Also, if we invoke the Hilbert transform H determined by

(HS)" (&) = —isgn(&) f(£),

we can relate D, with the standard derivative 0, as D, = HJ, or 9, = HD,.
The terms with L., require some estimations. Since coth(h|{]) — 0 as h — oo,

Lo () = isgn(§)f() = Lo f(€) = —HF(©) 3)
where H is Hilbert transform. It satisfies the following property (see [4]) for p,q € (1, 00)
1Hfllzrz S I fllzees (4)

As for some useful estimates for the proofs in the work, we use the fractional Leibniz-rule type inequality. For
1< DsDP1,DP2,4,q2 < OO, 1< q1 S oo SatiSfinlg
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the following holds true (see theorem A.8 of [5])

1Dz (f9) = fD2g — 9D fllzzre S D fllpo o [1DZ? gl re 2 ()

provided that o = a1 + a9, 0 < a3, a1 < . Using this inequality with a; = 0 and Holder inequality, one can deduce
1D (fllrzre < I fl Lo Lo 1DZ gl pre o2 + [l D3 fll e s, (6)

For some o > 0 (see Lemma 4.7 in [8])

1
lullzg o S T (Nullzgoyo + 1D ull gy (7)



3 Well posedness in Sobolev space

As mentioned in the introduction, we first prove that the one-dimensional Dysthe equation has a unique solution in a
Sobolev space.

Theorem 1. For s > 3/4 any ug € H*(R) there exists an interval of time [T, T such that T = T(||ugl gs/4) > 0, with
T(p) » o0 as p = 0, and a unique strong solution u(x,t) of the equation (1).

Denote N(u) or N(u)(x,t) as the non-linear part of the equation. Applying Fourier transform and solving the differ-
ential equation w.r.t. t we get

Q(E, 1) + (a€% + bE¥)U(E, t) = N(u)(£, 1)

t
a(e,t) :ei(a£2+b£3)ta0(€)+/ ei(“fz+b53)(t_T)N(u)(£,T)dr

0
u(x,t) = S(t)ug(z) + ; S(t—7)N(u)(z,7)dr (8)

where S(t) = F~1 (6i<a£2+b53><t>),
Consider the mapping

t
D (u) := S(t)ug(z) + / St —7)N(u)(x, 7)dr (9)
0
and for some p, T > 0, that we will fix later, define the complete metric space
Xp=A{u ¢ |ullx, <p}

with the norm

5
lullxp = pf () (10)
i=1
where

1T (u) = lullLse 2 + \|D§/4u||L%cL%

5 (u) = [0zull o2 + ||D§/4U:v||Lg°L2T
() = 900

1 (u)

5 (u)

i= [lullps 10 + HD:?E)/4U||L§L1TO
|

Our aim is to show that ®(z,t) is a contraction on X/, so the Banach fixed-point theorem will guarantee the existence
and uniqueness of u € X7 with u = ®(u), which in particular verifies (1).

Lemma 1. (Theorem 4.1 of [8]) If u € H*(R),s > 3/4, then
pi (St)u) < llullm (11)
Lemma 2. For some function F(u)(z,t)

iMT (/Ot S(t— T)F(u)(z,T)dT> ST (||F(u)HLngT + IIDi/“F(U)IIL;L;) (12)

Proof. By Minkowski inequality, Lemma 1, and Holder inequality, respectively, we get

iu? ([ ste-nrenar) < ; [ st mrae ) 5



/||F xrandT—/ |(F m>|\der+/ | D34 P (u) (. 7) | 2 dr <

1
ST (1P (W) l325 + DY F(w) 1215 )

Lemma 3. For some o > 0,
luvw|[pz 2 + lvvwsllpzpz + 10K (wo)wl[ 22 S T Jullxy vllxs [wlxr

1D/ * (wow)| g2 2, + 1 DY/ (wowy) g2 £z + | DY/ (0e H(wv)w) | L2z S T ullseq [0l xr 0] x
Proof. Using Holder inequality and (7), we get

HUUwHLng = ||UU7«UHL2TL3 SJHUHL%L;”HU”L;TOLOQHUJHL%’LE

x

ST ullps poe vl os poe llwll e r2 S pi (Wi (v)uf (w)

luvwe |2z S lullpsrs 1ol s lwell Loz, S w5 (s (V)ng (w)
Applying (6) two times and (7) again gives

1D *wvws || 21z S llull g e loll s 1D *wl| pee 2
T x

oozl s, 1DV ooz

@

Fllwllzs re IIUIIL;TOLOO 1D *ullpe 2. S T llullxr 0]l xp lw] xy

x

The same gives us the estimation with 2, ud' u' " for the following

||Dr?c’/4u”wz||LgL2T §||U||L;§L;°||UHL§L°°||D3/4wz||L°°L2

5 (1D ol g 130

Fllullzspg lwe|| La0r ]

s 11D ull g a0 < Nlullxer 0]l x o] xy

Hiolzasg el 5

Since Hilbert transform commutes with partial derivative, is linear, and satisfies (4), we get
w0 H(uv)|[r2 2. = [[wH (0 (uv))| 222
SANHOu (o))l zarz llwllrarse S 1(0x(wv))llarz llwllrarse
S ||U||L§L;°HUxHLgoBT”wHLng? + Huac||L;°L2THU||L§L;°||w||Lngs>
S llullxrllvllxz lJwl x,
And again by (6)

1D (woeH (o)) |z, S llwllza g 1D (@M ()| Lazs, + [0:Hwo)l| s 51D w]s

ﬂ njon

Ly
< lwlls g DY (Do (wo)) s 2. + 1HDu(w0))]| s IID 2wl L Lo
S lwllzs g DY (Oa (o) Lazg, + 1 @awo))l| s | gllDi/‘lwlngL10

S lollzgog ol 5 102 ullze e + P P T
lwlsng vl 4102 sz + lollsrs ol 103 el g
5 ||D3/4w||L5L10

5 ||D3/4wHLoL10 + HU||L4L°° ||Uw||L20L2

oo sl 5

S el ol wll x,



Corollary 1. For some a >0
IN@)llzz22 + 1D N (W)l 1202 S T lullk,

(14)

Proof. Considering (3), the terms of N(u) are a particular case of ter+ms in Lemma 3, so the proof is straightforward. [

Proof of Theorem 1. ® is well-defined. Meaning the goal is to prove that for u € X7,

[2(u)l[xr < p

5 5 5 t
I2lles = SouT (@) < SouT (S0 + 3T ([ 8te =N ryar )
i=1 i=1 i=1
using Lemma 1 and Lemma 2 with (14) for the first and second term respectively, we get that
12(w)llxr < Clluollgsrs + CT||ullk, < Clluo]lgs/s +CT*p*
for some C,« > 0. Then, taking
p = 2Cuollrasa
and T > 0 sufficiently small satisfying

g+CT“p3Sp

we deduce (15).
® is a contraction. Equivalently, for u,v € X/, and some 0 < K < 1,

[®(u) = @(v)|lxr < Kllu—vllx,

Xr

|P(u) — D(v)|lx, = H/OtS(t — 7)N(u)(x, 7)dT — /ot St —T1)N(v)(x,7)dr

<74 (IN(w) = Nl + DY (N(w) = N () 2.3

S
Xr

[ st -n [N - N nar

0

by Lemma 2. We break down the expression and consider each term separately.

Easy to verify that

Py — v, = P (u — ) + ve(u + v)(u — v)

Since this difference can be expressed as a sum of terms of form uwvw,, we can apply Lemma 3 to see

||U2uz - Uzvr”LiL?T + “D2/4(U2ur - Uzvr)HLgLZ’T S

S Tl e = vllxe + e+ vl follxe = vllx, | S T = vllx

for some a > 0. Easy to verify that we can express other terms similarly

[u|?uy — [v]*v = upti(u — v) + upv(u — v), + lv[2(u — v),
lul?u — [v]?v = vwi(u — v) + wv(u — v) + [v]*(u — v)

0y Loo ([u]?) — 00, Loo (J0]?) = —0H(Jul?)(u — v) + v0, H(d(u — v)) + v H(v(u — v))
So, repeating estimations as in (18) to conclude that
1@ (u) = @)l x, < MTp?u—vl|x,

for some M > 0. Choosing T small enough verifies (17) finishes the proof.

(15)



4 Well posedness in weighted Sobolev

Since the solution of such equations describes water waves, we want to account for their features, one of those being
bounded in space. So, we want to find a solution that decays at x — Fo00. That is why we search for the well-posedness in
the weighted Sobolev space. However, such a problem is more complicated, and in this capstone project, for the weighted
part, we consider a simpler equation. It was proved to be well-posed in the weighted Sobolev space in [1], but with a
certain constraint on coefficients. The following theorem states that it’s well-posed in a less regular space, but without
the additional conditions.

Theorem 2. For s > 3/4 any ug € H*(R) N L?(|z|*™dx) with 0 < m < 3/8 there exists T > 0 and a unique solution u of
(2) such that
u(-,t) € H¥*(R) N L*(|z|*™dx)

For this proof, we start with the same mapping (9). Similarly, for some p, T that will be fixed later, define the metric
space:
Y= u ulyy < p

with the norm

2
lallve = llullxz + Y AT () + lllel™ull g2,
i=1

where, ||ul|x, is defined as in (10), and

1/2

2
A (u) =D sup sup | x;/n (z)ul
J [t|<T =

T 1/2
Ay (u) = {sup/ /|Xj/N($)8ZU’2d$dt}
i Jo

s () = A7 (|2]™w)

where x(x) € C°(R) is a cut-off function such that 0 < x <1, x =1 on [0,1], supp x C (-1, 3) and set

Xi/n (@) = X (x];j>

Our aim again is to show that ® is a contraction on Y to apply Banach fixed-point theorem to prove the existence
and uniqueness of the solution.
First we show that ® is well-defined, so for u € Y\ we want

1@ (w)llyr <p

Since ||®(u)||x, is bounded, according to (16), we consider the left components of the norm.

=L+ NL

o™ @(w) e 1z < ™S (Ouoll e ns +
Ly Ls

o /Ot S(t — 7)N(u)dr

The proof of inequalities (19) and (20) are shown in [1]. The goal here is to "transfer” |z|™ to the inside of the integral.

LS (L +T)luollgrr/s + [ uoll ge L2 (19)

t
NL < T9||uHYT + H/ St —71)|z™ (N(u) — id\u|2u) dr (20)
0

LyLE

Now we break down N(u) and consider simpler integrals.



t
H/ IS(t — 7)o u20pull 2 dr
0

T
< / | sup S(t — 7)|x|™u?0pul| 2 dr
L 0 t ’

T
Plancherel’s Theorem (twice) < / 2| ™ uPug|| 12 dr
o E

T T
since X?/N at a point sum to 1 < / H ZX?/N|x|mu28qudeT < Z/ HX?/N|17|mu2“x Lo dr
0 - 2 ~ Jo 2
j j
. , 1/2
by Holder inequality < ZT1/2 / )lxi/N\x|mu2um L dr
- 0 z
j
= 123 [ gl ™) 1
J
ST ngp sup [ vl sup 1/ |2 ™t || 2. 1.2 (21)

J

AT (u)?

Now we introduce g € C°(R) is a cut-off function such that 0 <o <1, Yo =1 on [—1, 1], supp ¥ C (—2,2),
and ¢1 = 1 — ¢o. Using this, we breakdown the norm in (21) :

sup HXj/N|37|muw||L§Lg S sup ||Xj/N¢~o|fU|mUz||L2TLg + sup ||Xj/N1/J1|$\mum||Li;Lg (22)
J J J

When the first term is non-zero, |z|™ <1, so

sup HXj/N1/)~0|$|mUz||L2TLg < sup HXj/NUa:”L?TLg =3 (u) (23)
J J

When the second term is non-zero, % < 1, so considering that m < 1,

m
Xj/N¥1 <5m(|x|mu) - a:|1—mu>

sup ;w0 ol ™ 2 :su_p\
J J LZ2L2

m
<su ; O (|2|™u + su ; —u
S (u) + sup HXJ'/NUHL§L2
j z
S5 () + lull gz = lullx, + X35 (w)
Combining (22), (23), (24) to (21) gives us
t
H/ S(t — 7)|z|™u?dpudr < ||u||3YT (25)
0 L L2
Notice that this inequality also holds for the |u|?u, term.
Next we prove the same for
A (@(w) + A3 (®(u) + AF (8(w))
By [6] (2.25 and 2.26), we have the inequalities for the linear part:
M (S(t)uo) Slluollprsa (26)

A3 (S(t)uo) Sluollr
This bounds the linear parts of the two norms. Next, from [3] (1.8), and [7] (Lemma 2.8), the following statement is
true for operators U(t) = F 1 (ei(bfa)(t)) and W (t) = F~1 (ei(a52)(t)>, so combining them we have the following true for

our operator also:



2™ S (t)uo = S(t)(|["uo) + S(t) [Vemio]’

RV om (27)
1S(t) (Yemuo) " [z S (L4 8)l|uollL, + 1D woll L,
Applying this and (26) for the last norm,
A3 (S(t)uo) = A3 (|2]™S (H)ue) = A (S(8)[2[™uo) + A3 (S(8) (¥emu0)") S Il uollz, + l[wo] am
Now for the nonlinear part,
2
/\T</St—7' dT> |XJ/NSt—T |d7'
L‘X’L2
2
= / S ISt = DN dr
j
T 2 T 2
- / AT (S(t - T)N(u)) dr = / AT (S(t)S(—T)N(u)> dr
0 0
r 2 2 6
by (26) and Lemma 3.5 [ [[SC-nN @], dr < IN@IE 0 5l
Moving to the next norm, analogically,
t t
AT (/ S(tT)N(u)dT) <sup ‘/ Ixj/NOx [S(t — T)N(u)]| dr
0 J 0 L2.L2
T
S [ s o (S = DN @I drll (28)
p 2

T

T
= [ A (s¢-nN@)ar £ [ IN@dr < TPIN@I0z STl
0 0

A (/ S(t—71)N dT) =\ (|x|m/ S(t—T1)N (u)dT)
by (27) <AT ( /0 S(t— T)|£E|mN(u)dT) AT ( /0 "S- 1) [, N ()] dT)

similarly to (28) <[l|z|™ N (w)llz2.22 + (1 + O)IN ()L, + [DF"N(w)llr, £ T|ully;,

And the last inequality is true for 0 < m < 3/8. The proof is finished analogously to the previous section.
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