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ABSTRACT Tensegrity structures emerged initially as an art form, have recently gained substantial interest
among engineering researchers. The distinctive attribute of these structures is using pretensioned tensile
elements connected to rigid bars to establish an equilibrium of the whole structure. Thanks to these elements,
tensegrity structures are lightweight and yet robust. The main challenge impeding their widespread use is
the intricate constrained nonlinear dynamics caused by the tensegrity topology. In this paper, we extend the
dynamics of tensegrities by adding damping forces and incorporating forces along the connected strings
passing through several nodes. As an experimental platform, a two-stage stacked tensegrity manipulator
was constructed. The system was actuated using six actuators and the kinematic information of the system
was acquired by measuring the node coordinates using optical motion capture. Afterward, we compared the
structure behavior to the simulated one using our dynamics formulation. The results of these experiments
show that our dynamics formulation is capable of representing the rich nonlinear dynamics of stacked

tensegrity manipulators effectively.

INDEX TERMS Tensegrity, manipulator dynamics, robots, simulation.

I. INTRODUCTION

Tensegrity is a term derived from the conjunction of two
words: tension and integrity. It was first introduced by the
architect Buckminster Fuller [1]. The tensegrity structure is
a combination of rigid bodies and strings (i.e. prestressed
tensile elements), where the tensile elements are always in
tension and rigid bodies have the ability to resist the force in
both directions.

The tensegrity configuration is defined as a set of positions
and orientations of the rigid bodies in a tensegrity, which
can be stabilized by a specific connectivity of strings in
the absence of external forces [1]. Tensegrity structures can
be categorized according to their class as class-k, where k
represents the maximum number of rigid elements that are
in contact with each other. For example, rigid elements of
class-1 tensegrity structures have no contact with each other
and are connected only through tensile elements (see Fig. 1a),
whereas class-2 structures have at most two bars connected to
each other (see Fig. 1b).
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FIGURE 1. Schematics of three-dimensional tensegrity structures.

A point in 3D space where rigid and/or tensile elements
of a tensegrity are connected is called a node. Traditionally,
every connection at a node is modeled as a ball joint. There-
fore, string forces acting on the rigid elements of tensegrity,
in theory, generate only axial load without any moments or
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shear forces. In reality, the moments and shear forces are
minimal and thus, can be disregarded. This is one of the main
advantages of tensegrity structures, since it leads to the known
direction of every internal force in the structure. The other
advantage of tensegrities is their high load-to-weight ratio
thanks to the presence of prestressed tensile elements. Tensile
elements are lighter than rigid bodies and their prestress
makes the system more robust to external disturbances [1].
Another advantages of tensegrity structures include easy scal-
ability and energy efficiency.

Early tensegrity structures were built as an art form with
architectural grace [1]. Most early research was dedicated to
equilibrium and stability analysis of tensegrities. For exam-
ple, the necessary condition for stability of free-standing
(i.e. without any external support) tensegrity structures was
obtained using the tangent stiffness matrix [2]. Rigidity of
prismatic tensegrities was analyzed using stress matrix anal-
ysis in [3]. It was shown that if the stress matrix is positive
semi-definite and has the proper rank, then the associated
prismatic tensegrity structure is rigid. Researchers studied the
rigidity of general structures also utilizing quadratic energy
forms [4]. Stiffness of prestressed structures was found
by two alternative approaches: utilizing equilibrium and
stress matrices [5]. This work demonstrated a link between
the mathematical rigidity theory and engineering stiffness
theory.

Finding stable (equilibrium) initial configuration of the
tensegrity structure is called as form-finding. A form-finding
method for tensegrities with multiple states of self-stress
was introduced in [6]. The method only requires information
about the topology and the types of members. Other examples
of form-finding techniques applied for tensegrities include:
Monte-Carlo method suitable for arbitrary initial configura-
tions and large scale complex tensegrity structures with geo-
metric constraints [7], dynamic relaxation method applicable
for tensegrities with variable topology [8], genetic algorithms
for self-stressed (free-standing) [9] and regular [10] tenseg-
rities, finite element methods tailored for statically indeter-
minate tensegrities [11], multi-parameter form-finding [12],
and graph-based approach for complex, irregular and scalable
tensegrities [13]. This list of form-finding techniques is by
no means exhaustive and the reader is referred to [14], [15]
for further information. The aforementioned initial research
in static equilibrium conditions for tensegrity structures was
driven by their potential in civil engineering.

The use of tensegrity paradigm in robotics and aerospace,
however, requires the dynamics formulation of these systems.
The earlier results on tensegrity dynamics were achieved
by studying the force-displacement relationships, which
describe how the structures move under external loads. Trans-
fer function between an input excitation and the resulting
structural oscillation was found by using the second order
dynamic tensegrity model [16]. However, due to the assump-
tion of constant matrices in the equations, the solutions were
valid only for small oscillations around the equilibrium.
Equilibrium and compatibility conditions were utilized to
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investigate the behavior of tensegrity structures under small
perturbations around the equilibrium [17]. Exact analytical
solution for the force-displacement relationship of a simple
tensegrity was found by using the minimum energy condition
in terms of the nodal configuration and edge stresses [18].
Shape control of a tensegrity structure by adjusting the bar
lengths was considered in [19]. Researchers employed New-
tonian formulation to develop non-linear tensegrity model
using constrained particle dynamics subject to the principle
of virtual work.

Full nonlinear dynamics of class—1 tensegrities was
derived in [20]. The work used Lagrangian methodology
to formulate the equations in vector second order form
with independent generalized coordinates. Due to the sys-
tem topology, the approach yields highly nonlinear terms
with transcendental functions, which results in a compli-
cated mathematical representation. Linearized dynamic equa-
tions were derived based on both Eulerian and Lagrangian
formulations [21], [22]. Based on these equations, harmonic
analysis of a three-bar tensegrity and of a six-stage tensegrity
prism were performed. However, the obtained equations were
valid only around the neighborhood of a reference configura-
tion, around which the system was linearized. Modal analysis
of icosahedral and dodecahedral tensegrities was performed
in [23]. It was shown that natural frequencies of infinitesimal
mechanism modes increase as the square root of the ampli-
tude of the prestress. A comprehensive summary of tensegrity
dynamics can be found in [24].

Several works have focused on the control of tensegrity
structures. For example, a method to determine the tendon
force inputs that will move the tensegrity structure from
one configuration into another along a predefined path was
tackled in [25]. The method was based on feedback lineariza-
tion that utilizes the parameters in the null space of control
distribution matrix to obtain admissible and non-saturating
inputs. Dynamics of tensegrity structures was utilized also
for their locomotion [26]. Specifically, two tensegrity robots
were considered: triangular tensegrity prism with three bars
and quadrilateral tensegrity prism with four bars. For each
of these robots, automatic controllers based on evolution-
ary algorithms were developed in order to simulate their
locomotion based on periodic gate. It was shown that the
locomotion ability of tensegrity robots does not drastically
decrease in case of a single actuator failure. Vibration control
of a three-stage tensegrity tower using active damping was
presented in [27]. Integral force feedback, acceleration feed-
back control and active control methods were evaluated by
their ability to reduce the acceleration transmissibility from
the bottom base to the top plate. It was shown that force
and acceleration feedback control can effectively suppress
the first two bending modes of the tensegrity tower. The
active feedback control [28] was used to adjust the natural
frequencies of the tensegrities by changing the string stresses.
The authors demonstrated the effectiveness of the vibration
control of the five-module tensegrity obtained by shifting the
natural frequencies of the system.
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In order to simplify the complexity of formulation with
independent generalized coordinates, the nonminimal coor-
dinates representation of tensegrity dynamics was introduced
in [29]-[31]. In this formulation the system was described
with directional vectors of the rigid elements and the positions
of their centers. The formulation leads to a larger state space,
yet there are several advantages of this formulation. Firstly,
it eliminates all transcendental functions from the equations.
Secondly, the mass-inertia matrix does not depend on the
system states. Therefore, its inverse needs to be computed
only once and can be used at all subsequent iterations of
simulation. Later work [32] has transformed this dynamics
describing the system as 3D positions of the nodes and impos-
ing nodal constraints to preserve the constant length of rigid
elements. One of the advantages of this formulation is that
it can be easily extended to higher class tensegrity structures
by adding virtual nodes while preserving the pairwise con-
nection of the bars to the nodes. We note that alternative
equations of motion of the tensegrities might be obtained
by Kane’s approach [33], Gibbs-Appell formulation [34] or
Udwadia-Kalaba equations [35]. These methods were specif-
ically devised for constrained (holonomic or nonholonomic)
and multibody systems.

All of the above formulations of tensegrity dynamics did
not include the damping effects, contrary to the real-world
tensegrity structures. With the old formulations, a prestressed
tensegrity structure, initially at an equilibrium configura-
tion, would start to oscillate if an external impulsive force
is applied to one or more of its nodes. These oscillations
would be long-lasting. In reality, the oscillations die out rather
quickly, which indicates that the damping effects are sig-
nificant. As the complexity and size of tensegrity structures
increase, the discrepancy between their undamped simula-
tions and their real-world damped behavior is expected to
increase. Additionally, simulation of deployable tensegrity
structures and investigation of their utilization as vibration
isolators demand incorporation of dissipative forces into their
dynamics equations. Recently, damping forces were incor-
porated into dynamics of tensegrity bridges [36]. However,
the paper contains only simulation results, there is no exper-
imental verification of this damped dynamics of tensegrities,
and the structure is not actuated.

In tensegrity structures considered up to date, a single
string connects only two nodes. In order to obtain a fully con-
trollable tensegrity robot, each strings needs to be actuated
by an individual actuator. Therefore, for complex and large
tensegrity systems, number of strings and of the correspond-
ing actuators, increases rapidly. From the control perspective,
this is challenging and undesirable. High number of actuators
will increase the energy consumption and mass of the tenseg-
rity robots, thus ultimately diminishing and blurring their
advantages. One solution to this problem is to make a single
actuator control several strings. Therefore a single string,
which connects multiple nodes, needs to be implemented in
the tensegrity structure. This way it is possible to reduce
number of necessary actuators and to place them as close
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to the base as possible and decrease the overall moment of
inertia and mass of the system. Such structures would have
considerable benefits for industrial applications, since most
of the energy would be spent on moving the target object
(end effector) rather than the robot itself, as it happens in
traditional industrial manipulators. Moreover, a single string
connecting multiple nodes requires less number of clamping
elements, which in turn simplifies the tensegrity construction.

The contribution of this paper is twofold: Firstly, tenseg-
rity dynamics with damping forces was formulated and the
performed simulations were verified experimentally. These
damping effects were incorporated into strings, which gener-
ate dissipative forces proportional to the change in the length
of the strings. Secondly, cases with a single string connecting
multiple nodes were incorporated into tensegrity dynamics.
Several strings can be controlled by a single actuator using
a single string connecting multiple nodes. In order to test
the formulated tensegrity dynamics, a tensegrity structure
consisting of two stages (i.e. the stacked tensegrity manipu-
lator) was constructed. Six actuators were utilized to actuate
the tensegrity by pulling and releasing the strings. An opti-
cal motion capture system consisting of eight cameras was
built to measure the motion of the tensegrity robot during
the experiments. Finally, simulation results were compared
with real-world experimental measurements. Results showed
that the proposed tensegrity dynamics formulation accurately
describes the real-world tensegrity structure behavior.

The rest of the paper is organized as follows. Section II-
A reviews the tensegrity dynamics as formulated in [32].
In Section II-B tensegrity dynamics with single string con-
necting multiple nodes is formulated, which is followed by
incorporation of damping forces in Section II-C. Later the
constructed tensegrity structure, which serves as the experi-
mental platform, is described in Section III. This section also
includes the description of the simulations and experiments.
It is followed by the presentation and discussion of the sim-
ulation and experimental results in Section IV, and the paper
is finally concluded in Section V.

Il. DYNAMICS OF TENSEGRITY STRUCTURES

A. CONSTRAINED DYNAMICS OF

TENSEGRITY STRUCTURES

In this section, we adopt the derivation of the constrained
tensegrity dynamics from [32]. The description of the nota-
tions used in this section can be found in Table 1.

Each point, where rigid and tensile elements are connected,
is called a physical node n;,i € {1,...,u}, where p is
the total number of physical nodes. The rigid elements (i.e.
bars) are denoted with b;,i € {1, ..., 8} where B is the total
number of rigid elements and b; is the directional vector of i-
th bar, Fig. 2. Similarly, tensile elements are represented with
si,i € {l1,...,0}, where o is the total number of tensile
elements and s; is the directional vector of i-th string. Since
in class- 1 tensegrity structures rigid bodies are separated from
each other, each node has exactly one tip of a rigid element
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TABLE 1. List of the notations used in Section II-A and their descriptions.

Description

Scalar ~ Total number of physical nodes
Scalar  Total number of virtual nodes
Total number of bars

Scalar ~ Total number of strings

Scalar  Total number of constraints

3D position of i-th physical node [niz 1y 15]7

Alternative expression

(w+v)/2

/ 3 Tt ; H / / 11T
4 §R[ 3D position of i-th virtual node  [n}, n}, n; ]
b; R3 3D directional vector of i-th bar [b;y bsy b; 27
s; W13 3D directional vector of i-th [sig Siy Siz]T
string
N R3%28  Node position matrix [n1...mpnf ...onl]

C, RB*2F  Bar connectivity matrix

C, RP*28  Bar center connectivity matrix  |Cj|
Cs Rox2B String connectivity matrix
B 3% Bar direction matrix

S ®3X9  String direction matrix [s1 ...

by ... bs] = NCT
so] = NC{

m; Scalar  Mass of i-th bar

m  RP*P  Diagonal mass matrix ([m1ma2 ...mg])

M R26%26 Mags-inertia matrix Equation (1)

W R3%28  Matrix of exogenous forces [wy wa ... wg]

l; Scalar  Length of i-th bar [1i]]

I RBXB Diagonal matrix of bar lengths  ([l1 2 ... I3])

h;  Scalar  Length of i-th string [Is4]]

hY  Scalar  Rest length of i-th string

Ki Scalar  Stiffness coefficient of i-th string

i  Scalar  Stiffness force density on i-th Equation (2)
string

ol RT*7  Diagonal stiffness force density ([y1v2 ... Vo))
matrix

ti R3 Tension force vector along the i- v;s;
th string

T R3Xe  Matrix of tension forces along t1 ... to] = 5%

each string
Fs  $3%28  Matrix of tension forces applied —T'Cs = —NCT4C,
at each node

P R28%4  Nodal constraint matrix

A R3%4  Constraint value matrix

Q R3X®  Lagrangian multiplier matrix

F. $R3%28  Constraint force matrix oprT

A RA*B  Diagonal matrix of reaction force Equation (5)
densities

K R28*28 Matrix of nodal force densities CT4Cs — C}T;\Cb
connected to it, i.e. © = 2. Higher class tensegrities can
also be formulated in constrained class-1 form. For this,
all rigid elements are modeled as separate bars. Additional
virtual nodes are introduced for the ““freed” tips of these rigid
elements. In total, the system should result in v virtual nodes
n,i €{l,...,v},suchthat v 4 u = 2p.

The node position matrix is constructed by stacking
physical and virtual node vectors as columns: N =
[n1 ... nyn} ... n,]. By defining a constant bar connectivity
matrix Cp, it is possible to compute the bar directional vectors
b; from the node position matrix N. Each bar connects exactly
two of either physical or virtual nodes, i.e. b; = nj — n; ie
{1,...,B} j.k € {1,...,2B|j # k}. Therefore, C,’ = 1
and Cll;k = —1 (A% denotes the element of i-th row and j-th
column of matrix A). All other elements of Cj, are zero. The
bar direction matrix is then defined as B = NC bT , where its i-
th column is the vector b;, while superscript T denotes matrix
transpose.

The string connectivity matrix is derived similarly. The i-th
string connects exactly two of either physical and/or virtual
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FIGURE 2. Schematic diagram of a tensegrity bar and strings.

nodes, s; = nj—n; ie{l,...,ohjkefl,...,28|j #k}.
Therefore, Cs/ = 1 and Cg’k = —1. All other elements of
Cs are zero. The string direction matrix is then defined as
S = NCXT, where the i-th column of § is the vector s;.

Since strings are very light compared to the other elements
of the structure, their mass is assumed to be negligi-
ble. Furthermore, the bars are assumed to have a uniform
cross-section with their center of mass located exactly at
the geometric center. Because of this assumption, inertia of
a single bar about its long axis becomes negligible. It is
further assumed that the bars have zero thickness. By using
the masses of the bars, a diagonal mass matrix m =
(lmy my ...mg]) can be constructed, where (-) is a diagonal
operator, which returns a diagonal matrix given a vector or
a vector of the diagonal elements given a square matrix. The
mass-inertia matrix is then defined as

1
M = E(cgmcb +3CTmc,), (1)

where C, = |Cp| (| - | represents the absolute value of all
elements in the matrix).

The matrix W contains all exogenous forces acting at each
node, including weights generated by masses of the bars.
Since it is assumed that a bar’s center of mass is located
exactly at its center, the weight of the bar can be split equally
to both of its nodes. Taking gravity g acting in the negative z
direction, the weight value will have only z component equal
to —gm; /2.

The string lengths can be denoted as ; = ||s;|| and
the string rest length with h?. All strings of the system are
assumed to exert force only when they are in tension, i.e.
when the string displacement Ah; = h; — hl.o > 0. Thus,
the stiffness force density in the string i can be computed as

Ah; .
ki—, 1fAh; >0
Yi = hi (2)
0, otherwise,
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where k; is the stiffness of i-th string. The tension force vector
exerted by the i-th string is #; = y;s;. It denotes the tension as
a vector along the direction of the string and is always parallel
to s; when y; # 0. The matrix of string tension forces can be
described with T =[t1 12 ... t; 1 =[V1 511252 ... VoSo] =
Sy = NCI'y, where p = ([y1 y2 ... ¥s1). The following
equation transforms string tension forces to the nodal forces:
Fy = —TC;. The i-th column of Fg shows the direction and
magnitude of the tension force that is exerted at the i-th node
by all the strings connected to it.

Since a virtual node is created at the same position as
the corresponding physical node, it has to be constrained to
preserve its coincidence at all simulation time steps. In order
to ensure this, a nodal constraint matrix P and constraint
value matrix A are introduced, where ¢ is the total number
of constraints. These matrices are related in the following
form: NP = A. For instance, if we want to add the k-th
constraint, which specifies that the virtual node r; is located at
the position of physical node n;, then the following relation
should be satisfied: n; — nf = (. From this, it follows that
Pk =1, ptdk — 1 A3k =, with all other elements
of the column k of P filled with zeros. The forces, which are
generated by all constraints at all nodes can be written in the
matrix form F. = QPT, where Q is the Lagrangian multiplier
matrix and is computed by solving the algebraic equation (the
whole solution is elegantly derived in [32])

NKM™'P— QP M7'P=wM'P. 3)
The overall dynamics of the system can be written as
NM+NK=W +F,, 4)

The term NK in (4) represents the string tension forces,
together with the reaction forces along the bars, which occur
due to the imposed constraints. The matrix /C is given as K =
crycs — ChT)A»Cb, where 1 is

A= %((i‘zBT(TCS—W —Focl - éi—szTB», 5)
with] = (ll11> ... lg]) denoting a matrix of fixed bar lengths.
Physically, Lisa diagonal force density matrix, with every
diagonal element representing a force density acting along
a corresponding bar. The force density includes bar reaction
forces as well as constraint force required to preserve the
bar length. The equation is derived from single bar dynamics

in [29] and [32].

B. TENSEGRITY DYNAMICS WITH COMPOSITE STRINGS

This section covers the derivation of the forces produced
by strings when the structure has composite strings passing
through several nodes. The notations used in this and the
subsequent sections are summarized in Table 2. We define
a composite string as a string, which physically connects two
or more nodes. In other words, it represents a string, which is
a single physical entity and can pass through several nodes.
A composite string has unique physical parameters: Young’s
modulus, cross-sectional area and rest length. A simple string
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will refer to a portion of composite string that connects
exactly two nodes. For example, in Fig. 2 both s, and s, are
portions of a single composite string, which passes through
nodes ny, nj, and ny. In order to compute the tension in both
strings the length of the total composite string should be
found. This can be done by dividing the composite string into
smaller simple strings, which can be represented as vectors.
The total length is then the sum of the magnitudes of both
vectors.

Assuming a structure has o, composite strings, a vector
£V = [&? ‘;‘g{]T can be introduced, which will denote
the rest lengths of the composite strings. Since it is easier to
analyze the system using simple strings, o; will denote the
total number of simple strings and the vector § = [£] ... SUS]T
will represent their current lengths, or the distance between
the two nodes, to which each simple string is connected.

Composite connectivity matrix G maps the simple strings
to the composite strings. For instance, if i-th composite string
is divided into j-th and k-th simple strings, then G/ = G&/ =
1, while other elements of column i of G are filled with zeros.
Note that if all strings in the structure connect to exactly two
nodes, simple strings can be ordered in a way such that G =
I, where I,_is os-by-o, identity matrix.

Previously in (2), the stiffness coefficient of the strings
was considered to be constant, since string’s rest length was
assumed to be constant for all periods of time. However,
the Hooke’s law states that the force produced by a stretched
string is F = (EA/Lp)AL, where E, A, Lo and AL are
Young’s modulus, string’s cross-sectional area, string’s rest
length and string’s change in length, respectively. There-
fore, in systems where strings’ initial lengths are changing,
the effect of such strings should be taken into account.

The stiffness k.; = EiA;/ “g‘io of i-th composite string can be
mapped to the stiffness vector of the simple strings with x5 =
Gk, where k. = [Kk¢1 ... KCC,C]T. The string displacement
vector Af = G(GTg — £9) represents the displacements
of composite strings mapped to their corresponding simple
strings. The force density acting along the i-th simple string
is then defined as

Ks,'ﬁ, if AEI' >0
Vsi = & (6)
0, otherwise,

where «; is the i-th element of x; and Ag; is the i-th element
of the vector A£. A new matrix of tension forces along each
string is then constructed as Ty = [y51851 Y5252 - .. VsoSol =

S);s, where );s ={[ys1¥s2 -.- ans]>~

C. INCORPORATING DAMPING FORCES

TO TENSEGRITY DYNAMICS

In order to derive the damping forces in the strings, let us
assume that the strings’ rest lengths are not constant. For
example, they can be varied by actuators that pull and/or
release the strings. The dependence of the strings’ rest lengths
on the input may be described by Eo(t) = E(()) + Yu(t),
where 58 is a vector of composite strings’ rest lengths at
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TABLE 2. List of the notations used in Sections 1I-B and 1I-C and their
descriptions.

Sym. Dim.
Oc Scalar
Os Scalar

Description

Total number of composite strings

Total number of simple strings

o' Scalar ~ Total number of actuators

u(t) R Vector of inputs to the system

Y ReX>  Mapping matrix from inputs to com-
posite strings

G Rs X% Mapping matrix from composite to

simple strings

Alternative exp.

58 Re Vector of initial rest lengths of com-
posite strings

5? Scalar  Rest length of -th composite string
(i=1...00)

&0 Roe Vector of comp. strings’ rest lengths £ + Yu(t)

&  Scalar  Length of i-th simple string [Is: ]l

¢ Rs Vector of lengths of simple strings  [¢1 ... &5,]T

éi Scalar  Rate of length change of ¢-th simple éiTsi/&
string

é RS Vector of simple strings’ rates of [€1 ... 5 ]T
change in lengths

AE R String displacement vector G(GTe - ¢0)

AE Ros Rate of change in A& G(GT¢ - £9)

FE; Scalar  Young’s modulus of i-th composite
string

A; Scalar  Cross-sectional area of i-th compos-
ite string

Kei  Scalar  Stiffness coefficient of é-th compos- E; A; /f?
ite string

Ke Re Vector of composite strings’ stiffness [kc1 ... Keo]
coefficients

Ksi Scalar  Stiffness coefficient of i-th simple
string

ks RNTs Vector of simple strings’ stiffness Gkc
coefficients

vsi Scalar  Stiffness force density on i-th simple Equation (6)
string

vs  R7s*%s Diagonal stiffness force density ma- ([vs1 vs2 - .. Vso))
trix

T, R3%X9s  Matrix of tension forces along each S«s
simple string

(e RO Vector of composite strings’” damp- [Cc1 - .. Ceo.)
ing coefficients

Csi Scalar  Damping coefficient of ¢-th simple
string

(s RO Vector of simple strings’ damping G(.
coefficients

n;  Scalar  Damping force density on é-th sim- Equation (7)
ple string

il R7sX7s Diagonal damping force density ma- ([n1 ... 7o,])

trix

Matrix of damping forces along each S# = NCI'#

simple string

Fy  R3%28  Matrix of damping forces applied at —DCs = —NCTHC,

D %3><17S

each node

5\,1 REXB Diagonal matrix of reaction force Equation (8)
densities

Kq R26%28 Matrix of nodal force densities with Equation (9)
damping

the initial time step, u(¢) is a vector of « inputs and Y is
the matrix that maps inputs to the corresponding composite
strings. Therefore, the rest length of a composite string will
have a derivative: éo(t) = Yu(t), given that the input u(¢) is
differentiable at time step ¢. Therefore, the rate of change of
composite strings’ lengths is Aé = G(GT & — £9).

It should be noted that é,- # ||5i]] since §; includes both
translational and rotational velocities, while & represents only
translational velocity, or in other words the component of
s; along s;. Therefore, & = &iTs,-/E,-, where s;/&; is the unit
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vector along s;. Given a vector of composite strings’ damping
coefficients ¢, = [¢.1 ... ;CUC]T, it can be mapped to simple
strings’ damping coefficient vector: {; = G¢.. The damping
force density acting on the i-th simple string is therefore
e Ak if A§; >0
mi=1"&" T @)
0, otherwise,

where ¢j; is the i-th element of ¢; and A&; is the i-th element
of A&. The damping forces are present when A& < 0 and
disregarded only when composite string’s total length reduces
to the value below its rest length.

The damping force matrix containing force vectors
along the simple strings can be calculated as D =
71 51 ... NoySe,] = S =NCli), where i) = ([n1 ... no,]).
The matrix of damping forces acting on each node is therefore
F4 = —DC;. The total force generated by strings is the sum
of stiffness and damping forces. Therefore, both damping
force and damping force density matrices are added to the
stiffness force and stiffness force density matrices in the
dynamics equations, respectively. These modifications affect
the matrices K and i, and the new equations become

N BN Lion oty

ha = SUIZB (TA-DIC— W —Fo)Cf — 17 *nB" BY),
®)

Kq = CI@ +mC; — CLhaCp. ©)

The dynamics with the incorporation of the new
equations (8) and (9) becomes:

NM+NKy =W +F., (10)

The obtained equations of motion of a tensegrity structure
are algorithmic. Algorithmic equations of motion are known
for their efficiency when a system is large [37], [38]. Also
there is no need to re-derive the equations of motion if
tensegrity configuration is modified. It is sufficient only to
update the necessary matrices (e.g. N, Cp, C,, Cs and etc.) and
the corresponding boundary conditions (constraints). Other
advantages of equations (8)-(10) include absence of transcen-
dental functions and constant inertia matrix, which does not
depend on system states.

1IIl. CASE STUDY

A. TWO-STAGE STACKED TENSEGRITY

MANIPULATOR PROTOTYPE

We designed and built a tensegrity robot with two stages as
an experimental platform (see Fig. 3). Each stage consists of
six bars, seven composite string (equivalently represented as
eighteen simple strings) and one upper triangular plate. The
lower stage (Stage 1) was connected to the ground using three
bottom nodes (n1-n3), while the three bottom nodes (n;3-
n15) of the upper stage (Stage 2) were rigidly attached to
the upper triangular plate of the Stage 1 (see Fig. 3a). Upper
triangular plate of each stage was modeled using three virtual
bars (b13-b15 for Stage 1 and b1¢-b1g for Stage 2), with each
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TABLE 3. String connectivity matrix for the tensegrity robot.

Cs1 My | M2 | N3 | Na | N5 | Ne | N7 | Ng | Mo | Ni1o | 11 | N12
Ciso n13 | 14 | N15 | Nie | 17 | 18 | 19 | M20 | M21 | 22 | 23 | N24
S1 S19 1 —1
Scl 5o Sc8 520 1 1
S3 S21 1 —1
Se2 52 Sc9 S22 1 1
S5 S23 1 —1
Sc3 56 Sc10 Soa 1 1
S7 S25 1 —1
Sc4 S8 Sc11 526 1 1
S9 Sa7 1 —1
Sch 510 Sc12 S8 1 1
S11 S29 1 -1
Sc6 S11 Sc13 530 1 |
S13 531 1 —1
S14 S32 —1 1
S15 S33 1 —1
Ser 516 Scl4 531 1 1
S17 S35 1 —1
S18 S36 —1 1
TABLE 4. Bar connectivity matrix for the tensegrity robot.
Cbl ni n2 ns N4 ns Nne nr ns ng 10 | N11 | N12 n'l TL/2 n'3 nil nfr, n%
Cp2 || n13 | m1a | N1s | nie | M7 | Mis | Mig | Moo | Mo1 | N2z | Nes | Noa n'7 né ng ”/10 n'11 ”/12
b1 b7 1 —1
ba | bs 1 -1
b3 bo 1 —1
b4 b10 1 —1
b5 b11 1 —1
be | bi2 1 -1
b1z | bis 1]-1
bia | b17 1| -1
bis | bis 1 [ -1
TABLE 5. Composite string rest lengths, stiffness per unit rest length, and damping coefficients.

7 1 2 3 4 5 6 7 8 9 10 11 12 13 14
581' (m) 1.49 1.5 1.53 | 1.46 | 1.51 | 1.5 | 2.16 0.8 0.76 | 0.75 | 0.78 | 0.77 | 0.77 | 1.18
E;A; (kN) 140 140 140 20 20 20 140 140 140 140 20 20 20 140
Cei (KNs/m) 20 20 20 20 20 20 20 20 20 20 20 20 20 20

bar representing an edge of the triangle. This results in a
class-3 tensegrity structure since there are at most three bars
connected to each of the triangular plate’s nodes (e.g. njo has
b4 and two virtual bars b3 and b5 connected to it). The total
mass of the plate was divided equally among the three virtual
bars representing it.

We further classify the composite strings as vertical (actu-
ated and non-actuated) and saddle. Vertical strings connect
a bottom node (n1-n3 or n13-nis) in each stage with a cor-
responding top node (n19-n12 or nyz-nz4) and pass through
one of the saddle nodes (n4-ng or nig-n2;). The connec-
tivities of strings and bars in Stages 1 and 2 are summa-
rized in Tables 3, 4. Each actuated vertical string (s¢1-S¢3
or sc.8-Sc10) is connected to a separate actuator and each
non-actuated vertical string (sc4-Sc6 OF Sc11-S¢13) 1S attached
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to a linear extension spring. These prestressed springs were
added in series to the non-actuated strings in order to reduce
their stiffness coefficient and allow strings to remain under
tension for large displacements. The parameters of each string
(EA, ¢ and 58 ) are given in the Table 5. Saddle strings (s.7 and
Sc14) pass through all saddle nodes and connect all six bars in
each stage.

The bars were made out of hollow aluminum tubes (m;
0.29¢,1; =0.95m,i= {1, ..., 6},20 mm outer and 16 mm
inner diameters for Stage 1, and m; = 0.11 g, ; = 0.5 m,
i = {7,...,12}, 15 mm outer and 11 mm inner diameter
for Stage 2). The bottom three nodes of Stage 1 formed
an equilateral triangle with the circumscribed circle radius
of 0.26 m. The top nodes were connected to the nodes of
the upper plate and also formed an equilateral triangle with
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(a)

FIGURE 3. Two-stage stacked tensegrity manipulator.

the circumscribed circle radius of 0.26 m. The total mass of
top plate of Stage 1, which houses three Dynamixel Pro M42-
10-S260-R actuators (0.27 kg each) and extension springs
of Stage 2, is 2.7 kg. The equilateral triangle formed by
bottom nodes of Stage 2 has a circumscribed circle radius of
0.13 m. The top nodes of Stage 2 were connected to the nodes
of the top plate and also resulted in an equilateral triangle
with the circumscribed circle radius of 0.13 m. The total mass
of the top plate of Stage 2 is 0.33 kg.

B. SIMULATION OF THE TENSEGRITY STRUCTURE

Seven composite strings for each stage were represented as
eighteen simple strings. In order to represent the structure
in class-1 form, two virtual nodes were added for each node
nio-n12 and ny-no4. In total ¢ = 18 constraints were added.
The first three constraints were imposed on the bottom nodes
of Stage 1, which are attached to the ground, so that they

VOLUME 7, 2019

(b)

preserve their positions during the simulation. Six coinci-
dence constraints on the virtual nodes of each stage were
imposed (two for every physical node). The last three con-
straints deal with the connection of Stage 2 to Stage 1. Since
bottom nodes of Stage 2 (n13-n15) are rigidly attached to
the upper plate of Stage 1, they have to preserve their posi-
tions with respect to Stage 1 upper plate. Each bottom node
of Stage 2 was located exactly between two corresponding
nodes of the upper plate of Stage 1. Therefore, the following
conditions have to be satisfied at all simulation times:

msz = (ni1 +n12)/2, nig = mo +n12)/2, (11)
nis = (nio +n11)/2 (12)

The detailed list of constraints is provided in Table 6. The
simulation parameters of the stacked tensegrity manipulator
prototype are as follows:

p=24v=128=18,0, = 14,0, = 36,¢ = 18, = 6.
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TABLE 6. List of nodal constraints.

+# Constraint

1 [ ny =[-0.117, —0.2, 0]
2 nz = [0.236, 0, 07
3 | nz=[-0.126, 0.2, 0]7
4 nio — n’l = 0

5 ni1 — ’I”L/Q =0

6 ni1 — né =0

7 niz — nf; = O

8 nig — ng =0

9 ni —ng = 0

10 na2o — n'7 =0

11 n23 — né =0

12 n23 — né = O

13 Nnog — 77,’10 = 0

14 no4 — n'll = 0

15 noo2 — TL,12 = 0

16 ni1 + ni2 —2n13 =0
17 nio +niz2 —2n14 =0
18 nio +ni1 — 2n15 =0

The simulation of the tensegrity motion was performed
on a workstation (Intel Xeon E5-2620 v4 2.1 GHz) with
MATLAB 2018a using ode45 solver, which uses explicit
Runge-Kutta integrator of 4th and 5th order, with absolute
and relative tolerances set to 10~%. Equation (10) should be
transformed to a first order differential form for using the
solver. In order to accomplish this, the second order dynamics
is transformed into the following form

N=W+F)M '=NK M, (13)

Subsequently, introducing the state matrix of the system as
X = [N N], the dynamics can be rewritten as: X = XZ + V,
where Z and V are matrices defined as

10 —/Cd./\/lfl
Z = |:I 0 ], (14)

v=[0" W+FoM]. (15)

Experimental Cartesian coordinates of the nodes at the start-
ing time were taken as the initial conditions of the nodes
in simulation. Also initial pre-stress levels of the strings
were computed from the equilibrium condition of the initial
experimental tensegrity configuration.

C. REAL-WORLD EXPERIMENTS

Each stage was actuated with three motors located at their
bottom part (Dynamixel Pro L54-50-S290-R for Stage 1 and
Dynamixel Pro M42-10-S260-R for Stage 2). All motors
were controlled in the position-control mode. The three actua-
tors of each stage were provided with phase-shifted sinusoidal
reference trajectories (27r/3, 0 and —2m /3 rad phase shift).
The period of the input was 7 s and the amplitudes of string
displacements were 36.3 mm and 16.8 mm for Stage 1 and
Stage 2, respectively. The reference trajectories were sent to
the motors and the motor angular positions were acquired
at 80 Hz by a workstation (Intel Core i7-4790 3.60GHz
CPU, Ubuntu Linux 16.04) over USB2Dynamixel module.
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FIGURE 4. The displacements of the actuated strings.

FIGURE 5. Motion capture setup to measure node coordinates in
real-world experiments.

The resulting actuated string displacements are shown in
the Fig. 4. In order to measure the motion of the tensegrity
manipulator, a motion capture system with 3 x 3 x 3 m
dimension was built using aluminum frames. The structure’s
motion was tracked at 120 Hz using a motion capture system
with eight OptiTrack Prime 41 cameras. Spherical infrared
reflective markers (10 mm diameter) were attached to the
nodes of the tensegrity robot for tracking (see Fig. 5).

IV. RESULTS AND DISCUSSION

Starting from the initial nodal positions of the real robot
(shown in Table 7), two different simulations were performed
by applying the same inputs as obtained from the motors (see
Fig. 4). One of the simulations contained the damping force,
while the other did not. We defined three reference frames
to compare the trajectories performed by the real robot and
the simulated robot: Ground (Cyp), Stage 1 plate (C;), and
Stage 2 plate (C») (see Fig. 3a). All frames were positioned at
the centers of their triangles, which were computed by taking
the mean of triangle’s edges:

o Ground: ro = (n; +ny +n3)/3
o Stage 1 plate: rj = (n10 + n11 +n12)/3
o Stage 2 plate: rp = (n2 + n3 +n34)/3
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FIGURE 6. Positions and orientations of the plates obtained from the real-word experiment and computer simulations with and without damping force.

The coordinate axes of each frame were set as:

. _ (m—ry) __(n3—rg)x(n1—rg) _
o Ground: xo = (=1 20 = [ —r)x(m ol Y0 =
20 X X
Stage 1 plate: x| = -0=r1) — _(mp—rp)x(e—r)
e »tage 1 plate: X1 = 7 ZaT S0 = Tema=r)xio—rDIl®
1 =21 XX
éta e 2 plate: x» — (n2—r2) _ _(npg—r))x(naa—r2)
o Stage 2 plale: X2 = 1 nll> ©2 = Ta—r)x (=)l

Y2 =22 XX
Consequently, the frames were represented in the homoge-
neous matrix form as:

_ |* Yk Zk Tk opdxd
Ck_[o 0 0 1}, eN™™, kef0,1,2}. (16)

Three respective frames were computed for visualization:
1) Stage 1 plate with respect to Ground: © C; = Cy 'ci.
2) Stage 2 plate with respect to Ground: © C; = CO_1 .
3) Stage 2 plate with respect to Stage 1 plate:
o =cr'o.
The positions of each respective frame were taken as irj =t

C** and the orientations were computed by converting
i~1:3,1:3
CJ ., . . . ]

positions and orientation angles of 01,0 Cy, and ! G, for

the two simulations and the experiment. It can be seen from
the Fig. 6 that system with no damping forces has more oscil-
lations than the real system. Whereas the system with added
damping force matches the real trajectories more closely.

rotation matrix to ZYX Euler angles. Fig. 6 shows
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These results show that damping forces are present in the real
system and one way to model them is to embed them as forces
in the strings. Also, for the same tensegrity configuration
and motor inputs additional simulation was conducted with
all strings set to be connecting only two nodes. This was
done to examine how the system behaves without composite
strings. The trajectories do not differ very much from the
previous simulation, however the discrepancy between the
real trajectory is higher. The largest discrepancy was observed
in the Z-axis Euler angle and it can be observed from Fig. 8.
The simulated tensions on the non-actuated vertical strings
are shown in Fig. 7.

As expected, discrepancy between the simulation and the
experiment is larger for the second stage positions and angles.
This is due to accumulation of error, i.e. discrepancy of the
first stage adds to the discrepancy of the second stage. The
mismatch between the simulation and the experiment might
be attributed to several factors. One is the negligence of
the inertia of virtual bars. As mentioned above, triangular
plates of each stage were approximated by slender virtual
bars. Virtual bars take into account only the mass of the
plates, misrepresenting their actual inertia. Another factor
might be the presence of non-negligible and nonlinear (e.g.
Coulomb) sliding friction between composite strings and
nodes, through which these strings pass. These frictional
forces would increase the damping of the tensegrity system
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TABLE 7. Initial node coordinates (mm).

T y z
n1 —117 | =210 5

n2 236 1 —4
n3 —126 200 —2
N4 127 24 904
ns —225 102 833
n6 —110 | —264 | 839
n7 —267 | -T2 593
ng 44 —242 | 545
g —26 171 572

n10 113 217 1426
n11 —244 | —15 | 1432

712 135 —208 | 1440
n13 —55 —112 | 1436
ni14 124 4 1433
n1is —66 101 1429
nie 111 52 1878
ni7 —73 120 1878
n1s 11 —94 | 1883
n1g —82 —15 1706
n20 99 —67 1741

n21 19 129 1708
22 26 178 2155
n23 —127 16 2180
N24 91 —36 | 2175

FIGURE 7. Forces on the nonactuated vertical strings.

and would reduce the amplitudes of its motion. The third
source of error might be attributed to the presence of bend-
ing moments acting on the bars. These moments appear
due to finite distance between holes in node attachments
(through which strings pass) and bars’ long axes. The root
mean squared deviation of the trajectories was computed
as 30.5 mm for position and 2.44 deg for orientation. The
maximum value which the error in bar length preservation
reached was 0.0058% of the actual bar length. The videos of
the experiments are provided in the supplemental multimedia
material.
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FIGURE 8. Z-axis Euler angle of the plates for the real-world experiment,
simulation with composite and simulation with simple strings.

V. CONCLUSIONS
Compared to traditional rigid structures, tensegrities have
multiple advantages, which make them suitable for robotic
and aerospace applications. These advantages include low
tensegrity to payload mass ratio, scalability from small to
large sizes, increased shock absorption capability and etc.
Due to their topology and configuration, tensegrity robots
might be brought into motion by adjusting or shifting their
equilibrium state, instead of “fighting” against it. This means
that tensegrity robots can also be energy efficient. Thanks
to these advantages, tensegrity robots might become valid
alternatives to traditional industrial robots in the future. One
of the goals of the manuscript was to prove that tenseg-
rity structures are practically realizable. Accurate models of
tensegrity robots are required in order to design and control
them. Damping effects can not be ignored, but need to be
incorporated into tensegrity dynamics. Similarly, utilization
of less number of actuators is desirable and practical. For
example, it would help to reduce the inertia of the tensegrity
structure. Therefore, dynamics of tensegrity structures with
simple strings connecting multiple nodes needs to be derived.
In this paper, the dynamics of tensegrity structures was
modified to include the damping forces and simple strings
connecting several nodes. A tensegrity robot was built in
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order to test the accuracy of the dynamic formulation. Motion
capture system was constructed from aluminum frames and
OptiTrack cameras in order to measure the motion of the
tensegrity robot during experiments. The correctness of
the resultant dynamic equations was assessed by comparing
the real trajectories of tensegrity structure with the simulated
ones. It was shown that with damping forces on the strings
the system equations closely capture the real-world dynam-

ics.

However, there are still open and unsolved problems

related to tensegrity robots, e.g. optimal control and sensing
of tensegrity structures are challenging tasks. Our dynamics
formulation of stacked tensegrity structures is useful for the
design of their control systems. Therefore, our next objective
will be nonlinear model based control of tensegrity robots.
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