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ABSTRACT

This dissertation explores the products of Explicitly Correlated Gaussians(ECGs) and
bipolar harmonics within the framework of the Rayleigh-Ritz variational method. These
functions can accurately describe arbitrary quantum systems in the S, P, and D states of
even parity, with dominant configurations where two particles have orbital angular mo-
menta [; = 1 (which may couple to L = 0, 1, 2) or a single particle with [; = 2(L = 2), while
other particles carry zero angular momentum (I; = 0). The key developement in this dis-
sertation lies in an elegant mathematical representation of the basis functions in the form
[v.r][w,r] exp [—-7' Axr]|. This representation significantly simplifies differentiation of the
matrix elements of the Hamiltonian, overlap, and other important operators compared to
the previously employed form, ' Wyr exp [—7' Ayr], where W, is a sparse 3n x 3n symmet-
ric matrix. It is demonstrated that the former scheme significantly enhances the efficiency
of numerical calculations by 1-2 orders of magnitude, opening new avenues for conduct-
ing high-precision calculations of few-particle quantum systems (including few-electron
atoms, molecules, and positronic complexes) with spectroscopic accuracy. Moreover, with
the new representation of the basis functions this work will present detailed derivations
and compact expressions for the matrix elements of overlap, Hamiltonian, and the ma-
trix elements necessary for computing the analytic gradient of energy with respect to
Gaussian nonlinear parameters, making their implementation into computer code consid-
erably more straightforward. Matrix elements required for computing leading relativistic
corrections and other operators will also be derived and provided in a compact form.
The dissertation discusses and presents results from various tests conducted using formu-
las implemented into a large computer program for variational calculations. Together,
these findings have the potential for applications in precision-measurement physics and

theoretical spectroscopy computations.
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1 Introduction

Thanks to the advancements in modern computer technology, it is now possible to compute
the spectrum of small atoms and molecules with a degree of precision that is comparable
with that of high-resolution spectroscopic experiments. Theoretical formulations, derived
directly from the fundamental principles of quantum mechanics, have been developed
and implemented on high-performance computer (HPC) clusters for conducting large-
scale quantum mechanical calculations. These computational codes, including those and
the formalism summarized in this dissertation, are primarily used to enhance, predict,
and validate the total energies corresponding to an angular momentum state of specific

systems.

1.1 High-accuracy calculations

High accuracy calculations that aim to determine the energies and wave functions of small
atoms and molecules have always played a crucial role in physics and chemistry [1-10].
These calculations, often reaching near-exact results, are important for exploring proper-
ties such as electron correlations [11], relativistic effects [12-15], molecular bonds [16-18],
and the quantum dynamics of nuclei [19-21]. Such research works have not only validated
theoretical foundations but have also enhanced our comprehension of the electronic struc-
tures of atoms and molecules, shedding light on their behavior without the distortions
introduced by rough approximations [22, 23]. With the continual advancement of exper-
imental techniques performing highly precise measurements, adjustments in theoretical
models become important to adequately describe neglected effects and interactions, or
those previously treated more approximately.

Theoretical high-accuracy measurements of small atoms and molecules hold promise
not only for advancing the validation of theoretical models and assessing their limitations
but also for progressing precision measurement science by accurately determining funda-
mental constants, nuclear radii, nuclear quadrupole moments, and more. For instance,
evaluating the proton/electron mass ratio [24], finding the nuclear charge radii [25-29]
serve as examples in this regard.

Furthermore, high-precision calculations play a crucial role as a model for establishing



benchmark results against which other, less precise methods can be evaluated. This
rigorous comparison enables the refinement and improvement of computationally cheaper
theoretical approaches. The computation of the total nonrelativistic energy of quantum
systems is a pivotal example in this regard. Even with highly accurate experimental data
on ionization potentials, electron affinities, dissociation energies, or transition frequencies,
determining the total nonrelativistic energy precisely remains challenging. Specifically,
achieving energy convergence to a relative accuracy of 107° to 10~ or higher in theoretical
calculations presents a formidable challenge. This difficulty arises due to the necessity
of knowing the binding energies of all subsystems and, notably, the precise contributions
of correlation effects, as well as relativistic, quantum electrodynamics (QED), and finite-
size effects of nuclei [30-38]. Relativistic effects, of course, cannot be measured directly in
experiments. While these properties of small systems have been calculated very accurately,
the current difficulty involves expanding these calculations to encompass atoms containing
more than 5 electrons and small molecular systems with three or more nuclei.

The ongoing advancements in experimental techniques have significantly enhanced
the accuracy of measurements related to spectroscopy of few-particle systems. Conse-
quently, the demand for high precision in computational methods has grown in parallel.
For instance, recent achievements in laser spectroscopy have allowed the determination of
the fundamental ground tone vibrations of Hy, HD, and D, with an accuracy of 1074 em ™!
[39], imposing a stringent test on quantum electrodynamics within chemically bound sys-

tems.

1.2 Computational techniques to the Schrédinger equation

It is evident that, unlike simpler cases, the solutions to the Schrodinger equation, even
for few-particle systems, cannot be solved in analytical form. To overcome this challenge,
computational scientists employ sophisticated numerical techniques and advanced com-
putational methods, leveraging computers to compute the properties of quantum systems
with high precision. There are numerous methods that have been devised for the nu-
merical solution of the Schrodinger equation with high precision. These methods include
Quantum Monte Carlo (QMC) methods [40, 41|, the method of configuration-interaction

(CI) expansion of the wave function [42], the method of coupled-cluster (CC) expansions
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[43], the use of hyperspherical harmonics (HH) in the wave function approximation [44],
many-body perturbation theory (MBPT) approaches [45, 46|, multi-component Hartree-
Fock (MCHF) strategies |47, among others.

The method of hypersphrical harmonics

The method of hyperspherical harmonics (HH) employs various well-established math-
ematical tools, such as Fourier series theory, orthogonal polynomials, and solutions for
systems of ordinary differential equations. Therefore, the method of Hyperspherical Har-
monics mainly consists of closed analytical expressions for many quantities, including the
potential matrix elements in HH basis [44]. Consequently, while it may seem that the ana-
lytical approach loses its importance in light of advanced computing technology, it can aid
in the separation of numerical approximations in separate steps, making the calculations
more straightforward.

The main idea of hyperspherical harmonics is to transform the N-body center-of-
mass Schrodinger equation containing 3N — 3 variables into a system of coupled differ-
ential equations containing only one variable. These equations are then solved using the
mathematical tools mentioned above. The transformation of the Schrédinger equation is

achieved by expanding the N-body exact state of the system as:

U(p,0) = ox(p)Vi(0), (1)

where Vg (0) represents the HH functions, and p is the hyperradius. The angle 6 represents
3N — 4 angular variables, while K contains 3N — 5 angular operators that commute with
the Hamiltonian of the system and with each other. Additionally, K includes a quantum

number k, which represents the grand total angular momentum [44].

Quantum Monte Carlo

Quantum Monte Carlo methods constitute a large class of numerical techniques used to
study quantum systems, employing the Monte Carlo technique to approximate multi-
dimensional integrals. The concept of the Monte Carlo method is straightforward to

understand, yet it is incredibly powerful. All it requires is the generation of random
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numbers and checking them against specific criteria.

Consider a classic example of Monte Carlo methods for estimating 7 using Python
code. For this purpose, envision a square board with a circle inside. To simulate the value
of m, throw darts onto the board, keeping track of the number of darts that land inside
the circle and the total number of darts thrown. Using the ratio of 7 to the areas of the
circle and square, denoted as Ae = 7% and Agguare = 472, respectively, we can directly
estimate the value of 7. It is evident that as the number of darts thrown or the number
of iterations grows, the result becomes more accurate.

Below, you can find the Python code that performs this estimation, providing out-
put for 10 identical experiments. Through this simple example, we can understand how

randomness and selectivity can be employed to obtain real results.

import random as rn
for i in range(10):
n=20000000
iter = 0

for k in range(n):

x = rn.uniform(0, 1)

y = rn.uniform(0, 1)

if (xx*2 + y**2) <= 1:
iter=iter+1

Pi = 4 x iter/n

print("Pi is: ",Pi, " in ", i+1, " simulation.")
The following output is generated

Pi is: 3.142048 in 1 simulation.

Pi is: 3.141446 in 2 simulation.

Pi is: 3.1414142 in 10 simulation.

Quantum Monte Carlo methods come in various forms, such as Variational Monte

Carlo (VMC), Diffusion Monte Carlo, Gaussian Quantum Monte Carlo, Time-dependent
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Quantum Monte Carlo, and more. Among these forms, Variational Monte Carlo is the
closest to the formalism described in this dissertation, as it is based on the minimization
of the expectation value of the Hamiltonian (13). However, this method is employed to
approximate the ground state energy of the system, similar to other variational methods,
with the exception of numerically evaluating multi-dimensional integrals. For a detailed

introduction to this technique, please refer to the work by Toulouse et al. [48].

Configuration Interaction

Configuration Interaction (CI) is the linear variational method for solving the time-
independent electronic Schrédinger equation within the Born-Oppenheimer approxima-
tion. The exact electronic wave function |¥) is expanded as a linear combination of
n-electron basis functions (where n is the number of electrons):

W) :Zci|q)i>' (2)

i
Here the linear coefficients ¢; are called the CI coefficients in expanding the basis set.
Substituting the wave function into the Schrodinger equation results in a matrix form
of eigenvalue equation that is convenient for its numerical solution (similar to 3.1). In
practice, the symmetry properties of the system under consideration are included in the
linear expansion functions |®) in accordance with the antisymmetrization principle. To
satisfy this principle, a wavefunction describing a system of fermions must be antisym-
metric with respect to the permutations of spatial and spin coordinates for any pair of
fermionic particles. This can be done by using the Slater determinants as linear expansion

functions. Slater determinant is written as follows:

N N
¢ b bk ... D
1
P=Sile e e . ®)
¢ 9 Ok ... O
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This matrix expression for the Slater determinant can also be written in abbreviated
form as |¢p;¢; ... @) or |ij...1). It is easy to confirm that the given determinant is uniquely
specified by the arrow of occupied orbitals and permuting the coordinates of pair of
electrons transform the determinant into its swapped rows, which basicly changes the sign.
Therefore, the Slater determinant directly satisfies the antisymmetrization principle.

When the linear expansion in Eq.(2) includes the basis functions out of all the possible
Slater determinants from a complete set of one-electron basis functions [¢], then the elec-
tronic wave function |V) is considered to be exact solution to the electronic Schrodinger
equation and is called Full Configuration Interaction method [42]. However, it is impos-
sible to perform a complete full CI technique as the complete set of orbitals is infinite.
Therefore, in practice, the wave functions is formed as a linear combination of limited
number of Slater determinants. In this procedure, the resulting eigenstates and the eigen-
value are exact only within the space spanned by the one-electron basis set. As vary large
number of Slater determinants are used in the expansion procedure, full CI method is very
expensive to perform calculations and can be used for testing less accurate approaches.

To restrict the size of the basis set to decease the computational time, one can
neglect the N-electron functions in the CI wave function (2) that do not contribute to the
expansion. This can be done by constructing the configuration state functions (CSFs),
which are linear combinations of Slater determinants chosen to be eigenstates of square
of the total spin operator of the system, S2. This is because, if the exact wave function
|W) is an eigenstate of some Hermitian operator, then the expansion functions |®;) are
also eigenstates of this operators with different eigenvalues. Therefore, these expansion
functions can be safely neglected in the linear expansion of the exact wave function | )

142].

Coupled Cluster approach

The Coupled Cluster (CC) method begins with a Hartree-Fock reference wave function
[49, 50], which is the description of the quantum many-body system in a stationary state.
Hartry Fock wave function basicly is the solution to a set of N-coupled equations resulting
from approximating the N-body wave function of the quantum system as a single Slater

determinant for IV spin orbitals. Coming back to the CC approaches, the key idea is to
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express the exact wave function |¥) as an exponential of a cluster operator acting on the

Hartree-Fock reference wave function |®g)
|U) = e”|®o). (4)

Here T is the cluster operator, which by acting on the reference wave function |®g)
produces a linear combinations of excited determinants from the reference state. It is
important to mention that it is also possible to use Configuration Interaction wave function
and other self consistent field functions as a reference. Namely, the cluster operator T’
contains excitations of electrons from occupied to virtual orbitals. The general form of

the cluster operator is given by:
T=T+1T+- -+ 1T, (5)

where T} represents single excitations, T, represents double excitations, and so on. The
number of terms depends on the level of approximation, with CCSD including only single
double excitations, and CCSDT adding a perturbative corrections for triple excitations
[43, 51, 52]. In addition to these, CCSDTQ is considered to be more complicated coupled
cluster method, and used for high-accuracy calculations of small molecules [51].

In the framework of the second quantization theory, in which the exact states of the
system are considered as field operators, the coupled cluster operators in (5) are written

as follows:
T, = ZZM“&,, (6)
T, = —ZthjbaaabajaZ, (7)

%, a,b

— 11712 a1 ~a2 ANOn A A
T, = g g b a"...a"a;, i, . . . Q;, . (9)

11,82,0-in @1,02,0-+,0n

Here, a® and a; are the creation and annihilation operators, respectively, written in canon-
ical form. While the superscript and subscript indices ¢, j represent the occupied holes,
the indices a, b represent the unoccupied orbitals or states. If we apply the one particle
and two-particle cluster operators T} and T3 to the reference wave function |®¢), without

acting it with the exponential as in Eq. (4), then we can obtain the linear combination of

14



the singly and doubly excited Slater determinants, respectively. This procedure is then
becomes similar to the Configuration Interaction expansion of the wave function, where
we solve for the unknown coefficients ¢’ and tz; to approximate the exact state of the
system, |U).

In order to act with the exponential of the cluster operator T', one needs to use the
Taylor series. For example, if we consider the one -particle and two-particle operators T3

and Ty, respectively, then

1 1 1 1
eT:1+T1+T2+§T12+§T22+§T1T2+§T2T1+... (10)

While in reality, this sequence is limited due to the finite number of occupied molecu-
lar orbitals and excitations, the size remains considerable. Even with advanced massively
parallel computers in present, the computational demands are overwhelming, except for
scenarios involving a few electrons and minimal basis sets. This is particularly true when
accounting for all contributions to the cluster operator, not just T} and T5. Frequently, for
computational feasibility, the cluster operator is restricted to singles and doubles (CCSD)
only. Although this approach is more affordable, it generally gives not very accurate
calculations [53].

At the heart of these methods lie basis functions, essential for approximating the wave
functions of quantum systems. The most commonly employed technique is the Rayleigh-
Ritz variational method, which is discussed in section 3. This method approximates
the wave function by representing it as a linear combination of certain basis functions.
When provided with a suitable basis set capable of effectively representing the wave
function, one can achieve remarkably precise solutions to the Schrodinger equation for
atomic and molecular systems. For example, several benchmark variational computations
of three-particle quantum systems, employing Hylleraas-type basis functions and it is
later variants, have yielded impressive results. These calculations have achieved energy
eigenvalues with estimated accuracies surpassing 20 or even 40 decimal figures [5, 54,
55]. Variants of variational approach include the Hartree-Fock method, configuration-
interaction expansion, the use of hyperspherical harmonics basis, and the variational

quantum Monte Carlo, all of which are specific instances of the broader variational method
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1.3 Variational methods with the use of ECGs

Employing correlated basis functions that explicitly depend on the distances between
particles provides a robust method for performing large-scale variational calculations on
small atoms, molecules, and other bound quantum systems. Among these basis func-
tions, explicitly correlated Gaussians (ECGs) [56, 57] stand out as the most promising
choice. What makes ECGs particularly appealing is their unique property—they allow
for the analytical evaluation of all necessary matrix elements, regardless of the number
of particles involved. This analytical tractability sets ECGs apart, as other types of ba-
sis functions often encounter significant challenges, and sometimes impossibilities, when
extending calculations beyond three or four electrons. For instance, while calculating
two- and three-electron atomic systems with high accuracy is achievable using Hylleraas-
type functions [58, 59| or Slater type basis functions [60], extending these functional
approaches beyond three electrons proves to be cumbersome due to the difficulties of an-
alytically calculating their matrix elements [61]. While ECGs do not satisfy the Kato
cusp conditions [62] (at short interparticle distances) and rapidly decay at long distances,
they have already demonstrated great flexibility and performance in many applications
involving quantum few-body systems of various natures. These applications range from
electronic structure of small atoms and molecules to the nuclear structure and excitonic
complexes 22, 23, 63—-66].

The S-states of few-particle quantum systems (L = 0) require the use of spherically
symmetric basis functions, such as simple all-particle ECGs [67]. To investigate states with
non-zero angular momenta, these ECGs need to be multiplied by specific angular factors,
which can conveniently be expressed in Cartesian coordinates [68-70|. Further discussions
and detailed analysis of the types of ECG basis functions are presented in Section 4. For
now, let us briefly mention the specific types of ECG basis functions that are relevant to
the present work. Specifically, this dissertation focuses on ECGs with prefactors suitable
for describing states with the following dominant particle configurations:

a) Two particles occupy p-states (I; = 1, where [; represent individual orbital angular
momenta), whereas the remaining particles occupy s-states (I; = 0). This configuration

gives rise to multiparticle states with S, P, or D symmetries of the even parity, shortly
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denoted as S¢, P¢, or D¢ states.

b) One particle occupies a d-state, while the others live in s-states, resulting in
multiparticle D states of the even symmetry (D€ states).

ECGs of this kind have been previously applied in computations for few-particle
quantum systems|71-77|. These studies include benchmark data on leading relativistic
corrections for singlet D states of the Be atom [75] and doublet D states of the Li atom |76].
Additionally, excited state energies, including those of highly excited Rydberg spectra,
were reported in previous articles [72-74].

However, the usage of existing algorithms has primarily been restricted to lithium and
beryllium atoms. The calculations on the nonrelativistic energies of the ground and first
exited triplet P symmetry of the carbon atom [23| on current computer hardware proved
challenging, necessitating excessively long computations. The substantial computational
difficulty of the analytical expressions for Hamiltonian and overlap matrix elements posed
a significant bottleneck in the calculations. It is noteworthy that precise calculations
in quantum few-body systems using Explicitly Correlated Gaussians (ECGs) demand
optimizing its nonlinear parameters very extensively and generating very large basis sets.
Hence, there is a critical need to develop novel approaches that can largely accelerate the
calculation of matrix elements and enhance the optimization of nonlinear parameters for
practical applications.

This dissertation discusses a highly efficient scheme for computing matrix elements
and provides detailed derivations for all the necessary matrix elements with ECG basis
functions for the dominant particle configurations mentioned earlier. It then presents
the final results in a compact matrix format for easy and efficient implementation of the
derived formulas in the computer code for high-accuracy calculations of quantum few-
body systems. These matrix elements are derived for the expectation values of various
operators encompassing the Hamiltonian and overlap, as well as Dirac delta functions,
and consequently, various operators derivable from the Dirac delta function. We will
also present matrix elements necessary for computing the Mass-Velocity and Orbit-Orbit
corrections encountered in relativistic corrections [23].

Moreover, in Section 3, we introduce the formalism, and in Section 2, the notation

scheme used in the dissertation. The operators representing leading relativistic corrections
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will be briefly described in Section 8, while their matrix elements with symmetry-adapted
ECG basis functions, described in Section 4, will be derived and presented in Sections 9
and 10. In addition to these, the results of calculations for various systems based on the
formulas provided in this dissertation will be presented and discussed in Section 12. The
method used in generating the basis functions and their optimizations will be discussed

in Section 11.
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2 Notations

This dissertation includes numerous analytical expressions presented in a general matrix
format, derived through the framework of matrix differential calculus [78]. Within this
matrix approach, in this work we will encounter various types of vectors and matrices,
whose dimensions depend on various factors such as the number of particles, degrees of
freedom per particle, choice of coordinates, and the length of the variational basis. To
eliminate any potential confusion stemming from these vector and matrix dimensions, this
section introduces a notation scheme adopted from our recent article [79).

To begin, specific integer constants are defined here to establish these dimensions,

and particular symbols are reserved to represent them:

e v - Represents the number of degrees of freedom per particle. Since this thesis

focuses on particles moving in 3D, v is 3.

N - Stands for the total number of particles in the system of interest. vN = 3N

indicates the total number of degrees of freedom.

e n = N — 1 - Represents the number of (pseudo)particles. In this dissertation,
vn = 3n is the number of degrees of freedom associated with the internal or the

relative movement of the particles (Section 3.3).

N - Represents the number of ECG basis functions employed in expanding the wave

function.

To differentiate between various categories of vectors and matrices, we will employ
notations involving distinct alphabets, cases, and font types. This approach is intended
to clarify the specific type of matrix, vector, or scalar represented by each character.
Additionally, we will adopt specific symbols to represent common operations on scalars,
matrices, and vectors. While there are a few exceptions to the rules outlined below (such
as the symbols N, n, and N that have been reserved previously), these exceptions are

straightforward and should not lead to any confusion.

e o, (3, v, etc. — Scalars are represented using lowercase Greek letters.
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a, B3, ~v, etc. — 3-component vectors are written using lowercase Greek letters

represented in bold font.

a, b, ¢, etc. — n-component vectors are represented using lowercase Latin letters.

Here n is the number of pseudo-particles.

a, b, c, etc. — 3n-component vectors are represented using lowercase Latin letters

in bold font.

a, b, ¢, etc. — N-component vectors are represented using lower case Latin letters

in serif font. Here N is the number of particles.

a, b, c, etc. — 3N-component vectors are represented using lower case Latin letters

in bold serif font.
A, B, Q, etc. — 3x3 matrices are represented using upper-case bold Greek letters.
A, B, C, etc. —n X n matrices are represented using uppercase Latin letters.

A, B, C, etc. — 3nx3n matrices are represented using uppercase Latin letters in

bold font.

a, b, c, etc. — N-component vectors in the Hilbert space of basis functions are

represented using lowercase Latin letters in typewriter font.

A, B, C, etc. — N xN matrices are represented using uppercase Latin letters in

typewriter font.
A, B, C, etc. — operators are represented using calligraphic font.

I, I, I, T - These are identity matrices with different dimensions: I is the 3 x 3
identity matrix, I is the n xn identity matrix, I is the 3nx3n identity matrix, and

I is the N'x N identity matrix.
tr A, tr A, etc. — tr is used to denote the trace of a matrix.

|A|, |Al, |Al, etc. — The vertical bars indicate the determinant of a matrix. Never-
theless, if what is enclosed within the vertical bars is a vector (such as |a], |a|), or

a scalar, then the bars represent the magnitude of the vector or scalar, respectively.
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o A7l A7t A~! etc. — the superscipt —1 of matrices is used to denote the inverse

operation.

e o, a, A, A etc. — The superscript prime symbol of matrices or vectors is used to

denote the transpose operation.

e t®a, AR B, A® B, etc. — denotes the Kronecker product of matrices or vectors.
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3 Formalism

3.1 The variational principle

The variational principle, based on the Ritz theorem [80], asserts that the expecta-
tion value of Hamiltonian, computed with a normalized trial wave function ¢ (r) (where
((r)|1p(r)) = 1), provides an upper limit to the ground state energy of the system, as it

is expressed below:
e = (Y(r)[H[Y(r)) = . (11)
Adjusting the trial wave function v (r) allows for a precise approximation of the exact

wave function of the system, limited only by computational capabilities. In practice, ¢(r)

is expanded in terms of some suitable basis functions

N

Y(r) =) crlon ({ahh)), (12)

k=1
where the basis functions ¢, ({a}x) may contain adjustable parameters {ay }. Coefficients
¢ and parameters oy in the trial wave function are optimized to minimize the expectation
value of the Hamiltonian. The minimization with respect to the linear coefficients c;, leads

to a generalized eigenvalue problem expressed as:
Hc = €Sc, (13)

where ¢ represents a column vector comprising coefficients ¢, and H and S are N’ x N/

Hamiltonian and overlap matrices, respectively, with matrix elements defined as:

Hiy = (oulH|dr), S = (Yrltn). (14)

Minimizing the energy concerning the parameters «y gives rise to a nonlinear optimiza-
tion problem. Solving the generalized eigenvalue problem (13), which involves hermitian
(or symmetric, in the case of real basis functions) matrices H and S, provides N solu-
tions—comprising eigenvalues ¢ and their corresponding eigenvectors ¢?. Following
the principles of the mini-max theorem, organizing the eigenvalues £ in ascending order
establishes the first eigenvalue (M) as an upper bound for the exact ground state energy.
Similarly, the second eigenvalue £(?) establishes an upper bound for the energy of the first

excited state, and so forth [81].
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3.2 The nonrelativistic Hamiltonian

In this dissertation, we consider a general quantum system of N particles with Coulomb
interaction between them. Let r;, m; and q; represent the position vector, mass and charge
of the i-th particle in the laboratory Cartesian coordinate frame. The nonrelativistic
Hamiltonian of the system in atomic units can be expressed in the following form:
T S S (15)
i=1 2m; " im1 o .
In this expression r;; = |r; — r;| is the distance between i-th and j-th particles, and V,,

is the gradient with respect to the position vector of the i-th particle.

3.3 Separating the center of mass motion

In the computation for bound states of quantum systems, it is crucial to seperate the
center of mass motion from the laboratory frame Hamiltonian (15). This method involves
positioning one particle, typically the heaviest, at the origin of the internal reference
frame. Subsequently, the coordinates of the remaining particles are defined in relation
to this reference particle. Without loss of generality, we can designate this reference
particle as particle 1. The relation between the internal and laboratory coordinates is
then expressed as

r, =r41 — Iy, 1=1...n. (16)

The total mass of the system is my,, = Zf\il m; and the coordinate of the center of mass

is defined as follows:
m;r;
TN =Fep = . 17
N ; Miot ( )

Using these relations, it is possible to transform the laboratory Cartesian coordinate with
N particles to the new internal coordinate system with n = N — 1 pseudo-particles, with
masses m; = m;,; and charges ¢; = q;41, where i = 0...n. In this notation, mg represents
the mass, and go represents the charge of the reference particle (particle 1).

In order to transform to this new coordinates {7, ry} it is necessary to write the

gradient V7 in equation (15) in terms of the internal coordinates r; and define the reduced
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masses as (; = mom;/ (mo +m;). With v, = ri(x;,y:,2z;) and r; = r(x;, ¥4, 2;), we can
write the gradient V7 in terms of internal coordinates r. Let us see how it can be done

for x; component
0 Oz 0 =01 0
, = + —
i axi 8Xi 8300 = aXi (9xj

N m;t; —
8 <Zi:1 mtot> 8 g, 8 (_Xl + Xj+1) 8
8xi al'j '

From above equation we have two cases:

N mgr;
8(21 1 mtot) + ZN 1 8( X1+X]+1) a
0 ox1 8900 ox1 oz

8)(» N mr,
i 3( i=1 mtot) + ZN 1 O(=x1+%j41) 8
Ox; 81’0 Ox; 6wj

my 9 N-1 o _ mo N o ._
Mot O; Z] 1 axj - mtotvo Zi:Q V,, 1=1

B0y, 0>

Mot Ozg | Ox;  Miot
After performing some algebraic manipulations, utilizing the provided example for the
x; component, and applying the same procedure for the y; and z; components, we can
express the laboratory frame Hamiltonian in the following form

qo04; q:q;
_22—mov’ V., +Z +ZZ nj (18)

=1 7>t

n

1
H=— Vi —
2mt0t " ; 2,“1

where 7;; = |r; — 7;|. The first term describes the motion of the center of mass (center of

mass Hamiltonian H.,,), while other terms are called an “internal” Hamiltonian #;,:

Hig = — Z TG Z —V’ V., + Z Wiy §§ )

1#] i=1 j>i
]‘ 2

How = — V2 . (20)

TN
2 Mot

The internal Hamiltonian describes the intrinsic motion of the n pseudo-particles in the
system and contains r;; = |r; — r;| term, which is the relative distance between the i-th

and j-th pseudo-particles.
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3.4 Matrix form of the internal Hamiltonian

The Hamiltonian (19) can be expressed in matrix form to simplify derivations of its matrix
elements. For that purpose, we write the position and gradients of n pseudo-particles as

3n-component vectors

1 V’I‘1
o Vrg

r= , V,= (21)
T V..,

The matrix form of internal Hamiltonian is

Him = =V, MV, L 375 5 (22)
i=1 ° i=1 j>i Y

where M = M ®1 is the Kronecker product of n x n matrix M and 3 x 3 identity matrix

I. The matrix elements of M are

My, = = (23)

25



4 Basis functions

The crucial aspect of high-precision bound state calculations, especially without resorting
to the Born-Oppenheimer (BO) approximation 23], lies in constructing the appropriate
basis set. The Born-Oppenheimer approximation assumes that nuclei are much heavier
than electrons and treats them as fixed in position, simplifying the electronic wave func-
tion determination by considering the fixed positions of the nuclei as parameters. How-
ever, achieving high-accuracy calculations for quantum systems necessitates considering
the coupled motions of both electrons and nuclei. Consequently, basis functions should
depend not only on inter-electronic distances but also on distances between electrons and
nuclei (interparticle distances, r;;), with their matrix elements computable with reasonable
effort, both analytically and numerically. After separating the center-of-mass motion and
treating the nucleus as the center of the coordinate system 3.3, the internal Hamiltonian
describes the motion of pseudo-electrons in the central field of the nucleus. Therefore,
the chosen basis set must accurately capture electronic correlation effects and electron
distribution around the positively charged nucleus, without relying on the simplifications
of the BO approximation.

Despite the numerous conceivable types of explicitly correlated basis functions, only
a handful find practical applicability. One such type is a family of explicitly correlated
Gaussians (ECGs), which has gained popularity in variational calculations for various
few-particle quantum mechanical systems over the past few decades [22, 23]. The use of
ECG basis functions provides a relatively straightforward yet powerful tool for obtain-
ing highly accurate solutions to the Schrodinger equation. The advantage of employing
Gaussians, as opposed to other basis functions, lies in the analytical evaluation of all fun-
damental matrix elements for an arbitrary number of particles. In contrast, many other
explicitly correlated basis functions often involve complex integrals that are challenging
or impossible to evaluate and implement numerically when dealing with systems beyond
three or four particles. In the realm of quantum chemical applications, explicitly corre-
lated Gaussians were initially introduced by Boys [56] and Singer [57]. This dissertation
exclusively focuses on explicitly correlated Gaussians (ECGs), delving into the specific

types employed in the calculations that form the core of the summarized research.
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The spatial component of ECG basis functions, which are used to describe the wave
function of a system composed of particles with zero angular momenta, should exhibit
spherical symmetry, meaning they are rotationally invariant. These basis functions only
involve a radial exponential component and can be represented in a compact matrix format
as follows [67]:

¢r = exp [—r' (A, @ I) 7]. (24)

Here “®” is the Kronecker product, A is a n xn symmetric matrix, which stores nonlinear
variational parameters, and I is 3 x 3 identity matrix. Subscript k is used to indicate
that, in general, matrix Ay is unique for each basis function.

In order to ensure the square-integrability of bound state wave functions, it becomes
crucial to verify the positive definiteness of A;. This criterion is automatically satisfied if
Ay, takes on a Cholesky-factored form, namely Ay = LiL), where L; represents a lower
triangular matrix. This specific representation allows for unrestricted variations in the
elements of L; within the range of [—00, o] while optimizing the nonlinear parameters of
the basis functions.

When characterizing few-particle systems with nonzero total orbital angular mo-
menta, adjustments are necessary for the ECGs presented in equation (24). This adapta-
tion involves incorporating a suitable angular factor preceding the exponent, determined
through the standard rules governing the addition of angular momentum states for indi-
vidual particles. In cases of multiparticle states with the total orbital angular momentum
quantum number L and its projection on the z-axis M, focusing on dominant configu-
rations involving only two particles, namely particles ¢+ and j, each with nonzero orbital
angular momenta, yields the corresponding angular factors 6y ,, in the following manner:

Oa(riry) = 177D Ciinlm, Yiom, (1) Yign, (1), (25)

M,
where [; and [; are the orbital angular momentum quantum numbers of particles 7 and j
respectively. Y}, denote the usual spherical harmonics, and C{%‘i Lm; denote the Clebsch-
Gordan coefficients. By employing the Cartesian coordinate representation of spherical
harmonics and using the Clebsch-Gordan coefficients table, it is possible to derive the

angular factor 0p,; for any given value of the total orbital angular momentum and its
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projection on the z-axis. For instance, when L = 1, M = 0, the total parity is even,
and [; = [; = 1, the resulting angular factor is obtained as follows: first using the table
of Clebsch-Gordan coefficients and the Cartesian coordinate representation of spherical
harmonics, we expand Eq. (25)

L i i i L i i 1 i i i v
0o = EYMY{_I +0 x Yo Yip — E}G—lyﬂ = E (Y11Y1J—1 - Y1_1Y131>

1 1 /3 (@ +iy;) 1 /3 (x; —iy;)
() ()

N ENE Y W ECET AN N
2V 27 T; 2V 27 Tj

31 1

At this point, we can directly express the corresponding ECG basis function as

Or = (T3, Yj, — 3. Yir,) exp [—r" (A @ T) 7] (27)

Here, the integer indices 7, and j; define a specific set of two particles with nonzero orbital
angular momenta. These indices can be regarded as integer variational parameters (with
values ranging from 1 to n) during the optimization of parameters for each basis function
in energy minimization using the variational method. The subscript k£ in the indices
indicates their uniqueness for each basis function.

In the case when L =2, M = 0, and even parity, there are two distinct scenarios. In
the first case, we have [; = [; = 1, and the resulting angular prefactor (25) comes out as

1 S 2 . 1
O = —=Y1Y{ + =YY +

V6 V6 NG

1 1 [3 (w+iy)\ (1 [3 (z; —iy;)
:%<_§\/; T )(5 % T )

2 (V3 2z [ V32 1 (1 /3 (2 —1iy) 1 /3 (z +iy;)
A8 (VB (i)

3 1
4%\/6 T
The corresponding basis function is

i J
YiL Y

920 = — [CL’Z‘J/’]‘ + yiyj — QZZZ]] (28)

Or = (vi, 0, + YiYj, — 220,%5,) exp [ (A @ T) 7). (29)
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In the other case, we have [; = 2 and all other individual orbital angular momenta are

zeros. Using the similar procedure, the resultant basis function is obtained as:
O = (xfk + yfk — 2212k) exp [—r (A, @1)r]. (30)

Moreover, if we consider the case, in which L = 0, M = 0, with even parity, and [; =
l; =1, then the basis function that corresponds to this also includes an angular prefactor.

However, it is rotationally invariant:
Ok = (T 2y, + Yo i + 2z %) exp [—r (Ay @ I) ] (31)

It is evident that the process of constructing angular factors for quantum numbers
associated with higher orbital angular momentum can become quite extensive. Therefore,
for general applications, we can utilize the following expression for the angular factor when

dealing with high values of the total angular momentum number L [82]:
Orm(ri) = U2K+LYLM(’U)a (32)

where v = Y | u;r;, and v = |v] is defined as a linear combination of all pseudo-particle
coordinates. In this expression, K is an integer variational parameter that can take any
non-negative values and introduces an additional flexibility to improve the short-range
behavior of the basis functions [82].

This dissertation covers the derivations and expressions of the matrix elements of the
Hamiltonian, overlap, and the analytic energy gradient, as well as operators for leading
relativistic corrections, with basis functions (27) through (31). These basis functions
are suitable for high precision variational computations of the ground and excited states
of various few-particle quantum systems, ranging from few-electron atoms and ions to
systems composed of exotic particles and nuclei, as well as small molecules.

In further theoretical analysis concerning the derivation of matrix elements with basis
functions (27)-(31), it is necessary to represent them in matrix form, combining two or

three general terms as follows:

o = [vpr]lwyr]exp [—r Agr]

= [(vx ® €")r][(wp ® €)' r]lexp[—r' (A, @ 1) 7r].
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Here, v, and wy, are n-component vectors with nonzero elements only in the ix-th and j-
th positions, respectively, both equal to unity. Meanwhile, v, and wj are 3n-component
vectors directly related to vy and w; through Kronecker products: v, = vp ® € and
wy = wi ® €. These vectors define specific products of Cartesian coordinates, such as
;. Y5, and x; x;, , among others. Additionally, each of the two 3D unit vectors, €’ and
€, contains only one nonzero element, which is also one, defining whether the Cartesian
coordinate of a pseudoparticle (z, y, or z) appears in the angular prefactor of the Gaussian.
For instance, if we consider three particle system (n = N — 1 = 2) and the necessary

angular factor is [v,r][w)r] = 21y, then

=1 € =€, =2 €'=¢€,
and the corresponding vectors are
1
0
1
1 0
’Uk = ’Uk ® Ev = ® O = s
0 0
0
0
0
0
0
0
0 0
1 0
0
1
0
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The basis function (33) can be represented in an alternative form for ease of derivations

of the matrix elements

0 0
¢ = lim ——exp [ — 7' (A, @) 7T + ayopr + 51#1727“} (34)

ap— 0 Jay, aﬁk akﬁk:(].
ﬁk.—> 0

For ease of derivations, we introduce a new function — a generating function denoted as

¢ — derivable from (34):

O = exp [ —r" (A, @) r + aguir + Bkw;r}. (35)
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5 Symmetry considerations

In a general sense, the group-theoretical approach provides an explanation for the physics
associated with various symmetries. Group representation theory serves as a purely math-
ematical language for characterizing the different symmetries present in the state of a
physical system. Despite the non-simultaneous development of group theory mathematics
and the physics of symmetries, exemplified by the Noether theorem, the close relationship
between them was recognized by different authors, including Wigner and Weyl, and was
clearly established as a theory before 1930. This intimate connection between group the-
ory and the theory of symmetries in physical systems becomes explicitly apparent within
the framework of quantum mechanics [83]. Specifically, the quantum mechanical wave
functions that live in the Hilbert space constitute a linear vector space [80]. Symmetries
inherent in the underlying physical system require specific pattern structures in these vec-
tor spaces. These particular regularities can be solely determined by group representation
theory and remain independent of other details of the system.

There are various types of groups, characterized by the nature of their elements. For
instance, a commonly encountered group in physics is known as continuous groups, where
the group elements are continuous variables. Here, a continuous variable means that each
variable or group element has a well-defined range. The mathematical theory associated
with continuous groups is generally referred to as Lie groups. Another example arises
when a physical system contains k£ identical particles, leading to the natural emergence
of the symmetric group S, that has the order of k!.

In atomic and molecular systems involving more than two particles, there exists a
set of identical particles, comprising electrons, nuclei, or other exotic particles. The total
wave functions of these systems, as well as any quantum systems, must be symmetric
or antisymmetric with respect to the permutations of identical fermions and bosons, re-
spectively. To generate highly accurate wave functions for these quantum systems, it
is necessary to take into account and employ the permutational symmetry in the calcu-
lations. Let us suppose that the system of interest contains k identical particles. The
Hamiltonian of the system is invariant with respect to the permutations of these identical

particles. This means that the Hamiltonian commutes with the elements of the kth order
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symmetric group Sk:

(M, ] =0, (36)

where X; is an arbitrary element (permutation) of the symmetric group Si. Therefore,
there exist simultaneous eigenfunctions of both the Hamiltonian and the symmetric group.
We can construct these simultaneous eigenstates by taking the spatial basis functions
and projecting them onto the appropriate irreducible representations of the symmetric
group. Only then, using these symmetry-projected basis functions, we can proceed to the
energy minimization problem solved by the secular equation, as described in Section 3.1.
This approach is employed to generate highly accurate wave functions and subsequently
calculate the expectation values of various operators. For detailed information on the
application of the symmetric group in quantum mechanical bound state calculations,
refer to Ref. [83].

Because the nonrelativistic Hamiltonian expressed in equation (22) lacks spin-orbit,
spin-spin, and some other small contribution interaction terms, the Hamiltonian is con-
sidered spin-free, indicating its independence on the spin of particles. The total spin
operator S of this system and its projection on a selected axis (e.g., the z axis: S,)
commute with H. As a result, the eigenstates of both the Hamiltonian and the total
spin operator, along with its projection, are the same. In other words, each definite state
(eigenstate) of the system can be defined by simultaneous eigenfunctions of these compati-
ble operators. Furthermore, these eigenstates can be singlets (S = 0), doublets (S = 1/2),
triplets (S = 1), and so on, depending on the total spin state of the system. Using the
spin-free Hamiltonian implies electronic states with definite multiplicities (2S5 4 1). For
instance, if a collection of identical atoms (e.g., silver atoms) passes through an inho-
mogeneous magnetic field, the observed outcome would be either one stream or separate
streams corresponding to total spin states of S = 0,5 = 1/2, and S = 1, respectively (as
demonstrated in the Stern-Gerlach experiment).

In the context of spin-free formalism, as presented in references [83, 84|, the Young
operators associated with the irreducible representations of the symmetric group are de-
duced based on their corresponding Young tableaux 83, 84]. When dealing with a system

consisting of k identical particles, these Young tableaux are formed by arranging a series
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of k-connected vacant boxes referred to as Young frames. To illustrate, in the scenario
of a system containing 4 identical particles, these Young frames might be represented as

follows:

, , , L. (37)

The arrangement of the suitable Young frame is contingent on various factors such as
whether the identical particles under consideration are fermions or bosons, their specific
spin, and the total spin of the system under consideration. In the instance of fermions
with a spin of 1/2, the Young frame associated with the spatial wave function should not
exceed two columns. In contrast, for fermions possessing a spin of 3/2, the maximum
allowable number of columns is four. In the case of bosons, there is no restriction on the
number of columns, but there is a constraint on the number of rows. These limitations
are determined by adhering to the general principle governing the construction of Young
frames [85].

To construct a Young frame for spin 1/2 fermions with a total spin quantum number
S, the symmetry quantum number p is calculated, where p = k/2 — S. Subsequently, a
partition is expressed as p = [2P,1*7?"], and the Young frame is comprised of two boxes
in the first p rows and one box in the remaining k — 2p rows.

A Young tableau is then constructed by populating the Young frame with numbers
that serve as labels for the identical particles, typically ranging from 1 to k in the case of
neutral atoms. One can arrange these numbers within the boxes arbitrarily. For example,
these numbers can increase either from top to bottom or from left to right in the specific
Young frame. As an illustration, one can analyze the singlet D state of the beryllium
atom. In this example, the number representing the identical particles or electrons is
k =4, and the total spin quantum number is S = 0. It is easy to see that p = 2 from the
expression p = k/2 — S. Accordingly, the partition is denoted as u = [2%,1°). Now, let us
assume that identical electrons are labeled from 1 to 4, while the fifth particle is assumed
as a nucleus. Taking these assumptions, the Young tableau is populated in the following

manner:

1]2
ot (38)
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Another example is the triplet spin symmetry of the carbon atom. In this instance,
the number representing the identical particles or electrons is £ = 6, and the total spin
quantum number is S = 1, which is a triplet multiplicity. Following the similar step
from previous example, one can find that p = 2. Accordingly, the partition is written as
p = [2%,1%]. Now, let us assume that identical electrons are labeled from 2 to 7, while
the first particle is assumed as a nucleus. Taking these assumptions, the Young tableau

is populated in the following manner:

3. (39)

|\1|® =D

By completely filling the Young tableau, one can proceed to expressing the Young

symmetry projector in the following way:
Y =S8A. (40)

Here, S and A represent operators for symmetrization and antisymmetrization, respec-
tively. The definition of S involves a product of symmetrizers over particles in each row
of the Young tableaux, while A is defined as a product of antisymmetrizers over particles
in each column. Expressing & and A is straightforward with the use of transpositions,
denoted as P;;, which represent pair permutations of particles. For example, consider the

Young tableaux in Eq. (38) and (39), which give rise to the following Young operators:
Y =812834A13A24, (41)

Y =853815A2467A35 (42)

In these formulas, the subscripts indicate the particles for which symmetrization or anti-
symmetrization is applicable. It is noteworthy to mention that, since each symmetrizer
pertains to a distinct set of particles, arranging the symmetrizers in a specific order is not
crucial. Similarly, specifically arranging the antisymmetrizers is also not critical. When

expressed using transpositions, the S’s and A’s in the expressions (41) and (42) can be
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represented as follows:

812 =

)

Ais =

(

Ssq4 = (Z+Ps),
(

Asy =

and

Sos = (Z+Pa3),
Sis = (Z+4Pss),

Asssr = (Z—Pos)(Z—Pas—Pas)(Z—Parr—Paz—Per),
Ass = (Z—Pss)

respectively. Here, Z represent the identity operator.

It is important to highlight that, in variational calculations, the expectation values
of operators often commute with all transpositions present in symmetrizers and antisym-
metrizers (40), in addition to being Hermitian. Therefore, when evaluating the matrix

elements of such quantities, due to the equality:

(YorlO|Yen) = (o OV V), (43)

one can always restrict to scenarios where the Young operator is applied solely to the
ket basis functions. In this equality, O represents the operator that commutes with
all transpositions present in symmetrizers and antisymmetrizers (40). The dagger sign
represents the Hermitian conjugate. For instance, J' is the Hermitian conjugate of ).
When substituted into Eq. (40), the following relation holds: A'ST = AS.

It is worth mentioning that the number of independent terms on the right-hand side
of equation (43), resulting from the operator 7)Y oc ASA acting on the ket basis func-
tion, can be reduced to k! when computing the matrix element of . This simplification
of the operator ASA involves multiplying all the transpositions term by term and com-
bining identical terms during the summation of independent terms. While summing these

independent terms, it becomes crucial to understand how the basis functions in the ket,
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|¢1), are transformed when acting with the permutational transpositions in symmetriz-
ers and antisymmetrizers. The immediate notice is the functional structure of the basis
functions, which remains unchanged, with the changes occurring in the set of nonlinear
variational parameters (A;, v;, and w;). Upon the action of an arbitrary permutational
operator P on the laboratory frame coordinates r of the real particles, these coordinates
experience a linear transformation. Similarly, the internal coordinates r or coordinates
of the pseudoparticles undergo a linear transformation due to permutations of the real
particles. This linear transformation of internal coordinates can be expressed using the
permutation matrix P = P ® I. Applying P to the basis function (33) results in:

0

8 / ! /
Po, = Pﬁ_ala_ﬁl exp [—r"Air + o (v)'r + Bi(w;)'r]

a,f1=0

0 0

— a—ala—ﬂl exp [—(P')“>/AI(P’I") + al(vl>/(P’l") 4 Bl('wl)/(P'f‘)]

a,f1=0

= ——exp |7 (P'AP)r+ o (Pv)r+ (Pw)r] (44)

a,f1=0

This expression illustrates the transformation of the nonlinear parameters of the
Gaussians, namely the matrices A; and the associated sparse vectors v; and w;. For
clearity, we can define the following notations when deriving the matrix elements of various

operators

‘<;BZ> =Plp), A=PAP, L=PL, %=Puv, w=Pw. (45
For convenience, we can also write
Ay=Ar+ A, Ay=A,+A,. (46)

As can be seen in the following sections, we will not be using the tilde sign defined above
due to the very long and complexity of the expressions of the matrix elements. Instead, we
will explicitly assume that the ket basis function can be transformed by certain particle
permutations. This means that the matrices L;, A;, and Ay, as well as the vectors v,

and w; presented in all equations should be substituted with L;, A;, Ay, 9, and @,

37



respectively. Yet, to keep the expressions less confusing, we will avoid explicitly including

the tilda signs.
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6 Matrix elements of Hamiltonian and overlap

A couple of brief general comments need to be mentioned concerning the calculation
of matrix elements. First, all the matrix element derivations will be conducted using
the formalism of matrix differential calculus [78]. Let us introduce the most commonly
used relations for the derivation of matrix elements in this work. These relations involve

differentials with matrices:
d|X| = |X|tr [X'dX],
dtr [X] = tr[d X], (47)
d(X ) =-X""dX)X "

where the operation | X| denotes the determinant of the matrix X. X! and tr [X] are the

inverse and the trace of matrix X. Second, the following n-dimensional Gaussian integral

will be used frequently

i n/2 1
/ exp[—2'Az + y'z]dz = |7TA|—1/2 exp L—ly’Aly] . (48)

In this expression, x and y represent vectors that contain n-components. The first vec-
tor comprises n variables (x1,...,x,), while the second vector is consist of n constants

(Y1, ,Yn). Ais an n X n symmetric matrix that is positive definite.

6.1 Overlap integral

The calculation of the overlap integral for the generating functions ¢y, as defined in

expression (35), is straightforwardly derived through the use of formula (48),

7T3n/2

(o) = /exp [— r Ayr + (akvk+ﬂkwk+alvl+ﬂl'wl)/r dr = WL
ki

1 _
X exp [1 (v +Brwi+av+ ) Ayt (v + Brwi+ o+ Bawy) |
(49)

In this expression Ay = Ar+A;, and we used the property of Kronecker product regarding

the determinant of matrix Ay,
|Ap| = [Au @ 1] = ‘Akl|3' (50)
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The form of the overlap integral involving basis functions (33) will vary based on the
particular arrangement of Cartesian coordinates in the Gaussian prefactors represented
by vectors v, and wy. There are three specific scenarios, each resulting in a different

expression, which we outline separately below.

case (x;,xj, |Ti,2;,)

w

In this case, it is evident that €’ = €. As an example, we can write €’ = €V =

€’. Because simple Gaussians (24) is spherically symmetric (i.e. rotationally invariant),
overlap integral will be the same if we have €” = €” = €Y or €’ = € = €°.
To solve the integral, initially, we can simplify the integral (49) by reducing the size

of matrix A;; and vectors from 3n to n:
7.‘.3n/2 1 ,
(prlen) = W exp [Z_l (akvk + Brwy + aquy + @wz) X
Ay (avy, + Brwy, + cqup + Bwy) } : (51)
Note that the following property of Kronecker product is utilized above:

(CL/ & Ez/> (Akl (24 I) (a X Gx) = CL/AMCL X Ex/IEx = a,AleL, (52)

where a is some vector. To find the overlap integral, we still need to take four derivatives

and then evaluate the limits in the given integral:

9 9 90 T L A
Sk = %%@E<wk‘¢l> ag,ar,Bk,5=0 a ‘Akl|3/21( [vakl Ul} [kakl wl]
+ [ At wi] [vAG W] + [ A w] [wp Ay v ) (53)

For writing the expressions in a compact form, we need to introduce the following

quantities:
_ /A—l o /A—l o /A—l
V1 = Vp Ay Ui, Yo = WA Wy, 73 = VA Wi,
1 A1 1 4—1 1 A-1
ya=vA W, s =0 AL W, e = wi AL v (54)

Using these quantities, the overlap integral is

1 7.[.?m/2
Sui=-——77 55
kl 4‘Akl|3/2 e ( )
where
Y =712 + 374+ Y576- (56)
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case (xikyjk‘yizsz)
Because of the property of Kronecker product we have cancellations €”Ie?¥ = €¥Ie* = 0,
and therefore, expression (51) simplifies to

7].371/2 1

(Oele) = WQXP[Z (Oékvk+0ézvl)/AZzl(Oékvk+azvl)]

X exp E (Bewy+ Brwy) Ay (Bewy+ Biwy) ], (57)

and following the same steps above we have

1 7T3n/2
Sy = Z—‘Akl|3/2 Y172 (58)
case (2,2, |Yi,Yj,)
In this case, we have
1 3n/2
T (59)

Skl = 1TALPP V34
It is evident now that the expressions and derivations of matrix elements in the three
scenarios are remarkably similar. Due to this similarity, in the subsequent sections deriv-
ing other matrix elements related to kinetic energy, potential energy, and the analytical
gradient, as well as operators of leading relativistic corrections, we will simply provide
the final formulas for all three situations instead of reiterating nearly identical derivations

several times.
6.2 Kinetic energy

case (xikxjk |xiz$jz)

Before solving the kinetic energy integral, let us first provide the expression for the value
of an auxiliary integral involving a 3n X 3n symmetric matrix X . This is necessary because

we will require the result of this integral several times when deriving matrix elements of
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other operators. This integral represents the expectation value of 7' X r:
0 7T3n/2

0 p N
2 (@ exp [=B7 X 7] [¢n) 5o = 9B | A +BX’3/2

9B
X ( (Vi (A + BX) " 0] [w (Aw + BX) ™ w)]
+[05 (A + BX) " w] [v)(A + BX) M
+ [0 (A + BX) "] [wh (A + BX )lv,}> '5—0’ (60)

(Prlr' Xr|pr) =

where X = X ®I3. By using the relations in (47) and performing some algebraic manip-
ulations, we obtain

3n/2

3 _ m _ _ _
(o' Xr|r) = 2 tr [A X s + A ALPR ( [V Al X AR ] [wip A w]
+ [vp At [wi AR XAG w] + [vp Ay X At wy] [vj A wi)
+ [V A wi] [0 A XA w] + [ AR XA wi] [wiAy'v]
+ [vp A w] [wp Ay X Ay v ) (61)
To derive the matrix elements of the kinetic energy, we first apply V, to both the bra

and ket generating functions (35):
Voo = [-2A,T + v, + Brwi] or- (62)
Multiplying the above result from both the bra and ket functions with each other yields

(Vepr| M| Vo) = (=247 + v + Bpwy) ox| M |(—2Air + qyvr + Brw) )
= 4pplr ALM Arr|pr)
—2au (x| A M 1) — 2B (x|’ A Mwi| o)
—2au(pr|v, M Arr| o) + axcgv Mopr|er)
+an fro Mwi(prl o) — 285 (x| wi, M Ay |¢r)

+ Brayw;, Mo (i |er) + BrBiw, Mw (pr o). (63)

Since it closely resembles the derivations in the previous sections, the matrix elements
of the kinetic energy operator with the basis functions (33), are derived by taking four
derivatives of above terms. During this process, three distinct types of integrals emerge.

The first type stems from the first term on the right-hand side of (63), involving a quadratic
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form. By ensuring symmetry in the matrix defining this quadratic form and employing
the expression (61) with X = (A, M A, + AJM Ay)/2, this integral is calculated. The
second type of integral arises from the second, third, fourth, and seventh terms in (63).
These integrals resemble the overlap integral (55) after specific substitutions of matrices.
Lastly, the third type of integral bears resemblance to the overlap integral of Gaussians
with single Cartesian prefactors, a result previously derived in the work [68]. Below, we
list the final results of these integrals with the signs in front, and the orders are kept as

in the above expression:

3n/2

o 22 tr [AZ'X] (delo) + 25t ( [V AG X Atul] [1 A 0] +
[0, A v [0, AR X AG 0] + [v, A XA ] [ A o] + [vp A be] [v] A X A bl +
[0, A X Ao (b, A o] + [0 Ay bl [b;A,;llXA,;llvl})

o —220 L ([ At AL Mu] [ AG Y] + [ A be] [vM AL AL D]
+ [vh A b A ALMu)] )
o 220 ([onAntul [BAG ALMB] + [ AG' [uAG AL Mb]
+ [ohAG ALY [ A7 )] )
o — ﬁ%( [, MAAG o] [0, A5 0] + [0, MAAG b [v] Ay o]
+ [ MAAG ] AL ) )
3n/2

° %|A NEE (g, M) (W, A br)

(v, Mby) (b, Akl )

a3n/2 1
2|A 372 4

(iAo [MAAG b + [0 AL AMb] [17 A ]
+ [U;A]:llbl} [b;fMAlA,;llvl} )

3n/2
|[Agi|3/2

1
® 3

(b/ MUZ)(UkAkz br)

(b}, Mbl)(UkAkl )
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After a lengthy yet straightforward algebraic manipulations, the following final ex-

pression for the matrix elements of the kinetic energy is obtained

Tk = S (67 + 474) . (64)
Here, we introduced another set of notations (which are similar to notations in (54) and
(56)) to simplify the expression:
m = (WA AAM AR A W), me = (v A AJM AR A ),
n3 = (VAG ALM A A wy), e = (v, A AJM AL A ),
ns = (WAt AM AL A ), ns = (v, A AJM AR A wy).

T=tr [A AMAL, (= (mm + Yene — Y3ns — Yana + V505 + Yers) ,  (65)

case (i, Y, |Yi, 75,

Using the identical method applied in the privious subsection, we achieve the similar

outcome
Ti = Sk (67' 14y 4@) (66)
M1 V2
case (%, Zj, |Yi,Y5,)
In the third case
Ty = S <67 g 4@) . (67)
73 Y4

6.3 Potential energy
case (xikxjk|xil$jl)

We can solve the potential energy integral by employing the Gaussian integral provided

below
NZs

Tz’j

=

/00 ds exp[—ﬂ%izj] = 2/00 df exp[— 27‘1‘2]‘] =
_ 0

[e.e]

1 2 °
nj ﬁ/o Bexp[—5°r;;]
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When computing the expectation value of the potential energy integral, we can substitute

the new form of — as

ot

ij

o) = —= [ aptorlesi-rEion. (63)

For further derivations we rewrite the squares of the interparticle distances in quadratic
forms

2 / 2 /
r, =T Jiir, Tij =T Jz‘j’l", (69)

where J;; = J;; ® I is a matrix with the elements defined below:

Ei; ifi=j5 ,
Eii+Ejj—E¢j—Eji lfz%j
In this expression, every element in the matrix £j; is zero, except for the entry located in

the 7-th row and j-th column, which equals one. Now, using the overlap matrix elements

(55) and the integral in (68), we can compute the Coulomb integrals (¢ |1/7;| ¢;) and
(Dr [1/7i5] ¢1)

RZ;Jl == < k % ¢l> = %/<¢k‘eXp [_/82T,JZJ1"j|‘¢l>d/8
0
3n271 [ 1 / — / —
- ’ / [ A+ 522 QUk(AkﬁﬁQJij) o] [wi (A + 82 J55) " w]

+[v} (Akz+5 i)~ we] [vi( A+ 82 Ji5) i
+ [0 (At B205) " wn] [wly( A+ 82035) ™! ])dﬂ. (71)

Using the trace form of terms enclosed in square brackets, e.g. [v,(Aw + 52J;;) v =
tr [(Ag + B2J;;) " 'uwy], and using the Sherman-Morrison formula, we rewrite them as
B2 tr [A,;ll JijA,;llvwﬂ

tr [(Ap + 82J) " o] = tr (A o] — L+ B2t [Ay' Jy]

ﬂQ tr [AEIIJZ]A;llblb;J
1 + 62 tr [A];lljl]] ’

tr [(Akl + BQJij)_lblb;C] = tr [A,;llblb;] -

ﬁQ tr [A,;ll JZ]A,;llbk’U];}

o [(Au + 82 i5) "oy ] = tr [Ag bivr] — — + 82t [A ]
kl <1
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BQ tr [A,;ll Jz’jA];llblUﬂ
1 + 62 tr [A]:lljm] ’
ﬁ2 tr [Az;zl JijAI;llbl’Uﬂ
1 + ﬂ2 tr [A];ZIJU} 7
52 tr [A,;ll JijA,;llﬂlb;J
1 + 52 tr [A];ZIJU] ’

tr [(Akl + 52J¢j)71bﬂ}ﬂ = tr [A];llbﬂ}ﬂ —

tr [(Ak:l + BQJij)_lbl’Uﬂ =tr [Al;llblvﬂ —

tr [(Akl + ﬁzjij)_lvlbﬂ =tr [A];llvlbu —

| A+ 82| = |Awl (1 + 8% tr [A! J5]) -
Substituting these expressions we can simplify the integral (71) into elemental in-

tegrals that can be solved directly. After doing some algebraic manipulations with the

results of elemental integrals we have the final expression for the Coulomb integrals,

(3n—1)/2
ij n K P
R J _ _ — . 72
Mg ]Akz|3/2 wl/2 (7 3w * 5w2> (72)
In this expression, we defined new set of notations:
pr = (w AL T AGtwn),  p2 = (A Ty AL ), ps = (0 A i At w),
ps = (A Ty Atwr),  ps = (W AG Ty Ate),  pe = (0 A iy Ayhwn),
p = [p1p2+ paps + pspel, w = tr [A 5],
K= [Y1p1 + 202 + Y3P3 + Yapa + V55 + Yops]- (73)
The total potential energy matrix elements can be expressed as the sum of R}, and
RZ:

n n
Vi =Y qoqiBiy + Y qig;Ry). (74)
=1

i<j
case (i, Y, |vi,xj,)

In this case, the formulation for Rz resembles the one in (72), with the exception that we

are required to make substitutions:

Y= Y1Ye, K — 71p1 +2p2, P — p1p2. (75)
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case (z;,2j,|Yi,Yj,)

In this case, the substitutions are
Y VsVas K 303+ Yapas P P3pa (76)

6.4 Matrix elements with the Dirac delta function and interpacticle distances

The Dirac delta function is one of the important quantities in computational quantum
mechanics since it allows us to compute the small atomic relativistic properties as well as
the higher-order quantum electrodynamics (QED) corrections to the interstate transition
energies of atoms. In addition to these applications, it can help us calculate the densities
of particles, pair correlation functions, and interparticle distances. If we take an arbitrary
function f(7;;), we can express it utilizing the property of the Dirac delta-function as

follows:
ﬂnoz/bw—rmfwwa (77)

Here, the integration with respect to € occurs in a three-dimensional (3D) space, and
d(0 — r;;) represents a three-dimensional Dirac delta-function. Utilizing this relationship,

the expectation value of f can be expressed as:
(@nlr)lon) = [ 1(6)0606115(6 )i (75)
Let us consider the following form of the Dirac delta function that depend on r;:
S(arry + agry 4 -+ apry, — &) =6((a@I)r — §), (79)

where a is a vector with n-components, while £ represents 3-component real vector. For

further theoretical analysis we can use the limit representation of the delta function

S((a@T)r—€) = lim (fz—z exp |~B((a@ T)'r - 5)2D . (80)

B—00

For the moment, let us deal with the argument of the exponent:
—Ba@D)r—€)*=-FlaD)r(@eI)r+20¢aI)r — B¢ =
=—pri(a@T)(a@D)r +28((a®DE)r — f&* = —pr'(ad @ Dr +28((a @ T)&)'r — BE™.
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Then, we will compute the matrix elements of Dirac delta function with generating func-
tions (35) as

3/2

(el((@@ 17— ) @) = lim (fg—/ exp [—B€7]
<(onlexp [ = fr'aa ' Dr + 2((0 £ 18) 7] o) ). (s1)

In this expression, the matrix element within the limit closely resembles the overlap

integral found in equation (49)

(e [0((a @ T)'r — &)| wr)

3/2 3n/2 1
_ 2 T
= <%) xp (=B8] e O |7 (won B+ arvn + o

+26(a ® 1)5)/((Akl + Bad’) " @ 1) (apvr + Brwi + ayvy + Frw, + 26(a @ D)E) |
(82)

Expanding the exponent’s argument is necessary when taking the limit of this expression
as (8 approaches infinity. First, let us find the limit of prefactor

(5) 3/2 3n/2 23(n—=1)/2 ( 3 )3/2 23(n—=1)/2 1

= = lim = )
T ’Akl + 6&@"3/2 B—ro0 ’Akl|3/2 1 =+ ﬁCLIA];lICL ’Akl‘?’/Z (a’A,;lla)‘g/?

lim
B—o0
and we will expend the argument of exponent by substituting the term A,;ll —
BA ad’ AL}
1+8a’ A a
us write the expansion by denoting the argument of two exponents in (82) together as K:

instead of  (Ay + Baa’)™'  using the Sherman-Morrison formula. Let

1 _
K = L_L(akvk + ,Ukbk + oqv; + /lel)/(Akll X I)(akvk + Hkbk —+ oqv; + ,Ulbl)_

ﬁ(akvk + prb + vy + ulbl)’(A,;llaa’A,;ll & I) (akvk + by + oy + /vblbl) n
4(1 + Ba'Agta) @ T

Blawvr + by + qyvy + ) (Ay'a @ 1)€ — €2
(1+ Ba'Agla) @1 '

Taking the limit of this expression as [ — oo  is now straightforward.
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case (2;,2j, |Ti,2;,)

Upon evaluating the limit, we derive the following expression for the matrix elements of

the delta function with generator functions (35):

(op|0((a®X)'r —&)| @)

7T3(n71)/2 1 1 1
= ex — (g + Brwr +aqup+ Bwy) X
= |Akl|3/2 (a’A,;lla)3/2 p kVk T Pr Wy U T Py

a’A,;lla 4
([0’ Ayl a] At — At aal A (v + Brwn + g+ By
+ (g + Brwr +oqup+ Bywy) Ay a(€7€) — €2>] - (83)

To calculate the expectation value with basis functions (33), we still need to perform a

lengthy but straightforward derivative. Therefore, we will present only the final results:

3(n—1)/2

<¢k|5((a®1)/"°_€>}¢l> = WGXP {—%1 ([’7—54‘%]

—i—% |::‘£ — %} (€”¢)* + %(e“'é)‘ﬁ : (84)
In this expression, we utilized the notations defined in equations (54), (56), (65), and
(73) for different quantities. However, it is essential to substitute J;; with aa’ throughout
those equations.

The formula given in expression (84) offers a general method for computing the matrix
elements of pair correlation functions and particle densities, both in the center-of-mass
frame and other reference frames. These values, in return, can be employed to calculate
the matrix elements of operators, such as different powers of interparticle distances. For
example, we can compute the matrix elements of |r;|* and |r;;|*, where ) is a real number
that satisfies A\ > —3. This can be done by considering the partial cases of a = j and
a = j7 — j*, respectively. In this context, j’ represents a vector with n components, where

only the i-th component is set to one, and all other components are zero.

The matrix elements of |r;|* is

7l

n=1)/2 /N 43 K p
A _ A2 kP
<¢k|7’ij|¢l> = 2|Akl’3/2r( 5 )w (”Y w+w2)

+E (H_Q_p) N (A+5)(A+3)p

85
3w w 15w? ’ (85)
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where I'(. .. ) is the Euler gamma function. To proof the correctness of the formula given in
(85), we need to reproduce formula (72) when A = —1. When A = 2, it should reproduce
matrix elements of ¥’ Xr in (61) if we set X = J;;. Lastly, in the case of A = 0, it should
yield the overlap integral in (55). As can be easily verified, all these formulas can be

reproduced using the general formula (85).

case (T, Y, |vi,xj,)

In this case, following the steps in the previous subsection, we can derive the expressions

for the matrix elements of the Dirac delta function and 7“;\] The results are

3(n=1)/2 Y17 &2
d((axI)r— = B
(D |6((@@D)r —&)|d) L[APR (@A a) eXp{ a/A,ja}

y {1 N 1 v, A ad Aty (2 (e7€)? B 1)]

a A,;ll a v%A,;ll v a A,;lla

1 w,Ag ad Agtwy (2 (e¥€)? B 1) ]
a )

X [1 +
1 A—1 1 A—1 1 A—1
adAga  w A w a' Ay

(3n—1)/2 A+3
\ o A/2 P2 P
\ — r 1- 1-
A AVEE ( 2 )w 7172{ ( w%) ( WW)

{(1_02)p1+ﬂ2 (1_ P1>}
wy1) wy:  wn w2
3)

(86)

case (‘rikxjk|yilyjl)
Similarly, in this case we have

e=0/2 ¢
5 I - prm— J—
<¢k ‘ a®I)r )‘ ¢l> A|Apl?? (a' A a)?/? eXp [ -1 ]

/
aAga

y [1 N 1 v A ad Aty <2 (ev€)? B 1>}
a

/ —1 / —1 Vi -1
aAga v AL wg a'Ay,

y [1 N 1 v A, ad A w, (2 GEI 1) ]’

1 A—1 1 A—1 1 A—1
adAga  vA; w aAya

(88)
The matrix elements of r;\j are

20



(& || o0)

(3n—1)/2 Y

T +3 p

r (,‘_))‘/2 1 — 1 1— ﬁ
2|Ap[*2 ( 2 ) o w3 WY

2(A+3
3 2

(1_ P4> P3 4 P4
wys /) Wys W3

15 w374

L5 +3) pap }
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7 Matrix elements of energy gradient

The variational optimization of the nonlinear parameters of ECGs is achieved through
the minimization of the Rayleigh-Rits variational energy functional (see Section 3.1).
The optimization of these parameters is a highly expensive procedure. To address this
and improve the basis set convergence, it is well established that one can derive and
implement the gradient of the energy with respect to the nonlinear parameters of ECGs

[23]. For this purpose, we first take the differential of the eigenvalue problem in Eq. (13)
d(H —€S)c = (dH)c — (de)Sc — £(dS)c + (H — eS)dc.

If we multiply this equation by ¢’ from the left and assume that the wave function is

normalized, i.e., ¢’Sc = 1, then we can have
de = ¢(dH — edS)c, (90)

where for general purposes we can also assume the basis functions and the linear coef-
ficients to be complex. Let us say that the basis functions ¢;({a;}) depend on some
nonlinear parameters a;. Because only the ¢t-th row and t¢-th column of matrices H and
S depends on «y, the derivative of any arbitrary element belonging to that row or that

column of these matrices can be expressed as

OH OH 0s 0s
ki OHp (841 -+ 61 — Sx0), ki OOkl (Ot + 01 — OptOr),  k,l=1,--- K

8ozt N 80[,5 80(,5 N 8at
Using these, and the relation in Eq. (90), the derivative of the energy ¢ with respect to

the parameters oy is

K
aHtl @Stl 0Htt aStt
=2¢;) ¢gl=——-e— | —cc,| =— —e—). 91
tz : <80ét 80zt i 80ét 80@ ( )
Although calculating the derivatives with respect to each «; is necessary for obtaining

the complete energy gradient, in practice, one can evaluate all the derivatives of energy
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with respect to the entire vech L, vector in a single step. This is because computing the
separate differentiations for individual parameters, such as (Lg)11, (Lg)21,-- -, (Lk)nn
is not efficient, and all these separate operations are identical at the same time. In short,

it becomes necessary to compute the following derivatives:

OHyy OHyy OSp OSk
d(vech Ly)"  O(vech L;)”  O(vech Ly)’ 0O(vech L;)

The examples of the implementation of energy gradient in the variational optimizations

of the nonlinear parameters of the basis functions can be found in the works [67, 68|.
Below, we will provide the necessary expressions for the aforementioned derivatives with
basis functions in Eq. (33).

7.1 Overlap gradient

Before running into details, let us first give the gradient of matrix Ay,

dAy, = (dLy) L+ LydLy, dA; = (dL;) L+ Li(dL)), (92)

dAy = (dLg)Ly+LpdL)+(dL;) L+ Li(dLy). (93)

case (., |T;,2;)

In this case the differential of the overlap integral is

3 _ 1 _ _ _ _
dSy;, = —Su 3 tr [AklldAkl] + % <72 tr [Akllvlv;AklldAkl] + vy tr [Akllwlw;CAklldAkl}

+y4 tr [A,;llwkU;CA];lldAkl] + 3 tr [A];llwlvl/A];lldAkl} + g tr [A,;llwlU;CA];lldAkl}

+’Y5 tr [A;;ZIUZUJLA;QIdAkl} ) . (94)

To write the above expression in a compact form, we can introduce the following matrices

K,ill) = A,;llwlw;A,;ll, K,glz) = A,;llvw;{A,;ll, K,S’) = A,;llwlva,;ll,
K,Sl) = A,;llwkv;A,;ll, K,S’) = A,;llvlwggA,;ll, K,g?) = A,;llwlv;CA,;ll,
Hia = (B30 + k) 4D+ k) + ek 40k

3, Ky
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Then, with the use of these matrices the differential of the overlap integral is
dSj; = —Sy,; tr [L;;(Fkl + Fli:l)de + L;(Fkl —+ F,;l)dLl} . (96)

Now, for further analysis we need the properties of the vech operator that will be
used frequently. Specifically, when X and Y represent arbitrary complex square matrices,

and L denotes a lower triangular matrix, the subsequent relations are applicable:
tr[X'Y] = (vec X) vecY, (vec X) vec L = (vech X) vech L. (97)

With these properties and some algebraic arrangements equation in (94) can be rewritten

as
dSkl = _Skl [VQCh((Fkl -+ Fél)Lk)/d vech Lk + VeCh((Fkl + F,;Z)Ll)/d vech Ll] (98)

From this expression, we can easily write the derivatives for the overlap integral:

8Skl o ,
m = Skl VeCh((Fkl +Fkl)Lk>7 (99)
OSi
_— = — h((F) FIOL)). 1
B(vech L) Sk vech((Fiu + Fy) L) (100)

case (xikyjk |yizsz)

As was the case in the derivation of the matrix elements for the Hamiltonian and over-
lap, the other two cases are very similar to the derivations in the previous subsection.
Therefore, we only present the final results. Specifically, in the cases of (z;,yj, |yi,z;,) and
(wi,xj,Yi,y;), only the quantities v and K}, change, while the derivatives of Sj; remain

the same.

Y=Y, K= (71K;$) + 'VZK]S))y (101)

case (z;,%j,|Yi,Yj,)

V=7 Ku= (fysK,S’) + 74K,£}‘)). (102)
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7.2 Kinetic energy gradient
case (xikxjk‘xille)
We begin the derivation of the matrix elements for the kinetic energy gradient by writing

the differential of the kinetic energy (64):

T 4 4
484 + Sw <6dT +—d¢ — _§dy) . (103)
Ski g 8l

dTy =

To explicitly write this expression, we need to find the differentials for +, 7, and (. Note

that for ¢, we need the differentials for v’s and n’s (65):

d’)/l = —tr [K]g)dAkl} s d’)/g = —1tr [K]S)dAkl} s d’}/g = —tr [K]g?)dAkl] s
d’74 = —1tr [K]i?)dAkl} s d’75 = —1tr [Klg?)dAkl} s d’)/6 = —1tr [Ké?)dAkl] s

(104)
dr = tr[A AMAJAL AA), + A Al M ALAG A,
A = tr [(KY AAMA AL — AP ALM ALK A,
FAG A MAKY) — K AAM AL AN AA],
dpy = tr[(KGAMA A — At AM ALK )d A,
FAGAMALKS — K& A M ALA A,
Ay = tr [(AgrAM ALK + KW AL M A AL A A,
—(AG A MAKY + K& A M A AN AAY,
dpys = tr[(A A MAKLY + K AIM AL AL AA,
—(AJAMAKLY + K AMA A )AL,
dps = tr [(KS AAMA AL — At ALM ALK ) dA;,
FAG A MAKY — K5 AIM A AN AA],
dg = tr [(K® AAMA AL — A ALM ALK A,
FAGAMALKY — K AM AR AGHAA). (105)
To write the expressions compactly, we still need to define two more matrices,
Un = 6A M AIMAJAL + %Xkl + 4%@, (106)
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4
Wi = 6A];l1AkMA;€AI;l1 + ;Ykl + 4%Kkl (107)
In these expressions, we had to define another matrices:

6
X = Y ulKWAMAAG — AJ AMAK) + G + (A AIMAK)
e
KV AIMALALY) — yvs(Agt AM AL + KD ALMAA,

(108)

6
Ya = Y nAG AMAKY — K AMAAG) + G+ 3(Ag AM ALK
i3
+ KD A MAGAL) — (A A MA K + KD AMALALY,

(109)
and
Gu = (mKy +mEY —mKY —mKy — Ky —n6KLy). (110)

Finally, employing these notations for matrices and differentials, we can rewrite the ex-

pression in (103) as:

T
ATy, = S—kldskl + Sy tr [ vech((Uy + Ujy) Ly,)'d vech Ly,
kil

+ vech((Wy + W;)Ly)'d vech L] . (111)

Now, similar to the overlap gradient case, we can easily express the matrix elements of
the kinetic energy gradient as follows:

0T T OSu

T & A3 7S hW((Upw + Uyy) L 112
d(vech Ly) ~ Sy O(vech Ly) + S vech (U + Uyy) L), (112)

0T Tw  OSp

_ 9k R PR ,
d(vech L;) — Sy O(vech L)) + Sy vech((Wy + W) Ly). (113)

case (i, Y, |Yi, 75

In this case matrices Xy, Yz, and Gy, change to

2
X =G+ Y (K AMAAL — Af AMALKS), (114)

i=1
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2
Yio = Gu+ Y n(Ag' AAMAKS — K ADMAAG), (115)

i=1
G = —mK? — kW — 116
Kl mK, — Ky, C=(nm +vame). (116)

case (4,25 [yiYj)
In this case matrices Xy, Yz, and Gy change to

Xu = Gu+u(AJAMAKY + KD AMAA

(A AIMALKD + K AL MA AL, (117)

Y = Gu+w(AfAMAKS + K® A MALAZ
— (A ALMAKS + KD AMALALD, (118)
Gy =1 KW 4+, K® — (—ryams — 119
k=K, + a0, (= (—Y3m3 — Yana) - (119)

Note the sign differences here compared to the case (z;,y;,|y;,z;). Despite the expressions
being identical except for the indices 3 and 4, the orders of the matrices are changed, and

opposite signs appear.
7.3 Potential energy gradient

case (Iikxjk|xille)
To derive the gradient matrix elements of the potential energy (74), we first express the
differential of (72):

. RY 2 S /1| kK p K p de  dp
dry, = klds ——(—————1d — — dy — — —)
gy M N VTwW3Z\2 |wy  wy W 37?2 bwy? 7 3y * 5wy

(120)

In this expression, it is evident that the following differentials need to be substituted
dpy, = —tr (AT KW + KD J, AR (dA, +dA)], ¢=1,...,6.  (121)

dw = —tr [A];llij]:lldAkl] s (122)
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dp = — (p1 tr [(Alzll‘]UKIg) + K]Sj) JZJA];l1>dAkl

ALK + KO T A D d Ay

AT KD + KD g A dA

( Y
tpstr [(A T ED + KO 7, A7 dA|

( D)

( D)

s tr | (At KL + K9 5 At d Ay,

(AT K + KT AR d AL )7 (123)
de = — <p1 tr | KA + o tr | KA + patr | KPdAW] + patr [ K aAy]
s tr | K dAw| + potr | KD A

6
#3tn [(AG K + KiP g Az ] ) (124)
q=1

Now, by following the steps for kinetic energy and overlap gradient, we can easily derive

the necessary derivatives for the potential energy

ij

R
Kl
(9R§$ RZ OSk
O(vech L)~ 8y d(vech Lp) T owveeh W)L 126
O(vech Ly) Sy O(vech Ly,) + S vech((Qu + Qi) L), (126)
8RZ Rg OS
Avoch I = S Blvech Iy T Sk vech )L 127
d(vech Ly) Sy d(vech L;) + 8w vech((Qu + Q) L), (127)
where
2 (1 PEEE B ) -
= —— |z |1+ ——| 4 A + | —— ——= | K
@ ﬁw3/2 (2{ +w27 w’y] gk Jij A T [5W’Y2 372} kl
1
3 {leﬁ) + Ky + ps KL+ puKY + ps KLY

6
1
5 _ _
oK) + D v A T KT + Klg(l])‘]ijAk;)} ~ 5y
q=1
X {pl(A,jJinﬁ) + K T A + pa(Agt K + K T Agh
oA T K+ K T AR + pa( A T K+ K T AL

o (At T KW + K9 T A + pe(Agt T K + Ky Jz’jAEzl)l ) . (128)

o8



case (xik Yy, \?Jiz %)

All of the final formulas for derivatives of the potential energy matrix elements remain

the same. However, matrices Ky and )y, as well as quantities x and v acquire a different

form:
K=71p1+ 7202, P = p1pP2,
Y=m% Ku= (71K1S) + 72K1g))a (129)
2 1 P K] g 4 P K 1 )
Qu = N (5 [1 + oy wfy} A Ji A + {W T3 K + 3y p1EG
2 1
1 _ _
+P2KIE;1) + Z%(Akzljinigz]) + Kl(c?)JijAkl1>:| ~ By
q=1

X [ﬂl(Akzl TiKS + KD T AR + pa(Agt K + K;S)JijAml)} ) - (130)
case (Iikxjk|yilyjl)
In this case, we have:

K = Y3p3 + VaP4, P = P3P4,

V=937, K= ('VSK]S) + 74K;$1)), (131)

2 1 p K _ _ p K
e e R s AN
On ﬁw?’”(?{ "oy wv} SR {50072 372] .

4
1 4 3 _ _ 1
3 {P3K,§l> +ouk) + > (A T K + K;i‘f)JijAml)}  Bwy
q=3

X {pz(AkzljinS) + K3 T A + pa( At K + KIE:?)JiJ'Akll):| ) - (132)
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8 Relativistic corrections

The nonrelativistic energy, even when computed using a thoroughly optimized and large
basis set, lacks the precision necessary for accurately determining the total and transi-
tion energies of atomic ground and excited states compared to experimental results. To
achieve a high level of agreement, calculations must include relativistic and quantum
electrodynamics (QED) effects. For instance, in the work of Morton et al. [86], which
presents theoretical and experimental findings on the bound stationary states of helium,
the notable level of agreement between theory and experiment in the calculations becomes
apparent when relativistic and quantum electrodynamics (QED) effects are included. An-
other example involves the case of a molecule, specifically calculations on the Hy molecule
[1, 87-89]. These calculations revealed the necessity of including dominant a-dependent
terms, relativistic corrections, and higher-order corrections for electronic and vibrational
transition energies.

Quantum Electrodynamics (QED) is a theoretical framework that examines the in-
teractions of quantum particles within an electromagnetic field. It provides a thorough
basis for studying the effects of relativity and QED in the bound states of atoms and
molecules. Nevertheless, achieving accurate calculations for even small atomic and molec-
ular systems with a few electrons proves challenging and computationally expensive on
present day computers. Additionally, the QED Dirac-Coulomb equation is correct only
for a single electron in a Coulombic field, leading to approximations when dealing with
systems containing more than one electron. An additional challenge arises due to the ab-
sence of a lower bound for the negative energy spectrum in the Dirac-Coulomb equation
[86].

Confronted with these challenges, efforts have been directed towards developing an
effective approach to including relativistic effects in light atomic and molecular systems
within the perturbation theory framework. The nonrelativistic Schrodinger equation
serves as the zero-order level in this approach. The perturbation Hamiltonian, repre-
senting relativistic effects, is derived based on the nonrelativistic QED theory [90, 91]. It
is worth noting that a perturbation approach for accounting for relativistic corrections can

also be constructed independently of nonrelativistic quantum electrodynamics, as demon-
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strated by Bethe and Salpeter [92]. Nowadays, it is possible to find quantum chemistry
packages routinely computing these relativistic corrections.
Relativistic corrections, proportional to powers of the fine structure constant «, are

systematically included in calculations using nonrelativistic quantum electrodynamics:
E(a) = Exg + & Eggr, + o Eqep + o' Euqep + - - - (133)

The leading terms include nonrelativistic energy Eng, relativistic correction o® Eggr,, and
the highest-order radiative correction a® Frgy,. Particularly, o Eggr, represents the leading
QED corrections and the fourth term, a* Fuqrp, represent the higher-order QED correc-
tions. Nonrelativistic QED along with corrections for nuclear structure and polarizability,
stands as the most precise theoretical formalism for computing bound state energies of
small atoms and molecules. In these calculations, relativistic corrections are determined
through expectation values of nonrelativistic QED operators with the nonrelativistic wave
function.

It should be noted that when using the infinite-nuclear-mass wave function (Born-
Oppenheimer approximation), it is also important to include the recoil effects resulting
from finite-nuclear-mass corrections to relativistic energy (Egrgr). However, alternative
approaches, such as those used by Stanke et al [19, 30, 32, 93-95|, transform relativistic
operators to an internal coordinate system, enabling automatic inclusion of recoil correc-
tions in the relativistic energy. This approach facilitates direct calculation of how isotopic
substitutions affect the relativistic energy (ERrgr), considering contributions from both
nuclear and electronic motions.

As mentioned before, the relativistic and QED corrections are computed as the ex-
pectation value of an effective operators that represent the computed term. For instance,
FErg is computed as the expectation value of the Dirac-Breit Hamiltonian (Hggr) in
the Pauli approximation [92, 96]. The Dirac—Breit Hamiltonian, in turn, contains opera-
tors that are commonly interpreted as the mass—velocity, Darwin, orbit—orbit, spin-orbit,
and spin-spin Hamiltonians [23|. Now, let us list the operators that are included in the

relativistic and QED corrections:

8T |~ @4, ~ qq
Hss == | D50 - (shs) 3 () + jzl o (8182) 8 (73) (134)
j>i
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ﬂ' n
5 ( ) QOQ'L 7’1 + Z Qquj Ti]) (135)
i=1 4,j= 1
JFi
S /164 14 7 1
Hqep = Z [(E + ghla) 0 (ri) — 6_7TP<E):|
ij=1 K
j>z‘

+Z (— —2Ina—In l<:0> 450 (), (136)

427
Huqep = 7q2 (— —2In 2) Z 5 (7). (137)

As mentioned earlier, the term Hqgp represents the leadmg QED correction, encompassing
effects such as two-photon exchange, vacuum polarization, and electron self-energy. The
first term in the sum is the Araki-Sucher term [97-101]. Subsequently, in the same sum,

we encounter the principal value P <7%), expressed as follows:

©J

<p(%)> ~ lim <%@ (ry—a) + 4 (v +Ina)§ (1)), (138)

where
e O(...) is the Heaviside step function,
e v =0.577215... is the Euler-Mascheroni constant.

In the third sum, In k¢ represents the Bethe logarithm, which is the dominant component
of the electron self-energy effect. Although accurately computing the Bethe logarithm
for atomic systems is highly challenging, it is established that the primary contribution
to this effect comes from inner shell electrons. Regarding the Huqrp operator in (137),
it is an approximate operator derived by Packucki and Komasa [102, 103], including
only the dominant electron-nucleus one-loop radiative correction. Other terms that are
excluded are two-loop radiative, electron-electron radiative, and higher order relativistic
corrections. Hence, to compute the higher order QED correction we can compute the
expectation value of the approximate operator in (137).

As observed, we omit the Hamiltonians for mass-velocity and orbit-orbit corrections

in the Dirac-Breit Hamiltonian (Hggw), as they do not involve the Dirac delta function.
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Since the matrix elements of the Dirac delta function are already derived in Section
(6.4), we will present the mathematical expressions for the mass-velocity and orbit-orbit
Hamiltonians, along with their corresponding matrix elements using basis functions (33),
in Sections 9 and 10, respectively.

A final remark regarding the relativistic operators that depend on the spin of particles,
such as spin-orbit and spin-spin corrections, should be mentioned. Expectation values
of these operators with the basis functions considered in this dissertation were recently
accomplished with outstanding master student Pavel Rzhevskii at the Physics department,
Nazarbayev University. Specific applications regarding the fine structure splittings with
spin-dependent relativistic operators will be published in scientific journals once well-

optimized basis functions are available.
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9 Matrix elements of mass-velocity

9.1 Mass-velocity Hamiltonian

The mass-velocity Hamiltonian, as mentioned in the previous section, is part of the Dirac-
Breit Hamiltonian (Hggr) in the Pauli approximation [92, 96|, and is proportional to the
sum of the fourth power of linear momenta. In the laboratory coordinate frame, the

mass-velocity Hamiltonian is written as

n

M= g3 0
MV — ] — m? .
The linear transformation of this expression to the internal coordinate frame is straight-
forward and is expressed as follows:

111 [ 1,
==Y v, = 1
Hare 8 [mg ( i=1 v Z) ! i=1 m} Vn} (139)

)

This transformation is not enough for computing its expectation values in the basis of ECG
functions considered in this dissertation. For ease of derivation of the matrix elements for
the expectation values of the mass-velocity Hamiltonian, we need to write the expression
in a matrix format. This can be done by introducing new 3n x 3n matrices J = J ® I3
and J;; = J; ® I3. Here, J is an n X n matrix consisting entirely of elements equal to 1,
whereas matrix J; is also an n x n matrix but has only a single nonzero element, which
is assigned a value of 1. By employing these matrix notations, we can easily transform

the expression in Eq. (139) into a matrix form:

n

Huy = —(VBo I V0)* = > (V05T V). (140)

=1

In this expression, we define new quantities 5y = 1/1/8m3 and 3; = 1/+/8m3.

9.2 Matrix elements

Before commencing the solution of the integral, for the sake of facilitating further analyt-

ical derivations, we first express the derivatives of the generating function ¢y:

V,«(pk = [—QAkT + UL + Bk’bk]@ka V;g@k = [—QT,Ak + Ozk’U;; + Bkb;g]@k (141)
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When employing the subsequent property of the nabla operator
(Prl (VX V) (V.Y V) |o) = (V. X V01 V.Y Vi), (142)
it becomes evident that we also require the derivatives outlined below.

XV,pop = [2XApr + o, X v, + 5, X by,

Similarly
V;YVT'SOZ = [—2tr[AlY] + 4(T/AIYAZ’I’) — 40(1(’UIIYAZ’I‘> — 451(b2YA[7‘)
"’OZZQ('UZY'UZ) + ﬁf(bEYbl) + QOqﬁl(’Ul,Ybl)]gol. (144)

Deriving the matrix elements for the expectation value of (V. XV, V.Y V,.p;) inte-
gral, require multiplying the equations (143) and (144) with each other one by one by
neglecting the a? and 32 terms. This is because theirs expectation values become zero
when we take the limit with respect to a’s and §’s and set them equal to zero. When we
multiply above two terms we will have 25 integrals with solutions written in the list for

each case separately (the next page). The appeared integrals are
4tr[ X Ag|tr[A Y] — 8tr[X AL (r A YA r) + 8atr[X A (viYA;r) + 86;tr[XAx] (W) YA r)

—dayfitr[ XA (v;Yw;) — 8(r' Ay XAr)tr[A Y] + 16(r' Ay XAxr) (r' A YA r)
—160y(r' AR XAir) (viYAr) — 166, (v Ay XAyr) (W, YAr) + 8y 5 (r' Ay XAr) (v Y W)
+8a (Vi XAr)tr[A Y] — 160 (v, XAgr) (' A YA r) + 1600y (Vi XAr) (v YAr)
+160. 51 (v, XAgr) (W, YA r) — 8y B (Vi XA.r)(viYW;) + 861 (Wi, XAxr)tr[AY]

— 168 (W), XAyr) (A YA ) + 168300 (W), X Ayr) (viYAr) + 1653 51(W), X Ayr) (W YA r)
—8Brau By (Wi XAr)(viYw;) — 4oy B (Vi Xwi)tr[A Y] + 8au Bk (v, Xwy ) (r' Ay YA r)

—8a By (Vi Xw) (ViYAr) — 8 Bk B (Vi Xwy ) (W) YA ) + 4oy Bray B (v, Xwy ) (viYw))
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In this lengthy equation and from below, it is assumed that the individual terms
(integrals) formally need to include bra and ket basis functions, with one on the left and

the other on the right. However, to minimize space, we will neglect this formal writing

of integrals, and this should be clear from the context. Below, “a” in the list corresponds

to the case (x; x; |x; x; ), while “b” and “c” corresponds to the cases (x;, v; |y;x; ) and
k' Ik 1“7 kJdIk 171

(@i, Yi,Y5,), respectively.
1. 4tI'[XAk]t1"[AlY]

(a) Ot AR XJtr[AY ] (1132 + Y37 + 95%6) = 36te[ApX]tr[AY ]S
(b) 9tr[ApX]6r[AY ] Erazmys = 36tr[Ap Xt AY]Sy

3n/2

( ) 9tr[AkX]tr[AlY] Ay |3/2’}/3"}/4 36t1"[AkX]tI'[AlY]Skl

2. —8tr[XAk]<I‘IAlYAlI')

o3n/2

(a) —24tr[A;X] ( r[Q]Sk + A2 [0171 + 0272 + 0373 4 0474 + 0575 + 06/76])

3n/2

(b) —24tr[AxX] (g’ tr[Q] Sk + AP [0171 + 0272])

dn/

(© 21040 (3 0lQ)Su + o + 00

3. +8altr[XAk](V§YAlr)

(a) 24tI‘[AkX] TFH [UkAkl AZYUl] + ’)/3[’UlYAlAkl bl] + V5 [b Akl AlYUl])

Yo [U;AkllAlel])

=
)
=~
-
=,
s
-
>
w
3
©
/\/\/\

V3 [UZYAIAI;lI bl]>

Y1 [b;gAkllAlel]>

(¢) 24tr[A,X]-~

=
[\]
NG
-+
=,
b
Bl
>
0«
3
™
S~ N 7 N 7 N

V3 [U;AIZII Alel]>
5. —40élﬁltl"[XAk] (V;YW;)
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3n/2 3n/2

(a) —12t1"[AkX]( Ybl)mvakllbk —12tr[AkX]( Ybl)2|A |3/2’}/3,
(b) O

3n/2

(c) —12tr[AkX](Ulez)2|A NEERES

6. —8(r'ARXA,r)tr[A;Y]

3n/2

(a) —24tr[AY]( 3tr [A)' P Skl—|—4|A NEE [o1m1 +0‘2’72+U3’73+0'4'74+U5’75+0'6'76})

3n/2

( —24t1" Al (% tI‘ Akl P Skl + A, ‘3/2 [0'1”)/1 + 0'2’}/2])

() —24tr[A)Y] (% tr [A,QIP} S+ % [0373 + 0474])
7. 16(¢r|(r' A X Agr)(r' A)Y Ayr)|é;). The result of this integral will be provided sep-
arately as its lengthy.

8. —160&1 (I',AkXAkI‘) (VEYAZI')

(a) —163tr [A, P] ;20 (72 [ AL ALY )] + s [v]Y AL AL D) + s [b;A,dlAlyv,])

4| Ap|3/2

7.‘.371/2

16W (72 [va];llpA];llAlel] + o0y [U;CA];ZIAZY’UI] n ‘74[UI/YA1A,;,1bZ]

‘|—’}/3 [’UZYAIAI;llPAI;llbl] + Og [b%AI;lIAlYUl] + V5 [b;AkllpAkllAlYUl])

(b) —163 tr [A;)' P] 4‘A3n|/32/2 (yz[vakl AIYUZ]> 1(54‘7?'/;/2 (72[ka4u PAG AY v+

Ul[UzAkllAlYUl])
() 163 tr [A'P] {5y (vg[v,YAzAk, bz]) — 1675w (@[v{YAlA,;llbl] n
’}/3[’Ul,YAlAkl1PAkllbl]>
9. —1661(I‘/AkXAkI‘)(WZYAlI‘)
4| A 372

(a) —16% tr[P] _min/2 (71 [b;cA,:llAlel] + 3 [U{AEIIAZYbl] + Y6 [U;CA,;llAlel])

7T3n/2
16377 (oA AV B 4 AT PAIAY b] £ ol A A

+’Yg [U;A];llpA;llAlel] + Y6 [U,;AgllpAI;llAlel] + o5 [U;CA]:IIAZYbl])
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3n/2 3n/2

(b) —16%u[P]W(yl[b;A,dlAIYb,]) — 1655 (o—z[b;AkllAlel] +
Y1 [b;CA;llpAI;llAlel]>

3n/2

(c) —16%tr[P]%(73[1)2,4,;[114,1/61]) — 1657 (04[U;A,;ll AYb]  +
V3 [’U;A,;ll PA]:ll Alel]>

10. —|—80élﬁl (I'/AkXAkI‘) (V;YWZ)

3n/2
2| A |3/2

(b) 0

3n/2
2| Ag|3/2

11. +8ay (v, XA.r)tr[A;Y]

3n/2

(a) 24tI‘[Al ]4\A 72 (’72 [UkXAkAkl Ul] + 74[UkXAkAkl bk] + VG[UkXAkAkl bl]>

3n/2

(b) 24tr[A[Y] W (’)/2 [UIQXAkAkllvl])

3n/2

12. —160ék (V;XA;J‘) (r’AlYAlr)

3

(a) —163 Q)75 (72 (03 X ArAig ] + a0, X A A b + [0, X AkAEzlbl])

7T3n/2

AT (72 [0 X LA QA o]+ 01 U X Ap Ay o] + 7 [l X A A QAL by
03[V X Ap A bi] + 76[vr X Ar AR QA bl + 05 [U;gXAkA;;llbl])

3n/2 3n/2

(b) —163 tr[Q]m<’yg[v;XAkA,;llvl]) — 1655 5= (Wg[v;XAkA,;llQA,;llvl] +
ol[v,’gXAkA,;llvl])

3n/2 3n/2

(© 163 ulQl 2 (b X AAT 0 ) — 1655 (X AT QA b+
03 [U,;XAkAkllbk]>
13. +16ozkozl (V;XAkI') (V;YAII')
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(a) 1657577

A, |3/2 (’}/2 [UIQXARAIQIA[YU[] + [U];XAkA,;llbk][UZYAlAI;llbl]

—f-[U;XAkA,;llbl] [b;A]:llAlYUl])

(b) 16-222

4| Ay, |3/2

(Ya[v} X AR At AY v))

() 16555

AP ([UZ;XAkA;sz] [bz,A,;llAlel])

14. +160 (v, XAr)(w;YAr)

(a) 1655

A, |3/2 ([UIQ,XA]CAMIU[][b%AkllAlel] + [U;XAkAI;llkaUZAI;llAZYbl]

+’}/6 [U;XAkA];llAlel]) s

(b) 16--2

4|A |3/2

([U;CXAkA]:llvl] [bzA];llAlel])

(c) 1672

4] Ay |3/2( 6[U2XAkAI;l1A[YbZ])

15. —Sakalﬁl (V;XAkI') (V;YWZ)

(8) =8 by) g (VX Ar A bi)
(b) 0
(c) =8(uYl) 2\A3n|/32/2 (UkXAkAkzlbk)

3n/2

3n/2

3n/2

A A 372 (74[%141@1 Aj ka])

17. — 16ﬁk (W;XA]CI') (I'/AIYAZI‘>

(c) 24tr[A)Y] 2
3n/2

() 163 QI (M X AR B+ 2l A AL+ 2l X A o]

7.(.371/2

“+03 ['U];A,;llAkka] -+ 0 [b;gXAkA};llvl] -+ Y5 [b;CXAkA;llQAI;llUl])
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3n/2

(b) 463@@]%<%[b;gXAkA,dlbl]) - 1655 (og[b;XAkAkllbl] +
»yl[b;XAkA,;llQA,;llle

3n/2 3n/2

(c) —163 tr[Q]W (74[U2A&1A§€ka]) - 164‘:1 e (74[@,’{14];[1@,4]&1,42)(@] +
Og[U,;AkllAkka]>
18. +165koy (Wi XAkr)(viYAr)

(a) 16 7.‘.371/2

Ay |3/2 ([’U;CA;ZlAlY’Ul][b;ﬁXAkA];llbl] + [’U;CA;llAkkaHUZYAlA;llbl]

+’75 [b%XAkAI;ll Alel])

3n/2

(b) 164|7;l 572 ([UZAkllAlY’Ul][b%XAkAkllbl])

3n/2

(c) 163557 (75[b;€XAkA,;llAlel])

3n/2
(a) 164|A |3/2

<’)/1 [b%XAkAI;llAlel] -+ [U;A,;ll Akka] [U;A];ll Alel]
+ [U;A,;llAlel] [b;cXAkAl;llbl])

(b) 164&%'/32/2 (’71 [b%XAkA];llAlel]>

3n/2
(C) 164|A |3/2

([U;AkllAlel] [b;gXAkAkllbl])

20. =8B (wiXAr)(viYwW))

(a) —8(0nY ) sars (vh A A X br)
(b) 0
(¢) —8(uYbr) yors (v Ay AL X by

21. —4C¥kﬂk (V;CXWk)tI‘[AlY]
3n/2

(a) —thl"[Al ](Uk:ka)Q‘A |3/2,y4
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22.

23.

24.

25.

(b) 0

3n/2

(C) _12tr[Al ](Uk:ka)Z‘A |3/2’y4

+8a Bk (Vi Xwy ) (' Ay YA r)

3n/2
2| Ay, |3/2

(a) 8(vpXbr) g 7

(b) 0

n/2
(C) S(Ukka) 2|A3 [372

—8a Brou (v, Xwy) (v YA r)

3n/2
Q\A |3/2

(a) S(Ukka) ( lIYAlAI:llbl)

3n/2

(©) 80X by gy (Y A AD)

—8C¥kﬂkﬁl (V;XWk) (W;YAlI‘)

3n/2

(a) —8(viXbe) 577 (v AR AiY br)

3n/2
2| Ay, |3/2

(C) S(Ukka) ( ;A};llAlel)

+40ékﬁk Oélﬁl (V;XW]C) (V;YWl)

(a) 4(v,Xbp)(v;Ylr) |A3n|22/2

(b) 0

3n/2

(¢) 4(vpXbe) ()Y br) 57

(%(U{A,;llbl)tr[A,;llAlYAl] —+ UZA];llAlYAlA];ll bl)

(%(U{A,;llbl)tl"[A;llAlYAl] + UZA];llAlYAlAI;ll bl)

The seventh integral (¢x|(r' Pr)(r'Qr)|¢;) is difficult and the solution is

L A(¢e|(r'Pr)(r'Qr)|¢1) =

(a)

6

71_371/2 3 3

=1

[Plo;7; + 00iy; + 002%} + <’71’72 + Y374+ 7576)

3 9
X (itr[QP} + —tr[Q]tr[P]) + (0109 + 0201 + 0304 + 0403 + 0506 + 0605))

4
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3n/2 2 3
4|Akl‘3/2 Zl [ tI‘ UZ% + Qtr[P]Oz% + o0y + ‘701%1

7T3n/2

3
+")/1")/2 (§tr QP + tr[@] [P]) + (010'2 + 020'1)>
- 3
P
4’Akl‘3/2 (Z |: tI’ 0172 + 2131"[ ]0171 + 007 + O'Oz’yz:|

1=

+7374 (étr[QP] + %tr[@]tr[P]) + (0304 + 0403))

Here the following set of notations are defined:

/I 2—1 / A—1 /I 4—1
M= UkAkl Vi, Y2 = bkAkz by, V3= UkAkl b,

I A-1 1 A—1 /r -1
Yo =V Ag b s = oAb e = DAy v

v =M% + 87+ 5%, tr [A AIM AL

tr[QP] = tr [A,;llQA;llP] , tr[P] =tr [A,QZIP} . tr[Q] = tr [A,;ZIQ] (145)

/I 4—1 —1 /I A—1 —1 /I A—1 —1

1 A—1 -1 /-1 -1 1 4—1 -1
04 = vakl PAkl bk, Oy = bk’Akl PAkl v, O¢g — vakl PAk:l bl,

’A—1p A-1 ’A—1 A—1
02 = U Ay QA v, 03 = v Ay QAL by,

I A—1 -1
o5 = i A QA v,

o1 = LA QA b,

04 = VA QA by, 05 = VR A QAL b, (146)

ooy = b, A PAL QAL by,
oo3 = VjA PASF QAL Y,
oos = b A PAL QA
oo = b A QAL PAL D,
oo3 = v, A QA PAL b,

o005 = b, A QA PA vy,

o0y = VA PAL QA v,
ooy = VA PAL QA by,
oog = v, A PA QAL b,
009 = U;A,;ZIQA,QIPA,QIUZ,
ooy = v A QAL PAL by,

00g = ’U];A];llQA];llpA;llbl

(147)

As observed, we have presented derivations for the matrix elements of the mass-
velocity Hamiltonian (140) with basis functions (33) for three cases: (z;.xj,|z;,2j,),

(@i, Y |Yi,z5,), and (5,25, |vi,yj,). Despite following the same procedure and leading to
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nearly identical final results, we presented three cases separately to be clear and avoid
any confusion.

This similarity also holds true when deriving the matrix elements of the orbit-orbit
Hamiltonian (148). Consequently, we choose not to articulate the matrix elements sep-
arately for each of the three cases. Instead, we present the final results for the other
two cases when deriving the matrix elements of some lengthy operators encountered in

orbit-orbit Hamiltonian.
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10 Matrix elements of Orbit-Orbit correction

10.1 Orbit-Orbit Hamiltonian

The matrix notation of the Orbit-Orbit interaction operator is
(dr [Hool ¢1) =

I~ o4

1 117
;V/Eiiv — (r'Ey) (V'En—> (EiV), (EiV),

i

)

1 = o qo4q; 1 ’ , A\ , 1 o
) ; ; Mo, <¢k TTZV E,;,V —(rE;)" |V Ewr—l (E;; V), (E:V), |60 ) +
L g 1, / AREEY
5 ; ; mym <¢k EV Ez]v + (’l" (EZ — Ejj)) v Eﬂa <E“V)o (Eij))\ (bl )

(148)

To streamline the calculation of the expectation value of Hpo, we employ the subsequent

generic integral for each of the three components present in the expectation value:

(o

iv%vw>—<m
Tg

(rK) (V’Di>0 (FV),(GV),

T'g

6 )= 2 9 0 0
"/ By 0y 8B, OB,

1 1\’
X [<90k T_V,BV‘ g01> — <90k (’I‘/K))\ <V/D7’_) (FV)U(GV))\ 301>] y
g g ag,1,8k,1=0
where
for the first sum: g = ’é, B = Eii7 K = Eu‘, D = En’, F = Eiia G = E“,
for the second sum g =1, B = E;, K =E;, D=FE; F=E; G=E;;

for the third sum: g = Z], B = Eija K = (El - Ej) s D = Eji7 F = Eiia G = E]]

j
Subsequently, the integrals present in the aforementioned matrix elements are reformu-
lated in relation to more fundamental integrals. Following this, the elemental integrals
are computed.
10.2 Matrix elements
First let us define some useful notations and derivatives [104]

Vior = Vi =0 0r,  Veagr = Vagr = Orgr. (149)
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where we have a gradient V,. = [0,,d,, 0] taken with respect to , which is the vector of

the coordinates .
Vo, = 0o = [<21" A + apv), + Bibl] on,
Vapr = Orpr, = [-2A57 + apvy + Bibi| s
(DV)oor = D)0sgr = [-2D Ay + oy Dy, + 5, Dby o0y,

(V'D)°¢), = D50 ¢), = [-27" A D + v}, D + Bb), D] oy

V;DV,.gak = [—2tr[AkD] + 4(']"/AkDAk’I") - 40ék(U;€DAk’I") — 46k(b§€DAk'r)

+ai (v, Dvy,) + Bi (b, Dby) + 204,81 (v), Dby oy (150)

N0y = VAV, = [— 2 (A +4(r A (Agr), — 20y, (1 Ay) (vy),,
—2B, (7' A)* (br), — 200, (vi)* (Arr), + o (v)* (i), + anBu(vr) (br),
—2Bk(bi) (Axr),, + Broe(bi) (1), + Bi (bi) (bk)g} Ok (151)

O0upr = VAV = | = 2(A0),, +4(A), (Air), — 20 (Air), (00,
—2B5 (Ar),, (br), — 200(vi)x (Arr), + i (Vr)x (Vr), + awBr(vi)x (br),
2 (Bu)s (Ar), + (B (00, + (B (b, | (152)
In the derivatives below, we will exclude the the terms that have quadratic \’s and

0’s because their expectation values become zero when we take the limit with respect to

N's and o’s and set them equal to zero:

00,0\ k
= 4 (AN (Arr), + 4 (Ap)g (Arr)y — 20k (Ap)) (Vi) — 28k (AR)S (br)o

—2a (Ar)], (vi)x = 28k (Ap)] (bi)x + 4 (Ax),, (17 Ay)" — 8 (Apr), (Ayr), (1 Ay)"
oy (Axr), (p), (' Ar) + 465 (Axr), (b)., (P A)’ + dag(vn)x (Agr), (' Ay)”
=208k (Vi) (br), (1" Ar)” + 46k (br)x (Axr), (1" A)” = 2Bran(bi)s (vi), (7' Ay)”
=20y, (vk)" (Ar)y, + 4o (v)" (Agr), (Air), — 2Bk (v1)” (Agr), (bi),
—2Bka, (vk)" (br)x (Arr), — 2685 (br)” (Ak) s, + 485 (br)” (Air), (Arr),

=20 (br)” (Agr) (Vk), — 2056k (br)” (Vi) x (AxT), | @k (153)
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10.3 Integral (¢;] V;]?V |P1)

First let us write the following

o 0 0 0
<¢’“ ¢l> Bok Do 9By aﬁl<

Using the following derivative we will have

V'BV

9

V’BV‘ gpl>

ag,1,0k,1=0

V;BVTQOZ = [—2tr[AlB] + 4<T/AZBA1’I") - 40él<’UZBAl’I") — 4Bl(b2BAl’l")
+ai(v)Bvy) + 37 (b)Bby) + 20,8 (v,Bb))] ;. (154)

After taking the derivative we will have

o 0 0 0
—V'BV
Do, Doy OBy OB <90’“ “pl> N
'A/BA 1
= —6tr[A;B] <¢k — ¢z> +4<¢k rAsar ¢z> —4<¢k — ¢z>
9 9 T'g (v—> A} Buy)
<¢k ¢l> + 2u;Bb, <¢k: ¢z> :
g (bl—>A;Bbl) g L=1,v;, Abg,

(155)

rXr
7‘1]

Integral <¢k

)

In order to compute this integral, we use the following relation for a symmetric matrix
X = X ® ]3 .

0
rXr=——exp[—ar'Xr]| . (156)
dav a=0

For simplicity of taking the derivatives of different terms, we can list the following deriva-

tives as an example for further analysis:

tr[A XA T3]

_ -1/2
Lo (A + aX) 7)) 72 = Ll

3. 2 (0l(Au + aX) L) P = UL
4. %Vlkl +aX|™32 = —%|Akz!_3/z tr[A,;llX],
5. gm trl(Aw + aX) o] = — tr[AG XA vv] = —xe,
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6. % tr[(Ag + aX) M (A + aX) oy
= —tr[A X AL T AL oy, + A T Ay XA o] = —xéa — Exe.

rXr

It is important to note that the integral <¢k ¢l> is identical to integral of Rfl

in (72). Therefore, we substitute the value Ay = Ay + aX everywhere for the matrix
elements in equation (72) and find the derivative. Before that, we need to define some set

of notations that will be used further

pér) = € + &
pé2) = péa + o
pés) = pés + s

=
=
=
— (1€s) = p&a + Epa
— (1&s) = nés + s
=

1ée) = pée + &

o — xp&r = pxér+ xpdr + xS+ péxa + Epxa + Exm
= Xt = px&a + Xpa + xEpa + pEX2 + Epxe + X
— Xp€s = px&s + Xp€s + xEps + pEXs + Epxs + Exps
= X184 = pux&a + Xp€a + XEpa + pEXa + Epxa + EX L
= X1&s = px&s + Xp&s + xEps + HEXs + Epxs + X
— Xt = px&e + XHe + XEte + HEX6 + E1xe T XL
o — = tr[A'Y AL wwy)]
— po = tr[AL' Y A o]
— p3 = tr[AL' Y A wg)]
— g = tr[AGY A wgvy ]
— s = tr[AL' Y A o]
— pe = tr[AL' Y A )]

e — Y= tr[A,:llXA,;llwlwfc]
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X2 = tr[AL X A o]

X3 = tr[A X A w))

x4 = tr[A X A gy

X5 = tr[A X A o]

Yo = tr[A X A )]

px1 = tr[AYY AL X A fwaw) ]

pxe = tr[ALYY AL X Aol

pixs = tr[Ag" Y AR X A ]

pxa = tr[ALY AL X A wgvy]

wxs = tr[AL' Y AL X AL o]

pxs = tr[AL' Y AL X AL wgy]

pér = tr[AGY AL A wwy)

pés = tr[AyY A A oy

pés = tr[AG Y A A )]

Py = tr[AG Y AN A vy

pés = tr[AY A €A oy

pée = tr[AL'Y A EA wy]

pxér = (ALY AL X AL T A waw))
pxés = tr[AYY AL X AL T At o]

pxés = tr[ALYY AN XA T At

pxés = tr[ALY AL X AL T A wg )]
pxés = tr[AL'Y AL X AG Ay vy

px&e = tr[AL'Y AL X AL T Ay wvy]

o tr[YXJ] = tr[A ' YA XA Jy], [ XY J] = [ XY J] + tr[Y X J],
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Now, using these notations we substitute the value Ay = Ay +aX everywhere for the
matrix elements in equation (72) and find the derivative for each three cases separately

as it is done below:

case (z;,;, |T;,2;)

wl/2 33/2

9 AR Fyie s 5% 1o+ Y202 + Ysps + Yapa + YsPs + Yol
da 2 |Akl + OéX|3/2

+

P1p2 + P3p4 + Pspe N
5wb/2

rXr

(o

)

@Bn-1)/2 [ /3 tr[ X J]
e I -1 TP P _u
¢l> PIMEE [(2 tr[A, X]) (o.;l/? 33/2 + 50.15/2) 5372

(v) | ()X J]  xepr + Xap2 + Xaps + X3Pa + XePs + X5pe + 7 (XE)

+ wl/2 2wWh/2 3w3/2
__,)m{)(J]_F;h(xﬁl)+—p1(x€2)%-p4(x§3)+—pstx§4)%-p6(xé5)+—p5(x§6)] (157)
2.7/2 5w5/2 .

In this case, we defined the following notations:

o Y& =vx1+ YaXx2 + VX3 + YaXa + V5X5 + V6 X6

® YU = Y11 + Yoo + Y33 + Yalta + Vsit5 + Ve lle,

® VP = "1pP1 T+ Y2pP2 + V3P3 + Yapa + V505 + V66,

Y(x€) = n(x&1) +r2(x&2) +13(xEs) + va(x&a) + v5(xEs) + Y6(XE6),

V(&) = 1 (p€r) + V2 (p€2) + v3(p€s) + va(péa) + v5(11€s) + Y6 (11&6),

o Y(ux) = 71(px1) + v2(exe) +y3(pxs) + valpxa) +vs5(uxs) + v6(1xe)-
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case (2, Yj, |vi,xj,)

w1/2 3w3/2

o b2 Y2 Pt ep2 | pip2
o 2 B Bl B
8042 ’Akl —FO./X‘?)/ ow

r'Xr LA N N W P
(o 72 = S | (3t 5% - s + £5%
_ettlXJ] (06) | (vp) tr[X ]
2w3/2 W1/2 2w5/2
Cxepitxape FA(E)  pipatr[XJ] | pa(X&) + pi(XEe) (158)
3w3/? 2w7/2 5wb/2 '
In this case, we defined the following notations:
o Y& =mX1+ 72X VH= Y1+ Y2pe,
° Yo =mp1+ 7202, Y(XE) = (X&) + 12 (X&),
o (u8) = 1 (p&1) +12(pé2),  v(kx) = 1 (px1) + v2(pxa)-
case (xikxjk‘yilyjl)
0 (/2 V874 J3psFapa | PsPa )
a2 | Ay + aX\?’/Q wl/2 3w3/2 5wb/2
r'Xr L VY AP Pspa
<¢’“C ri ¢l> - 2[ Ay |32 (5 tr[ A X]> /2 332 + 5.5/2
_asnattlXJ](06) | (vp) e X ]
9.3/ 12 905/
Cxaps +xspa 7 (XE)  pepatr[XJT] pa(X&) + o1 (XE) (159)
3w3/? 2w7/2 5wb/2 '

In this case, we defined the following notations:
® VX = V3X3 t VaX4, YK = V3H3 + Valla,
o 70 =3ps+ s, Y(XE) = 13(x€3) + 7a(X&a),

o Y(u€) = v3(1€s) +ya(péa),  v(x) = v3(pxs) + valpxa).
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(r'X7)(r'YT)

Integral <q§k

%)

As we did in the previous subsection, we just substitute the value Ay = Ay + aY

' Xr ¢z> and find the derivative. First,

Tl]

everywhere in the matrix elements of integral <¢k

we present the examples of useful derivatives below:
1. %‘Akl + OéYv|_3/2 = —%’Akl‘_?’ﬂ tI‘[A];;Y],
2. Ztr[(Ag + oY) 1 X] = — tr[A, VA X] = — tr[Y X],

9 1 _ 0 -1 —p/2 _ p tr[A'Y AL )
3. samrz = pa (tr[(Aw +aY) " Jj4]) = S AT,

where p is the odd integer.

4. 8%71 = a%tr[(Akl +aY) o] = —tr[A,;llYA,;llvw;C] = — o,
5. a2 = —fu,
6. %ILLQ = %tr[(Akl + OéY>_1J7;j(Akl + OCY)_I’UZ’U;C] = —tr[AI;ZIYA];;JUAI;ll'Ul’U;C +

A A Y A o] = —pée — Epa,

7.9, = _ _

C Fatt = —p& — Ep,

8. %Xz = %tr[(Akl + oY) X (A + oY)ty = —tr[AGY A X A, +
A XALY Aoy ] = —pxe — Xz,

9 94 = _ —

© g X1 = THX1 — XM,

10. Ztr[XJ] = Zt[(Ay + oY) ' X (A + oY)y = — ALY AL XA J; +
A XALY AL T = —tr[Y X J] — tr[ XY J],

11. %ng = %tr[(Akl =+ CVY)_IX(AM + OéY)_IJij(Akl =+ OéY)_IUlU;C] =
—tr[A Y A X AL T A o, + A X ALY AL T A o, -
AR XAG Ty AG'Y Aglowy] = —pxé€a — xpéa — xEpa,

12, Zxé = —px& — xpér — xEp.

Now, using the notations defined in 10.3, we substitute the value Ay = Ay + aY

r'Xr

everywhere for the results of integral <gbk gbl> in the previous subsection and find

the derivative for each three cases separately as it is done below:
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case (xikxjk‘xille)
9 pBn-1)/2
_8_a 2|Akl + OéY|3/2

3 -1 il P d
(5 tr[(Ag + aY) X]> <w1/2  3wd? + 5w5/2>

_0fXI] L (nxa o+ yexe +sxs £ yaxa X +exs) | AEr[X]
2w3/2 w1/2 2w5/2

et xape + nxé + néxa +exée +1edxe  pir[X ]
3w3/2 207/2

_ Xaps + x3pa + v3x&s £ 13€xs £ Yax€a + 7alxa
3w3/2

_ X6Ps + X5P6 + Y5xE + 15EX T YexEe + Vel Xe
3w3/2

p2(x§1 +Ex1) + pi(x€a +Ex2) | palx€s + Exs) + p3(X€a + Exa)

+ 5w5/2 + 5w5/2
+,06(X£5 + €x5§ ﬂ;/f;%(xfe o) | < b (r'Xr)(r'Yr) ¢l>
w Tz‘j
(r'Xr)

_ ;tr[A,;;Y] <¢k

7T(3n—1)/2 3 v vp P
¢l> CEE (‘ §tr[YX]) w2 3372 T 5005/2

rij

+§ tr[A*lX] ltr[YJ] . T _ltr[yj]( ) H2P1 + H1P2 + HapP3 + 3P4 + e Ps + 4506 + '7(/15)
2 kl 2 (Ww3/2 wl/2 9 (/2 3w3/2

2w7/2 5wb/2

tr[YJ]  pa(p€r) + pr(pa) + pa(pés) + pa(péa) + ps(piés) + P5(M§6))

3yte[XJ)te[YJ] (A& tr[YJ]  yptr[X J] + y(tr[ XY J])
- 4d/? 2uw3/2 2w3/?

_ M1 (X + HaXs T fsXa + HoXs F sXe () | 5(vp) [ X T] el ]
w1/2 4w7/2
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() ([ XY T]) 4+ tr[X ] (p2pr + papa + paps + papa + peps + psps + 7 (1E))
205/2

Y] (xep1 + Xap2 + Xaps + X3pa + XePs + Xspe +V(XE))
2w5/2

+ﬁ (m(um) +x2(k€1) + pa(pxa) + xa (1) + p2(X&1) + 11 (X&) + 1 (xpéy)

+’72(XM§2)) + ﬁ (ps(/m) + Xa(1€3) + papxs) + xa(péa)

11a(XE3) 4 p3(x8a) + 3 (xués) + 74(xu€4))

+3w—13/2 (ps(uX6) + X6 (1€5) + pe(1xs) + X5 (186) + 6 (XEs)

7tr[Y J)tr[ X J]p
40972

15 (x86) + 5 (x€s) + 76(><u€6)) -

+p(tr[XYJ]) + tr[ X J)(p1(p&2) + p2(u€r) + ps(p€a) + pa(pés) 4 ps(ués) + pe(és))
27/2

J;E{‘/Jz_] [p2(x€1) + pr(x&2) + Pa(x€s) + P3(XE4) + po(XEs) + ps(xEo)]

_ﬁ ((X&)(Nf?) + (x&2) (1r) + p2(xpén) + pl(xu§2)>

—Vls/z ((Xé“s)(ﬂ&) + (X&) (1€3) + pa(xpés) + p3(X/L§4))

o () + () + puCrne) + p5<xu£6>>] . (160)
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case (xikyjklyizle)
o ﬂ.(Snfl)/Q
0o 2|Ay + aY 32

wl/2 3w3/2 5b/2

3
<§ tr[(Akl + OCY)lX]> (7172 . Y1P1 + Y2pP2 n P1P2 )

_etrlXJ] L (exe ) | (e + yape) tr[X ]
203/2 wl/2 2005/2

Cxeptxap2 +nx€n + i + exée +elxe prpe tr[XJ]
3w3/2 207/2

= <¢k ¢z>
Tij
r3n—1)/2 3 Y2 pipe
¢l> 2| AP (_ 5tr[YX]> Wl/2 T 30,3/2 + 5.5/2

3 apanix (ltr[YJ] i LulYd] et e+ (1)

p2a(x&1 +Ex1) + pr(x€a + Exz) (r'Xr)(r'Yr)

50.15/2

+

(r'Xr)

7’1']'

- gtr[AkllY] <¢k

2 9w VT i T YT 3w3/2
+tr[YJ] _p2(p&a) + (&) \ 3z tr[ X J] tr[Y ] n (v§) tr[Y J]
2,72 P1P2 5wb/?2 4w5/2 2uw3/?

Lt X (XY D) pexa + mxe + () | 5(0p) X ] tr[Y J]
2w3/2 w1/2 4(.4)7/2

() ([ XYJ]) + te[X ] (popr + pp2 +y(1€)) Y J] (1 + xap2 +7(XE))

2w5/2 2w5/2

+ﬁ (m(um) +x2(1€1) + pa(pxa) + xa(p82) + k2 (X&) + (X&) + 71 (xpa)

+72(Xu£2)) T AL | ps XY )+ D8 + 105)
tr[YJ] 1
—I——2w7/2 [p2(x&1) + p1(x&a)] — ] ((X&)(M@) + (X&) (u&r) + po(xpéy) + Pl(XM§2)>] '

(161)
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case (xikxjk‘yilyjz)
o ﬂ.(Snfl)/Q
0o 2|Ay + aY 32

wl/2 3w3/2 5b/2

3
<§ tr[(Akl + aY)lX]> (7374 3P + Yapa 4 P304 )

_ o trlX U] (axa +ysxs) | (sps + vapa) tr[X ]
203/2 wl/2 2005/2

 Xap3 + xapa+ 13xEs + 1360 + X+ aéxa papatr[X ]
3w3/2 207/2

+ﬂ4(X§3 + §X3§ +5//2)3(Xf4 + &xa) N <¢k (r'Xr)(r'Yr) ¢z>
w Tij
(r'Xr)

- gtr[AkllY] <¢k

g Br=1)/2 3 VY WP P3pa
¢l> 2| AP (_ 5tr[YX]> Wl/2 T 30,3/2 + 5.5/2

_|_§ tr[AI;llX] (ltr[YJ] e ltr[YJ] (p) + paps + pgpa + y(pé)

7’1']'

2 9 w2 BT i T YT 3w3/2
+tr[YJ] _ pa(pés) + p3(p€a) | 3y3va tr[ X J] e[V J] n (v§) tr[Y J]
272 P3P 5wb/?2 4w5/2 2uw3/?

Lt X 4 (XY D) paxs + paxa () | 5(00p) X ] tr[Y ]
2w3/2 w1/2 4(.4)7/2

() (W[ XY T]) 4 te[ X ) (paps + papa +v(pf))  tr[Y T)(xaps + xapa +7(XE))

2w5/2 2w5/2

i () X0) + i)+ xa(44) + a8 + 1a(164) + (o)

+74<XM£4)) B 7tr[YJi£2[/é(J]P3P4 n p3pa(tr[ XY J)) + tréi(?{l(ps(u&) + palpss))
tr[Y J] 1
+ SRE [p4(X&3) + p3(X&a)] — 52 ((XfS)(H@) + (x&a) (p€s3) + pa(xnés) + pg(X,u&))] ,

(162)
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(rK)" <V’D%)ﬁ (FV)5(GV),

)

K (V'Di)ﬁ (FV)5(GV),

T'g

10.4 Integral <¢k

o

Oay, Oay OB, 0

)

(K (V'Di)ﬁ (FV)5(GV),

T'g

- (163)

ag,1,Bk,1=0

)

we rewrite this integral in the following way:

(' K)’ (V’D})B (FV),(GV),

g

(n

sol> —~ [ (VDY K (V)G ).

g

The integral can be split into three terms:

_ / drri(V’D)B{wk(T/K)A(FV)B(GV)ASDI}

g

= — /dr%{(V’D)ﬁgok}(r'KGV)(FV)ggol = first term

9

— /dr%gpk{(V’D)ﬁ(r’K)’\}(FV)g(GV),\gpl = second term

g
1

— /drr—gok(T’K)A{(V'D)B(FV)B(GV))\@} = third term
g

Term 1: fdr%{(V’D)ﬁgok}(r’KGV)(FV)BQDZ
{(V'D)’ o} (' KGV)(FV) g0, = { D001 }[(r' KG) F§0,0,1]
— Dg[—Qr’Ak + ), + ﬁkbﬂﬁpk(r'KG)AFg

—2(Ay),, +4(Air), (Ar), — 2c; (Arr)y (v1), — 261 (Air),, (br),,

—2c(v)a (Air), + aBy(vi)a (b),, = 26:(bi)x (Aur) , + Brou(bi)s (v1),, | @1

1. (’I'/KG)AF[?[ -2 (AZ)AP}DB[—Q(T,A]C>’Y] = 4(T,KGA1F,D,AkT),

~

2. (MKG)\F} [4(Ar), (Alr)p}Dﬁ[—Q(r’Ak)ﬂ = —8(r"KGA;r)(rAyDFAr),

v

3. ('I"IKG))‘F;[ — 20&1 (Al’r))\ (’Ul)p } DB[—Q(’I"IAk)’Y] = 4QZ(TIKGAZT)(TIAkDFUl),

Y
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

(" KGYFL[ — 26, (Air), (b)), | DY[~2(r' Ay)] = 46,(r KGAr)(r' A DFb),

('I"IKG))‘F;[ — 2011(1)[))\ (Al’l")p } D”B[—Q('I"/Ak)’y] = 401!('I°/KG’lJl)(’I"/AkDFAlT'),

v

(’I"/KG)/\FE [Oélﬁl<'l)l))\ (bl)p ] Dg[—Q(T‘/Ak)’Y] = —20élﬁl<T/KG’Ul>(T'/AkDFbl),
(’I"/KG)/\FE)[ — 2ﬁl(bl))\ (Al’r')p ] Dﬁ[—2<T/Ak)7] = 451(T,KGbl)(TIAkDFAlT'),

~

(’I'/KG)AF; [ﬁl&la)l)/\ (’Ul)p ] Dg[—Q(’I‘,Ak)’Y] = —2Cwﬁl('I‘/KGbl)(’l",AkDF’Ul),

. (WKG)\F;[ - 2(A)),, | D?[ay(v})"] = —204(r' KGAF'D'vy),

(rKG) F{[4(Ar), (Air), | DS [ag(v})] = da(r' KGAr) (v, DF Ar),

(" KG) F5[ — 2 (Arr), (v), | D2 [ (v},)"] = —2c,0(r' KG A7) (v, DF ),
(" KG)F}[ - 26 (Air), (b)), | D2 lay(v})] = —2a, (" KGAr) (v, DFby),
(" KGF}[ — 20)(v)x (A7), | DZ [ (v},)7] = —20p,00(r' K Gy) (v, DF Ayr),
(" KG)F} [aufy(v)x (br), ] D (v,)] = aeufii(r' K Goy) (v, DFby),

(r' KG)\Fj[ — 26,(by)x (Arr), | DE [0 (v,)] = —204,5,(r' K Gby) (v, DF Ar),
(r' KG)\Ff [Biou(bi)s (vr), | DY on(v,)"] = axaufy(r' KGby) (v, DFwy),
(rKG)\F[ - 2(Ay),, | DS[Bu(b,)] = =25 (r KG A, F' D'by),
(r"KG)\Fy[4(Ar), (Ar), | D2[B(b},)"] = 4Bu(r' KGAr) (b, DF Ar),

(M KG)\F}[ — 200 (Ar), (1), | DZ[Bi(b})] = —2Brou(r' KGAr) (b, DFv),
(F"KG)\FF[ — 28, (Air), (br), | DS [Bi(b})"] = —2B:6:(r" K G Air) (b}, DFby),
(" KG) F§[ — 2a(w)s (Air), | D2 [Bu(b})"] = —2B0u(r' K Gy) (b, DF Ayr),
(r" KG)\Ff [anfy(vi)x (br),, | DY [Bi(b)] = Broufi(r' K Gor) (b, DFby),
(r"KG)\Ff [ — 26,(bi)x (Air), | DY[Br(B,)] = —26:5(r' KGby) (b} DF Ayr),

(T‘/KG))\FE\) [ + Blala)l))\ (vl)p ] Dg[ﬁk(bk)w] = Bkalﬁl (’I'/KGbl)a);cDFvl),
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Term 2: [ drigpk{(V’D)B(r’K)’\}(FV)g(GV),\QDz
We note that
{(V'D)(r'K)*}(FV)5(GV)xp = (DFV),(KGV) ¢ = (VG'K'DFV)y.
Hence the expression is analogous to (154): V.. BV ,.¢;, hence we can use that result.
Term 3: [ dr -1 (r' K)M(V'D)?(FV)5(GV) o1}
First we make few simple transformations:
(FK)M(V'D)(FV)5(GV)pi} = (" KG)(DF),0°950\01.

We will use this result (153) and list the resulted integrals below for easier computer

implementation:

1. ("KG)DF)’[4(A), (Ar),] = A KGADF Arr),

2. ("KG)(DF)2[4(A); (Arr),] = 12tx[A,DF|(r' KGAr),

3. (' KG)(DF)?[=20, (A))!, (v)5] = —20,(r KGA,DFv)),

4. (MKGDF)?[~28 (A, (b)s] = —28,(r KGA,DFb),

5. (K G)NDF)![~2a; (A))!, ()] = —6ay tr[A,DF)(r' K Gu)),

6. (K G)NDF)?[~26 (A) (b))] = —66 tr[A,DF](r' K Gb),

7. (PKG)NDF)[4(A),, (r'A)’| = 4 KGAF'D Ar),

8. (MKG)DF)![-8(Ar), (Ar), (" A)") = —8(r KGAr)(r ADF Arr),

9. (K G)NDF) 4oy (Arr), (v), (r' A))’) = 4oy (r' KG Air)(r' ADF ),
10. (r'KG)N(DF)3[45, (Arr), (b) ; (7" A)] = 45,(r' KG Air)(r' ALDFb),
11. (PKG)NDF)2[4ai(v)x (Ar), (' A)’) = 4ay(r' K Goy) (' ALDDF Arr),

12. (" KG) (DF)j[=2a,8(vi)x (br) 5 (' A)°] = —2cu3(r' K Gvy) (1" A, DFby),
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

(" KG)(DF)2[46,(b)x (Air) , (7' A))"] = 46,(r KGb)) (' ALDF Arr),

(r' KG)N(DF)?[=2Bia4(by) (v1) ; (' A)”] = —20,6,(r' KGby)(r' A D),
(" KG)(DF)[—2a; ()’ (Ai),5] = —2cu(r' KGA(DF)'v),

(" KG)(DF)?[4c (v)" (Arr), (Air) ] = du(r KGAT) (v[DF Ar),

(" KG(DF)}[—28c1 (v)” (Air), (b)) = —20,8,( KGAm)(v,DFby),
(" KG(DF)}[~280 (v)” (b)x (Air) ) = —2B104(r' KGy) (0] DF Arr),
(M KG)MDF);[-26, (bi)" (A1) 5] = —261(r' KGA(DF)'by),

(" KG)(DF)[46, (b)" (Air), (Air) ] = 46" KGAr)(b,DF Arr),

(" KG(DF)P[—2,6, (b))’ (Arr), (v) ] = —20,8,( KGAm)(bDF ),

(’I'/KG)A(DF)g[—2CKZﬂl (bl)p (’Ul))\ (Alr)ﬁ] = —2610&1(7"KG’U;)(1)2DFA17").
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11 Code flowchart and basis set generation

11.1 Code flowchart

The process of generating highly accurate wave functions for quantum mechanical sys-
tems in the explicitly correlated Gaussian basis functions involves the application of the
Rayleigh-Ritz variational method and minimizing the energy functional (13). The struc-
ture of the program that performs such large scale-quantum mechanical calculations is
illustrated in Figure 1 and is designed for non-Born-Oppenheimer (non-BO) calculations.
However, it is noteworthy that the same program framework can be adapted for BO cal-
culations with minor adjustments in the input file (by changing the mass of the heaviest
particle in the system of interest to infinity). The differences between BO and non-BO

calculations are described in section 4.
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Figure 1: Code Flowchart

The program is called “ECG” and is written in FORTRAN 90 code. It begins by
reading input parameters through a “root” process from an input file “inout.txt”. These
parameters may include masses, charges, symmetry as well as the state of the system
(“Which Eigenvalue”) under consideration. Subsequently, the program broadcasts these
parameters (using “MPI BCAST”) from the “root” process to all available “slave” processes,
depending on the number of processors in the computer or cluster.

The program then proceeds to convert particle masses into the pseudoparticle reduced
mass matrix (23) in the internal Hamiltonian (22), properly stores charges, and constructs
permutation operators from the symmetry projector described in section 4. To account for
potential restarts due to computer constraints or failures, the current trial wave function

expansion (if available and provided in the input file) is saved in the input file.
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This initialization process, described in above paragraphs alone, comprises up to
10,000 lines of code, highlighting the complexity of the program. By now it is evident
that all expressions derived in this dissertation, including the matrix elements for the
expectation values of orbit-orbit and mass velocity Hamiltonians, have been implemented
in the parallelized FORTRAN 90. The parallelization of the code is achieved through the
Message Passing Interface (MPI) library. It offers a straightforward yet highly effective
approach for parallelizing calculations. Moreover, MPI software is accessible across all
major hardware platforms, facilitating seamless migration of code from one computer
system to another with minimal or no need for modification. Due to the large scope of
the program, only a brief description is provided here, omitting the detailed steps that
involve MPI commands.

After system initialization, the program reads the basis set, and Hamiltonian and
overlap matrices are computed. Subsequently, the secular equation (13) is solved to de-
rive linear expansion coefficients. Following the processing of all provided data in the
input file, the main body of the program, called the Basis Building and Optimization
Program (BBOP), initiates. BBOP, as its name suggests, is responsible for the process
of constructing and optimizing the basis set, which demands considerable computational
resources, as highlighted in red in the code flowchart, especially when dealing with large
systems containing many particles and a substantial number of permutation operators in
the Young symmetry projector (40). Despite its name, BBOP may also include direc-
tives for calculating single-point expectation values (“compute expectation values”) and

conducting several types of basis set optimization

11.2 Optimization of the Gaussian parameters

The “optimization program” constitutes the most time-consuming body of the program,
providing users with the flexibility to choose from various optimization regimes, each
presenting its own set of advantages and drawbacks. One optimization regime is known
as the “full optimization”, which proves highly effective when the analytical gradient of the
energy with respect to the parameters is available. This method demonstrates efficiency,
especially when optimizing relatively small basis sets. However, its cost tends to become

prohibitively high as the number of basis functions exceeds a few hundred, particularly for
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larger systems like boron and carbon atoms. Therefore, in practical terms, it is generally
preferable to employ this option for optimizing basis sets that do not exceed a few hundred
functions.

The commonly favored approach involves optimizing a single function at a time and
executing multiple optimization cycles within a provided basis set. Generally, users can
designate any subset of parameters for optimization. This time consuming optimization
program involves the computation of Hamiltonian and overlap matrix elements, as well
as the solution of the generalized eigenvalue problem (13). The former consumes a larger
proportion of total time for systems with many particles, especially in scenarios involv-
ing identical particles (e.g. carbon atom). Conversely, the latter dominates computation
time for smaller systems such as helium and lithium atoms. The solution of the eigenvalue
problem takes also a large amount of total time for systems with large basis functions in-
dependent of weather we consider small or large systems. It is worth noting that both
tasks require many times of repeated execution to achieve highly converged energy eigen-
values, particularly when employing large basis sets, which can use millions of iterations.
The primary reason for this repetition lies in optimizing the nonlinear variational param-
eters of the basis functions, highlighting the importance of meticulous organizations of
the codes for efficient calculations.

On the other hand, the computation of expectation values, although requiring com-
putational resources, is typically less time-consuming compared to wave function genera-
tion, constituting a “single-point” calculation. Essentially, the computation of expectation
values, such as interparticle distances (e.g., Tables 3 and 4), correlation functions, and
relativistic corrections (e.g., Tables 6 and 5), occurs only once utilizing the highest-quality
wave function provided as an input file. This case is applicable when the “Main Body” of
the program directly calls the (“compute expectation values”) option, as illustrated in the
code flowchart. Usually, single-point expectation value calculations are repeated multiple
times with different sizes of the wave functions if convergence patterns of the expectation
values are required, as illustrated in Tables 4 through 5.

Now, we will discuss the optimization technique for the wave function generation in
a bit more detail. The basis set optimization and basis set generation for all the sys-

tems considered in this dissertation follows a strategy used in previous research works
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on ECGs, demonstrating its robustness. The process starts by randomly selecting the
nonlinear parameters of one or a few Gaussians, represented by the elements of matrix
Li. Subsequently, optimization begins using an approach employing the analytic energy
gradient. Additional basis functions are sequentially included, initially by randomly as-
signing their nonlinear parameters. The best-performing candidate, determined by the
most substantial energy minimization, undergoes further optimization through the ana-
lytic energy gradient. During the random selection procedure, nonlinear parameters are
sampled from a distribution based on those of existing ECGs in the basis. Typically,
several hundred random basis function candidates are assessed before identifying the op-
timal one. After introducing a set number of new functions, a tuning cycle takes place,
adjusting the parameters of all basis functions individually. Here, the optimal number of
the set of new functions that needs to be added to the basis set typically ranges from 5 to
100. This is an input parameter that must be chosen through separate test calculations
before initiating the BBOP program. The rough optimal value for this input parameter
depends on the size of the system (i.e., the number of particles) and increases as the
number of particles in the system increases.

One example of obtaining the optimal value for the number of basis function incre-
ment is illustrated in Figure 2, where the nonrelativistic energy versus calculation time
for different basis size increments is plotted. To generate this figure, we performed several
test calculations for the lowest doublet D state of the boron atom. As observed in the
figure, the “rough” optimal value for the basis size increment falls within the range of 50

to 1500, as these basis increments minimize the energy with the fastest rate.
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Figure 2: Nonrelaativistic energy vs calculation time for different basis increment for the lowest 2D state of
boron atom. The initial basis size is 1000 functions. The final basis size is in the range of [1300-7900].

Optimizing one function at a time results in significant computational savings, elim-
inating the need to recalculate all matrix elements and solve the generalized eigenvalue
problem from scratch. Upon completing the optimization cycle, the process repeats,
adding new set of functions and initiating a new optimization cycle. This controlled
growth continues until the basis size reaches a predetermined value. Throughout this
gradual expansion and optimization of the ECG basis, checks for potential linear depen-
dencies among basis functions are performed to maintain numerical stability. If, at any
point, it is identified that a new function candidate or modification of an existing ba-
sis function introduces significant linear dependencies (exceeding a predefined threshold),
such additions or modifications are discarded. Work [23] provides a detailed description
of the optimization of Gaussian nonlinear parameters.

It is worth noting that in addition to the L, parameters, each Gaussian basis func-
tions used in this dissertation (33) contains two integer parameters, i; and ji, which
can undergo optimization. Although optimizing these parameters usually leads to only
marginal improvements in energy minimization, such optimization remains crucial, par-
ticularly when aiming for highly accurate energy calculations. In the present work, we
perform separate optimizations for each of these parameters, and this optimization process

is carried out only once for each function after its selection in the basis set.
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11.3 Comparison of two schemes

The validation process for the FORTRAN code for each matrix element derived in this
dissertation, along with auxiliary functions and subroutines, involved a meticulous com-
parison against the numerical output produced by the MATHEMATICA symbolic algebra
package. To validate the expressions for the matrix elements of the analytic gradient with
respect to the Gaussian nonlinear parameters, we employed a five-point finite difference
gradient. The correctness of the method was verified in our recent article [79]. Addition-
ally, in this article we presented a table comparing the CPU timings spent on evaluating
the matrix elements of the Hamiltonian and overlap with and without the gradient, us-
ing both new and old schemes. Below, in Table 1, we again include that table for the
completeness of the dissertation.

Table 1:  The calculation CPU time (in seconds) for evaluating matrix elements of

the Hamiltonian+overlap (Gradient=no) and Hamiltonian+overlap+gradient (Gradi-
ent=yes) using two different schemes is provided. The number of iterations is 108.

L=1 L=2

System Gradient New Old Ratio New Old Ratio
Li yes 96.06 5202 54.15 97.02 8184 84.35
no 11.39 511 44.86 16.25 820 50.46

Be yes 305.20 15062 49.35 310.20 25781 83.11
no 24.50 945 38.57 30.00 1462 48.73

B yes 620.62 43610 70.27 628.75 65984 104.94
no 41.36 1820 44.00 60.33 2524 41.83

C yes 1062.60 120297 113.21 1081.70 154922 143.22
no 71.94 3023 42.02 82.05 3733 45.50

As we can observe from the table, the new scheme explored in this dissertation yields
an improvement of approximately two orders of magnitude compared to the previous
scheme that represents basis functions as ¥ Wyr exp [—r' Axr| [105]. It is noteworthy to
mention that this speed-up of the matrix element calculation improves as the number
of particles increases. For instance, for the D state (L = 2) of the carbon atom, the
ratio of the old and the new schemes is 143 when the analytic gradient matrix elements

are included, while excluding the analytic energy gradient results in a 45-fold increase in
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speed. On the other hand, these values for the case of the boron atom D state are 104.94
and 41.83, respectively. The higher ratio in gradient included cases can be attributed to
the complexity of the expressions for the analytic gradient matrix element derived with

basis functions in the form of ¥ Wyr exp [—r' Axr].
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12 Applications

12.1 Expectation values of operators

The expectation value of an operator corresponds to the average outcome obtained from
measuring the particular observable on an ensemble of identically prepared quantum
states. This concept is pivotal in bridging the abstract formalism of quantum theory
with measurable and interpretable physical quantities, offering a crucial link between the
theoretical framework and experimental observations. Therefore, expectation values serve
as a key tool for predicting and interpreting the behavior of quantum systems, providing
insights into the probabilistic nature inherent in the quantum systems.

As previously discussed in Section 11.2, calculating expectation values of the op-
erators, which involve interparticle distances, correlation functions, and relativistic cor-
rections, typically demands computational resources. However, it is relatively less time-
consuming and involves a straightforward “single-poin” calculation. This process is carried
out once using the highest-quality wave function provided as an input file. To check the
correctness of the mathematical expressions derived for the matrix elements of the con-
sidered operators in this dissertation, we perform a convergence analysis of expectation
values. This is achieved by conducting these single-point calculations multiple times,
varying the basis function sizes, as demonstrated in Tables 4 through 5.

We initiated the numerical verification of the formulas for expectation values, focusing
first on interparticle distances. To accomplish this, we generated up to 3000 basis functions
for the ground 2D state of a Li atom using the suitable basis function (30). This process
is illustrated in Table 2, where we present the convergence of total nonrelativistic energies
versus the basis size. We observe that almost 10 digits have converged, and the comparison
with the benchmark result obtained with Hylleraas-type functions [106] further confirms
the reliability of our basis generations.

After having well optimized basis functions, we can compute the expectation values
of interparticle distances. Tables 3 and 4 presents the results, showcasing the convergence
of these values.

As the basis size grows from 500 to 3235, the expectation values for 1/r;, 1/r;;,

2

iy Tijy 1/r2, 1 /r?j, r;, and T?j exhibit almost the same convergence trend as the total
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Table 2: Convergence of the total nonrelativistic energies (in a.u.) of the lithium atom in
the lowest 2D state with the number of ECG basis functions.

Basis size 1s%3d (*D)
*Li 1000 —7.335523 501 56
1500 —7.335523 53512
2000 —7.335523 54022
2500 —7.335523541 79
3000 —7.335523 54261
"Li 3000 —7.334927 30561

Hylleraas-type basis [106]
*Li 32760 —7.335523 543 524 685

Table 3: The expectation values of various interparticle distances for a fixed nucleus of Li
atom in 2D state

Basis size 1/r; 1/ri; T Tij
500 1.8290327697  0.59674991880  3.876384976  7.28847046
1000 1.8290329704  0.59674993524  3.876409032  7.28852023
1500 1.8290329917 0.59674995170  3.876407843  7.28851815
2380 1.8290329918  0.59674994776  3.876408129  7.28851893
3235 1.8290329924  0.59674994789  3.876408129  7.28851895

907[107]  1.829033 0.596750 3.87641 7.28852

nonrelativistic energy. We observe that the number of converged digits for the expectation
values falls within the range of 8-10 digits. Furthermore, the agreement between the values
obtained for the largest basis size (3235) and the literature values from Strasburger et al.
[107], who used Gaussian lobe functions, demonstrates the correctness of the formulas for
the expectation values of interparticle distances (Equations 85, 87, and 89).

The matrix elements of these operators are derived from the matrix elements of the
Dirac delta function (84, 86, 88). The good agreement of the interparticle distances
with the literature values confirms the correctness of the expressions (84, 86, 88) for the
Dirac delta function—a crucial quantity encountered in relativistic effect computations.
However, since the Dirac delta function is a singular operator [15, 23]—localized in coor-
dinate space—the convergence of its expectation values is approximately two times worse

than nonsingular operators, such as total nonrelativistic energy and interparticle distances
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Table 4: The expectation values of various interparticle distances for a fixed nucleus of Li
atom in 2D state

Basis size 1/r? 1/r3; r2 % P(1/r;)
500 9.95647739 1.370656766 42.1761489 84.377990  0.04441
1000 9.95649201 1.370653008 42.1774696 84.380656  0.05611
1500 9.95649266 1.370652837 42.1774321 84.380590  0.05890
2380 9.95649278  1.370652799 42.1774436  84.380620  0.05972

3235 9.95649281 1.370652785 42.1774442 84.380621  0.06054

907[107] 42177 84.3805

reported above. This difference is illustrated in Tables 5 and 6, where we verify the cor-
rectness of the mathematical expressions derived for the matrix elements of operators
encountered in leading relativistic corrections. In addition to the Dirac delta function,
another singular term encountered in relativistic computations is the Mass-Velocity oper-
ator discussed in Section 9. The number of converged digits for its expectation values is
also two times fewer than the nonrelativistic energy values (Table 6), which is, of course,

an expected behavior.

Table 5: The expectation values of nonrelativistic energy and relativistic correction oper-
ators for fixed nucleus of Li atom in 2D state

Basis size Enr 0(rq) 3(rij) MV 0]0)
500 -7.3355227732  4.562953 0.1774807 -77.571760 -0.426939
1000 -7.3355235016 4.566500 0.1773350 -77.622550 -0.427653
1500 -7.3355235351 4.567150 0.1773061 -77.632002 -0.427753
2380 -7.3355235412  4.567357 0.1772982 -77.634936 -0.427470
3235 -7.3355235428 4.567438 0.1772910 -77.636605 -0.427122

6000[76]  -7.3355235430 4.567277 0.1769848 -77.635961 -0.427815
907[107]  -7.335523 5250

There are several techniques to improve the convergence of the expectation values of
singular operators. These include the expectation value identity of Drachman [108], inte-
gral transform [109], the Hiller-Sucher-Feinberg (HSF) approach [110], and basis functions
with linear prefactors [111] that can enhance the description of the cusp region. In our

previous works [9, 15], for the simple Gaussian in Eq. (24) (function exp [—7' (4; ® I) 7])
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and for

zi, exp [—r' (A @ 1) 7], (164)

we implemented Drachman’s approach [108|. In this method, a singular operator can be
replaced by a global non-singular operator, ensuring that its expectation value with the
exact wave function matches that of the corresponding singular operator. In my master’s
thesis [112], we successfully implemented this approach for the basis function in (164)
necessary for quantum systems with a single p electron and for angular momentum state
L = 1. Extending this method to the basis functions considered in this dissertation
requires significantly more work, as the functions in this thesis are more challenging to
work with. Hence, this project is one of the future research directions.

As we can observe from Table 5, the number of converged digits for the Orbit-
Orbit operator is the same as singular operators despite being the nonsingular operator.
This means that there may be potential bugs in the codes for the analytical expressions
derived for them in Section 10. As observed, there are hundreds of integrals and terms
that need to be summed properly, requiring careful analysis. Therefore, rechecking all
the lengthy and cumbersome analytical expressions for the expectation values of Orbit-
Orbit operator needs to be performed multiple times, and the codes implemented for
them need to be debugged to search for potential bugs. This is also one of the projects
that need to be accomplished. A final remark regarding the relativistic operators that
depend on the spin of particles, such as Spin-Orbit and Spin-Spin corrections, should
be mentioned. Expectation values of these operators with the basis functions considered
in this dissertation were recently accomplished with outstanding master student Pavel
Rzhevskii at the Physics department. Specific applications regarding the fine structure
splittings with spin-dependent relativistic operators will be published in scientific journals
once well-optimized basis functions are available. It is worth noting that the project of
spin-dependent relativistic operators with the functions (24) and (164) was accomplished
by distinguished researcher and previous postdoctoral scholar at the Physics department,

Dmitry Tumakov.
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Table 6: The expectation values of nonrelativistic energy and some operators for *Be
atom in 2D state.

Basis Eyy 5(r;) 5(rij) MV P(1/r;)
2000 -14.40735012 8.632429 0.255743 -263.5366 -1.16845
3000 -14.40735101 8.633125 0.255690 -263.5508 -1.16452
4000 -14.40735122 8.634206 0.255645 -263.5790 -1.16060
5000 -14.40735130 8.634697 0.255622 -263.5913 -1.15842
6000 -14.40735132 8.634783 0.255620 -263.5931 -1.15830

6900[75] -14.40735134 8.634567 0.254950 -263.6024
8192[77] -14.40735138 8.636422 0.256903 -263.6262 -1.15303

12.2 Boron atom

The boron atom is composed of five electrons bound to nucleus containing five protons. In
theoretical investigations of the boron atom, the majority of previous efforts have concen-
trated on the ground state (e.g. see [113-115|). Ruiz conducted preliminary Hylleraas-CI
calculations [116], and highly precise nonrelativistic energies were computed using the
explicitly correlated r1o-MR-CI method [117], along with diffusion Monte Carlo (DMC)
simulations [118]. Almora-Diaz and Bunge performed an extensive CI calculation [119],
incorporating an orbital basis with functions corresponding to the [ quantum number,
reaching up to 20 (z-type orbitals). This approach yielded an energy only 31 p-hartree
above the variational limit, with a well-fitted extrapolation to the complete basis set
missing this limit by 6 p-hartree. The most accurate calculations were performed by ex-
plicitly correlated Gaussian functions (ECG) [120, 121], with the estimated error of the
nonrelativistic energy for this state being less than 1 p-hartree. Comparable precision
was reached for the doublet S states [120], and transition energies between the ground

state and S-symmetry states were reproduced within a fraction of cm™!.

These calcu-
lations took into consideration finite nuclear mass, relativistic effects (including fine and
hyperfine structure for the ground-state term), and included leading radiative corrections.

Accurate wave functions and energies for the even parity quartet P and doublet D
states, with comparable precision, are notably absent in the literature, as indicated by

limited findings [122-126]. One of the applications of this dissertation is to address this gap

by providing comprehensive results, thereby contributing to the resolution of discrepancies
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related to the energy differences between the spin doublet and quartet terms of the boron
atom. The future works will include reporting the use of well-optimized basis functions for
these states and computing the relativistic effects, including both the spin-independent
and dependent parts.

For preliminary results, in Table 7, we list the existing energy levels of the boron atom
from the NIST atomic spectra database [127] and also report the current calculations using
the functions in this work with estimated uncertainties.

In Tables 8, 9, and 10, we additionally report the nonrelativistic energies of the boron
atom with an increasing number of basis functions. The energies are presented in atomic
unities, and the considered levels include the lowest 10 doublet D states and the single
existing quartet P state. All these calculations yield the lowest nonrelativistic energies
ever obtained for these states. This can be speculated from Table 8, where for both ground
2D and *P states, we have lower values than the benchmark energies recently obtained

by Strasburger with Gaussian lobe functions [126].
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Table 7: The existing energy levels of the boron atom with their configurations and term
symbols. The calculated nonrelativistic (NR) energies in this dissertation are written in
the third column in atomic units (a.u.)

Configuration Term symbol NR energy Basis

2522p 2pe -24.65386853% 16000
252p? ip -24.5220418(9) 10000
2523s 28 -24.47139364* 16000
252p? D -24.4359815(8) 10000
2523p 2pe -24.43234361* 16000
2523d 2D -24.4043112(8) 10000
25245 28 -24.40318930* 16000
25%4p 2pe -24.39053870% 16000
25%4d D -24.3804857(8) 10200
2524 f 2Fe

25255 29 -24.37979190* 16000
25%5p 2pe -24.37391548% 16000
2526 29 -24.36916705* 16000
2525d 2D -24.3691271(8) 10000
2525 f 2pe

25%6p 2pe -24.36559000 16000
252p? 28 -24.36433000° 16000
25%6d D -24.3629301(8) 10800
2526 f 2 o

25%7s 29 -24.36156342% 16000
2527p 2pe -24.36081896* 16000
25%7d D -24.3591901(7) 10800
2527 f 2o

25285 28 -24.35861529* 16000
2528p 2po -24.35783220% 16000
2528d D -24.3567563(7) 10000
2528 2o

2529s 28 -24.35640381* 16000
2529p 2po -24.35582553% 16000
25%9d D -24.3550745(6) 10200
2529 f 2o -24.35439767% 16000

@ from manuscript of prof. Sergiy Bubin
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Configuration Term symbol NR energy Basis size
25%10s 28 -24.35480808* 16000
25210d D -24.3538253(6) 9000
25210f 2pe
25%11d D -24.3527981(5) 7100
25211 f 2o
2s?12d ’D
25213d D
25239d ’D
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Table 8: Nonrelativistic energies (NR energies) in atomic units (a.u.) of the boron atom
in the lowest ten 2D states and one *P state with the number of basis functions.

Basis size 252p? (1 P) 252p? (D) 2523d (2D)
g 4000 —24.520826 431 —24.434749079 —24.403 058 043
5000 —24.520 826 847 —24.434756 493 —24.403 062 705
6000 —24.520 827047 —24.434760616 —24.403 064 628
7000 —24.520827 150 —24.434'762 907 —24.403 065 659
8000 —24.520827211 —24.434764 267 —24.403 066 230
9000 —24.520827 254 —24.434765121 —24.403 066 594
10000 —24.434 765 632 —24.403 066 814
B 9000 —24.522041 775
10000 —24.435981 539 —24.404 311199
ECG lobe functions [126]
B 4672 —24.522041 430
8231 —24.435981 009

Table 9: Nonrelativistic energies (NR energies) in atomic units (a.u.) of the boron atom
in the low lying 2D states with the number of basis functions.

Basis size 2s%4d (*D) 25%5d (2D) 25%6d (2D) 25%7d (2D)
g 5000 —24.379237595 —24.367879014 —24.361 678069 —24.357929174
6000 —24.379239130 —24.367 880803 —24.361 681 650 —24.357937371
7000 —24.379239969 —24.367881 775 —24.361 683 686 —24.357941 469
8000 —24.379240467 —24.367 882 365 —24.361 684 826 —24.357943 702
9000 —24.379240789 —24.367 882749 —24.361 685477 —24.357945 032
10000 —24.379241 002 —24.367 882981 —24.361 685894 —24.357945 953
B 10000 —24.380485678 —24.369 127047 —24.362 929984 —24.359190112
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Table 10: Nonrelativistic energies (NR energies) in atomic units (a.u.) of the boron atom
in the low lying 2D states with the number of basis functions.

Basis size 25%8d (2D) 25%9d (2D) 25210d (*D) 25211d (2D)
g 5000 —24.355 482 385 —24.353 765 598 —24.352426 871 —24.351096 727
6000 —24.355 496 338 —24.353794514 —24.352 562 789 —24.351 562748
7000 —24.355503 528 —24.353 810093 —24.352582195
8000 —24.355 507990 —24.353 819198
9000 —24.355 510842 —24.353 825921
10000 —24.355 512868 —24.353 830656
B 10000 —24.356 756 319 —24.355074492 —24.353 825 246 —24.352798 061

12.3 Carbon atom

The carbon atom is composed of six electrons bound to nucleus containing six protons. In
theoretical investigations of the carbon atom, as can be expected, the majority of previ-
ous efforts have concentrated on the ground state. This atom possess the most extensive
chemistry among all elements, sees a prolific output of scientific articles each year, pre-
senting diverse calculations on carbon compounds. However, accurately determining the
properties of the carbon atom through theoretical means, with precision comparable to
spectroscopic experiments, remains a challenge for computational chemistry. While this
dissertation does not present a definitive solution to this challenge, one of the main ap-
plications of the present work is more modest—to showcase that an explicitly correlated
wave function can achieve an energy accuracy of u-hartree for a six-electron atom or for
seven particle quantum systems. Historically, the best variational nonrelativistic energy
for the carbon atom ground state was achieved in 1974 using the configuration interac-
tion (CI) method [113|, employing Slater orbitals with the angular momentum quantum
number [ up to 6 and up to quadruply excited configurations. A recent CI calculation,
with configurations carefully selected but built from orbitals with [ limited to 4, yielded
slightly higher energy [128]. Comparing this work with studies on the boron atom and
anion (discussed in the next section 12.4), which is isoelectronic with the carbon atom
ground state [119], reveals that orbitals with much higher [ are necessary to construct a
many-electron basis capable of achieving an accuracy of about 1 m-hartree.

While CI variational energies have been surpassed by calculations using explicitly
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correlated Gaussian (ECG) functions implemented in the form of r'Wyrexp [—7' Ayr]
[23, 72|, the reported results were only about 1.5 m-hartree above the estimate of the exact
nonrelativistic energy [129]. Nonvariational methods such as coupled clusters with an
exponential correlation factor (CC-F12) [130], diffusion quantum Monte Carlo simulations
[118, 131], and “the free complement” method [125] have also approached this estimate.
However, discrepancies among reported results persist, even by a few millihartree, and
the standard deviations provided in some references [118, 125, 131] do not overlap.

The best literature values were reported in 2019 by Strasburger, employing Gaussian
lobe functions [10]. In the article, he estimated new exact limits of the nonrelativistic
energies for the ground state (>P) and the odd-parity quintet S state (°S°). Furthermore,
by incorporating finite nuclear masses and leading scalar relativistic corrections into the
calculations, he reproduced the experimental excitation energy of the carbon atom with a
precision of approximately 7 em™!. In this thesis, we enhanced the nonrelativistic energy
calculation, extending it not only to ground state energies but also to those of excited
states for various symmetries of the carbon atom. All the energies calculated in this
dissertation, out of the existing carbon atom levels (refer to Table 15 from the NIST
atomic spectra database [132|), are considered to be the lowest ever calculated. These
values, along with the increasing number of basis functions, are reported in Tables 11
through 14. We also include the case of infinite mass energies for comparison with existing
literature values, although only a few literature values for excited states are available, as

mentioned before.
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Table 11:

Nonrelativistic energies (NR energies) in atomic units (a.u.) of the carbon

atom in the lowest two 3P and ! P states with the number of basis functions.

Basis size 2522p% (3P) 2522p3p (3P) 2522p? (1 P) 25%2p3p (1 P)
12¢ 1000 —37.8425980 —37.5170357 —37.528964 4 —37.4753178
2000 —37.8430248 —37.5177005 —37.529314 1 —37.4758685
3000 —37.8431102 —37.5178390 —37.5293701 —37.4759592
4000 —37.8431398 —37.517886 7 —37.5294008 —37.4760126
5000 —37.8431576 —37.5179170 —37.529416 5 —37.476 0406
6000 —37.8431682 —37.517934 8
7000 —37.8431750 —37.517946 1
8000 —37.8431793 —37.5179535
9000 —37.8431823 —37.517956 8
*C 5000 —37.5311306 —37.4777535
8000 —37.8448913 —37.519667 5
9000 —37.844894 3 —37.5196702
ECG lobe functions [10]
>~C 5896 —37.844 889 402
Variational Monte Carlo [131]
~Q 37496 97(5)
Table 12: Nonrelativistic energies (NR energies) in atomic units (a.u.) of the carbon

atom in the lowest two 3D and ! D states with the number of basis functions.

Basis size 2522p2 (3D) 25%2p3p (3D) 2522p? (1D) 2522p3p (1D)

12¢ 1000 —37.5249329 —37.474086 8 —37.796 665 9 —37.5114775
2000 —37.5253289 —37.474701°7 —37.796 1793 —37.5120744

3000 —37.5254001 —37.474806 2 —37.796 755 7 —37.5121932

4000 —37.5254404 —37.474867 2 —37.796 796 1 —37.5122492

5000 —37.5254614 —37.474899 8 —37.7968151 —37.5122652

6000 —37.525468 6 —37.474916 8 —37.796 8339 —37.5123026

*C 6000 —37.5271881 —37.476636 3 —37.798543 3 —37.5140129

109



Table 13:

Nonrelativistic energies (NR energies) in atomic units (a.u.) of the carbon

atom in the lowest two 3 P° and ! P° states with the number of basis functions.

Basis size 2522p? (3P°) 2522p3p (3P°) 2522p? (1 P?) 2522p3p (1 P°)

12¢ 1000 —37.5673558 —37.4894121 —37.5601400 —37.484863 3
2000 —37.5678448 —37.4981274 —37.560553 5 —37.4856321

3000 —37.5679370 —37.4991777 —37.560 6276 —37.4857805

4000 —37.5679901 —37.499756 4 —37.5606714 —37.4859177

5000 —37.5680186 —37.500065 5 —37.560694 8 —37.486033 3

5500 —37.568 028 1 —37.5001253 —37.5607057 —37.4860752

>*C 5500 —37.5697471 —37.5018508 —37.5624203 —37.4880129

Table 14: Nonrelativistic energies (NR energies) in atomic units (a.u.) of the carbon

atom in the lowest two 3S and 1S states with the number of basis functions.

Basis size 25%2p? (35) 25%22p3p (3S) 25%2p? (15) 2522p3p (15)
12¢ 1000 —37.5196488 —37.4715125 —37.7441173 —37.504 5737
2000 —37.5205079 —37.472988 6 —37.7445406 —37.5056488
3000 —37.5206454 —37.4732242 —37.7446026 —37.505693 6
4000 —37.5207240 —37.4733726 —37.7446397 —37.5059177
5000 —37.5207651 —37.4734609 —37.744656 7 —37.506 533 3
>*C 5000 —37.5224850 —37.4750974 —37.746 366 1 —37.5079729

110



Table 15: The existing energy levels of the carbon atom with their configurations and term
symbols. The calculated nonrelativistic (NR) energies in this dissertation are written in
the third column in atomic units (a.u.)

Configuration Term symbol NR energy Basis

25%2p? 3p -37.8448943(7) 9000
2522p? 'D -37.7985433(6) 6000
2522p? ls -37.7463661(6) 5000
252p° 580 -37.6917478° 4023
25%22p3s 3pe -37.5697471(6) 5500
2522p3s Lpe -37.5624203(6) 5500
252p° 3pe
2522p3p lp -37.5311306(6) 5000
2522p3p 3D -37.5271881(7) 6000
2522p3p 39 -37.5224850(6) 5000
2522p3p 3p -37.5196702(6) 9000
2522p3p 'D -37.5140129(5) 6000
2522p3p 1S -37.5079729(4) 3000
252p3 3pe -37.5018508(6) 5500
2522p3d 1pe
252p4s 3pe
2522p3d 3F°
2522p3d 3D°
25%22p4s Lpe -37.4880129(6) 5500
25%22p3d Lo
2522p3d Lpe
2522p3d 3 pe
2522pdp lp -37.4777535(6) 5000
2522p4p 3D -37.4766363(6) 6000
2522pdp 38 -37.4750974(5) 5000
2522pdp 3p -37.4741856(4) 4200
2522p4dp D
2522pdp 1S
2522p4d 1pe
252p5s 3 pe
2522p4d 3F°
25%2pdd 3pe

b K. Strasburger, Phys. Rev. A 99, 52512 (2019) [10]
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Configuration Term symbol NR energy Basis

2522p5s Lpe
2522p4d Lfo
2522p4d 1 po
2522p4d 3pe
2522p5p p
2522p5p 3D
2522p5p 3p -37.4564025(4) 3200
2522p5p 'D
2522p5p g
25%2p5d LDe
2522p5d 3pe
2522p6s 3pe
2522p5d 3De
2522p6s 1 po
2522p5d Lo
2522p5d Lpe
2522p5d 3pe
2522p6p lp
2522p6p 3D
2522p6p 3p -37.4563817(4) 3100
2522p6p 'D
2522p6p 1S
2522p6d 1pe
2522p6d 3fe
2522pTs 3pe
2522p6d 3pe
2522p7s Lpe
2522p6d Lpe
2522p6d Lpe
2522p6d 3pe
2522pTp Ip
2522pTp 3D
2522pTp 3p -37.4295133(3) 2000
2522pTp 'D
2522pTp 1g
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12.4 Boron anion

The boron anion, denoted as B™, is characterized as the least stable among weakly bound
anions. In contrast, H=, C7, O, and F~ exhibit stability, while Li~ is weakly bound, and
He™ and Be™ are considered metastable [133-135]. The less stability of B~ is attributed
to accommodating the odd electron in the outermost orbital and the nuclear charge being
screened by doubly occupied inner shells. Atomic anions typically possess low binding
energy and share approximately the same amount of energy as correlation energy. Despite
the smaller nuclear charge (Z) compared to the number of electrons, this difference does
not pose significant computational challenges. However, the diffuse nature of the single
occupied orbital presents challenges in standard one-electron basis sets. Consequently,
achieving good agreement with experimental data often requires highly correlated wave
functions [135]. Various strategies share a common approach of initiating with robust
methods like Multiconfigurational Hartree-Fock (MCHF) [136], Coupled Cluster (CC)
theory [137], or Configuration Interaction (CI) [133, 138] to capture a substantial portion
of the correlation energy. Further refinements involve adding relativistic corrections or
those related to the Born-Oppenheimer approximation.

In this dissertation, we perform nonrelativistic calculations using the same input
file as for the Carbon atom 3P state, with small adjustments. The adjustment involves
simply reducing the charge of the nucleus by 1 and performing a similar basis building
and optimization program. In Table 16, we present the nonrelativistic energies calculated
with an increasing number of basis functions for the ground 3P state of the boron anion.
We also include the best literature value obtained by Configuration Interaction method
[119] for comparison with our results. It is evident that all the calculations performed in
this dissertation represent new lower bound energies, demonstrating the robustness of the

method described herein.
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Table 16: Nonrelativistic energy calculation of the ground 3P state of the boron anion
with the number of basis functions

Basis NR energy
HB 1000 -24.662021
2000 -24.662632
3000 -24.662803
4000 -24.662872
4500 -24.662887
>~B 4500 -24.664125

Configuration interation (CI) [119]
B STO(l=24) -24.66401395

13 Conclusion

In conclusion, this dissertation explored the products of Explicitly Correlated Gaussians
(ECGs) and bipolar harmonics within the Rayleigh-Ritz variational method, presenting
an efficient approach to accurately describe arbitrary quantum systems in the S, P, and
D states of even parity. The considered functions are suitable for configurations where
two particles possess orbital angular momenta [; = 1 (coupling to L = 0,1,2) or a single
particle with [; = 2; (L = 2), while other particles carry zero angular momentum (I; =
0). The developed scheme, employing the form [vr][w}r]exp [-7'Axr], represents a
significant improvement over previously used forms, resulting in a substantial increase in
computational efficiency, ranging from 1 to 2 orders of magnitude.

This advancement is crucial not only for enhancing the precision of numerical calcu-
lations but also for opening new avenues in high-precision computations of few-particle
quantum systems, including atoms, molecules, and positronic complexes, with spectro-
scopic accuracy. The dissertation provided detailed derivations and compact expressions
for matrix elements of various operators (e.g, Dirac delta function, mass-velocity) neces-
sary for high-accuracy calculations, facilitating their straightforward implementation into
a computer program.

Furthermore, the dissertation discussed and presented benchmark results from various
calculations of nonrelativistic energies for the low-lying levels of carbon and boron atoms.

For these calculations, computer codes based on the formulas developed in this dissertation
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were utilized. In addition to the new scheme for deriving matrix elements, it is noteworthy
that the implemented algorithm includes an independent optimization routine for integer
indices labeling the particles. This optimization method enhances the overall robustness
of the development introduced in this dissertation, facilitating calculations on systems
with more than one nucleus.

Looking ahead, it is essential to underscore that the test calculations presented herein
were primarily conducted to validate the new algorithm for computing matrix elements,
encompassing various operators encountered in leading relativistic corrections. In future
research works, the focus will shift to specific applications, particularly those targeting
bound states of atoms, ions (e.g. the boron anion in 12.4), and systems with exotic
particles such as positrons, once a sufficient number of basis functions are available. Given
the concentration on 6-7 particle systems, obtaining high-quality basis functions necessary
for achieving spectroscopic accuracy requires several months of calculations on computer
clusters. Therefore, the majority of applications stemming from the developments in this
dissertation, along with more comprehensive numerical data and detailed analyses, will

be presented in future publications in scientific journals.
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