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Abstract

In many data mining problems dealing with artificially high-dimensional data, can
cause a lot of difficulties. This is due to the fact that interpreting a high-dimensional
data can be very challenging. There are several ways to avoid that kind of difficulties
and one of them is the dimension reduction method. Nowadays, manifold learning
approach is widely used in various dimension reduction problems. In this work we
propose a new technique of finding data manifold by using auto-encoders.
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Chapter 1

Overview

1.1 Introduction

Data mining is focused on identifying hidden information and patterns from a
huge amount of data. This information, which is supposed to be presented in the
structure of the dataset, can be obtained using data analysis algorithms. There are
several major issues that data mining deal with. They contain specific problems like
outlier analysis, classification, regression, clustering, forecasting, etc. Such problems
are very complicated for data mining since they play an important role in data min-

ing applications.

Some dataset structures can be expressed in geometric, algebraic, and prob-
abilistic viewpoints. In case when the real-world high-dimensional data is involved
many efficient algorithms are based on the geometric approach. Apart from that,
this algorithm is also useful when the occurrence of the "curse of dimensionality"

causes difficulties in solving various problems.



In some data mining problems, we can observe an interesting phenomenon:
although we are given data with many features, in whole future space data support
could have in real sense low dimensionality. More specifically, the intrinsic dimension
is formed from data with a high dimension that is a "tiny" part of high dimensional
"observation space". A manifold model can be a good example of the geometric
data model that characterizes the low-dimensional structure of the data space [3].
In the manifold model algorithm, given data points lie on some low-dimensional data
manifold (DM). This data manifold is included in an external high-dimensional “ob-
servation space". Different data analysis problems have been studied suggesting that
given data is manifold- valued. These problems are traditionally known as "man-
ifold learning problems". |4, B]. In particular, manifold learning problems focus
on figuring out the data manifold’s structure which has a low dimension in some

high-dimensional space.

One way to extract data from the data space is called sampling models. Since
data points are chosen randomly and independently from each other on some prob-
ability measure, and the support of this data matches with the data space, such

models are said to be probabilistic.

1.2 Background

Definition. If for any point a in some topological space D there is a neighborhood O
such that a mapping g : O — R"™ is homeomorphic, then D is called n-dimensional

Manifold. A pair (O, g : O — R") called a chart. [1]
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Figure 1-1: n-dimensional Manifold.

Let R™ be an m-dimensional space and D C R™, which is a "smooth-enough"
k-dimensional data manifold, where & < m. Suppose that a dimension of mani-
fold D was pre-calculated in advance. Assume also that there is a homeomorphism
g: B — D from B C R* onto the manifold D = ¢g(B). Thus, our data manifold
D is defined as D = {A = g(p) € R™ : p € B C R¥}, where B is an open set in R”.
Since ¢ is a homeomorphism, there exists an inverse function f = ¢! : D — B,

which defines low-dimensional structure on data manifold D. [2]
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Figure 1-2: n-dimensional Manifold.

Definition. Let f : R® — R™ be a function and let the first-order partial

derivatives of f exist on R". Then we define the Jacobian matrix as:

Hence,

Jp(x) = [8331
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Definition. Suppose first-order derivatives of functions f(A) and g(p) exist and

Jacobian matrices of them have a form J;(A) C R**™ and J,(p) C R™** respectively.

Then we define Tangent space to the data manifold D at point A € D as follows:

T(A) = Col(Jy(f(A)),
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Figure 1-3: Tangent space to the Manifold.

where T(A) is a linear space in R™ with dimension k, if rank(J,(f(4)) = k.

From the above formulations, we can observe the following identities: g(f(A)) =
A and f(g(p)) = p. To be more clear, the mapping g : B — D is called embedding
mapping and f: D — B is recovery mapping.

By the machine learning perspective, these "embedding" and "recovery" map-

pings can be easily determined by the so-called auto-encoders. The principle of
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auto-encoders is to map given high-dimensional data into low dimensional space and

then uncompress them into original space such that the error will be very small.

1.3 Manifold Learning

Let D be a Data Manifold. Suppose sample size N is large enough. In other
words, this Data Manifold is "well-sampled". Also, let us assume haphazardly and

independently from each other sampled points of dataset
Ay = {A1, As, ..., AN}

which are taken from the manifold. They are sampled from Data Manifold D subject

to some probability measure v.
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Figure 1-4: An example of data manifold.
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Manifold learning is one of the principal techniques of dimensionality reduction
problems. The main task of manifold learning is to describe the characterization
of the low-dimensional parameterization of some k— dimensional Data Manifold D
which is randomly sampled from dataset Ay .

From the perspective of data mining or machine learning the manifold learning
problem becomes the manifold embedding problem. To be more precise, we consider

a dataset Ay to formulate a low-dimensional structure of the Data manifold D.

g:AEDCR™ »y=g(A)eY,=g(D)CR

where g is called embedding mapping from the Data manifold D to Y}. Y, is called
feature space which keeps some particular data manifold’s topological and geometric
properties. There is a wide range of examples of manifold embedding techniques,

namely, linear embedding, ISOMAP, Hessian and Laplacian eigenmaps, etc.

Generally, In many kinds of data mining or machine learning problems manifold
embedding is considered as a basic stage. Throughout the entire procedural way of
learning, it is preferable to use reduced features y = g(A) from the feature space
in preference to using initial m-dimensional vectors A. As mentioned before, that
mapping should keep topological and geometrical properties of the data manifold.
But this can be insufficient since it can lead to loss of essential data. So allowing
the substitution of primitive vector A by reduced vector y = g(A) can cause gaps
in the initial information. To avoid this kind of loss, the abstract function g must
store as much information as possible from the source data, which is part of a multi-

dimensional observation space. Precisely speaking, the goal is to achieve the return
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Figure 1-5: Data lie on low-dimensional manifold.

of multidimensional points A from reduced features y = g(A) which exactly corre-
sponds to their low dimensional projection, so that the error of recovery should be
unessential. This will provide a way of keeping the initial information included in

high-dimensional data. Consequently, there is a necessity to find a new mapping

fryeY,—A=[f(y) eR™

where f is called recovery mapping from the feature space Y} to the external space
R™. Embedding mapping in conjunction with recovery mapping provides such rela-
tion

rof(A) = f(9(A) = A, VAeD

where r, ¢ is consequent of sequential application of embedding and recovery map-

pings to a vector A € D.
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There is a possibility to assess of optimality embedding and recovery (g, f) at a
point A € D by new notion called the reconstruction error and denote it as d, f(A) =
|A—r, t(A)|. Moreover, it is possible to define a k-dimensional data manifold D, y =
{A=f(y) e R™:y €Y, CR*} enclosed in R™ and characterized by an individual
chart which is on the feature space Y,. Furthermore, it is also possible to estimate

manifold proximity by such inequality below

di(Dyg,p, D) < supaeplry,r(A) — A|

D~ D,;=r,sD)

> T

Figure 1-6: Manifold learning.

There are several ways to determine the data manifold D from the feature space
Y,. One of such methods is a principal component analysis (PCA). But this technique
is applicable only if our manifold is linear. What if we have a nonlinear manifold? In

that case, we can use a specific type of artificial neural network called auto-encoders.
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1.4 Autoencoders

Autoencoders are a particular type of Artificial Neural Networks which tries
to reproduce its input. Generally speaking, the network learns the way how to
efficiently copy the training data, i.e. we return to the same space from which we
started. Firstly, they construct a code that reduces input data dimensions and then
uncompress that code back to reproduction which is almost the same as the original

input.

Compressed Data

b
b
4
A
b r

Original ah. " B Learned
mushroom - representation

Encode Decode

Figure 1-7: An example of how autoencoder works.

An autoencoder can be viewed as consisting of three main components: an en-
coder which compresses data from the input layer and generates a code which rep-
resents the input; and a decoder which produces output by applying exclusively this
code. In mathematical terms, there are two functions: the encoder function h = f(z)
(mapping input z to some low-dimensional space or code h), and the decoder func-

tion r = g(h) (mapping through h to output r, which is a reconstruction of input).

14



There is one important thing, dimensions of input and output must be equal. There-
fore, the main point of autoencoding is this: we have an initial m-dimensional space,
there is an intermediate k-dimensional space where k < m, and the final space has
the same dimension as the first one. That is, we need to project the original vectors
into a low-dimensional space, then return to the high-dimensional original space and
at the same time make our output almost like input data. The process of mapping
from an input space to a low-dimensional one is encoding, and the reverse is decoding.
The standard choice of g encoding and f decoding functions, that is, the simplest
auto-encoder is when g(a) = o(Wa+c) and f(y) = o/ (W'y + ) are single-layer neu-
ral networks. g and h called decoder and encoder, respectively. Figure 1-8 illustrates

the architecture of autoencoders.
g:R™ — RF

fiRF > R™

Original Input Latent Representation Reconstructed Output

ﬁ cocter |~ - oo — K0
X

E(x) S D(s) 0

Therefore... 0 = D(E(x))

Figure 1-8: Architecture of an autoencoder.
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Let’s take a closer look at the structure of building autoencoders. Both of the
components encoder and decoder are fully-connected artificial neural networks. Their
hyperparameters must be determined in advance. We can set the number of layers
as much as we want. A number of nodes in every next layer should be decreased in
the encoder and increased in the decoder, conversely. We emphasize that structure
of decoder is a mirror reflection of the encoder. They must be exactly symmetrical
to each other. However, code is a single-layer artificial neural network with an
arbitrary number of nodes. The visualization of the architecture of the autoencoder
is illustrated in Figure 1-9.

Since the goal of autoencoders is to reproduce input as identical as possible, we
need a loss function to measure how accurately the output resembles the input. We
can either use binary cross-entropy if values of input lie between 0 and 1, or mean
squared error, otherwise. Ultimately, if we are given a set of data z1, x5, ..., 2y € R™
our goal is to find such encoder function h = f(z) and decoder function r = g(h) so

that g(f(x;)) ~ x;, or to minimize

N

J.g=argmingyy |l —g(f(2))|

i=1
The question arises, why do we do this? It turns out that having solved this
problem, we actually proposed a solution to the manifold learning problem. We will

look at a more detailed explanation in the next Section.

1.5 Manifold Learning and Autoencoders

Let m is given. We can choose the dimension of the intermediate space d ourselves.

Let’s assume that we have trained our autoencoder, i.e. g and f single-layer neural
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Figure 1-9: Scheme of basic autoencoder.

networks whose parameters are trained. Thus, we have two mappings: encoding and

decoding, which result in small losses. What will be the image of this mapping?

Let us have m dimensional space R™, there is also an intermediate space R which

is a code space, and we return at the end to R™. More precisely, we have the initial

point a;, it goes into the image g(a;), then we map it all in f(g(a;)). But g(a;) is k

dimensional space. In fact, our image will always be in f(R¥), i.e. roughly speaking,

there is a k-dimensional space and its mapping to R™ will be a subset of that space.

In other words, the image of autoencoders does not lie in R™, but in a certain subset
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of R™. f(R*) is an image of the intermediate space R*, namely, it is an image of
the code space. Since f is a single layer neural network it is an injective function.
Hence, the mapping that the autoencoder builds from a low dimensional to a high
dimensional space is always injective.

An important point, after we trained the auto-encoder, our vectors a; will not be
in the original space R™, but in some subset of R™, which is the image of R* with
respect to an injective, continuous, smooth mapping. Since f is a neuron, it will
be an infinite differentiable smooth mapping. Thus after encoding and decoding the

image of a; will lie on k dimensional manifold.

In the idea of auto-encoders, even though this is an applied thing, we can see an
analogy with the manifold learning problem. In fact, we actually project our initial

points onto a k- dimensional manifold.

observations space

JX? X 77)  Back-

propagation
- ‘ Z(i) ‘
A
Decoder g( @’)
Latent space
> | ¥ | Ly
A
Encoder < /@) .
observations space
- X |
(a) (b)
Let us assume that we are given points a1, as, . ..,ay € R" and a natural number

k which is much less than m (k << m). In view of the fact that NN is large enough,
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interpreting such data can complicate the process. Therefore, in order to simplify the
task, let us suppose that given data concentrates around a nested low-dimensional
manifold in a multidimensional space. Hence, this implies the necessity to define a k-
manifold D C R™ such that aq,as,...,ay € D, i.e.: points will lie on this embedded

k-manifold D. We can give a more precise formulation.

We are given points as, as, ...,ay € R™ and a natural number (k << m). We

need to find such points by, by, ..., by € R™ called "substitutes” so that

N
1
RMSD = N; las — b||? < e,

and a k-manifold D C R™ such that by,by,..., by € D.

Suppose that these "substitutes" can be obtained by mapping b; = f(g(a;)) where
g:AEDCR" »y=g(A) €Y, =g(D) CRF
is embedding mapping from the data manifold to the feature space and
fryeY,— A= f(y) eR"

is recovery mapping which maps points from feature space to the ambient space R™
as it was discussed before in previous sections. Also assume that f is one-to-one

function and D is k-dimensional manifold determined as

D = f(R*) = {f(y)ly € R"}.

19



Then
a; = b = f(9(a;)) € f(R*) =D

Thus, our goal is to find "substitutes" Vi, b; € D and minimize

1 N
NZH%—@'HQ-
=1

Summarizing all of the above it follows that we built a mapping ¢ = f o g by
which our given data concentrates around low-dimensional k-manifold D. If we take
a closer look, then this function is nothing more than auto-encoders. In fact, b; -
output of the auto encoder is the replacement of our initial points a;. Now we know
that all b; lie on a certain manifold D which is an image of R¥ at f. Our manifold
is an image of R* and b--substitutes is nothing more than an image of g(a;) with
respect to auto-encoding. The output of the auto-encoder will lie on a certain subset
of R™ that is locally k-dimensional. f(g(R™)) is the space onto which we projected
our original vector. In conclusion, we can say that we can set our "substitutes"
using auto-encoders, where "embedding" and "recovery" mappings are "encoder"
g(a) = c(Wa+ ¢) and "decoder" f(y) = o'(W'y + ¢’), respectively. Auto-encoding

is already a manifold learning.
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Chapter 2

Main

2.1 Classic method

In the previous section, we showed that auto-encoders are analogous to solving our

manifold learning problem. The question is, how do we find the best auto encoder?

Let us look at the most classic method of finding auto-encoders. We are given
points aq,as,...,a; € R™ and a natural number £ << m. Let us denote points
bi,ba,...,bg € R™ as "substitutes", which are the output of the auto-encoder and
the reconstruction of our initial points aq, as, . ..,aq € R™. We have an auto-encoder

in the form of

o(@) = f(g(a)),

which is the composition of our encoder and decoder functions. This is a smooth

mapping ¢ : R™ — D from a high-dimensional space R™ to a k-dimensional manifold
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D. That is, b; = f(g(a;)). Let us denote

d
1(f,9) = Y llai = f(g(a)].
i=1
Our task is to find such f* and g*, so that

frg" = argming  I(f,q)

2.2 Concurrent method

Let us assume that we built the auto-encoder in the classical way described above.
In other words, the function ¢(a) actually displays our data from R™ to R™. But in
reality, the image from R™ is a subset of the image f(R¥). In fact, ¢(a) maps R™

into a certain manifold D which is k-dimensional.

Upon the fact of auto-encoding, we have already compressed our data until k
and decompressed it back. The idea is that why don’t we compress our data more
strongly. What if we don’t want to stop at k, and we want to map the data to even
less space. f(R¥) is a k-dimensional thing and ¢(a@) C f(R*). Why not make this
image ¢(@) even smaller than f(R¥). And how to do it?

Our new approach is based on the following theorem:

Theorem 1. Let ¢ : R™ — D be a smooth mapping such that D C R™ is a j-

dimensional manifold. Then for any point a € R™, we have rank(%) <j.

Namely, the image of the auto-encoder ¢, which implements a function from R™

22



to R™, is actually not just a subset of R™, but a k-dimensional manifold D. We as-

sume that j is even smaller than k (j < k), where k is the dimension of the code space.

It is easy to show that if D is the image of some open set in R? and if we have
a map from R™ to this image i(Q2) where 7 is a map from Q to R™, i : Q@ — R™ is
injective, then you can notice that ¢ : R™ — ¢(£2). Since i : @ — R™, then inverse of
iis i *(¢(a)) : R™ — RJ. The mapping of the inverse of 7 is from R™ to R/. We use
the simple fact, the product of the Jacobian of the inverse mapping and Jacobian of

.1 ) . 8*71 .
(z% ) a_f:) < 7. 5—¢ is full rank

¢ since this mapping is from R™ to R’. Then rank(

matrix. And that means that rank(%) <7.

Earlier in the previous subsection, we described a standard auto-encoder. Now
our task is to build such an auto-encoder, where for each point of this auto-encoder
the rank of the Jacobian matrix will be less than or equal to j. To be more precise,
our task is to construct such a mapping from R to R™ which has the following prop-
erty: ¢ is a superposition of the functions f and ¢ - as we assumed in auto-encoders,
¢p=fog, g:R" - RF f:RF - R™ and we add an additional constraint. We
want our image to be a j-dimensional manifold. In the architecture of auto-encoding
itself, we have already noted that our image will be at least k-dimensional. But
we want to further reduce the dimension. We want to add the condition that the
rank of Jacobian is less than or equal to j, where j < k. We impose an additional
condition. We want the auto-encoder image to be even lower-dimensional. To do

this, we needed constraints.
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Concluding all of the above, our goal will be now to minimize:

I(f,g) = Z lla; — f(g(a:))|”

over f,g (as in classical algorithm) and, simultaneously, to force the constraint:

Of(ofa)) _
da -

rank

for every data point a;.
Now the question is how to solve this problem?

Let us assume that we already have some approximate solution to this problem.
Suppose that we have at iteration some approximate value of f,, and g,. The idea
is that we build f,.; and g, that will be even better than the previous ones. But
how to build it? To do this, we need to minimize our functional I(f, g), but we also
impose an additional constraint. We want the Jacobian at each point in our data
to be the same as the Jacobian of the previous pair of f, and g,. In other words,
we minimize the difference of Jacobian at points on the previous and next steps. In
general, let us say we have an auto-encoder in the previous step. Our goal is to build
a new auto-encoder at a new step, which will also minimize our functional I(f,g),
but in addition we want the Jacobian corresponding to the auto-encoder to be the
same as in the previous step. Roughly speaking, we do SVD truncation to the j-th
member of the Jacobian in the previous step. And then we will definitely sum it all

up for all our points.
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In other words, the idea is to minimize I(f, ¢g) and find a new auto-encoder f, 4

and g,.1. It turns out a new auto-encoder is searched for from two conditions:
e We minimize our functional I(f, g) as in the classical algorithm.

e Adding a new term, the essence of which is that the Jacobian of the new
autocoder at each point must be the same as the Jacobian at the previous

step. Just not the full Jacobian, but the SVD of Jacobian.

2.3 New approach

We will apply the following strategy to achieve the latter two goals.
1. At every iteration n, we calculate the autoencoder f,, g,.

2. Given f,_1, gn_1, we calculate new f,,, g, by a) minimizing I(f, g) (as in classical
algorithm), b) adapting the jacobian w to SVDAW), where

X

SV D;(A) is a truncation of SV D(A) at j-th term

I.e. at step n we minimize:

0 i O fn_1(gn_1(x;
fn79n:arg?72n[(f,9)+A;|%—SVD]-( J 1(gxl(x)))|2

Since S VD]-(W) is of rank j, then after many iterations we will converge

to fn,gn such that:
9 i
fN(gN(X ) <
X

rank

25



2.4 New algorithm with details

Our algorithm is the following (we have to choose a parameter A first).

Algorithm 1 The alternating scheme

PO — 07f0790 «—0
fort=1,---,7T do
: N 1 9f(g(xi O (g (s
s g argn}’lgn](f,g) +AD i |% — Pt_l%l())
fork=1,---,N do
Calculate M} = <8ft(9t(xk)) 8ft(gt(xk))>]

2

81'7; ij
Find {v;}7 s.t. MFv; = X\v;, Ay > -+ > )\, and set PF +— Zil Vvl
end for
end for

Output: Pf k=1,--- N
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Chapter 3

Experiments

3.1 Experimental setup

In this work, several experiments were carried out to analyze the effectiveness and
evaluate performance of our new algorithm using various datasets. All experiments
were conducted on Python 3 programming language using TensorFlow software li-

brary.

The MNIST dataset was selected for the first tests. It is a large database of
handwritten digits, where each image is black and white image of 28x28 pixels. This
dataset is freely available and consists of 80,000 images including 60,000 training
examples and 10,000 testing examples. The are 10 classes of images: digits from 0

to 9. The learning task is to predict the digit contained in the images.

For the classification we use a k-NN algorithm and compare accuracy. The k-

nearest neighbors algorithm (k-NN) is a non-parametric method used for classifi-
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cation and regression. In both cases, the input consists of the k closest training
examples in the feature space. In k-NN classification, the output is a class member-
ship. An object is classified by a plurality vote of its neighbors, with the object being
assigned to the class most common among its k nearest neighbors (k is a positive
integer, typically small). If k = 1, then the object is simply assigned to the class of
that single nearest neighbor.

The k-NN is trained on the raw input vector using the Fuclidean distance. We
also use K-layer+k-NN in order to investigate, which of methods will lead us to bet-
ter classification performance on these problems. The main difference from the usual
k-NN is that in the K-layer + KNN, instead of the Euclidean distance, we calculate

the distance in the code space.

We conducted experiments with the algorithm 1 that we applied for unsupervised
data in database MNIST. Following [7], after training an autoencoder on the training
data, we used the reduced encoding of an input point as a new object representation.
Given that representation, we subsequently exploited it for classification of the test
set data by KNN algorithm. The accuracy of classification on the test set shows
the quality of the obtained representation, or the usefulness of our manifold learning
technique. Alternative representation was obtained using the method of Manifold

Tangent Classifier [7]. Results are reported below on the table.

KNN | 1-Layer RRJ+KNN | 2-Layer RRJ | 1-Layer MTC | 2-Layer MTC

MNIST | 89.92 92.35 92.08 90.55 91.15

Table 3.1: Results
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Chapter 4

Conclusion

4.1 Conclusion

The idea of using autoencoders for manifold learning task is a part of data science
folklore, but most of its realizations deal with the gradient descent as the standard
tool for optimization of an objective function. We used Constant Rank Theorem to
substantiate the use of an additional term that forces the Jacobian of an autoen-
coder to be of bounded rank. To minimize the penalized objective we developed
a new algorithm based on alternating the gradient descent and an update of tan-
gent spaces (or, to be more specific, a projection operators onto those spaces) to a
learned manifold at data points. Our experiments demonstrate that the designed
algorithm successfully minimizes the objective and solves the manifold learning task.
The main disadvantage of our algorithm is its slow convergence for large databases
and high dimensions of data (e.g. for CIFAR10). Future research will be dedicated
to the question how an early termination and an optimization of parameters of the

algorithm can be used to faster obtain a manifold without loss of desirable properties.
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