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0.1 Abstract

This thesis focuses on the polyharmonic Green’s function, one of fundamental con-
cepts in mathematical analysis and partial differential equations. The Green’s func-
tion plays a crucial role in solving problems related to the behavior of harmonic
functions, and has a wide range of applications in physics and engineering. The in-
troduction section starts with an overview of the notation used throughout the thesis.
A brief historical and literature review follows to provide context and a better under-
standing of the importance of the topic. The preliminary section then lays out the
necessary background knowledge required for further proofs of the main theorems.
The thesis then proceeds into a detailed discussion of known pointwise estimates
proofs, which are crucial to understanding the Green’s function’s behavior. The main
contribution of this thesis is a partial solution to an open problem from Mazya’s list
of ”Seventy Five (thousand) unsolved problems in analysis and partial differential

equations” from [27].



Chapter 1

Introduction

1.1 Notations

Let © = (z1, %9, 73, ..., ,) € R™. As usual, the Laplacian Au of a smooth function u

is the sum of the second partial derivatives with respect to each component z;:

Our interest is iteration of the above Laplace operator (or the Laplacian), that is, the

so-called polyharmonic operator. It is defined inductively by:
(=)™ = —A((=A)" 1), where m =1,2,....

It is clear to see:

m! 9%y
—A)"y = :
()= 3 Llody! 922 9a2ie

lh+...+l,=m
Throughout this thesis B, C R™ denotes a ball with radius r centered at the origin.
Let’s define the distance function between given = and the boundary 0f2 of a given

domain 2 C R" as the following:

d(x) := dist(x,00) = min lz —y|, x€Q,



where ) is a smooth and bounded domain.

The estimates of the Green function will be often presented in the unit ball in R™,
for that purpose the following notations will be used:
For z,y € B, where B = BU 0B, we write

z )
XY = /PP =22 5 1= |jaly H‘ - ]mx _ —\ . (1.11)

|y

[XY] is the distance from |y|z to the projection of y on the unit sphere, which is

larger than |z — y|. Indeed,
[XY|2 —lz—yP=1—|z*) (1—|y*) >0forz,y € B.

1 — |z| = d(x) for x € B.
We say f(t) ~ g(t) if there exists C' > 0 such that for all t: f(t) < g(t) <
Cf(t), f,.g =0

We define derivatives of u as the following:

D% = (%)al...(g)anu for o € N" with |a| < k.

Let €2 C R™ be a smooth bounded set with boundary 0€2. Consider the polyhar-
monic Dirichlet problem:

(—A)"Gun(z,y) =0 —y), xz,y€, (1.1.2)

with the homogeneous Dirichlet boundary conditions:

0" ,
a—%Gm,nbeaQ:o, i=0,..,m—1, (1.1.3)
where 0 is the Dirac delta function. The solution G, »(x,y) of (1.1.2)-(1.1.3) is called

the Green function for the polyharmonic Dirichlet problem. For basic properties of

0, please see the next section.



1.2 Short historical and literature review

Higher order linear elliptic equations have a wide range of applications in science,
describing models of different phenomena. The first attempt to use polyharmonic
operators was made by Jacob Bernoulli II. He tried to model the vibrations of plate by
the fourth order operator 8‘9—;1 + 88—;. His attempts were inspired by physicist Chlandni
who presented nodal line patterns of vibrating plates around 1800. However, his
model didn’t describe vibrations precisely since it was not rotationally symmetric.
Sophie Germain then used A? in 1811 to model an elastic plate. The bi-Laplacian
operator A% appears in problems of linear elasticity (see, e.g. [12]). An example of

such problem is the clamped plate problem:

u:g—fl:() on 0f,

{Nu:f in Q,

where g—:‘t is the outer unit normal on the boundary 0f2 of 2 C R™.

George Green was the first to introduce the approach of using Green’s functions
to solve many physics problems. Green’s function’s concept can be discussed by
considering the dynamics of some particle with zero initial velocity and under the
force F(t). First, a short impulse of a force is considered. One chooses an impulse
in such a way, so that a unit time momentum is induced at some time ¢'. The
Green function G(t,t') is defined to be a displacement of a particle s(¢) in some later
time t. A force F(t') acting for an infinitesimal time A#’ creates an impulse with a
magnitude F(t')At’. Force that is applied continuously to the particle is considered
as an impulse generating force. The motion of particle can be found by summing the

effects of impulses in the time interval from ¢y to t. Thus

s(t) = / tG(t,t’)F(t’)dt’,

to

ds
dt

response of a system to any force can be easily calculated. For Green’s technique’s

with initial conditions: s(0) = <2(0) = 0. Hence, knowing Green’s function, the

details we refer to [4].



Originally, Green worked on solving problems in electrostatics in a bounded region.
The Green function G(r,r’) in that problem is the potential at r which is produced
by a point charge at r’. Analogous to an impulse acting at an instant in time, a point
charge acts at a single point in space.

Shortly, the Green function technique is as following:

Let £, be a linear differential operator, where z = (x1, za, ..., z,,), then Green’s

function G(z,y) of a linear operator L, satisfies the following expression:
L.G(x,y) =d(x —y),

where 0(x — y) is the Dirac delta function. Let us briefly recall the definition of the
Dirac delta function: Dirac delta function (¢), is the generalized function over R",
whose value is zero everywhere except 0, and integral over a real line is 1. It is also

known as the impulse function. Mathematically defined as the following:

if x =0
5(z) = oo, ifx )
0, ifa#0,

with [*_d(z)dz = 1.
Once we know the Green function G(z,y), we can solve any differential equation
containing L,.

Suppose, we are given a problem:

The solution is :

o) = [ Gl s )y
Verifying the answer:
L.d(x) = / £.G(x,y)f (y)dy = / 5a — y) fy)dy = f(2).

In the 19th century, the method of Green’s functions was widely used to solve

partial differential equations in thermal, electrical, and mechanical physics, as well



as problems in magnetism. Green’s function is also used in formulating the theory of
wave scattering. In the 1950-1960s scientists started to use Green’s function method
in many-body interactions theory of a condensed matter physics. Nowadays, physi-
cists use Green’s function technique in the areas that were not even known in the
times of Green. And it is highly likely that Green’s function will continue to be used
in whatever is going to be developed in the future. Green’s function is very pow-
erful technique that allows to solve differential equations in different areas, however
constructing and solving for Green’s function is not a trivial problem. It is a challeng-
ing procedure and requires rigorous mathematics. Going back to the problems with
polyharmonic Green’s function (1.1.2), the first explicit solution for polyharmonic
problem was calculated by Boggio. Boggio gave a representation of polyharmonic
Green’s function in a ball. Boggio’s formula in an integral form is a classical tool to
construct an explicit solution to the polyharmonic equation. More precisely, Boggio

[3] derived an explicit formula for G_am g,

(—A)"u = f in By,
u = a%u =0 ondBywith j7=12,...m—1,

where Bj is the unit ball centered at the origin, n is the unit normal at the boundary
0B;.

The solution of a problem is the following expression:
ue) = [ Gesmm (o) f(0)dy
By

The representation of Green’s function by Boggio mentioned in [12]:

jaly— 2| /e
G,y (2, Y) = kgl — y[*" 7" / (02 — 1) ' o,
1
The positive constants k,, , are defined by
1 o
kmn - ) €En — —7———-
T ne4mH((m — 1)1)? I'(1+n/2)



The representation of Green’s function above holds true for the domain Bj.

Let us consider the biharmonic case (m = 2) to understand the nature of the problem:

g—n:() on 0By,

(=AYu=f in By,
U u

Dirichlet boundary value problem with biharmonic operator with n = 2

0! ot 0!

2 _
A= ox* + 28x28y2 + oy*

appears in many fields of applied mathematics, for example, in fluid mechanics and
elasticity theory. In the latter, u(z,y) defines Airy stress function, in the theory of
thin plates-displacement of a plate under the external force.

For the case when n = 2 = m, the Green function

Jely— 2 |/lo—yl 2 _ 1
v

1
G_p2p (z,y) = 8—7T|x — y|2/ ——dv
1

is strictly positive [12]. One can show that the polyharmonic Green’s function in a
ball is always positive. In these dimensions, it can be seen that the problem models
a plate of a circular shape, f is an acting force, and the u is a deflection of a plate.

The positivity of Green’s function is an important question that can help to solve
other physical problems. For example, the positivity of Green’s function helps to
answer the question presented by Boggio in [3]: ”If a clamped plate of circular shape
will be pushed upwards, will the clamped plate bend upwards everywhere, too?”. The
answer to the problem above is yes, since Green’s function G(_ay2 g, (#,y) in a given
domain and f(x) are positive.

In some general domain 2

{ (=A)"u =1 in £, (1.2.1)

Pu=0 on Q0 with j=1,2,...m—1,

Green’s function is not necessarily positive, it can be sign-changing. There are



many papers that study positivity of Green’s function. For example, in the problem
mentioned above, Hadamarad and Boggio [3] conjectured that the Green’s function
G_a2q is positive for convex two-dimensional domains. Garabedian [11] provided a
counterexample for smooth convex domains, showing that Green’s function is sign-
changing in ellipse. Another counterexample is Duffin’s work [9], where the author
shows that the Green’s function changes the sign in a long rectangle. Moreover, the
Boggio-Hadamard’s conclusion in not true for dimensions other than two.

For dimensions m > 2,n > 2, Kozlov et al. [24] provided a strictly convex domain
where Green’s function is sign-changing.

For the constant right-hand side of (1.2.1), Grunau and Sweers [16] found domains
for m = 2 where Green’s function changes sign.

As mentioned above, we cannot claim that Green’s function is positive in domains
other than ball. Therefore, much work has been done to identify the domains where
the Green’s function’s positivity holds. Grunau and Sweers [14] considered two-
dimensional domains which are close to balls. Dal’Acqua and Sweers [8] gave an
example of a non-convex domain for m = 2,n = 2. For the case when m = 2 and
higher dimensions, Grunau and Roberts [18] proved positivity in the domain close to
the ball. The result is true for the dimensions where n > 2m — 1.

Grunau and Sweers in [15] used a method suggested by Nehari [32] for the general
case to find the regions where Green’s function is positive. They found a constant

Omn which doesn’t depend on the domain €2 such that for every z,y in 2, and
|z = y| < dmnmax{d(z),d(y)},
where d(z) = dist (z,0) =inf,.coa|r — 2| so that
G_amao(z,y) > 0.

The authors proved this for dimensions n > 2m. Kokritz [23] proved it for the case
n = 2m . Thus, the negative part is uniformly bounded when z and y are uniformly

distanced from the boundary 0€). For example, for the biharmonic case, minimal



distance § = §(£2) can be identified such that for all z,y € Q with x # v,
|z — y| < 0 implies that Gy o(x,y) > 0.

The result of local positivity was obtained by Grunau and Robert [18] for the case
when n > 3 and for n = 2 by Dall’Aaqua et al. in [6].

Eichmann and Schétzle [10] considered the positivity of Green’s function in a clamped
plate problem with high tension. The problem is presented by A?u — yAu = f with
clamped boundary conditions. The authors showed that with a given upward pushing
force f, there exists such g, so that for all v > v4 the bending v is always positive.
Let us give a short overview of what is done for characterization of Green’s function.

In general, for the second-order equations with dimension m = 1, the Green
function’s estimates from both sides are known for sufficiently smooth domains. For
higher dimensions, Gruter [17] and Widman [31] identified estimates from above.
Zhao [33],[34] found estimates of the Green function from two sides.

Liu and Dai [26] considered a system of polyharmonic equations with Dirichlet
boundary conditions in a half-space and proved nonexistence of nonnegative nontrivial
classical solutions for the problem.

Ancona [1], Cranston et al. [5], Hueber and Sievking [19] provided estimates
for second-order differential equations in sufficiently smooth domains. Estimates in
non-smooth domains were presented by Maz’ya and Mayboroda [28].

Karachik [21] provided the Green function for the biharmonic Dirichlet prob-
lem and found integral representation of the solution in terms of Green’s function.
Also, Karachik [22] found polynomial solution for Dirichlet problem with polynomial
boundary data and right-hand side in unit ball.

Gazzola and Sperone [13] discussed radial properties (symmetry and monotonic-
ity) of radial solutions of semilinear higher order elliptic equations. The result yielded
in formula for computing partial derivatives of solutions of polyharmonic problems.

Aroua and Bellassoued [2] considered an inverse boundary value problem for poly-
harmonic operator, moreover the authors discussed stability estimate for the inverse

problem.
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1.3 Structure

In Chapter 2, we introduce and discuss several useful tools that are key ingredients
in the proofs presented in subsequent chapters. These tools serve as the foundation
for the rigorous analysis of the polyharmonic Green’s function and its properties. We
discuss then the proofs of the pointwise estimates of Green’s function presented by
Gazzola et al. [12], Pulst [30], and the estimates of Green’s function derivatives by
Gazzola et al. [12], Krasovskii [25], Dallacqua and Sweers [7]. Moving on to Chapter
3, we proceed into the proof of an inequality from Mazya’s list of ”Seventy Five
(thousand) unsolved problems in analysis and partial differential equations” from

[27]. Finally, the thesis concludes with a summary of the main findings.

11



Chapter 2

Preliminaries

2.1 Useful tools

In this section we will provide useful tools that will help to obtain Green’s function’s
and its derivatives’ estimates.

The following lemma gives a representation of the Green function:

Lemma 2.1.1. [20] If n > 2m, then Green’s function of the polyharmonic Dirichlet
problem (1.1.2)- (1.1.3) can be represented in the form

Gm7n’7‘ (33, y) = dm’n |:X2m7n o }/;2"’1’7,777,

= R | e |

k! 2 2
k=1

where
Ao = 2T (n)2 — m)T(1 +n/2) /(nz™? x 4™T (n/2)(m — 1)!). (2.1.1)
Here X (z,y),Y.(z,y) and Z.(X,Y) are the functions such that:

2 2 12 Y2
X =z —y]5, Y :‘—‘
r

Yy
T — =1

2
5 cde,,zrz(l—’g
] r

YO

respectively.

12



Proof. Clearly, for all z,y € B, the relation X? = Y2 — Z2 holds true. Then we
can use the relation in the following way:

- ey e o 2

Also, we can represent (1 — Zf/Y,fQ)m_n/2 by the series. Then |z — y|*™ ™ can be
expressed as the following:
m—n/2

|[E . y|2m_n _ (Xg)m n/2 m n/2 (1 ) _
_ (yv2\ym—n/2 - (-1 Z2 k
e S < 1) (-2 1) (=5 ) B

s (—1)* n n n
— Y2m—n < . _> < o 1) ( — 1) Y2 m—n/2—k ZQ k

- G (m5) (m =5 =2) (G k)
_ . ——_k_-1 Ymn/Qk Qk.

Y o m=g) (=5 —2) e (m =5 —k-1) () (%)

The last relation allows us to define Green’s function as follows:

Gm,n,r (33', y) = dm,n |:X2m7n - Y;,men
m— l
n n n 2m—n—2k 72k
k' <m——><m—§—1>...<m—§—/{:—FI)YT Z,

]

k=1

The following lemma shows the positivity of Green’s function in a ball with arbi-
trary radius:

Lemma 2.1.2. [15] Suppose n > 2m and B, is a ball with radius r. Green’s function

can be represented as a function in a ball By with radius 1 with re-scaling factor and
has the following form:

. 11
Gm,n,r(xa y) = ,r2m Gm,n,Bl <_:L'7 —Z/> .
T T

13



Proof. We need to check that ™ "G, , Bl< x, > satisfies equations (1.1.2)-
(1.1.3). Let’s first check that r2m_”Gm,n7Bl< ) satisfies equation (1.1.3). Since

G, By (9:, y) is the solution for Dirichlet problem in unit ball, then it satisfies the

boundary condition '
al
on

-Gy = 0 on 0B.

It is clear that for any x € 0Gy,p,r, ¥ Will be in 9By, then 3 oL Gm,n’B1 <%x, %y) is also

0 on 0B;. Thus, it satisfies boundary conditions of the problem and

% <7"2m_nG1,n,Bl(%33, %y)) =0 on 0B;.

Now, we need to check that r*™ "G, , p, (%m, %y) satisfies (1.1.2). For arbitrary m,

the equation becomes:

(=A)"Gmn(w,y) = 0(x —y) in By.

Now, let’s check for 'r’zm_"GmmB1 (%x, %y) for z,y € B,.

(G (52 1)) =0 A ()

r?m
1

= —(—A)"Gpnp (%ﬂfa %y>

r’fl

For all (z,y) € G, (%x, %y) € B;.

Thus, (—A)"Gn.B, (%x, %y) =0 and 7" "G, .8, (%x, %y) =0 for all x # y.

For all (z,y) € Gunr, such that o = y, (%x, %y) € B; and %:L‘ = %y Thus,
(—A)"Gn, By (%x, %y) = §(z —y) for any x,y € B,.

The statement is proven. O
The following proposition presents Green’s second identity for polyharmonic case:

Proposition 2.1.3. [30] Let 2 be a domain for which the divergence theorem holds

14



and let u,v € C*™(Q). Then it holds

/Q(—A) uv — u "odr = Z ., 8n ) (=AY ou — = (—=A) u(=A)"" " wdS

where n is the exterior unit normal on 0f).

Proof. For the case when m = 1:

/Q(—Au)vdx: /Qu(—Av)d:U—l—/m(%v— g—;}l)ds.

Using integration by parts for LHS when m = 2:

/Q((—A)qu —u(—=A)v)dr =

Solving for RHS when m = 2:

d(—A)v Ju ov I(—A)u
/8Q = S A+ (A= P2 s

The RHS and LHS are identical. Inserting —Alu and —A™ '~y into Green’s second

identity will sum to the desired expression.
As a consequence of the previous proposition we have the next corollary:

Corollary 1. [30] Let Q a domain for which the divergence theorem holds and
u,v € C?™(Q). Let 83—7;11 =0on 0 fori=0,..,m — 1. Then for k € N the following

is true:

15



1. If m =2k

Yt oo e (=A) T u(=A)" o — (=) o(—A) tudo

0 on on
+ [qv(=A)"u — u(—=A)"vdx = 0. (111)

2. Ifm=2k+1

Zf:l fBQ a%(_A)lilu(_A)milU - i(—A)mflv(—AyﬂUda

on

— fon 2 (=AY F0(=A)Fudo + [, v(~A)"u — u(~A)"vdz = 0. (111)

The following lemma presents the difference between cases when x and y are closer

to the boundary 0€) than to each other and visa versa.

Lemma 2.1.4. [12] Let x,y € B.
Ifle —y| > §XY], then
d(x)d(y) <3z —y|*
max{d(z),d(y)} < 3|z —y|

If | — y| < 5[XY], then

Zkg —yP < %[XY] < d(z)d(y)

1) < dly) < 4d()
|z —y| < 3min{d(z)d(y)}
[XY] < 5min{d(x),d(y)}.

Moreover, for all z,y € B we have
dv < [XY], d(y) < [XY],

[(XY] =~ d(x) +d(y) + |z -y

(2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)
(2.1.6)

(2.1.7)

Proof. In the subsequent chapters, we will use the estimates 2.1.3, 2.1.4. The

proof of two estimates provided below.

16



Let |z —y| > 3[XV].
d(z)d(y) = (1= [2))(1 = [y]) < (1 = [2[)(A = [y*) = [XY]* — [z — g/,
but since |z — y|*> > 1[XY], then
d(z)d(y) < [XY]’ — |z —y|* < 3]z —y/*.
The proof for (2.1.4) is complete. Now, the estimate (2.1.3) follows from the following:
A@)? < da)(d(y) + |z~ yl) < Bl — g +d)le —y) < Aha — yP + 72"

thus d(z)? < ]z — y|?.
Let |z — y| < [XY]. Since (1 + |z])(1 + |y|) <4 in unit ball, then

(1= [z[)(1 = [y]) = d(z)d(y) = i(l = |2 = [y (X + [z (1 + |y]).
Then . 5
A@)d(y) > (XY]~ o =) = S — ol
The proof of (2.1.4) is done. O

The following lemma is the consequence of the previous lemma in general domain.

Lemma 2.1.5. [12] Let Q C R” be a bounded domain and let p,q,> 0 be fized.
For (z,y) € Q2 we have:

min {257 <o {1, 05
m{lcﬁ: y|2} mm{ g))f;lg ’ |a(cxiz§|2>}
min{l (ﬁ, ﬂpdw} mm{l’ |j (_x p|p |g§l (_y);q Taﬁ jpdfqu}
min {1 020} = min {1,720 i {1, 2

17



and assuming moreover that p + q > 0, we also have

kg<1+iﬁﬁﬁgx):k%<2+ (y) )mm{lduwawq}

|z — y[pta |z —y "o — y|pta

2.2 Known estimates of Green’s function

In this section we focus on polyharmonic clamped plate boundary value problem.

{ (=A™ =1 in 2, (2.2.1)

%U,:O on 002 with  [j| <m —1,

Here, 2 C R™ is a bounded and smooth domain, f is in suitable functional space. For
a smooth domain, Green’s function G_am o exists and the solution of the problem

(2.2.1) is of the following form:

U_AaﬂmmWﬁww,xea

The following theorem provides two-sided estimate of Green’s function:

Theorem 2. [12]

In B x B we have

=yl min {1, 42" | ifn > 2m;
Ay Ed(y)m=E min {1, A0S i < om,

Proof. Using the results of Lemma 2.1.4, let’s discuss two cases: |z —y| > [X V],
and |z — y| < J[XY].

Case 1: |z —y| < $[XY].

We are interested in case when n > 2m. For n > 2m it is enough to show that

Gun(z,y) = |z —y[*™ " since (2.1.4) applies here.

18



According to [3], the Green function in a ball has the following form:

) (XY]/|z—yl ) L
Gm,n,B1 (:E,y) = km,n|x - y| m—n/ (U — ]_)m_ v "dw.
1

Since |z — y| < 1[XY], for any a € [2, 00)

/ (v2 - l)mf1 v o ~ / v gy
1 1

holds true. According to our assumption, the Green function is then

[XY)/le—y] -
Gm,n(xu y) = |JI - y|2m_n/ (U2 - 1) ’Ul_nd’U
1

(XY]/|lz—y
~ |J} _ y|2m—n/ ’UQm_n_ldU.
1

) [(XY]/le—yl ) ) )
Gonala,) = o =y [Ty sy,
1

Case 2: |z —y| > $[XY].
According to (2.1.3), A=)

e <3, W) < 3. Thus, we have to show that

lz—yl

Gn(,y) = |2 —y| " d(x)"d(y)™.

Again, using Boggio’s formula [3] with the upper integration bound [XY]/|x — y| is
in [1,2], since |z —y| > 1[XY]. On [1,2] we have v™" &~ 1 and may conclude the

following:

XY oyl .
Gl = o =af ™ [ (02 = )"
1

=l =y (P2 ) e (R - e )
= |z —y[7" (1= [2) (1= |yl*)" = |z — y["d(z)"d(y)™

We completed the proof for n > 2m. O

19



The next theorem presents estimates of Green’s function from two sides:

Theorem 3. [30] Let Q C R"™ be a bounded and C*™7 smooth domain with
m > 2 and n > 2. Then there exist constants ¢; > 0,co > 0,c3 > 0 that depend
on the domain and m, such that the following estimate for the polyharmonic Green’s

function G(_aym o is true:

02_1HQ(:L‘7 y) S G—Am,ﬂ(‘ra y) + 01]]-|:L‘—y\203 (ZE, y>d(l,>md(y)m S CQHQ<J:’ y):

where

y|2m=r min{1, LAWY if > 9m,

lz—y[>™

Ho = { log(1 4 422wy ifpy — o

|z —y|2m

d(x)™"2d(y)™ /2 min{1, da)2d(y) 2 b, ifn < 2m

lz—y[™

|z —

and indicator function

. )1 iflz -yl >3
{lz—y[>c3} 0 if |.T _ y| <3

Proof. Since we know the estimate of the Green function from Theorem 2, it is

necessary to show that on 2 x Q:
cd(z)"d(y)™ < coHo(z,y)

to complete the proof for the estimate from above. We are interested in case when
n > 2m.

Let diam(§2) = sup{|x —y| : x,y € Q}.

Case 1: d(z)d(y) < |z — y|*. We know that |z — y| < diam(Q), then it follows

d(z)™d(y)"
|z —y[*m

d(z)™d(y)"
|z —y|"

d(z)™d(y)™
(diam(§2))™

|z — y[*"™ min{1, } = >
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Case 2: d(x)d(y) > |z — y|*

. |2m—n min d(x)md(y)m = |r — 2m—n iam 2m—n d(x)md(y)m
oy min{1, PRI — oy > (i@ S
d(z)™d(y)"
= (diam(Q)
O

The following theorem is an example of pointwise estimate for biharmonic Green
function.

Theorem 4. [12] Let 2 C R" be a bounded and smooth domain, then the
following estimate for the Green function is true:

|z — y|*™ + max{d(z),d(y)}* ™" ifn > 4;
Gazp(z,y) < C(Q) < log(l+ |z —y|™t + max{d(x),d(y)} ) ifn=4;
1 ifn =23,

Proof. For brevity, let G(z,y) = Gazq(z,y). The Green function G(z,y) =
F.(lx —y|) + h(x,y), where F,,(z) is the fundamental solution and represented by

Cn ||t if n > 4;
F.(x) = ¢ —2c¢4log |z if n =4;
2co|z|?log|z| if n=2,3,

where ¢, is defined by :

o = 2(n74)(i72)nen if n ¢ {2,4}
" L if n e {2,4},

8nen

and h(x,y) solves the next Dirichlet problem:
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Case n > 4:
||h<x7 -)HCl,—y(Q) < C(Q)d<x>3—n—7.

If d(z) > d(y), then h(x,y) < C(0Q)d(x)*™™, hence,
|Gz, y)| < COQ)(Jo —y[*" + d()"™").
For d(y) > d(x), we use the fact of symmetry of the Green function:

|Gz, y)| = |Gy, 2)] < COQ)(Jz —y*™" +d(y)* ™).

Gazzola et al. also provided estimates for derivatives of the Green function:

Theorem 5. [12] Let o € N* be a multiindex. Then in B x B we have
|1 D3 G (2, y)| 2 (%)

with (x) as follows:

1. if |a| > 2m —n and n odd, or if |a] > 2m —n and n even

() = |z — y|>m "Il min { 1, %} for |a| < m.

2m—n—|«a : d(y)™
|I - yl ‘ | min 17 |z,y|'m

for || > m;
2. if |a] = 2m —n and n even

log (2 4 2% ) min 1,w} for |a| < m,

() = o] fe—yPm o]
log (2 + % min 4 1, J@;Tm} for |a| > m

3. if |a] < 2m —n and n odd, or if |a| < 2m — n and n even

d(x)™ 519 d(y)™~% min {1, M} for Ja| < m — 12,

lz—y|™
(5) = § dly)?mnlelmin {1, WA o~ 3 < o] < m,
d(y)?m—"=1ol min { 1, %} for |a| > m.
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Proof. We want to show that:

max{m—|a|,0} m
DG ()] < | — 2o (M) ( 4(y) ) .

|z —y| |z —y

Recall,

) [(XY]/|z—yl ) -
Gm,n,B1 (xay) = km,n‘x - y‘ mn/ ('U — 1)m7 v dv.
1

Let’s use transformation s =1 — v% in the formula above. We have

kmm m—n
Gm,n(xa y) = 9 ‘iL‘ - y‘2 fm,n (Am,y) 5
where
Fran(t) 1= 3 71 (1 = syl
A XPojamyp (2R (-BP) | d@d)
Ty - XY XY]? - XY

Now, since Green’s function is the product of k";” |z — y*™ " and fn (Azy), let’s

use product rule to find the derivative:

D5 G, y)| =Y DS = g™ - [D] finn(Auy)|

BLa

Pulling out the case when § = 0 and applying chain rule for f,,,(A4,,), we get:
|DgGm,n(I7y)| il y|2m_n_|a| ) |fm,n(Ax,y)|

18l

+ Z |l‘ . y|2m—n—\a|+\ﬂ| ) Z |fr(g7)n (A$7y)’ . Z ﬁ \Df(i)z‘lz,ﬂ

A i=1 I, B0=p =1
B0 o1

Using the results (2.1.4), we have

IA
|
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Here, i.e for t € [0, %], the following holds true:
70,(0)] = sty
Since d(x) < [XY], for every multiindex 8 € N" one has
| DAz, | = d(y)[XY] L

Using facts above:

DG = o — gl AR
Al . max{m~—j,0} y
DT { (df X)ff%)) . [Xfffél - }
B0 =t
o uf2m-n—lal |z — y| 18] M max{m—|5],0} d(y) \™
j%' / ( | XY| ) ([XY]) ([XY |>
e (@) maz(m1el ) £ ) \ ™
==l ([XY]> ([XY])
The estimate is proven. 0

Krasovskii provided estimates in a general contest in [25]. The next theorem

provides estimates without boundary terms.

Theorem 6. [12] Let Q be a bounded C*™7-smooth domain in R™ with n > 2
and G be a Green’s function in () for the Dirichlet boundary value problem. Then
there exists a constant C' = C(Q), such that for all a, § € Ny with |a] + |8] < 2m :
-Ifla| + (Bl +n > 2m:

‘DngG(x, y)| < C(Q)]x — y|Pmn =8l for all z,y € Q
- If || + |B] + n = 2m and n is even:

‘DgDSG(x,y)‘ < C(Q)log (1+ |z —y|™") for all z,y € Q.
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- If |a| + |B] +n = 2m and n is odd, or if |a| + || +n < 2m :
|D§D5C’(:€,y)| < C(Q) for all z,y € Q.

Proof. We are interested in case when n > 2m.

In Theorem 2 we showed that

G(z,y)| < Clz—y[™ "

Let x € Q,y € Q\{z} and R = |mly|. First, let’s consider the case when |a| = 0.

Then in Br(y) C Bar(y) the following can be derived:

C

B
1596 @ Mo paipney = 1=yl @ e manmne

Ix—ywﬂmw_w%%”hmwm@mm
< Clz —yfPmr

where we used for z € Bogp(y) that
1
| =2l 2|z —y[ =y = 2| > Slz —yl.

Since the Green function is symmetric, the same can be proved for || = 0 and |a| > 0
in a similar way. Moreover, since y — D%G(x,y) solves the homogeneous Dirichlet

boundary value problem, we can proceed as before for the mixed derivatives. O
Next, let us present the following estimates proved by Maz’ya and Mayboroda:

Theorem 7. [28] For every x,y in a bounded domain (), there exist constants
C,C" that depend only on m,n, such that the following estimates hold:
-ifn € {3,2m + 1} is odd

ViViG(r,y)] SCmin{l,( d(z) )m+( () )m

|z —y |z —y]

w3
+
[NIES
L
——
X
)
|
=
=
N
3
ps
¥
<.
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WheneverOgi,jgm—g—l—%aresuch that i + 7 > 2m — n, and

W m—441j
| VaViG(,y) SCmin{l,( d(z) > < ut) ) }x

|z — |z — y|
1 ) |x _ yl |x _ y| n72m+i+j
X — 1
|x—yﬁ4wmvmm{ ) d(y)

ifOSi,jgm—§+%aresuchthati+j§2m—n.

-If n € [2,2m]| NN is even, then

y . . dlx mfgfi d m*%*j
[ViViG(z,y)| < Cmin {1> (\x(_;|) : (ﬁ) } X

1 .
X |x_y|n—2m+z‘+j Hlll’l{ d(x) ’ d(y) )
ng<y+mmmmmwv

lz—y|

for all 0 <i,57 <m — 3.

Dall’Acqua and Sweers [7] presented the next estimates:
Theorem 8. Let Gy,(x,y) be the Green function. Let k € N". The following

estimates hold for every x,y € Q):

(1) For |k| = m :
(a) if 2m —n — |k| < 0, then

d m
|Dﬁm@wnﬁu»mwnnwmm{L|@ﬂ},
r—y
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(b) if 2m —n — |k| = 0, then

|DEGn ()| < log (1 N ﬂﬂ)

x—y|m
”log<2+%)mm{l’|d<y)|} ’
r—y r—y

(c) if 2m —n — |k| > 0, then

n+lk|—m
|D’;Gm($ay)| j d(y)Qm—n—|k| min{L ’;K_y)y’} ’

(2) For |k| <m :
(a) if 2m —n — |k| <0, then

m—|k| m
ID’;Gm<x,y>\j|x—y|2m‘”"’“'min{1, A } min{l ) } :

lz —y| o -yl

(b) if 2m —n — |k| = 0, then

‘DI;Gm(I,y” < log <1 + d(y)md(x)mk)

v — y[>mIkl

i (2 722 i {2 1

(c) if 2m — n — |k| > 0, and moreover
(i) m — in < |k|, then

m—|k|
DEGn(,y) = d(y)?™ " min {1, | d(w) | }
r—y

n—m-+|k|
xmin{l dy) } )

Tz =y

(ii) |k| < m — 3n, then
|D§Gm(l’, y) < d(y)m_n/2d($)m_n/2_|k| min {1’ d(l’)d(y) } :
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Proof. We refer to [8] and provide sketch of the proof.

Dall’Acqua and Sweers started from estimates of Krasovskii [25] for higher-order
derivatives of Green’s function. To obtain lower-ordered estimates for derivatives,
authors integrated higher-ordered estimates along some path Y. For a, 5 € N", and
z € 012 they found:

DED}G(r.9) = DDYGn(i.) + [ V.D2DIGuzy)d
Ve
If |a] <m — 1, then

l
IDD}Gile )| = [ 9.DED[Gon(2(s).0)lds
0

If |B| < m — 1,integrating with respect to y:

l
ID2D}Gule.y)] = [ 19,D]DEG(3(s). )lds
0

After that the authors considered two cases when r > m and r < m.
Case r > m: According to [25],| D3 DY Gy (x,y)| < |o —y[™ """ with § =m — 1.
Case 1 (a) of the Theorem was proven then by applying m times the estimate proven

by the authors earlier :

d
|H(x,y)| = |z — )" min{1, ’—m’}”lJr1 min{1,
r—y

dy
|z — 9

1
Y

where vq, 15,k € N.

Case 1 (b) was proven by applying the same estimate as in 1(a), m — 1 times. Case
1(c) was proven by first applying estimate as above n 4+ r —m — 1 times. And after
that the authors suggested to use the following estimate:

v1+1 1Z
|H(x,y)| = log <2 + %) min {1, l;l(f;‘} " min {1, %} 2, once they found

d(y)n-I—r—m

B Dk DR re—
1Dy DG, )| < log(1+ 125 ),

28



where 5 € N*, 3 < 8 and |3| = 2m — n — r. Then, the estimate
|H(z,y)| < d(z) min {1 d(a) } " min {1 M} " was applied once and

> |z -yl ? |z =yl

|H(z,y)| = d(x)**d(y)*2 min {1, ‘Z(f; }VIH min {1, |i(f’;| }VQ was applied 2m —n —
r — 1 times for some aq, as € N.

Case 2: r < m, |a| =m —r,|f| = m. Again, starting from Krasovskii’s estimate for
|DY DS DGy ()], the authors integrated the estimate m times with respect to y
and m — r times with respect to x.

Case 2(a) was proven by applying the estimate

dx
[z — |

m times with respect to y and m — r times with respect to x.

[H (2, y)] = |z —y[""! min{1,

}1/1+1 dy }VQ
Yy

min{1,
|z =yl

Case 2(b) was proven by applying the same estimate as in case 2(a) m times with

respect to y and m—r—1 times with respect to « and applying the estimate |H (z,y)| <
v1+1 v

log (2 + %) min {1, |Z(f;|} ' min {1, |;l(f’;|} ’ with respect to x.

Case 2(c), for m —r < n — 1 the statement was proven by applying the following

estimates:

dx

|H(z,y)| < |z —y|™*" min{1,
lz — |

Wit min{1,

dy }V2
[z —y

n — 1 times,

|H(z,y)| < log <2 + M) min{1 d(x) }Vﬁ-l min{l d(y) }l/2

|z —y? "z =y "z =yl

one time,

o) < dlo) min{l d(z) }m min{l d(y) }Vz

Tz =yl Tz -y

|H@W”jd@WﬁW@fﬂmnﬁ>d@)}WHmm{l d(y) y@

"z =y "z — vyl

and

2m —n —r — 1 times.

29



Case 2(c), when m —r > n — 1, was proven by applying the following estimates:

[H(z,y)| = | —y[""! min{1,

3

d P+ min{1, dy
[z —y| |z —y

n — 1 times,

Mumyﬂjkg<2+§@E@Q>mm{l d@)}m+zmn{L:ﬁ@_}w

|z — yl? o=y lz -y

one time, and

Mﬂmyﬂjd@ﬂ““d@f@mm{1Wj%;}m+zmn{l

d@)}”

"z =yl

m times with respect to y and m — r — n with respect to z.
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Chapter 3

Main result

3.1 Mazya’s problem in a ball

The next problem is taken from collection of open problems published in the article
”Seventy Five (Thousand) Unsolved Problems in Analysis and Partial Differential
Equations” by Vladimir Maz’ya. The statement of the problem is the following:

Let €2 C R™ be an arbitrary domain. Green’s function is a solution of
(—A)"Gun(z,y) =0 —y), xz,y€, (3.1.1)
with the homogeneous Dirichlet boundary conditions:

o' :
a—n?EGmmbeaQ :0, Z:O,...,m— 1, (312)

where ¢ is the Dirac delta function.

Let n > 2m. Prove or disprove that

d(m,n)

T o n—2m’ xuyEQwr?éy?
[z —yl

|Gm,n,7‘(x7 y)| S

where d(m,n) does not depend on (.
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Theorem 9. Let n > 2m and B, be a ball with radius r. Then polyharmonic
Green’s function satisfies the pointwise estimate

d(m,n)

|z =yl

‘Gm,n,r(xay” < r,y € B, x # v,

where d(m,n) does not depend on r and is a positive constant given by formula
(2.1.1).

Proof. By using Lemma 2.1.2 and Lemma 2.1.1, we compute

|Gm,n,7‘(x7 ?J)| = Gm,n,?‘(xa y) = dm,n[X2m_n - }/TQm—n_

m—1 (_1)k n n n 2m—n—2k r72k] __
o (m=g) (=g =) (m -G -y -

— dm’n[XZm—n . }/fm—n_
m—1
—1)*(=1)k
u(—mﬁtg)(—m+§+1>...<—m+ﬁ+k—1>§¢2m‘”‘2sz’“}

k! 2 2
k=1
S dm,nX2min7
where X?m™" = W Here we have used the fact that n > 2m and all the terms
except the first term on the right hand side are negative. O]

We have provided a simple and short proof of Problem 32 from [27], that is,
|G (z,y)] < w:‘;"’% in a ball with radius r, where the positive coeflicient d,, ,, is
given explicitly and does not depend on the radius 7.
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3.2 Conclusion

We provided a simple and short proof of a particular case of Problem 32 from [27], that
is, |Grnr(z,y)| < wﬁ in a ball with radius r, where the positive coefficient d,,, ,,
is given explicitly and does not depend on the radius r. The explicit representation
of polyharmonic Green’s function in the chosen domain, along with its positivity,
proved to be crucial in our approach. Our result was presented at the International
Conference of Mathematical Sciences in Turkey, 2022, and has been accepted for
publication in the AIP Proceedings [29]. In the future, one can consider polyharmonic

Green’s function in other domains.
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