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Abstract:

The Capstone project investigates the expres-
sive power of Graph Neural Networks (GNNs)
from the perspective of graph filtering, specif-
ically focusing on group of spectral GNNs
that use polynomial approximations to model
graph filters to learn from graph data. These
models rely on graph signal processing (GSP)
techniques, which are generalizations of clas-
sical signal processing over graphs. How-
ever, polynomial filters cannot fully capture
the whole frequency range. Therefore, to ad-
dress this problem, autoregressive moving av-
erage (ARMA) graph filters have been stud-
ied, which are based on rational function.
However, they either have larger memory re-
quirements or higher computational complex-
ity depending on a specific model. Thus, a
novel periodic ARMA GNN (pARMA-GNN)
network is proposed, which is inspired by pe-
riodic ARMA graph filters. The main advan-
tage of the proposed model is reduced mem-
ory requirements compared to other rational
function based GNNs. Experiments on node
classification in semi-supervised setting and
graph classification have been conducted. Re-
sults show better performance of the proposed
model compared to other baseline models in
heterophilic datasets, while providing compet-
itive results in homophilic datasets. As a part
of ablation study, the experiment on impact
of each component of the proposed model has
been done.
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Preface

Emergence of Graph Neural Networks (GNNs) has led to a lot of new real-world
applications ranging from analysis of social networks and recommendation sys-
tems to weather prediction. Especially, the field of medicine and biochemistry
have seen huge potential in using GNN models for various applications such as
drug discovery and molecular property prediction. Developing novel models in
these fields can improve upon existing models to get better performance across
all applications. The results of this project can be used to these aforementioned
applications providing more options to choose from based on specific needs of the
use case. Moreover, GNNs are recent advancements in the world, especially in
Kazakhstan; thus, this project can be used as a foundation to build upon for future
works in this direction. The project studies GNNs from the perspective of graph
signal processing, which is a strong analytical tool for analysis of data on graphs.
Moreover, GNNs can be used in combination with other popular areas such as
Computer Vision and Natural Language Processing to provide good baselines to
deal with graph based data.
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Computer Science for their invaluable co-supervision of this project and expertise
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Chapter 1

Introduction

1.1 Background

Graph Neural Networks (GNNs) are the deep learning models that leverage graph
data. They have become popular due to the availability of datasets with relational
information, which can allow to create models with larger inductive bias repre-
sented in form of edges between nodes. The inductive bias can be incorporated
into the models, which allows them to learn specific structures and patterns of the
data such as cycles, motifs, etc. There are various applications of GNNs in different
areas, including biochemistry and healthcare such as protein folding [1] and road
networks such as transportation optimization in maps [2], etc.

The first GNN models have developed as an extension of recurrent neural net-
works, which is limited to only directed and acyclic graphs, to be able to process
various types of graphs [3], [4]. Currently, GNNs are considered to be under Mes-
sage Passing Neural Networks framework, which operates with message and read-
out functions to propagate information through a graph [5]. These models allow
to extract important information without relying on preprocessing stage, which is
the main issue with traditional machine learning approaches [6].

The theoretical fundamentals of GNNs can be described by Graph Signal Pro-
cessing (GSP), which is an extension of classical signal processing to analyze signals
defined on vertices of a graph or a network [7]. It allows to analyze graph signal
in both vertex domain and spectral domain. Node space of a graph is suitable to
discover local structures and patterns around a neighborhood of an interest node.
Whereas, spectral domain provides global information about the smoothness or
sharpness of all frequency components. Moreover, the analysis of spectral domain
allows to model graph filters with desired properties by applying a certain type of
functions.

GNNs emerge from the fundamental need to process graph-structured data
(non-Euclidean). Graphs provide very strong abstraction for representing various
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2 Chapter 1. Introduction

relationships between entities. The theory of GNNs are based on different disci-
plines such as graph theory, spectral theory and graph signal processing [6], [8].

An undirected graph is defined as G = (V , E) consisting of set of nodes V =

{· · · , ui, · · · } with N = |V| number of nodes and set of edges E = {· · · , (ui, uj), · · · }.
Nodes represent entities, while edges represent a relationship between these enti-
ties. The complex structure of graph-based data does not allow traditional machine
learning models to fully capture hidden patterns; therefore, GNNs are specifically
designed to handle such irregular data.

The core computational mechanism of GNNs is Message Passing framework,
which allows to pass messages between neighboring nodes through recursive ag-
gregation process [5]. This process is defined as

xxx(t+1)
i = UPDATE(xxx(t)i , AGGREGATE({xxx(t)j : uj ∈ N (ui)})) (1.1)

where xxx(k)i is feature vector of node ui, N (ui) is a set of neighbors of node ui, and
UPDATE and AGGREGATE are learnable neural network functions. Fig. 1.1(a) de-
picts arbitrary undirected graph containing 6 nodes with colors indicating different
feature values for each node. Fig. 1.1(b) shows the message passing mechanism
for 2 layers, where each node receives aggregated information from its neighbors
and then passes its own state to its neighbors. In this example, node 3 receives
information from the whole network in 2 steps.

GNNs have shown considerable performance across various domains such as:

1. Molecular Property Prediction: drug discovery based on predicting molecu-
lar characteristics [9, 10].

2. Recommender Systems: user product interaction patterns [11].

3. Social Network Analysis: user behavior patterns, community detection, in-
fluence propagation [12].

Even though GNNs have advanced significantly, there are several challenges in
the field:

1. Over-smoothing problem: Increased depth of GNN models result in similar
node representations making it hard to differentiate between nodes [13].

2. Interpretability: Understanding complex decision-making processes in GNNs.

3. Scalability: Computational complexity increases exponentially with graph
size.
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(a)

(b)

Figure 1.1: (a) An undirected graph with 6 nodes, (b) Message Passing mechanism of 2-hop neigh-
borhood for node 3.

1.2 Literature Review

GNNs are generally divided into spatial and spectral models depending on the
driving mechanism behind the model. Spatial GNNs use graph topology by ag-
gregating and updating the information of a node from its neighborhood. Such
simple implementation allows to apply various methods to spatial GNNs such
as using attention mechanism [14, 15], defining new sampling techniques to im-
prove model scalability to large graphs [16, 17], and adding additional features to
increase model expressivity [18, 19, 20]. The expressive power of spatial GNNs
mainly refers to what extent models can differentiate between two given graphs.
Weisfeiler-Lehman (WL) graph isomorphism test, mostly named as 1-WL test, is
used to define the expressive power of models [21], which is necessary, but not
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sufficient condition for graphs to be isomorphic. The algorithm relies on iterative
color-encoding technique, where each node is assigned initial color value as its
state. Then, a node’s state is updated by aggregating the states of its neighbors
and using hash function to create new state of a node. This process is contin-
ued until the limit of iterations reached or nodes are in steady state. There are
also researches that studied expressive power from different perspectives such as
counting substructures [22], k-regular graphs [20], etc. Current spatial models sur-
passed 1-WL expressive test by using various methods such as positional encoding
[19], higher-order relationships between nodes [23].

Spectral GNNs rely on spectral theory and may require eigenvalue decompo-
sition of graph shift operator [24], which can be defined by graph Laplacian LLL.
The advantage of spectral models is that they can capture global information and
are not restricted to local neighborhood due to eigenvalues and eigenvectors of a
graph. The expressive power of spectral GNNs are evaluated from GSP perspec-
tive, specifically which frequency ranges they can capture [25]. This comes from
the eigenvalue decomposition of graph Laplacian, which provides eigenvalues of
graph topology that correspond to frequencies of a graph signal. Therefore, spec-
tral methods mainly focus on developing models that can capture most important
frequency information through graph filters. These models can be divided into
three groups [26]: advanced filters that directly use eigenvalues, polynomial filters
that use polynomial approximations, and linear filters that consider only linear
relationship.

The main limitation of advanced filters is that they need eivenvalues as inputs
that requires to compute eigenvalue decomposition, which is computationally ex-
pensive operations, especially for large graphs. One of the first GNN architectures
that generalized convolution operator over graphs, Spectral Convolutional Neural
Network (SpectralCNN) [24], has addressed this problem by truncating spectrum
of a graph by considering only first k frequency components. However, the use of
advanced graph filters in GNNs has been declined due to high complexity com-
pared to other types of spectral filters and still remains as an open problem in the
field.

Polynomial models does not rely directly on eigenvalues of a graph; thus,
they do not require eigenvalue decomposition compared to advanced graph filters.
Moreover, it has been found that they can be expressive as much as 3-WL test [27].
These models use K-order polynomial approximations as a basis leading to pos-
sible limited capabilities as reaching to larger neighborhood leads to exponential
computational complexity. One of the first works in this direction is Chebyshev
Network (ChebNet) [28], which is based on K-th order Chebyshev polynomials.
ChebNet’s expressive power and computational complexity directly depends on
polynomial order K, which at higher orders can capture any arbitrary frequency
component, but requires computing higher power polynomials. Despite theoretical
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soundness, it has been found that ChebNet does not perform at expected level and
can provide worse performance than linear models. ChebNetII [29] has been pro-
posed to address this problem by applying reparameterization to the weight coeffi-
cients using Chebyshev interpolation. The main advantage of ChebNetII is solving
ill-defined filter coefficient problem without increasing computational complexity
of the model. Bernstein Network (BernNet) [30] uses Bernstein polynomials as a
basis in constructing a graph filter. BernNet has also addressed the problem of
ill-defined coefficients by using non-negative filter coefficients. The model can ap-
proximate any arbitrary spectral filters, even the complex ones such as comb and
band-rejection filters. Jacobi Convolutional Network (JacobiConv) [31] is another
spectral model based on Jacobi polynomials. JacobiConv has orthogonal bases and
is a generalized version of other spectral models such as ChebNet, which means it
is more expressive at the expense of higher computational complexity. Generalized
PageRank GNN (GPR-GNN) [32] uses learnable weight coefficients for each prop-
agation step, which corresponds to K-th order graph filter. This method allows
the model to capture local structures at initial propagation steps and global rela-
tionship at later steps, while the model parameters will learn which steps are more
important for a given task. Spectrum Graph Network (Spec-GN) [33] has proposed
correlation-free model that can control the scale of spectrum and use generalized
version of normalized adjacency matrix. This approach allows to create deeper net-
works providing a solution to over-smoothing problem, which is a widely known
limitation of GNNs [13], where deep networks lead to similar indiscriminate fea-
tures for nodes of all classes.

Linear models are the fastest ones due to their simpler design that use only lin-
ear function in each update step. However, as a result of such simplification, they
suffer from poor performance on disassortative or heterophilic datasets, graphs
where nodes with dissimilar features or different classes tend to connect with each
other. The most well-known GNN model, Graph Convolutional Network (GCN)
[34], is a linear model that uses first-order Chebyshev polynomial. GCN is well
suited to assortative or homophilic graphs, where nodes with similar features or
the same class tend to connect with each other, due to their update function that
smooth out neighborhood information. However, it has been shown several times
that GCN corresponds to low-pass filter [35, 25, 36], which makes it a bad choice
for graph data with sharp changes along the neighboring nodes. Some work has
been done to further amplify low-pass filtering ability of GCN by removing in-
termediate non-linearity and feature transformation steps such as Simple Graph
Convolution (SGC) [35] and Graph Filters Neural Network (gfNN) [36]. There has
been an attempt to improve the expressive power of linear models by applying
different connectivity matrix to capture high-frequency components. For example,
Frequency Adaptation GCN (FAGCN) [37] has incorporated attention mechanism
via self-gating function, which learns the proportion of low-pass and high-pass
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components in a graph structure. In the case of Adaptive GNN (AdaGNN) [38],
authors have proposed deriving high-pass filtering through stacking several low-
pass filters in addition to diagonal weight matrix that responsible for scaling each
feature dimension. Adaptive Kernel GNN (AKGNN) [39] has proposed to a model
that adaptively learns the weighted combination of all-pass and low-pass filters,
which has been derived from the update function of GCN. Despite many attempts
to make linear models to learn arbitrary frequency ranges of the underlying graph
structure, they still cannot outperform polynomial or advanced filters on these sort
of datasets.

1.3 Related Works

Polynomial models can be seen as a best choice for designing new spectral GNN
models because of their ability to trade-off between the expressive power and com-
putational complexity compared to advanced and linear filters. These models can
still capture in theory arbitrary frequency components while not directly using
computationally expensive operations such as eigenvalue decomposition. How-
ever, polynomial models cannot fully model sharp changes and require higher
degree to reach larger neighborhood, which increases their computational com-
plexity significantly. To address these problems, several research works have been
conducted in the direction of rational based functions, specifically using Autore-
gressive Moving Average (ARMA) filters family. Due to their rational function,
ARMA-based models can capture various frequency components, including high-
pass and band-pass, using smaller degree polynomial. Two representatives of ra-
tional function based spectral GNNs are Cayley Network (CayleyNet) [40] and
ARMA Convolutional Network (ARMAConv) [41].

CayleyNet [40] uses rational complex function to model narrow-bands more
efficiently than previous spectral models. Apart from that, it uses spectral zooming
parameter to control the spread of frequency spectrum, which is similar idea to one
from Spec-GN [33]. The downside of CayleyNet is huge computational complexity,
which may be several magnitudes higher than other spectral models.

ARMAConv [41] is based on first-order ARMA (ARMA1) filters that are stacked
in parallel to obtain various filtering behaviors. The main parameters of ARMA-
Conv are number of stacked ARMA1 filters K and the depth of layer T. The model
can efficiently filter different frequency ranges and computationally efficient com-
pared to CayleyNet. However, ARMAConv may require too much memory as each
ARMA1 filter has its own two sets of weight matrices. In certain cases, for example
large graphs that require comparatively complex neural network, ARMAConv can
be memory-intensive.

The afore-mentioned problems can be resolved using alternative to parallel
ARMA1 filters, specifically periodic ARMA1 filters that utilize periodic weights



1.4. Motivation and Problem Statement 7

[42]. Such design choice allows to have the main strength of ARMAConv model,
the ability to filter arbitrary frequency ranges, while lowering memory require-
ments of the model. Another design choice is to retain all-pass and high-pass
components of original ARMA1 filters, which has been coupled into one term in
ARMAConv model. The rationale behind this decision is that stacking low-pass
filters many times still have a smoothing effect, which must be avoided for het-
erophilic graphs. Thus, a novel periodic ARMA GNN (pARMA-GNN) model is
proposed, which has capability to filter any frequency range with reduced mem-
ory requirements compared to existing ARMA-based spectral GNNs. Moreover,
several modifications of pARMA-GNN are developed based on the type of given
dataset, which further improves memory efficiency.

1.4 Motivation and Problem Statement

Modern popular machine learning models from Computer Vision (CV) and Natu-
ral Language Processing (NLP) are not suitable to work with graph data. However,
most of the real-world data is mainly presented in a relational matter in a form of
graph. As a result, most of the existing machine learning models are not able to
fully capture the important patterns of graph data. In contrast, graph machine
learning algorithms can be used to other forms of data such as image or text by
converting them into graphs. Therefore, the main motivation of this Capstone
project is to develop a GNN model, with several advantages over existing mod-
els providing a new state-of-the-art graph machine learning model to work with
graph structured datasets.
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1.5 Ethical and Professional Responsibilities

• Ethical Responsibility: One of the main ethical issues in machine learning
models is biased data, which in turn leads to biased outputs. Models trained
on such datasets can be used to misinform people or manipulate their opin-
ion. Examples might be discrimination in social networks and recommenda-
tion systems that are based on graph neural networks.

Another issue to consider is data privacy. In real-world applications, graph
neural networks use interconnected data such as from social networks and
healthcare, which can also include personal information of users. These case
may occur due to the fact that graph neural networks heavily rely on re-
lational information from node attributes and edge connections, which can
introduce bias to some extent if these data are corrupted. Therefore, it is im-
portant to ensure data anonymity to protect users’ privacy. Unprotected data
might be leaked and further be used in fraudulent activities.

To solve the problem with biased data, standardized datasets can be used in
model training. These datasets are benchmarks to evaluate the performance
of a model. The problems and flaws of these datasets have been researched
previously and can be controlled. In the case of data privacy, clear guidelines
must be established on using the developed model. Also, it is crucial to
discuss the capabilities and limitations of the model by providing all relevant
information and results of experiments.

• Informed Judgments: To make well-informed decisions during the project,
two separate aspects must be considered, namely technical and societal. From
a technical standpoint, it is important to stay up-to-date with recent studies
on graph neural networks, graph signal processing and adjacent fields that
apply aforementioned areas in their research. This requires regular literature
review, experimenting with alternative approaches for the same problem to
find a better solution. Also, it is beneficial to discuss the arisen problems
with other researchers and experts in the field. One part of such discussions
may include model scalability or computational complexity as both of these
things have significant impact on the overall performance of the model.

Nevertheless, considering only technical aspects is not enough to make fully
well-informed decisions. There is also a societal impact that derives from
technical decisions. This includes possible applications of graph neural net-
works, specifically which domains can use these models, what are the rea-
sons to use them and how it will affect society. These applications may also
include harmful activities, which must be addressed through continuous self-
assessment and standard precautions. Thus, collaborating with researchers
from areas such as ethics, sociology can be a possible solution to address
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these questions.

• Global Context: The development of machine learning models have global
implications because of interconnected relationships between countries. First
of all, developed countries with better technological advancements can eas-
ily develop and deploy these models for various use cases such as weather
forecasting, social network analysis, traffic monitoring or urban planning. In
contrast, countries with limited computation resources or data availability
might not be able to benefit from these models to the same extent as devel-
oped countries.

Secondly, depending on the position of a country on using personal informa-
tion, the rate of adoption of these models may vary. For instance, using graph
neural networks for social network analysis may face challenges in societies
with strict privacy regulations compared to those with less restrictive laws.
Therefore, the data usage of the model must follow the laws of each individ-
ual country to avoid law violations. In contrast, these models can potentially
lead to misuse or even ethical violations in regions with less strict regula-
tions on personal data. Moreover, acceptance of machine learning models in
certain sectors may take time depending on the legislative regulations of a
country. This potentially can affect the effectiveness of existing technologies
and development of new ones. Thus, it is aimed to develop an adaptable
model which can be appropriately adjusted based on the needs of specific
regions.

• Economic Impact: Short-term economic effects of developing such models
mainly concentrated around research and development costs. These include
financial investments into computation resources such as graphical process-
ing units (GPUs) for training, data collection and team of researchers. How-
ever, most of the time these costs can be compensated by industry companies
that are interested in potential applications of the given project.

Long-term economic effects of the project can be considered as quite promis-
ing. Successfully developed and deployed graph neural network models can
enable significant efficiency improvements in different fields. For example,
graph neural networks can be applied to logistics networks by optimizing the
operational costs. In the case of social networks, these models can be used to
detect fraudulent activities and potential harmful actions by criminals.

The usage of these technologies could also lead to innovations by creating
new business models that were not possible before. Most known example of
such a case is advancements of language models leading to a lot of new prod-
ucts using Large Language Models (LLM). This could contribute to economic
growth and global competition between countries. Nevertheless, the major
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concern regarding the economic impact of neural networks is the automation
of certain jobs. There might be displacement of jobs leading to people losing
their jobs.

• Environmental Impact: From the perspective of environmental impact, the
main problem of the project is using computational resources for training
and operating, which directly translates to energy consumption. Specifically,
large-scale graphs require extensive amount of compute. This could con-
tribute to increased carbon emissions if the energy sources are not renewable.

Nevertheless, the potential environmental benefits of using these models can
outweigh its drawbacks. Applying these models in certain areas can help to
optimize existing processes and reduce wastes. For example, these models
can help to improve Geographic Information Systems (GIS) by analyzing road
traffics and enabling drivers to avoid traffic jams, which results in less carbon
emissions from vehicles. In environmental science, currently used models in
weather forecasting can be adopted to predict natural disasters and handle
them.

There are several measurements that can be taken to minimize the environ-
mental harm of the project. First of all, more efficient and optimized al-
gorithms will be used to reduce computational requirements of developing.
Second of all, cloud service computing will be used that are much more envi-
ronmentally friendly. Additionally, the research on less complex models with
the same or even better expressive power than current state-of-the-art models
can indirectly impact on reducing the need for more complex models, which
indirectly affects environmental sustainability.

• Societal Impact: The most direct way of the project to impact society ben-
eficially is in the healthcare sector. These models can be applied to drug
discovery by using molecular information of chemical compounds and their
properties, disease spread prediction by analyzing networks of social interac-
tions. This could lead to a more efficient healthcare system allowing to save
the lives of millions of people.

They can be applied to social networks to improve community detection de-
mographic analysis to enable more efficient communication strategies with
these groups. This can help to support vulnerable groups of people.

In the case of urban planning, graph neural networks can help to the devel-
opment of smarter cities by optimizing the routes of public transportation,
predicting maintenance needs for infrastructure. They can also help the en-
ergy distribution within cities.

Specific indirect effects of such models can be on social structures and inter-
actions. As these models become more widely used in online social network
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analysis, they can potentially change how these online platforms operate.
Such changes can influence information flow and social dynamics between
communities. Moreover, these models can be misused in surveillance or per-
sonal data gathering, which must be carefully monitored and controlled. One
way to prevent such course of actions is to focus on open-source contributions
to enable other researchers and engineers to check for flaws in the models.

1.6 Report Organization

The Capstone Report is organized as follows. Section 2 provides a brief overview
of graph signal processing, which serves as the foundation for developed method-
ology. Section 3 outlines the proposed methodology and presents an analysis of the
model’s frequency response. Section 4 discusses the experimental results. Finally,
Section 5 concludes the report and highlights the potential directions for future
work.



Chapter 2

Brief Overview of Graph Signal Pro-
cessing

XXX ∈ RN×F denotes a graph signal and the adjacency matrix AAA ∈ RN×N defines
connections of nodes, where F is a dimension of the feature vector. Given that
normalized adjacency matrix is defined as ÃAA = DDD− 1

2 AAADDD− 1
2 , let LLL denotes the nor-

malized graph Laplacian given as:

LLL = III − ÃAA, (2.1)

where III ∈ RN×N is an identity matrix and DDD ∈ RN×N is a diagonal degree matrix
defined as Dii = ∑j Aij. The graph Laplacian has the eigenvalue decomposition
given as:

LLL = ΦΦΦΛΛΛΦΦΦT, (2.2)

where ΦΦΦ = [ϕϕϕ1, ϕϕϕ2, · · · , ϕϕϕN ] is a matrix of eigenvectors and ΛΛΛ = diag{λ1, λ2, · · · , λN}
is a diagonal matrix of eigenvalues. Irregular structure of graphs prohibits the use
of convolution in node domain. Thus, convolution of one-channeled graph signal
xxx ∈ RN and graph filter ggg ∈ RN is defined using graph Fourier transform on
spectral domain as:

ggg ⊚ xxx = ΦΦΦ
(
(ΦΦΦTggg)⊙ (ΦΦΦTxxx)

)
, (2.3)

where ⊚ is a graph convolution defined on node space and ⊙ is element-wise
multiplication. Spectral filters replace graph Fourier transform of graph filter ΦΦΦTggg
with parametrized diagonal matrix GGG = diag{θ1, θ2, · · · , θN}. Thus, (2.3) can be
rewritten as:

ggg ⊚ xxx = ΦΦΦGGGΦΦΦTxxx. (2.4)

12
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The above formulation of graph convolution has led to development of nu-
merous models. However, the main disadvantage of this method is computational
complexity. The computation of eigenvalue decomposition is inefficient, especially
for large graphs. Moreover, this method is not applicable to dynamic graphs that
change over time. This is because small alteration in graph structure can com-
pletely change its spectral information leading to computing eigenvalue decompo-
sition again. Thus, models based on (2.4) are suitable only for static graphs, which
are often not a case for real-world applications.



Chapter 3

Proposed Methodology

The general formula for the frequency response of ARMA filters is given as:

HK(λ) =

K−1

∑
k=0

akλk

1 +
K−1

∑
k=1

bkλk

, (3.1)

where ak is k-th moving average coefficient, bk is k-th autoregressive coefficient,
and K is the filter order. The rational function of ARMA model is well suited for
designing graph filters that can handle arbitrary frequency ranges depending on
the application. However, the given rational function involves computing inverse
matrix when the given input and weight parameters of ARMA filter are matrices.
Finding the inverse of a matrix is computationally expensive; thus, there have been
proposed an iterative equation that models ARMA1 filters given as [43]:

yyy(t+1) = ψSSSyyy(t) + φxxx, (3.2)

where y(t) is an output of the filter or autoregressive output at time t, SSS is a graph
shift operator that is a general form of connectivity matrix, and ψ and φ are scalar
filter coefficients.

The frequency response of the model can be greatly improved by stacking sev-
eral ARMA1 filters; however, it costs much more memory. This problem has been
addressed by introducing periodic weights into stacked ARMA1 filters (ARMAK)
defined as:

yyy(t+1) = (γ(t)III + ψ(t)SSS)yyy + φ(t)xxx, (3.3)

where III ∈ RN×N is an identity matrix and scalar parameters γ(t), ψ(t), φ(t) are
periodic with period P as γ(t) = γ(t−iP), ψ(t) = ψ(t−iP), φ(t) = φ(t−iP) with i ∈ N.

14
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Due to periodicity, the filter output yyy(t) is only valid after each P iterations, when
the input goes through the full cycle of weights.

Spectral GNN based on periodic ARMAK filters can be constructed by refor-
mulating (3.3) into GNN setting, where parameters are learned by directly using
available training dataset instead of using optimization techniques. Thus, a novel
periodic ARMA GNN (pARMA-GNN) is proposed, which has capabilities to filter
any arbitrary frequency components and it is architecture is shown in Figure 3.1.
The proposed pARMA-GNN consists of M periodic ARMA Convolutional (pAR-
MAConv) layers. The main two parameters of pARMA-GNN are period P and
timestamps T, which is a number of full cycles in one forward pass of the model.
Therefore, in each iteration, the input is propagated T · P times. Each pARMAConv
layer consists of linear layer, which use case is explained in the following section
and pARMAConv propagation steps, where activation function and dropout are
applied after each propagation step.

3.1 Periodic ARMA Graph Neural Network with Scalar Weights

The first version of pARMA-GNN is defined using scalar weight parameters, which
exactly follows (3.3). The convolution layer of pARMA-GNN scalar (pARMA-
GNN-s) is defined as:

YYY(t+1) = σ(w(t)
I YYY(t) + w(t)

L LLLYYY(t) + v(t)XXX), (3.4)

where YYY(t) is autoregressive model output at time t, w(t)
I is a scalar periodic iden-

tity autoregressive weight parameter at time t, w(t)
L is a scalar periodic Laplacian

autoregressive weight parameter at time t, v(t) is a scalar periodic moving-average
weight parameter at time t, and σ is a non-linear activation function such as para-
metric rectified linear unit (PReLU). The graph Laplacian L from (2.1) has been
selected as a graph shift operator. The rationale behind this choice is filtering
mechanism of the graph Laplacian. The identity part in (3.4) correspond to all-pass
filter, while the graph Laplacian correspond to high-pass filter because it captures
the differences between a node’s signal value and those of its neighbors. There-
fore, different filtering behaviors can be obtained, such as band-pass or high-pass,
by periodically applying the given convolution layer. Proofs of these claims are
given in the section on frequency analysis.

The initial autoregressive state YYY(0) is usually not available from the dataset.
Thus, it can either be set to zero or computed from input matrix XXX by applying
linear layer QQQ as YYY(0) = XXXQQQ, where QQQ. However, this approach increases memory
requirements of the model as matrix QQQ is not fixed and also learned during train-
ing. In Figure 3.2, the left diagram is the implementation of pARMAConv layer
for pARMA-GNN-s model. It requires initial autoregressive output, feature input
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Figure 3.1: The general block diagram of the proposed pARMA-GNN architecture. The left block
diagram shows information flow of the model consisting of linear encoder, M pARMAConv layers
and linear decoder. The right block diagram shows inner block diagram of first pARMAConv layer
consisting of P periodic propagation T times.

and normalized graph Laplacian for propagation. The bias term is included as
additional feature.

3.2 Periodic ARMA Graph Neural Network with Matrix Weights

The second version of the proposed pARMA-GNN uses weight matrices instead of
scalars. The convolution layer of pARMA-GNN matrix (pARMA-GNN-m) is given
as:

YYY(t+1) = σ(YYY(t)WWW(t)
I + LLLYYY(t)WWW(t)

L +XXXVVV(t)), (3.5)

where WWW(t)
I is a periodic identity autoregressive matrix weight parameter at time t,

WWW(t)
L is a periodic Laplacian autoregressive matrix weight parameter at time t, and
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VVV(t) is a periodic moving-average matrix weight parameter at time t.
The main reason for proposing matrix weighted version of pARMA-GNN is im-

proving expressive power of the model. Scalar weights are very memory-efficient
because there are only 3 parameters per pARMAConv layer; however, they apply
the same filter strength to all feature dimensions and cannot learn complex inter-
actions between feature channels. In this case, uniform filtering leads to limited
expressiveness of the model. In contrast, pARMA-GNN-m has higher modeling ca-
pacity as it applies filters across feature dimensions at the expense of higher mem-
ory requirements. From the neural networks perspective, both pARMA-GNN-s
and pARMA-GNN-m have their own use cases. For example, if the size of data
is comparatively small, pARMA-GNN-s is expected to be better choice because
it can potentially learn all important patterns in the data without spending too
much memory resources. Whereas, pARMA-GNN-m is more well-suited for large
datasets as its matrix weight parameters allow it to learn more complex relation-
ships between features. Moreover, pARMA-GNN-m may overfit in small datasets
due to large number of parameters losing its generalization power.

3.3 Modifications to the Periodic ARMA Graph Neural Network

Two modifications of the proposed pARMA-GNN have been developed to further
improve its efficiency performance-wise and memory-wise.

To improve the adaptivity of pARMA-GNN, a periodic learnable parameter
α(t) is introduced, which controls the spectral filtering behavior of the model by
balancing between identity and the graph Laplacian autoregressive terms. The up-
date equation of adaptive pARMA-GNN (Ada-pARMA-GNN) for scalar weighted
version is given as:

YYY(t+1) = σ(α(t)w(t)
I YYY(t) + (1 − α(t))w(t)

L LLLYYY(t) + v(t)XXX). (3.6)

The same equation for matrix weighted pARMA-GNN is given as:

YYY(t+1) = σ(α(t)YYY(t)WWW(t)
I + (1 − α(t))LLLYYY(t)WWW(t)

L +XXXVVV(t)), (3.7)

Using adaptive parameter α(t) helps the model to emphasize a specific filtering be-
havior depending on the underlying structure of the dataset. Specific application
of Ada-pARMA-GNN is shown in section 4. In Figure 3.2, the middle block dia-
gram is illustration of Ada-pARMAConv layer of Ada-pARMA-GNN-s model. It
has additional weighting periodic coefficient α(t) that improves the adaptability of
autoregressive terms.

The memory requirements of the proposed pARMA-GNN can be further de-
creased by implying symmetric assumption on autoregressive weight parameters.
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Figure 3.2: Block diagrams of pARMAConv layers for pARMA-GNN architecture in 1 timestamp
at layer m. The left block diagram is original pARMAConv layer, the middle block diagram is
Ada-pARMAConv layer that includes additional periodic weighting parameter α(t), and the right
block diagram is Simple-pARMAConv layer that uses normalized adjacency matrix and only one
autoregressive weight.

Specifically, scalar weights can be set as w(t)
L = −w(t)

I and matrix weights can be
set as WWW(t)

L = −WWW(t)
I , which simplifies (3.4) and (3.5) into:

YYY(t+1) = σ(w(t)
I ÃAAYYY(t) + v(t)XXX) (3.8)

and

YYY(t+1) = σ(ÃAAYYY(t)WWW(t)
I +XXXVVV(t)), (3.9)

respectively. Simplified pARMA-GNN (Simple-pARMA-GNN) offers low-pass fil-
tering by assuming normalized adjacency matrix ÃAA as the graph shift operator in
its propagation steps. In theory, the expressive power of Simple-pARMA-GNN
is lower than pARMA-GNN and Ada-pARMA-GNN; however, Simple-pARMA-
GNN is less memory-intensive and can be used as an alternative to other spec-
tral GNNs with low-pass filtering mechanism such as GCN. In Figure 3.2, the
right block diagram provides the implementation of Simple-pARMAConv layer
of Simple-pARMA-GNN-s model. As can be seen, the model has only one autore-
gressive term and replaces normalized graph Laplacian with normalized adjacency
matrix.
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3.4 Relationship between Periodic ARMA Graph Neural Network and
Other Spectral Graph Neural Networks

Due to its recursive equation, pARMA-GNN can be seen as a generalization of
several other spectral models. First of all, pARMA-GNN can approximate GNNs
based on polynomials such as ChebNet because such models use order K finite
polynomials.

In the case of GCN, it can be directly derived from pARMA-GNN under certain
conditions. Specifically, when P = 1, V(t) = 000 and WWW(t)

L = −WWW(t)
I , (3.5) simplifies

to:

YYY(t+1) = σ(ÃAAYYY(t)WWW I). (3.10)

Taking into account that initial autoregressive weight can be defined by linear
transformation of input matrix, (3.10) at step t = 1 can be rewritten as:

YYY(1) = σ(ÃAAXXXQQQWWW I), (3.11)

which corresponds to update equation of GCN with linearly transformed input
matrix.

3.5 Frequency Response Analysis of the Periodic ARMA Graph Neural
Network

In this section, frequency response of the proposed pARMA-GNN-s is derived and
stability condition is provided. The two assumptions are needed for frequency
response derivation:

• Initial autoregressive state YYY(0) is arbitrary;

• Non-linear activation function set to identity as σ(xxx) = xxx.

Then, first two iterations of recursion (3.4) can be calculated as:

YYY(1) = (w(0)
I III + w(0)

L LLL)YYY(0) + v(0)XXX

YYY(2) = (w(1)
I III + w(1)

L LLL)(w(0)
I III + w(0)

L LLL)YYY(0) + v(0)(w(1)
I III + w(1)

L LLL)XXX + v(1)XXX. (3.12)

Finally, the closed-form formula of recursion (3.4) from above iterations (3.12) can
be obtained as:

YYY(T+1) =
T

∏
t=0

(w(t)
I III + w(t)

L LLL)YYY(0) +
T

∑
t=0

v(t)
T

∏
k=t+1

(w(k)
I III + w(t)

L LLL)XXX. (3.13)

From (3.13), autoregressive output at time T + 1 depends on weighted combina-
tion of initial autoregressive state YYY(0) and input feature matrix XXX. The first term
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in (3.13) is stability condition of the system because periodic product must be
bounded to not let the output YYY(T+1) to explode. As a result, the stability condition
of pARMA-GNN-s is given as:

|
T+1

∏
t=0

(w(t)
I + w(t)

L ρ)| < 1, (3.14)

where ρ = max{|λi|} is a spectral bound of the graph Laplacian. This stability
condition ensures that the output is not increased indefinitely. The frequency re-
sponse of the system is obtained by considering it in its limiting case when T → ∞.
Thus, first term in (3.13) approaches 0 due to stability condition and the output is
given as:

lim
T→∞

YYY(T+1) =
T

∑
t=0

v(t)
T

∏
k=t+1

(w(k)
I III + w(t)

L LLL)XXX. (3.15)

This means that output of the system does not depend on initial conditions. The
further derivation of (3.15) is provided in [42], which is given as:

YYY =
(

III −
P−1

∏
t=0

(w(t)
I III + w(t)

L LLL)
)−1( P−1

∑
t=0

v(t)
P−1

∏
l=t+1

(w(l)
I III + w(l)

L LLL)
)

XXX. (3.16)

Then, by dividing both sides of (3.16) by input matrix XXX and considering a specific
frequency λ, the frequency response of pARMA-GNN-s is defined as:

H(λ) =

P−1

∑
t=0

v(t)
P−1

∏
l=t+1

(w(l)
I + w(l)

L λ)

1 −
P−1

∏
k=0

(w(k)
I + w(k)

L λ)

. (3.17)

The obtained frequency response (3.17) is very flexible and has capabilities to
filter any arbitrary frequency range. The main parameters that affect the behavior
of filter are weights and period. It can be illustrated by setting each parameter as
shown in Table 3.1 as an example, where period is set to 2. In this case, (3.12) is
simplified as:

H(λ) =
v(0)(w(1)

I + w(1)
L̃ λ) + v(1)

1 − (w(0)
I + w(0)

L̃ λ)(w(1)
I + w(1)

L̃ λ)
. (3.18)

From above equation, it can be seen that denominator is second order polynomial,
which allows to have low-pass, band-pass and high-pass filtering capability de-
pending on weights. The results of frequency response plots are shown in Figure
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Table 3.1: Weight parameter values for frequency response with P = 2.

Parameters Low-pass Band-pass High-pass

w(0)
I 0.8 0.5 0.05

w(1)
I 0.9 0.5 0.05

w(0)
L̃ -0.2 0.7 0.5

w(0)
L̃ -0.2 -0.7 0.5

v(0) 1.0 1.0 1.0
v(1) 0.2 -1.0 -1.0
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Figure 3.3: Normalized frequency responses of pARMA-GNN with low-pass, band-pass, and high-
pass behaviors when P = 2.

3.3. It can be observed that the frequency response of the proposed pARMA-
GNN-s is flexible and can model any filtering behavior including low-pass, band-
pass and high-pass. The eigenvalues corresponding to frequency of graphs are
bounded due to normalized graph Laplacian. The frequency responses are also
normalized for better visual representation.



Chapter 4

Results and Discussions

4.1 Datasets and Performance Measurements

For the node classification task, two sets of datasets have been used 1. The first
group of datasets includes homophilic citation networks such as Cora, CiteSeer and
PubMed from [44] with descriptions given in Table 4.1. Cora is the smallest dataset
containing 2708 nodes, 5429 edges and 1433 dimensional features with the largest
number of classes, 7 in total. CiteSeer has the highest feature dimension of 3703
with 3312 nodes, 4372 edges and 6 classes. Lastly, PubMed is the biggest graph
with 19717 nodes, 44338 edges, 3 classes and feature dimension of 500. The second
group consist of 6 heterophilic graphs, namely: Chameleon and Squirrel datasets
from Wikipedia networks [45], induced Actor dataset [46], and university webpage
networks Wisconsin, Texas and Cornell [46]. Chameleon and Squirrel are net-
works created from a collection of wikipedia webpages involving chameleons and
squirrels, respectively. Actor dataset is extracted from film-director-actor-writer
network, where actors starred in the same film are connected. Wisconsin, Texas
and Cornell are networks created from a collection of university webpages. Het-
erophilic graphs are divided into 2 groups, where each group contains 3 graph
datasets. Actor, Chameleon and Squirrel are considerably large graphs and their
descriptions are given in Table 4.2, where it can be seen that Actor has the largest
number of nodes while Squirrel has around 200000 edges, which is the highest
number in all given datasets. The descriptions of small heterophilic datasets, Wis-
consin, Texas and Cornell are given in Table 4.3, where graphs contain no more
than 251 nodes and the highest number of edges is only 450. All descriptions also
include the edge homophily ratio from [47] given as:

h =
|{(ui, uj) : (ui, uj) ∈ E ∧ yi = yj}|

|E | , (4.1)

1All datasets are obtained from public access and do not contain any sensitive information

22
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Table 4.1: Descriptions of homophilic graph datasets used in node classification experiments.

Features Cora CiteSeer PubMed
Number of nodes 2708 3327 19717
Number of edges 5278 4552 44324
Number of classes 7 6 3
Number of features 1433 3703 500
Homophily ratio (h) 0.81 0.74 0.80

Table 4.2: Descriptions of large heterophilic graph datasets used in node classification experiments.

Features Actor Chameleon Squirrel
Number of nodes 7600 2277 5201
Number of edges 26659 31371 198353
Number of classes 5 5 5
Number of features 932 2325 2089
Homophily ratio (h) 0.22 0.23 0.22

where yi is the label of node ui. The given edge homophily ratio measures the
fraction of edges that connect nodes with the same label. Thus, if h is close to 1,
then most of nodes with the same label are connected with each other, meaning
that underlying graph structure exhibits smooth changes across connected nodes.
Such type of nodes can be classified using low-pass filtering. Whereas, homophily
ratio close to 0 means that changes along edges are very sharp and variation in sig-
nals or feature vector between neighboring nodes are large. These graphs require
high-pass filtering capability from a model to detect sharp changes and preserve
information of each node instead of smoothing them out. As can be seen from
description tables, homophilic graphs have high h, while heterophilic graphs have
small h.

For the graph classification task, 3 datasets from TUDataset [48] have been used,
namely: MUTAG, PROTEINS, IMDB-BINARY. In the case of IMDB-BINARY, it
does not have feature matrix; thus, graph properties such as clustering coefficients
and node degrees have been extracted and used as feature matrix.

All datasets have been used directly from PyTorch Geometric (PyG) Python
library [49]. Heterophilic graphs have been converted into undirected graphs and
self-loops have been removed. This is done because some graphs are initially given
as directed and certain models do not require self-loops.

For all experiments, accuracy has been chosen as a performance metric, which
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Table 4.3: Descriptions of small heterophilic graph datasets used in node classification experiments.

Features Wisconsin Texas Cornell
Number of nodes 251 183 183
Number of edges 450 279 277
Number of classes 5 5 5
Number of features 1703 1703 1703
Homophily ratio (h) 0.18 0.06 0.12

is given as:

Accuracy =
TP + TN

TP + TN + FP + FN
, (4.2)

where TP is true positives, TN is true negatives, FP is false positives, FN is false
negatives.

However, it should be also noted that there are other important performance
metrics that can be used such as: recall, precision, F1 score, ROC AUC. These
metrics allow to get better understanding of the model’s behavior. Aforementioned
metrics will be used in the future experiments.

4.2 Implementation and Reproduction of Graph Neural Network Mod-
els

Two GNN architectures have been reviewed and implemented to better under-
stand the mechanism behind them. Specifically, Graph Convolutional Network
(GCN) [34] as an original graph convolutional and representative of linear spec-
tral model and Graph Attention Network (GAT) [14] as an example of attention
mechanism in graphs. The implementations are done using Python programming
language and its deep learning libraries PyTorch and PyTorch Geometric (PyG).
The specifications of custom implementations followed original ones as close as
possible. There have been some adjustments due to computation limitations.

The first implemented GNN model is GCN. The results of custom and PyG
training for Cora dataset are shown in Figure 4.1 and Figure 4.2 respectively.
Whereas the custom and PyG implementation results for CiteSeer dataset are show
in Figure 4.3 and Figure 4.4 respectively. The model relies on custom class GCN-
Layer, which is one layer of the model that performs forward pass. After that two
separate models have been initialised, the first one uses custom layer while the
second one uses GCNConv official implementation from PyG library. Models con-
sist of two layers with early stopping on validation loss, dropout mechanism and
L2 regularization to prevent overfitting. As can be seen from the results, custom
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implementations show similar performance in both datasets. The general trend
across all results is that models are over-fitting to training data; therefore, valida-
tion accuracy is significantly lower than training accuracy.

The second model is GAT that uses attention mechanism to compute the contri-
bution weight of each neighboring node to the target node. GAT is more expressive
than GCN because it assigns specific weight to each node instead of assigning nor-
malized weights as GCN. The custom and PyG implementation results trained on
Cora dataset are shown in Figure 4.5 and Figure 4.6 respectively. Whereas the cus-
tom and PyG implementation results for CiteSeer dataset are show in Figure 4.7
and Figure 4.8 respectively. The main component of the model is GATLayer module
that implements the one layer of forward pass. The difference in this implemen-
tation from GCN is that all function passes have been written purely in tensor
operations without any optimization techniques. The number of epochs have been
set to 200, which is considerably smaller than in the original paper. This is done
due to the computational complexity. Early stopping mechanism on validation loss
and accuracy is applied in addition to L2 regularization and dropout mechanism.
PyG implementation uses built-in GATConv layer. Again, it can be observed that
custom implementations provides very similar performance results in training set
for both datasets. However, it can also be noticed that PyG implementations has
faster convergence, for example they reach 80% accuracy around 10 epochs earlier.
Another difference is that PyG implementations has much smaller over-fit. As a
result, they retain most of their performance for new data.

4.3 Structural Properties and Filtering Behavior of the Periodic ARMA
Graph Neural Network

Initial experiments on homophilic and heterophilic datasets have shown interesting
symmetric pattern in the autoregressive weights of the proposed pARMA-GNN-s.
Discovered pattern does not depend on activation function and dataset property.
The results of experiments on homophilic Cora dataset has shown in Figure 4.9(a)
and Figure 4.9(a). Figure 4.9(a) shows trained pARMA-GNN-s parameters, where
autoregressive weights exhibit symmetry to certain degree. This symmetry can be
broken by applying previously proposed Ada-pARMA-GNN architecture in (3.6),
which adds additional periodic weighting parameter. The results of using Ada-
pARMA-GNN are given in Figure 4.9(a), which clearly shows that symmetry of
autoregressive weights has been reduced significantly. The similar results have
been obtained for heterophilic Chameleon dataset. The results of using pARMA-
GNN-s are shown in Figure 4.10(a), while Figure 4.10(b) shows the results for
Ada-pARMA-GNN. Again, the symmetry is broken, this time completely, after ap-
plying weighting parameter. The possible explanation for this symmetric pattern
is that pARMA-GNN intrinsically trying to use normalized adjacency matrix ÃAA by
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Figure 4.1: (a) Loss and (b) accuracy curves of training and validation data for custom implementa-
tion of GCN model trained on Cora dataset.
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Figure 4.2: (a) Loss and (b) accuracy curves of training and validation data for PyG implementation
of GCN model trained on Cora dataset.
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Figure 4.3: (a) Loss and (b) accuracy curves of training and validation data for custom implementa-
tion of GCN model trained on CiteSeer dataset.
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Figure 4.4: (a) Loss and (b) accuracy curves of training and validation data for PyG implementation
of GCN model trained on CiteSeer dataset.
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Figure 4.5: (a) Loss and (b) accuracy curves of training and validation data for custom implementa-
tion of GAT model trained on Cora dataset.
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Figure 4.6: (a) Loss and (b) accuracy curves of training and validation data for PyG implementation
of GAT model trained on Cora dataset.
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Figure 4.7: (a) Loss and (b) accuracy curves of training and validation data for custom implementa-
tion of GAT model trained on CiteSeer dataset.
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Figure 4.8: (a) Loss and (b) accuracy curves of training and validation data for PyG implementation
of GAT model trained on CiteSeer dataset.
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forcing autoregressive weights to w(t)
I ≈ w(t)

L . Even though the underlying princi-
ple of this property is unknown for now, it is not suitable for heterophilic graphs
as they need to use graph shift operator that can capture high-frequency compo-
nents, such as normalized graph Laplacian. Thus, applying previously proposed
Ada-pARMAConv layer can in theory solve this problem. However, it is not rec-
ommended to use Ada-pARMAConv layer for homophilic graphs as they in fact
work well with smoothing operators such as normalized adjacency matrix.

The above observation has led to an idea to proposition of Simple-pARMAConv
layers defined in (3.8). The reason for that is the homophilic graphs do not lose any
performance by replacing normalized graph Laplacian with normalized adjacency
matrix, but it reduces the memory requirements.

In the case of filtering capabilities of pARMA-GNN in practice that has been
previously shown theoretically, additional node classification experiments on syn-
thetic data have been conducted. Specifically, a random graphs have been gener-
ated consisting of 200 nodes and randomly split into class -1 and class 1, where
each class has 100 nodes. Then, the probability of connection between nodes of
the same class (p) has been fixed to 0.1. Whereas the probability of connection
between nodes of different classes (q) has been varied from 0.01 to 0.1 by adding
0.1 for each next graph. Nodes have single feature drawn from Gaussian distribu-
tion. The negative class has mean of -0.5 and standard deviation of 1, while the
positive class has mean of 0.5 and the same standard deviation. This means that
class features may overlap, so there is no ideal separation between two classes. The
probability q directly controls the homophily ratio defined in (4.1). Higher proba-
bility of q lowers the homophily ratio meaning that at higher q the model must have
high-pass filtering capabilities. For this experiment, GCN, ChebNet with K = 3,
ARMAConv with T = 1, K = 3, pARMA-GNN with T = 1, P = 2 and pARMA-
GNN with T = 2, P = 2 have been selected. The results are shown in Figure 4.11.
As expected, GCN performs quite poorly at certain degrees of homophily and its
accuracy drops to 70%. In contrast, polynomial models retain their performance
at relatively good range with the lowest at 85%. Proposed pARMA-GNN with
single timestamp has better results than pARMA-GNN with T = 2, which may be
due to deeper network. However, both of the proposed models has good filtering
capability and are competitive to ChebNet and ARMAConv models.

4.4 Semi-supervised Node Classification Task

For semi-supervised node classification, 11 models have been selected:

• GCN [34] as a baseline spectral model, which is based on linear approxima-
tion of Chebyshev polynomials;

• AdaGNN [38] as an adaptive model with the ability to filter high-frequency
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Figure 4.9: Visualization of learned weights for Cora dataset trained on 2-layer pARMA-GNN-s. The
top plot is for layer 1 and the bottom plot is for layer 2. (a) Results using pARMAConv layer, (b)
results using Ada-pARMAConv layer.
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Figure 4.10: Visualization of learned weights for Chameleon dataset trained on 2-layer pARMA-
GNN-s. The top plot is for layer 1 and the bottom plot is for layer 2. (a) Results using pARMAConv
layer, (b) results using Ada-pARMAConv layer.
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Figure 4.11: Accuracy performance for synthetic graphs with varying degree of homophily.

components;

• AKGNN [39] as another adaptive model capable of filtering different fre-
quencies;

• BernNet [30] as polynomial filter that can model complex type of filters;

• ChebNet [28] as polynomial model that can approximate arbitrary filtering
behaviors

• CayleyNet [40] as ARMA-based polynomial model with high precision in
modeling band-pass filters;

• GPR-GNN [32] as polynomial model with the ability to handle both graph
structure-specific and node features-specific information;

• JacobiNet [31] as generalized polynomial model with orthogonal bases;

• ARMAConv [41] as ARMA-based polynomial model and direct counterpart
of the proposed pARMA-GNN;

• The proposed pARMA-GNN-s as ARMA-based polynomial model that uti-
lizes scalar parameters and is less memory-intensive at the cost of lower ex-
pressive power;
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Table 4.4: Accuracy performance results in semi-supervised node classification task for homophilic
datasets.

Model Cora CiteSeer PubMed
GCN[34] 79.06±1.42 63.03±1.19 74.36±2.54
AdaGNN[38] 76.20±2.46 56.70±4.85 66.36±1.63
AKGNN[39] 80.01±1.00 67.12±1.28 77.49±0.45
BernNet[30] 77.85±1.58 64.03±1.79 51.08±2.37
ChebNet[28] 72.36±3.18 62.97±2.49 73.02±3.04
CayleyNet[40] 72.71±5.12 52.39±3.23 OOM
GPR-GNN[32] 78.29±2.64 62.48±2.14 78.01±0.78
JacobiNet[31] 79.44±0.46 67.98±0.85 76.66±0.62
ARMAConv[41] 77.22±0.81 58.74±1.70 75.56±1.08
pARMA-GNN-s 80.73±0.87 64.68±1.18 77.04±0.58
pARMA-GNN-m 77.48±1.50 63.52±1.75 77.34±0.79

*OOM - out-of-memory

Table 4.5: Accuracy performance results in semi-supervised node classification task for large het-
erophilic datasets.

Model Actor Chameleon Squirrel
GCN[34] 27.07±0.19 65.36±0.59 47.57±0.48
AdaGNN[38] 33.32±0.40 56.01±0.48 34.67±0.29
AKGNN[39] 33.25±0.16 55.03±0.38 42.23±0.84
BernNet[30] 30.22±0.39 42.86±0.57 22.90±0.25
ChebNet[28] 32.50±0.19 51.59±0.46 41.68±0.34
CayleyNet[40] OOM 66.34±0.64 51.93±0.28
GPR-GNN[32] 33.33±0.35 57.97±0.25 36.02±0.24
JacobiNet[31] 32.12±0.21 44.07±0.32 31.49±0.30
ARMAConv[41] 23.98±0.29 57.91±0.25 44.63±0.27
pARMA-GNN-s 34.50±0.34 61.77±0.64 43.17±0.79
pARMA-GNN-m 34.87±0.33 67.00±0.35 52.81±0.47

*OOM - out-of-memory

• The proposed pARMA-GNN-m as ARMA-based polynomial model that uses
matrix parameters offering higher filtering capabilities by requiring more
memory.

All models have linear encoding layer that transforms input features into hid-
den dimension, several convolution layers depending on the specific model, and
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Table 4.6: Accuracy performance results in semi-supervised node classification task for small het-
erophilic datasets.

Model Wisconsin Texas Cornell
GCN[34] 49.53±0.77 49.19±0.94 43.86±1.37
AdaGNN[38] 83.36±1.22 80.35±1.05 75.89±1.60
AKGNN[39] 52.75±1.24 59.03±1.64 42.03±1.65
BernNet[30] 34.96±0.83 32.05±2.14 28.43±1.78
ChebNet[28] 76.96±1.32 76.62±1.00 62.00±1.19
CayleyNet[40] 80.55±1.12 78.89±1.89 66.22±1.73
GPR-GNN[32] 80.20±2.12 81.65±1.59 72.57±2.23
JacobiNet[31] 51.90±1.02 41.19±1.29 35.65±1.44
ARMAConv[41] 60.02±0.83 65.84±1.10 55.78±0.68
pARMA-GNN-s 85.49±1.13 82.68±1.56 76.11±0.88
pARMA-GNN-m 84.00±0.72 81.97±2.10 73.73±1.15

linear decoding layer that transforms features from hidden dimension to output
class vector. The number of convolution layer directly depends on the model ar-
chitecture, for example GCN includes only 2 convolution layers because it suffers
from over-smoothing problem and deeper network deteriorates the performance
while CayleyNet uses 1 convolution layer as the model is very complex and has
the highest computational complexity among the tested models. The proposed
pARMA-GNN-s and pARMA-GNN-m also used either 1 or 2 convolution layers
depending on the dataset. This is because proposed models contain T · P itera-
tions in one forward pass; thus, they propagate to larger neighborhood even with
1 layer. The polynomial degree for ChebNet, BernNet, CayleyNet and JacobiNet
have been chosen from 3 to 5. Too small value of polynomial degree results in
poor performance as polynomial models lose their expressive power heavily with
smaller degrees, whereas higher degree leads to huge computational time as each
of these models computes their corresponding polynomials during training or ini-
tialization. Each model has its own learning rate, dropout and L2 regularization.
The graph shift operator of each model is set to one from their original paper. The
number of epochs is set to 500 with early stopping set to 200 on validation loss.
Each model has run 10 times to provide average accuracy and standard deviation
results.

Table 4.4 presents accuracy results for homophilic datasets. The bold and
underline indicate the best and second best results, respectively. The results for
pARMA-GNN-s and pARMA-GNN-m indicate the best one from original models,
and their modifications Ada-pARMA-GNN and Simple-pARMA-GNN. As can be
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seen from the results, both models provide competitive performance, and pARMA-
GNN-s is even the best model in Cora dataset. These results show that proposed
pARMA-GNN architecture is able to filter low frequency components in a graph,
utilizing their smoothness factor. The best results for CiteSeer and PubMed are
also from polynomial models, which confirms their higher expressive power than
linear models. However, AKGNN has also shown great performance, being sec-
ond best model in all 3 datasets. In the case of ARMA-based models, proposed
pARMA-GNN-s and pARMA-GNN-m outperforms both ARMAConv and Cay-
leyNet by significant margin. Especially CayleyNet, which has one of the lowest
results due to small polynomial degree. For PubMed, CayleyNet has had out-of-
memory (OOM) problem due to graph size.

Table 4.5 shows the results for large heterophilic datasets. In this case, it can
be observed that pARMA-GNN-m has the best results in all 3 datasets. pARMA-
GNN-s scored second best in only Actor and has shown comparatively poor per-
formance in other 2 datasets, while CayleyNet has got the second best performance
in Chameleon and Squirrel with OOM in Actor dataset. Such huge difference in
performance between pARMA-GNN-s and pARMA-GNN-m can be explained by
their number of parameters and its effect on their expressive power. Such large
graphs require considerable amount of parameters from models to capture their
intrinsic patterns, where pARMA-GNN-m with its matrix parameters can easily
learn that patterns. The same cannot be said on pARMA-GNN-s, which contains
only 3P parameters per pARMAConv layer. As expected, linear models have not
reached the performance level of polynomial models as they are unable to fully
capture high-frequency information between neighboring nodes. In the case of
ARMA-based models, pARMA-GNN-m has shown the best results, while ARMA-
Conv is the worse one. The poor performance of ARMAConv can be hypothetically
related to its graph shift operator, which is normalized adjacency matrix. Authors
of ARMAConv have decided to use shifted version of graph Laplacian to bound the
eigenvalues between -1 and 1 for stability purposes; however, by that design choice
they essentially transformed their ARMA filter into low-pass filter. Even though
it is fully possible to obtain other filtering behaviors by combination of low-pass
filters, parallel stacking in the case of ARMAConv, the model still exhibits low-pass
filtering behavior in each layer.

Table 4.6 demonstrates the results for small heterophilic datasets. As can be
seen from the accuracy results, pARMA-GNN-s is the performing model with
pARMA-GNN-m being second best in Wisconsin and Texas datasets. The most
interesting observation is that pARMA-GNN-s performs better in small datasets
while pARMA-GNN-s has significantly outperformed in large datasets. The ratio-
nale behind such good performance of pARMA-GNN-s is the same as for pARMA-
GNN-m for large grahs. Small datasets does not need large amount of parameters
to identify the pattern within underlying graph structure. In contrast, having a
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Table 4.7: Accuracy measurements of pARMA-GNN-m models for ablation study in semi-supervised
node classification task.

Model Cora CiteSeer PubMed
pARMA-GNN-m 76.60±1.60 62.91±2.24 77.05±0.93
pARMA-GNN-m (K = 1) 75.53±1.87 60.20±1.50 74.41±9.18
pARMA-GNN-m (T = 1) 76.80±1.11 60.68±2.96 76.31±1.56

Table 4.8: Number of parameters of pARMA-GNN-m models for ablation study in semi-supervised
node classification task.

Model Cora CiteSeer PubMed
pARMA-GNN-m 56936 129543 26948
pARMA-GNN-m (K = 1) 52712 125319 22724
pARMA-GNN-m (T = 1) 65384 137991 35396

large number of parameters can be harmful due to possibility of over-fitting to
the data. All linear models except AdaGNN has one of the lowest performances,
which shows that the design choice of AdaGNN is capable of filtering heterophilic
graphs. In the case of ARMA-based models, ARMAConv has again shown the
poorest performance, which may be due to the same reasons discussed in results
for large heterophilic graphs.

Additionally, ablation study has been conducted on fixing specific parameters
separately to find out the individual contributions of them on the overall per-
formance of pARMA-GNN-m. The proposed model have been compared against
pARMA-GNN-m with no periodicity (K = 1) and pARMA-GNN-m with no times-
tamp (T = 1). Procedure is the same as in node classification experiment. Original
pARMA-GNN-m is 2 layer network; thus, the timestamp of pARMA-GNN-m with
no period is set to 4 while the period of pARMA-GNN-m with no timestamp is
set to 4 to match the computational tree of original pARMA-GNN-m. This ensures
that all networks reach the same neighborhood in each iteration. Number of pa-
rameters for each model has been also computed to highlight their difference in
memory requirements.

The performance results and memory requirements are shown in Table 4.7 and
Table 4.8, respectively. The accuracy performances show that pARMA-GNN-m of-
fers the optimal solution beating other models in CiteSeer and PubMed and scoring
second in Cora while being the second best in memory requirements. No periodic-
ity results in lower number of parameters, but the performance suffers significantly
as pARMA-GNN-m (K = 1) loses by 1-3% accuracy performance depending on a
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Table 4.9: Accuracy performance measurements for graph classification task.

Model MUTAG PROTEINS IMDB-BINARY
GCN [34] 71.75±13.23 69.91±5.11 71.80±6.38
AdaGNN [38] 69.77±13.79 59.57±4.47 56.81±7.35
GPR-GNN [32] 70.38±9.81 63.45±5.55 52.92±5.94
ARMAConv [41] 68.71±11.31 70.44±3.93 56.21±7.72
pARMA-GNN-s 66.52±9.80 59.58±4.70 53.34±4.83
pARMA-GNN-m 74.47±11.76 70.88±3.48 49.10±4.43

Table 4.10: Execution time (in minutes) of ARMA-based models on several graph datasets.

Model CiteSeer PubMed Actor Squirrel
CayleyNet [40] 10.22 OOM OOM 213.87
ARMAConv [41] 3.19 10.34 39.86 37.33
pARMA-GNN-s 9.11 13.78 71.17 17.15
pARMA-GNN-m 1.28 16.24 5.54 4.74

dataset. In the case of pARMA-GNN-m (T = 1), it outperformed pARMA-GNN-
m only on Cora dataset by 1%, but requires much larger memory. Such difference
in number of parameters is explained by the fact that each layer does not have
periodic weights; thus, it requires more memory for the same depth network.

4.5 Graph Classification Task

For graph classification, 6 models have been selected: GCN, AdaGNN, GPR-GNN,
ARMAConv, pARMA-GNN-s, pARMA-GNN-m. All models have the same struc-
ture as in semi-supervised node classification experiments, except global mean
pooling is added before final linear decoder layer. This is done to obtain the final
embedding of the whole graph by combining all node embeddings. The procedure
of experiments includes 10-fold cross validation, where training set is further split
into 90% and 10% for training and validation sets. The dropout rate of 0.5 is used
for all runs. The hidden dimension is set to 32. The number of epochs is 500 and
early stopping is applied on validation loss with 200 steps. The aforementioned
procedure is repeated 10 times.

The results of experiments are given in Table 4.9. The performance measure-
ments show that pARMA-GNN-m has the best accuracy on MUTAG and PRO-
TEINS, datasets with initial features. Whereas, it performs poorly on IMDB-
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BINARY dataset, where the initial feature matrix has been created from graph
properties of the data itself. Thus, it can be said that pARMA-GNN is not the
best choice for graphs with no features or hand-crafted features as they may add
additional structural information without adding any feature relationship between
nodes. In contrast, GCN has the best performance on IMDB-BINARY by a large
margin, which shows that GCN can be used without any specific features of nodes
and gives good performance with only structural information. The results of
pARMA-GNN-s may indicate that small number of parameters is not enough to
model complex relationship between different graphs. In the case of ARMAConv,
it has shown comparable results to pARMA-GNN-m beating it in IMDB-BINARY.

Additionally, time execution of ARMA-based models, CayleyNet, ARMAConv,
pARMA-GNN-s, and pARMA-GNN-m have been tested, which is shown in Table
4.10. From the results, it can be seen that pARMA-GNN-m has overall the best
execution time with only being third on PubMed dataset, which has the highest
number of nodes. Apart from that, pARMA-GNN-s mostly loses to pARMA-GNN-
m and has mixed results with ARMAConv. The reason for that is pARMA-GNN-s
takes much more number of epochs to converge due to smaller number of param-
eters as it sometimes has taken all 500 epochs for training. Whereas, pARMA-
GNN-m usually takes around 250 epochs to converge. It can also be observed
that CayleyNet has the worst training time, especially for Squirrel dataset with the
highest number of edges.



Chapter 5

Conclusion

5.1 Summary of Work Done

In this paper, two GNN models have been reproduced using custom implemen-
tation and compared to official implementations. The results of custom models
have been considerably lower which may be due to several reasons such as better
numerical stability in official implementations.

A novel GNN model, pARMA-GNN, is proposed utilizing periodic ARMA
graph filters to reduce memory requirements and improve performance of spec-
tral GNNs. Two variations of pARMA-GNN have been developed, specifically
pARMA-GNN-s that uses scalar parameters and pARMA-GNN-m, which is based
on matrix parameters. Both models have shown great performance on both ho-
mophilic and heterophilic datasets, highlighting the filtering capabilities of the pro-
posed models. Additionally, two modifications have been introduced into pARMA-
GNN architecture based on different assumptions on the structure of dataset.
Ada-pARMA-GNN incorporates periodic weighting parameter that controls the
influence of autoregressive terms, improving the adaptive ability of the model.
Whereas, Simple-pARMA-GNN assumes that dataset is homophilic leading to
simplified and less memory-intensive implementation of pARMA-GNN. The the-
oretical analysis including the derivation of frequency response of the model has
been carried out, which has shown the ability of pARMA-GNN to model low-pass,
band-pass, and high-pass behaviors.

As a conclusion of one-year work, the results of work done during Capstone
I is in preparation for submission as a conference paper, while extended work
performed during Capstone II is in preparation for submission as journal paper
(as noted in List of Publications section).
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5.2 Future Work

For future work, the several possible extensions of the current work are planned.
These include studying common GNN problems such as over-smoothing and over-
squashing that negatively affect the performance of the model. Further study of
these problems are important because they allow to understand the underlying
mechanism of the model in terms of information propagation. As a result of fu-
ture studies, the expected outcome is to address the given problems and develop
a solution. To achieve these goals, extensive literature review of corresponding
problems and theoretical study of more advanced graph signal processing topics
will be done.
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