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Abstract

In this paper, we investigate the generalized Boussinesq equation (gBq) as a model for
the water wave problem with surface tension. Our study begins with the analysis of
the initial value problem within Sobolev spaces, where we derive improved conditions
for global existence and finite-time blow-up of solutions, extending previous results
to lower Sobolev indices. Furthermore, we explore the time-decay behavior of solu-
tions in Bessel potential and modulation spaces, establishing global well-posedness
and time-decay estimates in these function spaces. Using Pohozaev-type identities,
we demonstrate the non-existence of solitary waves for specific parameter regimes.
A significant contribution of this work is the numerical generation of solitary wave
solutions for the gBq equation using the Petviashvili iteration method. Additionally,
we propose a Fourier pseudo-spectral numerical method to study the time evolution of
solutions, particularly addressing the gap interval where theoretical results on global
existence or blow-up are unavailable in the Sobolev spaces. Our numerical results
provide new insights by confirming theoretical predictions in covered cases and fill-
ing gaps in unexplored scenarios. This comprehensive analysis not only clarifies the
theoretical and numerical landscape of the gBq equation but also offers valuable tools
for further investigations.
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1 Introduction

The generalized Boussinesq (gBq) equation

(1.1)

= (1 — ey + Uy — Kitgxy + fW))

u(x,0) = uo(x), ur(x,0) =ui(x),
is a general model for wave phenomena, where u(x, t) € R represents the vertical
velocity component of a fluid surface, and «, « are (general) nonnegative constants.
Fork =1, € R, and f(u) = u?, Schneider and Wayne [27] proposed this equation
to model water waves with surface tension. In particular, this equation approximates
bidirectional wave propagation in the presence of capillary effects and long wavelength
limits. In [27], the authors included the term with the sixth-order derivatives because
they were specifically interested in the case where the coefficient in front of the fourth-
order derivative term is small. The lowest-order nonlinear terms in the water wave
problem remain unchanged from the classical equation, as they are independent of
surface tension. In this context, the coefficients « and « are treated as mathematical
parameters, which do not correspond directly to physical quantities.

The solution u(x, ¢) of (1.1) can be interpreted as the vertical velocity component
on the top surface of an irrotational, incompressible fluid in a domain. Equation (1.1)
can also be derived from the two-dimensional water wave problem. In a degenerate
case (with Bond number T = % a dimensionless parameter proportional to the surface
tension in very shallow depths with ignored dissipative effects), it was shown in [27]
that the long wave limit can be described approximately by two decoupled Kawahara
equations. It has been shown that the (improved) Boussinesq equation,

ey = (U + gy 4 u?)yy, (1.2)

is useful in the case of zero surface tension [26]. Equation (1.2) is formally equivalent
to the most well-known and classical Boussinesq equation

Uy = (U £ty +u?),, (1.3)

which is also valid (from a formal point of view) for unidirectional wave propagation in
the water wave problem [21]. Equation (1.3) was first derived in [3] (rediscovered later
by Keulegan and Patterson [15]) when investigating the bidirectional propagation of
small amplitude and long wavelength capillary-gravity waves on the surface of shallow
water.

Since the linear part of (1.3) with the +u, term contains the backward heat operator
0 + 3)%, it is ill-posed. This issue does not occur with the —u,, term, but in this case,
it cannot be proven as a physical model of water waves like the original Boussinesq
equation. To address this situation, and related to (1.1), the following generalized
Boussinesq equation was derived in [6] (see also [10] and references therein):

Uy = (U £ thyx + Uyyxx + uz)x)w (1.4)
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Rosenau [24] proposed the higher-order Boussinesq (HBq) equation

up = U+ Nty — Mtyxrr + (F @) xx, (1.5)

where 11 and 1, are real positive constants to include higher-order dispersion effects
and f(u) = u?, p > 1. A more recent derivation of the HBq equation is provided
in [9] to model the bi-directional propagation of longitudinal waves in an infinite,
nonlocally elastic medium.

Regarding the existence of local/global solutions of the initial value problem asso-
ciated with (1.3), Bona and Sachs utilized Kato’s theory to demonstrate the local
well-posedness of smooth solutions. This result was further extended to H Uin [32].
For the nonlinearity f(u) = —|u|”u, [18] established the existence of L2 and H!-
solutions of (1.1). Additionally, it was proven in [18] that these solutions, given small
initial data, remain global in H Lifo < p < 4. Investigations conducted in [20]
explored the existence of finite-time blow-up of solutions, decay of small solutions,
and the strong instability of solitary waves with small propagation speeds for the
Cauchy problem of the Boussinesq equation.

Our findings in this paper are divided into three main parts. In Sect.2, we first
consider the initial value problem (1.1) in Sobolev spaces. The well-posedness of
(1.1) was shown in [34] using the contraction mapping principle. We improve upon
the results of [34] by extending them to lower Sobolev indices (see Theorem 2.2).
Wang and Xu [34] also derived conditions under which solutions of problem (1.1)
either remain global or blow-up, by applying the potential well approach. These results
depend on the potential well depth d and the construction of two stable and unstable
submanifolds of H!. The value of d is variational and determined in terms of the
stationary solution of (1.1), which is the unique positive solution of

0=Q0—aQ8+,BQg+1, B <0<a.

Our next objective in Sect. 2 is to investigate the time-decay behavior of solutions
of (1.1). Firstly, we utilize properties of the group associated with the linear part of
(1.1) and the Mikhlin multiplier theorem, and extend our local well-posedness result
to the Bessel potential spaces H*'7(R) (see Theorem 2.8). Moreover, we present two
equivalent forms of equation (1.1) and again exploit decay properties of the linear
part of (1.1) to obtain time decay estimates of solutions in L*° space (Theorem 2.9)
and H* spaces (see Theorem 2.10). We will close Sect.2 by showing the global well-
posedness of (1.1) in the modulation spaces M ;,’ q with small initial data (see Theorems
2.11 and 2.12). The main ingredients of these results are the crucial estimates of the
linear part of (1.1) in M‘;’q.

As the second part of our results in Sect. 3, we investigate the existence of (nonsta-
tionary) solitary waves of (1.1) of the form Q.(x — ct). In contrast to the stationary
case (¢ = 0), we observe that the coefficient of 8 should be positive to guarantee
the existence of solitary waves. See Theorem 3.1 where some nonexistence results
are discussed by deriving the Pohozaev identities. See also Theorem 3.1. As far as
we know, the analytical (explicit) solitary wave solution of (1.1) remains unknown.
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However, we address this question. In particular, in Sect. 3, we employ the Petviashvili
iteration method to numerically generate the solitary wave solution.

Finally, in Sect.4, a numerical method that combines a Fourier pseudo-spectral
method coupled with a Runge—Kutta method for the time evolution of solutions of the
gBq equation is proposed. To the best of our knowledge, there have been no numerical
studies conducted for the gBq equation, despite a considerable body of work in the
literature aimed at solving equations (1.2)—(1.5) (see [2, 4, 5, 12, 28, 30, 31] and
references therein). In Sect.4, we investigate the time evolution of solitary waves
generated by Petviashvili’s iteration method. Furthermore, we have seen in Sect. 2,
indeed Theorems 2.4 and 2.5 cannot cover some cases of initial data, particularly
when E(u(x, 0)) > d where neither a global existence nor a blow-up result has been
analytically established in the Sobolev spaces. In the last part of this paper in Sect. 4,
we address this and successfully cover this gap numerically. Upon confirming the
analytical results for global existence and blow-up numerically, as presented in Sect. 2,
we then provide numerical insights into the behavior of solutions corresponding to
the gap interval. We determine a threshold value, such that when the initial amplitude
is below this threshold, the solution exists globally; however, if the initial amplitude
exceeds this threshold, the solution blows up in a finite time.

In the throughout of this paper, we assume that f € C(R) such that
|f(w)] < Clu/P*" and C > 0, and ||ul|; stands by the norm of u in the Soblev
space H*(R).

2 Well-posedness in Sobolev spaces
In this section, we study the well-posedness of the initial value problem (1.1). To do

so, first, similar to the method in [10], by using a Fourier transform and the Duhamel
principle, the solution of problem (1.1) can be written as follows:

t
u(x, 1) = A(w) = 3, S(Duog(x) + SH)ui(x) +/ St — 1)L 02 f (u) dr,
0
2.1

where Lg = I — 82 + k3% and

1 2 A
@S 1) = cos <”§'— VW) .

V1+E2+ kg

1EWT+ag? | V1482 +/<g4f(§)
Vi+er+wet ) gl/1+a8? © 0

(S(1) f)" = sin (

Remark 2.1 Notice that L‘;l f =K % f, where
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A%L\% (kl bl — L e—xz\xl), he <1,
3 1
K(x) =«km{ &% <1+K 4|x|) kA x| 4 =1, (2.2)
—o|x| .
m (wcos(wx) + o sin(w|x])), 4 > 1,

and

Mz\/i(l_m) " \/%(Hm) .
: |

Itisclearthat K is areal-valued, even, continuous function in R. Moreover, K is smooth
at R\ {0}, and all its derivatives decay exponentially. Furthermore, K ™ ¢ L4(R) for
any | <g <ooandn € N.

2.1 Well-posedness in the Sobolev spaces

By the arguments in [34], we can obtain the following lemmas.
Lemma 2.1 The following inequalities hold for all ¢ € H*(R) and ¥ € H*"2(R):

(i) 18:Sels < llglls,
(i) 1Sl <21+ Dlels,

(iii) 19 Sy < V2O + Dllglls,
(iv) 1IL" SOV |ly < V201 lls—2.
) 1L 3328 lls < ¥ lls—2-

Lemma 2.2 Let f € C"™(R) be afunction vanishing at zero, where m > Q is an integer.
Then, for any u,v € H*(R) N L*°(R) and 0 < s < m, the following statements hold:

(i) fu) e H'R) and || f)lls = Cr(llullzoe ) llulls,
(i) I1f ) = flls = CallullLemy. [VliLe@)llu —vls,

where C1 and C; are continuous nonnegative functions.
Now we define the function space X(T) = C Lo, T; H (R)) equipped with the

norm

lullxry = SUP (||M(f)||s + Nl () l5).

telo,

Using the Sobolev embedding and the arguments in [34] one can prove the following
result.
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Theorem 2.1 Let f € C™ withm > s > 1/2. If ug, u; € H*(R), then there exist
T > 0 and a unique solution u € C'([0, T1, H*(R)) of (1.1).

In the case p € N, we can extend the above result to the lower Sobolev indices.

Theorem 2.2 Let ug, u; € H*(R) and p € N. Assume that s > % if p > 1and

s > 0if p = 1. Then there exists T > 0 and a unique solution u € C'(0, T; H*(R))
such that u(0) = ug and u;(0) = u1. Moreover, if T < 400 is the maximal existence
time of u, then

sup ([lu(@)lls + llu ()]ls) = +o00.
te(0,7T]

Furthermore, we have u;; € C(0, T; H*(R)). In addition, if (—8%)_%14] e L3(R),
then (—92)~u, € C1(0, T LA(R)).

Proof 1t is shown that the right-hand side of (2.1) defined is a contraction mapping A
of C(0, T; B) for some T > 0, where B is a closed ball in X (7). Indeed, since S and
9; S are both bounded on H* (R), then it is enough to study the nonlinear part of (2.1)
(see the proof of Theorem 2.8 below).

Note that when p = 1, then (£)°|F ()| = (£)°]a]) * (£)°]a]) < [lu])?, where
(&) = 14+ |&]. If p > 1, then we get from the Young inequality that

EVUFG] < (&) al) % - - % (&) ]a])

p—1

R +1 1 2(p+1)(s1—s) 2
< @ Al gy < Nl (fR € T dx) 24

+1
S llull§
provided s > s1 + %. We have from the above inequalities that

£ o
e e I d
S /R &>l dg
S ;7Y / (&) dx

R

2p+1)
S lulls™

102L5" f(u))? =

for any s > 2(’;;+llifp> l,ands > 0if p = 1.
Next, we have from (1.1) that

_E0+e8) £
L +E24+uEd 1482+

Uy =

- 54ﬁu\). 2.5)
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Then,
A 1
lurells = liteells S Nulls + Nul™ < C@)
for any ¢ € (0, T). On the other hand, we get from

lloge (t + AL —upy ()5 = s (¢ + AL) — f151 (1) |l
<C(M)|lu(t+ At) —u(t)||s — 0, as Ar — 0,

that u;, € C(0, T; H*(R)).
Now, we show that (—92)"2u, € C1(0, T; L2(R))if (—92)~2u, € L2(R). Similar
to above argument, we have from (2.5) and (2.4) that

2
S lull
s+1

’ §10 + %)
1+ &2 +xcg?

and

H €]

R 2
1 £2 + c£? < C(lluli) Nuells-

F

2
s+1
Analogous to the above estimate, we can show that

H(—af)*%u,t(t N (—af)*%u,t(z)H >0 as A= 0.
s+

So that (—92)~2uy, € C(0, T; H+F'(R)). Now, if (—92)"2u; e L2(R), then we
derive from

1 1 ! 1
(=02) "y = (=0%)Hu, +/ (=02) ure de
0

that (—92)~2u, € C1(0, T; LA(R)). o

In order to get more time-regularity of the local solution, we obtain the following
result by using Lemma 2.1. The invariant E also shows that the solutions is global in
time.

Theorem 2.3 Lets > 1 and ug, u; € H°(R) and (—83)_%u1 e Ht(R). Then the
solution u(t), obtained from Theorem 2.2, satisfies u € C(0, T; H*(R)),

(—92)"2u, € C'(0, T; BT (R)),

0t = [ (=341t + st + i) dx = Q(O)
R
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and

E@) = & (10D 2ur1P . + e 1220+ lixe 122 o + 1122 o +tllty |2
2 x L2(R) 2Ry ML2(R) L2(R) WL2m)

+/ F(u) dx = Eu(0))
R

forallt € (0, T), where F(u) = fou f(r) dr. Moreover, if F(u) > 0 forallu € R,
the solution u(t) can be extended in time.

Proof Following the same lines of the proof of Lemma 2.1, we can obtain that

1 _1
I(=92)"28,S(Dells < I(=8D) 2l
_1
1(=92)" 28, S(D¢lls < V2llgls,
_1
(=822 L 8,025 W lls11 < ¥ lls—2-

Therefore, we have from (2.1) and the proof of Theorem 2.2 that (—8%)’%u, €

C'(0, T; H*T'(R)) and u;; € C'(0, T; H*(R)). The conservation of the energy E

and the momentum Q easily follows from a simple regularization argument. This
completes the proof of the first part of the Theorem.

The global existence theorem is derived immediately from the conservation law E.

]

Remark 2.2 Theorem 2.3 shows that the local solution of (1.1) is globally well-
posedness if f(u) = au?’*! witha > 0.

Our next aim is to obtain the conditions under which the local solution is global or
blows up in time.

In the rest of this section, we assume for simplicity that o = 1.

Let s > 1. Define the functionals

1
J(u>=§||u||%+/ Fdr, )= ||u||%+/uf<u> ax,
R R

and the minimizing value d = inf, ¢y J (1), where
N ={ue H"\ {0}, I(u)=0}.

The potential well theory provides some global results (see [25]).

Theorem 2.4 Lets > 1, a > 0 and f(u) satisfies one of the following form

(i) f(u) = —alulPu, p #2k, k eN, [p]+1>s,
(ii) f(u) = +au*, k €N,
(iii) fu)=—au’*' k eN,

(iv) f(u) = +alulP*!, p >0,

(v) f(u) = —alulPu, p > 0.
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Moreover, assume that ug, u; € H® and (—83)*1/2141 € L%(R) and Eu(0)) < d
and ug € W’ then (1.1) admits a unique global solution u € C2(0, co; HYY, with
(—=32)"Y2u, € C'(0, 00; L2(R)) and u € W for all 0 < t < 0o, where

W ={ueH" Iw>0U{0}, W={ueH" Iu) >0, Ju)<d U0}
The same approach used for Theorem 2.4 provides the following blow-up result

(see [25, Theorem 6.2]).

Theorem 2.5 Let s > 1 and f(u) = +alu|PT!, with p +1 # 2k, k € N, and
[pl+ 1 = s, or f satisfy one of conditions (ii)—(iv) of Theorem 2.4, with [p] > 2.
Assume that ug, uy € H*, (—32)"?ug, (=82)""2u; € L*(R), E(u(0)) < d and
I(ug) < 0. Then the solution of (1.1) blows up in finite time.

Following Levine’s method (see [17]), one can show the following blow-up result (see
[34, Theorem 3.4]). The nonlinearites f(u) = —au*’*! witha > 0 or f(u) = au®’
with a # 0 and p € N satisfy the following theorem.

Theorem 2.6 Let f € C'(R) and ug, uy € H' such that F(ug) € L', (—32)~"?ug €
H? and (—83)_1/2141 el Suppose that there exists € > 0 such that

uf(m) <2Qe+ 1)F(u) + 2eu®,  VueR, (2.6)

and one of the following two assumptions holds:

1. E((0)) <0,
2. E(0)) = 0and

(=07 2u0, (=)™} + s (@), () + o, 1)

> \/ E@©) (1(=82)"12u0 )2, 5 + K11 012y + N0l ).

Then the solution of (1.1) blows up in finite time.

Proof The proof is based on applying the well-know inequality ¢”¢ > (s + 1)(¢')?,
where

o) = (=) 2u®)17, + cllux ()72 + @3 + 8 + 10)*

for suitable numbers 7y and § depending on E(x(0)). So we omit the details. O

Remark 2.3 Inequality (2.6) can be replaced with

_2_
uf ) <201+ 26 F) + = (/ F(u) dx) " @7
C: \Ur

*

)

1
— - 2
where Cy = |lg|l, " and p(x) = (pTH)p sech? (57).
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In the case f(#) = —alu|’u with a > 0, we define the stable (potential well) and
unstable submanifolds, by

2p +2 2p+2
W= {u e H'®), ul? < %eo}, wt = {u e H'®), Jul? > %eo},

where

p 2 _ 2(p+2)
eg=———a » b

"Top+" 7
It can be shown similar to the proof of Lemma 4.1 in [34] that if E(u(0)) < eo,
uo,v1 € H' and (—8)%)_1/ 24y € H?, then the submanifolds W are invariant under
the flow of (1.1). These sets enable us to find the following global/blow-up result by
following the proof of [34, Theorem 4.6] with slight modifications.

Theorem 2.7 Let ug, vi € H* and (—33)~"%u; € H*' with 1 < s < [p] + 3 such
that E(u(0)) < ep. If ||uo||% < %, then the solution u(t) of (1.1) exists globally
in C([0, 00); H*). If llu|1} > 22, and

(07" 2u0, (=) 721} + e (@), (1)) + a0, 1) = 0

with E(u(0)) = eq, then the solution u(t) of (1.1) blows up in finite time.

Here, we point out that although the conditions needed for the global existence or
blow-up of the solutions in the Sobolev spaces are stated above, there still remains
a gap between the global existence and blow-up intervals depending on the inital
conditions. We close these gaps numerically in Sect. 4.

2.2 Well-posedness in the Bessel potential spaces

In this subsection, we extend the results of Sect. 2 to the inhomogeneous Bessel poten-
tial spaces. These spaces are denoted by H**4 as the completion of Schwartz class with
respect to the norm ||ulls,y = llullgsa®) = lIA°ullLe(®), Where A® is the Fourier mul-
tiplier with the symbol (§) = (1 + |& 1)1/2. We use the following version of the
Mikhlin multiplier theorem.

Lemma23 [8] Let L € Nand L > n/2. Assume that D = (—A)% and u is a
measurable function such that u € Ct(R" \ {0}).

1. If there exists a constant o1 > 0 such that for all |y| < L
1D u)l < Ay(L+ gD~V £ e R",

then u is a LY-multiplier for any 1 < q < oo. If o1 = 0, then u is a LY-multiplier
forany 1l < g < oo.
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2. If there exist constants o3, 03 > 0 such that for all |y| < L
IDYu(®)] < Ay min(|§|7" 71 1577, 5 e R\ {0),
then u is a LY-multiplier for any 1 < g < oo.
Lemma24 Leta,k > 0,1 <qg <ooands € R. Then,
1S@Oulleg < 02 ulleg,  13:SOullsg S 077 ullg
The above inequalities hold also if « = k = 0.
Proof We prove the first inequality. The second one can similarly be proved. Define

(1§11 + e
\/T—+K%.4 —COS([).

It is straightforward to see that m satisfies Lemma 2.3, so m is a L' multiplier. More-
over,

m(&) = cos (

~ 1/2 1/2
Nl gy S il I I o el 11y

Some computations show that
m@| S, M E1 S 1lE)
whence we get for all ¢ that
mi) " Nl wy S NNl L1y
Hence, we derive
ISOullpwy S Ol w)-

Finally, the Plancherel identity, an interpolation, and a duality argument show that

|l _ 1
IS@ull e S 02270 ull o).

The proof is completed by the fact that the operator A commutes with S(z). In the
case « = k = 0, one can observe simply that the above arguments still are valid for
S(¢) and 9;S(z). O

Lemma2.5 If f € C/(R), u € H9(R) and s > max{0, % }, then

S
p+1

—1q2 +1
”‘CR axf(u)”S,q 5 ”””f,q .



52 Page 12 of 47 A. Esfahani, G. M. Muslu

Proof First, we assume thatg > p+1.Byrewriting E;laff(u)by E;lang(A’gf(u)),
we notice for ¢ = 2 that LElang is L?-multiplier, with 1 < ¢ < oo from
Lemma 2.3. Hence, by applying the Hardy-Littlewood—Sobolev inequality and the
fractional Chain rule (see e.g. [19]), we obtain that

IL5 82 f@)lls.q = LR 02AS(ATS F))lls.q
SIATS f)llLew)
SIA @Iz

< IIf/(u)IILg(R)IIMIIs,q

p
S ”M”Lq(R)”u”s,q
p+1

S lulls,g

where in the last inequality we have used the inequality [ullzo®) S llulls,q-

Next, we assume that | < g < p+ lands < ql. In this case, we observe for any

¢ < 2, similar to previous case, that E;lfifA? is L9-multiplier, with 1 < ¢ < o0
from Lemma 2.3. Then, by applying the Hardy—Littlewood—Sobolev inequality and
the Sobolev embedding we have

IL5 82AS (A7 fF))lls.g S IASTS £ ()l ow)
SIF@llL

p+1
S ””“Lq(R)

p+1
S lullsg -

Finally assume that s > ql, then H*4(R) is an algebra. Lemma 2.3 shows that

L£5'82 is a L4-multiplier with 1 < g < oc. Then

LR 02 ()lls.qg SIF@)llsg S NullZy
a]

Theorem 2.8 Let f € C'(R), ug, u; € H*4(R)with1 < g < ocoands > max(0, %—

#), then there exist T > 0 and a unique solution u € C%(0, T; H*4(R)) of (1.1).
Moreover, if f is a polynomial, then the flow map (ug, u1) — u(t) is real analytic
from H9(R) x H*1(R) to C%(0, T; H*9(R)).

Proof The proof comes from the classical Banach fixed point theorem by defining the
ball

21l L
B ={ueXr, lulx, = M2 (luollsg + lurllg)}
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where C is the implicit constant of Lemma 2.4, and X7 is the space of bounded
functions on [0, 7] with values in H*9(R) equipped with norm

lullx; = sup [u(@®)lls.q-
1€[0,T]

Given u,v € B, Lemmas 2.4 and 2.5 imply that the right hand side of (2.1) is
estimated by

2(p+2)| 1 -

al_1 1
Aw) < (Y1278 (luglls.g + luills.q) + CT(T) luolls.qg + Ny ls. )P

P 20p+1)| -1
= (1)’ 4'<||uo||s,q+||u1||s,q><1+c/T<T> (p+Dlz q'(||uo||s,q+||u1||s,q>1’).

Moreover,

1_1
1A@) — AW)Ixy < C"T(TY P70 (luglls.q + Nt lls.)? llu = vllxy-

Taking T sufficiently small, we see that A is a contraction, and its unique solution is
continuous from [0, 7] to H*'9(R). The analyticity of the flow map (uq, u1) — u(t)
follows from a standard argument by the implicit function theorem and the smoothness
property of the flow map, deduced from Lemma 2.5.

2 2
To see u;;, € C(0,T; H9(R)), we first observe that m; = % — % is

L9-multiplier for any 1 < g < 00, so we get from (2.5) and Lemma 2.5 that

+1
lurells.g S llulls.g + lulldy < C@)

forany ¢ € (0, T). The continuity of u;; is shown similar to the proof of Theorem 2.2.
This implies that (—8)%)_%%1 € C(0, T; H*t14(R)). Indeed, we have from (2.5) that

Lo lE0 e I
1€l T 14 £2 4 kE? 1+ &2 4 k&4 ’

Hence we repeat the above argument by using Lemma 2.5 and Lemma 2.3 to get

2\—14 p+1
1= 2unllsg S Nullsviq + lullsg -

2.3 Asymptotic behavior

To obtain the asymptotic behavior of the solutions of (1.1), a series of useful lemmas
are laid out. The first one is the well-known Van der Corput lemma [29] as follows.
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Lemma 2.6 Let h be either convex or concave on [a, b] with —o0 < a < b < 4o0. If
F is a continuously differentiable function on [a, b], then

b
/ F(€) e"® de

a

-12
. Vi !/
<4 (sé‘%é‘fb] h (#E)I) (IF O+ 1F 1)

if " #0in[a,b].

Lemma 2.7 Lete > 0 be sufficiently small and N > 0 be sufficiently large. Then there
exists C > 0 such that

/ eil/’l(f,)\,) ds
[E|<N

forallt > 0, where £ =T and by =6 ifk =a ora =0, while £ =9 and £y =4 if
_ E/aE241

kZa#0,and h(&, L) = —m + AE.

Proof Without loss of generality, we can assume that A = 0 and denote for simplicity

h() =h(,1). Leté§g =0and ££;,for j =0, ...,k withk =0, ..., 4, be the roots

of h”, where &§; > 0, for j = 1,2, 3, 4. Indeed we have

sup < C(t™ 2 max{ND/% ey 4 o),

reR

*h £g(®)
AEZ T (a2 4 1)32(kE4 + E2 4+ 1)5/2°

h'(&) =
where

g(&) = 3a(k — a)kEd + 2k (k — a(5a + 1)E% — (a(a + 18k — 1) + k)€™
+2(( — Da — 56)E> +3( — 1)

Define I' = U’;ZO I';, where
Fi={§eR §+e<|§|<§jp1+e€}, j=0,....k—1,
and
Ty ={6 eR; & +e <& < N}
Hence,

?elirn 1" ()] = min{|h" & + O, " Eri+l} e j=0,... k-1,
J

and

min |h" (&)] = min{|h" (& + €)|, |k (N)|} = min{e’, N~}
€lk
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where £ = 7and {p = 6ifk =aora =0,and £ = 9 and £y = 4if k # o and
o # 0. Using Lemma 2.6, we obtain

/ SHhE) g
I

On the other hand, we have

/ Sirh(®) g
|E£&[<e

< ct 12 max{e%/z, NKU/Z}.

< Ce, j=0,...,k.

It follows that

sup < C(r~ 2 max{N%/? e7t%) 1 ¢).

reR

/ eilh(f,)\) dé
[E1=N

O

To get the asymptotic behavior of the solutions of (1.1), one can see that (1.1) can
be also written as the following system of equations

Ml = v)C3
(2.8)
v =L (Lpw) — fu),,

where Lr =1 — 83 + KB;‘ and Lp =1 — aaf.

The following lemma gives a time estimate of the solutions of the linearized prob-
lem. The space H*(R) x H**!(R) is denoted by X.

Lemma 2.8 Let S(t) be the Cy group of unitary operators for the linearized problem

of (2.8)
- 0 I\ .
U — (EEIED O)“X _07

with ii(0) = iig = (uo, vo). If ug € L'(R), iig € X, for s > 1/2, and vg € H"'(R),
then

IS @0l Loo®yxLoo®) < C(1+ 07" (lldollx, + luollLigry + Vol g1 r)) -(2.9)

where C > 0 is a constant depending only on s,

1 g3
2s+0—1 - 2

= (2.10)
2s—1 3
T0s+0=1 S = 5>

and € is the same as in Lemma 2.7.
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Proof Since

1£0(®) WE o (Ee®)
COS( ) °®) Sm( 9@ )

(1) = S(0)iio(x) = /R el lio(€) de,

i0®) in (rsQ@)) cos (t%gzg))

where #(&) = /1 + &2+ k&4 and 0(§) = /1 + a&2. It is deduced from Fubini’s

theorem that

Iu(t)I—IS(t)uo(X)I<Z’ / (uo Zg) )i’h@’ix/’) dé‘

+Z‘/ ( oi‘ (E) ) ith(g,+x/1) dg‘

S Z‘/R »?oiAlvo) Qlth(E x/0) ds‘ +Z‘/R<%i[‘/_%) Cith(E.£x/1) d€'7

where the sums are over all two sign combinations. It suffices to estimate the first term
of the right-hand side of the last inequality. The second term is estimates analogously.
By using the Cauchy—Schwarz inequality, it yields from Lemma 2.7 that

‘/ (wo + mvo)e]m(é’ixﬂ) dg‘
‘/ (up + \/E 0) dé‘ ‘/ (o + \/@vo)elth(é,:l:x/t) dE
|§[>N

< liiolloe, N7~ 1/2>+(||uo||L1(R)+||vo||Hl,.<R)) (e + 112 max(e /2, N¥/2)).

@2.11)

For ¢t > 1, choosing € = N-1 =% 6 > 0, we obtain that

‘/ (@o + /1 + £27g)elnE-Ex/D dé;“
€ (liolkx, + luollsqey + Nvola ) (1700712 4170 4 7120-00)
Hence, for @ = 1/(2s + ¢ — 1) and some C > 0, it is concluded that
i ()| < C (llidollxc, + lluoll 1wy + lvoll gragry) 74, (2.12)
for t > 1. On the other hand, we have for |f| < 1 that
li(t)| < Clldollx, , (2.13)

for s > 1/2. Combining (2.12) for |¢| > 1 with (2.13) for |t| < 1, the proof of the
estimate (2.9) is complete. O
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Following [20], now for § > 0 if we define the metric space
X = {u € C(0,00,Xy) |luillx <8C})
with the norm

lillx = sup((1 + O @@l Lo ryx Loory + IE(D) 1, )
t

then, by choosing C > 0 appropriately in terms of the constant of Lemma 2.8, we can
obtain the following estimate. We omit the details.

Theorem 2.9 Letm > s > 1/2 withm an integer, and f € C™(R). Suppose py > 1,
where i is defined in (2.10). Then there exists § > 0 such that for any iy = (ug, Vo) €
Xy, ug € LY(R) and vg € H'(R), satisfying

ldollxc, + lluoll L1y + llvoll 11wy <6,

there exists a unique solution ii = (u, v) € C'([0, +00); X) of (2.8) with ii(0) = g
such that

sup (1 + O lu®) Loy + @@ llx,) < C8,

0<t<+o0

where the constant C only depends on f, ||17i0||x5, ””()HL'(R) and ||UO||H1-1(R)~ More-
over, E and Q are conserved for all t > 0.

Now our aim is to investigate the time asymptotic behavior of solutions of (1.1) in
the Sobolev spaces. Recalling Theorem 2.3, our main result reads as follows.

Theorem 2.10 Assume that F(u) > 0 for allu € R. Let s > 1 and ug, u; € H*(R),
then the solution u(t) of (1.1) satisfies

2
lu(T)lls < CT=&

forany T > 0, where C = C(s, |luolls, lu1lls) > 0 and

0, N se(l,d),
os =187, se(3.2),
2
s—1, s> 2.

Proof We introduce w = u + i%_lut, where

—02Lp
B=|—F—. 2.14
\/ L (2.14)
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Then, (1.1) is transformed into

iw, — Bw — Mf(m(w_)l) =0 (2.15)
w(0) = wo = uo + B~ u;
where
—92
M= —
LrLDp

It is clear that u = N(w) and B~'u, = J(w). Moreover, M can be considered as a
Fourier multiplier with the symbol

o 52
M‘\/(1+52+K54><1+as2)'

By the Duhamel principle, (2.15) can be written as following integral equation,

t
w(t) =e "By, — i/ e OB M (R(w)) dr. (2.16)
0

For simplicity, we can assume that f(u) = |u|”u. We observe that this transforma-
tion gives a correspondence between the solutions (i, (—8%)_1/2u,) € H' x H*tL of
(1.1) and (w, w) € H® x H® of (2.15).

Let D be the Fourier multiplier with the symbol |£|. By multiplying (2.15) by D**w
and taking the image part, we get

d
10wl + (D w, MR (w)|PR(w)) = 0. (2.17)

Lets —1 =m+v,wherem > 0and v € [0, 1). Then, we obtain by the Plancherel
identity and interpolation for g = |9i(w)| that

I(D¥w, MR (w)|PR(w)) = (D" 'w, DR (w)|PR(w))
(DS7 w D$71 p+1)

<A
1
snwné IS~ gP ! ||L2(R)
=1 I 1
snwn Hwly 1D g o -

By the expansion

DlgMt =DVl + D" Y ¢
i+t jpri=m,
05j15'~'5jp+15m7]

g - 9l g = I + I,
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we write
Iy =gP’DV3l"g + D", gP19y'g =: Iz + Ia,
where [-, -] is the commutator. Hence, an interpolation reveals again that

p+f max{O,ﬁ%z}
IBIg S lelly gl .

Noting that ||g]ls < ||w]||s for any s > 0, we obtain that

p+  max{0,5=3)
1512 S lwlly " Hlwll s

To estimate 14, we use the commutator estimate in Theorem A.12 of [16] to obtain
that

Iall 2wy S 107 gl L2y 1DV 87 I Loo ).
By using the following pointwise inequality for the fractional derivatives [7]
D'¢(g) < ¢'(g)D"g,  any convex function ¢,
we deduce from some interpolations and the Sobolev inequality that

-1
Hall 2y S O8N 2@y g lIT ™ IDY gl
-1
S lIglmllgly ™ 1D gl oo )

I+a s—a

s—1

s— S [7—1
S gl gls™ gl lell, 1+

_1t
maX[O, T }
= C(lwl)lwlls

where C(-) is an increasing function. On the other hand, we have by several interpo-
lations that

p+1 )
IBlew S Y Cpn [PV | [0
ST vt = L®)
p+1 ) )
S Chipn 20l g [ T8 gllagpn
JitFjpr1=m, k=1 i#k

0=<j1, s jpr1<m—1
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p+1

S > Z [Py prewerany § | 1] P

Jit- +]p+1 =m, = i#k
0<j1seerjpr1=m— 1

p+1

< > Z [ —— H [P

Jittjpri=m, k=1
0<jiseesip+1<m—1

Now by using the estimates

1-6;. 6;.
Sllgly gl

iy
and
1-6p. 0.
18l jot sty < gl g™
where
T S
g, it g ~1 vkt g
j[ - - 1 jk = ’
s —1 s —1
we conclude that
Mall 2y S > Gy CUIDIENS

Jittjpr1=m,
0=<j1,es jp+1=m—1

maX{O, 722&:’1’)}
< C(lwlinllwlls ,

where

; P (p+1)>—1 ;.
VA= U s — Sprn t L i
s—1

and C(-) is an increasing function. After calculating the maximum value of the above
exponents, we obtain that

I(DFw, MR (w)|PR(w)) < Clwll)lwlls. (2.18)
Inserting (2.18) into (2.17) and integrating over [T, T + 1], we obtain that
ID*w(T + D25 < 1D w(T)I22 g + CUWT) ) [w(T)]E
Since ||u(T)]| is bounded independent of 7', then

lw(T + DT < 1w + Clugy, lw (DS
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for all T > 0. Hence, we get

lw(T)ls < (T)7e .

The proof is complete by recalling u = 9i(w). O

2.4 Well-posedness in Modulation spaces

In this subsection, we study the well-posedness in the Modulation spaces M ;, o thatis
larger than the Bessel potential spaces.

Before presenting our main findings, we revisit some preliminary definitions and
notations pertinent to the modulation spaces M ; q (R™), as outlined in [1, 14, 33]. We
denote by 8 the Schwartz space on R” and 8’ its dual space. Let Qg = {§ € R", & €
[—1/2,1/2), i =1,...,n}and Qx = k 4+ Qoq, k € Z". Thus, { Qg }rez constitutes a
decomposition of R”, thatis, Q; N Q; = W and | Jyczn Or = R". Letp : R" — [0, 1]
be a smooth function satisfying p(§) = 1 for |§] < ‘/7?' and p(§) = 0 for |§| > /n.
Set pr (&) = p(§ — k), k € Z", a translation of p. It is clear to see that p;(§) = 1 in
Qp, and thus, >, 7» pr(§) = 1 forall £ € R". Let

—1
o (§) = pi(§) (Z /01(5)) ke

leZr

The sequence {0k (&)}rezn possesses the following properties:

lok(§)| = C, forallé € Ok, supp(ox) C {& : € — kloo < V/n},

Yook =1, |DYy(&)| < Cy forall§ e R", |a| < m.
keZ

We consider the frequency-uniform decomposition operators Q; = F oy F =

F~ Yoy - Fl, k € Z", where F is the Fourier transform. The modulation spaces
M;,’q = M‘f,,q(R") are defined fors e Rand 1 < p, g < o0, as

s ’ )
My =1 e S® I flug, <oof,
where
3 3 1/
|| (k) 194« fllLp HIZ = (Zkezn (k)4 HQkfllzp) q, 1 <gq < oo,

sup (k) 19 fll L. q = oo.
keZ

(2.19)

1£lasg,, =

We will for simplicity write Mg’ p (R) =M, 4(R).
The following properties of these space are notable:

(i) If € is compact subset of R”, then 8% = {f : f € 8 and supp(]/‘\) C Q}is

denseinM;,q,seR,O<p,q<oo.
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(11) Mls)]l,ql C M;é,qzv ifS] 2 S27 0 < pl S p2a 0 < QI S 92
(i) Mply, C Myy,, ifq1 > g2, 51> 52, 51— 82 >n/q2 —n/qi.
(iv) M, 1 C L®NLP, forl < p < 0.

) B[S,t]"/q C Mj,, for0<p,g<ooandseR.

(vi) B)\, C M)}, if and only if s; > s5 + nvi(p, ).
(vii) if s1 > s2 +nvi(p, q),, then

H"VP c M%

Pq’
where

11 11 2 1 1 1 _,_1
0, (p,q)E (p,q)E[O,OO) q_pandq_l Ak

)1, 1_ 11 11 2 1.1 1o49_1
vi(p,q) = 7t 1, (p,q)e (p,q)E[O,OO) p_zandp_l 7l

_1,1 11 11 2 1 1 l>l]

7t g (p,q)e p,q)e[O,oo) pfzandqu.

Lemma 2.9 Let p be a natural number, 1 < g < 00,0 <s <n/v,and1 < p,v < 00
such that

p < r
Then, |lu”Ipmgs, < ||“||M;;q,v'

Llemma2.10 Leltl <p,p1,p2<00,1<o0,01,00 < oo.If; = E—’_E’ T T
S
a+l§ﬁ<;,then
vl < Nallasy, ol

foranyu € M3 _ (R") andv € M$__ (R").

P1,01 P2,02

Lemma 2.11 Let m be a positive integer, s > 0, 0 < p; < 00, 1 < ¢g; < 00 with
15i§msuchthatﬁ+~~+1+m=%,qll—i—~~+qu=m—l+ql0.Then,
m m
p
Eui N sgnuiuml_m.
P0-40

Since h”(§) > 0 and 1" (§) — 0 as |§] — oo, then we can modify the ideas of
[18] to obtain more dispersive estimates (see Lemma 2.4).

Lemma2.12 Let B beasin(2.14), S =¢"®B 6 < =1, N >2,¢ > 0,2 < g < 00,
and 1/q + 1/q’ = 1. Then,

—2(L—Lyy,
16O fllog S0 2% |1 £11y
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forall f € L9 and t # 0, where

_bg 1t
A e, (2.20)
79—7, —1>0>— — 7>

Vo

_ 1
and 6 = e

Proof Let K(t) = A°S(t). We first show that
K@) flie S gt e, Nyo)ll fllp, (2.21)
where

1 ¢ _1 _t Lo
gt 6 N.0) =€+ Q=) Te + 1 max {e T, N T} (V7 + e + 1&])°)

NU+1
4o

Using the same notations and the proof of Lemma 2.7, we have

f (L + ED) 3™ (&) de| < ell . (222)
[EXE | <e
On the sets I'j with j =0, ...,k — 1, we obtain
/ A+ gD T fE) de| < 172 22— o) | fll L. (2.23)
rj

On the other hand, by using Lemma 2.6, we get

1+ g3 (&) ds‘ Sl max [ NE (VT + e+ 18D7) 1l

T
(2.24)
Finally, since 0 < —1, then
9O iih 2 o0 N o+1
‘/ (1+1&19)2e"™ f(8) d%“S/ (A +&E)2d& flipn S — If Nz
|EI=N N 14+0
(2.25)
Collecting (2.22)—(2.25), we derive (2.21).
4
From (2.21), taking ¢~ = N %, we obtain that
5@ NU+1

1 Ly 1 £
K@) fllpe SN™T +Q2—0)|t| 2N2 +t| ZN° T2 — —
o
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When |¢| > 1, we set N = |¢]?, so that

14 4
K (1) fllze S 161720 + 2 — o)) 3073 4 [ @+D0.
The above inequalities lead us to

1K @) fllzee S 17 1 f Nl

It is clear that K(z) : L?> — L2 is a continuous operator, thus the Riesz-Thorin
interpolation Theorem completes the proof. O

The following estimates are also valid for the group S(¢).

Lemma213 Lett € R,o < —1,2 < p < oo, Ly

» %:1,0<q<oo,and
€ [0, 1]. Then we have

1S@) f llag

pg

_op(i_1
< ()" HGD% Fllygs=oo. (2.26)
Pq

Proof From Lemma 2.12, and using the fact that &(¢) and Q4 commute, we obtain

Y
1QS@) fllug < 1t <p 2) Nkl - (2.27)
Using the Bernstein multiplier estimate, we have
|QeA’g],, S K ligler (2.28)

Then, we obtain from (2.27) and (2.28) that

_o(1_1
1%SO fllLr S K77 D 1%1SO fllug S K7 il 2(5-4)% anmmuw
1

(2.29)
Moreover, we obtain from the Holder and Young inequalities that
19%S@) fllLr < lloke "Bl < Z loke ™% (B )"
S [Ca T 1S Z 19kt 1 - (2.30)
1 1

We get from (2.29) and (2.30) and an interpolation argument that

1966 Flle < 1172 =0 S a1, (231)
I
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for any 6 € [0, 1]. Since o < 0, from (2.30) we have

1%S@ fllze < )Y 1941 f 1l (2.32)
1
Combining (2.31) and (2.32), we arrive at
1_1
196 Fllze < ®~ 0 2% S 9 1,0 (2.33)
I

Finally, the proof is complete if we multiply (2.33) by (k)* and take the /”-norm of
the result. o

Lemma214 Lets € R,o < —1,1 <r <00,2 < p <00,0 < g < 00, and
6 € [0, 1]. Then

IS @uollLrr,amy,) S Nullpgs-oo s (2.34)
’ P.aq

where I is a compact subset of R containing the origin.

1 1
Proof The proof follows from Lemma 2.13 and the continuity of ¢ (t)zg(f_ﬁ)ﬁ“

on /,. In fact, we get

IS@uollLramy ) <

1_1
(02270 Yug | 500
P

Ly

20(3—5)0

(1)

= ||M0||M;:ZU S ||“0||M;;ZU»

Li(I)
as desired. O
Lemma2.15 Lets e R,0 < g < 00,2 < p < 00, 0 € [0, 1]. Then, we have
_2(1_1)
ISOMS sy, < 0722 F gy, - (2.35)

Proof We have from Lemma 2.4,

1 1
ISOMSf e < 022 2IMS || Lo (2.36)
Thus, we get from (2.36) that
_y(l_1
ISOMSfle < )22 flle. (2.37)

Since Q1 S(t)M = &(t) My, we have from (2.37) that

1S OMF e < (6 2F 29 fllLo- (2.38)
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Multiplying (2.38) by (k)® and taking the /7 —norm in both sides of (2.38), we obtain
the desired result. O

Lemma2.16 Letl < p < 00,0 < g <00, s € R. Then,

Mgy, S gl

S q
s—2
forall g € Mp’q .

Proof Inspired from [14, Proposition A.1], we first choose a smooth cutoff function
x such that x (§) = 1 when |£] < 1 and x (§) = 0 when |&| > 2. We also define

—k
Xk (§) == x <$T> :

Then x; = 1 on supp(ox), where the constant C > 1 is in the defintion of 0. We have
from the Young inequality and a change of variable that

ixs (&) e
Ae X(C)M(E k) d&

Now, since |M(§ — k)| < (k)2 forall |£] < C and k € Z, we obtain

/XISI

On the other hand, we observe that

/X|>1

[towmerr| = ‘

I ”ngnu"

/ elvé (i) M(E — k) ds' dx < (k)72
R C

f ey <5> ME —k) dg' dx < (k)72
R c
Thus,

S )21k lLr.

|l

By a natural modifications, we have in the case g = oo that

/g
Mgy, < (Z<k>“—2>‘f||nkg||‘1p> < lgllyy-2-
keZ

and the proof is complete. O
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Lemma2.17 Let p > 1 an integer, po = p+2,1 < g <oo,1—%§s <1

q b
r= %, and f(u) = uPt Also assume that 0 < 6 < —% and o < —1 such
that 0 < % < 1. Then

t 11
H / &(t — )M (u(r))de Sl s 5 (239
0 L' (R,M} ) P-4
Proof Tt can be seen from Lemmas 2.13 and 2.16 that
t t
H/ St —1)Mf(NRu(r))dt < / 16 —OMfRu(t) s dr
0 L7 (R, M3 ) 0 Po-4 L
t 1 1
< / 0= 02270 MO dT
0 Pha i
! 20(3—55)0
S / (t—1) PO Lf R (@) s—o0—2 dT
0 o4 L

Since 0 < —1, we can choose 0 < 0 < —%, and obtain from the embedding

M;, e M;,_Ze_z and Lemma 2.9 that
0> 0>

! ) [ 200 -%w0 o
St —t)Mf(NRu(r))dt . S (t — 1) 0 Hj(.‘hu(r))llMs/ dt
0 LT (R,Mp ) 0 Py-q L
! 1_ L
5” f (=070 P ar| L (2.40)
0 po-a it

Since

11 1 p+1 11
0<1420(=——)0, <1 and ~="—— —(14+20(=—— )0, ),
2" o T 2" o

an application of the Hardy-Littlewood—Sobolev inequality in (2.40) completes the

proof. O
Lemma2.18 Let p > 1 aninteger, po = p+2,s >0, r = %, and f(u) =
uPtl Also assume that 0 < 6 < —% and o < —1 such that 0 < _ﬁ_’ig” < 1. Then
! +1
H/ S(t — )M fORu(r))dr SISV (2.41)
0 " pos

L @M )

Proof the proof of Lemma 2.18 is similar to one of Lemma 2.17 by applying
Lemma 2.11 instead of Lemma 2.9 O

. . 2
Theorem 2.11 Let p > 1 be an integer, po = p+2,5s > 0,and 0 < 6 < -, and

p(p+2) —p0ds

2400, 12 < 1. Then, there exists € > 0
o

r = where o < —1. Assume 0 <
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such that if ||6(t)”0||L’(R;M;O D <6 then equation (2.15) is globally well-posed in
L™ (R; M;O’l).

The condition ¢ = 1 in Theorem 2.11 arises from utilizing the product estimate in
modulation spaces. By employing a different product estimate provided in [13], we
can extend the global existence result to values in M ;, q for I = g <2, by aregularity

assumption on the index s such that 1 — ql <s < qi. This extension is elaborated in
the following theorem.

Theorem 2.12 Consider p > 1 an integer, po = p+2,1 < q < 00, and 1 — é <
s < ql. Also, let 0 < 0 < —é and r = %, where o < —1, such that

0 < *5% < 1. Then, there exists € > 0 such that if |&OuollLr @y, ) < €

equation (2.15) in globally well-posed in L" (R; M}, ).

Proof of Theorems 2.11and 2.12 We will first delve into the proof of Theorem 2.12,
which relies on a fixed-point argument involving above obtained estimates. To do so,
define Bye = {u : ||u||Lr(R;M;; D= 2¢}, where € > 0. Define the map I" on the
metric space By as the right-hand side of (2.16). To ensure I' : By — By is a
contraction, we select € > 0 such that I" : By — By, as elaborated in Lemma 2.17.
From Lemma 2.17 and the smallness of ||&(t)ugllr (r; My, ) We have for u € By,
that

+1
1Pl gy, ) < IS Ou0C L @ity )+ Clel gy ) < €(1+C27F1eP),
(2.42)
Choosing € > 0 such that C2P*!e? < 1, ensures that the mapping I" is a contraction.

By utilizing Lemmas 2.13 and 2.16 (as demonstrated in the proof of Lemma 2.17),
and considering Lemmas 2.10 and 2.9, we deduce

' 11 Pl
20(5— 5700 p+l—k, k-1
Tu—Twv e < t—t) 2 Po —-v v dt
ITu ler @y ) < /0 t—1) lle = vllagg, kE_] IIuIIMISIOVq I IIM;O_q _
= L
deri ; i _ _pWpo+2) i
Considering the assumption 0 < 2 < landr = St i, » LIS revealed from

the Holder and Hardy-Littlewood—Sobolev inequalities that

: _ . p p
I = ol @intg, ) S = vl @iy ) (1005 oy, )+ 100 rong, )

< pptlep — A
=207l Cllu = vlier ®omg, -

(2.43)

Combining inequalities (2.42) and (2.43), we establish that the mapping I' : Bye —
By acts as a contraction, ensuring the existence of a unique fixed point. The demon-
stration of Theorem 2.11 mirrors the approach adopted for Theorem 2.12, albeit
incorporating Lemma 2.18 in lieu of Lemma 2.17. O



Long time behavior of solutions... Page 29 of 47 52

3 Solitary wave solutions

In this section, we study the existence and non-existence of solitary waves of (1.1)
for some parameters. Throughout this section, we assume that f () = Bu?T! with
B eR.

To find the localized solitary wave solutions of the equation (1.1), we use the ansatz
u(x,t) = Qc(§), § =x—ctwithlimg| o Qc(§) = 0 which yields to the following
ordinary differential equation

c2 QQ/ — QZ —(a— CZ)QLW _ Q////// + ﬂ(Qp+l 7" (3.1)

Here ' denotes the derivative with respect to &. Integrating (3.1) twice, we obtain

k2 Q + (@ — QL+ (- 1)Q. = pol™. (3.2)

In the case B < 0 and ¢ = 0, it is well-known that (3.2) has the unique solitary wave

1
_(P+2\ i (r )L
Qo(x) = ( 2ﬂ> sech (2 ax).

Theorem 3.1 Egquation (3.2) with « > 0 and k > 0 does not admit any nontrivial
solution Q. € H*(R) if one of the following conditions holds.

i 2> max{«, 1}, B < 0 and p is even.

ii. ¢ < min{e, 1}, B > 0and p is even.

iii. @« <c? < 1forall p> 0.

Proof Let Q. be any nontrivial solution of (3.2). Multiplying (3.2) by Q., integrating
over R and performing integration by parts, we get

Kc2/ Q)2 dx + (? — (x)/ QL)% dx + (¢ — 1)/ 02 dx = ,3[ 0P dx. (3.3)
R R R R

The term on the left side of this equation will be non-negative, a contradiction, if the
condition (i) is satisfied.
On the other hand, multiplying (3.2) by x Q. and integrating over R yields the Pohozaev

type identity
3kcc? ) & —a /2 2 -1 ) p+2
3.4

Eliminating (QZ)2 terms in (3.3) and (3.4), we get

2(c2—a)/(Q;)2 dx +4(c2 — 1)/ Q2% dx = p+4 ﬁ/ 0P *? 4x. (3.5)
R R
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The term on the left side of this equation will be negative, a contradiction, when
condition (i7) is satisfied.
Eliminating 8 in (3.3) and (3.4) leads to

Kc? <3_p +4> / (Q)? dx + (? — Ol)p—+4 / Q)% dx = (¢ - I)Bf 0: dx.
2 R 2 Jr e
(3.6)

The condition @ < ¢?> < 1 implies that the left-hand side is non-negative and the
right-hand side is negative. O

Corollary 3.1 It is also possible to extend the previous result, independent of p. Indeed,
since Q. € H?, a bootstrap argument shows the solution Q. € H*® and Q. — 0
together with its derivatives as |x| — oo (see [11]). Thus, to study the asymptotic
behavior of the solution, it suffices to study the solutions of the linearized equation by
ignoring the nonlinear term, that is

Kng/W—{-(Ol—Cz)g”—i-(Cz— g =0.

The characteristic equation is

kP @—AA+cr—1=0, (3.7)
and the roots are
22 = ﬂ
—2Kkc?
where
A=(a—cH?—4k*(*-1) (3.8)
In the case a > ¢* > 1 and
(@—c*)?

the above roots are pure imaginary. It turns out that the solution of the linearized
equation, and whence the nonlinear equation does not vanish at infinity. This is a
contradiction.

Remark 3.1 By using the proof of Theorem 3.1, one can extend the non-existence
results. Actually, by using the inequality

2
18" < lgll2llg” N2
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and the Cauchy—Schwarz inequality ab < ea® + b?/(4€), we obtain from (3.6) that
(k*(3p+8) —€lc* —al(p + MIQ/I3,

2 4
+ <p(1 — - w) 10112, <o0.

4de
If ¢? # « and ¢ < 1, by choosing € = l:;jfj—l(’;t_gi) we have
(@ —a)?(p+4)° 2
1—¢c%) — <0.
(P( ) 12(Gp 1 8) 1Qclly» =

Thus, Q. =0 if

k(1 —02)02 (p—|—4)2
—a)?  4pGp+8)

In the case B > 0, we can consider the variational problem

inf{L:(u), u € HAX(R), llull p2m) = 1}, (3.10)

where
1
I.(u) = Ef (Kczuix + (02 — oz)u)zc + (C2 — 1)u2) dx,
R

and obtain the existence of solitary waves of (3.2) by using the arguments in [11] and
applying the concentration-compactness principle. More details can be found in [11,
Theorem 2.1].

Theorem3.2 Letp > 1,k > 0,8 >0, c2 > 1 and the condition
4 2 2
cl—4x)+a“+2c"2xk —a) <0 (3.11)

holds. If {u,} is a minimizing sequence of (3.10), then there is a subsequence
Up, C H%(R), scalars yx € R and u € H*(R) such that Up, (- + y) = uin
H?*(R) and u is a minimizer of (3.10).

3.1 The Petviashvili iteration method

The Petviashvili iteration method was first introduced by V.I. Petviashvili for the
Kadomtsev—Petviashvili equation in [23] to construct a solitary wave solution. We use
the Petviashvili iteration method [22, 23, 35] to construct the solitary wave solution
of (1.1) cannot be determined analytically. If we use the Fourier transform,

u(x) = iﬂ /oo wk)e'* dk, (k) = foo ux)e ™ dx,  (3.12)

27 ) o —0
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the equation (3.2) is rewritten

[K62k4 F (2 -kt — 1] 0.(k) =B 0" (k). (3.13)

From now on, we write Q shortly instead of Q.. A simple iterative algorithm for @ (k)
of the equation (3.13) can be proposed in the form

5oL )
K2k + (2 —a)k2+c2—-17

Oni1(k) = (3.14)

where @,, (k) is the Fourier transform of Q,(x) which is the n'" iteration of the
numerical solution. Although there exists a fixed point Qn (k) of the equation (3.13),
the algorithm (3.14) diverges. To ensure the convergence, we add a stabilizing factor
M, given in [23]. The new algorithm for (1.1) is given by

1
B oL (k)
k , 3.15
Ons1 (k) = KkcZkA 4 (2 — a)k® + 2 — 1 (3-15)
where the stabilizing factor is
kK + (2 — a)k? 4 2 — 1][0,(k)]? dk
o — Joa| ( ) 1104 (0] G16)

12,8 08 (k) 0 (k) dk

and y is a free parameter. We construct the solitary wave solutions for (1.1) if the
following condition

kPP + (P — k> + 2 —1#0 (3.17)
is satisfied for all k € R. The iterative process is controlled by the error,
Error(n) =|Qn — Qp-1ll, n=12,--

between two consecutive iterations defined with the number of iterations, the stabi-
lization factor error

[1—-M,|, n=1,2,---
and the residual error
RES(n) = [RQulloo, n=12,--
where

RO =kQ" + (@ — A Q!+ (> —1)Q. — por*. (3.18)
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Fig. 1 The solitary wave solution constructed by Petviashvili method for (1.1) and the exact solitary wave
solution of the HBq equation for the speed ¢ = 1.1272 and the variation of the Error(n), || — My| and
RES with the number of iterations in semi-log scale

3.1.1 Accuracy test

In the case of @« = 0, equation (1.1) reduces to (1.5). The solitary wave solution of the
HB(q equation with f (1) = u” is given by

w1 = A {sech4 (B(x — ¢t — xo))}"’ , (3.19)

1
Ao |mePAD (P +3)Gp+D |
2m (p? +2p +5)? ’

1

EETYEEET:

B:[ mp— D T, (3.20)
4 (p?+2p+5)

-1
o |, | 4+ D?
C‘{l [ﬂz(p2+2p+5)2 ’ G20

where A is the amplitude and B is the inverse width of the solitary wave in [31]. Here
¢ represents the velocity of the solitary wave centered at xo with ¢? > 1.

In order to test our scheme, we compare the solitary wave profile generated by Petvi-
ashvili’s method for (1.1) (@ = 0, x = 1, B = 1) with the exact solitary wave solution
of the HBq equation given in (3.19)-(3.21) (n; = n2 = 1, p = 2). The space inter-
val is =50 < x < 50 and we choose the number of spatial grid points N = 1024.
Choosing n; = n2 = 1, p = 2 in the equation (3.21), we compute the wave speed
as ¢ = 1.1272. Then, taking the same wave speed, we generate the solitary wave
profile by the Petviashvili’s method for (1.1) (@ = 0, « = 1, 8 = 1). In the left panel
of Fig. 1, we present the solitary wave solution constructed by Petviashvili’s method
for (1.1) (¢ = 0,k = 1, 8 = 1) with the exact solitary wave solution of the HBq
equation. In the right panel of Fig. 1, we show the variation of three different errors
with the number of iterations in semi-log scale. As seen from the figure, the solitary
wave profile generated by Petviashvili’s method coincides with the exact solitary wave
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Fig. 2 The solitary wave solution generated by the Petviashvili’s method for (1.1) with the parameters
o =2,¢c=+/3,k=p =1 (top left), the close-up look at the profile (top right) and the variation of the
Error(n), |1 — My| and RE S with the number of iterations in semi-log scale (bottom)

solution of the HBq equation which is a special case of the gBq equation. We also
compute the L o-error norm as 5.69 x 10712,

3.1.2 Numerical generation of solitary waves for the gBq equation

To the best of the authors’ knowledge, there is no explicit solitary wave solution of
the gBq equation where the parameter « is different from zero. It is natural to ask
how the higher-order effects of dispersion and nonlinearity affect the solitary wave
solutions. We now construct the solitary wave solution for certain values of «, k, and 8
numerically. The space interval is —50 < x < 50 choosing the number of spatial grid
points N = 1024. We consider the quadratic nonlinearity (p = 1, f(u) = Bu?*!).

In light of Theorem 3.2, we pose and investigate numerically the following conjec-
ture:

Main conjecture: The gBq equation has both oscillatory and monotone solitary
waves.

The solitary wave profile generated by Petviashvili’s method for the parameters
a=2,c= \/3 k = B =1, where ¢z > a > 1is illustrated in the top left panel of
Fig.2. The top right panel of Fig. 2 gives a closer look. In the bottom panel, we present
the variation of three different errors with the number of iterations in the semi-log scale.
The solitary wave profile generated by Petviashvili’s method for the parameters o« = 2,
c=13,k=p=1,where 1 < c? < a is illustrated in the left panel of Fig.3. In the
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Fig. 3 The solitary wave solution generated by the Petviashvili’s method for (1.1) with the parameters
a =2,c=13,k = B =1 (left panel) and the variation of the Error(n), |1 — M| and RES with the
number of iterations in semi-log scale (right panel)
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Fig. 4 The solitary wave solution generated by the Petviashvili’s method for (1.1) with the parameters
a=0.5c=+2.1,k =0.1, 8 = 1 (left panel), the close-up look at the profile (right panel)

right panel of Fig. 3, we present the variation of three different errors with the number of
iterations in semi-log scale. As it is seen from Figs. 2 and 3, the solitary wave solution
has an oscillatory structure. For the parameters (i) « = 2,¢ = \/§ Kk=p=1,
(fi)a =2,c=1.3, k = B = 1, the discriminant in (3.8) is calculated approximately
as —22.99, —4.56, respectively. Due to the presence of the imaginary parts of the
roots, the solitary wave solution has oscillatory asymptotics.

The solitary wave profile for the parameters @ = 0.5, ¢ = 2.1,k = 0.1, 8 = 1 is
presented in the left panel of Fig.4. Contrary to the above experiments, we observe
that (1.1) has the monotone sech-type solitary wave profile. The right panel of Fig.4
gives a closer look. It takes nonnegative values even if near zero. We observe that the
equation (3.7) has four real roots for the chosen parameters. Therefore, the oscillatory
asymptotic profile is disappeared in this case.
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4 Fourier pseudo-spectral numerical method for the gBq equation

In order to investigate the time evolution of the solutions for (1.1), we propose the
numerical method combination of a Fourier pseudo-spectral method for the space
component and a fourth-order Runge Kutta scheme (RK4) for time. If the spatial
period [—L, L] is, for convenience, normalized to [0, 2] using the transformation
X =m(x + L)/L, the equation (1.1) becomes

T\2 T\4 T\2 T\4
Uy = (z) uxx — (z) dUxxxx + (Z) Uxxe — (Z> KUXXXXtt

+(%)2ﬂ WP xy
4.1)

The interval [0,2rm] is divided into N equal subintervals with grid spacing
AX = 27 /N, where the integer N is even. The spatial grid points are given by
X; =2mj/N,j=0,1,2,..., N. The approximate solutions to u(X, t) is denoted
by U;(t). The discrete Fourier transform of the sequence {U}

1 N—-1 N
Uk:fk[Uj]zﬁZ()Ujexp(—ika), —Efkf
Jj=

—1 “4.2)

D=

gives the corresponding Fourier coefficients. Similarly, {U;} can be recovered from
the Fourier coefficients by the inversion formula for the discrete Fourier transform
4.2)

N
L

Uj=F 'l = ) Ueexp(ikX;), j=0,1,2,.,N—1. (43

N
k=—%

Here F denotes the discrete Fourier transform and F~! its inverse. These transforms
are performed using the well-known software package FFT algorithm in Matlab.
Applying the discrete Fourier transform to the equation (4.1), the system of ordinary
differential equations is given explicitly

Ui = Vi (4.4)

{[Grk/L + b/ L)) T + Bk /L2U )

Vede = = 1+ (tk/L)? + k (k/L)* *43)

We use the fourth-order Runge—Kutta method to solve the system of ordinary differ-
ential equations (4.4)—(4.5) in time. Finally, we find the approximate solution by using
the inverse Fourier transform (4.3).
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Fig.5 The solitary wave 0.5
solution using the Fourier ——Numerical
pseudo-spectral scheme for (1.1) 0.4r - - - Exact-HBq]| 1
with o = 0 and the exact solitary
wave solution for the HBq 03¢+
equationatf =5
5027
0.17
0
-100 0 100

4.1 Time evolution of the single solitary wave

The aim of this subsection is to investigate the time evolution of the single solitary wave
solution of (1.1). First, we show that our proposed method is capable of high accuracy
and to confirm the convergence of the scheme in space and time. The L.-error norm
is defined as

Loo-error = max | u; — U; |, (4.6)
l

where u; denotes the exact solution at u(X;, t).
In the first numerical experiment, we take the initial data

(r.0) = 1 sech®(—— 7

u(x, =38 sec Wit .
15«/ﬁ 4, X X

,0) = h h 4.8

v 0= 10 s e G G ) (8

corresponding to the solitary wave solution (3.19) for n; = 12 = 1, p = 2 initially
located at xo = 0. The experiment was run from # = 0 to # = 5 in the space interval
—100 < x < 100 taking the number of spatial grid points N = 2048 and the number
of temporal grid points M = 1000. To test the accuracy of the scheme (4.4)—(4.5), the
numerical solution obtained for (1.1) with « = 0 is compared with the exact solitary
wave solution for the HBq equation (3.19) att = 5 in Fig. 5. As it is seen from Fig. 5,
the numerical solution and the exact solution coincide very well. The L -error norm
att = 5is 8.33 x 107°. It shows that our proposed method is capable of high accuracy.
Our goal is to understand numerically how the higher-order effects of dispersion
and nonlinearity affect the solitary wave solutions of (1.1) as time increases. There-
fore, we need initial conditions for u(x, 0) and u,(x, 0). The generated solitary wave
profile Q. using Petviashvili’s iteration method for the parameters « = 2, ¢ = 1.3,
k =1, p = listakenasu(x, 0). Since the localized solitary wave solution has the form
ux,t) = Qc(x —ct), we getus(x,t) = —cQL(x —ct). We set u;(x, 0) = —cQl.(x).
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Fig. 6 The convergence rates in time calculated from the Lo-errors (left panel) and in space calculated
from the Lso-errors (right panel)
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Fig. 7 Evolution of the solitary wave for the parameters « = 2, ¢ = 1.3, k = = 1 (top left), the profile
at r = 20 (top right) and the evolution of the solitary wave for the parameters « =2, ¢ = +/3,k = f = 1
(bottom left), the profile at t = 20 (bottom right)

It is computed by —c]—'j_1 [k Fx[Qc(j)]] numerically. Since the exact solitary wave
solution is unknown, the “exact” solitary wave solution u®* is obtained numerically
with a very fine spatial step size N = 1024 and a very small time step M = 5000 by
using Fourier pseudo-spectral method.

In order to test the temporal discretization errors for the gBq equation where the
parameter « is different from zero, we fix the number of spatial grid points N = 1024
and solve (1.1) for different time step 7. The convergence rates calculated from the
Loo-errors at the terminating time ¢t = 5 are illustrated in the left panel of Fig.6.
The computed convergence rates agree well with the fact that the Fourier pseudo-
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Fig.8 Magnification of the 0.1
profile at t = 20 for the
parameters
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spectral method coupled with the fourth-order Runge-Kutta method exhibits fourth-
order convergence in time. In order to test the spatial discretization errors, we fix the
time step (t = 0.001) such that the temporal error can be neglected, and solve (1.1)
for different spatial step size /. The right panel of Fig. 6 shows the variation of L-
errors with spatial step size. The error decays very rapidly when the spatial step size
decreases. These results show that the numerical solution obtained using the Fourier
pseudo-spectral scheme converges rapidly to the accurate solution in space.

Figure 7 shows evolution of the nonmonotone solitary wave for the parameters
(Ha=2,c= V3, k= B =1land (ii) « = 2,c = 1.3,k = B = 1. The solitary
wave profiles at the final time r = 20 are also presented. The experiment was run from
t = 0tor = 20in the space interval —100 < x < 100 taking the number of spatial grid
points N = 1024 and the number of temporal grid points M = 20,000. As it is seen
from the figures, the solitary wave emerges without any change in their shapes. The
magnification of the profile at = 20 for the parameters & = 2,c =+/3,k = =1
is depicted in Fig. 8. The solution still has the sign-changing part at the final time. We
do not observe any dispersive tail as time increases.

4.2 Closing the gap

In this subsection, we first test the ability of the proposed method to investigate the
global existence and blow-up solutions of the gBq equation. The analytical results
needed for the global existence or blow-up of the solutions for (1.1) have been discussed
in Sect. 2 but there remains a gap between the global existence and blow-up intervals.
Our aim is to give shed of light on the gap interval neither a global existence nor a
blow-up result is established.

For the numerical experiments in this subsection, the problem is solved on the
interval —100 < x < 100 taking the spatial grid points as N = 2!3. In the rest of the
study, we consider (1.1) with cubic nonlinearity f(u) = —u? setting the parameters
oa=k=1and B = —1.
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Fig. 9 The variation of the H L_norm of the approximate solution for A = 0.8 (left panel) and A = 3.7

(right panel)

Example 1: The steady-state solution of the equation
u—u"—ud=0

is given by g(x) = +/2 sech(x). If we choose the initial data
u(x,0) = —+/2A sech(x) tanh(x), v(x,0) =0, (4.9)
where A > 0, one gets
|
d =) =3llgly = 7lglzs =3,
E(u(x,0) = l(||u(- 0172 + 10C. 0172 + ux . 0)II7
s - 2 ) L2 ’ L2 X\ L2
_ 1
o Ol + (=07 2u(. 0)172) = e Ol

—4A2(14 A?)
- 35 ’

A2
I(u(x,0)) = u(, 03, — luC. 0}, = =5 - A?).

Thus we obtain that

E(u(x,0) <d < A e (0,0.943) U (3.621, o0)
T(u(x,0) <0< A > /7~ 2.646.

We present the variation of the H !-norm of the approximate solution for the initial
data (4.9) with A = 0.8 and A = 3.7 with time in Fig. 9. In the left panel of Fig. 9, the
H'-norm of the approximate solution decreases as time increases for A = 0.8. The
numerical result indicates the global existence of the solution. This numerical result
is also compatible with the analytical result given in Theorem 2.4. In the right panel
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Fig. 10 The intervals of A where the solution exists globally and blows up for the Example 1
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Fig. 11 The variation of the H'-norm of the approximate solution for the initial data (4.9) with A = 2.4
(left panel) and A = 2.5 (right panel)
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Fig. 12 The initial data (4.9) with A = 2.5 (left panel) and the solution profile at r = 6.2 (right panel)

of Fig.9, the H'-norm of the approximate solution increases as time increases for
A = 3.7. This is a strong indication that the solution blows up in a finite time. This
numerical result is in complete agreement with the analytical result given in Theorem
2.5.

Since the gap interval A € [0.943, 3.621] given in Fig. 10 is not covered by The-
orems 2.4 and 2.5, which means that E(u(x, 0)) < d does not hold, we performed
numerous numerical experiments for different values of A. The numerical experiments
indicate that there is a threshold value A* € (2.4, 2.5) such that the solution exists
globally for A € [0.943, A*) and it blows up in finite time for A € [A*, 3.621]. The
variation of H'-norm of the approximate solution with time is illustrated for the initial
data (4.9) with A = 2.4 and A = 2.5 in Fig. 11. The H'-norm of the approximate
solution decreases as time increases for A = 2.4 which indicates the global existence
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Fig. 13 The variation of the H L_horm of the approximate solution for A = 0.4 (left panel) and A = 7
(right panel)
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Fig. 14 The intervals of A where the solution exists globally and blows up for the Example 2

of the solution. For A = 2.5, the H'-norm of the approximate solution increases as
time increases. Figure 12 shows the the initial data (4.9) with A = 2.5 and the solution
profile at # = 6.2. It can be seen that the solution blows up in finite time.

Example 2: We take the initial data

u(x,0) = v(x, 0) = —/2A sech(x) tanh(x) (4.10)

where A > 0. It yields

_ 2 (B_4p
E(ux,0)=A <15 35A>,

and

Ew(x,0) <d & A € (0,0.508) U (6.726, 0),
T(u(x,0) <0< A > /7~2.646.

In the left panel of Fig. 13, the H !-norm of the approximate solution remains bounded
for A = 0.4. It oscillates as time increases. The numerical result indicates the global
existence of the solution. This numerical result is also compatible with the analytical
result given in Theorem 2.4 since E(u(x,0) < d and I(u(x,0)) > 0. The H'-
norm of the approximate solution increases as time increases for A = 7. This is a
strong indication that the solution blows up in a finite time. This numerical result is in
complete agreement with the analytical result given in Theorem 2.5.
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Fig. 15 The variation of the H'-norm of the approximate solution for the initial data (4.10) with A =1
(left panel) and A = 1.1 (right panel)
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Fig. 16 The initial data (4.10) with A = 1.1 (left panel) and the evolution of the initial data (right panel)

Similar to previous example, Theorems 2.4 and 2.5 do not cover the case
E(u(x,0)) > d. This means, in light of the above initial data in (4.10), that
A € [0.508, 6.726] as seen by Fig. 14. The numerical experiments indicate that there is
a threshold value A* € (1, 1.1) such that the solution exists globally for the parameter
A € [0.508, A*) and it blows up in finite time for the parameter A € [A*, 6.726].
The variation of the H'-norm of the approximate solution is illustrated for A = 1 and
A = 1.1 in Fig. 15. The initial data (4.10) with A = 1.1 and the evolution of the initial
data are depicted in Fig. 16. This peak appears to blow-up.

Example 3: We take the initial data

1 1
u(x,0) = A[g(x) — zg(x —-1) - Eg(x + 1)], v(x,00=0, 4.11)

where A > 0, and g(x) = /2 sech(x). is as above. It yields

Eu(x,0) <d < A e(0,1.728) U (6.435, c0),
I(u(x,0) <0< A >4.712.

The H'-norm of the approximate solutions correspond to A = 1.6 and A = 6.5 are
depicted in Fig. 17. The H'-norm of the approximate solution decreases with oscilla-
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Fig. 17 The variation of the H L_norm of the approximate solution for the initial data (4.11) with A = 1.6
(left panel) and A = 6.5 (right panel)
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Fig. 18 The intervals of A where the solution exists globally and blows up for the Example 3
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Fig. 19 The variation of the H !_norm of the approximate solution for the initial data (4.11) withfor A = 4.3
(left panel) and A = 4.4 (right panel)

tions A = 1.6. It remains bounded. The numerical result indicates the global existence
of the solution which is compatible with the Theorem 2.4. The H '-norm of the approx-
imate solution increases as time increases for A = 6.5. This is a strong indication of
that the solution blows up in finite time which is compatible with Theorem 2.5.
Notice that the initial data given in (4.11) with A € [1.728, 6.435] in Fig. 18 do
not satisfy Theorems 2.4 and 2.5. The numerical experiments indicate that there is a
threshold value A* € (4.3, 4.4) such that the solution exists globally for the parameter
A € [1.728, A*) and it blows up in finite time for the parameter A € [A*, 6.435].
The variation of the H'-norm of the approximate solution with time is illustrated
for A =4.3and A = 4.4 in Fig. 19. In Fig. 20, time evolution of the initial data (4.11)
with A = 4.3 and A = 4.4 are presented. It can be seen that the initial hump splits
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Fig.20 Time evolution of the initial data (4.11) with A = 4.3 (left panel) and A = 4.4 (right panel)

into several more strongly peaked humps for the initial data (4.11) with A = 4.3,
whereas the initial hump evolves directly into a blow-up for the initial data (4.11) with
A=44.

Conclusions

This paper is focused on the Boussinesq equation with a general power-type nonlin-
earity. We first investigate from a theoretical point of view and derive the conditions
under which the solutions of the initial value problem associated with this equation is
global or blow-up. Next, we extend our results to the Bessel potential spaces leading
us to find the asymptotic behavior of the solutions. Moreover, the conditions which
guarantee the non-existence of solitary waves are obtained. We generate solitary wave
solutions of the generalized Boussinesq equation by using the Petviashvili iteration
method numerically. In order to investigate the time evolution of solutions to the
generalized Boussinesq equation, the Fourier pseudo-spectral numerical method is
proposed. After studying the time evolution of the single solitary wave, we focus
on the gap interval where neither a global existence nor a blow-up result has been
established theoretically. Our numerical results successfully fill the gaps left by the
theoretical ones.
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