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ABSTRACT Accurately localizing multiple sources is a critical task with various applications in wireless
communications, such as emergency services, including natural post-disaster search and rescue operations.
However, scenarios where the receiver is moving have not been sufficiently addressed in recent studies.
This paper tackles the angle of arrival (AOA) 3D-localization problem for multiple sparse signal sources
with a moving receiver, which has a limited number of antennas that may be outnumbered by the
sources. First, an energy detector algorithm is proposed to leverage signal sparsity for eliminating noisy
samples. Subsequently, an iterative algorithm is developed to refine and estimate the AOAs accurately,
initialized with previously estimated source locations and coarse elevation and azimuth AOAs obtained
via the two-dimensional multiple signal classification (2D-MUSIC) method. To this end, we introduce a
sparse recovery algorithm to exploit signal sparsity, followed by a phase smoothing algorithm to refine
the estimates. The K-SVD algorithm is then applied to the smoothed output to accurately determine
the elevation and azimuth AOAs of the sources. For localization, a new multi-source 3D-localization
algorithm is proposed to estimate source positions using the refined AOA estimates over a sequence of
time windows. Extensive simulations are carried out to demonstrate the effectiveness of the proposed
framework.

INDEX TERMS Angle of arrival estimation, detection, K-SVD, localization, sparse recovery, sparsity.

I. INTRODUCTION

IN RECENT decades, localization technologies have been
widely studied in many applications such as commu-

nications, internet of things, and emergency services [1],
[2], [3], [4]. Consequently, there is an increasing interest
in improving localization systems using advanced technolo-
gies [2], [5], [6]. In environments with noise-afflicted sensor
data, a variety of methodologies have been adopted for
source positioning, including time-of-arrival (TOA) [7], [8],
[9], [10], time-difference-of-arrival (TDOA) [11], [12], [13],
angle-of-arrival (AOA) [5], [14], [15], angle-of-departure
(AOD) [16], received-signal-strength (RSS) [17], [18], and
fingerprint [19], [20], [21], [22], along with combinations
of these methods [2], [23], [24], [25], [26]. While time-
based techniques depend on precise synchronization [5], RSS

methods are influenced by signal propagation characteristics
such as shadow-fading [17]. Notably, [17] proposes an
RSS-based method to enhance robustness in co-channel
multi-source localization under shadow fading conditions.
Moreover, the considerable time and effort required to
construct the radio map, restrict the practical applications of
fingerprint-based localization [20].
AOA localization has garnered significant interest over

the years due to its ability to passively estimate the
position of a signal source [14]. In contrast to TOA and
TDOA techniques, AOA localization does not necessitate
synchronization with the signal source or coordination
among multiple receivers. Additionally, AOA localization is
less influenced by environmental conditions and their varying
parameters compared to RSS-aided techniques. As a result,
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it has broader application scenarios [5], [14]. Most of the
recent 2D or 3D AOA localization studies such as [5], [14]
assume that the estimates of source AOAs are available at
the receiver. In particular, they begin their formulation of
the elevation and azimuth AOAs as their true values plus
the measurement error. Moreover, most of the recent studies
only investigate the localization problem when there is only
one source. However, in this study, we consider a more
general and challenging case, i.e., we assume that there are
multiple sources and we also investigate how to accurately
estimate the elevation and azimuth AOAs. It is noteworthy
that the number of sources may be more than the number
of antennas. In [27], a closed-form improved pseudolinear
estimator (IPLE) is proposed for positioning, which is based
on a linear approximation of the maximum likelihood (ML)
cost function. Subsequently, in [14], a closed-form solution
based on weighted least squares (WLS) is introduced for 3D
localization of a single source using AOA measurements.
This solution addresses the challenge of sensor position
errors. Expanding upon these advancements, [5] presents an
iterative method that avoids matrix operations.
Many localization studies assume stationary receiver

sensors, often requiring multiple static beacons for effective
localization. Nevertheless, it is noteworthy that source local-
ization can be achieved with a single moving receiver [28],
[29], [30], [31], [32], [33], [34], [35], [36]. This approach
offers several advantages over conventional static multi-
anchor localization methods, including economic efficiency
by utilizing a single receiver, obviating the need for synchro-
nization between stations since only one beacon is employed,
facilitating real-time operation, and eliminating the necessity
for data transmission among beacons [33]. However, employ-
ing a moving array introduces several challenges, including
variations in received signal power as well as continuous
elevation and azimuth AOA changes from each source due
to changes in the array’s position, and potential inaccuracies
in array position and mobility direction information. Our
simulations validate the effectiveness of the proposed method
in addressing these challenges. In [37], [38], the localization
problem for searching and rescuing survivors after a natural
disaster, such as an earthquake, is investigated. In [37], a
two-stage localization method is proposed, leveraging RSS
measurements, measured by a mobile beacon node moving
on an equilateral triangle path. The first stage utilizes a
trilateration technique to estimate the x and y coordinates
of the survivors, assuming they possess mobile phones
capable of transmitting signals post-disaster. Subsequently,
in the second stage, the 3D location is determined using
recorded RSS values collected by the moving beacon
node, exploiting the geometric properties of its trajectory.
In [38], a hybrid AOA/RSS-based 2D localization method
is proposed to estimate survivor positions using both RSS
and AOA measurements. In [31], [32], ML based approaches
is proposed for 2D localization of a single source using
the recorded TOA samples. More recently, [28] introduced
a novel approach for 3D multi-source localization utilizing

a moving receiver and deep learning techniques, under the
assumption of Gaussian signal transmission by the sources.
However, despite its low computational complexity, this
method is constrained by the number of antennas, thus
limiting the number of sources that can be localized.
The existing solutions for search and rescue operations

and passive localization often suffer from limited accuracy,
high complexity, and scalability issues, especially in large
areas with many survivors. To address these challenges, this
paper introduces a novel 3D AOA multi-source localization
approach with a moving multi-antenna array. We assume
that mobile phones emit sparse signals, allowing for efficient
localization of multiple sources even when the number
of sources exceeds the number of antennas. Under this
assumption, neither synchronization nor bandwidth schedul-
ing is required. Consequently, the sparsity feature provides a
cost-effective method for separating multiple sources at the
receiver. The main contributions of this study are as follows:

• System level design for multi-source 3D localization
with a moving array: We address the 3D AOA local-
ization problem using a moving array with a limited
number of antennas, starting from signal reception.
Our system sequentially performs three main tasks:
noise filtering with an energy detector, 2D-AOA esti-
mation, and multi-source localization. Unlike previous
works [28], [31], [32], our approach enables accurate
localization of multiple stationary sources using sparse
signals, even when the sources outnumber the array
elements.

• Novel iterative energy detection algorithm for fil-
tering noisy samples: We propose a novel iterative
energy detection algorithm to filter noisy samples in the
received signal by leveraging the sparsity of the trans-
mitted signals. The algorithm iteratively removes noisy
samples by comparing their energy with a threshold and
exploiting the continuity features of each pulse. The
filtered signal is then used for AOA estimation.

• Novel precise 2D-AOA estimation algorithm: The
sample covariance matrix (SCM)-based AOA estimation
lacks accuracy in multi-source scenarios, as it does not
exploit signal sparsity, phase characteristics, or each
pulse continuity. To address this, we propose a novel
iterative algorithm that integrates a new sparse recovery
technique, phase smoothing, and the K-SVD algorithm
to refine the initial 2D-AOA estimates. The initial values
are derived from previously estimated source locations,
along with the rough AOAs of potential undetected
sources, obtained using an SCM-based method such
as two-dimensional multiple signal classification (2D-
MUSIC). The proposed approach significantly enhances
estimation accuracy and enables detecting more sources
than the number of antennas.

• Novel multi-source localization algorithm: We pro-
pose an iterative gradient projection algorithm to
estimate source positions based on the refined AOA
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estimates obtained at each time window. Unlike exist-
ing methods [5], [14], [27], our algorithm utilizes the
receiver’s prior knowledge of the environment’s surface
uncertainty map, a practical assumption, to improve the
accuracy of source localization.

• Extensive simulations under various imperfections
and complexity analysis: Numerous simulations vali-
date the effectiveness and robustness of the proposed
method against various imperfections, including inac-
curacies in receiver position and orientation, as well
as the absence of prior environmental knowledge.
Additionally, a comprehensive complexity analysis is
conducted.

We use bold capital letters to show matrices X and
bold small letters to show vectors x. [X]u,v denotes the
submatrix of X, formed by extracting the rows indicated
by the indices in u and the columns specified by the
indices in v, where u and v can also be represented by
binary vectors. The symbol : in place of u or v, signifies
that all rows or all columns of X are being selected,
respectively. For integers i and j with i < j, the expression
i:j represents a vector consisting of the integers from i to j in
sequential order. The superscript (·)T , (·)H and (·)† represent
the operations of transposing a vector or matrix, taking
its Hermitian transpose, and computing its pseudo-inverse,
respectively. [x1, . . . , xn] shows the horizontal concatenation
of the vectors x1, . . . , xn.The identity matrix of size n × n
is denoted by In. ‖X‖F and ‖x‖2 show the Frobenius and
Euclidean norms, respectively. The zero-norm ‖x‖0 denotes
the number of nonzero elements in x. The floor �a� function
rounds a ∈ R to the nearest smaller integer.

(n
m

) = n!
m!(n−m)!

represents the combinatorial number. Finally, big-O notation,
O(·), is employed to express the computational complexity
of the proposed method modules.
The subsequent sections of this paper are arranged as

follows. Section II explains the system model and formulates
the signal model. Section III, Sections IV and V present
the proposed energy detector, 2D-AOA estimation, and
localization approaches, respectively, as the three main
tasks of the proposed method. Section VI analyses the
computational complexity of the proposed method, while
Section VII conducts simulations to showcase the method’s
effectiveness. Finally, Section VIII provides a summary and
conclusion of the paper.

II. SYSTEM AND SIGNAL MODEL
As illustrated in Fig. 1, we consider a mobile receiver
equipped with an arbitrary 2D or 3D array comprising M
elements positioned at D ∈ R

3×M whose m-th column
represents the Cartesian coordinates of the m-th array
element relative to the array center. The mobile receiver
captures the received signal over a sequence of I ≥ 1
consecutive time windows denoted as {Wi}Ii=1, each with a
duration T consistent with Fig. 1. Given the assumption that
the initial time window begins at t0, then

Wi = [t0 + (i− 1)T, t0 + iT], ∀i ∈ {1, . . . , I}. (1)

FIGURE 1. System model.

Let r(t) denote the location of the array center at time
instant t. Additionally, suppose there are N stationary sources
randomly distributed in 3D space, denoted by Cartesian posi-
tions {rn}Nn=1, where rn = [rnx , rny , rnz ]

T . During each time
window Wi, our objective is twofold: to detect new sources
among {rn}Nn=1 and concurrently refine the localization of
sources previously detected within the preceding i− 1 time
windows {Wj}i−1

j=1.
Let sn(t) represent the baseband signal transmitted by the

n-th source

sn(t) =
∑

j

pn
(
t − tnj

)
, (2)

where pn(t) ∈ R denotes the transmitted continuous spike
from the n-th source, lasting for a duration of Tpn .
Furthermore, tnj represents the starting time of the j-th pulse
within the spike pn(t) emitted by the n-th source. The
pulses are assumed to be uniformly distributed over any time
interval, with an average inter-pulse duration Tavg such that
Tavg = E{|tnj+1−tnj |} 	 Tpn , imparting sparsity to the signals
{sn(t)}Nn=1. Therefore, the number of n-th source pulses in a
given time span is a Poisson random process with parameter
λ = 1/Tavg and distribution as follows:

Pr
{
Npn(�t) = η

} = (λ�t)η

η!
e−λ�t, (3)

where Npn(�t) is the number of n-th source pulses in an
arbitrary time duration �t. Additionally, we assume that
the receiver moves at an altitude of several hundred meters
above ground level, while the sources are positioned on the
surface of the uncertainty map, such as building rooftops.
Thus, assuming operation in the UHF band, which provides
favorable propagation characteristics, this setup ensures a
line-of-sight (LoS) channel between the mobile receiver and
the sources. As a result, the baseband signal received from
the n-th source at the receiver can be expressed as [39]:

xn(t) ≈ βn(t)sn(t − τn(t))a(θn(t), φn(t)), (4)
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FIGURE 2. The structure of the proposed method.

where τn(t) = Rn(t)/c represents the time delay between the
n-th source and the array center, with Rn(t) = ‖r(t) − rn‖2
denoting their distance and c the speed of light. Additionally,
βn(t) incorporates the complex path loss and receiver antenna
gain, calculated as follows:

βn(t) = G(θn(t), φn(t))√
4πRn(t)

e−jKRn(t), (5)

where K = 2π fc/c represents the wave number, with fc
indicating the carrier frequency, θn(t) and φn(t) are the
elevation and azimuth AOAs for the n-th source at time
instant t, respectively, and G(θ, φ) denotes the receiver
antenna gain for 2D-AOA pair (θ , φ). Here, the elevation
AOA θ ∈ [0, π ] is the angle between the unit direction
vector towards the source and the z-axis, while the azimuth
AOA φ ∈ [0, 2π ] is the angle between the projection of this
vector on the xy plane and the x-axis. In (4), a(θ, φ) ∈ C

M

represents the array steering vector expressed as

a(θ, φ) = ejKD
Tu(θ,φ), (6)

where u(θ, φ) ∈ R
3 is the unit direction vector pointing

towards the 2D-AOA pair (θ , φ):

u(θ, φ) = [sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)]T . (7)

Let ts denote the sampling time, and G be the number of
samples in each time window. Consider the vector s(i)n ∈ C

G

as the received baseband signal samples from the n-th source
at the array center during the i-th time window:

[
s(i)n
]

g
= βn

(
t(i)g
)
sn
(
t(i)g − τn(t

(i)
g )
)
, (8)

for g = 1, . . . ,G, and i = 1, . . . , I, where t(i)g = (i− 1)T +
t0+gts represents the time instant corresponding to the g-th
sample within the i-th time window. If the changes in the
orientation of the array and its traveled distance compared
to Rn(t) are negligible within an arbitrary time window Wi,
θn(t) and φn(t) remain approximately constant throughout
the time window. Thus, they can be approximated by their
values at the midpoint of the time window. Subsequently,
after collecting all G received samples, a compact expression
is derived utilizing (8) and (4):

X(i)
n ≈ a

(
θ(i)
n , φ(i)

n

)
s(i)

T

n , (9)

where X(i)
n ∈ C

M×G represents the collected samples from
the n-th source during the i-th time window. In addition, the

elevation and azimuth AOA for this source at the midpoint
of the i-th time window, t(i)m , are given by θ

(i)
n = θn(t

(i)
m ) and

φ
(i)
n = φn(t

(i)
m ), respectively. By applying the superposition

principle, the noise-free recorded signals from all N sources
during the i-th time window can be expressed as

X(i) =
N∑

n=1

X(i)
n

(9)≈ A(i)S(i), (10)

where A(i) ∈ C
M×N represents the array manifold matrix at

the midpoint of the i-th time window

A(i) =
[
a
(
θ

(i)
1 , φ

(i)
1

)
, . . . , a

(
θ

(i)
N , φ

(i)
N

)]
. (11)

Moreover, S(i) ∈ C
N×G is a matrix which s(i)

T

n represents
its n-th row. Finally, after noise addition at the receiver, the
recorded signal at the i-th time window is formulated as

Y(i) = X(i) + V(i) (10)≈ A(i)S(i) + V(i), (12)

where the matrix V(i) ∈ C
M×G comprises columns that

represent samples of time dependent noise v(t) ∈ C
M . This

noise follows a complex normal distribution, specifically
v(t) ∼ CN (0, σ 2

v IM), and is considered to be uncorrelated
with sources. It is important to highlight that the factorization
presented in (12) serves as a key assumption in most AOA
estimation methods.
Given the array’s limited velocity, the changes of KRn(t)

in (5), and consequently the phase variations of s(i)n as written
in (8) are negligible over the sampling period ts. As a result,
according to (2), S(i) is a complex sparse matrix with row
elements demonstrating smooth phase variations.
Fig. 2 illustrates the overall structure of the proposed

method, which is divided into several blocks detailed in
the following sections. The method involves three main
tasks. First, Section III introduces an energy detector
block to filter noisy samples from the received signal,
ensuring that these samples do not impair localization
performance. The second task, detailed in Section IV, covers
AOA estimation, which includes Rough AOA Estimator,
Array Manifold Initializer, and AOA Refiner blocks to
determine the elevation and azimuth AOAs of sources
in the current time window. Finally, Section V describes
the Location Estimator block, which uses these AOAs
and data from previous time windows to estimate sources
positions.
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III. ENERGY DETECTOR FOR NOISE FILTERING
The main objective of this block is noise reduction through
exploiting the sparsity of the received signal and the
continuity of each transmitted pulse. First, due to the signal’s
sparsity, the estimation of σ 2

v begins with the average energy
of samples of Y(i), denoted as σ̂ 2

v,i. Next, for an arbitrary
element υ from the noise matrix V(i) and a given probability
P0 for false detection (identifying noise as a signal) defined
as P0 = Pr{|υ| > Vth}, the threshold value (Vth), will be
obtained using [39] as:

Vth =
√
−(logP0)σ̂

2
v,i. (13)

Subsequently, q(i)
MRS ∈ Z

G(i)
MRS is determined as a vector

consisted of the column indices of the largest subset of
columns in Y(i), each containing at least one element with
an absolute value greater than Vth, where MRS stands for
Modified Received Signal. As a result, G(i)

MRS ≤ G where
G(i)
MRS indicates the number of such columns.Next, to exploit

the continuity of pulses, we compute the first-order discrete

derivative of q(i)
MRS as diff1(q

(i)
MRS) ∈ Z

G(i)
MRS−1, obtained by

subtracting q(i)
MRS from its one-sample-shifted vector:

diff1
(
q(i)
MRS

)
=
[
q(i)
MRS

]

2:G(i)
MRS

−
[
q(i)
MRS

]

1:
(
G(i)
MRS−1

). (14)

Then, we obtain the binary vector q(i)
adj ∈ {0, 1}G(i)

MRS−1 by
comparing the resulting vector with the threshold diffmax:

q(i)
adj = diff1

(
q(i)
MRS

)
≤ diffmax. (15)

Each nonzero component of q(i)
adj signifies that its correspond-

ing element in q(i)
MRS and its downward neighbor, refer to two

columns of Y(i) associated with the same pulse transmitted
by one of the sources,1 due to the continuity of pulses. It
is important to emphasize that according to the definition
of q(i)

MRS, each of these columns has at least one sample of
recorded signal with an amplitude grater than Vth.

Therefore, to exploit the continuity feature of the pulses,
we selectively retain the elements of q(i)

MRS that correspond
to consecutive ones in q(i)

adj, with at least Ladj − 1 elements.
Additionally, we keep the element immediately below each
of these sequences. This selective retention is then used to
update q(i)

MRS and hence G(i)
MRS. Consequently, pure noise

samples with absolute values greater than Vth, but not
contributing to any pulses, are eliminated as much as
possible.
By assuming that there is only noise on the subset of

columns of Y(i) with indices other than q(i)
MRS, the estimation

of the noise variance will be updated as

σ̂ 2
v,i = 1

M
(
G−G(i)

MRS

)‖
[
Y(i)
]

:,q(i)
MRS

‖2F, (16)

1It is important to note that despite potential pulse interleaving due to
nearly simultaneous transmissions by multiple sources, the continuity of the
received signal remains unaffected, ensuring no impact on the methodology.

where q(i)
MRS denotes the column indices of Y(i) other than

q(i)
MRS. This procedure repeats until convergence, which is

reached when q(i)
MRS remains unchanged for two consecutive

iterations or when the number of iterations surpasses the
maximum limit, NEng

max. Hence, after reaching convergence,
the output of Energy Detector block at the i-th time window,
can be represented as

Y(i)
MRS = A(i)S(i)

MRS + V(i)
MRS, (17)

where Y(i)
MRS = [Y(i)]

:,q(i)
MRS

, S(i)
MRS = [S(i)]

:,q(i)
MRS

, V(i)
MRS =

[V(i)]
:,q(i)

MRS
. Let γ (i) be the exact SNR in the output of

Energy Detector block at the i-th time window (17), which
is given by

γ (i) = ‖A
(i)S(i)

MRS‖2F
‖V(i)

MRS‖2F
. (18)

The estimate of γ (i), denoted by γ̂ (i), can be obtained as

γ̂ (i) =
‖Y(i)

MRS‖2F/
(
MG(i)

MRS

)
− σ̂ 2

v,i

σ̂ 2
v,i

. (19)

Since γ (i) changes in each time window, it is called instan-
taneous SNR in the rest of the paper. The aforementioned
steps, are summarized in Algorithm 1.

This section concludes with the definition of SNR∗. Note
that after filtering the noisy samples by the energy detector,
the output of this block should ideally consist only of pulses
{pn(t)}Nn=1. Motivated by this, we define SNR∗ as the ratio
of the maximum achievable received pulse power at time t0
(assuming simultaneous transmission by all sources) to the
noise power at the receiver as follows:

SNR∗ =
N∑

n=1

Pn
4π‖r(t0)− rn‖22σ 2

ν

, (20)

where Pn = 1
Tpn

E{|pn(t)|2} represents the power of the
pulse pn(t). Given SNR∗ value, the noise power level is
determined.

IV. MULTI-SOURCE 2D-AOA ESTIMATION
AOA estimation in the proposed method begins with the
Rough AOA Estimator, which obtains the initial AOAs of
the potential undetected sources using the signal filtered
by the Energy Detector block. Next, the Array Manifold
Initializer uses these initial AOAs and the previous estimated
locations to compute an initial array manifold. Finally, the
AOA Refiner block accurately estimates the AOAs using
this initial value and the output of the Energy Detector
block. The mentioned modules are explained in the following
subsections.
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Algorithm 1 Energy Detector

Input: Y(i)

Design Parameters: P0, diffmax, Ladj, N
Eng
max

Outputs: q(i)
MRS, Y

(i)
MRS, σ̂ 2

v,i, γ̂ (i)

1: M, G: Number of rows and columns in Y(i).

Initialize σ̂ 2
v,i with

1

MG
‖Y(i)‖2F , q(i)

MRS = 0, κ = 0
2: repeat
3: Vth←

√
−(logP0)σ̂

2
v,i

4: qold← q(i)
MRS, κ ← κ + 1

5: q(i)
MRS is obtained by selecting the column indices of
Y(i) that have at least one element with an absolute
value greater than Vth.

6: q(i)
adj← diff1(q

(i)
MRS) ≤ diffmax

7: q(i)
MRS is updated by selecting the elements correspo-
nding to all sequences of Ladj − 1 or more
consecutive 1-valued elements in q(i)

adj, along with
the element directly below each sequence.
G(i)
MRS← length of q(i)

MRS
8: σ̂ 2

v,i← 1
M(G−G(i)

MRS)
‖[Y(i)]

:,q(i)
MRS

‖2F
9: until qold = q(i)

MRS or κ = NEng
max

10: Y(i)
MRS =

[
Y(i)]

:,q(i)
MRS

, γ̂ (i) = ‖Y
(i)
MRS‖2F

/(
MG(i)

MRS

)
−σ̂ 2

v,i

σ̂ 2
v,i

A. ROUGH AOA ESTIMATOR
During array movement, the received energy from an
undetected source may be increased enough to be detected.
The purpose of the Rough AOA Estimator block is to obtain
initial AOAs of possibly undetected sources. Various meth-
ods exist for 2D-AOA estimation [40], [41]. In this paper,
we utilize the well-known 2D-MUSIC algorithm [39] for
initial 2D-AOA estimation of sources, although alternative
techniques may also be employed. It is important to note
that this step relies solely on second-order statistics, i.e.,
the SCM, and does not exploit the sparsity structure and
other characteristics of the signal, leading to less accurate
estimations. In the subsequent subsections, we leverage
these estimations as an initial point in our proposed novel
algorithm for achieving more precise 2D-AOA estimation.
As shown in Fig. 2, at each time window Wi, Rough AOA

Estimator block first receives the output of Energy Detector
module Y(i)

MRS. Next, it computes the corresponding SCM
R(i) ∈ C

M×M as follows:

R(i) = 1

G(i)
MRS

Y(i)
MRSY

(i)H

MRS. (21)

In the next step, the minimum description length (MDL)
algorithm [39] is employed to estimate the number of
incoming signals P(i).2 Finally, the 2D-MUSIC spectrum

2Let λ̂1, λ̂2, . . . , λ̂M denote the eigenvalues of the SCM R(i) in (21).
The MDL criterion is defined as MDL(m) = −2G(i)

MRS(M −m) ln �(m)+

SMUSIC ∈ R
Kθ×Kφ

+ is calculated as

[SMUSIC]u,v = 1

aH(θu, φv)UnullUH
nulla(θu, φv)

, (22)

where θu and φv are the u-th and v-th element of elevation
and azimuth scope ranges � = {θ1, . . . , θKθ } and � =
{φ1, . . . , φKφ }, respectively, and Unull denotes the noise
subspace of R(i), obtained via eigenvalue decomposition
(EVD) by selecting the P(i) eigenvectors corresponding to the
smallest eigenvalues. Finally, the P(i) AOAs {θ̂ (i)

p , φ̂
(i)
p }P(i)

p=1
are determined by choosing P(i) highest peaks of the 2D
spectrum SMUSIC.

B. ARRAY MANIFOLD INITIALIZER
Assuming the proposed method has been applied to the first
i − 1 time windows {Wj}i−1

j=1, the following text provides a
detailed explanation of calculating the initial array manifold
for the i-th time window.
Define U1 ∈ R

3×N(i−1)
ESL to represent a matrix where each

column determines the unit direction from the receiver
center position in the midpoint of the i-th time window,
denoted by r(i), to the formerly estimated positions of sources

{r̂(i−1)
s }N

(i−1)
ESL

s=1 . Here, N(i−1)
ESL is the number of estimated source

locations (ESL) and r̂(i−1)
s represents the estimated location

of source s until the (i−1)-th time window. U1 is obtained as

[U1]:,s = r̂(i−1)
s − r(i)

‖r̂(i−1)
s − r(i)‖2

(23)

, s = 1, . . . ,N(i−1)
ESL . (24)

Furthermore, U2 ∈ R
3×N(i−1)

U2 represents a matrix whose
columns contain the unit direction vectors allocated to
sources, each having exactly one assigned vector during the
initial i−1 time windows. Here, N(i−1)

U2
is the number of such

directions. According to the proposed localization algorithm
in Section V, no locations are estimated for these sources

yet. Then, we define U(i−1)
D ∈ R

3×(N(i−1)
ESL +N(i−1)

U2
)
as the matrix

containing the last directions of the detected sources up to
the (i− 1)-th time window, given by:

U(i−1)
D = [U1,U2]. (25)

Recall from Section IV-A that {θ̂ (i)
p }P(i)

p=1, {φ̂(i)
p }P(i)

p=1 are
the estimated elevation and azimuth AOAs at the i-th time
window by the rough AOA estimator algorithm. These AOAs
are then used to define the corresponding unit directions
{unewp }P(i)

p=1 according to (7). Among them, only the directions
related to possibly undetected sources are used to calculate
the initial array manifold. To achieve this, we calculate the
following for each obtained direction unewp :

mp = max|unewTp U(i−1)
D |, p = 1, . . . ,P(i). (26)

2m(2M−m) ln(G(i)
MRS)/2, where �(m) = 1

σ̂2
m

(
∏M
i=m+1 λ̂i)

1
M−m and σ̂ 2

m =
1

M−m
∑M

i=m+1 λ̂i. The estimated number of sources P(i) is obtained by
selecting m ∈ {0, . . . ,M − 1} that minimizes MDL(m).
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FIGURE 3. Structure of AOA Refiner.

Let P denote the largest subset of indices {1, 2, . . . ,P(i)}
such that mp′ < ξ for each p′ ∈ P , where ξ is a threshold
value for assigning new estimated directions to the previously
detected sources. The subset P specifies new estimated unit
directions that are not attributed to any of previously detected
sources. Considering P = {p1, . . . , p|P |}, where |P| is the
size of the subset P , we define U3 to store the corresponding
unit directions as follow:

U3 =
[
unewp1

, . . . ,unewp|P |

]
. (27)

Finally, the estimation of the array manifold, Â
(i)
, is

initialized as

A(i)
0 = exp

(
jKDT

[
U(i−1)
D ,U3

])
. (28)

C. AOA REFINER
AOA Refiner block aims to enhance AOA estimation by
exploiting signal sparsity, phase characteristics, and each
pulse continuity. It includes several sub-blocks and can esti-
mate more AOAs than the number of receiver antennas. Its
architecture is illustrated in Fig. 3, with detailed descriptions
of the sub-blocks provided in this subsection.
In the following, we propose an algorithm to obtain

an accurate estimation of the array manifold matrix A(i)

defined in (11), denoted by Â
(i)
. To this end, we first

initialize Â
(i)

with A(i)
0 , which is derived in (28). Next, we

estimate the signal matrix S(i)
MRS(17). To this end, we propose

Sparse Recovery and Phase Smoothing algorithms, which are
explained in the next subsections. Subsequently, we perform

least squares (LS) method to update Â
(i)

using the obtained
estimation of S(i)

MRS in the output of the Phase Smoothing

algorithm (S̃), as Â
(i) = Y(i)

MRSS̃
†
. Finally, we employ the

K-SVD algorithm to refine the estimated array manifold Â
(i)

as follows:
First, we define the matrices Aj and Sj by excluding the

j-th column of Â
(i)

and the j-th row of S̃, respectively. Next,
we construct

Yr = Y(i)
MRS − AjSj, (29)

which effectively suppresses the contribution of all sources
except the j-th source in the received signal. On the other

hand, the columns of Yr corresponding to zero elements of
[S̃]j,: are noisy and have no information about j-th source.
Therefore, we delete these columns from Yr.

Then, according to (9), we apply singular value decom-
position (SVD) to approximate Yr with the closest
rank-1 matrix in Frobenius norm. This matrix is given by
uσvH , where σ is the largest singular value and u and v are
the corresponding left and right singular vectors, respectively.

Finally, we update [Â
(i)

]:,j and nonzero elements of [S̃]j,:
using u and σvH , respectively.

We apply this procedure for j = 1, 2, . . . ,N(i), where N(i)

is the number of columns in Â
(i)
. Thus, all columns of Â

(i)

are updated once. The K-SVD algorithm is described in lines
7-12 of Algorithm 2.
The aforementioned steps are repeated until the conver-

gence condition is met or the iteration count exceeds the
maximum limit, NAOA

max . Convergence is determined by

‖Â(i) − Â(i)
old‖F

N(i)
≤ εAOA, (30)

where Â
(i)
old represents the estimate from the previous

iteration, and εAOA is the convergence threshold for AOA
Refiner. The details of the proposed algorithm for array
manifold refinement are shown in Algorithm 2.

Finally, after obtaining an accurate estimation of the

array manifold (i.e., Â
(i)

) using Algorithm 2, we employ
beamforming technique to precisely estimate the 2D-AOAs,
as outlined below:

{θ̃ (i)
n , φ̃(i)

n } = argmax
θ∈�,φ∈�

a(θ, φ)H
[
Â

(i)
]

:,n
, n = 1, . . . ,N(i), (31)

where a(θ, φ) indicates the steering vector, defined in (6),

N(i) is the number of columns in Â
(i)
, and �, � are the

search ranges associated with the elevation and azimuth
AOAs, respectively, as defined in Section IV-A.

1) SPARSE RECOVERY

This block focuses on estimating S(i)
MRS by leveraging its

sparsity, with the result denoted as Ŝ. Let yg, sg and

vg represent the g-th column of Y(i)
MRS, S

(i)
MRS and V(i)

MRS,
respectively, where g ∈ {1, . . . ,G(i)

MRS}. From (17), we have

yg = A(i)sg + vg. (32)
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Algorithm 2 Array Manifold Refining

Inputs: A(i)
0 , Y(i)

MRS, q
(i)
MRS, σ̂ 2

v,i, γ̂ (i)

Design Parameters: εAOA, N
AOA
max

Output: Â
(i)

1: Â
(i) ← A(i)

0 , N(i): number of Â
(i)

columns, κ = 0
2: repeat
3: Â

(i)
old ← Â

(i)
, κ ← κ + 1

4: Ŝ is obtained by the Sparse Recovery block

(Algorithm 3) using Y(i)
MRS, Â

(i)
, σ̂ 2

v,i and γ̂ (i) as inputs.
5: S̃ is obtained as the output of the Phase Smoother

block (Algorithm 4) using Ŝ and q(i)
MRS as inputs.

6: Â
(i) ← Y(i)

MRSS̃
†
, update N(i)

7: for j = 1 : N(i) do
8: Sj ← S̃ without its j-th row

Aj ← Â
(i)

without its j-th column

9: Yr ← Y(i)
MRS − AjSj

10: Remove columns from Yr which correspond to
zero elements in [S̃]j,:.

11: Apply the SVD algorithm to Yr to obtain the
largest singular value (σ ) and its right and left
singular vectors (u, v).

12: Replace [Â
(i)

]:,j with u, and also replace the
nonzero elements of [S̃]j,: with σvH .

13: until ‖Â
(i)−Â(i)

old‖F
N(i) ≤ εAOA or κ = NAOA

max

We assume that the array manifold A(i) has already been

estimated as Â
(i)
. Hence, the sparse recovery optimization

problem for estimating sg can be written as follows:

min ‖sg‖0
s.t. ‖Â(i)

sg − yg‖2 ≤ ε, (33)

where ε is a design threshold parameter. In the following,
first we explain how to estimate and choose the suboptimal
threshold value ε for solving (33).
To establish a theoretical model for the optimal value

of ε, we begin by assuming that the precise value of A(i)

is available. Thus, under this assumption, the constraint of
optimization problem (33) for its solution modifies to:

‖A(i)(ŝg − sg
)− vg‖22 ≤ ε2, (34)

where A(i)sg denotes the noise-free received signal, whose
elements have average energy Es,avg. Clearly, the best
estimation is happened when ŝg = sg. Hence, according
to (34), the minimum value of ε2 equals to ‖vg‖22. Motivated
by this fact, we model the optimal ε2 as follows

ε̂2
opt ≈ f

(
N, γ (i)

)
E

{
‖A(i)sg‖22

}
+ E

{
‖vg‖22

}

= f
(
N, γ (i)

)
MEs,avg +Mσ 2

v , (35)

where, f (·) indicates a nonlinear function of the number of
sources (N) and the instantaneous SNR at i-th time window
(γ (i)). Intuitively, with smaller values of γ (i), the difference
between ŝg and sg gets larger and as a result, f (N, γ (i))

increases. Additionally, as N grows, the correlation between
the columns of A(i) and the probability of simultaneous signal
transmission from sources both increase. This amplifies
ambiguity in sparse recovery, resulting in a greater disparity
between ŝg and sg, consequently leading to an increase in
f (N, γ (i)). Please refer to Appendix VIII for the details on
how to choose and obtain the function f (N, γ (i)).

Notably, since the exact values for N, γ (i), Es,avg, and σ 2
v

are unavailable, the proposed system relies on their estimated
counterparts, N(i), γ̂ (i), σ̂ 2

v,i and Ês,avg = γ̂ (i)σ̂ 2
v,i, to compute

ε̂opt using (35). Once ε̂opt is obtained, each column vector
sg = [S(i)

MRS]:,g is estimated by solving the optimization
problem (33):

If ‖yg‖2 ≤ ε̂opt then ŝg = 0, otherwise let Lmax denote

the maximum sparsity level of the columns in S(i)
MRS. To

solve (33), for each j ∈ {1, . . . ,Lmax}, we first define the
vector qk ∈ Z

j, which represents the k-th combination of
selecting j elements from the set {1, . . . ,N(i)}. Based on qk,
the binary vector bk ∈ {0, 1}N(i)

constructed as follows:

[bk]l =
{

1, if l ∈ qk,
0, otherwise,

l = 1, . . . ,N(i).

Next, we define the set B(j) = {bk}(
N(i)

j )
k=1 , which contains all

distinct binary vectors of length N(i) with exactly j ones.

Subsequently, for each bk ∈ B(j), we define Ak = [Â
(i)

]:,bk

as the submatrix of Â
(i)

consisting of the selected j columns.
Similarly, let s(k)g ∈ C

j be the vector containing the elements
of sg indexed by the nonzero positions in bk. Hence, for a
given sparsity level j and the corresponding nonzero indices
specified by bk, problem (33) reduces to finding a feasible
solution under the constraint

‖Aks(k)g − yg‖2 ≤ ε̂opt. (36)

It is noteworthy that the problem of minimizing ‖Aks(k)g −
yg‖2 is a least squares (LS) problem, whose optimal solution
can be obtained as ŝ(k)g = A†

kyg. The corresponding LS
estimation error can be calculated as

‖yg − Ak ŝ(k)g ‖2 =
∥∥∥
(
IM − AkA†

k

)
yg
∥∥∥

2
. (37)

Next, assuming j = 1, we determine the index k̂ that
minimizes the LS error given in (37). If the constraint (36)

is satisfied with ŝ(k̂)g , the algorithm concludes. Otherwise,
we gradually increment j and repeat the previous steps until
convergence is achieved. The convergence is happened either
the constraint (36) is satisfied or the sparsity level j reaches
the maximum level Lmax. As a result, the estimated nonzero
elements of sg, given by ŝ(k̂)g , are placed at positions indicated
by bk̂ in ŝg, with all other elements set to zero.

Finally, Ŝ is obtained by concatenating {ŝg}G
(i)
MRS

g=1 , yielding
Ŝ = [ŝ1, . . . , ŝG(i)

MRS
]. The details are given in Algorithm 3.
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(a) (b)

FIGURE 4. Procedure of the Phase Smoothing algorithm (See Fig. 6 in Section VII-B for corresponding instantaneous SNR).

Algorithm 3 Sparse Recovery Algorithm

Inputs: γ̂ (i), σ̂ 2
v,i, Y

(i)
MRS, Â

(i)
, f (N, γ ) defined in (60)

Design Parameter: Lmax
Output: Ŝ

1: M, N(i): Number of rows and columns in Â
(i)
.

G(i)
MRS: Number of columns in Y(i)

MRS.
Ŝ← 0N(i)×GMRS

2: Ês,avg = γ̂ (i)σ̂ 2
v,i,

ε̂opt =
√
MÊs,avgf (N(i), γ̂ (i))+Mσ̂ 2

v,i

3: for g = 1 : G(i)
MRS do

4: m← ‖yg‖2, j← 1 � yg = [Y(i)
MRS]:,g

5: while m > ε̂opt and j ≤ Lmax do

6: B(j)← {bk}(
N(i)

j )
k=1 : All binary vector permutations

of length N(i) containing j ones.

7: Ak ← [Â
(i)

]:,bk

8: k̂← argmink

∥∥∥
(
IM − AkA†

k

)
yg
∥∥∥

2

9: ŝ(k̂)g = A†
k̂
yg, m = ‖Ak̂ ŝ(k̂)g − yg‖2, j← j+ 1

10: if m ≤ ε̂opt or j > Lmax then

11:
[̂
S
]
bk̂,g
= ŝ(k̂)g

2) PHASE SMOOTHER

As mentioned in Section II, the phase of each row in S(i) has
approximately smooth variations over time. Considering this
feature and also the continuity of waveforms of transmitted
spikes pn(t), we propose a Phase Smoothing algorithm
to refine the estimated signal matrix Ŝ in the output of
Sparse Recovery block. For the sake of better exposition,
the output of each main step, is sub-plotted for SNR∗ =
12 dB and SNR∗ = 20 dB in a specific time window W =

[1, 1.03] sec3 as shown in Fig. 4. The first subplot in Fig. 4,
illustrates the phase values of three rows in Ŝ, with each
row corresponding to a specific source.
The sign of pn(t) in (2) is either positive or negative.

Thus, the phases of the elements of the n-th row of Ŝ are
in two parallel lines �1 and �2 with distance π . Hence, in
order to remove the distance between �1 and �2, at first,
we negate the elements of [̂S]n,:, whose imaginary part is
negative. After this step, the phase of all elements becomes
a positive value. Next, we remove the elements with zero
absolute value. The phase value of the output of this step is
plotted in the second subplots of Fig. 4 (it is denoted by ϕ+).
Subsequently, similar to the Energy Detector algorithm,

we exploit the continuous shape of the transmitted spikes by
estimating the consecutive samples in the output of previous
step. However, at the same time, due to the smooth phase
variations, we only keep those consecutive samples, whose
phase difference is less than εϕ or greater than π− εϕ .4 The
positive smoothed phase, are shown in the third subplots in
Fig. 4. Finally, we revert the remaining samples that were
negated in the initial step to their original values, and then
store all of them in their respective positions in the n-th
row of S̃. Other elements of this row remain zero. The
aforementioned procedure is repeated for all rows of Ŝ.
Please refer to Algorithm 4 for the details of the proposed
Phase Smoother block.

V. LOCATION ESTIMATION
This section explores the proposed approach for source
localization, utilizing the estimated elevation and azimuth
AOAs to determine source positions. The analysis starts

3The duration of time window T is set to 0.03 seconds.
4If the phase difference between two samples is less than εϕ , but their

imaginary parts have opposite signs, adjusting their phases to be positive
will result in a phase difference that exceeds π − εϕ . Hence, the phase
difference greater than π − εϕ also indicates a smooth variation.
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Algorithm 4 Phase Smoothing Algorithm

Inputs: Ŝ, q(i)
MRS

Design Parameters: diffmax, Ladj, εϕ

Output: S̃
1: N(i),G(i)

MRS: Number of rows and columns in Ŝ.
S̃← 0

N(i)×G(i)
MRS

2: for n = 1:N(i) do
3: ŝTn ← [̂S]n,:, qsel ← [1, 2, . . . ,G(i)

MRS], q′MRS ← q(i)
MRS

4: Negate elements of ŝTn with negative imaginary part.
5: Remove elements from ŝTn , q′MRS, and qsel corre

sponding to zero-valued entries in ŝTn .
6: ϕ← Phase components of the elements of ŝTn .
7: qϕ ← (diff1(ϕ) < εϕ)|(diff1(ϕ) > π − εϕ)

qadj ← diff1(q′MRS) < diffmax
8: qsel is updated by selecting the elements corre-spond

ing to all sequences of Ladj − 1 or more consecutive
1-valued elements in (qadj&qϕ), along with the
element directly below each sequence.

9:
[̃
S
]
n,qsel

= [̂S]n,qsel
10: Remove rows of S̃ whose all elements are zero.

with addressing the localization of a single source and
subsequently introduces the method developed for multi-
source localization.

A. PROPOSED METHOD FOR SINGLE SOURCE
LOCALIZATION
Let Na denote the number of time windows in which the
2D-AOAs of the source s are estimated among the first i−1
such intervals. Thus, we have Na anchors, each providing
2D-AOA estimations of this source. Denote the positions of
these anchors as r1, r2, . . . , rNa , where rj = [rj,x, rj,y, rj,z]T

for j = 1, . . . ,Na. Each anchor point corresponds to a line
�1, �2, . . . , �Na , with associated unit vectors u1,u2, . . . ,uNa
along these lines pointing to the location of source s. These
unit vectors are derived by substituting the estimated azimuth
and elevation AOAs into (7). However, vectors u1, . . . ,uNa
may be subject to noise corruption. Our objective is to
estimate the location of source s with coordinates w∗ =
[x∗, y∗, z∗]T on the available map defined by z =M(x, y).
This is achieved by minimizing the sum of squared distances
from w∗ to the lines �1, . . . , �Na . The mapping function
M : R2 −→ R describes the relationship between the height
z of each point and its (x, y) coordinates in the xy plane.

The line �j can be expressed as �j = αuj + rj, α ∈ R. Let
w ∈ R

3 represent an arbitrary point. The distance from w to
the line �j can be calculated as:

d2
j = ‖w− rj‖22 −

((
w− rj

)Tuj
)2

. (38)

Therefore, the sum of squared distances from the point w to
the lines �1, . . . , �Na is computed as follows:

S(w) =
Na∑

j=1

d2
j =

Na∑

j=1

(
w− rj

)T(I3 − ujuTj
)(
w− rj

)
. (39)

As a result, the optimization problem can be expressed as

w∗ = argmin
w

S(w) s.t. z =M(x, y), (40)

where w = [x, y, z]T . In addressing the optimization problem
outlined in (40), we start by leveraging the constraint to
reduce dimensionality. This is accomplished by defining the
variables w′ ∈ R

2, r′j ∈ R
2,Cj ∈ R

2×2, bj ∈ R
2, dj ∈ R for

j = 1, . . . ,Na such that

w′ =
[
x
y

]
, r′j =

[
rj,x
rj,y

]
, I3 − ujuTj =

[
Cj bj
bTj dj

]
. (41)

Consequently, (40) can be rewritten as follows:

w∗ = argmin
w′,z

Na∑

i=1

[(
w′ − r′i

)TCi
(
w′i − r′i

)

+ 2
(
w′ − r′i

)Tbi
(
z− ri,z

)+ (z− ri,z
)2
di
]
,

s.t. z =M
(
w′
)
. (42)

It is important to note that when z remains constant, (42)
exhibits convexity concerning w′. In this scenario, the
optimal solution can be efficiently determined through a
closed-form formula by equating the gradient of the objective
function to zero. The solution is expressed as follows:

w′(z) =
[ Na∑

j=1

Cj

]† Na∑

j=1

(
Cjr′i + bj

(
rj,z − z

))
, (43)

where w′(z) represents the optimal solution corresponding
to a specified value of z. Driven by this observation, we
apply the gradient projection (GP) method [42] to address
the optimization problem in (42):
Initially, we compute w′ using equation (43) with a

given initial value of z, subsequently updating z via z =
M(w′). This iterative process continues until convergence,
determined by the distance between position estimates in
successive iterations dropping below εLoc, or until the
iteration count surpasses the predefined limit NLoc

max. The
convergence condition is expressed as

√
‖w′ − w′old‖22 + (z− zold)2 ≤ εLoc, (44)

where w′old and zold represent the estimated values from the
previous iteration.
Furthermore, based on (43), the positioning algorithm can

be expressed recursively. To this end, we define the matrix
C ∈ R

2×2 and the vectors h ∈ R
2 and b ∈ R

2 as:

C =
Na∑

j=1

Cj, h =
Na∑

j=1

hj, b =
Na∑

j=1

bj, (45)

where hj = [Cj, bj]rj. By incorporating (45) in (43), the
solution w′(z) can be reformulated as

w′(z) = C†(h− bz). (46)
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Algorithm 5 Recursive GP Localization Algorithm
Inputs: C, h, b, mapping function M(x, y), and a new
line directed along u that passes through r
Design Parameters: εLoc, NLoc

max
Output: w∗ and updated C, h, b

1: F = I3 − uuT , h ← h + [F]1:2,:r, C ← C + [F]1:2,1:2,
b← b+ [F]1:2,3

2: z = 0, w′ = [0, 0]T , κ = 0 � initialization
3: repeat
4: zold← z, w′old← w′, κ ← κ + 1
5: w′ ← C†(h− bz)
6: z←M(w′)
7: until

√
‖w′−w′old‖22+(z−zold)2 ≤ εLoc or κ = NLoc

max
8: w∗ = [w′T , z]T

Therefore, by introducing an additional line �Na+1 in the
i-th time window, the optimal solution (46) can be readily
determined by updating C, h, and b as follows:

C← C+ CNa+1, h← h+ hNa+1, b← b+ bNa+1, (47)

and then reinserting the updated values into (46).
The specifics of the low-complexity recursive GP-based
algorithm are outlined in Algorithm 5.

B. PROPOSED LOCALIZATION METHOD FOR MULTIPLE
SOURCES
Recall from Section IV-C that {θ̃ (i)

n }N(i)

n=1, {φ̃(i)
n }N(i)

n=1 are the
estimated elevation and azimuth AOAs at the i-th time
window by the AOA Refiner. We define the corresponding
unit directions {ũnewn }N(i)

n=1 according to (7) using these AOAs.
Next, the inner product of each obtained direction ũnewn with
the unit vectors in columns of U(i−1)

D , defined in (25), is
calculated. Let mn be the greatest obtained value,

ŝn = argmax
s
|ũnewTn

[
U(i−1)
D

]

:,s
|, n = 1, . . . ,N(i),

mn = |ũnewTn

[
U(i−1)
D

]

:,ŝn
|. (48)

If mn exceeds the threshold ξ , the unit direction ũnewn is
assigned to the ŝn-th source among the previously estimated
locations. Conversely, if mn < ξ , it suggests that this
direction may correspond to a new, undetected source.
In the first scenario, where mn ≥ ξ , the matrix C and

vectors h and b, as specified in (45), are assumed to
correspond to the ŝn-th source. The position of this source, as
well as the associated C, h, and b, are updated by applying
Algorithm 5. In this algorithm,ũnewn and the array position
r(i) are used as the unit direction u and the anchor position
r, respectively.

In the scenario mn < ξ , as previously indicated, the
direction ũnewn may be oriented towards a new, undetected
source s′. Then, we define the matrix F = I3 − ũnewn ũnew

T

n
to initialize the associated C,h, and b (45) as:

C = [F]1:2,1:2, h = [F]1:2,:r
(i), b = [F]1:2,3. (49)

The number of time windows in which a source s is
detected and its position updated may vary. To evaluate the
reliability of the estimated sources, we propose a metric
using a counter, hists, for each source s. Initially set to 1
upon detection, hists increments with subsequent detections
in the following time windows. The source s probability
of reliability is defined as Pr,s = hists/Ip, where Ip is
the number of processed time windows. The range of Pr,s
varies from 0 to 1, with values closer to 1 indicating
higher reliability of the estimated source. Additionally, a
timer Ts measures the time interval between successive
observations of source s. If Ts surpasses the threshold Tdeath,
all information pertaining to source s is removed. This
suggests that source s is either idle or its emitted signal has
experienced significant attenuation, making it ineffective at
the receiver. Every Tdeath seconds, the counters hists and Ip
are reset for all detected sources, enabling newly identified
sources to enhance their reliability.

VI. COMPLEXITY ANALYSIS
This section is dedicated to evaluating the complexity of the
algorithms presented in earlier sections.
The dominant computational complexity of the energy

detector in Algorithm 1 is related to the calculation of σ̂ 2
v,i

and the search for all 1-valued sequences of minimum length
Ladj − 1 in q(i)

adj, which are performed with complexities

O(MG′) and O(LadjG
(i)
MRS), respectively. Here, G

′ = G for
initialization and G′ = G(i)

MRS
5 in other iterations of the

algorithm. Let NEng
itt denote the number of iterations until

convergence. Then the overall complexity is obtained as

O1 = O
(
MG+ NEng

itt

(
Ladj +M

)
G(i)
MRS

)
. (50)

Although the value of G(i)
MRS may vary in each iteration of

this algorithm, its order of magnitude does not change.
Regarding Rough AOA estimation method presented in

Section IV-A, the SCM calculation in (21) requires a
complexity of O(M2G(i)

MRS). Moreover, the EVD is performed
with complexity O(M3) and the 2D-MUSIC spectra in (22)
is obtained with complexity O(KθKφM2). Hence, the overall
complexity of the Rough AOA estimation stage is

O2 = O
(
M2(G(i)

MRS + KθKφ +M)
)
. (51)

Given that subspace based methods such as MUSIC can
estimate at most M− 1 sources [40], the overall complexity
of initializing the array manifold in (28) is

O3 = O
(
M(M + N(i−1)

U2
+ N(i−1)

ESL )
)
. (52)

Regarding AOA Refiner algorithm explained in
Section IV-C, the K-SVD algorithm described in lines
7-12 of Algorithm 2 has a computational complexity of

5Because G(i)
MRS < G/2 is common due to signal sparsity, and since

‖Y(i)‖2F is available from the initial step, calculating σ̂ 2
v,i using ‖Y(i)‖2F −

‖[Y(i)]
:,q(i)MRS

‖2F is more cost effective than direct computation.
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TABLE 1. Complexities of the proposed blocks.

O(MN(i)(M + N(i))G(i)
MRS). Given the search for the LS

estimation error across all members of the set B and the
repetition of this operation for every column of S, the
sparse recovery process detailed in Algorithm 3 exhibits
a complexity of O(GMRS

∑J
j=1

(N(i)

j

)
M2j), where J =

min(Lmax,N(i)). It can be simplified as follows:

O4 = O

(

G(i)
MRSM

2N(i)
(

N(i) − 1

min{Lmax − 1, �N(i)−1
2 �}

))

. (53)

The dominant computational part of the phase smoother
block in Algorithm 4 is stemmed from exploiting continuity
feature of spikes (line 8 in Algorithm 4). This block requires
a complexity of

O5 = O
(
N(i)G(i)

MRSLadj
)
. (54)

Finally, the 2D-AOA search in (31) is performed with a
complexity of O(KθKφMN(i)). Hence, the overall complex-
ity of the proposed AOA Refiner block, which includes
Algorithm 2 and the 2D-AOA search, can be obtained as

O6 = O
(
MN(i)

(
NAOA
itt (M + N(i))G(i)

MRS + KθKφ

))

+ NAOA
itt (O4 +O5), (55)

where NAOA
itt represents the number of iterations needed for

convergence. It is noteworthy that although the value of N(i)

may be different in each iteration of this algorithm, its orders
of magnitude remains relatively stable.
In the end, considering the proposed localization algorithm

in Section V, each step in Algorithm 5 has a complexity of
O(1), leading to an overall complexity of O7 = O(NLoc

itt ),

where NLoc
itt is the number of iterations until convergence.

The aforementioned complexities are summarized in
Table 1. The average number of iterations for the algorithms
is reported in the third column.

VII. SIMULATION AND DISCUSSION
A. SIMULATION SETUP
The environment is a city district with a size of 2 km×2 km.
Buildings have a fixed area of 10m × 20m and varying
heights between 3.5m and 20m, with small random offsets.
Streets, alleys, and other urban features have randomly cho-
sen dimensions, adding a small random number for realism.
The carrier and sampling frequencies are fc = 0.5GHz
and fs = 10MHz, respectively. The moving receiver uses a
uniform circular array (UCA) with M = 6 isotropic antennas

TABLE 2. Positions of sources (in meter)

(G(θ, φ) = 1) and a radius of 0.2m. Thus, the position of
the m-th antenna relative to the array center is expressed as
[D]:,m = [0.2 cos(2m−1

M π), 0.2 sin(2m−1
M π), 0]T . Simulations

involve N = 11 sources with positions shown in Table 2. All
sources emit the same pulse shape pn(t) =

√
6 sin(2π t/Tpn)

with pulse duration Tpn = 3 μsec and power 3Watt. The
average period of transmitted signals for each source is
Tavg = 3msec, which creates sparsity in the signals. The
duration of each time window is T = 0.03 sec.
In the Energy Detector block, the false detection prob-

ability is set to P0 = 0.001, and the maximum number
of iterations is limited to NEng

max = 10. diffmax = 20 and
Ladj = 5 are common parameters for both Energy Detector
and Phase Smoother blocks. Moreover, in Phase Smoother
we use εϕ = π

10 . The maximum sparsity level for the
Sparse Recovery algorithm is set to Lmax = 3. The AOA
Refiner and Location Estimator blocks employ convergence
thresholds εAOA = 10−4 and εLoc = 10−2, with maximum
iterations set to NAOA

max = 20 and NLoc
max = 15, respectively.

Additionally, both blocks utilize a common threshold of ξ =
cos(10◦) = 0.9848 for direction assignment. The death time
is set to Tdeath = 0.3 sec. The time origin is t = 0, with the
initial array position at r0 = [27, 11, 500]T m. Processing
algorithms start at t0 = 0.1 sec, and the array velocity is
v = [44, 33, 0]T m

s . The results in the next subsections
(excluding Section VII-D) are based on averaging 100
independent Monte Carlo trials.

B. PERFORMANCE OF ENERGY DETECTOR BLOCK
Fig. 5 presents a performance comparison between the
proposed Energy Detector and baseline methods in [43]:
• Binary (n/M) detector: A signal is detected if

M∑

k=1

u(|yk| − T ) ≥ n, (56)

where yk = [Y(i)]k,g denotes the received sample at the
k-th antenna at time t(i)g , u(x) represents the Heaviside
function and T is the detection threshold.

• Generalized Likelihood Ratio Test (GLRT): Detection is
determined by

M∑

k=1

ln

[

I0

(

2

√
γ (i)

σ 2
v
|yk|
)]

≥ T , (57)

where I0(·) is the zeroth-order modified Bessel function.
Unlike the proposed approach, GLRT assumes exact
knowledge of the SNR and noise power.

• Square Law Detector (SLD): Approximating I0(·)
in (57) via a second-order Taylor expansion simplifies
the detection condition to

∑M
k=1 |yk|2 ≥ T .
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FIGURE 5. False Detection Probability. Nsig
in represents the number of

signal-containing samples per time window.

For a fair comparison, the detection threshold T is calibrated
such that all detectors yield the same number of output
samples, Nout. The false detection probability is computed
as the ratio of number of noise-only outputs to Nout. In
Fig. 5, the proposed method is evaluated using Ladj = 10
and diffmax = 5. Results are averaged over 100 independent
configurations with N = 11 sources, where Rn, θn, and φn
are uniformly distributed in [500, 2000] meters, [130◦, 180◦],
and [0◦, 360◦], respectively, for n = 1, . . . ,N. Each config-
uration is averaged over 10 noise realizations. As observed,
the proposed Energy Detector algorithm outperforms others
by leveraging signal sparsity and pulse shape continuity.
Fig. 6 compares the estimated noise energy σ̂ 2

v,i and
instantaneous SNR γ̂ (i) from the Energy Detector block
with their true values, σ 2

v and γ (i), over time. Throughout
this and the following sections, the system configuration
adheres to the specifications outlined in Section VII-A. The
results confirm the accurate estimation of noise power and
instantaneous SNR for SNR∗ levels of 12 dB and 20 dB. It is
noteworthy that γ (i) and γ̂ (i) depicted in Fig. 6(b) represents
the SNR incorporating all 11 sources. However, if all sources
equally contribute to the received power, the SNR for each
individual source is 10 log(N) dB (10.41 dB for N = 11)

lower than this aggregate value.

C. PERFORMANCE OF DETECTION AND AOA
ESTIMATION
Fig. 7(a) displays the number of detected AOAs by Rough
AOA Estimator and AOA Refiner blocks. Since 2D-MUSIC
is a subspace-based method, the Rough AOA Estimator

FIGURE 6. Performance of Energy Detector block.

module can estimate the AOAs of at most M−1 = 5 sources
in each time window, even at infinite SNR. However, with the
AOA Refiner module, it is possible to estimate more sources
than the number of the array elements. Additionally, in the
initial time window, both blocks estimate a similar number
of AOAs due to the initial iteration of the AOA Refiner
algorithm. However, as time progresses, the performance of
the AOA Refiner improves until it achieves convergence.
Fig. 7(b) depicts the localization reliability probability

(Pr,s) for each of the 11 sources. At an SNR∗ of 12 dB,
the proposed system reliably estimates 8 sources with
high probability by disregarding the 3 weakest sources.
However, when relying solely on the roughly estimated
AOAs, only 3 sources achieve a reliability probability above
0.5. At an SNR∗ of 20 dB, the proposed system reliably
estimates all 11 sources. However, when localization is based
solely on the roughly estimated AOAs, there is only a
slight improvement compared to the previous lower SNR∗
condition of 12 dB. It should be noted, as detailed at the end
of Section V-B, that the reliability probability for each source
closely approximates the probability of estimating its AOAs
in each time window. Consequently, the sum of probabilities
for each curve in Fig. 7(b) aligns approximately with the
average number of detected AOAs across all time windows,
as shown in Fig. 7(a).

Fig. 7(c) displays the azimuth and elevation RMSE for
both rough and refined estimated AOAs. RMSE is calculated
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FIGURE 7. Performance of source detection and AOA estimation.

only for sources with a sufficient number of detections
relative to the most commonly detected source among them.
Thus, at SNR∗ = 12 dB, only the 8 sources with the highest
reliability probability (as shown in Fig. 7(b)) contribute to
the RMSE metrics, while at SNR∗ = 20 dB, all 11 sources
are included.
Fig. 8 displays the estimated rough and refined azimuth

and elevation AOAs for all 11 sources, along with the exact
AOAs (solid curves) at SNR∗ = 20 dB. The estimated AOAs
by the AOA Refiner module converge and closely follow
their exact values throughout the simulation, as evident in
the zoomed-in regions of Figs. 8(a) and 8(c) for a selected
source.

D. PERFORMANCE OF LOCALIZATION
Figs. 9(a) and 9(b) illustrate graphical maps of the proposed
system during a single performance evaluation. These two
plots show the position of the array at each time instant, the
direction of sources from the array, and the estimated source
locations. The top view is shown for both SNR∗ = 12 dB
and SNR∗ = 20 dB cases. Empty circles on the map indicate
the estimated locations of the sources at each time window,
with larger circles showing greater reliability. The symbol
❋ represents the true sources’ locations, while the yellow
circles with red borders ( ) indicate the final estimates, with
reliability of probabilities are displayed in red next to them.

As the simulation progresses, the coloration of the path line
and the circles transfer from blue to yellow. At SNR∗ =
12 dB, 8 out of 11 sources are accurately estimated, while
at SNR∗ = 20 dB, all 11 sources are precisely estimated.

Fig. 9(c) compares the positioning RMSE of the proposed
system with leading state-of-the-art methods, averaged over
100 Monte Carlo trials. The evaluated baselines include:

• Least Squares (LS) [2]: A direct AOA localization
method utilizing the LS criterion to estimate the source
position.

• Convergent Iterative Method (CIM) [5]: An iterative
approach for AOA localization that circumvents matrix
inversions, improving numerical computations.

• Orthogonal Vector Estimator (OVE) [27]: A closed-
form technique that exploits orthogonal unit vectors to
mitigate noise in bearing angle measurements.

• Improved Pseudolinear Estimator (IPLE) [27]: A closed
form localization approach that linearizes the ML cost
function to enable efficient closed-form estimation.

To ensure a fair comparison, all methods use refined
estimated AOAs for localization. Similar to Fig. 7(c), RMSE
at SNR∗ = 12 dB is based on the 8 most reliable sources,
while at SNR∗ = 20 dB, it incorporates all sources.

Fig. 10(a) displays the city height map from a top view
and includes a side view of a zoomed-in region. It also
depicts the receiver array’s movement trajectory, similar to
Fig. 9.
In addition, Fig. 10(b) shows the localization RMSE heat-

map for a single source at the last time window. The area is
divided into uniform grids with a 10m step size in both x and
y directions. The RMSE metrics in Figs. 10(b) and 10(c) are
averaged over 10 independent Monte Carlo experiments at
SNR∗ = 5 dB for each grid. As shown in the figure, despite a
consistent SNR∗ across all map points, the RMSE increases
as the distance from the array in the xy plane grows. For a
detailed mathematical explanation, refer to Appendix VIII.
It should be noted that in the single-source scenario, SNR∗
and instantaneous SNR are nearly identical at the start, but
the latter varies as the array moves.
Fig. 10(c) shows the city height map and RMSE heat-map

for the zoomed-in area with 1m grid steps. We can observe
that RMSE increases at building edges, where greater height
differences leading to larger RMSEs, as small xy inaccuracies
can lead to significant z-coordinate estimation errors.

E. SYSTEM PERFORMANCE IN PRESENCE OF VARIOUS
IMPERFECTIONS
In previous subsections, we assumed perfect knowledge
of the receiver’s location, movement direction, and the
environment map. However, these assumptions may not hold
in practical scenarios. In this subsection, we evaluate the
proposed system’s performance under these imperfections
using binary parameters δLoc, δDir, and δMap to indicate the
presence of errors in each aspect. If δLoc = 1, Gaussian
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FIGURE 8. Comparison of estimated azimuth and elevation angles with ground truth at SNR∗ = 20 dB. Figures (a) and (b) illustrate refined and rough azimuth angle estimates
over time, respectively, while figures (c) and (d) depict refined and rough elevation angle estimates over time.

(a) (b) (c)

FIGURE 9. Exact and estimated locations of sources, the array movement over time, and localization RMSE of detected sources.

(a) (b) (c)

FIGURE 10. City height and localization RMSE heat-map for single source at SNR∗ = 5 dB.

random position errors (mean: 0, SD6: 5m) are added to
r(i) in all time windows {Wi}Ii=1. If δDir = 1, Gaussian
random angular noise (mean: 0, SD: 5◦) is introduced by
rotating the array around the z-axis in each time window.

6Standard Deviation

For δMap = 1, the receiver assumes an unavailable map and
sets M(x, y) = 0 (see (40)).

In Fig. 11, we observe that the azimuth AOA estimation
remains robust despite errors in array location and map
unavailability. However, a directional error (δDir = 1)

leads to a worsened RMSE of estimated azimuth AOAs

3678 VOLUME 6, 2025



(a) (b)

FIGURE 11. Assessment of the proposed method’s performance in the presence of diverse imperfections.

by approximately 3.5◦, which results in higher localization
error. The location estimator module is robust when δLoc = 1,
but its performance slightly deteriorates by around 5 meters
when δMap = 1, mainly due to a position error in the
z dimension. It is important to note that the elevation
estimation error almost remains consistent across all four
scenarios, converging approximately to 0.6◦.

VIII. CONCLUSION
In this paper, we presented a novel approach for 3D AOA
localization that leverages a moving array with a limited
number of antennas to accurately locate multiple stationary
sources. Our method effectively handles scenarios where the
number of sources exceeds the number of sensors in the
array. The proposed approach comprises several innovative
components: an Energy Detector, an AOA Refiner, and a
Location Estimator. The Energy Detector algorithm filters
the noisy samples by exploiting the sparsity of the received
signals and the continuity of the transmitted spikes. Next,
the initial array manifold is estimated using the previously
estimated source locations and the rough 2D-AOAs obtained
from the 2D-MUSIC algorithm. Subsequently, a novel
closed-loop subsystem, which includes novel sparse recovery
and phase smoothing algorithms, refines this estimate to
derive more accurate 2D-AOA values. Techniques such as
K-SVD are integral to this subsystem, ensuring precise
AOA refinement. Finally, the 3D locations of sources are
efficiently estimated by the proposed location estimator
algorithm. The simulation findings underscore the efficiency
of our innovative approach in multi-source conditions, and
its robustness against various signal imperfections. Potential
extensions of this work include incorporating more realistic
channel models by accounting for non-line-of-sight paths and
analyzing the impact of hardware impairments such as carrier
frequency offset, I/Q imbalance, and other nonlinearities.

APPENDIX A
ESTIMATING F (N, γ )
For a fixed number of sources N, we generate T samples
of the transmitted signal vector from a complex standard

normal distribution. These samples exhibits sparsity levels
of [0, 1, 2, 3] with corresponding probabilities of occurrence
of [0.1, 0.65, 0.2, 0.05]. In our simulations, we set T =
1000. These signal vectors are then organized into columns
of the matrix S ∈ C

N×T . Let A denote the corresponding
array manifold, as defined in (11). By considering � as a
diagonal matrix, we can determine the random attenuation
values due to signal propagation. Consequently, the noise-
free received signal X is obtained as X = A�S, where the
elements have an average energy of Es,avg = 1

MT ‖X‖2F . It
should be noted that in the paper’s formulations concerning
sparse recovery, we use the term energy to highlight the
algorithm’s dependence on the energy of the desired signal
rather than its variance. Next, for each SNR γ , we generate
10 random realizations of the white complex Gaussian noise
matrix V ∈ C

M×T with variance σ 2
v = Es,avg/γ . These

realizations are added to the matrix X to obtain the noisy
received signal Y. For each realization, we sweep ε and
apply Sparse Recovery Algorithm 3 with ε̂opt = ε to obtain
the corresponding matrix Ŝ. Subsequently, we calculate the
average estimation error ‖̂S− S‖F across all realizations.

We repeat this procedure for N ∈ {2, 3, . . . , 11} and
γ ∈ {2 dB, 3 dB, . . . , 21 dB} to find εopt, which attains the
minimum average estimation error. According to (35) and
using the corresponding values Es,avg and σ 2

v for each
obtained εopt, we evaluate the function f (N, γ ) as follows

f (N, γ ) = ε2
opt −Mσ 2

v

MEs,avg
. (58)

The above procedure is repeated for 500 Monte-Carlo
trials. After removing outliers, f (N, γ ) is estimated by taking
average over the remaining values. For N ∈ {2, 3, . . . , 11}
and unseen γ , we estimate f (N, γ ) with 10g(N,γ ), where for
a fixed N, g(N, γ ) indicates a polynomial with degree 4,

g(N, γ ) = P4,Nγ 4
dB+P3,Nγ 3

dB+P2,Nγ 2
dB+P1,NγdB+P0,N , (59)

where γdB = 10 log10 γ and {Pj,N}4j=0 denote the polyno-
mial coefficients, which are obtained by using polynomial
interpolation over the generated data. The results are shown
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FIGURE 12. Average value of f (N, γ ) across simulation trials and its estimation for
calculating ε̂opt. Additionally, a comparison between the optimal value of epsilon and
its estimation (ε̂opt).

in Fig. 12(a). For a fixed γ and for N ≥ 12 or N = 1, we
estimate f (N, γ ) using linear extrapolation. Hence, the final
formula for f (N, γ ) can be represented as
⎧
⎨

⎩

10g(N,γ ), if 2 ≤ N ≤ 11,

(N − 10)f (11, γ )− (N − 11)f (10, γ ), if N > 11,

2f (2, γ )− f (3, γ ), if N = 1.

(60)

Fig. 12(b), demonstrates the effectiveness of the
proposed estimator for εopt using the equations ε̂opt =√
MEs,avgf (N, γ )+Mσ 2

v , (59) and (60).

APPENDIX B
SPATIAL CONDITIONS FOR MAXIMIZING LOCALIZATION
RMSE
In noise-free conditions, the exact solution is within the
search area of Algorithm 5. However, the algorithm may
converge to a local optimum. In this case, according to
equations w′ = C†(h − bz) and z = M(w′) for the search
area and also �zmax

def= maxM(w′) − minM(w′) as the
maximum height difference in the city map, the maximum
possible localization RMSE is:

emax = �zmax

√
max‖C†b‖2 + 1. (61)

In the following, we investigate the spatial conditions
for maximizing ‖C†b‖2. Assume 2 anchors, each providing
2D-AOA estimations of a source. Let the elevation angle be
constant with the value θ . Referring to (42), for j-th anchor
we have Cj = I2− sin2 θ ũjũ

T
j and bj = − 1

2 sin(2θ)ũj, where
ũj = [ cos φj, sin φj]T and φj is the corresponding azimuth
AOA. According to (45), we derive C = ∑2

j=1 Cj and b =

∑2
j=1 bj. After straightforward mathematical manipulations,

we obtain:

‖C†b‖2 = sin2(2θ)
(
4− 2α − sin2 θ sin2(�φ)

)

(
sin4 θ sin2(�φ)+ 4 cos2 θ

)2 , (62)

where α = (1− 1
2 sin2 θ sin(�φ))(1− cos(�φ)) and �φ =

φ2 − φ1. Given α ≥ 0 with its minimum value at �φ = 0,
the maximum value of ‖C†b‖2 is:

max
�φ
‖C†b‖2 �φ=0= tan2 θ. (63)

Based on (61) and (63), as θ approaches 90◦, the max-
imum possible RMSE increases. This means that a source
positioned farther from the array’s xy-plane projection is
expected to yield a higher localization RMSE. Additionally,
if the source’s azimuth AOA changes the least during the
array movement (�φ is small), the RMSE will rise, though
the impact is less significant compared to changes in the
elevation angle.
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