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Preface

We are pleased to present this first edition of the “Differential Equations and Linear Algebra
with Wolfram Mathematica” student guidebook. This book is very comprehensive, but we hope
it does not hold it back from being an enjoyable read.

This book is written primarily for students enrolled in the course “Engineering Mathematics 111
(Differential Equations and Linear Algebra)” (ENG200) here at Nazarbayev University (NU).
This is a common compulsory course offered to all 2nd-year engineering students. There is a
Computational Lab session in this course where students are expected to practice what they
have learned in the theoretical sessions on computers with Wolfram Mathematica. Such a
design of the course was credited to Prof. V. Zarikas (now at the University of Thessaly,
Greece), who was the course leader when YW taught this course in Fall 2020 and Fall 2021.
We want to thank Prof. Zarikas for selflessly sharing his course materials, which we have
benefited from when developing this book.

Every topic has been summarized and supported by a sufficient number of solved problems.
The present book has been designed to equip young engineering students with as much
knowledge on all topics as is desirable from the point of view of the ENG 200 learning
outcomes. Efforts have been made to make Differential equations and Linear algebra, the
fundamental subjects in every engineering curriculum, more interesting and engaging with the
help of Wolfram Mathematica language. In addition to the above-mentioned math skills, the
book helps to learn a new programming software, Wolfram Mathematica. Just like learning any
new skill, learning Wolfram Mathematica takes time, effort, and dedication. Therefore, we
believe this journey will also benefit our readers to become self-disciplined learners.

BZ wishes to express her appreciation to Dr. YW, the instructor for the ENG200 course at NU.
She is grateful to him for all the knowledge gained in the ENG200 course and for awakening
her interest in learning the newly introduced Wolfram Mathematica tool/language. BZ hopes
that this book, developed under the supervision of YW, will help the reader learn the basics of
Wolfram Mathematica and use their acquired skills for further work/research. In addition, BZ
thanks Dr. Devendra Kapadia for developing the interactive course “Introduction to Linear
Algebra” for learning linear algebra using the Wolfram Language used in the preparation of this
book and strongly encourages students to take a look at other Wolfram U Interactive Courses
listed in the References section of the book.

AT would like to express her gratitude to Dr. YW for his invaluable advice, continuous support,
and patience both during the ENG 200 course and the book writing process. Without YW’s
encouragement and supervision, this book would not have been possible. AT also would like to
thank her ENG 200 coursemates and friends for a cherished time spent together solving
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rigorous math problems and learning new skills in class and social settings.

YW would like to express his sincere gratitude to Prof. H. Tobita (University of Fukui, Japan),
who introduced Wolfram Mathematica to him in Fall 2002. Since then, YW has been in love
with this fantastic tool/language. Life would be different if he didn’t know about Wolfram
Mathematica, and this book would certainly not have been possible. YW would also like to
express his gratitude to students enrolled in the ENG200 course. YW has benefited from close
interactions with students since he started to teach this course in Fall 2020. The two coauthors
(BZ and AT) were also students enrolled in ENG200 in Fall 2021. This book would not have
been finished now without those two brilliant and hardworking students/coauthors.

YW would like to thank Nazarbayev University for funding this book under the Social Policy
Grant.

We acknowledge that this version of the book might have uncorrected mistakes,
spelling/grammatical errors, and ambiguities. We are trying to eliminate them in a 2nd version
(to be released in July 2023). We are grateful to the readers, students, instructors, or anyone
who somehow encountered this book if they send us their valuable feedback so that we may
make further improvements in future editions.

Balnur Zhaidarbek (BZ) Email: balnur.zhaidarbek@nu.edu.kz
Aruzhan Tleubek (AT) Email: aruzhan.tleubek@nu.edu.kz
Yanwei Wang (YW) Email: yanwei.wang@nu.edu.kz

Department of Chemical and Materials Engineering
School of Engineering and Digital Sciences
Nazarbayev University
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Week 0: Preliminary

Introduction to Wolfram Mathematica

The secret to getting ahead is getting started. --- Mark Twain
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Commands list

n N

= Table

=D

= [ntegrate

= Solve

= Coefficient
» ClearAll

» Clear

» Quit

= Plot

= Plot3D

= ParametricPlot
= StreamPlot
= VectorPlot
= ContourPlot
= DSolve

= Manipulate

= Sound

0.1

Prerequisites

To Begin With
There a few things to keep in mind when using Mathematica.
¥ When using a PC, in order to execute a command you must hit Shift-Enter.

¥ Mathematica is Case-SenSitive (AA is not the same as aA), so be careful about what you
type.

[ All built-in Mathematica functions are spelled out and capitalized, such as Table,
ListPlot, IntegerPart, Plot, Sin, Cos, etc.
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https://reference.wolfram.com/language/ref/ContourPlot.html?q=ContourPlot
https://reference.wolfram.com/language/ref/DSolve.html?q=DSolve
https://reference.wolfram.com/language/ref/Manipulate.html?q=Manipulate
https://reference.wolfram.com/language/ref/Sound.html?q=Sound
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¥ The parameters inside a function are always enclosed with square brackets, [ ].

In[+ ]:= ].Og
Out[«]=

log

m-J- Log[1@]

out[«]=
Log[10]

¥ You can use a semicolon (;) at the end of a line if you want to perform the action, but

don’t want to see the output.

¥ Don’t forget about the copy and paste commands. This will be useful if you have to type
similar commands and don’t want to have to retype the entire command.

¥ In Mathematica, it is important to distinguish between parentheses (), brackets [], and

braces {}:
= Parentheses (): Used to group mathematical expressions, such as (3 +4)/(5 + 7).

nol- (3+4)/ (5+7)

Out[«]=
7

12
= Brackets []: Used when calling functions, such as N[Log[10]].

m-1= N[Log[10]]
Out[«]=
2.30259

= Braces {}: Used when making lists, such as {i,1,20}.

mn-}- Table[i, {i, 1, 20}]

Out[«]=
(1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}

[ In Mathematica, there are four types of equals: =, =, ==, and ===.
= To define a variable to store it in memory, use =. For example, to define z to be 3,
write z = 3. Syntax for setting a variable is x = ... (definition of a variable).

= You use == to check for equality. For example, 1 — 1 == 0 will evaluate to True and
1 == 0 will evaluate to False.

= You use := to define your own command. (This is advanced.)

= You will likely not use === in this class (URL).

0.1.2

Basic Algebra and Calculus

11
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M Use * (or hit CTRL+6 ) to put something to a power.

mn-}- Table[n”~2, {n, 10}]
Out[«]=
(1, 4, 9, 16, 25, 36, 49, 64, 81, 100}

n-]- Table[n”~2, {n, @, 10}]
Out[«]=

(0,1, 4, 9, 16, 25, 36, 49, 64, 81, 100)

m-]- Table[n”2, {n, @, 10, 2}]
Out[« ]=

(e, 4, 16, 36, 64, 100}
M piis Pi, eis E and sqrt(-1) is 1.
V¥  If you want to see the numerical approximation to a fraction or irrational number, use
the function N.

For example, to find the decimal represenation of pi, write N[Pi].

In[ ]:= N[Pi]

Out[«]=

3.14159

m[-1= N[E]
Out[« ]=

2.71828

nf-J=  Sqrt[-1]
outf[«]=
i

M Use E~x or Exp[x] to represent the function €*.
¥ To take the derivative of a function, use D and specify the derivative with respect to
which variable.

For instance, find the first derivative of x* +3 x.

n-1= D[XA2 + 3x, X]
Out[«]=
3+2X

“  To take the integral of a function, use Integrate and specify the integral with respect to
which variable.

For instance, find the integral of x* +3 x.

12



n-1- Integrate[x"2 + 3x, X]
Out[« ]=
3x2 X3
.
2 3
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[ To solve for the roots of a x* + b x +¢ = 0 symbolically, use Solve[a x"2+ b x+c == 0, x].

[ Notice the double equals sign (==). (Mathematica is searching for when the expression is

True.)

n-- Solve[ax"2 + bx + ¢
Out[«]=

-b-+b*-4ac

==,

== 0, X]

-b++b%*-4ac

o b 2a

})

M Coefficient[(1 + x)"10, x*3] gives the coefficient of x° in the expansion of (1 + x)'°.

n- 1= Coefficient[(1 + x)A10, xA3]

Out[«]=
120

0.1.3

Some of the Basic Operations

n Sqrt[x]

s Exp[x]

s Log[x]

= Log|b, x]
= Sin[x]

n  Cos[x]

s Tan[x]

= ArcSin[x]
»  ArcCos[x]
»  ArcTan[x]

»  Sinh[x]

= n!

»  Abs[x]

=  Round[x]
= Floor[x]

(logarithm with base b)

(factorial)
(absolute value)
(closer integer)

(integer part)

13
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= Mod[n, m]
= Random] ]
s Max[x,vy, ...]
= Min[x,y, ...]

Help Options

0.2.1

Help Browser

To access the help browser, go the Help menu and choose Wolfram Documentation. If you
want to know about a particular function in Mathematica, select it and then go to Find
Selected Function or simply hit the F1 key on your keyboard.

There are a lot of fun examples on the Wolfram Demonstrations Project (URL). You may
also share your work with the world. Getting started is simple.

022

Text-based Help

The Question Mark function ? allows you to get basic information about a particular
Mathematica function.

nel= /.
Out[«]=

Symbol

expr I. rules or ReplaceAll[expr, rules] applies a rule or list
of rules in an attempt to transform each subpart of an expression expr.

ReplaceAll[rules] represents an operator form of ReplaceAll that can be applied to an expression.

v

For example, suppose we want to find out how to use the derivative function D, the c
mark function ? yields:

14
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m-J}= ?D

Oout[«]=

Symbol

DI/, x] gives the partial derivative 6f/ax.

DIf. {x, n}] gives the multiple derivative 8" f/ox".

DIf, x, y, ...] gives the partial derivative - (8/0y) (6 /9x)f.

DIf. {x, n}, {y, m}, ...] gives the multiple partial derivative --- (™ /ay™) (8" /ox")f.
DIf. {{x1, x2, ...}}] for a scalar /" gives the vector derivative (6f/dx1, 8f/dx,, ...).

D[f, {array}] gives an array derivative.

v

The double question mark ?? gives the same information as ? but also gives information
about attributes and options.

m-J}= 2?2 D
Out[« ]=

Symbol

DIf. x] gives the partial derivative 6f/ax.

DIf. {x, n}] gives the multiple derivative 8" f/ax".

DIf, x, y, ...] gives the partial derivative - (8/0y) (6 /9x)f.

DIf. {x, n}, {y, m}, ...] gives the multiple partial derivative --- (™ /ay™) (8" /ox")f.
DIf. {{x1, x2, ...}}] for a scalar /" gives the vector derivative (6f/dxy, 8f/ax,, ...).

D[f, {array}] gives an array derivative.

Documentation Web »
Options NonConstants - {}
Attributes {Protected, ReadProtected}

Full Name System'D

If you are trying to recall a function that has the word Solve in it then you can use asterisk * in
conjunction with the word Solve , as shown below:

15
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n[-J= ? %*Solvex

Oout[«]=

v System’
AsymptoticDSol". X X i
DSolve LinearSolve NDSolveValue RiccatiSolve SolveDelayed
veValue
AsymptoticRSol™. DSolveChangeV". LinearSolveFun™.
X i NSolve RSolve SolveValues
veValue ariables ction
AsymptoticSolve DSolveValue LyapunovSolve  NSolveValues RSolveValue
DiscreteLyapun™. . i ParametricNDS"™.
FrobeniusSolve  MainSolve Solve
ovSolve olve
DiscreteRiccatiS™. ParametricNDS™.
KnapsackSolve  NDSolve SolveAlways
olve olveValue

0.3

How to | Clear User Defined Symbols

0.3.1

ClearAll[“Global *”]

When you set a value to a symbol, that value will be used for the symbol for the entire
Wolfram System session. Since symbols no longer in use can introduce unexpected errors
when used in new computations, clearing your definitions is very desirable.

ClearAll[symbl.symb2....] clears all values, definitions, attributes, messages, and
defaults associated with symbols.

To clear all definitions of quantities you’ve introduced in a Mathematica session so far, type:
ClearAll[“Global *”].

w1~ ClearAll["Global +"]

Assign values to two symbols (x and y) and observe their sum:

= X=5;y=7; X+y
Out[«]=
12

Use Clear to clear the definitions for x and y:

mn- 1= Clear[X, y]

Read this page (How to | Clear My Definitions | URL) for more details.

16
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Quit]]

To clear all definitions or to reclaim resources used by the kernel, you may want to restart it.
There are at least two options.

= Option 1: Quit the kernel by choosing Evaluation » Quit Kernel » “kernel name”.
where “kernel name” is typically “Local”.

= Option 2: Quit the kernel by evaluating Quit. Quit[] (URL) terminates a Wolfram
Language kernel session. Quit[] quits only the Wolfram Language kernel, not the front
end. To quit a notebook front end, choose the Quit menu item. All kernel definitions
are lost when the kernel session terminates.

- 1=  Quit[]

0.4

Create Plots

0.4.1

Defining a Function

There are many built-in function in Wolfram Language and some of them were introduced in
previous sections. This section will focus on learning how to define our own functions in
Mathematica.

[ Syntax for defining a function that takes any single argument is f [ x _ ] := ... (definition
of a function).

For example, the command for defining a function f (x) = x? is

1= FIx_] 1= x?

/A Notice the underscore “_” to the right of the variable y and/or on the left of “equality”. If

the character underscore was not used, then the function is only defined for this particular
symbol of the variable.

n-1= Clear[f]
X3
fix] =—;
2
In[# ]:= 'F[S]
Out[« ]=
f[5]
/A The use of equality symbol “:=" in the definition of the function, i.e., the assignment

17
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with a delay(Set Delayed) is most othen the correct choice. The choice of direct, (Set)
assignment “="" can lead to undesirable results.
nf-]= a=3;

setDelayed[x_] := X +y +a°;

set[x_] =x+y+a’;

n-1- setDelayed[x]

Out[«]=
9+X+Yy

nf-1= set[x]
Out[«]=

9+Xx+y

In[+]= A= 4;
setDelayed [x]

Out[«]=
16 +xX+Yy

n- 1= set[x]

Out[«]=
9+X+y

¥ The argument of a function may be a number or any complex algebraic expression.

n-1=  F[4]
Out[«]=
16

Inf+ ]:= f[a2+a+1]
Out[«]=

(1+a+az)2

M It is also possible to use a function in a calculation.
Define a function ¢ (y) =y — % +cre?:
1
ds Aty ] =y - o+ CLeExp[-2y];

Find the first derivative of this function:

1
Inf+ J:= D[y—; +ClxExp[-2y], y]

Out[«]=
1-2Cle™

18
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1= DLqLyl, Yyl

Oout[«]=
1-2Cle™

Find the second derivative of the function:

1
il - D[y—; +CLxExp[-2Y], {Y, 2}]

Oout[«]=
4Cle Y

1= DLqLyl, {y, 2}]
Out[«]=
4Cle Y

¥ The Question Mark function ? allows you to get the definition of f.

n-1=  ?4q
Out[«]=

Symbol
Global'q

Definitions

aly_] :=y-3 +CLExp[-2Y]

Full Name Global'q

A

¥ The name of a function i.e. f, is just a symbol for Mathematica. Thus do not define a
function with capital letter to avoid the confusion with other built-in Mathematica functions.
Also this symbol must not have been previously used for definition of another element
(variable, table, etc.).

¥ Function in Mathematica can have more than one argument. So we can define multiple
variables function.

n-J= product[Xx_, y_] :=X=*Yy;

n-1= 1+ product[2, 3]

Out[«]=
7

M If later you will give a new definition to the function, the latter definition is the one that
applies while the previous is canceled.

1= product[x_, y_] :=1+X*y

19
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n-1= product[2, 3]
Oout[«]=
7

0.4.2

Graph of a Function of One Variable
The command for plotting a functions of one variables is

Plot| function, {variable, lower bound, upper bound}|
n-1- Plot[Sin[x], {x, -2Pi, 2Pi}]

Out[« ]=

1.0~

0.5

-2 t 2 4 6

-1.0
0.4.3

Multiple Functions on a Graph

To include two functions on the same graph, we simply write the Plot command using two

(134

functions which slip with the «,”.

Plot[ { fs, £, » ...}, {variable, lower bound, upper bound}|

20
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mn-}- Plot[{Sin[x], Cos[x], Tan[x]}, {X, -5Pi, 5Pi},
PlotRange -» {-2, 2}, Frame -» True, PlotStyle » {Red, Blue, Gray}]

out[«]=

2p

-15 -10 -5 0

mnf-1- Plot[{x=*Sin[1/x], x, -x}, {x, -0.1, 0.1}, PlotRange -» 0.1,
Filling -» Axis, Frame - True, AspectRatio -» 1/ GoldenRatio]

Out[«]=
0.10

0.05
0.00

-0.05

~0.10 . . . I . . . . . . . . I . . . .
-0.10 -0.05 0.00 0.05 0.10

0.4.4

Graph of a Function of Two Variables

The relative command for functions of two variables is

Week 0_Preliminary.nb | 13

Plot3D[function, {variable 1, lower bound, upper bound}, {variable 2, lower bound,

21
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m-J- Plot3D[x*2-y~2, {x, -1, 1}, {y, -1, 1}, BoxRatios -» {1, 1, 1}, ImageSize - {270, 270}]

Out[«]=

0.4.5

Parametric Plots

The relative command for making a parametric plot is

ParametricPlot[ { fv, £, }, { £, tmin> fmax}]

The relative command for plotting several parametric curves together is

ParametricPlot[{{ f, £, }, {8 & }> .-} {1 tmins> Tmax }]
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mn-}- ParametricPlot[{u = Sin[u], uxCos[u]}, {u, @, 100},
PlotPoints -» 125, Axes -» False, MaxRecursion -» @, ColorFunction -» "Rainbow"]

out[«]=

0.5

DSolve Command

The DSolve Command is used to solve differential equations, list of differential equations, and
a partial differential equations.

ml-1= ? DSolve

Out[«]=

Symbol

DSolvelegn, u, x] solves a differential equation for the function u, with independent variable x.
DSolvelegn, u, {x, Xmin, Xmax}] SOlves a differential equation for x between x,,;, and x4
DSolve[{egn,, eqn,, ...}, {u1, us, ...}, ...] solves a list of differential equations.

DSolvelegn, u, {x|, x,, ...}] solves a partial differential equation.

DSolvelegn, u, {x1, x5, ...} € Q] solves the partial differential equation egn over the region Q.

v

For example, find the general solution to the given ODE: y'=-2xy.

1= ClearAll["Global™ %"]

23
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n-}- DSolve[y'[Xx] = -2XYy[X], Y[X], X]
Oout[«]=

{yx1 > e™al}}

Find the particular solution to the same ODE with inital consition: y(0) = 1.8.

imn-]- solution = DSolve[{y'[X] == -2xy[x], y[O] ==1.8}, y[x], x]

Out[«]=

{{ylx] > 1.8 e’xz}}

Plot its graph:
= Plot[y[x] /. solution, {x, -3, 3}, Frame -» True]
Oout[«]=
15} 1
10/ R
05l ]
0ol ]
I T SO AN SO N B L Co e e ey
3 -2 -1 0 1 2 3
0.6

How to | Visualize the Direction Field

0.6.1

Stream Plots

n[-]= ?StreamPlot

Out[« ]=

Symbol

StreamPlot[{ve, v}, (%, Xmine Xmaxks s Yimins Yimax}]
generates a stream plot of the vector field {v,, v,} as a function of x and y.
StreamPlot[{vy, v}, {wx, Wy} ...}, & Ximine Xmark 0 Ymine Ymax}] g€Nerates plots of several vector fields.

StreamPlot][..., {x, y} € reg] takes the variables {x, y} to be in the geometric region reg.

v
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In[« ]:=

fl[x_,y_] :=-

2X %Yy

.
b

14+x2
plotl = StreamPlot[ {1, f1[x, y]}, {Xx, -10, 10},

{y, -10, 10}, Frame - True, Axes - True, AspectRatio -» 1/ GoldenRatio]

Out[«]= i ‘

10 / ///// \‘ \‘;\\\\\ \\i\z\\
5| \

E 7\ Y
N

i \\\\ &/// -
\\ N /;* i //M//?'/
\\\\\ \W‘ I A,

Vector Plots

n-]= ?VectorPlot
Out[« ]=

Symbol

VectorPlot[{v., v}, {6 Xmins Xmaxh (s Ymins Ymax}]
generates a vector plot of the vector field {vx, vy} as a function of x and y.

VectorPlot[{{vs, v}, {we, Wy}, ...} 5 Xmins Xmaxh, % Vimine Ymar}] plots several vector fields.

VectorPlotl..., {x, y} € reg] takes the variables {x, y} to be in the geometric region reg.

v

25
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In[« ]:=

out[«]=

(9]

|
o

-10

In[« =

out[«]=

WE g4

0_Preliminary.nb

plot2 = VectorPlot[{1, f1[x, y]}, {x, -10, 10},
{y, -10, 10}, Frame - True, Axes - True, AspectRatio » 1/ GoldenRatio]
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Show[plotl, plot2]

A
10

Fo A AN 7’
AT ;‘{i:x\i ok
BN
L / /‘/44 \ \ ]

wwwwwwwwwww

“\X\?\\?@g
| & S

wwwwwwwwwww

A

Wié";’-«
A
i Q%F

~Y

7
i

-10

5

26



In[« ]:=

out[«]=

0.6.3
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f2[x_,y_ ] :=x"2/(1-y"2);
Show[VectorPlot[ {1, f2[x, y]} /Sqrt[1+f2[x, y]~2], {x, -4, 4},
{y, -4, 4}, VectorScale - 0.03, VectorPoints -» Fine, VectorStyle -» "Arrow"],
Table[ContourPlot[-x"3+3y-y~3=—c, {Xx, -4, 4}, {y, -4, 4}, ContourStyle - Green],
{c, {-10, -5, 0, 5, 10} }], AspectRatio -» 3/ 4]

7

- - > e > - A A

N
T

o
T

‘s L << > > > < 4 A&
L L L L L L L L

- - > = P P - A

-2

~

Z

Contour Plots

In[« ]:=

out[«]=

? ContourPlot

Symbol

ContourPIot[f, {X, Xmin: Xmax} s Ymin: Ymax}] gENErates a contour plot of f as a function of x and y.
ContourPlot[f == g, {x, Xmin Xmaxh s Ymin: Ymax}] PlOts contour lines for which 1 = g.
ContourPlot[{fi == g1, > == g2, ---} {% Xmins Xmax} v Ymine Ymax}] plOts several contour lines.
ContourPlot[..., {x, y} e reg] takes the variables {x, y} to be in the geometric region reg.

v
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Cos[x +VY]

1= F3[x_,y_] :=- ;
3y?+2y+CosS[X +Y]

p3 = StreamPlot[{1, f3[x, y1}, {x, -5, 5},
{y, -5, 5}, Frame - True, Axes - True, AspectRatio -» 1/ GoldenRatio]

Out[«]=
T ;
[ > > > > > > > >
4+ - > - > » - > » B
B L. > o= - — »- » > » T
r — I > > 7
L —— e e e a5 4
2 - -

-4

y

y

Y

|
b

L A s e e

n-1= p4 = Show[p3,
Table[ContourPlot[Sin[x +y] +y’ +y” = ¢, {X, -6, 6}, {y, -5, 5}, ContourStyle - Green],
{c, (-4, -3,-2,-1,0, 1, 2, 3, 4, 8, 16, 32, 64}}]]

Out[« ]=

 —emm L meE Ty
R e S S e e e ——
2 — — e .

L B e B e

T T I Y ST SN N |

-2 :ﬂﬁ B j N
r N ——— (> P > ]
P B <G <p— <G <, < < < <<

N I merseer s
L — > > ]
L I I I I 4

-4 -2 0 2 4

0.7

More to Explore

0.7.1

Animation

28
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n[-1= ? Animate
Oout[«]=

Symbol ()

Animate[expr, {u, umin, Umax}] geNErates an animation of expr in which u varies continuously from u,,;, to .
Animatelexpr, {u, umin, Umax, du}] takes u to vary in steps du.

Animatelexpr, {u, {u1, ua, ...}}] makes u take on discrete values uy, us, ....

Animatelexpr, {u, ...}, {v, ...}, ...] varies all the variables u, v, ....

v

n-7- Animate[Plot3D[Sin[Sqrt[x"2 +y~2] +2+«Pi*t], {X, -8 *Pi, 8+ Pi}, {y, -8 «Pi, 8 xPi},
PlotRange - 10, PlotPoints - 50, AspectRatio -» 1,
Boxed -» False, Mesh » None, Axes - False], {t, 9, 2}, ControlPlacement - Top]
Out[«]=

»

: J MEEIE]

0.7.2

Interactive Manipulation
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n-}= ?Manipulate

Oout[«]=

Symbol

Manipulate[expr, {u, umin, Uma}] generates a version of
expr with controls added to allow interactive manipulation of the value of w.
Manipulatelexpr, {u, Umin, Umax, du}] allows the value of u to vary between u,,;,, and u,,,, in steps du.
Manipulatelexpr, {{u, Ui}, Umin, Umaxs ---}] takes the initial value of u to be u;;.
Manipulate[expr, {{u, i, up}, ---}] labels the controls for u with uy,.
Manipulate[expr, {u, {u1, us, ...}}] allows u to take on discrete values u;, u, ....
Manipulatelexpr, {u, ...}, {v, ...}, ...] provides controls to manipulate each of the &, v, ....
Manipulatelexpr, ¢, » {u, ...}, ¢, > {v, ...}, ...]

links the controls to the specified controllers on an external device.

30



Week 0_Preliminary.nb | 23

1= gIX_, A_,W_, phi_] := AxSin[w*Xx+phi];
Manipulate[
plt = Plot[g[x, A, w, phi], {x, @, 4Pi}, Frame -» True, FrameLabel -» {"t", "Axsin (wt+¢}"},
LabelStyle -» Directive [Black, Bold], PlotStyle - Red, PlotLabel - "A Sine Wave"],
{{A, 1, "Amplitude, A"}, 0.1, 10, Appearance - "Labeled"},
{{w, 1, "Angular frequency, "}, 0.1, 10, Appearance » "Labeled"},
{{phi, @, "Phase, ¢"}, -2Pi, 2Pi, Appearance - "Labeled"},
ControlPlacement -» Top, SaveDefinitions - True]
(x**Introduction to Manipulate: Demo for a sine wavexx)

Out[«]=
Amplitude, A :D 1
Angular frequency, w :D 1
Phase, M 0
ase, ¢ B
A Sine Wave
- —
1.0 =
0.5+ =
g
& L
3
= 00
§ L
< I
-0.5+- =
-1.0 =
] L L 1 1 1 1
0 2 4 6 8 10 12
t
0.7.3
Sound Effects
1= ?Sound
Out[«]=
Symbol

Sound[primitives] represents a sound.
Sound|primitives, ] specifies that the sound should have duration +.
Sound[primitives, {tyin, tnar] Specifies that the sound should extend from time #,,;, to time #,,4..

v
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n[-J= ? SoundNote

Oout[«]=

Symbol

SoundNote[pitch] represents a music-like sound note with the specified pitch.
SoundNote[pitch, 1] takes the note to have duration .

SoundNote[pitch, {tmin, tmax}] takes the note to occupy the time interval ,,, t0 tyu-
SoundNote[pitch, tspec, "style"] takes the note to be in the specified style.

SoundNote[pitch, tspec, "style", opts] uses the specified rendering options for the note.

v

o - OdeToJoy = {{"B", "B", "C5", "D5", "D5", "C5", "B", "A", "G", "G", "A", "B", "B", "A", "A", "B",
"g", "cs", "D5", "D5", "C5", "B", "A", "G", "G", "A", "B", "A", "G", "G", "A", "A",
"B", "G", "A", "B", "C5", "B", "G", "A", "B", "C5", "B", "A", "G", "A", "D", "B",
", "B", "C5", "D5", "D5", "C5", "B", "A", "G", "G", "A", "B", "A", "G", "G"},
{e.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.75, 0.25, 1, 0.5,
e.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.75, 0.25, 1, 0.5, 0.5,
e.5, 0.5, 0.5, 0.25, 0.25, 0.5, 0.5, 0.5, 0.25, 0.25, 0.5, 0.5, 0.5, 0.5, 0.5,
e.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.75, 0.25, 1}};

Piano sound:

in[-1= Sound[SoundNote [##, "Piano"] & @@@ Transpose [0deToJoy]] // EmitSound

Violin sound:

in-}- Sound[SoundNote [##, "Violin"] & @@e Transpose[OdeToJoy]] // EmitSound
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Week 1: First-Order ODEs

How to Solve First-Order ODEs Step-by-step?

Table of Contents

1. Separable equations

1.1. Example 1.1: Separable ODE

1.2. Example 1.2: Initial Value Problem (IVP)
2. Exact ODEs & Integrating factors

2.1. Example 1.3: An Exact ODE

2.2. Non-Exact ODEs and Integrating Factors

2.3. Example 1.4: A Non-exact ODE with [VP
3. First-Order Linear ODEs

3.1. Example 1.5: First-Order ODE, IVP
4. Bernoulli Equation

4.1. Example 1.6: Logistic Equation

5. Summary

Commands list

= [ntegrate([f, x]

» ClearAll [symb1, symb2, ...]
= Simplify[expr]

= FullSimplify[expr]

» Solve[expr, vars]

Separable Equations

Many practically useful ODEs can be reduced to the form:
g0y =fx)

Then, by integrating both sides with respect to x, we obtain:

fg(y)y'cﬁx:ff(x)cﬁx+C

33
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According to Calculus, y'dx = dy.So, the variable of the integration for left-side becomes y.

g dy = [f(x)dx + C

When f and g are continuous functions, the integrals mentioned above exist, and by evaluating
them, we obtain a general solution to the given ODE.

Example 1.1: Separable ODE

y'=x+1) e"‘y2

+ Step 1. The given ODE is separable: y 2 dy = (x + 1) e dx
= ClearAll["Global %"]

oo 1= expr =y'[X] - (X+1) * EXp[-X] *y[x]?
Out[«]=

—e ¥ (Lex) y[x]* Y [x]
o Step 2. Integrate the left-side with respect to y.

o= Integrate[y?, y]

Oout[«]=
1

y

n-1= ?Integrate
Out[«]=

Symbol
Integratel[f, x] gives the indefinite integral [f dx.

Integrate[f, {x, Xmin: Xmax}] gives the definite integral j:’"_“* f dx.

tin

Integratel[f, {x, y, ...} € reg] integrates over the geometric region reg.

v

« Step 3. Integrate the right-side with respect to x.

n[-1= Integrate[ (x+1) * Exp[-x], X]
out[«]=
e (-2-x)

imnf-1= FullSimplify[Integrate[ (x+1) * Exp[-X], X]]

Out[«]=
—e X (2+Xx)

34



o Step 4. By integration, - = = —¢™(2 + x) + C.

< =

1
Inf+ J:= Fullsimplify[Solve[—— = -Exp[-x] * (2+Xx) +C, y]]
y

Out[« ]=

@X

{{y- szt

o Step 5. Verify the answer:

Exp[x]
n-1= ySoln =

2-CxExp[Xx] +X

Out[«]=

eX

2-Ce*+x

imn-]= yDSoln = FullSimplify[D[ySoln, x]]
Oout[«]=
e (1+X)

2-CeX+x)?
( )

« Substituting y and y' to the initially given ODE, we get:

mn-]= FullSimplify[expr /. {y[Xx] - ySoln, y'[x] - yDSoln}]
Out[«]=
0

# Check the answer using DSolve command:

ni-J- FullSimplify[DSolve[y'[Xx] == (X +1) * Exp[-X] *y[x]2%, yIx], x]]

Out[« ]=
X

{{yoa *hiexcl}}

Example 1.2: Initial Value Problem (IVP)
| y'==-2xy y0)=1.8

o Step 1. The given ODE is separable: i dy = -2xdx

mn-J= ClearAll["Global %"]

n-J= expr=y'[X] +2X*y[xX]
Out[« ]=
2xy[x] +y [X]

« Step 2. Integrate the left-side with respect to y.
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inf+ J-= Integr‘ate[;l,, y]

Out[« ]=

Logly]

« Step 3. Integrate the right-side with respect to x.

n-- Integrate[-2x, x]

Out[«]=

—X2

» Step 4. By integration, we got Iny = —x? + C. Solving the expression, we get a general
solution to ODE:

n-1= ?Solve

Oout[«]=

Symbol

Solve[expr, vars] attempts to solve the system expr of equations or inequalities for the variables vars.
Solvelexpr, vars, dom] solves over the domain dom. Common choices of dom are Reals, Integers, and Complexes.

v

+ We solve the expression over the domain of Real numbers, because the natural loga-
rithm of y exists only when y > 0:

n-}- FullSimplify[Solve[Log[y] = -x*+c, y, Reals]]

fo=e)

o Step 5. Now let’s use initial value to get a particular solution:

Out[«]=

ni-1= ySoln = ¢ » Exp[-x?]

Out[«]=

n-1= y@=ySoln/.x->0

Out[« ]=

n-1- Solve[y@ ==1.8, c]

Out[«]=
{{c>1.8}}

mn-}- YIVP =ySoln /. c > 1.8
Out[«]=

2]

1.8¢7*
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o Step 6. Verify the answer:

inf-]= YDIVP = FullSimplify[D[yIVP, x]]
Out[« ]=
-3.6e % x

« Substituting y and y' to the initially given ODE, we get:

inf-1= FullSimplify[expr /. {y[x] -» yIVP, y'[x] - yDIVP}]

Out[« ]=
Q.

o Check the answer using DSolve command:

- = FullSimplify[DSolve[{y"'[X] == -2Xx*Yy[Xx], y[O] ==1.8}, y[x], x]]

Oout[«]=
2

{{yx1 >1.8e™}}

Exact ODEs & Integrating Factors

A 1st order ODE M (x, y) + N(x, y) y' = 0 written as

Mx,y)dx+Nx,y)dy=0
is an exact differential equation. It can be written as the differential of some function u(x, ).

du du
— dx+ — dy=d
dx & dy Y "

Comparing the ODE and the differential form, we see that:

ou ou
(ﬂ — _ = M _ = N
u=>0 = o 3
Let’s do some partial derivatives manupulation to get:
oM _ Fu N _ o
dy =~ Oyox ox = Oxdy

Consequently, the condition for the exactness of ODE is when the following partial
derivatives are equal:

oM _ ON
dy ~ ox

Finally, by integration we obtain an implicit solution to an ODE as a function of u(x, y):
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ukx,y) =c

The function u(x, y) can be found by the following systematic way; EITHER by integrating
with respect to x, where k() is the constant of integration.

u= [Mdx+k@y)
OR by integrating with respect to y, where /(x) is the constant of integration as well:

u= chly+l(x)

Example 1.3: An Exact ODE

cos(x +y)dx + (3y* + 2y + cos(x + ) dy =0

« Step 1. Test for exactness. By looking at the equation, we see that M = cos (x + y) and

N =3y? + 2y + cos (x +y). But instead of M & N, we use P & Q, because the capital
letter N is protected by Mathematica.

- ClearAll["Global %"]

n-1= P[X_,y_] :=Cos[x+Yy];
QIx_, y_1] :=3y2+2y+Cos[x+y];

o NOTE: The variable cannot be named “N” because the Wolfram language has a built-in
symbol described below.

In[« ]:= ?N

Out[«]=

Symbol

N[expr] gives the numerical value of expr.
Nlexpr, n] attempts to give a result with n-digit precision.
v

o Let’s check if the given ODE is exact:

m-1= D[P[X, Y], Y] = D[Q[X, Y], X] (**Check for exactness x=x)
Out[«]=

True

+ The given ODE is exact.
o Step 2. Find the general solution u(x, y) by integrating with respect to x:

u=chﬂx+k(y)
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mn-1= u = Integrate[P[x, y], X] +k[y]

Oout[«]=

k[y] + Cos[y] Sin[x] + Cos[x] Sin[y]

« where k[y] is a yet-to-be-determined function.
o Step 3. Let’s solve for k(p) :

in-]- ODEOfK = Simplify[D[u, y] = Q[X, y]1]
Out[«]=

y (2+3y) =Kk'[y]

- KSoln = DSolve[ODEofK, k[y], y]
Out[« ]=

{{klyl > y*+y’ +c1}}

n[-]= U
Out[«]=
k[y] +Cos[y] Sin[x] + Cos[x] Sin[y]

« Step 4. Substitute the value of k[y] to the given ODE:

1= u /. KSoln[1]
Out[«]=

y2+y3 + ¢y +Cos[y] Sin[x] + Cos[x] Sin[y]

- ]= FullSimplify[u /. KSoln[1]]
Out[«]=

y2+y3+c1+Sin[X+y]

+ So, the general solution to the ODE is: u(x, y) =sin(x +y) + Y+ y3 + ¢1 = constant
u(x, y) =sin(x + y) +y2 +y3 =c

o Step 5. Check the obtained solution:

o1~ uSoln = y? +y® +cy + Sin[x +y];
D[uSoln, x]
Outf« ]=
Cos[x+VY]

In[« ]:= D[uSoln, \a
Out[«]=

2y +3y%+CoS[X+Y]

< So, the solution is correct.

Non-Exact ODEs and Integrating Factors
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What to do if the equation is not exact?

In a case of Nonexactness, the ODE can be solved by reducing the equation to the exact form.
It is done by the integrating factors. The nonexact ODE is given by the following form:

P, y)dx +Qx, ) dy =10
If the equation is multiplied by a function F both sides, the result is
FPdx +FQdy =10
This function F(x, y) is called an integrating factor.

How to find integrating factor?

As discussed before, the condition for the exactness of ODE is when the following partial
derivatives are equal:

Thus, the condition for the exactness when the integrating factor is present is:
0 0
— (FP) = — (F
oy (FP) P (FO)
By the product rule, with subscripts denoting partial derivatives, this gives
F,P + FP,=F,Q + FQ,

Because the integration factor depends only on one variable (either x or y), it simplifies easily.

Let’s assume that the integrating factor depends on the x only. Also, let’s denote the derivative

of F.as F’ =% .Then it leads to

FP,=F Q + FQ,

Simplifying it, we get the formula for the Integrating Factor F(x):

F(x) = exp [R(x) dx where R(x) = é (% - Z—S)

After similar mathematical manipilations, the formula for the Integrating Factor F(y) is found.
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J
F*(y) =exp [R*(0) 4y  where R*(y) = ;I) ((?—S — %)

Example 1.4: A Non-exact ODE with IVP

L 2

In[« ]:=

In[« ]:=
Out[«]=

In[« ]:=

Out[«]=

L 2

L 4

In[« ]:=

Oout[«]=

In[« ]:=
Out[«]=

L 2

e +ye?)dx + (xe? = 1)dy =0, y(0) = -1
Step 1. Test for exactness. By looking at the equation, we see that P = ¢** +y e” and
0 =xe’ - 1.
ClearAll["Global™ %"]

P[x_,y_] :=Exp[x+y] +y=*Exp[y];
QIx_, y_] :=x*Exp[y] -1;

FullSimplify [D[P[X, Y], Y] =D[Q[X, y¥], X] ]
e (eX+y) =

The result shows that the given ODE is NOT exact.

Step 2. Finding the Integrating Factor. First, assume that the Integrating Factor
depends only on x.

Rx = Fullsimplify[ * (D[P[x, y1, y] -D[Q[X, y], X] )]

QIx, y]
e (eX+y)

-1+e¥x
We see that the R contains both on x and y. Therefore, the first assumption is wrong.

Now, let’s assume that F' depends on y.

Ry = Fullsimplify * (DIQIX, 1, X] -D[P[x, ¥1, y1) |

P[x, yl
-1

The second is assumption is correct and the Integrating Factor depends only on y, F(p).
Fy = FullSimplify [Exp[Integrate[Ry, y1]]

eV

Let’s let’s redefine P/x,y/ and Q/x,y] after multiplying the integrating factor of e to
both sides of the given ODE:

ClearAll[P, Q, x, Y];
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m-l= PIX_,y_1:
Q[x_,y_1:

(Exp[x+y] +y =Exp[y]) = Exp[-y];
(x* Exp[y] -1) «Exp[-y];

« Check the obtained equation for exactness: (¢ + y)dx + (—e ¥ +x)dy =0

nf-}=  FullSimplify [D[P[x, y1, ¥] = D[Q[X, ¥], X]]
Out[«]=
True

o Indeed, it is exact.

+ Step 3. General Solution. As shown before, the general solution to the ODE can be
found by the following formula, where k() is the constant of integration.

u= [PxF(y) dx+ k@)

mn-1= u = Integrate[P[x, y], X] +k[y]
Oout[«]=
e +xy+kly]
« where k[y] is a yet-to-be-determined function.

o Let’s solve for k(p) :

in-]- ODEOfK = Simplify[D[u, y] = Q[X, y1]
Out[«]=
eY+k'[y] =0

n-1- KSoln = DSolve[ODEofK, k[y], Y]

Out[« ]=

{{k[y] - e’y+c1}}

n[-]= U
Out[«]=
e+ xy+k[y]

o Thus we have:

= U /. KSOln[[l]]
Out[«]=
e +eYixy+cq
- ]= uSoln = FullSimplify[u /. KSoln[1]]
Out[« ]=
+eV+xy+
« Hence, the general solution is
ux,y)=e*+eV+xy=c

o Step 4. Find the Particular solution with y(0) = —1I:
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n-J= ud =uSoln /. x>0
Oout[«]=
lveV+q;

n[-1= Solve[u@ = -1, c;]

out[+ J= {{‘Cl_)_e_y <1+2ey)}}

ni-1=  uIVP = Simplify[uSoln /. c; » -e™ (1+2¢’)]

Out[«]=
-2+e*+xy

o Step 5. Check the obtained solution:

mnf-1= D[uSoln, x]
Out[«]=
e+y

n-1= D[uSoln, y]
Oout[«]=
y

-—e”? +X

o It can be seen that D[u, x]dx + Dlu, y]dy = 0 recovers the given ODE. Since
u = const., we have du = D[u, x]dx + Dlu, yldy = 0.

First-Order Linear Equations

A first-order ODE (in interval a < x <b) written in the standard form as follows
'+ pX)y =rx)

is called a Linear ODE. If the r(x) equals to 0, the equation becomes a Homogeneous Linear
ODE.

y'+px)y=0

It is easily noticed that the ODE is separable, so by separating variable, the solution to the
equation is

y(x) = Ce_fp(x) dx c=z%e® when y 20
And the trivial solution y(x) = 0 for all x in the mentioned interval.

In a case the equation is a Nonhomogeneous Linear ODE, another method is used.

y'+px)y=rx)
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Here the ODE has a pleasant property that the integrating factor depends only on the x.
Fy'+pFy=rF

After some mathematical manipulations (refer to the textbook), the general solution to the
nonhomogeneous linear ODE is obtained.

y(x):e_h(fehrdx+(c) where h:fp(x)d/x

h

yx) =e " fet rdx + ce”

Example 1.5: First-Order ODE. IVP
y'+ytanx =sin2x, y(0) =1

o Step 1. From the standard form, here p = tanx, r = sin 2 x.

ClearAll["Global "]
p = Tan[x];
r = Sin[2x];

& We can introduce p & r as functions as was done in the previous example, but we don’t
have to.

o Step 2. Find /4 using the formula above.

mn-1= h = Integrate[p, x]
out[«]=
-Log[Cos [x]]

o Step 3. Find the general solution to the given ODE. ysoln0 is the first term and ysolnl
is the second term in the general solution.

in-]- ysoln@ = Exp[-h] » Integrate[Exp[h] * r, X]
Out[«]=
-2Cos[x]?
mn-1= ysolnl = Exp[-h] » cl
Out[«]=

cl Cos [X]

in-J= ysolnGen = ysoln@ + ysolnl

Out[« ]=

cl Cos[x] -2 Cos[x]2

o Step 4. Find the particular solution by the initial data: y(0) = 1.
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n-J= ysolnGen /. X > 0@
Oout[«]=
-2+cl

o Solve for cl:

n-1- Solve[((c1Cos[x] -2Cos[x]?) /.x->0) =1, cl]

Out[« ]=
{{cl->3}}

mn-1= ysoln = (ysoln@ +ysolnl) /.cl -» 3
Out[«]=

3 Cos[x] - 2 Cos[x]?

o Step 5. Verify the solution.

mn-]= FullSimplify[D[ysoln, x] + p *ysoln = r]
Out[« ]=

True

Bernoulli Equation

Many ODEs with a huge importance in engineering are nonlinear that can transform into a
linear ODE. One of the useful one is the Bernoulli Equation.

P'+px)y=gx)y“ (a is any real number)

When a = 0, the Bernoulli equation is a linear 1st order ODE, which we have solved in the
previous section.

When a = 1, the Bernoulli equation is a separable, linear, 1st order, homogeneous ODE,
which is even simpler to solve.

When a is neither 0 nor 1, we have a nonlinear ODE of y(x).
The trick to solve the Bernoulli equation is to introduce the following variable transformation:
u(x) = [y~
Using the u(x) transformation variable, we get the linear ODE, which we know how to solve.
u'-l-aypu=1_1-a)g

Example 1.6: Logistic Equation
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y'=Ay - By’
The given ODE 1is a Bernoulli equation is known as the Logistic Equation
Equation).
- ClearAll["Global %"]

o Step 1. Find the u(x) transformation variable. From the equation, we see that a is equal
to 2.

nol= uly] =y[x1*®/.a->2
Out[«]=

o 1= DLUly], X]
Oout[«]=

ni-J=  FullSimplify[D[u[yl, x] /.y [x] » {A=y[x] —B*y[x]z}]

Out[«]=

o Step 2. We found earlier that u(x) = )%)c) Hence, using it, #' (x) becomes

u'(x)=B —A u(x).

o Now we have a linear ODE of form: u'+ A u = B.

o Step 3. Solve the obtained linear ODE. It is nonhomogeneous. Thus, we use the same
method as in Example 1.3.

In[+ ]:= A;

r = B;

©
]

mn-1= h = Integrate[p, X]
Out[« ]=

- usoln@ = Exp[-h] » Integrate[Exp[h] * r, Xx]

Out[«]=
B

A

n[-]= usolnl = Exp[-h] »cl
Out[«]=

cle™
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n-1= usolnGen = ysoln@ + ysolnl

Oout[«]=

ysoln0 + ysolnl

« Step 4. Since u(x) = J%x) , the general solution y (x) as follows:

1
In[+ J-= Fullsimplify[Solve[((u[x]) /. u[x] » usolnGen) == ——, y[x]]]
y[x]

Oout[«]=

1
ysoln0 + ysoln1

}

o Step 5. Also, directly from the ODE, it is seen that y(x) = 0 for all x is the solution to
the equation as well (a trivial solution).

{{y[x] -

o Step 6. Always verify the solution.

A
1= ysoln = — 8 —
B+Acle™?*
Out[«]=

A

B+Acle®*
ni-J- FullSimplify[D[ysoln, x]] == FullSimplify[A xysoln - B ysolnz]
Out[« ]=

True

Summary

After completing this chapter, you should be able to
= solve several types of first-order ODEs step-by-step using Wolfram Mathematica.
= develop SOPs to solve first-order ODEs.

= develop the habit of always checking your solutions for quality assurance.

a7
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Week 2: Second-Order ODEs (Part 1)

How to solve 2nd-Order ODEs Step-by-step?

Table of Contents

1. Homogeneous Linear ODEs of Second Order
1.1. Example 2.1: Solve Second-Order ODE using DSolve
2. Homogeneous Linear ODEs with Constant Coefficients
2.1. Example 2.2: Case I with IVP
2.2. Example 2.3: Case II with IVP
2.3. Example 2.4: Case III with IVP
3. Modeling of Free Oscillations of Mass-Spring System
3.1. Example 2.5: Harmonic Oscillation of an Undamped Mass-Spring System
3.2. Example 2.6: The Three Cases of Damped Motion
4. Wolfram Demonstration Project: Unforced, Damped, Simple Harmonic Motion

5. Summary

1

Commands list

= DSolve[egn, u, x]

m expr[[i]] or Part[expr; i]
» Log|z]

= D[f, x]

» Chop[expr]

1

Homogeneous Linear ODEs of Second Order

The standard form of the Linear Second Order ODE is as follows:
Y'+px)y' +qx)y=rx)

If r(x) term is equal to 0:
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y'"+px)y' +qx)y=0
the ODE is called Homogeneous. If #(x) # 0, then it is called Nonhomogeneous.
The linear homogeneous second order ODEs have a rich solution structure that relies on the
Superposition Principle.

The superposition principle or linearity principle means that we can obtain further solutions
from the given ones by adding them or multiplying them with any constants.

y=ciy1+acy (1, c; arbitrary contants)

Note: This principle works only for Homogeneous AND Linear ODEs.

For a second-order homogeneous linear ODE, the Initial Value Problem consists of t
initial conditions:

y(xo) =Ky y'(xo) =K,
The General Solution to the ODE is
y=cy1+a )

Here y1 and y; are not proportional and ¢; and ¢; are arbitrary constants. This pair of linearly
independent solutions is called a basis of solutions.

1.1

Example 2.1: Solve Second-Order ODE using DSolve

(x2 —x)y"—xy'+y=0

o Step 1. Use the DSolve function directly, including the equation for the function y[x],
with independent variable x

i - ClearAll["Global  +"]
sol = DSolve[(xz—x) *Y"IX] -x*y'[X] +Y[X] =0, y[X], X]

out[«]=

{tylx] » x¢; + 5 (-1 —x Log[x])}}

« The solution to y[x] is written to “ysol” variable. Here the double square brackets is the
short form [[ ]] for the Part function, which is used to get parts of lists.

o In short, the program gets the 1st part of the expression “sol”, and writes it to the new
variable “ysol”.
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m-1= ysol = y[x] /. sol[1]; ysol
Oout[«]=

Xcy+Cy (-1-xLog[x])

In[+ ]:= ? Part

Out[«]=

Symbol

expr{[i]] or Part[expr, i] gives the i part of expr.

expr{[-i]] counts from the end.

exprl[i, j, ...]] or Partlexpr, i, j, ...] is equivalent to expr[[i][[/] ....

expr{[{i1, i», ...}]] gives a list of the parts iy, i, ... of expr.

expr{[m ;; n]] gives parts m through n.

expr{[m ;; n;; s]] gives parts m through = in steps of s.

expr(["key"]] gives the value associated with the key "key" in an association expr.

expr[Key[k]]] gives the value associated with an arbitrary key k in the association expr.

v

+ The new function called GeneralSol[x_] takes the solution to y[x] from the variable
“ysol”. It is done so in the next step, we can plot the graph of the obtained solution.
in-1- GeneralSol[x_] := ysol; GeneralSol[x]

Out[«]=
Xcy+cy (-1-xLog[x])

mn-1- Plot[GeneralSol([x] /. {C[1] » 1, C[2] -» 1}, {x, 9, 100},
Frame -» True, FrameLabel -» {"x", "y(x)"}, GridLines - Automatic,
BaseStyle » {FontWeight -» "Bold", Black, FontSize - 12}, PlotStyle - {Dashed, Red},

PlotLegends -» Placed[{"y(X)= X ¢1 + ¢; (-1 - x Log[x]) c1»1, c»1 "}, Above]]
Out[« ]=
----- y(X)=x ¢4 + €2 (-1 = x Log|[Xx]) c1-1, €1

0f---._ ]

= [ ]

> —200j ~*~ i

-300f

0 20 40 60 80 100

X
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« From the solution, it is seen that the solution perfectly matches the form y = ¢y y; + ¢ y2,
thus a basis of solutions is the following: y; =x and y, = —1 — x In(x).

+ Note: In Wolfram Mathematica, the function Log|[x] gives the natural logarithm of x.

mn-1= ?Log
Oout[«]=

Symbol

Loglz] gives the natural logarithm of z (logarithm to base e).
Log[b, z] gives the logarithm to base &.

v

o Step 2. Check the obtained solution by comparing Left-Hand-Side (LHS) and Right-
Hand-Side (RHS).

ni-J= LHS = FullSimplify|

(x2 - x) »D[GeneralSol[x], {X, 2}] - x » D[GeneralSol[x], {X, 1}] + GeneralSol[x] ]

Out[«]=

n-]= RHS =@
Out[« ]=
0

in[-]= LHS == RHS

Out[«]=

True

2

Homogeneous Linear ODEs with Constant Coefficients

Now let’s consider the homogeneous linear second-order ODEs with constant coefficients a
and b:

y'+ay'+by=0

These ODEs have a huge implications in the mechanical and electrical vibrations, as we will
see further.

To solve the homogeneous linear second-order ODEs, we need to solve the characteristic
equation (or auxiliary equation)

X+al+b =0

Because the characteristic equation is in the quadratic form, it may have three different kind of

52



Week 2_Second-Order ODEs-1 (Homogeneous).nb | 5

roots, depending on the sign of the discrimanant a®> — 4 b. These 3 cases are as follows:

(Case ) Two real roots if a* —4b >0,

(CaseIl) A real double root if a* —4b =0,

(Case III)  Complex conjugate roots if a* —4b < 0.
p Jjug

Depending on the case, the basis of solutions and the general solution to the ODE is
summarized in the following table:

Case Roots of (2) Basis of (1) General Solution of (1)
Distinct real
I e/\lx, X y=ci eMx 4 cZez\zx
A1, 4
Real double root
11 \=_1g4 e 2 x g2 y=(c1+cex) e

Complex conjugate

1 . —ax/2
AM=—--a+io, e 2 cos wx .
11 1 2 y = e 2 (A cos wx + B sin wx)

)L2=—%a—ia) e /% sin w x

2.1

Example 2.2: Case I with IVP

y'+y'=-2y=0, yO0) =4,y"(0) = -5

« Step 1. Solve the characteristic equation and determine what case the ODE refers to.

mn-1= ClearAll["Global™ "]

roots = Solve[A*+2A-2=20, 1] (»+ Note that we have to use = , not = )
Out[«]=
{{A->-2}, {(A->1})

o Step 2. Find the general solution. We got two distinct real roots, so we proceed with
Case L.

= A1 = A /. roots[1]; A2 = A /. roots[[2]; {Al, A2}

(»* Double squared brackets [[]] get the ith element from the listxx)
Out[« ]=
{-2,1}
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n-J= GeneralSol[x_] :=cl*EXp[ALl *X] + €2 * EXxp[A2 » X]; GeneralSol[x]

Oout[«]=

-2

cle?*+c2e”

o Step 3. Find the particular solution using the initial conditions: y(0) =4, y'(0) = -5

n-}- condl = GeneralSol[@] == 4;
cond2 = (D[GeneralSol[x], Xx] /. x> 0) = -5;

« Solve for the arbitrary constants.

mn-1= soln = Solve[{condl, cond2}, {cl, c2}]
Oout[«]=

{{c1>3,c2-1}}

« Obtain the particular solution.

n[-]- GeneralSol[x] /. soln

Out[«]=

{3 e X+ e"}

« Step 4. Verify the solution.

In[« ]:= inSOln [x_] := 3 e—Zx + ex;

o Check for the initial conditions.

n-J= ivpSoln[@]
Out[« ]=
4

= D[ivpSoln[x], {x, 1}] /. Xx->©
Out[«]=
-5

o Check that the solution satisfies the given ODE y'" + y' =2y = 0.

mn-}= LHS = D[ivpSoln[x], {X, 2}] + D[ivpSoln[x], {x, 1}] - 2 » ivpSoln[x]
Oout[«]=
6e2X+2eX-2 (3e’zx+ex)

m-1= RHS = @
Out[«]=
0

inf- = FullSimplify[LHS == RHS]

Oout[«]=

True

& So the solution satisfies both the initial conditions and the ODE check.
o Step 5. Verify the solution by DSolve (Not Required).
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mn-1= ClearAll[y]; DSolve[y''[x] +y'[X] -2y[x] =0, y[Xx], X]

Oout[«]=

{{yix] > e c1+e ey} }

ni-}= yp = DSolve[{y''[x] +y'[Xx] -2y[x] =0, y[@] ==4, y'[0] = -5}, y[x], X]
Out[« ]=

{{y[x] > e 2% (3 +e X)}}

+ Using the DSolve function yields in the same result.
o Let’s also take a look at the graph of the solution:

In[+ ]:= Plot[y[x] /.yp, {X, 9, 3}, Frame » True, FrameLabel -» {"x", "y(x)"},
GridLines -» Automatic, BaseStyle -» {FontWeight -» "Bold", Black, FontSize - 12},
PlotStyle » {Orange}, PlotLegends - Placed[{"y(x)= e** (3 + e’*)"}, Above]]

Out[« ]=

y()= 02 (3 + 6%

20**

150 ]

y(x)

10- ]

0.0 0.5 1.0 1.5 2.0 2.5 3.0

22

Example 2.3: Case II with IVP

y"'+y'+025y =0, y(0) =3.0,y'(0) = -3.5

- ClearAll["Global™ "]
o Step 1. Solve the characteristic equation and determine what case the ODE refers to.

n-}- roots = Solve[Az+A+0.25 =@, 1] (*» Note that we have to use = , not = xx)

Out[«]=
{({X>-0.5}, (x> -0.5})

o Step 2. Find the general solution. We got a real double root, so we proceed with Case II.
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mo= AL = A /. roots[1]; X2 = A /. roots[2]; {Al, X2}
(»* Double squared brackets [[]] get the ith element from the listxx)

Out[«]=
{-9.5, -0.5}

n-J= GeneralSol[x_] := (cl+c2*X) x EXp[Al *X]; GeneralSol[x]

Out[«]=
e % (cl+c2x)

« Step 3. Find the particular solution using the initial conditions: y(0) = 3.0, y' (0) = =3.5

mn-1- condl = GeneralSol[@] == 3.0;
cond2 = (D[GeneralSol[x], x] /. X—>»0) = -3.5;

« Solve for the arbitrary constants.

mn-1= soln = Solve[{condl, cond2}, {cl, c2}]

Out[«]=
({cl1-53.,¢c25-2.})

« Obtain the particular solution.

n[-]- GeneralSol[x] /. soln

Out[«]=

(% 3. -2.%)}

« Step 4. Verify the solution.

o= ivpSoln[x_] := e ®% X (3.7 -2." x); ivpSoln[x]
Out[«]=
e 3% (3. -2.x)

& Check for the initial conditions.

n-J= ivpSoln[@]

Out[«]=

mn-}- D[ivpSoln[x], {x, 1}] /. x>0

Out[«]=
-3.5
o Check that the solution satisfies the given ODE y"" + y' + 0.25y = 0.
mn-J= LHS = D[ivpSoln[x], {x, 2}] + D[ivpSoln[x], {x, 1}] +©.25 * ivpSoln[x]
Out[« ]=
0.
m-1= RHS = @
Out[« ]=
0
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in[-]=  LHS == RHS

Oout[«]=

True

& So the solution satisfies both the initial conditions and the ODE check.
o Step 5. Verify the solution by DSolve (Not Required).

mn-}= ClearAll[y]; DSolve[y''[x] +y'[Xx] +0.25y[x] =0, y[X], X]
Oout[«]=
{{y[x] S e e v e X x cz}}

n[-1= yp =
FullSimplify[DSolve[{y''[x] +y'[Xx] +0.25y[Xx] =0, y[0O] ==3.0, y'[0] == -3.5}, y[x], Xx]]

Oout[«]=

{{y[x] - e %% 3. -2. x)}}

+ Using the DSolve function yields in the same result.
o Let’s also take a look at the graph of the solution.

Inf+ ]:= Plot[y[x] /.yp, {X, 0, 20}, Frame -» True, FrameLabel - {"x", "y(x)"}, GridLines - Automatic,
BaseStyle -» {FontWeight -» "Bold", Black, FontSize -» 12}, PlotRange -» {-1, 3},
PlotStyle - Automatic, PlotLegends - Placed[{"y(x)= e %X (3 - 2x) "}, Above]]

Oout[«]=

— y(x)= €% (3 - 2x)

y(x)

1L

2.3

Example 2.4: Case 11l with IVP

| y"+ 0.4y' +9.04y =0, ¥0)=0,y'(0) =3

mn-1= ClearAll["Global™ x"]

« Step 1. Solve the characteristic equation and determine what case the ODE refers to.
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n-1-= a = 0.4; b = 9.04;
roots = SOlVE[)LZ+a*.7L+b = @, 1] (#» Note that we have to use = , not = xx)

Out[«]=
({1>-0.2-3.1}, {15 -08.2+3.1})

o Step 2. Find the general solution. We got two complex roots, so we proceed with Case
II1.

In this case, the roots of the characteristic equation are complex numbers that give the complex
solutions of the ODE. However, it can be shown that we can obtain a basis of real solutions:

= e—ax/Z —ax/2

coswx and y,=e sinwx where © = 4/b-=

Vi

no- w = Sqrt[b-a® /4]
Out[«]=
3.

mn-J= ClearAll[A, B];
GeneralSol[x_] := (AxCos[w#*X] + B*Sin[w*X] ) *Exp[(-a/2) *Xx];
GeneralSol [x]
Oout[«]=
e X (ACos[3.x] +BSin[3.x])

« Step 3. Find the particular solution using the initial conditions: y(0) =0, y' (0) =3

n-}- condl = GeneralSol[@] == O;
cond2 = (D[GeneralSol[x], X] /. X > @) ==3;

& Solve for the constants A and B.

m-1= soln = Solve[{condl, cond2}, {A, B}]
Out[«]=

{({A>0.,B>1.}}

+ Obtain the particular solution.

- - GeneralSol[x] /. soln

Out[«]=

[702% (0. + 1. Sin[3. x])}

- - FullSimplify[GeneralSol[x] /. soln]

Out[«]=

{1.€7%2* Sin[3.x]}

o The solutionis y =e***sin 3 x).

o Step 4. Verify the solution.
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o= ivpSoln[x_] :=e ®? X (0.” +1.7 Sin[3.” x]);
& Check for the initial conditions.

= ivpSoln[@]

Oout[«]=

0.

mnf-1= D[ivpSoln[x], {x, 1}] /. x>0
Out[«]=
3.

o Check that the solution satisfies the given ODE y"" + 0.4y' + 9.04y = 0.

mn-]= LHS = FullSimplify[ D[ivpSoln[x], {X, 2}] +©.4 % D[ivpSoln[x], {x, 1}] + 9.04 % ivpSoln[x]]
Oout[«]=
-1.72085x 10 ¢ ®2*sin[3. x]

In[« ]:= Chop [LHS]

Out[«]=
0
inf-= RHS =@
Out[«]=
0

in[-}= Chop[LHS] == RHS

Oout[«]=

True

& So the solution satisfies both the initial conditions and the ODE check.
o Step 5. Verify the solution by DSolve (Not Required).

mn-1= ClearAll[y]; DSolve[y''[x] +0.4y"'[x] +9.04y[x] == 0, y[x], X]
Out[« ]=
{{yx1 - e %% ¢c,Cos[3.x] +e ¥ ¢, Sin[3. x] 1

ni-}= yp = DSolve[{y''[x] +@.4y'[X] +9.04y[X] == 0, y[0] =0, y'[@] = 3}, y[x], X]

Out[«]=

{{yx] > 1. e®**sin[3.x]}}

+ Using the DSolve function yields in the same result.

o Let’s also take a look at the graph of the solution.
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1= Plot[{1.” e™®% %, ivpSeln[x], -1." e®? ¥}, {x, @, 30}, Frame - True,
PlotStyle » {{Black, Dashed}, {Red, Thick}, {Black, Dashed}}, Frame - True,
FrameLabel -» {"x", "y(x)"}, BaseStyle » {FontWeight - "Bold", Black, FontSize - 12},

PlotStyle » {Black}, GridLines - Automatic,
-0.2x

PlotLegends » {"e™®?* ", "y(x)= e sin (3 x)", "-e
AxesStyle - Directive [RGBColor[@. , 0. , 0. ], AbsoluteThickness[1]],
Method » {"DefaultBoundaryStyle" -» Automatic, "DefaultMeshStyle" —» AbsolutePointSize[6],

"ScalingFunctions" - None}, PlotRange - {-1.0, 1.0} ]

-0.2x"},

Out[«]=

1.0 +—

7 L7 ] -02
0.0- /\ ]\ N A 7oa N I — e 02x
7 V M ] —02x o
- 1 y(x)= <% sin (3 x)
l I _e—0.2x

y(x)

_1'07' T T T T T T Y A N S R I \7
0 5 10 15 20 25 30

X

-0.2x

o The solution oscillates between e and —e %2~ functions.

Modeling of Free Oscillations of Mass-Spring System

The motion of the mechanical mass-spring system is determined by Newton’s second law:
Mass x Acceleration = m y' = Force

There are two possible scenarios for the mass-spring system motion.

3.3

First Case. Undamped System.

The damping in the system is negligible. In this case the ODE of the Undamped System is as
follows:

my"+ky=90

where m 1s an object mass, k is the spring constant. This is a homogeneous linear ODE with
constant coefficients, whose general solution is obtained easily
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y(t) = A cos wy t + B sin w t w0=1,£

An alternative representation that shows physical characteristics of amplitude and phase shift is

_ _ _ [ 42 2 _B
y(@) =C cos (wy t —0) C=+\A“+B tan6_A

21,25

Example 2.5: Harmonic Oscillation of an Undamped Mass—Spring Svystem

If a mass—spring system with an iron ball of weight W = 98 nt (about 22 1b) can be regarded
as undamped, and the spring is such that the ball stretches it 1.09 m (about 43 in.), how
many cycles per minute will the system execute? What will its motion be if we pull the ball
down from rest by 16 cm (about 6 in.) and let it start with zero initial velocity?

o Step 1. Set up the model and determine the suitable ODE .
+ Find the spring constant from Hooke’s law.

= ClearAll["Global %"]
W = 98;
1=1.09;
k=W/1
Out[« ]=
89.9083

+ Find the mass of the object.

n-J= g =9.81;
m=W/g
Out[« ]=
9.98981

+ Find the frequency.

In[« ]:= Wo = -

Oout[«]=

Wo
nf-J= f=—— (*%xIn [Hz]**)
2Pi

Out[«]=
0.477465
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n-1= fcpm = Round[f » 60] (**In [cycles per minute]xx)

Out[«]=
29
+ Find the coefficients 4 and B using the initial conditions: y(0) = 0.16, y' (0) =wy B =0
1= Y[t_] :=A*Cos[wg*t] +B=*Sin[we * t]
In[« ]:= yQ = y[O]
Out[« ]=
0. +1.A

n-1- Solve[y@ == 0.16, A]

Out[«]=

{{A - 0.16}}

n-1- Solve[{we *B == 0}, B]

Oout[«]=

{{B-0.}}

m-1= y[t] /. {A->0.16, B> 0}

Out[«]=

0.16 Cos[3. 1]

o Step 2. Verify the solution.
1= ySoln[t_] :=0.16 * Cos[3 » t]
n-1= ySoln[@] =0.16
Out[«]=
True
mn-1- D[ySoln[t] /. t->0, t] =0

True

imnf-]= LHS = FullSimplify[m» D[ySoln[t], {t, 2}] + k*ySoln[t]]

Oout[«]=
1.77636 x 107 %° Cos [3 t]
m-J- RHS = @
Out[«]=

In[« ]:= Chop[LHS] == RHS

Out[« ]=

True

62



Week 2_Second-Order ODEs-1 (Homogeneous).nb | 15

¢ So the solution satisfies both the initial conditions and the ODE check.

o Step 3. Verify the solution by DSolve (Not Required).
In[« ]:=

ClearAll[y]; DSolve[mxy"'"'[x] +k *y[x] =0, y[x], X]
Out[« ]=

{{y[x] »1.ciCos[3.x] +1.¢c,Sin[3.x]}}
mn-1= yp = DSolve[{m=*y"''[x] +k*y[Xx] =0, y[0O] ==0.16, y'[0O] == 0}, y[X], X]
Oout[«]=

{{y[x] - 0.16 Cos[3. x]}}

« Using the DSolve function yields in the same result.
o Let’s also take a look at the graph of the solution.
mn-1- Plot[y[x] /. yp, {X, 0, 10}, Frame » True, FrameLabel » {"x", "y (x)"},

GridLines -» Automatic, BaseStyle -» {FontWeight -» "Bold", Black, FontSize -» 12},
PlotRange -» {-0.2, 0.2}, PlotStyle -» RGBColor[0.3, 0.8, 0.5],

PlotLegends -» Placed[{"y(x)= ©.16 cos (3 x)"}, Above]]
Out[«]=
y(x)= 0.16 cos(3 x)
0.2~
0.1
= I
< 0.0/
-0.1
-0.2" . | . | | . | . \7
0 2 4 6 8 10

Second Case. Damped System.
The system has a considerable damping. In this case the ODE of the Damped Syst
follows:

my"+cy'+ky=0

here cis called the damping constant. This is a homogeneous linear ODE with constant
coefficients. We can obtain the general solution by solving the characteristic equation as
discussed before
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2+<as L oy
m m

Again there are three cases with three different kind of roots, depending on the sign of the

discrimanant (= )2 4 £
m m
Case I AE>4mk Distinct real roots Ay, A,. (Overdampling)
Case 11 =4mk A real double root. (Critical dampling)
Case I1I c?<4mk  Complex conjugate roots. (Underdampling)

As before, the solution to the ODE in each case is summarized below:

Case 1. Overdamping

— —(a-p)t —(a+p)t — £
y@)=ce +cye =5

Case II. Critical damping

yoO = +cyt)e™! = ﬁ

Case II1. Underdamping
y@® =e*(Acosw*t+ Bsinw*t) = Ce " cos (w*t - 05)

C? = 4% + B? 5§=RB/A a=c/Q2m)

w* - L Amk—c? = ko
2m m

3.2

Example 2.6: The Three Cases of Damped Motion

If a mass—spring system in the Example 1 with an iron ball of mass m = 10 kg 1
regarded as damped, and the spring has a spring constant k = 90 N/m. We pull the ball down
from rest by 16 cm (about 6 in.) and let it start with zero initial velocity as before. How does
the motion change if we change the damping constant ¢ from one to another of the
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following three values?
(I) c =100 kg/sec

(IT) ¢ = 60 kg/sec
(ITI) ¢ = 10 kg/sec

w1~ ClearAll["Global +"]
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(D) ¢ =100 kg/sec

ml-1= m=10;
k = 90;
c = 100;

m-1= LHS =mxy'"+c*xy' +kxy
RHS = 0;

Outf«]=
99y +100y +10Yy”

+ Solve the characteristic equation.

, C k
n[-]- roots = SO].VE[)L +— xA+— =0, )t]
m m
Out[«]=

{({A=>-9}, {(A>-1}}

« There are two distinct roots, so we proceed with Case I, overdamping. This gives the

general solution:

m-l= A1 = A /. roots[1]; A2 = A /. roots[2];

(** Double squared brackets [[]] get the ith element from the listxx)

Out[« ]=
{-9, -1}

n-J= GeneralSol[x_] :=cl*EXp[Al * X] + c2 * Exp[A2 » X]; GeneralSol[x]

Out[«]=
-9 X

cle”*+c2e

« Find the particular solution using the initial conditions: y(0) =0.16, y' (0) =wy B =0

n-]= condl = GeneralSol[0] == 0.16;

cond2 = (D[GeneralSol[x], x] /. X > 0)

+ Solve for the arbitrary constants.

mn-1= soln = Solve[{condl, cond2}, {cl, c2}]

Out[«]=
({cl>-0.02, c2 50.18})

« Obtain the particular solution.
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mn-1= ypl = GeneralSol[x] /. soln

Oout[«]=
{(-0.02¢7°*+0.18 ¢}
# Check the particular solution.
o}~ ivpSoln[x_] := -0.02 e°*+0.18 e%;

o Check for the initial conditions.

nf-1= ivpSoln[@]

Out[«]=
0.16

mn-1= D[ivpSoln[x], {X, 1}] /. x> ©
Out[« ]=
Q.

o Check that the solution satisfies the given ODE my "' + ¢y’ + ky = 0.

inf-]= FullSimplify[
LHS /. {y'"' - D[ivpSoln[x], {x, 2}], y' -» D[ivpSoln[x], {X, 1}]1, y » ivpSoln[x]}]
Out[« ]=
-2.88658x10 P e X

inf-]= Chop[FullSimplify [
LHS /. {y'"' » D[ivpSoln[x], {x, 2}], y' -» D[ivpSoln[x], {X, 1}], y » ivpSoln[x]}]] == RHS
Out[« ]=

True

& So the solution satisfies both the initial conditions and the ODE check.

(II) ¢ = 60 kg / sec

n[-]= m=10;
k = 90;
Cc = 60;

n-1= LHS =mxy''+c*xy' +kxy

RHS = 0;
Oout[«]=
99y +60y +10y”
+ Solve the characteristic equation.
, ¢ k
n-1= roots = Solve[A +— %A+ — =0, ]L]
m m
Out[«]=

{{A->-3}, {(A->-3}}
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« There 1s a real double root, so we proceed with Case 11, critical damping. This gives the
general solution.

n-l= A1 = A /. roots[1]]; A2 = A /. roots[[2]]; {Al, A2}
(** Double squared brackets [[]] get the ith element from the listxx)

Out[« ]=
{-3, -3}

n-J= GeneralSol[x_] := (cl+c2*Xx) * Exp[Al » x]; GeneralSol[x]
Out[«]=
e3* (cl+c2x)

+ Find the particular solution using the initial conditions: y(0) = 0.16, y'(0) = wy B = 0.

n-]= condl = GeneralSol[@] == 0.16;
cond2 = (D[GeneralSol[x], x] /. X—»0) == 0;

+ Solve for the arbitrary constants.

mn-J= soln = Solve[{condl, cond2}, {cl1, c2}]

Out[«]=
({cl-0.16, c2 > 0.48})

« Obtain the particular solution.

n-J= yp2 = GeneralSol[x] /. soln

Out[«]=

{e7%(0.16 +0.48 x)}

# Check the particular solution.
o - ivpSoln[x_] := e 3* (0.16> +0.48  x);
o Check for the 1nitial conditions.

n-1= ivpSoln[@]

Out[«]=
0.16

mn-J= D[ivpSoln[x], {X, 1}] /. Xx->©
Out[« ]=
0.

« Check that the solution satisfies the given ODE my "' + ¢y’ + ky = 0.

inf- 1= FullSimplify[
LHS /. {y'"' - D[ivpSoln[x], {x, 2}], y' -» D[ivpSoln[x], {X, 1}], y - ivpSoln[x]}]
Oout[«]=
7.10543 x 10 *° e ** x

in-]= Chop[FullSimplify [
LHS /. {y'"' - D[ivpSoln[x], {x, 2}], y' -» D[ivpSoln[x], {X, 1}], y - ivpSoln[x]}]] == RHS
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Out[«]=

True

& So the solution satisfies both the initial conditions and the ODE check.

(ITI) ¢ = 10 kg / sec

n[-1= m=10;
k = 90;
c =10;

1= LHS =mxy'"+c*xy' +kxy
RHS = 0;

Oout[«]=
99y +10y +10y”

« Solve the characteristic equation.

C k
n-}- roots = SO].VE[)LZ +— xA+— =0, A]
m m
Oout[«]=
1

(2o (1-293) L fan - (20 )}

2

« Find the general solution. We got two complex roots, so we proceed with Case II1.

In this case, the roots of the characteristic equation are complex numbers that give the complex
solutions of the ODE. However, it can be shown that we can obtain a basis of real solutions:

. . k c?
sinwx where o©* = =
m 4dm

= e—wc/Z —ax/2

V1 coswx and y,=e

n-j= 0 = Sqrt[E—:—zz]
m

Out[«]=

\/35
2

m-1= ClearAll[A, B];
GeneralSol[x_] := (AxCos[w* *X] + BxSin[w* *Xx] ) *EXp[(-c/ (2m) ) »Xx];
GeneralSol [x]

Out[«]=

et [ncos | P27 psin 2]

# Find the particular solution using the initial conditions: y(0) = 0.16, y'(0) = wy B = 0.

n-]= condl = GeneralSol[@] == 0.16;
cond2 = (D[GeneralSol[x], x] /. x> 0) == 0;
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+ Solve for the arbitrary constants.

n-1- soln = Solve[{condl, cond2}, {A, B}]

Out[« ]=
({A-0.16, B 0.0270449} }

« Obtain the particular solution.

n-1= yp3 = GeneralSol[x] /. soln

Oout[«]=

5x

] +0.0270449 sm[

I

{e—x/z (o. 16 COS[

o Check the particular solution.

/35
x] +0.02704493615131253" Sin[ x] s
2

= ivpSoln[x_] := e™/? [0.16‘ Cos[

o Check for the initial conditions.

= ivpSoln[@]
Out[« ]=
0.16

mnf-1= D[ivpSoln[x], {x, 1}] /. x>0
Out[«]=
0.

« Check that the solution satisfies the given ODE my'" + ¢y’ + ky = 0.

inf-]= FullSimplify[
LHS /. {y'"' - D[ivpSoln([x], {x, 2}], y' -» D[ivpSoln[x], {X, 1}]1, y - ivpSoln([x]}]

\/EX]

2

Out[«]=

X
/2| -1.77636 x 10°*° Cos | | - 4.42089 <10 sin |

2

in-]= Chop[FullSimplify [
LHS /. {y'"' - D[ivpSoln[x], {x, 2}], y' -» D[ivpSoln[x], {X, 1}], y » ivpSoln[x]}]] == RHS
Oout[«]=
True

& So the solution satisfies both the initial conditions and the ODE check.

o Let’s plot three curves at the same graph.
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mn-1- Plot[{ypl, yp2, yp3}, {x, 0, 10}, Frame -» True, FrameLabel -» {"t", "y(t)"},
GridLines -» Automatic, BaseStyle -» {FontWeight -» "Bold", Black, FontSize -» 12},
PlotRange -» {-0.1, 0.15}, PlotStyle -» {Red, Green, Blue},

PlotLegends » {"c = 100 kg/sec (Overdamping)",
"c = 60 kg/sec (Critical damping)", "c = 10 kg/sec (Underdamping)"}]

Out[«]=

0.15
0.10- 1
0.05- 1 :
s I 1 —— ¢ =100 kg/sec (Overdamping)
g 0.00f N T ] —c= 60 kg/sec (Critical damping)
[ \/ 1 — ¢ =10 kg/sec (Underdamping)
-0.05 |
-0.10 Lo ™ R ]
0 2 4 6 8 10

Wolfram Demonstrations Project: Unforced, Damped,
Simple Harmonic Motion

This Demonstration illustrates unforced, damped, simple harmonic motion using the standard
mass and spring setup. By manipulating the mass, Hooke’s constant, and the damping
coefficient parameters, you can observe the phenomenon of critical dampening.

The source code below was developed by John Erickson, Chicago State University (2009).
Open content licensed under CC BY-NC-SA.
John Erickson, Chicago State University
“Unforced, Damped, Simple Harmonic Motion”
https://demonstrations.wolfram.com/UnforcedDampedSimpleHarmonicMotion/
Wolfram Demonstrations Project; Published: March 10, 2009; Accessed on July 26, 2022.

mn-J= ClearAll["Global %"]
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In[+ J:= solPlotDamp [springLength_, initEquibPos_, initvel , mm_, kk_, cc_, tt_] :=
Module[{x, t},
cc kk
sol = x[t] /. DSolve[{x‘ "[t] + — x'"[t] + — x[t] =0,
mm mm
x[@] == initEquibPos, x'[0@] = initVel}, x[t], t] [11;

Column [{Text@Tr‘aditionalFor‘m@Row[{c2 -4km, " = ", cc® -4kkmm}],
GraphicsGrid [{{Plot [ {springLength, springLength + sol}, {t, @, 40}, PlotRange -

{-5, 15}, PlotStyle -» {Red, Black}, AxesLabel » {"time", "position"},
Epilog -» {Black, PointSize[.@3], Point[{@, springLength +sol /. t » tt}],
Green, PointSize[.05], Point[{tt, springlLength +sol /. t - tt}]1}],

Plot[l +.3Sin[xs (5-so0l /. t» tt)], {s, 9, springLength+sol /. t » tt},
PlotRange » {{0, 15}, {0, 3}}, PlotStyle -» { Black, Thickness[.005 kk]},
AxesLabel » {"position", None}, Epilog - {{Or‘ange, Thickness[.03 cc],

Line[{{e, 1.6}, {spr'ingLength ;sol /. t-> tt, 1 6}}],

springlLength +sol /. t » tt
2
{springLength +sol /. t » tt, 1.6}}]},

Thickness[.06 cc], Line[{{ 9 1.6},

Blue, Dashed, Line[ {{springLength, 0}, {springlLength, 2}}1],
Black, PointSize[.05], Point[{springLength +sol /. t » tt, 0}],
Red, Rectangle[ {springLength +sol /. t » tt, @},

{springLength + mm + sol /. t » tt, 2}]}]}}, ImageSize -» {540, 279}]}, Center]
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-] Manipulate[solPlotDamp [springLength, initEquibPos, initvel, mm, kk, cc, tt],
{{tt, 0.0, "time"}, @, 40, Appearance - "Labeled"},
{{springLength, 5, "spring length"}, 3, 8, Appearance - "Labeled"},
{{initEquibPos, 2, "initial position"}, 1, 5, Appearance - "Labeled"},
{{initVel, 0.0, "initial velocity"}, @, 1, Appearance - "Labeled"},
{{cc, 0, "damping coefficient c"}, @, 2, Appearance - "Labeled"},
{{mm, 1, "mass m"}, 1, 4, Appearance - "Labeled"},
{{kk, 1, "Hooke's constant k"}, 1, 3, Appearance -» "Labeled"},
ControlPlacement - Top, SaveDefinitions -» True, SynchronousUpdating -» False]

Out[«]=
time :D 0.
spring length D 5
initial position M 2
P U
initial velocity <D 0.
damping coefficient ¢ CD 0
mass m CG 1
Hooke's constant k CG 1
?-4km=-4
position
157 3.0¢
25¢
10+
5 .W
1 1 1 1 tlme
10 20 30
5L L L L position
10 12 4
5

After completing this chapter, you should be able to

= solve 2nd-order linear homogeneous ODEs step-by-step using Wolfram Mathematica.
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= develop SOPs to solve 2nd-order linear homogeneous ODEs.
= develop the habit of always checking your solutions for quality assurance.

= learn and use information, tools, and technology to solve engineering math problems.
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Week 3: Second-Order ODEs (Part 2)

How to Solve Second-Order ODEs Step-by-step?

Table of Contents

1. Nonhomogeneous Linear ODEs of Second Order
1.1. Example 3.1. Method of Undetermined Coefficients
1.2. Example 3.2. Application of Modification Rule
1.3. Example 3.3. Application of Sum Rule
1.4. Example 3.4. Another example of the Method of Undetermined Coefficients

2. Summary

Commands list

» Sqrt[z]

= Exp[z]

= Collect[expr,x]
= Chop[expr]

m Plot[f, {x, x min, x max}]

Nonhomogeneous Linear ODEs of Second Order

The standard form of the Nonhomogeneous Linear Second Order ODE is as follows:
y'Hpx)y' + 400y =rx)
The general solution of the nonhomogeneous ODE on the open interval / is
y(x) = yp(x) + yp(x)

here y;,(x) = ¢ y1 + ¢, ¥, 1s the general solution of the homogeneous ODE on the same /
interval. We learned how to solve it earlier (by solving the characteristic equation).
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Case Roots of (2) Basis of (1) General Solution of (1)
Distinct real
I e/llx, X y=c e X 4 CZezlzx
A, A

Real double root

I v=_1g4 e P2 x emxI2 y=(c1+cyx) e ™2
)
Complex conjugate
1 . —ax/2
M =-—za+io, e 2 cos wx .
111 1= 73 y = e " (A cos wx + B sin wx)
/\2=—%a—iw e */% sin w x

The y,(x) is any solution on / containing no arbitrary constants. It can be found by using the

Method of Undetermined Coefficients. The method is suitable for linear ODEs with constan
coefficients a and b:

y'+ay'+by=r)

Term in r (x) Choice for y,(x)
ker™ Ce”™
' n=0,1,-) | K,x"+K, X" '+ +K x+Kp
k

c.osa)x } K cos wx + M sin wx
k sin wx
ke™ cos wx } o :

) e™ (K cos wx + M sin wx)

ke™ sin wx

Note 1: If a term in your choice for y,(x) happens to be a solution of the homogeneous ODE,
use the Modification Rule (multiply this term by x or by x?).

Note 2: If a term in your choice for y,(x) happens to be a sum of functions in the first column
of the Table above, then for y,(x) choose the sum of the functions in the corresponding lines of
the second column (Sum Rule).

Example 3.1. Method of Undetermined Coefficients
y" +y=0.001x° o0 =0, y'(0) =15
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mn-1= ClearAll["Global™ "]

ni-}= LHSOp[y_, x_] = y"'"[X] + y[X]
Out[« ]=

y[x] +y”[x]

o}~ rhsFunc[x_] = 0.001 x>
Out[« ]=
0.001 x°

o Step 1. Solve the corresponding homogeneous ODE to obtain the general solution o
yh(x)-
+ To do so, let’s solve the characteristic equation.

n-1= a =@; b = 1;
roots = Solve[A*+a*2A+b =0, 1]

Out[« ]=
{({A=>-1}, (A=>1}}

& We got two complex roots, so we proceed with Case III.

In this case, the roots of the characteristic equation are complex numbers that give the complex
solutions of the ODE. However, it can be shown that we can obtain a basis of real solutions:

= e—ax/Z —ax/2

coswx and y,=e sinwx where © = 4/b-=

Vi

no- w = Sqrt[b-a’ /4]

out[«]=
1

n-]= ClearAll[A, B];
yh[x_] := (A*Cos[w*X] + BxSin[w+Xx] ) *Exp[(-a/2) »Xx];
yh[x]
Out[«]=
ACos[x] +BSin[x]

» Step 2. Applying the method of undetermined coefficients, find a solution y,(x).

# Since the r(x) term is in the form of kx" for (n =0, 1, ...), the corresponding y,(x)

choice (second row in the Table) is y, = K, x? + K; x + K.
¢ K>, K, K are coefficients to be determined

n-1= ypIx_] = K2 % x%+KL%x+KO
Oout[«]=

KO + K1 x + K2 x?

o Let’s plug the assumed solution y,(x) into the LHS:
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m-J= LHS = LHSOp[yp, X]
Oout[«]=

KO + 2 K2 + K1 x + K2 x?

n[-1= RHS = rhsFunc[x]
Out[«]=
0.001 x°

» Next, equate coefficients of x and x* because the coefficient of each power of x must be
the same on both sides. Hence, LHS-RHS must be zero for all x.

1= Q = Collect[(LHS -RHS), {x, x*}]
Out[« ]=
KO +2K2+KLx+ (-0.001 +K2) x2

o The conditions that all coefficients must be 0 gives us 3 equations with 3 unknowns,
which we can solve using Solve][ ].
n-}- eqne@ = KO +2K2 =0 (%% constant term x=x);

eqnl = K1 ==0 (xxcoefficient of X xx);
eqn2 = (-0.001 +K2) = 0 (xxcoefficient of x? xx);

- coeffSoln = Solve[{eqn@, eqnl, eqn2}, {K2, K1, KO}]
Out[«]=
{{K2>0.001, K1 >0, KO > -0.002} }

o Let’s substitute the coefficients to the solution.

1= ypSoln[x_] = yp[x] /. coeffSoln[1]
Out[« ]=
-0.002 + 0.001 x°

& Check the solution.

mn-1= LHSCheck = LHSOp[ypSoln, x]
Out[«]=
0. +0.001 x*

- = FullSimplify [Chop [LHSCheck] ]
Oout[«]=
0.001 x°

- = FullSimplify[Chop [LHSCheck]] == RHS
Out[«]=
True

« Great! The same as the right hand side.

o Step 3. Then, the general solution to the initial nonhomogeneous ODE is:
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n-1= ygeneral[x_] = yh[x] +ypSoln[x]
Oout[«]=
-90.002 +0.001 x> + ACos [X] +BSin[x]

o Step 4. Find the particular solution using the initial conditions: y(0) = 0, y'(0) = 1.5.

. o Y
Find the d t = —.
+ Find the derivative y" = ==

1= dygeneral[x_] = D[ygeneral[x], {x, 1}]
Out[« ]=
0.002 x + BCos [x] —ASin[x]

mn-J= IC1 = ygeneral[@Q] =

Out[«]=
-0.002 +A=-0

mn-1= IC2 = dygeneral[@] == 1.5
Out[«]=
0. +B=1.5

n-J= valuesofcofficients = Solve[{IC1, IC2}, {A, B}]

Out[«]=
({A>0.002,B>1.5)}

« Hence, the particular solution to the given ODE is:

1= yparticular[x_] = ygeneral[x] /. valuesofcofficients[1]

Out[«]=

—0.002 +0.001 x* + 0.002 Cos[x] + 1.5 Sin[x]

o Step 5. Verify the solution to the ODE y” +y = 0.001 x? with initial conditions:
y0) =0, y'(0) = L5.

1= LHSOp[yparticular, x]
Out[« ]=
0. +0.001 x°

- = FullSimplify [Chop [LHSOp [yparticular, x]]] == rhsFunc[x]
Out[« ]=
True

- yparticular[0]

Out[«]=
Q.

- D[yparticular[x], {x, 1}] /. {x-> 0}

Out[« ]=
1.5
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& The solution satisfies both the ODE and initial conditions check!
o Let’s take a look at the graph of the solution.

In[+ J:= Plot[yparticular‘[x], {x, @0, 60}, Frame - True,
PlotStyle -» {{Blue, Thick}}, Frame - True, FrameLabel -» {"x", "y (x)"},
PlotLegends - Placed[{"y(x)=-0.002+0.001 x2+0.002 cos (x)+ 1.5 sin(x) "}, Above],
BaseStyle -» {FontWeight - "Bold", Black, FontSize - 12}, GridLines -» Automatic,
AxesStyle - Directive [RGBColor[@. , 0. , 0. ], AbsoluteThickness[1]],
Method » {"DefaultBoundaryStyle" -» Automatic, "DefaultMeshStyle" -» AbsolutePointSize[6],
"ScalingFunctions" - None}, PlotRange -» {-2, 5}]

Out[« ]=

— y(x)=—0.002+0.001 x2+0.002 cos(x)+ 1.5 sin(x)

5

3r

AAAVYE
- VUV

y(x)

o

-2 P R R I
0 30 40 50 60

X

+ Step 6. Solve the ODE using a built-in DSolve function (Not Required).

in-]- DSolve[LHSOp[y, X] == rhsFunc[x] , y[x], x] (** A general solution %)

Out[« ]=
{{y[x] - -0.002 + 0.001 x%+1.cyCos[1. x] +1.¢cpSin[1. X] 1}

n-1- DSolve[{LHSOp[y, X] == rhsFunc[x], y[@] ==0, y'[0O] ==1.5}, y[x], X]
(»* A particular solution xx)

Out[« ]=

{{ylx] > -0.002 +0.001 x* +0.002 Cos[1. x] + 1.5 Sin[1. x]}}

Example 3.2. Application of Modification Rule

y" +3y'+225y = —10e7 5% yO0) =1, y'(0) =0

- ClearAll["Global™ "]

1= LHSOp[y_, Xx_] = y'"[x] +3y"'[x] +2.25y[x]

Out[«]=
2.25y[x] +3y' [x] +y"[X]
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1= rhsFunc[x_] = -10Exp[-1.5x]
Oout[«]=
10 e—l.Sx
o Step 1. Solve the corresponding homogeneous ODE to obtain the general solution o
yh(x)-
+ To do so, let’s solve the characteristic equation.

m-J= a =33 b = 2.25;
roots = Solve[A*+a*2A+b =0, 1]

Out[« ]=
{({A>-1.5}, {x > -1.5})

& We got a real double root, so we proceed with Case II.

n-l= A1 = A /. roots[1]; A2 = A /. roots[2]]; {Al, A2}
Out[«]=
{-1.5, -1.5}

m-1= Yh[X_] t= (€1 +c2%X) » EXp[A1 »x]; yh[Xx]
Out[«]=
e 1% (cl+c2x)

» Step 2. Applying the method of undetermined coefficients, find a solution y,(x).

# Since the r(x) term is in the form of k ¢”*, the corresponding y,(x) choice (first row in

the Table) is y, = Ky e”'°*. Ky is a coefficient to be determined.

+ Warning! Here we need to use the Modification Rule, because y,(x) term happens to be

the solution to the corresponding homogeneous equation. Thus, multiply the term by x

and get the correct expression of form y, = Ky x* e '>*.

o= ypIX_] =K@ #x* % Exp[-1.5X]
Out[«]=
e—l.SX Ko XZ

o Let’s plug the assumed solution y,(x) into the LHS.

m[-]= LHS = LHSOp[yp, X]
Oout[«]=
2e1°¥KO-6. e P KOxX+4.5e ¥ KOX? +3 (2e P KOxX - 1.5 e 17X KO X

mn(-1= RHS = rhsFunc[x]
Out[« ]=
_10 e—l.Sx

In[« ]:= LHS - RHS
Out[«]=
10e X1 2e 1K -6. e 1 P*KOxX+4.5e °XKO X% + 3 (2 e 1°XKox-1.5e1°*Ke x2)
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« Next, equate coefficients of x and x? because the coefficient of each power of x must be
the same on both sides. Hence, LHS-RHS must be zero for all x.

n-- Q = Collect[ (LHS-RHS), {Exp[-1.5x], x*Exp[-1.5x], X**Exp[-1.5x]}]
Out[« ]=
e 1% (10 + 2K0)

o The condition that all coefficients must be 0 gives us only one equation with the
unknown K, which we can solve using Solve][ ].
n-l= eqn@ = 10 + 2K0 == 0

Out[«]=
10 + 2 KO ==

n-1- coeffSoln = Solve[{eqn@}, {KO}]
Oout[«]=
{{KO - -5}}

o Let’s substitute the coefficient to the solution.

n-J= ypSoln[x_] = yp[x] /. coeffSoln[1]

Out[«]=

5 e 15xy2

& Check the solution.

-] LHSCheck = LHSOp[ypSoln, x]
Out[«]=
~10e X +30. e 1P x-22.5e X% +3 (10 e T X+ 7.5 17 x?)

inf-J= FullSimplify [Chop [LHSCheck] ]
Out[«]=
_10. e—l.Sx

in[-}= FullSimplify [Chop [LHSCheck]] == RHS

Out[« ]=
True

« Great! The same as the right hand side.
o Step 3. Then, the general solution to the initial nonhomogeneous ODE is:

n-J= ygeneral[x_] = yh[x] +ypSoln[x]
Out[« ]=
—S5e Xy ie X (cl+c2x)

« Step 4. Find the particular solution using the initial conditions: y(0) = 1, y'(0) = 0.

. o , 4y
+ Find the derivative y' = .
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n-1= dygeneral[x_] = D[ygeneral[x], {x, 1}]
Oout[«]=

2e X _18e ¥ x+7.5e 5 x? - 1.5 15X (c1+c2x)

mn-1= IC1l = ygeneral[O] ==
Out[«]=
0.+1.cl=1

mn-J= IC2 = dygeneral[@] ==
Out[«]=

0.-1.5c1+1.c2=0

- - valuesofcofficients = Solve[{IC1l, IC2}, {cl, c2}]

Oout[«]=
{{c1>1., c2-51.5}}
+ Hence, the particular solution to the given ODE is:
1= yparticular[x_] = ygeneral[x] /. valuesofcofficients[1]
Out[«]=

—S5e X2 43X (1. +1.5%)

o Step 5. Verify the solution to the ODE y'" + 3y’ + 2.25y = —10e7">* with initial
conditions: y(0) = 1, y'(0) = 0.
- LHSOp[yparticular, x]
Out[« ]=

~14.5e %% 430, e 1P ¥ x-11.25e 7 ¥ %%+ 2.25e 17X (1. +1.5X%) +
3(1.5e'°*-10e " *x+7.5e 7 x*-1.5e % (1. +1.5x) ) +

2.25 (-5e %%+ e X (1. +1.5x) )

inf-J= FullSimplify [Chop [LHSOp [yparticular, x]]] = rhsFunc[x]
Out[«]=
True

= yparticular[0]

Oout[«]=

1= D[yparticular[x], {x, 1}] /. {x-> 0}

Out[«]=
Q.

& The solution satisfies both the ODE and initial conditions check!

o Let’s take a look at the graph of the solution.
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In[+ J:= Plot[ypar‘ticular'[x], {x, 0, 10}, Frame - True,
PlotStyle -» {{Red, Thick}}, Frame -» True, FrameLabel -» {"x", "y(x)"},
PlotLegends - Placed[{"y(x)=-5 e™*** x* + e™** (1 + 1.5 x)"}, Above],
BaseStyle -» {FontWeight -» "Bold", Black, FontSize -» 12}, GridLines - Automatic,
AxesStyle -» Directive [RGBColor[0. , 0.7, 0. ], AbsoluteThickness[1]],
Method - {"DefaultBoundaryStyle" - Automatic, "DefaultMeshStyle" —» AbsolutePointSize[6],
"ScalingFunctions" - None}, PlotRange - {-2, 2}]

Out[« ]=

— y(X\)=-5e"5* x2 + 5% (1 + 1.5 %)

27‘
|
2% 2 4 6 8 10

« Step 6. Solve the ODE using a built-in DSolve function (Not Required).

in-]- DSolve[LHSOp[y, X] == rhsFunc[x] , y[x], x] (** A general solution *=*)
Out[«]=

{{Y[X] - -5. e’l'sxxzwe’l'sxc1+e’1'5"x¢2}}

nf-1- DSolve[{LHSOp[y, X] == rhsFunc[x], y[@0] ==1, y'[O] =0}, y[x], X]
(** A particular solution =x=x)

Out[«]=

{{y[x] - —5.¢7 5% (—0.2 -03x+1. xz)}}

- J= FullSimplify[yparticular[x]]

(** The solution that we obtained through a step-by-step SOP =xx)
Out[«]=

5. e 13X (20.2+ (-0.3 +X) X)

Example 3.3. Application of Sum Rule

y"'+2y"+0.75y =2cos (x) —0.25 sin (x) + 0.09x o =278, y'(0) = -0.43

= ClearAll["Global™ "]

o Create expressions for the LHS operator and the RHS function.
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mn-1= LHSOp[y_, X_] = y'"[X] +2y"'[X] +0.75y[X]
Oout[«]=
0.75y [x] +2y [x] +y"[X]

1= rhsFunc[x_] = 2Cos[x] -0.25Sin[x] +90.09 x
Out[«]=
0.909x+2Cos[x] -0.25S5in[X]
o Step 1. Solve the corresponding homogeneous ODE to obtain the general solution o
Yi(X).
+ To do so, let’s solve the characteristic equation.
m-J- a =23 b = 0.75;
roots = Solve[A*’+axA+b =10, 1]

Oout[«]=
{{l>-1.5}, (x> -0.5}}

& We got two distinct roots, so we proceed with Case I to obtain the general solution.

m-l= A1 = A /. roots[1]]; A2 = A /. roots[2]]; {Al, A2}

Out[«]=
(-1.5, -0.5}

mnf-J= Yh[X_] := €l % EXp[A1l * X] +c2 * Exp[A2 % x]; yh[x]

Out[« ]=

-1.5x 5x

cle +c2e®

» Step 2. Applying the method of undetermined coefficients, find a solution y,(x).

o Since the r(x) term is the sum of several functions
r(x) =2 cos (x) — 0.25 sin (x) + 0.09 x
o The corresponding y,(x) choice (from the Undetermined Coefficients Table) is

yp =K cos (x) + M sin(x) + K;x + K, (based on the Sum Rule).

& K, M, K, K, are coefficients to be determined. Don’t also forget to check with the modi-
fication rule.

mn-J= YP[X_] =M1xCos[x] +M2%Sin[x] +K1*x+ KO

Out[«]=
KO + K1 x + M1 Cos [x] + M2 Sin[X]

+ Note: In Wolfram Language the variable cannot be named “K”, because it is already
built-in symbol, so use My, M, instead.
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n-1= 2K

Oout[«]=

Symbol

K'is a default generic name for a summation index in a symbolic sum.

v

o Let’s plug the assumed solution y,(x) into the LHS.

m[-]= LHS = LHSOp[yp, X]
Out[«]=
-M1Cos[x] -M2Sin[x] +2 (K1+M2Cos[x] -M1Sin[x]) +©.75 (K@ + K1 x +M1 Cos[x] +M2Sin[x])

mn-J= RHS = rhsFunc[x]
Out[«]=
0.09 x + 2 Cos[x] - ©.25Sin[x]

in[- 1= LHS — RHS
Oout[«]=
-0.09x-2Cos[x] -M1Cos[x] +0.25Sin[x] -M2Sin[x] +
2 (K1+M2Cos[x] -M1Sin[x]) +©.75 (K@ + K1 x + M1 Cos[Xx] +M2Sin[x])

+ Next, equate coefficients of x and x? because the coefficient of each power of x must be
the same on both sides. Hence, LHS-RHS must be zero for all x.
mn-1- Q = Collect[ (LHS -RHS), {x, Cos[x], Sin[x]}]

Out[« ]=
0.75K0 +2K1+ (-0.09+0.75K1) x+ (-2-0.25M1 + 2M2) Cos[x] + (0.25 -2M1-0.25M2) Sin[x]

o The condition that all coefficients must be 0 gives us 4 equations with 4 unknowns,
which we can solve using Solve[ |.
n-1- eqn@ = 0.75 KO + 2K1 == 0;
eqnl = -0.09 +0.75 K1 == 0;
eqn2 = -2-0.25" M1+2M2 == O;
eqn3 = 0.25° -2M1-0.25 M2 = ©;
n-1- coeffSoln = Solve[{eqn@, eqnl, eqn2, eqn3}, {KO, K1, M1, M2}]

Out[« ]=
({(KO > -0.32,K150.12, M1 5 0., M2 51.})

o Let’s substitute the coefficients to the solution.

mn-J= ypSoln[x_] = yp[x] /. coeffSoln[1]
Out[«]=
-0.32+0.12x+ 1. Sin[x]

o Check the solution.
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mn-1= LHSCheck = LHSOp[ypSoln, x]
Oout[«]=

2 (0.12+1.Cos[x]) -1.Sin[x] +8.75 (-0.32+0.12x+ 1. Sin[x])

- = FullSimplify[Chop [LHSCheck]]
Out[«]=
2.77556 x 1077 +©.09 x + 2. Cos [x] - ©.25 Sin[x]

inf-J= Chop [FullSimplify [Chop [LHSCheck]]]
Out[«]=
0.09 x + 2. Cos[x] -0.25Sin[X]

inf- = Chop[FullSimplify [Chop [LHSCheck]]] == RHS

Oout[«]=
True

+ Excellent! The same as the right hand side.
« Step 3. Then, the general solution to the initial nonhomogeneous ODE is:

n-1= ygeneral[x_] = yh[x] +ypSoln[x]
Oout[«]=
-0.32+cle X+ c2e®**+0.12x + 1. Sin[x]

o Step 4. Find the particular solution using the initial conditions: y(0) = 2.
y'(0) = —-0.43.

. o dy
+ Find the derivative y' = —.
dx
mn-J- dygeneral[x_] = D[ygeneral[x], {x, 1}]
Out[«]=
0.12-1.5cle >*X-0.5c2e?°*+1. Cos[x]

m-1= IC1l = ygeneral[@] == 2.78
Out[«]=

-0.32+1.c1+1.c2=-2.78
mn-1= IC2 = dygeneral[@] == -0.43
Out[«]=

1.12-1.5c1-0.5c2 == -0.43

n-1- valuesofcofficients = Solve[{IC1l, IC2}, {cl, c2}]

Out[«]=
{{c1-2.22045x107'°, c2 > 3.1}}
« Hence, the particular solution to the given ODE is:
- yparticular[x_] = ygeneral[x] /. valuesofcofficients[1]
Out[« ]=

-0.32+2.22045x10 e 15X 13,1 2%+ 0.12x + 1. Sin[x]
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In[« ]:=
Oout[«]=

In[# ]:=
Out[«]=

In[« ]:=
Out[« ]=

In[« ]:=

Out[«]=

In[« ]:=
Out[«]=

Week 3_Second-Order ODEs-2 (Nonhomogeneous).nb

yparticular[x_] = Chop[ ygeneral[x] /. valuesofcofficients[1]]

~0.32+3.1e %% +0.12x + 1. Sin[x]

+ Note: In doing numerical computations, it is inevitable that you will sometimes end up
with results that are less precise than you want. Particularly when you get numerical
results that are very close to zero, you may well want to assume that the results should be
exactly zero. The function Chop allows you to replace approximate real numbers that are
close to zero by the exact integer 0.

o Choplexpr] = To replace all approximate real numbers in expr with magnitude less
than 10~1° by 0.

o Step 5. Verify the solution to the ODE:
" +2y"+0.75y =2 cos (x) —0.25sin (x) + 0.09x
« with initial conditions y(0) = 2.78, y'(0) = —0.43.
LHSOp [yparticular, x]

0.775e°*+2(0.12-1.55e°°* + 1. Cos [x] ) -
1.Sin[x] +0.75 (-0.32+3.1e °°*+0.12x + 1. Sin[x])

Chop [FullSimplify[Chop [LHSOp [yparticular, x]]1]] = rhsFunc[x]
True

yparticular[9]

2.78

D[yparticular[x], {x, 1}] /. {x-> 0}

-0.43

& The solution satisfies both the ODE and initial conditions check!

o Let’s take a look at the graph of the solution.
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In[+ J:= Plot[ypar-ticular'[x], {x, @, 50}, Frame - True,
PlotStyle » {{Magenta, Thick}, {Black, Thick}},
PlotLegends - Placed[{"y(x)=-08.32+3.1 e 2°%40.12x + sin(x) "}, Above],
Frame -» True, FramelLabel -» {"x", "y(x)"},
BaseStyle » {FontWeight -» "Bold", Black, FontSize -» 12}, GridLines -» Automatic,
AxesStyle -» Directive [RGBColor[@0. , 0.7, 0. ], AbsoluteThickness[1]],
Method - {"DefaultBoundaryStyle" - Automatic, "DefaultMeshStyle" - AbsolutePointSize[6],
"ScalingFunctions" - None}, PlotRange » {-1, 9}]

Oout[«]=

— y(x)=-0.32+3.1 @ %5%+0.12x + sin(x)

al ]
6l |
% 4l ]
= 4 ]
2\ ]
oI—v ]

0 10 20 30 40 50

X

« Step 6. Solve the ODE using a built-in DSolve function (Not Required).

in-J- DsolveSoln@ = DSolve[LHSOp[y, X] == rhsFunc[x], y[Xx], X] (** A general solution =)

{{ya -

-16 -16 -16
e—l.Sx Cq+ efe.Sx Cy - 9.06 671.11022><10 X (6. _ 9.666667 61'11022X10 X 3.x+1. el.11022><10 Xy _

Out[«]=

(16.6667 +2.77556 x 18 *° i) Cos [x] + (16.6667 +9.25186 x 10 ° i) e1-1102210 ¥ x gy
(25. -1.85037x10%° i) Sin[x] + (8.33333 - 2.77556 x 10725 i) e!-1102210 " x i ] ) }}

-1 DsolveSolnl = DSolve[ {LHSOp[y, X] == rhsFunc[x], y[@] ==2.78, y'[0O] == -0.43} , y[X], X]
(** A particular solution xx)
Oout[«]=
{{yix] -
-0.06e %% ((5.73615x 10 *° - 1.85037x 10" i) €°°* - (51.6667 - 3.70074 x 10 ° i) e +
5.33333e” - 2. e* ¥ x+ (3.55271x 167" - 1.85037 x 10 * i} e* ¥ Cos[x] -

(16.6667 +9.25186 x 18 *° i) e* *Sin[x]) } }
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in-]= Chop [FullSimplify [DsolveSoln1] ]

Oout[«]=

{{ylx] > -0.32+3.1e7*°*+0.12x + 1. Sin[x]}}

n[-}- yparticular[x] (** The solution that we obtained through a step-by-step SOP xx)
Oout[«]=
-0.32+3.1e%°%4+0.12x+1. Sin[x]

Example 3.4. Another example of the Method of Undetermined Coefficients
" +2y"'+ 5y =125exp(0.5x) + 40cos(4x) —55sin(4dx) y0) = 0.2, y'(0) =60.1

mn-J= ClearAll["Global %"]

= LHSOp[y_, x_] = y"'"[x] +2y"'[x] +5y[x]
Out[« ]=
S5y[x] +2y'[x] +y"[X]

1= rhsFunc[x_] =1.25Exp[0.5x] +40 Cos[4 x] - 55Sin[4 x]
Out[«]=
1.25e%°* 440 Cos[4x] - 555in[4x]

o Step 1. Solve the corresponding homogeneous ODE to obtain the general solution o
/1692
+ To do so, let’s solve the characteristic equation.
m-1= a =23 b = 5;

roots = Solve[A*+a*2A+b =0, 1]

Out[« ]=
{{Ix->-1-21}, {(A>-1+21}}

& We got two complex roots, so we proceed with Case III.

In this case, the roots of the characteristic equation are complex numbers that give the complex
solutions of the ODE. However, it can be shown that we can obtain a basis of real solutions:

= e~%/2 —ax/2

coswx and y,=e sinox where w = 4/b-=

Vi

no- @ = Sqrt[b-a’ /4]

Out[« ]=
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n-]- ClearAll[A, B];
yhix_] := (AxCos[w*X] + BxSin[w+Xx]) xExp[(-a/2) »x];
yh(x]

Out[«]=
e X (ACos[2x] +BSin[2x])

+ Step 2. Applying the method of undetermined coefficients, find a solution y,(x).

< Since the r(x) term 1s the sum of several functions:
r(x) = 1.25 exp(0.5x) + 40 cos(4 x) — 55 sin(4 x)

o The corresponding y,(x) choice (from the Undetermined Coefficients Table) is
yp = C exp(0.5x) + K cos(4 x) + M sin(4 x) (based on the Sum Rule).

o C, K, M are coefficients to be determined. Don’t also forget to check with the modifica-
tion rule.
n-J- YPIX_] =M@ xEXp[@.5X] +M1 % Cos [4X] + M2 % Sin[4X]

Out[«]=
€®°X Mo + M1 Cos [4 x] + M2 Sin[4x]

o Let’s plug the assumed solution y,(x) into the LHS.

m[-J= LHS = LHSOp[yp, X]
Out[« ]=
0.25¢e%°*M0 - 16 M1 Cos[4x] -16M2Sin[4 x] +
2 (0.5e”°*MO+4M2Cos[4x] -4MLSin[4x]) +5 (e®°* MO+ M1 Cos[4x] +M2Sin[4x])

mn-J= RHS = rhsFunc[x]
Out[« ]=
1.25¢€%°% + 40 Cos[4 x] - 55 Sin[4 X]

in[-]= LHS = RHS
Out[«]=
-1.25¢e%°%*10.25e%°XM0 - 40 Cos[4x] - 16 M1 Cos [4 X] + 55Sin[4x] - 16 M2Sin[4Xx] +
2 (0.5e”°*MO +4M2Cos[4x] -4ML1Sin[4x]) +5 (e®°* MO + M1 Cos[4x] +M2Sin[4x])

» Next, equate coefficients of x and x* because the coefficient of each power of x must be
the same on both sides. Hence, LHS-RHS must be zero for all x.

m-}- Q = Collect[ (LHS -RHS), {Exp[0.5x], Cos[4Xx], Sin[4Xx]}]
Out[«]=
e®>X (-1.25+6.25M0) + (-40 - 11 M1 + 8 M2) Cos[4 x] + (55 - 8M1 - 11 M2) Sin[4 X]

« The condition that all coefficients must be zero gives us 3 equations in 3 unknowns,
which we can solve using Solve][ ].
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m-1= eqn@ = -1.25" +6.25" MO == 9;
eqnl = -40-11M1+8M2 == 0;
eqn2 = 55-8M1-11M2 == O;

n-1- coeffSoln = Solve[{egqn@, eqnl, eqn2}, {MO, M1, M2}]
Oout[«]=

{{M@ > 0.2, M1 50, M2 > 5}}

o Let’s substitute the coefficients to the solution.

n-J= ypSoln[x_] = yp[x] /. coeffSoln[1]
Out[«]=
0.2e%°*+5S5in[4x]

o Check the solution.

- LHSCheck = LHSOp[ypSoln, x]
Out[« ]=
0.05¢°°%+2 (0.1e°°%+20Cos[4x]) -80Sin[4x] +5 (0.2e%°*+5Sin[4x])

inf-]= FullSimplify[Chop [LHSCheck] ]
Out[«]=
1.25e%°% +40. Cos[4x] - 55. Sin[4X]

inf-J= FullSimplify[Chop [LHSCheck]] == RHS
Out[« ]=
True

« Great! The same as the right hand side.
« Step 3. Then, the general solution to the initial nonhomogeneous ODE is:

n-J= ygeneral[x_] = yh[x] +ypSoln[x]
Out[« ]=
0.2e%°% e ™ (ACos[2x] +BSin[2X]) +5Sin[4X]

o Step 4. Find the particular solution using the initial conditions: y(0) = 0.2, y'(0) = 60.1.

. oL d
# Find the derivative y' = - .
dx
n-1- dygeneral[x_] = D[ygeneral[x], {x, 1}]
Out[«]=
0.1e%°*+20Cos[4x] +e* (2BCos[2x] -2ASin[2x]) -e X (ACos[2x] +BSin[2x])

mn-1- IC1 = ygeneral[@] == 0.2
Out[«]=
0.2 +A=-0.2

mn-J= IC2 = dygeneral[@] == 60.1

Out[«]=
20.1-A+2B =60.1
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= valuesofcofficients = Solve[{IC1l, IC2}, {A, B}]
Oout[«]=

{{A>0.,B->20.})

« Hence, the particular solution to the given ODE is:

n-1= yparticular[x_] = ygeneral[x] /. valuesofcofficients[1]
Out[«]=
0.2e%°%+ e (0. +20.5in[2x]) +55in[4x]

n-1= yparticular[x_] = Chop[ ygeneral[x] /. valuesofcofficients[1]]

Oout[«]=

0.2 €%°* +20. ¢ Sin[2 x] + 5 Sin[4 X]
o Step 5. Verify the solution to the ODE:
y'"'+2y"+5y=125exp(0.5x) + 40cos(4x) — 55 sin(4 x)

« with initial conditions: y(0) = 0.2, y'(0) = 60.1.

mn-1= LHSOp[yparticular, x]
Out[«]=
0.05¢e%°*-80. e *Cos[2x] - 60. e *Sin[2X] +
2 (0.1e%°%+40. e*Cos[2x] +20Cos[4x] -20. e Sin[2X]) -
80Sin[4x] +5 (6.2e°%+20. e *Sin[2x] +5Sin[4x])

inf- = FullSimplify [Chop [LHSOp [yparticular, x]]] == rhsFunc[x]
Out[« ]=
True

n-}= yparticular[0]

Out[« ]=
0.2

n-1- D[yparticular[x], {x, 1}] /. {x-> 0}
Out[«]=

60.1

¢ The solution satisfies both the ODE and initial conditions check!

o Let’s take a look at the graph of the solution.
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In[+ J:= Plot[ypar'ticular'[x], {x, @, 15}, Frame - True,
PlotStyle -» {{Orange, Thick}, {Black, Thick}}, Frame -» True, FrameLabel - {"x", "y(x)"},
PlotLegends - Placed[{"y(x)=0.2 e®%%420 e sin(2x) + 5 sin(4 x) "1, Above],
BaseStyle -» {FontWeight -» "Bold", Black, FontSize -» 12}, GridLines - Automatic,
AxesStyle - Directive [RGBColor[@. , 0. , 0. ], AbsoluteThickness[1]],
Method - {"DefaultBoundaryStyle" - Automatic,
"DefaultMeshStyle" -» AbsolutePointSize[6], "ScalingFunctions"” - None}]

Out[« ]=

y(x)=0.2 €%°¥+20 e~ sin(2x) + 5 sin(4 x)

200 1

150 - 1

y(x)

100 - 1

50 1

« Step 6. Solve the ODE using a built-in DSolve function (Not Required).

in-]- DsolveSoln® = DSolve [LHSOp[y, X] == rhsFunc[x], y[X], X] (** A general solution xx)
Out[«]=
{{yix] el 20X vl 29 %c, 4 (0.1-0.0751) e > % ((1.28+06.961) % -

(2.84217 x107%° + 2.13163 x 10 i) e* * Cos [4. X] + (32. +24. i) € *Sin[4. x]) }}

n-1- DsolveSolnl = DSolve[ {LHSOp[y, X] == rhsFunc[x], y[@] == 0.2, y'[O] ==60.1} , y[Xx], X]
(** A particular solution =xx)

Out[« ]=
{{yix]1 > (10. +0. i) e ™ > V> ((0. 1. 1) e ™ X+ (1.70974x107° + 1. i) > %+
(0.02+4.16334x 107 i) e*°"2 1) X (4.44089x107" + 0. i) e* "> ) X Cos[4. x] +
(6.5+4.44089x10 7 i) e* ' V) *sin[4. x] ) }}
in[-}=  FullSimplify [Chop [DsolveSoln1[1]]]
Out[«]=
{yix] > (6. +10. i) e > P*_(0.+10. 1) e *:0.2e%°*+ 5. Sin[4. x] }
- - yfromDsolve = y[x] /. FullSimplify[Chop[DsolveSoln1[[1]]]] (**A result from DSolve =x=x)
Out[« ]=

0. +10.9) e""29%X (0. + 10. i) 142 9% £ 0.2 %% + 5. Sin[4. x]
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= yparticular[x] (** The solution that we obtained through a step-by-step SOP xx)
Oout[«]=

0.2e%°*+20. e*Sin[2x] +5Sin[4x]

o Let’ compare the solution that we obtained through a step-by-step SOP (standard oper:
ing procedures) to that from DSolve by plotting them together.

n-1- Plot[{yparticular[x], yfromDsolve}, {x, ©, 15}, Frame -» True,
PlotStyle -» {{Orange, Thick}, {Black, Dashed}}, Frame -» True, FrameLabel -» {"x", "y (x)"},
BaseStyle » {FontWeight -» "Bold", Black, FontSize -» 12}, GridLines -» Automatic,
AxesStyle -» Directive [RGBColor[@0. , 0.7, 0. ], AbsoluteThickness[1]],
Method - {"DefaultBoundaryStyle" - Automatic,
"DefaultMeshStyle" - AbsolutePointSize[6], "ScalingFunctions" - None},

PlotLegends -» Placed[ {"Step-by-step SOP", "DSolve"}, {0.4, 0.75}]1]
Out[«]=

200 ———— Step-by-step SOP ]

- DSolve ’

150 ]
I

> 100 ]

50

« Exactly the same! Well done.

Summary

After completing this chapter, you should be able to

= solve 2nd-order linear non-homogeneous ODEs step-by-step by the method of
undetermined coefficients using Wolfram Mathematica.

= develop SOPs for the method of undetermined coefficients.
= develop the habit of always checking your solutions for quality assurance.

= develop your attention-to-detail skills in solving problems.

95



96



Week 4: Second-Order ODEs (Part 3)

Forced Oscillations & Resonance

Table of Contents

1. Modeling: Forced Oscillations

2. Nonhomogeneous ODE
3. Maximum amplitude of Damped Forced Oscillations
3.1. Example 4.1. Amplitude of the Steady State solution. Practical Resonance

4. Summary

Commands list

= Collect[expr; x]
m expr{[i]] or Part[expr; i]
» Solve[expr, vars]

m Plot[f, {x, x min, x_max}]

Modeling: Forced Oscillations

The oscillations in the presence of the external force is described by the Nonhomogeneous
Linear Second Order ODE as follows:

my" () +cy' @)+ ky() = F,cos wt

here r(t) = F cos wt is called a driving force.

m 1s the mass of the object that undergoes the oscillations.
¢ 1s the damping constant.

k is the spring constant.

y(¢) is displacement as a function of time, 7.

Solve the Nonhomogeneous ODE

mn-1= ClearAll["Global™ x"]
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o To start with, let’s write the governing equation in the standard form:
" 4 ' k F 0
t - t - y@) = — t
y ()+my()+my() — COsw

+ Define the equations for the LHS and RHS.

m-J= LHSOp[y_, X_] =y"''"[t] +(c/m) »y'[t] + (k/m) »xy[t]
Out[« ]=
ky[t] cy'[t]

+ +y"[t]
m m

n-J= rhsFunc[x_] = (FO/m) » Cos[w * t]

Out[« ]=
FO Cos [t w]

m

o Step 1. Solve the corresponding homogeneous ODE to obtain the general solution o
yh(t)-

+ To do so, let’s solve the characteristic equation.

m-J= a=c¢c¢c/my b =Kk/m;
Solve[A*+ax+b =0, 1]

¢ AcZ-4km

m m

roots

Out[«]=

1

(O

ni-1- Discriminant[A%+ax2A+b, 1]

N

Out[« ]=
c>-4km

m2
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Case Roots of (2) Basis of (1) General Solution of (1)
Distinct real
I X X y = c1 eM¥ + e
A1, Ay

Real double root

/\2=—%a—iw e~ sin w x

II =1y, 2y eI y=(c1+¢2%) e 2
)
Complex conjugate
1 . _
M =-—za+io, e ™2 cos wx .
11| 1=73 @ y = e 2 (A cos wx + B sin wx)

« Step 2. Applying the method of undetermined coefficients, find a solution y,(?).

Term in r (x) Choice for y,(x)

ke”™ Ce”™

kX! (n:O,l,---) K,,x”+Kn_1x”‘l+-~+K1x+K0

k cos wx .
) } K cos wx + M sin wx
k sin wx
ke™ cos wx )
e si } e™ (K cos wx + M sin wx)
e” sin wx

# Since the r(¢) term is in the form of k cos w ¢, the corresponding y,(#) choice (second row

in the Table) is y, = Ky cos w t + K, sin w t.
o K, K, are coefficients to be determined.
1= yp[t_] =KlxCos[wxt] +K2*Sin[w*t]
o Let’s plug the assumed solution y,(7) into the LHS.

1= yp[t_] =KlxCos[w=xt] +K2%Sin[w*t]

Out[«]=
K1Cos[tw] +K2Sin[tw]

n 1= LHS = LHSOp[yp, t]

Out[« ]=
k (K1Cos[tw] +K2Sin[tw])

c (K2wCos[tw] -KlwSin[tw])

-Klw?Cos[tw] -K2w?Sin[tw] +
m
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mn-J= RHS = rhsFunc[t]

Oout[«]=
FO Cos[tw]

m

[~ = LHS - RHS

out[«]=
FO Cos [t w] ) 9’ .
-———— -Klw®Cos[tw] -K2w*Sin[tw] +
m
k (KlCos[tw] +K2Sin[tw]) c (K2wCos[tw] -KlwSin[tw])
+
m m

o Next, gather coefficients of cos w ¢ and sin w 7. Notice that we are working with LHS-
RHS at this point.

o LHS-RHS must be zero for all z, which means the coefficients of cos w ¢ and sin w # must
be zero independently.

mn-}- Q = Collect[ (LHS -RHS), {Cos[w=*t], Sin[w=*1t]}]

Out[«]=
FO kK1 cK2w
-— + +
m m m

kK2 cKlw )
Cos[tw] + |— - -K2w*| Sin[tw]
m m

- K1 w?

+ The conditions that all coefficients must be 0 gives us two equations with two unknowns,
which we can solve using Solve[ ].

FO kK1 cK2w )
n-}- eqnl = [-— + + -Klw®| =0 (*xcoefficient of Cos[wxt] =*=*);
m m m
kK2 cKlow 2
eqn2 = [— - -K2w"| == @ (xxcoefficient of Sin[w*t] xx);
m m

n-}- coeffSoln = Solve[{eqnl, eqn2}, {K1, K2}]

Out[«]=

FO (k-mw?) CFOw
{{Kl» , K2 > }}
k2 +c?2w?-2kmw?+m?w? k?+c2w?-2kmw?+m?w?

ni-}-  FullSimplify[coeffSoln /. {k » (mwj)}]

Out[«]=

F0m(—w2+w® CFoOuw
{{Kle , K2 - }}
P (i) Pl (20 0l P (i) Pl (20 0l

o Let’s substitute the coefficients to the solution.

n-J= ypSoln[t_]1 = yp[t] /. coeffSoln[1]
Out[«]=

FO (k-mw®) Cos[tw] cFOwSin[tw]
+

k2+c2w?-2kmw?+m?o®* KE+c?w?-2kmw?+m?o?
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& Check the solution.

mn-1- LHSCheck = LHSOp[ypSoln, t]
Out[« ]=
FO w? (k -mw?) Cos[tw] cFOw3Sin[tw]

- - +
k2 + c2w?-2kmw? +m? 0 k?+c?w?-2kmw?+m?o?

K F@ (k-mw?) Cos [t w] . __cFewsin[tu]
k?+c? w?-2 kmw?+m? w* k?+c? w?-2 kmw?+m? w*
4
m
c CFOw? Cos [t w] FOw (k-mw?) Sin[tw]
k?+c? w?-2 kmw?+m? w* k?+c? w?-2 kmw?+m? w*
m

- ]= FullSimplify [LHSCheck - RHS ]
Out[«]=
0

- J= FullSimplify [LHSCheck] == RHS
Out[« ]=
True

o Great! The same as the right hand side.
« Step 3. Then, the general solution to the initial nonhomogeneous ODE is:

n-J- ygeneral[t_] = yh[t] +ypSoln[t]
Out[« ]=

FO(k —=m &) Cos[t ] ¢ F0 @ Sint ]

+
B+32d?-2kmd? +m?o? B+ 7 -2kmd? +m? o

+ yhlt]

« yh[t] is the solution to the corresponding homogeneous equation based on three cases
depending on the discriminant sign.

Find the maximum amplitude of Damped Forced Oscillations

From the previous chapter, we know that the solution y,(#) for the nonhomogeneous ODE is as
follows:

m (- o)

= F, cos(wt) + F
Vo= et @D Fo

wC

i et 2 e

After a sufficiently long time the output of a damped vibrating system under a purely
sinusoidal driving force will practically be a harmonic oscillation whose frequency is that of
the input. It is called a Steady State solution, when y(7) = y, (7).
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Yp() =acos (wt) + bsin(wt) = C* cos (wt—n)

Amplitude

i (0i- o)ro? 3

Phase angle 5

tanp=2 = —@€
T= 4= m(wi-o?)

Example 4.1. Amplitude of the Steadv State solution. Practical Resonance

The amplitude C*(w) has a maximum at a certain « value. Find its location, then its size.

w1~ ClearAll["Global %"]

& Define C*(w) as a function:

Fo
1= Ampllw_] := H

m? (we2 - wz) 2 w?c?

# Find its maximum by taking the first derivative.

= Solve[D[Ampl[w], w] = @, w] (** 1st derivative=0, solve for w =*x*)
N -c? +2m? we? N -c? +2m? we?
— b}
V2 m V2m
o Then C*(wpay) 1s equal to:

A -c? + 2 m? we?

2m

Out[«]=

{{w—>0}, {w—>—

nop- €O = Fullsimplify[Ampl[ ]] (%% C* (Wpax) *%)

Out[« ]=
2F0

a4
4/—% +4 c? wo?
m

o (Wmay)* is equal to:
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2
A -c? + 2 m? we?
_— ] (%% W2, *%)
V2 m

In[ J-= Fullsimplify[[

out[«]=

CZ

+ wo?

2m?

*

. . C . ,
o Let’s plot the amplification Foasa function of w to see how the amplitude changes
0

when the damping terms vary. The data about the mass, spring constant, driving force is
randomly assigned.

Ampl [w]
W €@z ——— /. {F0->10,m—>2, Wwo - «/E}
Fo
Out[« ]=
1

Jc%ﬁ+4(57wﬂ2
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1
1= fCO[C_, w_] := H

cza)2+4(5—a)2)2

fontsize = 20;
figel = Plot[{fCO[2, w], fCO[4, w], fCO[8, w]}, {w, O, 6},
PlotRange -» {0, 0.3}, PlotStyle » {Blue, Green, Red}, Background - White,
BaseStyle » {FontFamily -» "Times New Roman", fontsize},
Frame - True,
FrameLabel » {"» [1/s]", "C*(@)"},
FrameStyle -» Directive[Black, Thick], AxesOrigin -» {0, 0},
PlotLegends -» Placed[LineLegend [Automatic, {Text[Style["c = 2 kg/s", fontsize]],
Text[Style["c = 4 kg/s", fontsize]], Text[Style["c = 8 kg/s", fontsize]]},
Spacings -» 0.2, LegendLayout » {"Column", 1}], {0.75, 0.8}],
ImageSize - 480, AspectRatio -» 3/ 4]

Out[«]=

[ —Cc=2Kkgls '
0-25¢ c=4kgls ]
0.20F —c =8kgls

§015- i
o
0.10} :
0.05} :
0'00.|....|....|....|....|....|....|.
0 1 2 3 4 5 6
w [1/s]

n-1- Export["fig@l.pdf", figol,
"AllowRasterization" -» True, ImageSize -» 480, ImageResolution - 600] ;

nf- - SystemOpen["fig@l.pdf"]

o From the graph, we can conclude that the biggest practical resonance happens w
the damping term is the smallest.

« Please note that this is the figure of the publication quality.
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Summary

After completing this chapter, you should be able to

= develop standard operating procedures to solve second-order linear non-homogeneous
ODE:s step-by-step using Wolfram Mathematica.

= model simple physical situations encountered in engineering using differential
equations.

m learn and use information, tools, and technology to solve engineering math problems.

» analyze results graphically and create figures of publication quality.
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Week 5: Laplace Transforms

Basics of Laplace Transforms

Table of Contents

1. Basics of Laplace Transforms
1.1. Built-in Functions in Wolfram Mathematica
1.2. Laplace Transform by Integration
1.3. Linearity of the Laplace Transform
1.4. Laplace Transform of Derivatives
2. Unit Step Function and Dirac’s Delta Fuction
2.1. Unit Step Function (Heaviside Function)
2.1.1. Example 5.1
2.1.2. Example 5.2
2.2. Dirac's Delta Function (Impulse Function)
2.2.1. Properties of Dirac's Delta
2.2.2. What is the Laplace Transform of the Dirac’s Delta Function?

3. Summary

Commands list

» LaplaceTransform[f[¢],z,5]

» InverseLaplaceTransform[F[s],s,]
= [ntegrate[f, x]

s Limit[f, x - x7]

= HeavisideTheta[x]

= UnitStep[x]

= DiracDelta[x]

Basics of Laplace Transforms

Laplace tranforms are essential tools in solving the engineering problems since they they
make solving linear ODEs , [VPs, as well as systems of linear ODEs, much easier.
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If /(1) is a function defined for all 7 = 0, its Laplace transform is the integral of /{7) times e~

from 7 = 0 to co. It is a function of s, say, F(s), and is denoted by £L(f); thus

Fe) = L) = e fo di

Not only is the result F(s) called the Laplace transform, but the operation just described, which
yields F(s) from a given f{7), is also called the Laplace transform. It is an “integral
transform” with “kernel”: k(s, ) = e™St.

Fo) = [7kes, 0f@0)dt

Built-in Functions in Wolfram Mathematica

Laplace transforms are typically wused to transform differential and part
equations to algebraic equations, solve and then inverse transform back to a solution.

Laplace transforms are also extensively used in control theory and signal processing as a
way to represent and manipulate linear systems in the form of transfer functions and transfer
matrices. The Laplace transform and its inverse are then a way to transform between
domain and frequency domain.

LaplaceTransform|[f[t]. t. s] gives the symbolic Laplace transform of f/#/ in the variable
t and returns a transform F/s/ in the variable s.

InverseLaplaceTransform|[F[s]. s, t] gives the symbolic inverse Laplace transform o
flt] in the variable s and returns a transform F/s/ in the variable 7.
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ni1=  ? LaplaceTransform

Symbol

LaplaceTransform[fTz], ¢, s] gives the symbolic Laplace
transform of f[¢] in the variable ¢ and returns a transform F[s] in the variable s.
Outl1}= LaplaceTransform[f[7], # §] gives the numeric Laplace transform at the numerical value §.
LaplaceTransform[fTzy, ..., t], {t1, -1 ta} {1, -~ Su}]

gives the multidimensional Laplace transform of f[z, ..., #,].

ni2i= ? InverseLaplaceTransform

Symbol

InverseLaplaceTransform[F[s], s, 7] gives the symbolic
inverse Laplace transform of F[s] in the variable s as /7] in the variable .
Outf2]= InverselLaplaceTransform [F[s], S, }] gives the numeric inverse Laplace transform at the numerical value 7.
InverselLaplaceTransform[FIsy, ..., su] {s1, s2, ...} {t1, 2, ... ]]

gives the multidimensional inverse Laplace transform of Flsy, ..., s,].

3= ClearAll["Global™ x"]
« Define a function f(?) in the variable .
- F[t_] := Exp[a=t] = Cos[wxt];
« Find the Laplace transform using the built-in function.

nsk=  LaplaceTransform[f[t], t, S]

—a+s
oulsls —————————
(a-s)2+w?

o Define a function F(s) in the variable s.

-a+s
nel= F[s_] t= ————;
(a-s)2+w?

+ Find the Inverse of the Laplace transform using the built-in function.
n7:= InverseLaplaceTransform[F[s], s, t]

o= €**Cos [tw]
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Laplace Transform by Integration

nigl= ClearAll["Global™ »"]

o Define a kernel function.
nor= kernel[s_, t_] :=Exp[-s*t];

« Define a function f(7) in the variable .
niop= F[t_] := Exp[a*t];

« Perform the integration.

n11= Integrate[kernel[s, t] = f[t], {t, 0, +Infinity}]

Out[11]=

if Re[a] <Re[s]
-a+s

ni121- Integrate[kernel[s, t] = f[t], {t, 0, T}]
Out[12]=
“lee@®T

a-s

o Take a limit of the integral as T approaches the infinity.

~1+e@9T
ona- Limit [— , T Infinity]
a-S
Oout[13]=
1 .
if a<s
-a+s
~1+e@9T
ona- Limit [— , T » Infinity, Assumptions » {Re[a] < Re[s] }]
a-=S
Out[14]=
1
—a+s

Linearity of the Laplace Transform

The Laplace transform is a linear operation; that is, for any functions f{z) and g(z) whose
transforms exist and any constants a and b the transform of af () + bg (¢) exists, and

Liaf @ +bg®)} =aL{f®}+bL{g®}
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o Let’s verify the linearity of the Laplace transform.
wisi- ClearAll["Global "]

o Define the RHS of the above equation. For that, find the Laplace transfroms of
al{f ®}and bL{g®) }.

nhel= RHS1 = LaplaceTransform[cl x Exp[axt], t, s]

Out[16]=
cl

-a+sS

n17:- RHS2 = LaplaceTransform[c2 x Exp[b x t], t, s]

Out[17]=
c2

-b+s

nfg:= RHS = RHS1 + RHS2
out[18]=

cl c2
+
-a+s -b+s

« Define the LHS of the above equation.

o= LHS = LaplaceTransform[cl x Exp[a*t] + c2xExp[bxt], t, s]

Out[19]=

cl c2
+
-a+s -b+s

+ Check for equality.

in20= LHS == RHS

Out[20]=

True

Laplace Transform of Derivatives

w21- ClearAll["Global  #"]
o Find the Laplace Transform of the 1st derivative of the function f{?).

n22i- LaplaceTransform[f'[t], t, s]
Out[22]=

-f[0] +sLaplaceTransform[f[t], t, s]

« Find the Laplace Transform of the 2nd derivative of the function f{(z).

n2si= LaplaceTransform[f''[t], t, s]
out[23]=
-sf[0] +s? LaplaceTransform[f[t], t, s] - [0Q]
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Unit Step Function and Dirac’s Delta Fuction

Unit Step Function (Heaviside Function)

There are two ways to generate a unit step function in Wolfram Mathematica. You may use
either the UnitStep/[x] command or the Heaviside Theta/x] command.

+ HeavisideTheta[x] returns 0 or 1 for all real numeric x other than 0. HeavisideTheta can
be used in integrals, integral transforms, and differential equations.

4= ? HeavisideTheta

out[24]=

Symbol

HeavisideTheta[x] represents the Heaviside theta function 6(x), equal to 0 for x <0 and 1 for x > 0.
HeavisideThetalx;, x;, ...] represents the multidimensional

Heaviside theta function, which is 1 only if all of the x; are positive.

« UnitStep|[x] represents the unit step function, equal to 0 forx <0 and 1 forx = 0.

ni2s)= ? UnitStep

Out[25]=

Symbol
UnitStep[x] represents the unit step function, equal to 0 for x <0 and 1 for x 2 0.

UnitSteplx;, x,, ...] represents the multidimensional

unit step function which is 1 only if none of the x; are negative.

6= ClearAll["Global %"]

n271-= Plot[{UnitStep[t], HeavisideTheta[t]}, {t, -1, 4},
PlotStyle » {{Green, Thick}, {Black, Dashed}}, Exclusions - None, Frame - True,
PlotLegends -» Placed[{"UnitStep[t]", "HeavisideTheta[t]"}, {0.7, 0.2}],
Background - White]
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Out[27]=

0.8

04 =

02l UnitSteplt]

----- HeavisideThetal[t]

What is the Laplace Transform of the Unit Step Function?

e—a s

L{u(t —a)=[""e " ut-a)dt=

ni2e- LaplaceTransform[HeavisideTheta[t -a], t, s]
Out[28]=

UnitStep[-a] +e@°UnitStep[a]

S

ni29= LaplaceTransform[UnitStep[t -a], t, s]
Out[29]=

UnitStep[-a] +e @°UnitStep[a]

S

o= FullSimplify[LaplaceTransform[UnitStep[t-a], t, s], a € Reals & a > 0]

Out[30]=

« In engineering, the Unit step function is mainly used in the problems that involve switch
on and off, shifts.
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mn-J- Plot[UnitStep[t - 1] -UnitStep[t-2], {t, 0, 10}, PlotStyle -» {Red, Thick},
PlotLegends -» Placed[{"u[t-1]-u[t-2]"}, {©.7, ©.2}], Exclusions - None, Frame - True]

Out[«]=

1.0 =

081 R
06 R
04f R

— u[t-1]-ut-2]

0.0 B
e

0 2 4 6 8 10

321 Plot[UnitStep[t -1] - 2 *UnitStep[t -4] +UnitStep[t-6], {t, 0, 10},
PlotStyle -» {Red, Thick}, PlotLegends -» Placed[{"u[t-1]-2xu[t-4]+u[t-6]"}, {©0.75, ©.8}],
Exclusions - None, Frame - True]

Out[32]=

I — U[t=1]-2+u[t-4]+u[t-6]
0.5+ B

0.0

Example 5.1

2 0<r<1
() = %tz 1<t<§7r
cos(?) t>-nm

inizsl= ClearAll["Global™ %"]
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1 1
- Plot [z % (1-UnitStep[t-1]) + — t2 « (Unitstep[t -1] - UnitStep[t - - Pi]] +
2 2
1
Cos[t] UnitStep[t - - Pi], {t, @, 5Pi}, PlotStyle » {Red, Thick},
2

1 1 1
PlotLegends - Placed [{"f[t] =2% (1-u[t-1]) +—t%% (u[t-1] -u[t-—Pi]) +Cos [t]u[t-~Pi] "},
2 2 2

{0.5, 0.85}] , Exclusions - None, Frame - Tr‘ue]

Out[34]=

20F 1

—— flf}=2+(1-ult-1])+ (u[t-1]-ult-- Pil)+Cos[fult-- Pil

1.0F 1

i /\ /\ |

0.0} ]

_0.5} \/ v \

-1.0F 1
i | | | Ll
0 5 10 15

o Let’s define the given f{?) function as a function y/¢ ] of the variable .

nizsl= Y[t_] := 2% (1-UnitStep[t-1]) +

1 1 1
2 (UnitStep[t ~1] - UnitStep[t - Pi]) +Cos[t] UnitStep[t - Pi]; yIt]
2 2 2

Out[35]=

1 Tt Tt
2 (1-UnitStep[-1+t]) +— t2 (UnitStep[—1+t] —UnitStep[—f+t} ) +Cos[t] UnitStep{—f +t]
2 2 2

+ Find the Laplace transform of the function.

nizel= Y[s_]1 := LaplaceTransform[y[t], t, s]; Y[s]
Out[36]=

s

2 2e® e 2
Lo _

s s 1+s?

2 o o
A
s3 s2 4s

—+—+—|-—e 2

s3 s?2 s 2

— e

221)175
2

« Find the Inverse of the Laplace transform of the function.

nis7= y2[t_] := InverseLaplaceTransform[Y[s], s, t]; y2[t]
Out[37]=

3 1
2-—HeavisideTheta[-1+t] + (-1+t) HeavisideTheta[-1+t] +— (-1+t)%HeavisideTheta[-1+t] -
2 2

1 ) Tt 1 T 7T
— m“HeavisideTheta [77 +t} -—JT (77 +t) HeavisideTheta {77 +t] -
8 2 2 2 2
1/ 7 2 o 7 . . a
(77 +t] HeavisideTheta {77 +t] +Cos[t] HeavisideTheta [77 +t}
2 2 2

2

115



10 | Week 5_Laplace Transforms-1 (Basics).nb

+ As we can see, the initial function and the expression obtained from the Laplace trans-
form method yield the same result.

ez Plot[{y[t], y2[t]}, {t, @, 5Pi},
PlotStyle » {{Red, Thick}, {Black, Dashed}}, Exclusions - None, Frame - True,
PlotLegends -» {"f(t) initial", "f(t) from the Laplace Transform"}]

Out[38]=

2.0 }‘ “ | - - ]
151 ]
1.0 — *
0_5; 7 f(t) initial
i 1 =-=---- f(t) from the Laplace Transform
0.0
:
-1.0F ]
0 5 10 15

Example 5.2

£t = {(1+t)2 0<r<1
"1+ 21

nsol= ClearAll["Global™ "]
o Let’s define the given f{?) function as a function of the variable +.
o= F[E_] 1= (1+t)?+ (1-HeavisideTheta[t-1]) + (1+1t?) xHeavisideTheta[t-1];

wa- Plot[f[t], {t, @, 3}, PlotStyle » {Orange, Thick},
PlotLegends - Placed[{"f[t]=(1+t) %+ (1-u[t-1])+(1+t?)»u[t-1]"}, {0.3, 0.85}],
Exclusions - None, Frame - True]

out[41]=

fltl=(1+t)%* (1-uft=11)+(1+t2)xu[t-1]

0.0 0.5 1.0 1.5 2.0 25 3.0

116



Week 5_Laplace Transforms-1 (Basics).nb | 11

+ Find the Laplace transform of the function.

ni421= F[s_] := LaplaceTransform[f[t], t, s]; F[s]

Out[42]=
2 2 1 2e5(1+s)

Il
s3 s?2 s s?

« Find the Inverse of the Laplace transform of the function.

ni4gi=  fF2[t_] := InverseLaplaceTransform[F[s], s, t]; f2[t]
Out[43]=
(1+t)%2-2tHeavisideTheta[-1+t]

& As we can see, the initial function and the expression obtained from the Laplace trans-
form method yield the same result.
nas- Plot[{f[t], f2[t]}, {t, @, 3},
PlotStyle -» {{Orange, Thick}, {Black, Dashed}}, Exclusions -» None, Frame - True,

PlotLegends -» {"f (t) initial", "f(t) from the Laplace Transform"}]

Out[44]=

T T

10 - 7
I /|

4
/]
I' 7
8 / i
rd 4

4
4 4
g

"I 4

of e ] f(t) initial

rd
L ’ 4
I e ] == f(t) from the Laplace Transform
’

A ¢’: ~ ]
I , . ]
r '¢' : ‘,*‘ 4
F ” ” 4

2t ,x" L _
[ ‘f' 1

1 L 1 1 1 L 1 1 1
0.0 05 1.0 15 2.0 25 3.0
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Dirac’s Delta Function (Impulse Function)

o DiracDelta|x] returns O for all real numeric x other than 0.

« DiracDelta can be used in integrals, integral transforms, and differential equations.

+ Some transformations are done automatically when DiracDelta appears in a product of
terms.

« /\ Differentiate the Heaviside function to obtain DiracDelta:

inj4s}- D[HeavisideTheta[x], x]

Out[45]=
DiracDelta[x]

+ A\ DiracDelta vanishes for nonzero arguments:

n4el= DiracDelta[l / 2]
Out[46]=

0

o A\ DiracDelta stays unevaluated for x = 0:

ni471- DiracDelta[@]

Out[47]=
DiracDelta[@]

n4sl- Plot[DiracDelta[x], {x, -2, 2}, AxesOrigin -» {0, -1},
PlotStyle -» {Red, Thick}, Exclusions -» None, Frame - True]

Out[48]=

1.0 =
05+ B!

0.0 =

-051 =

o Use DiracDelta in an integral:
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niaol= Integrate[DiracDelta[x] Cos[x], {X, -Infinity, Infinity}]
Out[49]=

1

1

Properties of Dirac’s Delta

5(t-a)={°°’ ‘

=a +o00
0. tra’ [T7s¢t-aydt=1

For a > 0, we have

f+oo , _1
0 o(t—a)dt=

nisol- Integrate[DiracDelta[t -a], {t, 0, Infinity}, Assumptions » {a € Reals & a > 0}]
Out[50]=

1

For a continuous function g(7), we have
+oo
[ Tawét—a)dt=g@

nis11-  Integrate[g[t] » DiracDelta[t - a], {t, @, Infinity}, Assumptions » {a € Reals & a > 0} ]
Out[51]=

gla]

What is the Laplace Transform of the Dirac’s Delta Function?

L{5(t —a) = [ 6@t -a)ydt=e"*

« Laplace transform of 6(f — a) :

nis2l- LaplaceTransform[DiracDelta[t -a], t, s]
out[52]=
e **HeavisideTheta[a]

nisal=  FullSimplify[LaplaceTransform[DiracDelta[t -a], t, s], a € Reals&&a > 9]

Out[53]=

e—a S

o Laplace transform of 125 6( - % 7):
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nis4- LaplaceTransform[125 x DiracDelta[t - Pi/ 3], t, s]

Out[54]=

125¢ 3

125¢ 3

Summary

After completing this chapter, you should be able to
= perform Laplace and inverse Laplace transforms using Wolfram Mathematica
= analyze special functions such as the unit step function and the Dirac delta function

= learn and use information, tools, and technology to solve engineering math problems.
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Week 6: Laplace Transforms (Part 2)

Applications of Laplace Transforms

Table of Contents

1. Solving an IVP by Laplace Transforms: The SOP

1.1. Example 6.1
1.2. Example 6.2
2. Modeling Mass-Spring System using the Unit Step & the Dirac's Delta Functions
2.1. Mass-Spring System Under a Square Wave
2.2. Hammer-blow Response of a Mass-Spring System
2.3. Mass-Spring System Under a Sinusoidal Force for Some Time Interval
3. Convolution

4. Summary

Commands list

» LaplaceTransform[f[?],,s]

» [nverseLaplaceTransform[F[s],s,?]
» HeavisideTheta[x]

» UnitStep[x]

= DiracDelta[x]

= Convolve[f, g, x, y]

Solving an IVP by Laplace Transforms: The SOP

The process of solving an ODE using Laplace Transform method consists of three steps shown
below:

w Step 1. The given ODE is transformed into an algebraic equation, called the subsidial
equation.

 Step 2. The subsidiary equation is solved by purely algebraic manipulations.

w Step 3. The solution in Step 2 is transformed back, resulting in the solution of the give
probem.
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IVP AP Solving Solution
Initial Value | — Algebraic — AP — of the
Problem (D) Problem @ by Algebra | (3 IVP

Example 6.1

y"'®O +2y' @) +15y(@t) =te™ y0) =0, y'0) =1

This example and its sample solutions were developed by Prof. Katharine Long, Texas Tech
University - Math Dept.

In[« ]:=

ClearAll["Global x"]

o Step 0. Write the ODE as an equation, and the initial conditions as a set of substitutior

In[« ]:=
Out[«]=

In[« ]:=
Out[« ]=

In[« ]:=

Out[«]=

L 4

In[« ]:=

Out[« ]=

*

In[« ]:=
Out[«]=

rules.

myODE = y''[t] + 2y'[t] + 15y[t] = tExp[-t]
15y[t] +2y [t] +y'[t] =ett

IC = {y[@e] » 0, y'[0] » 1}

{y[e] » e, y[e] -1}

Step 1. Take Laplace transforms of both sides of the equation, and substitute the initia
conditions into the equation.

1tODE = LaplaceTransform[myODE, t, s] /. IC

-1+ 15 LaplaceTransform[y[t], t, s] +

1
2 s LaplaceTransform[y[t], t, s] + s? LaplaceTransform[y[t], t, s] =

(1+5)?

This equation will be easier to read if we write Y(s) for L{y(t)}(s), which we can do
using a substitution rule.

egnForY = 1tODE /. LaplaceTransform[y[t], t, s] - Y[s]

1
~1+15Y[s] +2sY[s] +S?Y[s] =

(1+5)?

Step 2. Solve the subsidiary equation by algebraic manipulations.

Solve [eqnForY, Y[s]]

2+2s+s?
HY[S] ” (1+5)? (15+25 + s }}
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m-1= YSoln[s_] :=Y[s] /. Solve[eqnForY, Y[s]][1]; YSoln[s]
Oout[«]=

24+2s+5s?

(1+5)2 (15+25s+5?)

o Now we have computed the Laplace transform of the solution. Take its inverse Laplace
transform to get the solution.

o Step 3. The solution in Step 2, Y(s), is transformed back, resulting in the solution of the
given problem.

1= InverseLaplaceTransform[YSoln[s], s, t]

Oout[«]=

e (14t +13 /14 Sin[ /14 t])

196

1= ySoln[t_] = InverseLaplaceTransform[YSoln[s], s, t]; ySoln[t]

Out[« ]=

1
o0 et (14t+13 V14 Sin[/14 t])

o Step 4. Verify the solution.

n-1- ODECheck = myODE /. y - ySoln

Out[« ]=

1 13etsin[v14 t| 4
-— e (14+182Cos[/14 t]) - e tsin Ve }+*e't (14t+13 V14 sin[V14 t]) +
98 —\/ﬂ 49
1 1
2|— et (14+182Cos[V14t]) - — e (14t+13«/ﬁsin[\/ﬂt])):=e‘tt
196 196

- = FullSimplify [ODECheck]
Out[«]=
True

mn-}- ICCheck = {ySoln[@] == y[@], ySoln'[@] ==y'[@]} /. IC
Out[«]=
{True, True}

o Step 5. Verify the solution by DSolve function (Not Required).

+ A general solution:

mn-1- DsolveSoln@ = DSolve [myODE, y[t], t]

Out[«]=

{{yrt1 5> e crcos[14 t] + e ey sin[ V14 t] +114ett cos[ 14 t]* +sin[ 14 t]*] }}

o A particular solution:
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n-1- DsolveSolnl = DSolve[ {myODE, y[@] ==0, y'[0] ==1}, y[t], t]

Oout[«]=

{{yrer > IR (14t Cos [ V14 £]”+13 V14 Sin[ 14 t] + 14t Sin[V14 £]*] }]

196

inf-J= FullSimplify[Chop [DsolveSoln1[1]]]
Out[« ]=

1
{y[t} »— e (14t +13 V14 Sin[+/14 t])}
196

& Result from DSolve:

in-]= yfromDsolve = y[t] /. FullSimplify[Chop[DsolveSoln1[1]]]
Out[«]=

ie*t (14t +13 /14 sin[+/14 t])

196

« Solution from the method of Laplace transform:

nf-1=  ySoln[t]

Out[«]=

ie*t (14t +13 /14 sin[ /14 t])

196

o Also, let’s take a look at the solution by plotting its graph:
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il - Plot[{ySoln[t] }, {t, @, 5}, PlotRange » {-0.3, 0.3},
PlotStyle -» {Blue, Thick}, Frame -» True, FrameLabel -» {"t", "y(t)"},
BaseStyle -» {FontWeight -» "Bold", Black, FontSize - 12}, GridLines -» Automatic,
1
PlotLegends » P1aced[{"y(x)=— et (14 t+13 /14 sin(414 t)) "}, Above] R
196

AxesStyle -» Directive [RGBColor[0. , 0. , 0. ], AbsoluteThickness[1]],
Method - {"DefaultBoundaryStyle" - Automatic,

"DefaultMeshStyle" - AbsolutePointSize[6], "ScalingFunctions" - None}]

Out[«]=

— y(X)=7 € (14 t+13 V14 sin(+14 1)

0.3

0.2} 1

0_0/\ T~ :

y(®

Example 6.2
y"@) +2y" () +5y@) =1.25exp(0.5t) + 40cos(4t) — 55sin(41)
y(0) =0.2, y'(0) =60.1

n[-}= ClearAll["Global™ "]

o Step 0. Write the ODE as an equation, and the initial conditions as a set of substitutior
rules.

m-J= LHSOp[y_, t_] = y''[t] +2.0y"'[t] +5.0y[t]
S5.y[t] +2.y [t] +y’[t]
- rhsFunc[t_] =1.25Exp[0.5%t] +40.0Cos[4.0t] -55.0Sin[4.0t]

1.25e%°% +40. Cos[4. t] - 55. Sin[4. t]

n[-1= myODE = LHSOp[y, t] == rhsFunc[t]

5.y[t] +2.y [t] +y’[t] =1.25e%°"+40. Cos[4. t] - 55. Sin[4. t]
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no1- IC = {y[@] » 0.2, y'[0] » 60.1}
Oout[«]=

{y[@] - 0.2, y'[0] »60.1}

o Step 1. Take Laplace transforms of both sides of the equation, and substitute the initia
conditions into the equation.

mn-}- 1tODE = LaplaceTransform[myODE, t, s] /. IC
Out[« ]=
-60.1-0.2s +5. LaplaceTransform[y[t], t, s] + s LaplaceTransform[y[t], t, s] +

1.25 220. 40. s
2. (-0.2 + s LaplaceTransform[y[t], t, s]) == - n

-0.5+s 16. +s2 16. +5s?

o This equation will be easier to read if we write Y(s) for L{y(t)}(s), which we can do
using a substitution rule.

mn-]- eqnForY = 1tODE /. LaplaceTransform[y[t], t, s] -» Y[s]
Out[« ]=

) 1.25 220. 40. s
-60.1-0.2s+5.Y[s] +s°Y[s] +2. (-0.2+sY[s]) == - +

-0.5+s 16. +s? 16. + s>

« Step 2. Solve the subsidiary equation by algebraic manipulations.

n-1- Solve[egnForY, Y[s]]
Out[«]=

60.5 + 1.25 +0.25— 220. 40. s

. - + +s2 * +s?
{{Y[S] N 0.5+s 16. +s 16. +s }}

5.+2.5+5s?

mn-]= YSoln[s_] :=Y[s] /. Solve[eqnForY, Y[s]][1]; YSoln[s]
Out[« ]=

1.25 220. 40. s
+0.2s - S+ 5
-0.5+s 16.+s 16.+s

60.5 +

5.+2.5+5s?

o Now we have computed the Laplace transform of the solution. Take its inverse Laplace
transform to get the solution.

o Step 3. The solution in Step 2, Y(s), is transformed back, resulting in the solution of the
given problem.
n-}- InverseLaplaceTransform[YSoln[s], s, t]

Out[« ]=
0.2e%°t ezt ((-1.19349x10*° +10. i) - (1.19349x 10 ** + 10. i) e<°'*4-j>t) +

e@ 4t ((-4.44089x107'° +2.5i) - (4.44089x 10 *° + 2.5 i ) e<9'*8'“t)

1= ySoln[t_] = FullSimplify[Chop[InverseLaplaceTransform[YSoln[s], s, t]1]]; ySoln[t]

Out[«]=

0.2 Cosh[0.5 t] + 20. ¢~ ' Sin[2. t] + 5. Sin[4. t] + 0.2 Sinh[0.5 ]
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o Step 4. Verify the solution.

in[-J= myODE
Out[« ]=
5.y[t] +2.y [t] +y’ [t] =1.25e%°"+40. Cos[4. t] - 55. Sin[4. t]

n-1= LHS = LHSOp[ySoln, t]
Out[« ]=
-80. et Cos[2.t] +0.05Cosh[0.5t] -60. e > t*Sin[2.t] - 80. Sin[4. t] +
2. (48. e " Cos[2.t] +20.Cos[4.t] +8.1Cosh[@.5t] -20. e ™ "Sin[2.t] +0.1Sinh[0.5t]) +

5. (8.2Cosh[@.5t] +20. e ©Sin[2.t] +5.Sin[4.t] +0.25inh[0.5t]) + 0.855inh[0.5 t]

mn-1= RHS = rhsFunc[t]
Out[«]=
1.25e%°% +40. Cos[4. t] - 55. Sin[4. t]

inf- = Chop[FullSimplify [LHS == RHS]]
Oout[«]=
True

In[« ]:= IC
Out[«]=

(y[@] - 0.2, y'[0] - 60.1}

mn-1= {ySoln[@], ySoln'[@]}

Out[« ]=
{0.2, 60.1}
o Step 5. Verify the solution by DSolve function (Not Required).
+ A general solution:
DsolveSoln@ = DSolve[LHSOp[y, Xx] == rhsFunc[x], y[x], X]
Out[«]=
{{yIx] »e™*cCos[2.x] +e ™ *cySin[2.x] +5. e 1" * (8. +0.04 €' Cos[2. x]% +
0.04 e °*sin[2. x]? + 1. e ¥ Cos[2. x]?Sin[4. x] + 1. e *Sin[2. x]?Sin[4. x]) } }
« A particular solution:
DsolveSolnl = DSolve[{LHSOp[y, Xx] == rhsFunc[x], y[@] ==0.2, y'[O] == 60.1} , y[Xx], X]
Out[« ]=

{{ylx] >5.e* > (6.04e"°*Cos[2. x]* +4.Sin[2. x] +
0.04e'**Sin[2. x]?+1. e ¥ Cos[2. x]?Sin[4. x] +1. e" *Sin[2. x]?Sin[4. x]) } }
inf- = FullSimplify[Chop [DsolveSoln1[1]]]
Oout[«]=

{y[x] >0.2e%°*+20. e *sin[2. x] +5. Sin[4. x] }

& Result from DSolve:
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yfromDsolve = y[x] /. FullSimplify[Chop[DsolveSolni[1]]]
Oout[«]=
0.2e%°*+20. e *Sin[2. x] +5. Sin[4. X]

« Solution from the method of Laplace transform:

ySoln[t]
Out[« ]=
©.2Cosh[8.5t] +20. e " *Sin[2.t] +5. Sin[4. t] +0.2Sinh[0.5t]

o Let’s compare the obtained results by plotting them on the same graph:

ni-1- Plot[{ySoln[x] , yfromDsolve}, {x, @, 15}, Frame - True,
PlotStyle -» {{Orange, Thick}, {Black, Dashed}}, Frame » True, FrameLabel -» {"x", "y (x)"},
BaseStyle » {FontWeight -» "Bold", Black, FontSize -» 12}, GridLines -» Automatic,
AxesStyle -» Directive [RGBColor[@0. , 0.7, 0. ], AbsoluteThickness[1]],
Method - {"DefaultBoundaryStyle" - Automatic,
"DefaultMeshStyle" - AbsolutePointSize[6], "ScalingFunctions" - None},
PlotLegends -» Placed[{"Laplace Transform", "DSolve"}, {0.4, ©0.75}], Background -» White]

Out[«]=

I
r 1
r I
200 Laplace Transform A
[ J
o =---- DSolve / ]
150 / ]
i / ]
—_ I 4 B
X [ / 1
> 100 ,,' ]
I y ]
i ye ]
50 / ]
L 'd-' 4
P _ . ','~_’
oL/ NS N e N - i
1 | | 1 | 1 | | | |

Modeling Mass-Spring System using the Unit Step & the
Dirac’s Delta Functions

Mass-Spring System Under a Square Wave

Determine the response of a damped mass-spring system under a square wave, modelled by
y"@)+3y' (@) +2y@) =r@®) =ut -1) — u(t -2)
y0) =0, y'(0) =0

This example is taken from the Textbook (Kreyszig, 2011, 10th Edition), Section 6.4, page
227.
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n-]= ClearAll["Global  *"]
o Let’s define the RHS as a function of vin and plot it:
mn-J= r[t_] := HeavisideTheta[t - 1] - HeavisideTheta[t - 2];

mn-1- Plot[r[t], {t, ®, 5}, PlotRange » {-0.5, 1.5}, PlotStyle » {{Red, Thick}},
Frame - True, Exclusions - None, FramelLabel - {"t", "r(t)"},
BaseStyle » {FontWeight -» "Bold", Black, FontSize -» 12}, GridLines - Automatic,
AxesStyle -» Directive [RGBColor[@0. , 0.7, 0. ], AbsoluteThickness[1]],
PlotLegends -» Placed[{"r[ t ]=u[ t-1 ] - u[ t-2 ]"}, {0.65, 0.87}],
Method - {"DefaultBoundaryStyle" - Automatic,
"DefaultMeshStyle" - AbsolutePointSize[6], "ScalingFunctions™ - None}]

Oout[«]=

150
I — r[t]l=u[t-1]-u[t-2]
1.0 ]
€ os)
0.0
_0.5 L L L n L n L L
0 1 2 3 4 5

o Step 0. Write the ODE as an equation, and the initial conditions as a set of substitutior
rules.

m-1= myODE = y''[t] + 3y'[t] + 2y[t] ==r[t]

Out[« ]=
2y[t] +3y'[t] +y”’[t] = -HeavisideTheta[-2 +t] + HeavisideTheta[-1 + t]

m-1= IC = {y[@] - 0, y'[0] » 0}

Out[«]=
{y[e] » e, y[e] >0}

o Step 1. Take Laplace transforms of both sides of the equation, and substitute the initia
conditions into the equation.

mn-}- 1tODE = LaplaceTransform[myODE, t, s] /. IC

Out[« ]=
2 LaplaceTransform[y[t], t, s] +
e—Zs e—s
b
S s

3 s LaplaceTransform[y[t], t, s] + s? LaplaceTransform[y[t], t, s] = -

o This equation will be easier to read if we write Y(s) for L{y(t)}(s), which we can do
using a substitution rule.
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mn-1- eqnForY = 1tODE /. LaplaceTransform[y[t], t, s] » Y[s]

Oout[«]=
e—z S e—s
+—
S S

2Y[s] +3sY[s] +s®Y[s] = -

o Step 2. Solve the subsidiary equation by algebraic manipulations.

n-1- Solve[egnForY, Y[s]]

{ves) - })

mn-1= YSoln[s_] :=Y[s] /. Solve[eqnForY, Y[s]][1l; YSoln[s]
Out[«]=

Out[«]=
e?s (—1+ es)

S (2+3S+52)

e?s (— 1+ e5>
s (2+3s+5?)

o Now we have computed the Laplace transform of the solution. Take its inverse Laplace
transform to get the solution.

o Step 3. The solution in Step 2, Y(s), is transformed back, resulting in the solution of the
given problem.

n-1- InverseLaplaceTransform[YSoln[s], s, t]

Out[« ]=

1 1
—— e Y (14 e > HeavisideTheta[-2+t] + — e 2 (10 (-1+e) ’HeavisideTheta[-1 + t]
2 2

1= ySoln[t_] = InverseLaplaceTransform[YSoln[s], s, t]; ySoln[t]

Out[« ]=

! 2(-2 2+t)\2 . ! 2 (-1 1+t\2 .
—— e > (=1 + ¢7*"") HeavisideTheta[-2 + t] + — ¢ > """ (=1 + ¢~'*")” HeavisideTheta[1 + t]
2 2

o Step 4. Verify the solution.
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in-1- ODECheck = myODE /. y - ySoln

Oout[«]=

In[« ]:=

Out[«]=

In[« ]:=
Out[«]=

~2e2? 72U (L1 4 e72) DiracDelta[-2+t] +2e (P (~14e ) ?DiracDelta[-2+t] +
212Nt (L1, 1Y) DiracDelta[-1+t] -2e 2 (~1+e )’ DiracDeltal-1+t] -
e *? 28 2  HeavisideTheta[-2+t] +3e 22 2" (_14e2") HeavisideTheta[-2 + t] -
2e20%Y (L1+e7) ?HeavisideTheta[-2+t] + e 22 (102t HaayisideTheta[ -1+ t] -
3e 12 (it (-1+ e’l*t) HeavisideTheta[-1+t] +

2201 (L1 ’HeavisideTheta[-1+t] +

1 1
~— e (L1.e ) DiracDeltal-2+t] + — e 2T (_1.e ) ?DiracDelta[-1+1t] -
2 2

e 22t (71 + e’z*t) HeavisideTheta[-2 +t] +

3

e (14 e > HeavisideTheta[-2+t] + e 12 (-1it)+t (-1+e ')

HeavisideTheta[-1+t] -e """ (~1+e™) ®HeavisideTheta[-1+t]| +

1
2 {—7 e 2 (-2 (—1+e’z*t)zHeavisideTheta[—2+t1 +
2
1 2 (-1+t 1+t 2
—e? ™ (—14+e ") HeavisideTheta[-1+t] | -
2

i e? (2% (L1.e %) DiracDelta [-2+t] + i e? M (L1, e M) DiracDelta [-1+t] =
-HeavisideTheta[-2 + t] + HeavisideTheta[-1 + t]

FullSimplify [ODECheck]

True

ICCheck = {ySoln[@] == y[@], ySoln'[@] ==y'[@]} /. IC

{True, True}

+ Now, let’s take a look at the solution by plotting it:

133



12 | Week 6_Laplace Transforms-2 (Solving ODEs).nb

Plot[{r[t], ySoln[t]}, {t, @, 5}, PlotRange » {-0.5, 1.5},
PlotStyle -» {{Blue, Thick}, {Red, Thick}}, Frame - True,
FrameLabel -» {"t", "y(t)"}, Exclusions - None,
BaseStyle -» {FontWeight -» "Bold", Black, FontSize - 12}, GridLines -» Automatic,
AxesStyle -» Directive [RGBColor[0. , 0.7, 0. ], AbsoluteThickness[1]],
Method -» {"DefaultBoundaryStyle" - Automatic,
"DefaultMeshStyle" -» AbsolutePointSize[6], "ScalingFunctions" - None},
PlotLegends -» Placed[{"r(t)", "y(t)"}, {0.8, 0.75}], Background -» White]

1.5————
— r(t)
1.0 ]
— y(t)
0.0; 1
B R IS
t

Hammer-blow Response of a Mass-Spring System

Determine the response of a mass-spring system under a unit impulse at 7=1,i.e.,
r(t) = 6 (t — 1), modelled by

y'"@)+3y' @ +2y@) =r@) yO0) =0, y'(0)=0
This example is taken from the Textbook (Kreyszig, 2011, 10th Edition), Section 6.4, page
227.
mn-1= ClearAll["Global™ x"]
o Let’s define the RHS as a function of r(z).

m-]= r[t_] :=DiracDelta[t-1]; r[t]
Out[«]=
DiracDelta[-1+t]

o Step 0. Write the ODE as an equation, and the initial conditions as a set of substitutior
rules.

m-1= myODE = y''[t] + 3y'[t] + 2y[t] == r[t]
Out[« ]=
2y[t] +3y'[t] +y”’[t] == DiracDelta[-1+t]
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m-1= IC = {y[@] »@,y'[0] » 0}
Out[«]=

{yl@] -0,y [0] >0}

o Step 1. Take Laplace transforms of both sides of the equation, and substitute the initia
conditions into the equation.
mn-}- 1tODE = LaplaceTransform[myODE, t, s] /. IC

Out[« ]=
2 LaplaceTransform[y[t], t, s] +

3 s LaplaceTransform[y[t], t, s] + s? LaplaceTransform[y[t], t, s] =e®

o This equation will be easier to read if we write Y(s) for L{y(t)}(s), which we can do
using a substitution rule.
mn-1- eqnForY = 1tODE /. LaplaceTransform[y[t], t, s] » Y[s]

Out[«]=
2Y[s] +3sY[s] +s°Y[s] =e®

o Step 2. Solve the subsidiary equation by algebraic manipulations.

n-1- Solve[egnForY, Y[s]]

Out[« ]=
-s

({resr+ =]

2+3s+5s?

mn-]= YSoln[s_] :=Y[s] /. Solve[eqnForY, Y[s]][1]; YSoln[s]

Out[« ]=

(E_S

2+3s+s?

o Now we have computed the Laplace transform of the solution. Take its inverse Laplace
transform to get the solution.

o Step 3. The solution in Step 2, Y(s), is transformed back, resulting in the solution of the
given problem.

mn-}- InverseLaplaceTransform[YSoln[s], s, t]
Oout[«]=
e 2% (—e+e") HeavisideTheta[-1 + t]

mn-1= ySoln[t_] = InverseLaplaceTransform[YSoln[s], s, t]; ySoln[t]

Out[«]=

e'?"(~e + ') HeavisideTheta[- 1 + ]

o Step 4. Verify the solution.
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in-1- ODECheck = myODE /. y - ySoln
Out[«]=
2e' " DiracDelta[-1+t] -4e’?" (~e+e") DiracDelta[-1+t] - 3e' “HeavisideTheta[-1+t] +
6e' "’ (-e+e") HeavisideTheta[-1+t] +3 (e’ (-e+e") DiracDelta[-1+t] +
e' " HeavisideTheta[-1+t] -2e'?" (-e+e") HeavisideTheta[-1+t]) +

e ?% (-e+e") DiracDelta’[-1+t] = DiracDelta[-1 +t]

imn[-1=  FullSimplify [ODECheck]

Oout[«]=
True

mn-]- ICCheck = {ySoln[@] == y[@], ySoln'[@] ==y'[@]} /. IC
Out[«]=
{True, True}

+ Now, let’s take a look at the solution by plotting it:

mn-J- Plot[{ySoln[t]}, {t, @, 10}, PlotRange » {-0.1, 0.4}, PlotStyle -» {{Orange, Thick}},
Frame - True, FrameLabel -» {"t", "y(t)"}, Exclusions - None,
BaseStyle -» {FontWeight -» "Bold", Black, FontSize - 12}, GridLines -» Automatic,
AxesStyle - Directive [RGBColor[@. , 0. , 0. ], AbsoluteThickness[1]],
Method -» {"DefaultBoundaryStyle" - Automatic,
"DefaultMeshStyle" - AbsolutePointSize[6], "ScalingFunctions" - None},
PlotLegends -» Placed[{"y(t)"}, {0.8, ©0.75}], Background -» White]

Out[« ]=

0.4

03 ]
r y(t) 1

0.2 ]

y(®)

0.1f ]

0.0

Mass-Spring System Under a Sinusoidal Force for Some Time Interval

Determine the response of a mass-spring system under a sinusoidal force
interval, modelled by

y"@+3y' @) +2y(0) =r@), y0)=1, y'(0)=-5

- {lﬂsin(Zt) O<t<nm
r(e) = 0 t>n
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This example is taken from the Textbook (Kreyszig, 2011, 10th Edition), Section 6.4, page
229.

mn-1- ClearAll["Global™ x"]
o Let’s define the RHS as a function of 7(?) and plot it.

1= r[t_] :=10%Sin[2 t] * HeavisideTheta[Pi -t] ; r[t]
Out[«]=
10 HeavisideTheta[r-t] Sin[2 t]

m-1- Plot[r[t], {t, @, 2% Pi}, PlotStyle -» {{Red, Thick}},
Frame - True, Exclusions - None, FrameLabel - {"t", "r(t)"},
BaseStyle -» {FontWeight -» "Bold", Black, FontSize - 12}, GridLines -» Automatic,
AxesStyle -» Directive [RGBColor[0. , 0.7, 0. ], AbsoluteThickness[1]],
PlotLegends » Placed[{"r[t]=10 u[x-t] Sin[2 t]"}, {©.65, ©.85}],
Method - {"DefaultBoundaryStyle" - Automatic,
"DefaultMeshStyle" - AbsolutePointSize[6], "ScalingFunctions" - None}]

Out[«]=

10+
i — r[t]=10 u[rr-t] Sin[2 t]
5 ]
€ o
-5 ]
-10}\ n n n n L n n n n L n n n n L n n n n L n L L L L L L L L L \:
0 1 2 3 4 5 6

o Step 0. Write the ODE as an equation, and the initial conditions as a set of substitutior
rules.
m-J= myODE = y'"[t] + 3y'[t] + 2y[t] =r[t]

Oout[«]=

2y[t] +3y'[t] +y”[t] == 10 HeavisideTheta[sr-t] Sin[2t]
m-1= IC = {y[@] »1,y"'[0] » -5}
Out[«]=

{y[@] -1,y [@] - -5}

o Step 1. Take Laplace transforms of both sides of the equation, and substitute the initia
conditions into the equation.

137



16 | Week 6_Laplace Transforms-2 (Solving ODEs).nb

n[-]= 1tODE =

LaplaceTransform[myODE, t, s] /. IC
Oout[«]=

5-s+2LlaplaceTransform[y[t], t, s] + s? LaplaceTransform[y[t], t, s] +

10 (2-2e7%)
3 (-1+ s LaplaceTransform[y[t], t, s]) _—

44+

« This equation will be easier to read if we write Y(s) for L{y(t)}(s), which we can do
using a substitution rule.

n[-]= eqnForY =

1tODE /. LaplaceTransform[y[t], t, s] - Y[s]
Oout[«]=

5-5+2Y[s] +s%Y[s] +3 (-1+sY[s]) =

10 (2-2@"5)

4+ s?

« Step 2. Solve the subsidiary equation by algebraic manipulations

n-1- Solve[egnForY, Y[s]]
Out[«]=

10 (2-2e7%)

—2+S+?52
(st - )

2+35s+5s?

m-J= YSoln[s_] :=Y[s] /. Solve[eqnForY, Y[s]][1]; YSoln[s]
Out[«]=

10 (2-2e7'°
-2+5s+ (2277

4452

2+3s+5s?

+ Now we have computed the Laplace transform of the solution. Take its inverse Laplace
transform to get the solution.

« Step 3. The solution in Step 2, Y(s), is transformed back, resulting in the solution of the
given problem.

ni-1- InverseLaplaceTransform[YSoln[s], s, t]
Out[«]=

1 et 1
—e?t(-2+ef) -2e?" (-14€f) +20 |-—e?" '+ — + — (-3Cos[2t] -Sin[2t])

8 5 40

(ENit 1 2 t
20 HeavisideTheta -7+ t] —e 2 L (23C0os[2 (-m+t)] -Sin[2 (-n+1)])
5 8 40
m-1= ySoln[t_] = FullSimplify[InverseLaplaceTransform[YSoln[s], s, t]]; ySoln[t]
Out[«]=

N R

e?" (3+5e’ HeavisideTheta[-s+t] +2e" (1-4 e HeavisideTheta[-r+t]) +
e?" (-1+HeavisideTheta[-+t]) (3Cos[2t] +Sin[2t]))

o Step 4. Verify the solution.
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in-1- ODECheck = myODE /. y - ySoln

Oout[«]=
3e?" (3+5e” HeavisideTheta[-7+t] +2e" (1-4¢"HeavisideTheta[-7+t]) +

e*" (-1 +HeavisideTheta[-7+t]) (3Cos[2t] +Sin[2t])) -2e "
(5e®"DiracDeltal[-s+t] -8 e ™ DiracDelta[-s+t] +2e" (1-4 e HeavisideTheta[-y+t]) +

e?® (-1 +HeavisideTheta[-+t]) (2Cos[2t] -6Sin[2t]) + e** DiracDelta[- +t]
(3Cos[2t] +Sin[2t]) +2e®" (-1+HeavisideTheta[-s+t]) (3Cos[2t] +Sin[2t])) +

3|-e?" (3+5e* HeavisideTheta[-7+t] +2e" (1-4e"HeavisideTheta[-y+t]) +
e?® (-1+HeavisideTheta[-7+t]) (3Cos[2t] +Sin[2t])) +
1 2t 2 t
- e (Se "DiracDelta[-m+t] -8 ¢ " DiracDelta[-s+t] +
2
2e' (1-4¢" HeavisideTheta[-+t]) + €2t (-1 +HeavisideTheta[-7+t])
(2Cos[2t] -6Sin[2t]) + e’ DiracDelta[-+t] (3Cos[2t] +Sin[2t]) +
2e?t (-1 +HeavisideTheta[-7+t]) (3Cos[2t] +Sin[2t])> +
1 2t t t
—e?" (-16 e DiracDelta[-s+1t] +2e" (1-4¢" HeavisideTheta[-r+t]) +
2

2 e?tDiracDelta[-s+t] (2Cos[2t] -6Sin[2t]) +
4 €% (-1 +HeavisideTheta[-+t]) (2Cos[2t] -6Sin[2t]) +
e?t (-1 + HeavisideTheta[-+t]) (-12Cos[2t] -4Sin[2t]) +
4 e’ DiracDelta[-+t] (3Cos[2t] +Sin[2t]) +
4 2% (-1 +HeavisideTheta[-+t]) (3Cos[2t] +Sin[2t]) +5e?" DiracDelta’ [-+t] -
8 ¢ " DiracDelta’[-7+t] +e”" (3Cos[2t] +Sin[2t]) DiracDelta’ [-r+t]) =

10 HeavisideTheta[sr-t] Sin[2t]

- = FullSimplify [ODECheck]

Out[«]=
(-1 +HeavisideTheta [ - t] + HeavisideTheta[-+t]) Sin[2t] == 0

mn-J- ICCheck = {ySoln[@] == y[@], ySoln'[@] ==y'[@]} /. IC

Out[«]=
{True, True}

+ Now, let’s take a look at the solution by plotting it:
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m-1= Plot[{r[t], ySoln[t]}, {t, @, 10},
PlotRange -» {-12, 12}, PlotStyle -» {{Blue, Thick}, {Red, Thick}},
Frame - True, FrameLabel -» {"t", "y(t)"}, Exclusions - None,
BaseStyle -» {FontWeight -» "Bold", Black, FontSize - 12}, GridLines -» Automatic,
AxesStyle -» Directive [RGBColor[0. , 0., 0. ], AbsoluteThickness[1]],
Method -» {"DefaultBoundaryStyle" - Automatic,
"DefaultMeshStyle" -» AbsolutePointSize[6], "ScalingFunctions" - None},
PlotLegends -» Placed[{"r(t)", "y(t)"}, {0.8, 0.75}], Background -» White]

0 ]
: — ()

5§ — y(t)

y(®)
o

-10- 1

Convolution

+ According to the textbook,

L(f) L(g) 1s the transform of the convolution of fand g, denoted by the standard notation f = g
and defined by the integral:

W= (f*g) (1) = [ f@) gt -7 dr

« According to the Wolfram Mathematica,
= The convolution (f * g ) (y) of two functions f'(x) and g(x) is given by f _-:o fx) gy —x)dx.

= The multidimensional convolution is given by

-0

+o0o (400 ‘
f f_oo f (g, X2, ..) g 1 —X15 2 — X2, ..) dXpdx; -

+ Convolution uses the Convolve command, which is somewhat tricky and requires a bit
of explanation.

o The syntax is: Convolve[ first function , second function , dummy variable , final
variable]
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In[« ]:=

Oout[«]=

L 4

L 2

In[« ]:=

In[« ]:=

Out[«]=

L 2

In[« ]:=

Out[«]=

In[« ]:=

Out[« ]=

In[« ]:=
Out[« ]=

L 2

In[« ]:=
Out[«]=
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? Convolve

Symbol

Convolvelf, g, x, y] gives the convolution with respect to x of the expressions f and g.
Convolvel[f, g, {x1, x2, ...}, {¥1, ¥2, ...}] gives the multidimensional convolution.

v

Convolution is defined in Wolfram Mathematica as an integral from -co to +co, which is
consistent with its use in signal processing.

Many textbooks define convolution as an integral from 0 to ¢. The Heaviside fun
will be required in order to input functions into the Convolve command.

ClearAll["Global™ »"]
Convolve[Sin[z] »UnitStep[z], Cos[t] »UnitStep[t], T, t]

1
— tSin[t] UnitStep[t]
2

Alternatively, Mathematica can be used to evaluate the integral directly:
Integrate[Sin[t] Cos[t-<t], {T, O, t}]

1
Z tsin[t]
2

The only difference between the two is the presence of the Heaviside function multi-
plied onto the result. However, that is fully consistent with the limits on the convolution
integral.

Convolve[t = UnitStep[t], 1 = UnitStep[z], T, t]

1 2
— t°UnitStep[t]
2

Integrate[z 1, {t, 0, t}]

t2

2

Another example:

convolve = Convolve[Sin[t] * UnitStep[t], Sin[t] * UnitStep[z], T, t]

1
— (-tCos[t] +Sin[t]) UnitStep[t]
2
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n-J= integral = Integrate[Sin[t] Sin[t-<t], {t, O, t}]

Oout[«]=

1

(-tCos[t] +Sin[t])
2

n-]= convolve == integral x UnitStep[t]

Out[« ]=
True

o Let’s take a look at the graph:

1
In[+ J-= Plot[— (-tCos[t] +Sin[t]), {t, @, 4Pi}, PlotStyle -» {{Red, Thick}},
2

Frame - True, FrameLabel -» {"t", "y(t)"}, Exclusions - None,
BaseStyle -» {FontWeight - "Bold", Black, FontSize - 12}, GridLines -» Automatic,
AxesStyle -» Directive [RGBColor[0. , 0. , 0. ], AbsoluteThickness[1]],

1
PlotLegends » Placed[{"— (-t cos (t)+sin (t))"}, {0.3, 0.86}],
2

Method - {"DefaultBoundaryStyle" - Automatic, "DefaultMeshStyle" - AbsolutePointSize[6],

"ScalingFunctions" - None}, Background - White]

Out[« ]=

L — ! (-t cos(t)ssin(t) ]

y(t)

-4; ]

_5} ,

Summary

After completing this chapter, you should be able to

s develop SOPs to solve 1st-/2nd-order ODEs (IVPs) by the Laplace transform method

» perform Laplace and inverse Laplace transforms using Wolfram Mathematica
= use Mathematica to find the convolution of two functions.

= develop the habit of always checking your solutions for quality assurance.
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Week 7: Series Solutions of ODEs

How to Use Series to Solve ODEs?

Table of Contents

1. The Series Command in Wolfram Mathematica
1.1. Taylor and Maclaurin Series
1.1.1. Example 7.1
1.1.2. Example 7.2
2. Basic Concepts
2.1. Convergent vs. Divergent Series
2.1.1, Example 7.3
2.1.2. Example 7.4
2.1.3. Example 7.5
2.2. Analytic at Point
3. Solving ODEs by the Power Series Method
3.1. Standard Operating Procedures (SOPs)
3.1.1. Example 7.6
3.1.2. Example 7.7
3.1.3. Example 7.8
3.2. Different Approach: Built-in Function in Wolfram Mathematica
4. Extended Power Series Method: Frobenius Method
4.1. Standard Operating Procedures (SOPs)
4.1.1. Example 7.9
4.1.2. Example 7.10

5. Summary

Commands list

= Quit[]
= Series[f, {x, xy, n}]

= Normal[expr]
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» SeriesCoefficient[series, n]

m Sum(expr, {1, Mypin, Nimax ]

= SumConvergence] f, n]

= Factorial[~]

= Log[]

= [ ogicalExpand[expr]

» Coefficient[expr, form]

» Table[expr, n]

= AsymptoticDSolveValue[egn, f, x - xq]

The Series Command in Wolfram Mathematica

To clear all definitions or to reclaim resources used by the kernel, you may want to quit the
kernel by evaluating Quit. Quit|[].

In[« ]:= ?Quit
Out[«]=

Symbol

Quit[] terminates a Wolfram Language kernel session.

v

1= Quit[]

Use Series to make a power series out of a function. The first argument is the function. The
second argument has the form {var, pt, order}, where var is the variable, pt is the point around
which to expand, and order is the order:

n-1= ?Series

Out[«]=

Symbol

Series[f, {x, xo, n}] generates a power series expansion

for /" about the point x = xy to order (x - x;)", where n is an explicit integer.
Series[f, x - x¢] generates the leading term of a power series expansion for / about the point x = xo.
Series[f, {x, xo, nc}, {¥: o, ny} ...] successively finds series expansions with respect to x, then y, etc.

v
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¢ Read more on How to | Compute a Power Series
https://en.wikipedia.org/wiki/Power_series
https://reference.wolfram.com/language/ref/Series.html

« Power series for the exponential function around x = 0:

mn-}- Series[Exp[x], {x, 0, 10}]

Out[«]=

XZ X3 X4 XS X6 X7 X8 X9 X10

1+X+—+—+— +— + — + + + +0[x]

11
¥
2 6 24 120 720 5040 40320 362880 3628800

o Power series for the function of é around x = 0:

mn-]- Series[1/Exp[x], {x, 0, 10}]

Out[« ]=

XZ X3 X4 XS X6 X7 X8 X9 X19

- + +0[x]*
40320 362880 3628800

+

2 6 24 120 720 5040
. . 1
o Power series for the function of . around x = 0:

mn-1- Series[1/x, {x, 0, 10}]

Out[«]=

1
- +0[x1%
X

o Power series for the function of natural logarithm of x around x = 0:

Series[Log[x], {x, @, 10}] (** Note that Log[x] gives the natural logarithm of x %)
Out[« ]=
Log[x] +0[x]™

o Power series for the function of cos(x) around x = 0:

n-}- Series[Cos[x], {x, 0, 10}]

Out[«]=

X2 X4 X6 X8 Xle

1-—+—-—+ - +0[x]
2 24 720 40320 3628800

11

« Power series for the function of e i* around x = 0:

n-}- Series[Exp[I *x], {X, 0, 10}]

Out[«]=
x> ix3 x* ix® x5 ix’ x8 ix° X
l+ix-— - +— + —_— - + + -
2 6 24 120 720 5040 40320 362880 3628800

10
11

+0[x

+ We may find the derivatives of the power series using the D| | command.
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m-J= ?D

Oout[«]=

Symbol

DI/, x] gives the partial derivative 6f/ax.

DIf. {x, n}] gives the multiple derivative 8" f/ox".

DIf, x, y, ...] gives the partial derivative - (8/0y) (6 /9x)f.

DIf. {x, n}, {y, m}, ...] gives the multiple partial derivative --- (™ /ay™) (8" /ox")f.
DIf. {{x1, x2, ...}}] for a scalar /" gives the vector derivative (6f/dx1, 8f/dx,, ...).

D[f, {array}] gives an array derivative.

v

n-}- D[D[Series[Exp[x], {x, @, 18}], {x, 1}], {X, 1}]

Out[«]=

x> X2 X % x® x’ x8

14X+ —+— +— +— + + +

2 6 24 120 720 5040 40320

9

+0[x

mn-1- s1=D[Series[Exp[x], {x, 0, 10}], {x, 1}]

Out[« ]=

x2 XX xr X x® x’ x& x°

14X+ —+— +— +— +— + + + +0[x
2 6 24 120 720 5040 40320 362880

o Normal| | turns the power series back into an ordinary polynomial expression.

n-J= Normal[sl]

Out[« ]=

x> X3 x X X

14X+ —+— +— +— +— + + +
2 6 24 120 720 5040 40320 362880

4 5 6 7 8 9

X X X

o We can find the coefficients of the terms in the particular power series by using the
command SeriesCoefficient| |.

mn-]- Table[SeriesCoefficient[s1, n], {n, @, 9}]

Out[« ]=
1 1 1 1 1 1

1 1
{1) 1: D 2 R R B 1) ] }
2 6 24 120 720 5040 40320 362880
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n-1= ?SeriesCoefficient

Oout[«]=

Symbol

SeriesCoefficient[series, n] finds the coefficient of

the n'—order term in a power series in the form generated by Series.
SeriesCoefficient[f, {x, xo, n}] finds the coefficient of (x - xo)" in the expansion of /" about the point x = xo.
SeriesCoefficient[f, {x, xo, n:}, {y, yo. ny}, ...] finds a coefficient in a multivariate series.

v

mn-}- Series[Log[l+x], {X, 9, 7}]

Oout[«]=
XX X3 x* x° x x
X-—+—-— +— - — +— +0[X]
2 3 4 5 6 7

4 7

8

+ Note: when we do operations on a power series, the result is computed only to the appro-
priate order of x.
o= s1?

Oout[«]=
4x3 2x* 4x> 4x® 8x? 2x® 4x°

1+2x+2%x%+ + + + + + + +0[x 1o
3 3 15 45 315 315 2835
n-7= (Normal[s1])?
Out[«]=
2 3 X x5 NG X7 X8 X2 2
1+X+—+— +— + — + — + +

¥
2 6 24 120 720 5040 40320 362880

Taylor and Maclaurin series

If f'has derivatives of all orders at x = a, then the Taylor series for the function fat a is

fo's) o 44 (n)( )
Znzofn‘(,a) x-a) :f(a) +f'(a)(x -a) + % (x _a)Z o fn_,a X —a)" + -

The Taylor series for fat 0 is known as the Maclaurin series for f.

Read more on:
https://math.libretexts.org/Bookshelves/Calculus/Book%3 A Calculus  (OpenStax)/10%3
A Power Series/10.3%3 A Taylor and Maclaurin _Series

Example 7.1
Find the Taylor expansion of the given function around x, = 1 (up to 9 th order terms):
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| sinh (3 x? - 4)

n-1- Series[Sinh[3x?-4], {x, 1, 9}]
Out[«]=
-Sinh[1] +6Cosh[1] (x-1) + (3Cosh[1] -18Sinh[1]) (x-1)?
117 Sinh[1]

(36 Cosh[1] - 18 Sinh[1]) (x—1)3+[54Cosh[1]—
2

(x-1)%+

459 Cosh | s 333 Cosh[1] 729Sinh[1] 6

—10851nh[ 11 (x=-21)"+ - (x-1)

2 5
7614 Cosh [ 1107 Sinh[1] , (1377Cosh[1] 88649 Sinh[1] .
( - (x-1) +( - (x-1)%+
5 5 280
47 547 Cosh | 1150251nh[1} 5 10
( )(xl) +0[x-1]
35

Example 7.2
Find the Maclaurin expansion of the given function (up to 15 th order terms):

| log (2x3 + 5)

Series[Log[2x”3 +5], {X, @, 15}] (*=* Maclaurin series means that x,=0 *%)

2x3 2x% 8x® 4x®? 32xP°
Log[5] + - +

16
" ,
5 25 375 625 15625

+0([x

Basic Concepts

What do we mean by “Convergent vs. Divergent Series” ?

Convergent Series: A series is said to be convergent if it approaches some limit (D’ Angelo
and West 2000, p. 259).

Divergent Series: A series which is not convergent.

Read more on: https://en.wikipedia.org/wiki/Convergent_series

o Sum|expr, {n, nmin, nmax} | finds the sum of expr as n goes from 7,,;;, t0 7,y

n-J= Sum[x”*n/n!, {n, O, Infinity}]

Out[«]=

X
e

nip= Sum[x”n/ (n1)?, {n, @, Infinity}]

Out[« ]=

BesselI[0, 2 /x|
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n-]= ? Bessell

Oout[«]=

Symbol

Bessell[n, z] gives the modified Bessel function of the first kind 1,(z).

v
(n!) % x"
Inf+ ]:= Sum[ , {n, 0, In-Finity}]
(2n) !
Out[« ]=
1 Vx
— |2+ e* A Wx Er‘f{—]
2 2
(nt) %x"
In[~ ]:= Sum[ > {n, 1, In-Finity}]
(2n) !
Out[«]=

L e i v ene [
2 2

mnf-J= Sum[1/n, {n, 1, Infinity}]

++=: Sum: Sum does not converge.

=1

Oout[«]=

Week 7_Series Solutions of ODEs.nb | 7

& We can also use a built-in function SumConvergence to find out if the series is conver-

gent or divergent.

n-1= ? SumConvergence
outf[«]=

Symbol

SumConvergence[f, n] gives conditions for the sum ¥ f to be convergent.

SumConvergencelf, {n, ny, ...}] gives conditions for the multiple sum 57> 57 ... f to be convergent.

v

Example 7.3
Test for convergence of the sum:

in[- 1= SumConvergence[l/ n, n]
Out[«]=
False


https://reference.wolfram.com/language/ref/SumConvergence.html
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Example 7.4
Test for convergence of the sum:

2

3"n
P

n!

3" &« n?
»n]
nt

n[- = SumConvergence [

Out[« ]=
True

Example 7.5

Test for convergence of the sum:

- = SumConvergence[1l / Factorial[n], n]

True

What do we mean by “Analytic at point” ?

An analytic function is a function that is locally given by a convergent power series.

Any function is said to be analytic at a point « if it can be represented by a power series in x-a.

For example, functions such as €*, sinx, log x can be represented by Taylor series, thus these
functions are analytic.

If function is analytic at point, it can be replaced either by Taylor Series or Maclaurin series,
which are both power series.

(n) 144
20100=0an“) x —a)" =f(a) +f'(a) x—a) + fz_'(’tl) (x —a)2 7L oos
(n) 0 144 0
A LR ORIV T Ly

Series[1/x, {x, 0, 5}]
Out[«]=

1
- +0[x]®
X

« Not analytic at x = 0.

Series[Log[x], {X, 9, 5}]
Out[«]=

Log[x] +0[x]®
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« Not analytic at x = 0.

Series[Log[1 +x], {X, @, 5}]

Out[« ]=

X2 X} x* X

X-—+— -— +— +0[x]
2 3 4 5

6

« Analytic at x = 0.

Solving ODEs by the Power Series Method

Standard Operating Procedures (SOPs)

w Step 1. Define the solution as a Power Series (with coefficients to be determined; the centes
of the series is usually taken to be at x, = 0).

y=ag+arx +ayxX’ +a3x> + oo = )0 0@y X"

w Step 2. Insert the power series of y and the power series of y', y'’ obtained by term-wise
differentiation in to the ODE.

y' =a; +2a;x +3a3x* + = )00 _ may x"!

Collect the powers of x finding.

(a; —ap) + Qa, —a;))x + 3 a; —az)xz + e =0

w Step 3. Equating the coefficient of each power of x to zero, we have a system of equations of
the coefficients, a,,.

| al—a0=0, Zaz—a1=0, 3a3—a2=0, e,

w Step 4. Solving these equations, we may express ap, d,, ... in terms of @, (for the first-order
ODEs) or a;, a3, ... in terms of ay and a; (for the second-order ODEs).

4
2

a

~

)
<

S

a
a =ay, a; = = ) 613:?:

N
~
o
~
-

w Step 5. With these values of the coefficients, the series solution becomes the familiar general
solution.

2 3
— & 2, 4 3 _ X LX) -
| y=ag+agx + X+ 200 4 _a0(1+x+2!+3!)_a0e"

Example 7.6
Find the general solution to the given ODE:
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’ —
y' =y=0
mn-1= ClearAll["Global™ "]

o Step 1. Define the solution as a Power Series. Here, we omit the terms of p + 1. The
value of p (max value) can be varied.

nl= p=8;y=Ssum[c[i] x"i, {i, @, p}] +O[x]" (p+1)

Oout[«]=

c[@] +c[1] x+c[2] x*+c[3] x> +c[4] x*+c[5] x°+c[6] xX®+c[7] X" +c[8] x®+0[x]°

o Step 2. Insert the power series solution (with undetermined coefficients) to the give:
ODE.
n-1= de=D[y, X] -y =
Out[« ]=
(-c[@] +c[1]) + (-c[1] +2c[2]) x+ (-c[2] +3¢C[3]) x*+ (-C[3] +4c[4]) x>+
(-c[4] +5¢c[5]) x*+ (-c[5] +6cC[6]) x°+ (-c[6] +7¢C[7]) x°+ (-c[7] +8c[8])x" +0[x]® =0

o Step 3. Use LogicalExpand|] to generate a sequence of equations for each power of x.

- coeffeqns = LogicalExpand[de]

Out[« ]=
-c[0] +C[1] ==08&& -Cc[1] +2C[2] =0&&-C[2] +3C[3] ==08&&-Cc[3] +4cC[4] == 0&&
—Cc[4] +5¢C[5] = 08& % -C[5] +6C[6] ==0&& -C[6] +7C[7] == 08&& -Cc[7] +8C[8] ==

in-1= ?LogicalExpand

Out[«]=

Symbol

LogicalExpand|[expr] expands out logical combinations of equations, inequalities, and other functions.

v

o Step 4. Solve the equations for the coefficients a[i]. We can also feed equations involv-
ing power series directly to Solve|]:

n-1- solvedcoeffs = Solve[coeffeqns, Table[c[i], {i, 1, 8}]]

Oout[«]=

c[o] c[0]
{{er11 > cre1, cr21 > —=, c31 > —,
2 6
c[o] c[o] cl[e] c[e] c[o]
cl4] - ,c[5] - ,c[6] - ,cl7] - c[8] - }}
24 120 720 5040 40320

« Step 4. Substitute the obtained coefficients to get our solution.
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m-1= Yy =Yy /. solvedcoeffs
Oout[«]=

{c[e} fc[@] x+-c[@] X*+ - c[0] x>+
2 6
1 1 1 c[@] x’ c[o] x®
o] Xt c[0] X+ — c[0] x° + + +0[x 9}
24 120 720 5040 40320

n-1- Coefficient[y, c[0]]

Out[« ]=

{ ¥ x* x* X i i e

l+x+—+—+—+—+— + + }
2 6 24 120 720 5040 40320

o Summation of Series: The Wolfram System recognizes this as the power series expan-
sion of exp(x).

= Sum[x*n/n!, {n, 0, Infinity}]

Oout[«]=

(EX

n-}- Series[Exp[x], {Xx, O, 8}]

Out[«]=

x> X2 xr X X8 x’ x8

14X+ —+— 4+ — +— +— +

+
2 6 24 120 720 5040 40320

+0[x]°

« Thus we have obtained the familiar solution of y =c¢je™.
« Step 5. Verify the solution.

n-]= D[cO* EXp[X], X] -cO % EXp[Xx] =0
Out[«]=
True

Example 7.7
Find the general solution to the given ODE:

y'+y=0
mn-1= ClearAll["Global™ "]

o Step 1. Define the solution as a Power Series. Here, we omit the terms of p + 1. The
value of p (max value) can be varied.

n-}= p=93y=Sum[c[i] x*i, {i, @, p}] +0[x]"(p+1)
Out[«]=

c[@] +c[1] x+c[2] x*+c[3] x> +c[4] x*+c[5] x°+c[6] x®+c[7] X" +c[8] x®+c[9] x*+0[x]*®

o Step 2. Insert the power series solution (with undetermined coefficients) to the give:
ODE.
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n-1= de =Dy, {X, 2}] + Y =
Oout[«]=
(c[@] +2c[2]) + (C[1] +6C[3]) X+ (c[2] +12c[4]) x>+ (c[3] +20C[5]) X +
(c[4] +30c[6]) x*+ (c[5] +42c[7]) X°+ (c[6] +56C[8]) x®+ (c[7] +72c[9]) X" +0O[x]® ==

« Step 3. Use LogicalExpand|] to generate a sequence of equations for each power of x.

n-1- coeffeqns = LogicalExpand[de]
Outf« ]=
C[0] +2c[2] =0&&cC[1] +6C[3] ==0&&C[2] +12c[4] - 0O&&C[3] +20C[5] - 0&&
c[4] +30c[6] ==08&&Cc[5] +42c[7] =0&&c[6] +56C[8] ==0O&&C[7] +72C[9] ==

« Step 4. Solve the equations for the coefficients a[i]. We can also feed equations involv-
ing power series directly to Solve|]:
n-1- solvedcoeffs = Solve[coeffeqns, Table[c[i], {i, 1, 10}]]

.=+ Solve: Equations may not give solutions for all "solve" variables.

Out[« ]=
c[e] c[1] c[e] c[1]
{{er21>-—,c315-—, cla1 > —, c151 > —,
2 6 24 120
cle] c[1] cloe] c[1]
cl6] > - , (7] > - , c[8] , c[9] - }}
720 5040 40320 362880

« Step 5. Substitute the obtained coefficients to get our solution.

mn-1= Yy =Y /. solvedcoeffs

Out[«]=

{{c[e] fC[l]x--c[@]X®- - c[1] x>+ — c[0] x*+
2 6 24
1 1 c[1]1x’ c[0] x® «c[1]x°
(1] X - c[o] x5 - N N +0[x]19}}
120 720 5040 40320 362880

n-1- Coefficient[y, c[0]]

Out[« ]=

2 4 X6 X8

X X
{{17; +;l ) 720 : 40320}}

- Series[Cos[x], {x, 0, 10}]

Out[« ]=

X2 X4 X6 X8 X10

1-—+—-—+ -
2 24 720 40320 3628800

11

+0[X]

+ Expressing the coefficients in terms of the arbitrary c[0], we get the solution of
Yy = ¢y €OS(x).
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n-1- Coefficient[y, c[1]]

Oout[«]=
3 5 7 9

X X X X
HX*Z " 120 seso 362880}}

- Series[Sin[x], {x, 0, 10}]

Oout[«]=

7 9
X 11

+0[x]
6 120 5040 362880

o Expressing the coefficients in terms of the arbitrary c[1], we get the solutio
y = ¢ sin(x).

- ysoln = Coefficient[y, c[@]] + Coefficient[y, c[1]]

Out[«]=

H x2 X} x* X x® x’ x& x°

l1+X-—-—+—+— - — - + +

2 6 24 120 720 5040 40320 362880 }}
o Thus the general solution is y = ¢, cos(x) + ¢; sin(x).

n-}- Series[Cos[x] +Sin[x], {X, 0, 9}]

Oout[«]=

x> x2 xr X x8 x’ x8 x°

1+X-—-— 4+ —+— - — - + + +O[X]10
2 6 24 120 720 5040 40320 362880

o Step 5. Verify the solution.

n-}- D[cO*CoS[X] +cl=*Sin[x], {X, 2}] +cO x Cos[x] + cl % Sin[x] ==
Out[«]=
True

Example 7.8
Find the general solution to the given ODE:

(V 7)2 -y=x
- 1= ClearAll["Global™ "]

o Step 1. Define the solution as a Power Series.

m-J= y=Sum[c[i] x~1i, {i, @, 8}] +0[x] "9
Out[«]=
(0] +c[1] x+c[2] x2+c[3] x> +c[4] x*+c[5] X +c[6] x®+c[7] X" +c[8] x®+0[x]°

o Step 2. Insert the power series solution (with undetermined coefficients) to the give:
ODE.
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n-1= de=D[y, X]*2-y =X
Out[«]=
(-cre] +c[11%) + (-c[1] +4c[1] xc[2]) x+ (-c[2] +4c[2]?+6C[1] xc[3]) x*+
(-c[3] +12c[2] xc[3] +8c[1] xc[4]) x>+ (9c[3]*-c[4] +16c[2] xc[4] +18c[1] xC[5]) x* +
(24c[3] xc[4] —C[5] +20c[2] xc[5] +12c[1] xC[6]) X° +
(16c4 +3@c[3}><c[5}—c[6]+24c[2]><c[6]+14c[1]><c[7])x6+
(40 c[4] c[5] +36C[3] xC[6] -c[7] +28cC[2] xc[7] +16¢C[1] xc[8]) x” +0[x]® = x

« Step 3. Use LogicalExpand|] to generate a sequence of equations for each power of x.

n- - coeffeqns = LogicalExpand[de]
out[«]=
—c[0]+c[1}2::0&&—1—c[1]+4c[1}><c[2} =08 -c[2] +4c[2]%+6C[1] xC[3] == P &&

c[3] +12c[2] xc[3] +8c[1] xc[4] ::0&&9c[3]2—c[4} +16c[2] xc[4] +10c[1] xc[5] == 0&&
24 c[3] xc[4] -c[5] +20c[2] xc[5] +12c[1] xc[6] == O &&
16c[4]2+30c[3]xc[5}—c[6]+24c[2]xc[6]+14c[1]><c[7] = 0&&
40 c[4] ~c[5] +36¢Cc[3] xc[6] -c[7] +28c[2] xCc[7] +16cCc[1l] xC[8] ==©

« Step 4. Solve the equations for the coefficients a[i]. We can also feed equations involv-
ing power series directly to Solve|]:
n-}- ¢€[@] =1; solvedcoeffs = Solve[coeffeqns, Table[c[i], {i, 1, 8}]]

Out[«]=

{{C[l] -»-1,c[2] »0,Cc[3] >0, Cc[4] >0, Cc[5] »0,C[6] >0, C[7] >0, Cc[8] >0},

1 1 5
{c[l] 51,c[2] 5, ¢[3] 5 -—, c[4] > —,
2 12 9%
41 469 6889 24721
c[5] 5 -—, c[6] > ,c[7] > - , c[8] - }}
960 11520 161280 516096

« Step 5. Substitute the obtained coefficients to get our solution.

mn-J= Yy =y /. solvedcoeffs
Out[« ]=
x2 x> 5x* 41x° 469x° 6889x7 24721x®

{1—x+0[x]9,l+x+———+—— + - + +O[x]9}
2 12 96 960 11520 161280 516096

n= (D[1-%, x])% - (1-X) =X
Out[« ]=
True

x* X} s5x* 41x° . 2 x> X} s5x* 41x° .
Inf J:= D[1+X+———+ - +0[x] ,X] - |1+X+— - — + - +0[x]°] =X
2 12 96 960 2 12 96 960

Out[«]=
x+0[x]° = x

Different Approach Using a Function Embedded in Wolfram Mathematica
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1= ? AsymptoticDSolveValue

Oout[«]=

Symbol

AsymptoticDSolveValue[egn, f, x - xg] computes an

asymptotic approximation to the differential equation eqn for f[x] centered at x.
AsymptoticDSolveValue[{egn,, eqn,, ...}, {fi, fo, ...}, x = x0]

computes an asymptotic approximation to a system of differential equations.
AsymptoticDSolveValue[egn, f, x, € » €] computes

an asymptotic approximation of f[x, €] for the parameter e centered at €.

AsymptoticDSolveValuelegn, f, ..., {¢, &, n}] computes the asymptotic approximation to order n.

The same ODE as in the Example 7.2 with the corresponding initial conditions:
y'+y=0 Yy =1,y'0) =0

n-1= ClearAll["Global™ "]

mn-]= s0ll = AsymptoticDSolveValue[{y''[x] +y[x] =9, y[0] ==1, y'[0] =0}, y[x], {x, 0, 8}]

Out[«]=

x> x*  x® x8

1-—+— - — +

2 24 720 40320

- $0l12 = AsymptoticDSolveValue[{y''[x] +y[x] ==0, y[@] ==1, y'[@] =0}, y[x], {x, 0, 16}]

Out[«]=

x> x*  x° x8

1-—+—-—+ -
2 24 720 40320 3628800

X10 X12 X14 X16

+ - +
479001600 87178291200 20922789 888000

+ Asymptotic approximation by varying the order 7.

mn-J= sol[n_] := AsymptoticDSolveValue[{y''[x] +y[x] ==0, y[@] ==1, y'[O] =0}, y[x], {X, @, n}]
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mn-1- Plot[{sol[4], sol[8], sol[12], sol[16], sol[24], Cos[x]} // Evaluate,
{x, @, 3Pi}, PlotRange -» {-2, 5}, Frame - True,
PlotLegends -» {"p=4", "p=8", "p=12", "p=16", "p=24", "cos(x)"},
PlotStyle -» {Blue, Orange, Yellow, Green, Red, Gray}]

5

-
— p=8

p=12
- — p=16

N —ra
) 7 W \ —— cos(x)

oL

Extended Power Series Method: Frobenius Method

Let b(x) and c(x) be any functions that are analytic at x = 0. Then the ODE
€9, _y

71+@ 7+
VA b A S

has at least one solution that can be represented in the form

y(x) =x" Zonc;=oam xM" =x" (ao +a;x + a2x2 -+ ...)

where the exponent » may be any (real or complex) number (and r is chosen so that a( # 0).

Frobenius Method. Standard Operating Procedures (SOPs)
w Step 1. Rewrite the ODE in the form of x? y" +xbx)y’' + c(x)y = 0. Find b(x) and c(x)
| xzy" +XbXx)y' +cx)y =0

w Step 2. Expand b(x) and c(x) in power series. To apply the Frobenius Method, b(x) and c(x)
must be analytic at x = 0. If b(x) and c(x) are polynomials we do nothing in this step. The
purpose of this step is to obtain by = b(x = 0) and ¢y = c(x = 0).

| b(x) =by + by x + by x? + ---, c(x) =cyp+cyx + X% + oo

w Step 3. Obtain the indicial equation: r(r — 1) + byr +cy =0
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I’(l"—])+b01"+6‘0=0

» Step 4. Solve the indicial equation, and obtain its roots r; and r,. Depending on the values
of r;and r,, we have the following three cases:

(1) Distinct roots not differing by an integer;
(i1) Double root r; =r;;

(111) Roots differing by an integer.
w Case 1. Distinct Roots Not Differing by an Integer. A basis is
y1(x) =x”(a0 +a;x +ax’ + )
and

yZ(x) =xr2(A0 +A1x +A2x2 + ...)

w Case 2. Double Root r; =r, =r. A basis is

1
Vi) =x"(ag + a; x + ax* + - [r:; ( - by
(of the same general form as before) and

y2(x) =y;(x) Inx +xr(A1x + A, x? + ) x>0

w Case 3. Roots Differing by an Integer. A basis is
yitx) =x"(ag + a;x + a; x> + -
(of the same general form as before) and

y20) =ky)Inx + x"2(Ag + A; x + A x% + )

whre the roots are so denoted that »; — r, > 0 and k may turn out to be zero.

Example 7.9
xx-Dy"+QCx-Dy'"+y=0

o Step 1. Rewrite the ODE in the form of x?y"" + xb(x)y' + c(x)y = 0. Find b(x) and
c(x).
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Gx-1) e Gx=I) x? _ _ 3x=D

Y x(x—I)y x(x—l)y 0 = ¥’ yoEXT x=I) y'+ x(x—I)y_ 0 = bx) = x=1)
) = =

X)) = x(x-=1)

« Step 2. Expand b(x) and c¢(x) in power series. To apply the Frobenius Method, b(x) and
c(x) must be analytic at x = 0. If b(x) and c(x) are polynomials we do nothing in this
step. The purpose of this step is to obtain by = b(x = 0) and ¢y = c(x = 0).

. 3x-1
n-l= Series [

— 0, 5}]

Out[«]=
1-2x-2x2-2x3-2x*-2x>+0[x]°

2

Inf- J= Ser‘ies[ s {x, 0, 5}]

X (x-1)
Oout[«]=

—x-x2-x3-x*-x*+0[x]®
« Step 3. Obtain the indicial equation. With b(0) = I and ¢(0) = 0, we have an indicial
equation r(r — 1) +r = 0.

n-1-= Solve[r (r-1) +r =0, r]
Out[« ]=
{{r>0}, {r-0}}

« Step 4. Solving the indicial equation, and we obtained its roots »; = 0 and r, = 0. This
corresponds to the Case (ii) with a double root.
+ The indicial root:
mn-}- ClearAll[a, r];
n[-}= r=0;
o The first k +1 terms of a proposed Frobenius series solution:

n-1-= k = 6;
y X*r (Sum[ a[n] x*n, {n, 0, k} ] + O[x]*(k+1))

Out[« ]=
a[@] +afl] x+a[2] x*+a[3] x> +a[4] x*+a[5] x°+a[6] x®+0[x]’

« Substitute this series into the given ODE: x(x — 1) y"" + Bx -1y’ +y =0.

m-j- deq = x+* (x-1) % D[y, {x, 2}] + (3x-1) *D[y, {x,1}] +y ==
Out[« ]=
(a[@}—a[l])+(4a[11—4a[2])x+(9a[2]—9a[3])x2+
(16a[3] -16a[4]) x>+ (25a[4] -25a[5]) x*+ (36a[5] -36a[6]) X +0[x]® ==

+ Write the equations that the coefficients must satisfy.
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n[-= coeffEqns = LogicalExpand[ deq ]
Oout[«]=
a[@] -a[l] -0& &4 a[l] -4a[2] =0& &9a[2] -9a[3] =08&&
16a[3] -16a[4] == 0&&25a[4] -25a[5] = 0&&36a[5] -36a[6] == 0
» Table listing the successive coefficients.

n[-- succCoeffs = Table[a[n], {n, 1, 6} ]

Oout[«]=
{a[l], a[2], a[3], a[4], a[5], a[6]}

o Solve for these coefficients in terms of a[0].

n[-= ourCoeffs = Solve[coeffEqgns, succCoeffs]

Out[«]=
{{a[l] »a[@], a[2] »a[@], a[3] »a[@], a[4] »a[@], a[5] »a[@], a[6] »a[@]}}

« Substitute these coefficients in original series to obtain desired particular solution.

n-J= y =y /.ourCoeffs

Out[« ]=
{a[@] +a[@] x+a[@] x*+a[@] x’ +a[@] x*+a[@] x* +a[8] x®+0[x]’}
& Take the common factor «[0] out:

n-J- Coefficient[y, a[0]]
Out[« ]=
{1+X+X2+X3+X4+X5+X6}
o Calculate the infinite sum of our series solution.

= Sum[x~n, {n, @, Infinity}]

Out[« ]=

1-x
o Verify the infinite sum of the series solution.

1
Inf+ J:= Series[—, {x, 9, k}
1-x
Out[« ]=

1+X+X2+X3+X4+X5+X6+O[X}7

+ Now we have obtained one solution to the given ODE, which is given by

oo m 0
y= al0] Zmzﬂx = M

1—x

+ By choosing a[0] = 1, we have y; = i

+ We may get a second independent solution y,(x) by using two methods:
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(1) following the Case (ii) rule of the Frobenius method;
(2) the method of reduction of order.

o Let’s find the second independent solution y,(x).

+ Method 1. Following the Case (ii) rule of the Frobenius method.

m-= r=0; k = 6;

Log[x]
y = + Xx*r (Sum[A[n] x*n, {n, 0, k}] + O[x]*(k+1))
1-x

Oout[«]=
(A[@] + Log[x]) + (A[1] +Log[x]) X+ (A[2] + Log[X]) x®+ (A[3] + Log[x]) x>+
(A[4] +Log[x]) x*+ (A[5] + Log[X]) x> + (A[6] + Log[x]) x®+0[x]’

m-1- deq = x*(x-1)D[y, {x,2}] + (3x-1) D[y, {x, 1}] +y ==

Oout[«]=
(A[O] -A[1]) + (—3+A[1]—4A[2]—3Log[x}+3(1+A[1]+Log[ 1)) X+
(-3+3A[2] -9A[3] -6Log[x] +3 (1 +2A[2] +2Log[X])) X
(-3+7A[3] -16A[4] -9Log[x] +3 (1+3A[3] +3Log[x])) x>+
(-3+13A[4] -25A[5] -12Log[x] +3 (1+4A[4] +4Log[x])) x* +
(-3+21A[5] -36A[6] -15Log[x] +3 (1+5A[5] +5Log[x])) x> +0[x]® =
n-]= coeffEqns = LogicalExpand[ deq ]
Out[« ]=

A[@] -A[1] =088 -3+A[1] -4A[2] -3 Log[x] + A[1] + Log[x]) == O &&
—3+3A[2}—9A[3]—6Log[x}+3(1+2A[2}+2Log[ 1) = 08&
~3+7A[3] -16A[4] -9Log[x] +3 (1+3A[3] +3Log[x]) = 08&&
-3+13A[4] -25A([5] -12Log[x] +3 (1+4A[4] +4Log[X]) = 08&&
~3+21A[5] -36A[6] -15Log[x] +3 (1+5A[5] +5Log[x]) =

n-1= succCoeffs = Table[A[n], {n, 1, 6} ]

Out[«]=
{A[1], A[2], A[3], A[4], A[5], A[6]}
n[-= ourCoeffs = Solve[coeffEqns, succCoeffs]
Out[« ]=

{{A[1] > A[@], A[2] = A[@], A[3] > A[0], A[4] > A[@], A[5] »A[Q], A[6] > A[0] ]}

n-J= y=y/.ourCoeffs

Out[«]=
{(A[@] +Log[x]) + (A[@] + Log[x]) x+ (A[@] + Log[x]) x2 + (A[OQ] + Log[x]) x3 +
(A[@] +Log[x]) x* + (A[@] + Log[x]) X* + (A[@] + Log[x]) x®+0[x]”}
y=y/.A[0] »0 (x Note that Log[x] represents the natural logarithm of xx)
Out[«]=

{Log[x} + Log[x] x + Log[X] x% + Log [x] x> + Log [x] x* + Log[X] x> + Log [X] x® +0[x]7}

In(x)
1-x

& We can easily see that the second independent solution y,(x) =
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« Verify two solutions to the given ODE: x(x — 1)y + Gx - 1)y’ +y =0.

mn-}= ClearAll[y];
myODE =x (X-1) » y'"[X] + (3x-1) y'[X] + Y[X] ==
Out[« ]=

’

Y[X] + (-1+3%x) Yy [X]+(-1+%x)xy’'[x] =0

n-J= ylSeln[x_] =
1-x

Out[«]=

1-x

-] ODECheck = myODE /. y - ylSoln

Out[« ]=
1 2 (-1+x)x -1+3x
+ + ==

1-x (1-x)3 (1-x)?

in-]= FullSimplify [ODECheck]

Out[«]=
True
Log[x]
n-J= y2S0ln[x_] =
1-x
Out[«]=
Log [X]
1-x

in[-1- ODECheck = myODE /. y - y2Soln

Out[«]=
Log[x] 1 2 2Log[x])
+(-1+Xx) X |- + + +(-1+3x)
1-x 1-x)x2 (1-x)%x (1-x)3

1 Log [X]
+ =

(1-x)x  (1-x)2

in[-1=  FullSimplify [ODECheck]
Out[«]=
True

o Method 2. The method of Reduction of Order.

n-1= ClearAll[y];
myODE =x (Xx-1) » y'"[X] + (3x-1)y'[X] + y[X] == ©O

Out[«]=

’

Y[X] + (-1+3%X) Yy [X]+(-1+Xx)xy’'[x] =0

« Substitute y,(x) = 114(__:2 , where the form of u(x) is yet to be determined.
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ulx]
n-J= yuSoln[x_] =
1-x
Out[«]=
ulx]
1-x

m-J= UODE = myODE /. y - yuSoln
Out[«]=

[

[X] ux] u’[x]
+(-1+3x) +
1-x (1-x)2 1-x

m-]= u2 = FullSimplify [uODE]
Out[«]=
U [X] +xU”[X] =

o Let’s introduce a new variable zsothatf = u'and ¢' = u"''.

m-l= u2 /. {u's>t,u'">t"}
Out[«]=
t[x] +xt'[Xx] =

in-1- DSolve[t[x] +xt'[x] =0, t[x], x]

Out[« ]=
({em - 23)

X

in-]- DSolve[u'[x] =1/X, u[x], x]
Out[«]=
{{u[x] - c1 +Log[x]}}

ulx] _ In(x)

o Thus we have y;(x) = T T 1

* yi(x) = L and y,(x) = ln—ixx) are linearly independent and thus form a basis of solu-

1-x 1
tions of the given ODE.
1 Log [x]
n[-J= yGen = €l % +C2 % H
1-x 1-x

FullSimplify[x * (x-1) *D[yGen, {x, 2}] + (3x-1) *D[yGen, x] + (yGen)] == 0

True

Example 7.10

(x2 —x)y"—xy'+y:0

- ClearAll["Global %"]

o Step 1. Rewrite the ODE in the form of x?y'" + xb(x)y' + c(x)y = 0. Find b(x) and
c(x).
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—X [} X 2

(x—I)y 7 x(x=1)

—Xx

x-I)
2

x(x-1)

b)) = 0; c0) =0

" —X 4
x(x-1) yo £ x(x-=1)

y y=0 = x’y" +x y=0 = bx) =

c(x) =

« Step 2. Expand b(x) and c(x) in power series. To apply the Frobenius Method, b(x) and
c(x) must be analytic at x = 0. b(x) and c(x) are already polynomials so we do nothing
in this step.

« Step 3. Obtain the indicial equation. With h(0) = I and ¢(0) = 0, we have an indicial
equation r(r — 1) = 0.

mn-J= ClearAll[r]; Solve[r (r-1) =0, r]
Out[« ]=
{{r->0}, {r>1}}

« Step 4. Solving the indicial equation, and we obtained its roots r; = 0 and r, = I. This
corresponds to the Case (i) with two roots differing by an integer. Notice that in this case
we need to set #; > r; in order to follow the recipe of the Frobenius method.

o For the first solution, we have r = r; = 1. Based on the recipe of the Frobenius method,

we have:
n-1= r=1;
k = 6;
y = x*r (Sum[ a[n] x*n, {n, 0, k} ] + O[x]*(k+1))

Out[«]=
a[@] x+a[l] x*+a[2] x*+a[3] x*+a[4] x°+a[5] x®+a[6] X’ +0[x]®

« Substitute this series into the given ODE: (x? —x)p"" —xy’' +y = 0.

n-1- deq = x* (x-1)D[y, {x,2}] - x* D[y, {x, 1}] +y ==
Out[«]=
—2a[l]x+ (a[1] -6a[2]) x>+ (4a[2] -12a[3]) x>+
(9a[3]-20a[4]) x*+ (16a[4] -30a[5]) x°+ (25a[5] -42a[6]) x°+0[x]’ =

o Substitute this series into the given ODE: (x? —x)y"" —xy' +y = 0.

« Write the equations that the coefficients must satisfy:

n[-]= coeffEqns = LogicalExpand[ deq ]
Oout[«]=
-2a[l] =-0&8&af[l] -6a[2] ==08&&%4a[2] -12a([3] == 08&&
9a[3] -20a[4] --0&&%16a[4] -30a([5] ==08&&25a([5] -42a[6] ==

o Table listing the successive coefficients:
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n[-]- succCoeffs = Table[a[n], {n, 1, 6} ]
Oout[«]=

{a[l], a[2], a[3], a[4], a[5], a[6]}

o Solve for these coefficients in terms of a[0]:

n[-= ourCoeffs = Solve[coeffEqns, succCoeffs]

Out[«]=
{{a[l] -0, a[2] -0, a[3] » 0, a[4] -0, a[5] -0, a[6] - 0}}

« Substitute these coefficients in original series to obtain desired particular solution:

n-}= y=y/.ourCoeffs
out[«]=

{a[@] x+0[x]?}

+ By choosing a[0] = 1, we have y;(x) = x.
& Let’s check the result.

n-1= ClearAll[y];
myODE =x (X-1) » y'"[X] -x* y'[X] + y[x] = 0
ylSoln[x_] = x;
ODECheck = myODE /. y - yl1Soln;
FullSimplify [ODECheck]

Out[«]=
True

o Let’s find the second independent solution y,(x) by the method of Reduction of Order.

mn-J= yuSoln[x_] = u[X] *X;
UODE = FullSimplify[ myODE /. y - yuSoln]

Out[« ]=
X ((-2+X) U [X]+ (-1+x)xu”[x]) =9

o Let’s introduce a new variable rsothatf =u'and ' = u"".

inf-]- tODE = FullSimplify[uODE /. {u'->t,u'' »>t'}]
Oout[«]=

X ((-2+X) t[x]+ (-1+x) xt'[Xx]) =
n[-1- DSolve[tODE, t[x], X]

Out[«]=
(feva - 2225

X

—-(1-x)
x2

o Let’s take ¢; = —1 a. So we have 7(x) = = u' (x), from which we can find u[x].
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n-1- DSolve[u'[x] = - (1-x) /x*, u[x], X]

Out[«]=
Hu[x] Ut feq+ Log[x]}}

X

¢ Take ¢y = 0 a. So we have u(x) = i + In(x), and

P2(X) = u(x) y1(x) = (;1( + ln(x))x =1+ xIn(x)

o Let’s check the second solution.

mn-1= ClearAll[y];
myODE =x (X-1) » y'"[X] -x* y'[X] + y[x] = 0
y2Soln[x_] = x % Log[x] +1;
ODECheck = myODE /. y - y2Soln;
FullSimplify [ODECheck]

Out[« ]=
True

¢ yi(x) =xand y,(x) =1 + x In(x) are linearly independent and y,(x) has a logarithmic
term, thus they constitute a basis of solutions for positive x.

n-]= yGen = cl*X+c2#% (1+x*Log[x]);
Fullsimplify[ (x* - x) » D[yGen, {X, 2}] - x x D[yGen, X] +yGen] ==

True

Summary

After completing this chapter, you should be able to
= use Mathematica to find the power series representation of a function.
= recognise and work with some higher transcendental functions of mathematics.
= develop SOPs to solve ODEs by the power series method.
= develop SOPs to solve ODEs by the Frobenius method.

= develop the habit of always checking your solutions for quality assurance.
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Week 8: Systems of Linear Equations

How to solve systems of linear equations?

Table of Contents

1. Solving the Systems of Linear Equations

1.1. Example 8.1: The Solve Command
1.2. Example 8.2: The LinearSolve Command
1.3. Example 8.3: Gaussian Elimination

1.4. Example 8.4: Gauss-Jordan Elimination

2. Summary

Commands list

= Column

= Solve

= MatrixForm

= FullSimplify

= LinearSolve

= ArrayFlatten

= Normal

= CoefficientArrays

= RowReduce

Prerequisite: How to Get Parts of a Matrix

The Wolfram Language has many matrix operations that support operations such as building,
computing, and visualizing matrices. It also has a rich language for picking out and extracting
parts of matrices.

How to | Get Parts of a Matrix:
https://reference.wolfram.com/language/howto/GetPartsOfAMatrix.html
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Example 8.1: The Solve Command

Definition 8.1: System of Linear Equations

A system of linear equations is a collection of equations of the form
anXxXy +tapXx+aixyt+---+ A XxX; = b]
a1 Xy + ax»pxy; +ay3 Xz +---+ adyy X, = b2

asz1X; + asxppXy; + axz X3+ -+ adz X, = b3

A1 X1 +au2X2 +au3X3+ -+ AynXy, = bm

Definition 8.2: Consistent and Inconsistent Linear System

If a linear system has at least one solution, then we say that it is consistent. If not,
inconsistent.

Find all solutions to the consistent system of linear equations using the Solve command:

x1+2x2—x3+3x5=7
X;—4x3+x5=-2
x4—2x5= 1

« Step 1. First, set up the system of equations:
mnf-1= ClearAll["Global™ "]
sys = {X1+2x2-x3+3x5=7, x2-4x3+x5=-2, x4-2x5=1};
Column[sys]

Out[«]=
X1+2%X2-%x3+3x%x5=7

X2 -4 X3 +X5=-2
X4 - 2 x5 =

« Step 2. Set leading and free variable. In this system, x;, x,, x; are leading variables
and x3, Xxs are free variables. Therefore,

n[-]= X3 =843

x5 = s,;

« Step 3. Looking at the given system of equations, it is apparent that the easiest way tc
start is at the bottom. Therefore, apply back substitution method.
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n[-J= ?Solve

Oout[«]=

Symbol

Solvelexpr, vars] attempts to solve the system expr of equations or inequalities for the variables vars.
Solvelexpr, vars, dom] solves over the domain dom. Common choices of dom are Reals, Integers, and Complexes.

v

« Substituting x5 into the bottom equation and solving it for x4 gives:

= Solve[x4-2x5 =1, x4]
Oout[«]=
{{X4>1+2s,}}

+ S0,x4 =1+ 2 5,. Solving the next equation up for x, by substituting values for x; and xs
gives:
n-}= X4 =1+2s;3;
Solve[ x2-4x3 +x5 = -2, x2]

Out[«]=
{{Xx2>-2+45s1-5,}}

¢ S0, x; =2 + 4551 — 5. Finally, substituting x,, x3 and x5 into the top equation gives:

nf-]= X2 =-2+48,-S5;
Solve[x1+2x2-x3+3x5=17, x1]

Out[« ]=
{{Xx1 >11-75s7-55}}

* SO, x1=11-7s1-5,.
o Step 4. Verify the solution.

mn-J= Clear[x1, x2, x4]
soln = Solve[sys, {x1, x2, x4}]

Out[«]=

(X1 > 11 =781 —89,X2 > —2+481 -5, x4 > 1 +25s,}}

inf-1= FullSimplify[sys /. soln[1]]
Out[« ]=
{True, True, True}

« Hence, the general solution for given system of linear equations is:

x1=11-7s1-5,
X2=2+451—-5,

X3 = 81
xX4=1+2s;
X5 =92

171



4 | Week 8_Systems of Linear Equations.nb

L

where, s1 and s, are firee parameters and can be any real numbers. Remember that each distinct choice for
free parameters give a new particular solution, so the given system has infinitely many solutions.

Example 8.2: The LinearSolve Command

Solve the following system of linear equations using command LinearSolve:

x-2y+z=0
2y-8z=8
-4x+S5Sy+9z=-9

« In the system of linear equations the coefficients change, but variables do not. Therefore,

coefficients can be simply transferred to matrix, which can be thought as a rectangular
table of numbers.

« Step 1. Construct the coefficient matrix of the given system.

ClearAll["Global™ »"]
A={{1, -2, 1}, {0, 2, -8}, {-4, 5, 9}}; MatrixForm[A]

Out[ » [//MatrixForm=

1 -2 1
e 2 -8
4 5 9

+ Step 2. Construct a column matrix that contains all the constant terms on the right-hand-
side of each equation.

n-}- b={0, 8, -9}; MatrixForm[b]

Out[ » J//MatrixForm=

0
8
-9

+ Step 3. Solve the system using LinearSolve command.

n[-]= ?LinearSolve

Out[«]=

Symbol

LinearSolve[m, b] finds an x that solves the matrix equation m.x == b.

LinearSolve[m] generates a LinearSolveFunction]...] that can be applied repeatedly to different 5.

v
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n-}- LinearSolve[A, b]

Oout[«]=

{29, 16, 3}

o Step 4. Verify the result.

n-J= SYys ={X-2y+z=0,2y-8z==28,-4Xx+5y+9z==-9}; Column[sys]
Out[«]=

X-2y+z2==0

2y-8z==8

-4x+5y+9z=-9

nf-]= FullSimplify[sys /. {x - 29, y » 16, z - 3}]
Out[«]=

{True, True, True}

« Hence, the unique solution for given consistent system of linear equations is:

x=29
y=16
z=3

Example 8.3: Gaussian Elimination

Solve the following system of linear equations using Gaussian elimination:

2x1—2x2—6x3+x4 =3
—X1 +x2+3x3—x4 =-3
X1—=2X3—-x3+Xx4=2

Definition 8.3: Augmented Matrix

When a matrix contains all the coefficients of a linear system, including the constant terms on the right
side of each equation, it is called an augmented matrix. Augmented matrices include a vertical lin

separating the left and right sides of the equation.

o Step 1. Construct the augmented matrix of the system, AugMat= [A | b].
o Construct the coefficient matrix.

- ClearAll["Global™ "]
A={{2, -2, -6,1}, {-1,1, 3, -1}, {1, -2, -1, 1}}; A // MatrixForm
Out[ « [//MatrixForm=
2 -2 -6 1
-1 1 3 —1]
1 -2 -1 1
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« Construct the matrix of constant terms on the RHS (right-hand-side).

mn-1- b={3, -3, 2}; b // MatrixForm

Out[ » J//MatrixForm=
3

5 ]
2

+ Augmented matrix:

- AugMat = {{2, -2, -6, 1, 3}, {-1,1, 3, -1, -3}, {1, -2, -1, 1, 2}}; AugMat // MatrixForm
Out[ » ]//MatrixForm=

2 -2 -6 1 3
-11 3 -1 -3
1 -2 -1 1 2

Definition 8.4: Elementary Row Operations

1. Interchange two rows
2. Multiply a row by nonzero constant

3. Add a multiple of one row to another row

Definition 8.5: Gaussian Elimination, Echelon Form, Leading Term

The procedure of reducing the matrix to the echelon form (or row echelon form) using the elementary

row operations is known as Gaussian elimination.

A matrix is in echelon form if
(a) Every leading term is in a column to the left of the leading term of the row below it.

(b) Any zero rows are at the bottom of the matrix.

where the leading term of a row is defined as the leftmost nonzero term in that row.

Definition 8.6: Pivot Positions, Pivot Columns, Pivot

For a matrix in echelon form, the pivot positions are those that contain a leading term. The pivot
columns are the columns that contain pivot positions, and a pivet is a nonzero number in a pivot
position.
« Step 2. Apply elementary row operations to transform the augmented matrix to row
echelon form.

« Identify pivot position for Row 1. R; & R;3
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= AugMat[{1, 3}] = AugMat[{3, 1}]; AugMat // MatrixForm
Out[ = ]J//MatrixForm=

1 -2 -1 1 2
-1 1 3 -1 -3
2 -2 -6 1 3

o Eliminate the coefficients down the first column below the pivot position, ay; :
by transforming them to zero. R; + R, » R, and -2 Ry + R; - R;.

[~ = AugMat[2] = AugMat[1] + AugMat[2];
AugMat([3] = -2 » AugMat[1] + AugMat[3]; AugMat // MatrixForm
Out[ » J//MatrixForm=
1 -2 -1 1 2
0 -1 2 o -1
0 2 -4 -1 -1

« Eliminate the coefficient of a3, below the pivot position in the second column:
2 Rz + R3 - R3.

inf-1= AugMat[3] = 2 » AugMat[2] + AugMat[3]; AugMat // MatrixForm
out[ » //MatrixForm=
1 -2-1 1 2
e -1 2 o -1
e 6 o -1 -3

« The matrix is now in row echelon form.
« Step 3. Interpret the result of Step 2 and find all solutions.
+ The corresponding echelon system is:

n-]= SYys = {X1-2x2-x3+x4 =2, -x2+2x3=-1, -x4 == -3}; Column[sys]
Out[«]=
X1-2%X2-%x3+x4 =2
-X2+2x3=-1
-X4 = -3
« Apply back substitution procedure from Example 8.1. Here, x; is free variable.

n-1= Solve[sys /. X3 » sy, {x1, x2, x4}]

Out[« ]=

{{x > 1+5s;,x2>1+2sy,x4 > 3}}

« Step 4. Verify the solution.
m-J= SYysl={2xX1-2X2-6x3+Xx4 =3, -X1+X2+3xX3-X%X4==-3, X1-2x2-X3+Xx4==2};

mnf-]= FullSimplify[sysl /. {X1 > 1+5s3, X2 >1+2s3, X3 S;, X4 > 3}]
Out[«]=
{True, True, True}
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n-}- LinearSolve[A, b]

Oout[«]=

{1, 1,0,3}

inf-]= FullSimplify[sysl /. {x1->1, x2 > 1, x3 - 0, x4 » 3}]
Out[«]=
{True, True, True}

« Hence, the given system of linear equations is consistent as has a general solution of:

x1=1+5s1
X2=1+2S1
X3 = 81
X4=3

where, s; can be any real number.

Example 8.4: Gauss-Jordan Elimination

Solve the following system of linear equations using Gauss-Jordan elimination:

Sx+2y+11z=4
Tx+3y+4z=1
12x+S5y+15z=6

« Step 1. Construct the augmented matrix of the system, AugMat= [A|b].

- ClearAll["Global™ "]
sys = {5x+2y+11z:=24,7x+3y+4z==21,12x+5y+152z == 6}; Column[sys]
Out[«]=
S5x+2y+11z =
7Xx+3y+4z-=1
12x+5y+15z =6

o Coefficient matrix 4:

mn-]= A = Normal[CoefficientArrays[sys, {X, ¥, z}]1][2]; MatrixForm[A]

Out[ » J//MatrixForm=

5 2 11
7 3 4
12 5 15

+ Column matrix b with right-hand-side constants:
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n-1- b= {{4}, {1}, {6}}; MatrixForm[b]
Out[ » J//MatrixForm=

4
1
6

+ Augmented matrix:

n-]= AugMat = ArrayFlatten[{{A, b}}]; MatrixForm[AugMat]
Out[ = ]//MatrixForm=

5 211 4
7 3 4 1
12 5 15 6

Definition 8.7: Gauss-Jordan Elimination, Reduced Echelon Form

The procedure of reducing the matrix to the reduced echelon form (or reduced row echelon form) using

the elementary row operations is known as Gauss-Jordan elimination.

A matrix is in reduced echelon form if
(a) Itis in echelon form.
(b) All pivot positions contain a 1.

(¢) The only nonzero term in a pivot column is in the pivot position.

o Step 2. Apply elementary row operations to transform the augmented matrix to
reduced row echelon form.

_;Rl —>R1
—7R1+R2 —>R2
—12R1+R3 —>R3

5R; » Ry

R1-§ R, - R,
—5 Ry +R3 > R;
R] —10R3 —>R1
R2+23R3 —>R2

177



10 | Week 8_Systems of Linear Equations.nb

1
o - AugMat[1] = — % AugMat[1];
5

AugMat[2] = -7 » AugMat[1] + AugMat[2];
AugMat[3] = -12 » AugMat[1] + AugMat([3];
AugMat[2] = 5 » AugMat[2];

2
AugMat[1] = AugMat[1] - — % AugMat[2];
5

1
AugMat[3] = - — * AugMat[2] + AugMat[3];
5

AugMat[1] = AugMat[1] - 10 » AugMat[3];
AugMat[2] = AugMat[2] + 23 » AugMat[3];
AugMat // MatrixForm

Out[ = ]//MatrixForm=

10 25 0o
01 -57 0
00 0 1

¢ The matrix is now in reduced row echelon form. But, the third row shows inconsis-
tency. Since 0 =1 is not a true condition, given system of equations has no solution.

« Step 4. Verity the solution.

-] RREF = RowReduce [ArrayFlatten[{{A, b}}]1]; RREF // MatrixForm

out[ « ]J//MatrixForm=

10 25 0o
01 -57 0
00 0 1

in[-]= AugMat == RREF
Out[«]=
True

n-J= LinearSolve[A, b]

-+« LinearSolve: Linear equation encountered that has no solution.

Out[«]=
Linearsolve[{{5, 2, 11}, {7, 3, 4}, {12, 5, 15}}, {{4}, {1}, {6}}]

Considering the last row, the system is inconsistent, i.e., has no solution.

Summary

After completing this chapter, you should be able to
= develop SOPs to solve systems of linear equations using wolfram Mathematica.

= be familiar with the list form and matrix form representations of data in Mathematica.
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= practice Gaussian elimination and Gauss-Jordan elimination in Mathematica.

= develop the habit of always checking your solutions for quality assurance.
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Week 9: Matrix Operations and Inverse

Properties of Matrix Operations and Inverse

Table of Contents

1. Properties of Matrix Algebra
1.1. Example 9.1: Matrix Addition and Scalar Multiplication
1.2. Example 9.2: Matrix Multiplication
1.3. Example 9.3: Transpose of a Matrix

2. Example 9.4: Inverse of a Matrix

3. Summary

Commands list

= Table

= Dimensions

= ConstantArray

= RandomInteger

= RandomReal

= Do

= For

= Sum

= SeedRandom

= UpperTriangularize
= LowerTriangularize
= Dot

= Transpose

= [Inverse

Prerequisite: How to Create a Matrix

Matrices are represented in the Wolfram Language with lists. They can be entered directly
with the { } notation, constructed from a formula, or imported from a data file. The Wolfram
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Language also has commands for creating diagonal matrices, constant matrices, and other
special matrix types.

How to | Create a Matrix:
https://reference.wolfram.com/language/howto/Create AMatrix.html

Properties of Matrix Algebra

Example 9.1: Matrix Addition | Scalar Multiplication

Definition 9.1: Addition, Scalar Multiplication of Matrices

Let ¢ be a scalar, and let

an a2 - Gim bi1 b1z -+ bim

az) ap - Ay by1 by - bom
A= T i and B=| . o

anl Ap2 **° Apm bnl bn2 bnm

be n x m matrices. Then addition and scalar multiplication of matrices are defined as follows:

(an+bn) (anp+bp) - (@mt+biw
Addition: e (a21 szl) (axn * b22) (a2 m ""me)
(@ +bn1) (@2 +bp2) -+ (Aum + Dym)
cay cap - Cdip
Scalar Multiplication: cAd = ca'21 06,122 ca.z,,,
Cap) Capy - Cdpy

Construct two 3x3 matrices and prove one of the properties below by performing
corresponding matrix operations.

Theorem 9.1: Properties of Addition and Scalar Multiplication

Let s and ¢ be scalars, 4, B, and C be matrices of dimensions # xm, and 0,,,, be the nxm matrix with all
zero entries. Then

(a) A+B=B+4
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(b) s(A+B)=sA4A+sB

(c) s+)Ad=s4+1t4

d A+B)+C=4+B+0)
() (sHA=s(tA)

) A4+0,,=4

/\ Note that two matrices can be equal if they have the same dimensions and if their corresponding entries
are equal.

« 2" property is chosen for this example.
o Step 1. Construct two 3 x3 matrices.
n-]= ClearAll["Global  *"]
A = Table[a;,j, {i, 3}, {j, 3}]; MatrixForm[A]

Out[ = ]J//MatrixForm=
ai,1 a1,2 a1,3]

dz,1 dz,2 az,;3

ds,1 d3,2 d3,3

- B=Table[bsj, {i, 3}, {j, 3}]; MatrixForm[B]

Out[ = ]J//MatrixForm=
bl, 1 bl, 2 bl, 3
by,1 ba,o by

bs,1 b3,» bs;s

o Step 2. Check that they have the same size.

- ]- Dimensions[A] == Dimensions[B]

Out[«]=
True

Method 1. Use a Do loop to perform matrix operations.

« Step 3. Compute their sum 4 + B.
+ Get the dimension of matrix A(or B).

mn[-}- dim = Dimensions[A]
Out[«]=
{3, 3}

« Initially, new matrix sumAB will be a zero matrix and its elemts will be replaced later.
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in-]= sumAB = ConstantArray[@, dim]; MatrixForm[sumAB]

Out[ = ]J//MatrixForm=

0 0 0
0 0 0
0 0 0

+ Run a do loop to perform matrix addition.

n-}- Do[sumAB[i, jI = A[i, j1 +B[i, jI, {i, 1, dim[1]}, {j, 1, dim[2]}];
MatrixForm[sumAB]
Out[ = ]J//MatrixForm=
dai,1 + b1,1 di,p + b1,2 ajg,3 + b1,3
A1 +by1 @ +byy ay3+bys

as,1 +b3,1 as,2+ b3, a3,3+bs;3
« Step 4. Multiply the sum A4 + B by the scalar s.
+ Assing a value of zero to resulting matrix RHS (right-hand-side).

n-]- RHS = ConstantArray[@, dim]; RHS // MatrixForm

out[ « ]J//MatrixForm=

0 0 0
0 0 0
0 0 0

+ Run a do loop to perform scalar multiplication.

mn-]- DO[RHS[i, j] = s * sumAB[i, jI, {i, 1, dim[11}, {j, 1, dim[2]}1];
MatrixForm[RHS]

Out[ » ]//MatrixForm=
S (31,1 +b1,1) (21,2 + b1,2) (21,3 + b1,3)

s s
S (22,1 +by,1) s (a2,2+b3,2) s (az,3+Dby3)
S (as,1+bs,1) S (as,»+bs32) s (asz,3+bs3)

Method 2. Use a For loop to perform matrix operations.

« Step 5. Find the scalar multiples of A and B, s4 and sB using a for loop.
+ Define new zero matrices elements of which will be replaced later.

sA = ConstantArray[0, dim];
sB = ConstantArray[0, dim];

+ Run a for loop to perform scalar multiplication.
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m-}- For[i=1, 1<3, i++,
For[j=1, j<3, j++,
{sA[i, jO = s *A[i, j1, sB[i, jO = s *B[i, jO}
115
MatrixForm[sA]

Out[ » J//MatrixForm=
Sai,1 Sai2 Sai,3

Saz1 Saz Saz;s
Sa3)1 Sag)z Sa3,3

= MatrixForm[sB]
out[ » J//MatrixForm=
sbi,; sbi, sbys
sby1 sby, sby s
sbi,1 sbsy, sbs;

o Step 6. Find the sum s4 +sB using a for loop.

mn-J= LHS = ConstantArray [0, dim]; MatrixForm[LHS]

Out[ « J//MatrixForm=
0 0 0
0 0 0
0 0 0

m-1= For[i=1, i<3, i++,
For[j=1, j<3, j++,
LHS[i, j1 = sA[i, jI +sB[i, jI
115
MatrixForm[LHS]
Out[ » ]//MatrixForm=

Saj,1+Sbi,y Saj,+sby,y saj3+sbys
Say1+Sby1 say,+sby, saysz+sby;
Sas,1+Sbs1 sas,+sby, sazz+sbs;

o Step 7. Check and verify the2™® property of matrix addition and scalar multiplication.

In[ J:= FullSimpli'Fy[RHS == LHS]

Oout[«]=

True

« Step 8. Verify the results.

in[-]= RHS == s * (A +B)
Out[« ]=
True

mn-J= LHS=sS*A+S%B

Out[« ]=
True
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Example 9.2: Matrix Multiplication

Definition 9.2: Matrix Multiplication

Let A be an n xk matrixand B=[ b; b, --- b, ]a kxm matrix. We define the product
AB=[ Aby Ab, --- Ab, |

which is an n xm matrix.

n
Cj= @i bij+ainbyj+ - - - +ainbyj= Dy ai by

/\ Note that for AB to exist, the number of columns of 4 must equal the number of rows of B.

Construct two matrices of dimensions 4x3 and 3x4, respectively, with random entries and
prove one of the properties below by performing corresponding matrix operations.

Let s be a scalar, and let 4, B, and C be matrices. Then each of the following holds in the cases where
the indicated operations are defined:

(a) 4(BC)=(4B)C

(b) 4(B+C)=4B+4C

(c) 4+B)C=A4C+BC

(d) s@AB)=(sA)B=A(sB)

(e) Al =4

(f) AB+BA  (evenif the matrices have compatible dimensions)

Here I denotes an identity matrix of appropriate dimension.

« 6™ property is chosen for this example.
« Step 1. Construct two matrices with appropriate dimensions and elements.

= ClearAll["Global™ "]
A = RandomInteger[{-10, 10}, {4, 3}]; MatrixForm[A]

Out[ » ]//MatrixForm=

3 -2 -1
-10 6 -6
-8 -7 2
-5 -2 -7
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mn-]= B = RandomInteger([{-10, 10}, {3, 4}]; MatrixForm[B]

Out[ » J//MatrixForm=

-1 7 2 1
8 -1 -5 -1
i1 -3 7 -1

+ Since the dimension of 4 is 4x3 and dimension of B is 3 x4, their product will give a
new matrices AB of dimension 4 x4 and BA of dimension 3x3.

« Step 2. Calculate the product AB using a do loop and based on the given formula below:
| ci=aj1 bij+aibyj+ - - +ai, by;= Yy aix by

¢ Get the dimension of matrix 4 and B.

in-]= dimA = Dimensions[A];
dimB = Dimensions [B];

« Initially, new matrix 4B will be a zero matrix and its elemts will be replaced later.
m-1= AB = ConstantArray[0, {4, 4}];
+ Run a do loop to perform matrix multiplication.

n-}- Do[AB[i, J]] = sum[ (A[i, k1) = (B[k, J]])J {k, 1, 3}1, {i, 1, dimA[1]}, {j) 1, dimB[[2]}];
MatrixForm[AB]

Out[ » J//MatrixForm=

-47 26 9 6
142 -58 -92 -10
26 -55 33 -3
27 -12 -49 4

« Step 3. Calculate the product BA4 using a for loop.
Ci= i1 bij+aizbyj+ - +a;, by = Dp_q aix by

« Define a zero matrix BA.
m-1= BA = ConstantArray[0, {3, 3}];
+ Run a for loop based on the formula above.

m-}- For[i=1,1<3, i++,
For[j=1, j<3, j++,
BA[i, jI = Sum[ (B[i, k) = (ALk, j1), {k, 1, 4}111;
MatrixForm[BA]

Out[ » J//MatrixForm=

-121 46 -35
79 15 -5
-18 -67 38

» Step 4. Check and verify the 6" property.
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n[-]= AB # BA

Oout[«]=

True

o Step 5. Verify the results.

o}~ AB == Dot[A, B]
Out[«]=
True

n--= BA = Dot[B, A]
Out[« ]=
True

m-1= A.B # B.A
Out[«]=
True

Example 9.3: Transpose of a Matrix

Definition 9.3: Transpose

The transpose of a matrix 4 is denoted by 4”7 and results from interchanging the rows and columns of
A. Focusing on individual entries, the entry in row i and column j of 4 becomes the entry in row j and

column i of A7.

Construct upper/lower triangular matrix or matrices with random entries and prove one of the
properties below by performing corresponding matrix operations.

Theorem 9.3: Properties of Matrix Transposes

Let s be a scalar, 4 and B be n xm matrices, and C an m x k matrix. Then
(@) (A7) =4

(b) A+B)T =4T +BT

(c) AT =s4T

(d Ao =cr4r

o 15 and2™ properties are chosen for this example.

Definition 9.4: Upper and Lower Triangular Matrices

An nxn matrix 4 is upper triangular if the entries below the diagonal are all zero.
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ajl a2 aiz o dig
0 ax ay - ayy
A= 0 0 aszz - A3y
0 0 0 - ay
Similarly, an » xn matrix 4 is lower triangular if the terms above the diagonal are all zero.

an 0 0o -~ 0
az) ax 0o - 0
A=|a3 ax az; - 0

ap1 Ap2 Ap3 - App

+ Step 1. Construct two matrices with appropriate dimensions and elements.

n[-}= ClearAll["Global™ "]
SeedRandom([1] ;
A = UpperTriangularize [RandomInteger([{-10, 10}, {4, 4}]]; A // MatrixForm
Out[ = J//MatrixForm=

-5 -10 -3 -10
e -7 -10 -10
e o -7 -2
o 0 0 6

- SeedRandom[2]; B = LowerTriangularize [RandomInteger[{-10, 10}, {4, 4}]]1; B // MatrixForm

Out[ » ]//MatrixForm=

-7 © 0 o
7 -2 0 0
-106 9 -1 0
-6 -7 -6 2

o Step 2. Verify that (47 )T =A.

n-}- At = Transpose [A]; At // MatrixForm
Out[ » ]//MatrixForm=
-5 © o o
-106 -7 © o
-3 -10 -7 ©
-10 -10 -2 6

n-1- Att = Transpose[At]; Att // MatrixForm
Out[ » ]//MatrixForm=

-5 -106 -3 -10

e -7 -10 -10

(4] e -7 -2

(4] (4] (4] 6
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n-1= Attt =A

Oout[«]=

True

n[-1= Transpose [Transpose[A]] ==
Out[«]=
True

» Step 3. Verify that (4 +B)T = AT + BT,

n[-= RHS = Transpose[A+B]; RHS // MatrixForm
Out[ = J//MatrixForm=
-12 7 -10 -6
-1 -9 9 -7
-3 -10 -8 -6
-10 -16 -2 8

mn-}- LHS = Transpose[A] + Transpose[B]; LHS // MatrixForm

Out[ « J//MatrixForm=
-12 7 -10 -6
-10 -9 9 -7
-3 -10 -8 -6
-10 -106 -2 8

in[-1= RHS == LHS

Out[« ]=

True

Example 9.4: Inverse of a Matrix

Definition 9.4: Invertible Matrix

An n xn matrix 4 is invertible if there exists an n xn matrix matrix B such that AB = I,,.

Definition 9.6: Identity Matrix

Identity matrix is an » x» matrix that contain only 1’s on its main diagonal and 0’s elsewhere else.

100 - 0
010 - 0
L=l0o01 - 0
000 - 1,

Construct invertible matrix or matrices with random entries and prove one of the properties
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below.

Let A and B be invertible n xn matrices. Then
(2) If matrix A is invertible, then (4')" = 4.
(b) IfA and B are both invertiblen xn matrices, then (4B)~! = B-1 4!

(c) IfA isinvertible, then (47)"' = (471)".

o 1% property is chosen for this example.
o Step 1. Construct a matrix with appropriate dimension and elements.

1= ClearAll["Global™ "]
SeedRandom[1] ;
A = RandomReal[ {9, 10}, {3, 3}]; A // MatrixForm

Out[ = J//MatrixForm=

8.17389 1.1142 7.89526
1.87803 2.41361 0.657388
5.42247 2.31155 3.96006

« Step 2. Check whether this matrix is invertible or not. The matrix is invertible since its
determinant is nonzero.
n-1- Det[A] # ©

Out[« ]=
True

An n xn matrix 4 is invertible if and only if det(4) # 0.

+ Step 3. Find 471,
+ Construct the augmented matrix, [4 | [;].

- AugMat = ArrayFlatten[{{A, IdentityMatrix[3]}}]; MatrixForm[AugMat]

Out[ » J//MatrixForm=

8.17389 1.1142 7.89526 1 0 ©
1.87803 2.41361 ©.657388 0 1 0
5.42247 2.31155 3.96006 0 0 1

o Transform the augmented matrix to reduced row echelon form.

-] RREF = RowReduce [AugMat]; RREF // MatrixForm
Out[ » ]//MatrixForm=

1 0. 0. -1.04865 -1.80522 2.39039
0 1 0. 0.505178 1.36229 -1.23333
0 0 1 1.14102 1.67668 -2.3007
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# On the left-hand-side is the identity matrix and on the right-hand-side is the inverse
matrix. Thus, we find that 47! is:

mn-1- InvA = RREF[A1l, 4 ;; 6]; InvA // MatrixForm
Out[ « J//MatrixForm=
-1.04865 -1.80522 2.39039
0.505178 1.36229 -1.23333
1.14102 1.67668 -2.3007

« Step 4. Find (471)7".
» Augmented matrix, [47"|L].

n-1= AugMat2 = ArrayFlatten[{{InvA, IdentityMatrix[3]}}]; MatrixForm[AugMat2]

Out[ » J//MatrixForm=

-1.04865 -1.80522 2.39039 1 0 ©
0.505178 1.36229 -1.23333 0 1 ©
1.14102 1.67668 -2.3007 © 0 1

& Reduced row echelon form:

mn-]- RREF2 = RowReduce [AugMat2]; RREF2 // MatrixForm

Out[ » ]//MatrixForm=

1 0. 0. 8.17389 1.1142 7.89526
0 1 ©o. 1.87803 2.41361 0.657388
0 0 1 5.42247 2.31155 3.96006

& The right-hand-side is the inverse matrix. Thus, (A‘l)_1 is:

mni-1= RHS = RREF2[[A1l, 4 ;; 6]]; RHS // MatrixForm

out[ « ]J//MatrixForm=

8.17389 1.1142 7.89526
1.87803 2.41361 0©.657388
5.42247 2.31155 3.96006

# Step 5. Check and verify the 1% property.

[~ ]= RHS ==

Out[«]=

True

« Step 6. Verify the solution.

mn[-J= RHS == Inverse[Inverse[A]]

Oout[«]=
True

n-]= Inverse[Inverse[A]] ==

Out[«]=
True

192



Week 9_Matrix Operations and Inverse.nb | 13

Summary

After completing this chapter, you should be able to
= perform various standard matrix operations using Mathematica.

= write simple programs that involve looping and conditional expressions in
Mathematica

= generate random numbers in Mathematica.
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Week 10: LU Factorization and Determinants

Applications of Matrix Operations and Determinants

Table of Contents

1. Example 10.1: The LU Factorization
1.1. Method 1: LU Factorization using Row Operations
1.2. Method 2: LUDecomposition Command
2. Example 10.2: Determinant and Its Properties | Part 1
2.1. Method 1: The Shortcut Method
2.2. Method 2: The Cofactor Expansion
3. Example 10.3: Determinant and Its Properties | Part 2
3.1. Method 3: Row Operations to Compute the Determinant
4. Example 10.4: Applications of the Determinant
4.1. Cramer's Rule
4.2. Inverses from Determinants

5. Summary

Commands list

= L UDecomposition
= UpperTriangularize
= LowerTriangularize
= Det

= Times

= Diagonal

= Reverse

= Transpose

= [nverse

= Minors

» Cofactor
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Prerequisite: Basic Matrix Operations

The Wolfram Language’s matrix operations handle both numeric and symbolic matrices,
automatically accessing large numbers of highly efficient algorithms. The Wolfram Language
uses state-of-the-art algorithms to work with both dense and sparse matrices, and incorporates
a number of powerful original algorithms, especially for high-precision and symbolic matrices.

Basic Matrix Operations:
https://reference.wolfram.com/language/guide/MatrixOperations.html
https://reference.wolfram.com/language/tutorial/LinearAlgebra.html#25697

Example 10.1: The LU Factorization

The LU factorization can be used to solve linear systems of equations in a convenient manner.
Solve the following linear system of equations using LU factorization algothithm.

X1 —x2—2x3=2
—3x1+—2x2+1x3=5
6x1+11x2—2x3=1

Definition 10.1: LU Factorization
A nonsingular square matrix A is said to have an LU factorization if it can be written in the form:
A=LU

where L is a lower triangular matrix with 1°s on the diagonaland U is an upper triangular matrix in

echelon form.

« Step 1. Define coefficient matrix 4 and matrix b from the system expressed as Ax = b.

mn-1= ClearAll["Global™ x"]
A= {{1, -1, -2}, {-3, 2, 1}, {6, 11, -2}}; MatrixForm[A]

Out[ » J//MatrixForm=

1 -1 -2
-3 2 1 ]
6 11 -2

mn-1= b={2, 5, 1}; MatrixForm[b]
out[ » J//MatrixForm=
2
5
1

o Step 2. Compute the LU factorization of 4.
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Method 1. LU factorization using Row Operations.

« Obtain U by the process of row reduction of 4, and build up L one column at a time as
we transform A to echelon form. For this, first construct a lower triangular matrix L1,
where the « symbol represents a matrix entry that has not yet been determined.

mn-J= L1 = ConstantArray([e, {3, 3}]; L1 // MatrixForm

Out[ » J//MatrixForm=
e o o
e o o

o Take the first column of 4, divide each entry by the pivot (1), and use the resulting val-
ues to form the first column of L.1.

A[A1l, 1]
m-J= L1[All, 1] = ———; L1 // MatrixForm
1

Out[ » [//MatrixForm=
1 e e
-3 e o

6 e e

o Our goal is to construct upper-triangular matrix U1 by transforming A4 to echeclon form.
For this, set U1 equal to 4 and perform a row operations on 4 to introduce zeros down
the first column of 4.
m-J= Ul = Aj
UL[2] = UL[2] + 3 U1[1];
U1[3] = U1[3] - 6U1[1]; U1l // MatrixForm

Out[ » ]//MatrixForm=

1 -1 -2
0 -1 -5
0 17 1o

« Take the second column of A4, starting from the pivot entry (-1) down, and divide each
entry by the pivot. Use the resulting values to form the lower portion of the second col-

umn of LL1.
uifz2 ;; 3, 2]
o= L1[2 33 3, 2] = ————>"=; L1 // MatrixForm
-1
Out[ « J//MatrixForm=
1 ° °
-3 1 e
6 -17 e

« Perform a row operations on 4 to introduce zeros down the second column of 4.
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o= UL[3] = U1[3] + 17 U1[2]; U1 // MatrixForm

Out[ » J//MatrixForm=

1 -1 -2
e -1 -5
e 0 -75

o Now we have finished with Ul. The original matrix is in echelon form and upper
triangular.
o Finish filling in L1. Since L1 must be unit lower triangular, we put a 1 in the lower right
corner and fill in the remaining entries with 0’s.
ml-1= L1[3, 3] =1;

L1[1, 2] = ©;
L1l ;; 2, 3] = 0; L1 // MatrixForm

Out[ » J//MatrixForm=

1 o 0
-3 1 o
6 -17 1

o Verify the results of Method 1 using standard matrix multiplication.

Dot[L1, Ul] ==
Out[« ]=
True

Method 2. LU factorization using LUDecomposition command

Definition 10.2: LUDecomposition Command
LUDecomposition returns a list of three elements. The first element is a combination of upper and
lower-triangular matrices, the second element is a permutation vector specifying rows used for pivoting,

and the third element is an estimate of the condition number.

o Find the LU factorization of 4 using LUDecomposition command.

n-J= ? LUDecomposition
outf[«]=

Symbol
LUDecomposition[m] generates a representation of the LU decomposition of a square matrix m.

v

mn-1= {lu, p, ¢} = LUDecomposition[A];

+ Compute the factors L2 and U2.
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mn-J= L2 = LowerTriangularize[lu, -1] + IdentityMatrix[3]; L2 // MatrixForm

Out[ = ]J//MatrixForm=

1 o 0
-3 1 o
6 -17 1

- U2 = UpperTriangularize[lu]; U2 // MatrixForm

Out[ » J//MatrixForm=

1 -1 -2
e -1 -5 J
e 0 -75

o Define the permutation vector. The permutation vector indicates that the rows were
interchanged while factoring the matrix.

In[-]= P
Out[« ]=
{1, 2, 3}

o Verify the results of Method 2 by permutting the rows of 4.

n[-]= L2.U2 = A[p]
Out[« ]=
True

« Step 3. Solve the given system of linear equations using the result of one of the methods
above.

+ Since we have verified that A = LU, the system can be written as LUx = b. The first step
is to denote y = Ux, so that our system can be expressed as Ly = b.

« Solve the equation Ly = b:

mn-]= Yy = LinearSolve[L2, b[p]]

Out[«]=
(2, 11, 176}

« Solve the equation y = Ux:

m-}= X = LinearSolve[U2, y]

Oout[«]=

49 11 176
251575 )

« Step 4. Verify the solution.

mn-}= X == LinearSolve[A, b]
Out[«]=
True
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Example 10.2: Determinant and Its Properties | Part 1

Definition 10.3: Determinant of a 3x3 Matrix

Let A be the 3 x3 matrix.

ap dpp a3
A=|ay axn axp
as; dasp dass

Then the determinant of 4 is given by

det(4) = ayy ax aszz +aix ax az + a3 ax) Az —ay) a3 Az — Ay Az) A3z — A3 Ay azg

Construct a matrix(or matrices) of dimension 3x3. Compute its(or their) determinant(s) anc
prove the properties of your choice listed below.

Theorem 10.1: Properties of the Determinant
Let A and B be a nxn square matrices.
A is invertible if and only if det(4) # 0.

Forn = 1, we have det(/,) = 1.

If A is a triangular nxn matrix, then det(4) is the product of the terms along the diagonal.

det (A7) = det (4)

A

A

If 4 has a row( or column) of zeros or if A4 has two identical rows(or columns), then det(4) = 0.
6. det(4B) = det(4)det(B)

1
T det(4)

7. Let A be invertible matrix, then det(A‘l)

8. det(4+B) + det(A) + det(B)

o 1% and 4" properties are chosen for this example.

Method 1. Use the Shortcut Method to compute the determinant.

Definition 10.4: The Shortcut Method for 3x3 Matrices

This method is also known as Rule of Sarrus.
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/A Note that the Shortcut Method will not work for n x n matrices with dimensions larger than 3x3.

« Step 1. Construct a non-invertible matrix for proving the 1¢ property.

mn-1= ClearAll["Global™ x"]
Al =({-3, 1, 2}, {5, 5, -8}, {4, 2, -5}}; MatrixForm[A1l]

Out[ = ]//MatrixForm=

-3 1 2
5 § -8
4 2 -5

« Step 2. Duplicate the first two columns of the matrix to the right of the third column of
the original matrix.

- J- extraColumns = {A1[All, 1], A1[All, 2]};

newAl = Transpose[Join[Transpose[Al], extraColumns]]; newAl // MatrixForm
Out[ » ]//MatrixForm=

-3 1 2 -31
5 5-8 55
4 2 -5 4 2

« Step 3.1. Now, for each diagonal arrow multiply terms and then add or subtract based on
the labels.

n-1= detAl =
Al1[1, 1] = A1[2, 2] %= A1[3, 3] +
Al1[1, 2] = A1[2, 3] » A1[3, 1] +
Al[1, 3] »A1[2, 1] » A1[3, 2] -
Al1[1, 3] »A1[2, 2] » A1[3, 1] -
Al[1, 1] = A1[2, 3] » A1[3, 2] -
Al[1, 2] = A1[2, 1] = A1[3, 3]
Out[«]=
%]

-} detAl2 = (-3 %*5%-5) + (1 *-8%4) + (2*5%2) - (2%x5%4) - (-3%*-8%2) - (1%*5%-5)
Out[« ]=
%]

« Step 3.2. Use for loop to eliminate repeating units.
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« Here Diagonal command is used to get the elements along the desired diagonal, Reverse
command is for getting the elements of back diagonal and Times command is used to get
the product of that diagonal elements in a list.

n-J= detAl3 = @;
For[i=90,1i<2, i++,
detAl13 = detAl13 + Times @@ Diagonal [newAl, i] - Times @@ Diagonal [Reverse[newAl], i]];
Print [detA13]

0

o Step 4. Verify the result and check the 1% property.

n[-]= detAl == detAl1l2 == detAl3 == Det[Al]

Out[« ]=
True

n[-J- Inverse[Al]

««+ Inverse: Matrix {{-3, 1, 2}, {5, 5, -8}, {4, 2, -5}} is singular.

Out[«]=
Inverse[{{_3) 1: 2}) {5) 5) _8}: {4) 2: _5}}]

Method 2. Use the Cofactor Expansion to compute the determinant.

First of all, let’s focus on the concepts like minor and cofactor that are basis of the Cofactor
Expansion Method.

Definition 10.5: Minor, Cofactor
det(M,-j), the i,/ minor of the matrix, is defined as the determinant of the M;; matrix, (n — Dxm-1)

matrix that results from deleting the i row and /™ column of the original 7 x n matrix.

Cjj, the i,j cofactor of the matrix, is defined by the formula:
Cj = (=1™ det (Mj)

where det(;) is the i,/ minor of the matrix.

Let A be the nxn matrix. Then

(a) det(4) = a;; Ci; +a;; Ciy +++- + ay, Ci,y (Expand across row i)

(b) det()=ay;Cy;+a; Cyj+- +a,; Gy (Expand across column ;)
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where C; is denoted as the cofactor of ;.

o Step 1. Construct a 3x3 matrix for proving the 4™ property.

In[« ]:=

A2 = Array[Subscript[a, ##] &, {3, 3}]; A2 // MatrixForm

Out[ » J//MatrixForm=

a1,1 412 413
A1 A2 A3

a31 a3z aA33

o Step 2.1. Compute the determinant of a matrix A2 using column expansion.

¢ Calculate the minors of matrix A2 across the 1st column.

Definition 10.6: Determinant of a 2x2 Matrix

The determinant of a 2x2 matrix is equal to the difference between the product of the elements along

the main diagonal and the product of the elements on the secondary diagonal.

In[« ]:=

Out[«]=

In[« ]:=

Out[« ]=

In[« ]:=

Out[« ]=

Out[«]=

mi1l = A2[[2, 2] % A2[[3, 3] - A2[2, 3] = A2[3, 2]

—3dz,34d3,2 +3dz,2d3,3

m21 = A2[[1, 2] % A2[3, 3] - A2[1, 3] * A2[3, 2]

—4d1,3d3,2 +31,2a3,3

m31 = A2[[1, 2] % A2[2, 3] - A2[1, 3] * A2[2, 2]

—d1,3d2,2 +3d1,23d3,3

Use a for loop and the formula of column expansion given above to calculate the
det(A2.1).

minorA2 = {{m11}, {m21}, {m31}};
detA21 = 0;
For[i=1,1x3,i++,
For[j=1, <2, j++,
detA21 = detA21 + A2[i, ] * (-1)**J » minorA2[i, j1]]
detA21

(-a1,3Q2,2 +31,23,3) @3,1 - 3A2,1 (-31,333,2+3a1,233,3) +31,1 (—32,333,2 +3z,2a3,3)

« Step 2.2. Compute the determinant of a matrix A2 using row expansion.

« Calculate the minors of matrix A2 across the 1st row using built-in command Mineors.
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mn-]= (mMA2 = Minors[A2]) // MatrixForm
Out[ = ]J//MatrixForm=
—d1,2d2,1+Qd1,13d2,2 —a1,3d3,1+3d1,13d2,3 —3d1,332,2+3d1,23a3,3
—di1,2d3,1 +4d1,14d3,, —dj,34d3,1 +d1,13d3,3 —d1,3d3,2 +4dj1,24a3,3

—dz,2d3,1 +3d3,14d3,2 —dz,34d3,1 +dz,;133,3 —4az,3d3,2+33,2d3,3

« Calculate the cofactors using the corresponding formula.

nol= €11 = (-1)mA2[3, 3]
Out[«]=

—4d2,34d3,2 +32,23a3,3

nol= €12 = (-1)2mA2[3, 2]
Out[« ]=

dp,3d3,1 — d2,1 33,3

nol= €13 = (-1)3mA2[3, 1]
Out[«]=

—4d2,2d3,1 +d2,13a3,2

o Calculate the det(A2.2) using the formula for row expansion given above.

cofactor = Transpose[{{C11}, {C12}, {C13}}];
detA22 = 0;
For[i=1,1i<2, i++,
For[j=1, j<3, j++,
detA22 = detA22 + A2[[i, j] * cofactor[i, j]11]
detA22
Outf« ]=

a1,3 (-Qa3,2@3,1+33,133,2) +31,2 (32,333,1 —3,133,3) +3a1,1 (-az,333,2 +3z,233,3)

+ Step 3. Compute the determinant of 47 using the built-in command Cofactor.
+ Find the transpose of the A2.

mn-1= A2t = Transpose[A2]; A2t // MatrixForm
Out[ = J//MatrixForm=

d1,1 d2,1 93,1

di,2 42,2 as;2

d1,3 d2,3 93,3

+ To use Cofactor, first load the Combinatorica Package.

in-1= Needs["Combinatorica™"]

o Calculate the det(4”) using the formula for row expansion.
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n-1- detA2t = @;
For[i=1,1<2, i++,
For[j=1, j<3, j++,
detA2t = detA2t + A2t[i, j] * Cofactor[A2t, {i, j}]11]
detA2t

Out[«]=
(-Q1,3@2,2+31,232,3) @3,1 +32,1 (31,333,2-31,233,3) +31,1 (-32,333,2+33,233,3)

» Step 4. Verify the results and check the 4™ property.

FullSimplify[Det[A2] == detA2 1 == detA22]
Out[« ]=
True
mn-]= FullSimplify [Det [A2t] == detA2t]
Out[«]=

True

- ]= FullSimplify[detA21 == detA2t]

Out[«]=

True

- ]= FullSimplify[Det[A2t] == Det[A2]]

Out[«]=
True

Example 10.3: Determinant and Its Properties | Part 2

Computing the determinant using row operations may be more efficient than cofactor
expansion. Construct a 4x4 matrix and find its determinant using properties below.

Theorem 10.3: Influence of Row Operations on Determinants

Let A4 be a square matrix.

1. Let B be produced by interchanging two rows of 4. Then det (4) = —det (B).

2. Let B be produced by multiplying a row of 4 by a scalar c. Then det (4) = % det (B).

3. Let B be produced by adding a multiple of one row of 4 to another. Then det (4) = det (B).

This is also true if rows are replaced with columns.

Method 3. Use Row Operations to compute the determinant.

o Step 1. Construct a matrix with appropriate dimension and elements.
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n-]= ClearAll["Global  *"]
SeedRandom[123];
A = RandomInteger[{-10, 10}, {4, 4}]1; A // MatrixForm
Out[ « ]J//MatrixForm=
4 8 -10 -6
-3 -4 -3 o
1 -4 © 2
-1 7 -10 -1

o Step 2. Convert the matrix 4 to echelon form using elementary row operations and
reduce it to triangular form.

o Further steps are separated to keep track of the effect of the row operations on the determi
nant.

i R, - R, det(A) = 4 det(A)

nf-1= Al = Aj

1
A1[1] = — A1[1]; Al // MatrixForm
4

Out[ = ]J//MatrixForm=

1 2 -

R2 +3 R] - R2 l det(Al) = det(Az)

ml-1= A2 = Al;

A2[[2] = A2[2] + 3 A2[1]; A2 // MatrixForm
Out[ » ]//MatrixForm=

5 3
12 -5 5
e 2 -2 _°2
2 2
1 -4 © 2
-1 7 -10 -1

R;-R; - R; | det(A;) = det(A3)
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A3[[3] = A3[3] - A3[1]; A3 // MatrixForm

Out[ » J//MatrixForm=

In[« ]:=
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5 3
12 -5 5
21 9
© 2 -5
5 7
@ -6 35 3
-1 7 -10 -1
R4 +Ry; - Ry | det(A3) = det(Ay)
n[-1= A4 = A3;

A4[4] = A4[4] + A4[1]; A4 // MatrixForm

Out[ » ]//MatrixForm=

12 -2 2
2 2
21 9
2 -5
o -6 >
2
25 5
9% -3
1
SRR det(Ay) = 2 det(As)
n[-]= A5 = Ad;

1
A5[2] = — A5[2]; A5 // MatrixForm
2

Out[ » ]//MatrixForm=

1 2 -2 2
2 2
o 1 -2 2
4 4
o -6 > !
2 2
e 9 -2 2
2 2
R; + 6R; » R; det(A5) = det(A6)
nl-1= A6 = A5}

A6[[3] = A6[3] + 6 A6[[2]; A6 // MatrixForm

out[ « ]J//MatrixForm=

12 -2 2
2 2
o1 -2 _2
4 4
@ 0 -29 -10
9 -2 _2
2 2

R4-9R; » Ry
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n[-1= A7 = A6}
A7[[4] = A7[4] - 9 A7[2]; A7 // MatrixForm
Out[ = ]//MatrixForm=

12 -

5 _3
2 2
21 9

61 -7 -
0 0 -29 -10
139 71

0 0 % 2

- n R3 - R3 det(A7) =-29 det(As)

nf-1= A8 = A7}
1 .
A8[3] = - — A8[3]; A8 // MatrixForm
29

out[ « ]J//MatrixForm=

5 3
12 -5
21 9
61 -3 2
peo 1 %

139 71
0 0 "

Ry~ R; - Ry det(Ag) = det(Ao)

n-1= A9 = A8;

139
A9[4] = A9[[4] - — A9[3]; A9 // MatrixForm
4

out[ « ]J//MatrixForm=

12 -2 -2
2 2
o1 -2 2
4 4
o 1 X
29
o0 o 2

iy
[
a

« Step 3. Since Ay is a triangular form of 4, find its determinant using the property of
triangular matrices. Their determinant is equal to the product of its diagonal elements.
(7™ property from previous example)

n[-1- detA9 = 1;
For[i=1,i<4, i++,
detA9 = detA9 x A9[i, i]];
detA9

Out[«]=

669

116

208




Week 10_LU Factorization and Determinants.nb | 15

o Verify the result.

- detA9 = Det [A9]

Out[« ]=
True

« Step 4. Substitute the value of det(Ag) and find det(A) using a back substitution.

n-1- detA = 4 detAl;
detAl = detA2;
detA2 = detA3;
detA3 = detA4;
detAd = 2 detA5;
detA5 = detA6;
detA6 = detA7;
detA7 = -29 detAS8;
detA8 = detA9;
Print[detA]

—1338

o Step 5. Verify the final result using built-in command.

n[-1= Det[A] == detA
Out[« ]=
True

Example 10.4: Applications of the Determinant

Cramer’s Rule

Solve the following system of linear equations using Cramer’s rule.

X1—-2x; + X3 = 0
2x2—8x3= 8
—4x1+5x,+9x3=-9

Let 4 be an invertible n x n matrix. Then the components of the unique solution to Ax = b are given by

_ det(A)

X; = det(A) fori=1,2,...,n

« Step 1. The system is equivalent to Ax = b, where 4 and b are defined as follows:
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mn-1= ClearAll["Global™ x"]
A={{1, -2, 1}, {0, 2, -8}, {-4, 5, 9}}; A // MatrixForm

Out[ » J//MatrixForm=

1 -2 1
e 2 -8
-4 5 9

n-1= b={0, 8, -9}; b // MatrixForm
Out[ » ]//MatrixForm=
0

8

-9

« Step 2. Compute the determinant of the coefficient matrix A.

n-1= detA = Det [A]
Out[«]=
2

« Step 3. Replace the 1st, 2nd and 3rd column values with the values of the answer col
umn b and construct new three matrices, respectively.
imf-]= Al = Aj
A1[All, 1] = b; Al // MatrixForm

Out[ = ]J//MatrixForm=

e -2 1

8 2 -8

-9 5 9
nl-1= A2 = Aj

A2[All, 2] = b; A2 // MatrixForm

out[ « ]J//MatrixForm=

1 o 1

o 8 -8

-4 -9 9
nf-1= A3 = Aj

A3[All, 3] = b; A3 // MatrixForm

Out[ » J//MatrixForm=

1 -2 @
@ 2 8
-4 5 -9

« Step 4. Compute their determinants.

n- 1= detAl = Det[A1]
Oout[«]=

58
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n-1- detA2 = Det[A2]
Oout[«]=

32
n[-1- detA3 = Det [A3]
Out[«]=

6

« Step 5. Find the solution using the formula for Cramer’s rule.

detAl
x1 =
detA
Out[«]=
29
detA2
X2 =
detA
Oout[«]=
16
detA3
X3 =
detA
Out[«]=
3

m-1= X = {x1, x2, x3}

Out[« ]=

{29, 16, 3}

« Step 6. Verify the obtained solution.

nf-J= AJX ==
Out[«]=
True

n-1- LinearSolve[A, b]

Oout[«]=

(29, 16, 3}

n[-J= % ==
Out[«]=
True

Inverses from Determinants

Find the inverse of the following matrix using its determinant.
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3 10
-1 21
-1
If A4 is an invertible matrix, then
Al = 1 adj(A)
= det¢a) 'Y

Definition 10.7: Adjoint Matrix

The formal adjoint of 4 is the transpose of the matrix formed by the cofactors, C, of 4 and is denoted

by adj(A).
Cy Cy - Cpy

adj4) = CT = C}z ?22 Cf:z

Crr Con - o

o Step 1. Construct the matrix A4.

= ClearAll["Global™ "]
A={{3,1, 60}, {-1, 2, 1}, {0, -1, 2}}; A // MatrixForm

Out[ » ]//MatrixForm=

3 1 o
-1 2 1
e -1 2

o Step 2. Find the determinant of 4. Since det(A)#0, the matrix 4 is invertible.

1= detA = Det[A]

Out[«]=
17

+ Step 3. Compute the nine cofactors for 4 as a matrix.
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n-1- Needs["Combinatorica™"]
cofactorA = ConstantArray[0, {3, 3}1;
For[i=1,1i<3, i++,

For[j=1, j<3, j++,
cofactorA[i, j] = Cofactor[A, {i, j}11]1]
cofactorA // MatrixForm

Out[ » J//MatrixForm=

5 2 1
-2 6 3
1 -3 7

« Step 4. Define the adjoint matrix corresponding to A4.

n-1- adjA = Transpose[cofactorA]; adjA // MatrixForm
Out[ » J//MatrixForm=

5 -2 1
2 6 -3
1 3 7

« Step 5. Finally, compute the inverse of 4.

1
Ine J-= (invA = *ade) // MatrixForm
detA
Out[ » ]//MatrixForm=
s _2 1
17 17 17
2 6 3
17 17 17
i 3 1
17 17 17

« Step 6. Verify the solution.

1= invA.A == A.invA == IdentityMatrix[3]
Out[«]=
True

n-1= Inverse[A] == invA
Out[« ]=
True

Summary

After completing this chapter, you should be able to
= perform LU factorization of a matrix in Mathematica
= find the determinant of a matrix in Mathematica

= practice applications of determinants in Mathematica.
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= develop the habit of always checking your solutions for quality assurance.
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Week 11: Eigenvalues and Eigenvectors

Determination and applications of eigenvalues and eigenvectors

Table of Contents

1. Example 11.1: Characteristic Polynomial and Equation
2. Example 11.2: Multiplicity of an Eigenvalue
3. Example 11.3: Diagonalization

3.1. Non-Diagonalizable Matrix

3.2. Diagonalizable Matrix

4. Example 11.4: Matrix Powers

5. Summary

Commands list

= NullSpace

= CharacteristicPolynomial
= Figenvalues

= Figenvectors

= Eigensystem

= Factor

= DiagonalizableMatrixQ

= Diagonal

= Power

= MatrixPower

Prerequisite: Eigenvalues and Eigenvectors

The Wolfram Language includes funtions for finding the eigenvalues, eigenvectors, and
eigensystems of matrices. There are also functions related to characteristic polynomials,
diagonalization and many other matrix-related topics.
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Eigenvalues and Eigenvectors:
https://reference.wolfram.com/language/tutorial/LinearAlgebra.html#9501

Example 11.1: Characteristic Polynomial and Equation

Determine the eigenvalues for the given matrix and eigenvectors associated with each
eigenvalue using the characteristic polynomial:

1-33
A=]2-22
200

Definition 11.1: Eigenvector, Eigenvalue

Let A4 be an n x n matrix. Then a nonzero vector u is an eigenvector of A if there exists a scalar A such
that
Au = 2Au

where the scalar A is called an eigenvalue of 4.

/\ Note that an eigenvalue A can be zero, but an eigenvactor u must be a nonzero vector.
o Step 1. Define the matrix 4.

- ClearAll["Global %"]
A= {{1, -3, 3}, {2, -2, 2}, {2, 9, ©}}; MatrixForm[A]

Out[ » J//MatrixForm=

1 -3 3
2 -2 2
2 0 0

« Step 2. Determine the eigenvalues of 4 by calculating the characteristic polynomial.

Theorem 11.1: How to use determinants to find eigenvalues
| Let 4 be an n x n matrix. Then A is an eigenvalue of 4 if and only if det(4-A1,) = 0.

where the polynomial from det(4 — A I,,) is called the characteristic polynomial of A, and the equation
det(4 — A I,,) = 0 is called the characteristic equation.

« Form a new matrix by subtracting A from diagonal elements of 4 such that P = 4 —A7;.

mn-]= Poly = A- A% IdentityMatrix[3]; Poly // MatrixForm
Out[ » J//MatrixForm=
1-A2 -3 3
2 -2-1 2
2 0 -A

« The eigenvalues for a matrix 4 are given by the roots of the characteristic equation.

216


https://reference.wolfram.com/language/tutorial/LinearAlgebra.html#9501

Week 11_Eigenvalues and Eigenvectors.nb | 3

n-1= eqn = Det[Poly] ==
Oout[«]=

2A-22-23 =0

n-1- Solve[egn, A]
Out[«]=

{{d->-24L {1 -0} {A -1}

The corresponding eigenvectors are found by solving the homogeneous system:

A-A)u=0

« Step 3.1. Find the eigenvectors associated with A; = —2 by solving the corresponding
homogeneous system: (A +2I3) u; = 0.

o Step 3.1.1. Construct the augmented matrix of the system, AugMat= [A1|b].
o Construct the coefficient matrix A1l = A +2 15.

mn-]= Al = A+ 2 % IdentityMatrix[3]; Al // MatrixForm
Out[ » ]//MatrixForm=

3 -33
2 0 2
2 0 2

+ Column matrix b with right-hand-side constants:

n-1- b= {{0}, {0}, {0}}; MatrixForm[b]
Out[ » ]//MatrixForm=

0
0
0

& Augmented matrix:

1= AugMatl = ArrayFlatten[{{A1, b}}]; MatrixForm[AugMat1]

Out[ » J//MatrixForm=

3 -330
2 2 0]
2 0

2

o Step 3.1.2. Transform the augmented matrix to echelon form.
¢ Ri—R,
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1= AugMatl[{1, 2}] = AugMatli[{2, 1}]; AugMatl // MatrixForm
Out[ = ]J//MatrixForm=
2 0 20
3 -33 OJ
2 0 20

* —% Ri+R;, - R,

3
n-J= AugMatl[2] = - — AugMat1[1] + AugMatl[2]; AugMatl // MatrixForm
2

out[ « ]J//MatrixForm=

2 0 20
0 -3 00
2 0 20

¢ - Ri+R; - R;

inf-1= AugMatl[3] = - AugMatl[1] + AugMatl[3]; AugMatl // MatrixForm

Out[ » ]//MatrixForm=

2 0 20
0 -3 00
0 0 0 0

« Step 3.1.3. Perform the back substitution to find the eigenvector. Take x3 = s:

n[-]= X3 =8}
eqo = 2x1+2x3 =0;
eql = -3 x2 = 0;
soln = Solve[{eq@, eql}, {x1, x2}]
Out[« ]=
{{x1 > -5, x2-50}}

« The general solution to uy:

mn-}- ul = {x1, x2, x3} /. soln[1]; ul // MatrixForm

Out[ » ]//MatrixForm=
-S

(4]

S

Definition 11.2: Eigenspace

Each distinct eigenvalue A has its own associated eigenspace. The subspace of all eigenvectors

associated with that eigenvalue A, together with the zero vector, is called the eigenspace of A.

« Basis for eigenspace of A = —2:
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m-}= ul=ul/.s->1; ul // MatrixForm

Out[ = ]J//MatrixForm=

-1

« Step 3.2. Find the eigenvectors associated with A, = 1 by solving the corresponding
homogeneous system: (A —I3) u; = 0.

o Step 3.2.1. Construct the augmented matrix of the system, AugMat= [A2|b].
« Construct the coefficient matrix A2 = A —1Ij.

= A2 = A-IdentityMatrix[3]; A2 // MatrixForm

Out[ » J//MatrixForm=

e -3 3
2 -3 2
2 0 -1

& Augmented matrix:

1= AugMat2 = ArrayFlatten[{{A2, b}}]; MatrixForm[AugMat2]

Out[ » ]//MatrixForm=

e -3 3 ©
2 -3 2 0o
2 0 -10

o Step 3.2.2. Transform the augmented matrix to echelon form.
¢ Ri—R;

mnf-1= AugMat2[{1, 3}] = AugMat2[{3, 1}]; AugMat2 // MatrixForm

Out[ » ]//MatrixForm=

2 0 -10
2 -3 2 0o
0 -3 3 ©

¢ -Ri+R, - R,

n[- 1=  AugMat2[2]

Out[ » J//MatrixForm=

-AugMat2[1] + AugMat2[2]; AugMat2 // MatrixForm

2 0 -10
0 -3 3 0
e -3 3 0

¢ -R)+R; > R;

n-]= AugMat2[3] = -AugMat2[2] + AugMat2[3]; AugMat2 // MatrixForm

Out[ = J//MatrixForm=

2 0 -10
e -3 3 0]
e 0 0 o
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o Step 3.2.3. Perform the back substitution to find the eigenvector. Take x3 =2 s:

mn-}- Clear[x1, x2, x3]
X3 =2s;
eqo = 2x1 - x3 == 0;
eql = -3x2+3x3=:0;
soln = Solve[{eq@, eql}, {x1, x2}]
out[«]=
{{x1 >s,x2->2s}}

« The general solution to u,:

n-}- u2 = {x1, x2, x3} /. soln[1]; u2 // MatrixForm
Out[ » J//MatrixForm=
S

2s
2s

« Basis for eigenspace of A, = 1:

m-}= u2=u2/.s->1; u2 // MatrixForm

Out[ = ]J//MatrixForm=

« Step 3.2. Find the eigenvectors associated with A3 = 0 by solving the homogeneous
system: (A -013)u3; =Au=0.

o Step 3.2.1. Construct the matrix A3 =A =013 = A.

mn-1- A3 = A-0xIdentityMatrix[3]; A3 // MatrixForm

Out[ » J//MatrixForm=

1 -33
2 -2 2
2 0 0

o Step 3.3.2. Use the NullSpace function to find the eigenvector.
+ The general solution to uj:

mn-J= u3 = MatrixForm[Transpose [NullSpace[A3] * s]] == MatrixForm[Transpose[NullSpace[A3]]] *s
Out[« ]=

0 0
s|=s]1
S 1

« Basis for eigenspace of A3 = 0:
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mn-J= u3 = NullSpace[A3]; Transpose[u3] // MatrixForm

Out[ = ]J//MatrixForm=

o Step 4. Verify the results using the built-in functions.

- - checkPoly = CharacteristicPolynomial[A, A]
Out[«]=
22-22-2°

n-1- Solve[checkPoly == 9, A]
Out[«]=
{{r->-2}, (A0}, {(A->1}}

n-1- Eigenvalues[A]

Oout[«]=

{-2,1, 0}

n-1= Vv = Eigenvectors[A];
{MatrixForm[Vv[[1]], MatrixForm[v[2]], MatrixForm[v[3]]}

Out[« ]=

-1 1 )
{0,2,1}
1 2 1

mn-]- sSys = Eigensystem[A];
{sys[1], MatrixForm[sys[2, 1]], MatrixForm[sys[2, 2]], MatrixForm[sys[2, 3]]}

Out[«]=

~1) (1) (0
{205 0 L2 [}
1) \2) 1

Example 11.2: Multiplicity of an Eigenvalue

Find the eigenvalues and a basis for each eigenspace of the given matrix 4:

4 4 -2
A=|1 4 -1
36-1

o Step 1. Define the matrix A.
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mn-1= ClearAll["Global™ x"]
A= {{4, 4, -2}, {1, 4, -1}, {3, 6, -1}}; MatrixForm[A]

Out[ » J//MatrixForm=

4 4 -2
14 -1
36 -1

« Step 2. Determine the eigenvalues of 4 by calculating the characteristic polynomial.
« The characteristic polynomial of 4 is P = det(A — Aly).

= poly = A- A% IdentityMatrix[3]; poly // MatrixForm
Out[ » ]//MatrixForm=
4-x 4 -2

1 4-x -1

3 6 -1-2x

- Poly = Det[poly]
Out[«]=
12-161+722-23

« Step 3. Define the characteristic equation of 4 as det(A — Al3) = 0.

n-}= eqn = Poly ==
Out[« ]=
12-161+722-23 =0

o Step 4. The eigenvalues for a matrix A are given by the roots of the characteristic equa-
tion.

« Factorise the characteristic equation.

n[-]- Factor[eqn]
Out[«]=
~((=3+2) (-2+1)?%) =0

« From the factored form we see that the matrix 4 has two distinct eigenvalues, A; =2
(multiplicity 2) and A, = 3 (multiplicity 1). Confirm the results by solving the character-
istic equation for A.
n-1- Solve[egn, A]

Out[«]=

{{A-2},{Aa-2}, {A-3}}

Definition 11.3: Multiplicity

The multiplicity of an eigenvalue is equal to its factor’s exponent. In general, for a polynomial P(x), a

root @ of P(x) = 0 has muliplicity » if P(x) = (x — @)" Q(x) with Q(a) # 0.
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« Step 5.1. Find the eigenvectors associated with A; = 2 by solving the corresponding
homogeneous system: (A =2 1I3) u; = 0.

« Step 5.1.1. Construct the augmented matrix of the system, AugMat= [A1|b].
o Construct the coefficient matrix Al = A +2 15.

mn-J= Al = A-2 % IdentityMatrix[3]; Al // MatrixForm

Out[ « J//MatrixForm=
2 4 -2
12 -1 J

36 -3

+ Column matrix b with right-hand-side constants:

n-J= b= {{0}, {0}, {0}}; MatrixForm[b]
Out[ = ]J//MatrixForm=

0
0
0

& Augmented matrix:

- AugMatl = ArrayFlatten[{{A1, b}}]; MatrixForm[AugMat1]

out[ « ]J//MatrixForm=

24 -20
12 -1 0]
36 -30

o Step 5.1.2. Transform the augmented matrix to echelon form.
¢ Ry— Ry

mnf-1= AugMatlf[{1, 2}] = AugMatli[{2, 1}]; AugMatl // MatrixForm

out[ « ]J//MatrixForm=

12 -10
2 4 -2 OJ
36 -30

* —2R1+R2—)R2

1= AugMatl[2] = -2 » AugMatl[1] + AugMat1[2]; AugMatl // MatrixForm

Out[ » J//MatrixForm=

12 -10
00 0 0
36 -30

¢ -3R;+R; - R;3

inf-J= AugMatl[3] = -3 » AugMatl[1] + AugMat1[3]; AugMatl // MatrixForm

Out[ » ]//MatrixForm=
12 -10
00 0 0o J

0 0 0 0
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« Step 5.1.3. Perform the back substitution to find the eigenvector. Let x, = 51 and x3 = s5:

n[-]= X3 =833
X2 = S3;
eqn = x1 +2x2-x3 ==0;
soln = Solve[eqn, x1]
Out[+ =
{{x1 > -2s;+5S5}}

+ The general solution to uy:

m-1= ul = {x1, x2, x3} /. soln[1];
ull=ul/. {s;»1, s, »0};
ul2 =ul /. {s; >0, s, »1};
MatrixForm[ul] == s; * MatrixForm[ull] + s, * MatrixForm[ul2]
Out[« ]=

-2S1+5Sy -2 1
S, == 1 Sq + 0 S,
S5 %] 1

« Basis for eigenspace of A1 = 2:

mn-}= ul = { MatrixForm[ull] , MatrixForm[ul2] }
Out[« ]=

/\ Note that for the eigenvalue A; = 2, which has multiplicity of 2, its associated eigenspace has
dimension 2 (i.e., a plane).

Let A be a square matrix with eigenvalue A. Then the dimension of the associated eigenspace is less
that or equal to the multiplicity of A.
« Step 5.2. Find the eigenvectors associated with A, = 3 by solving the corresponding
homogeneous system: (A —3 13) u; = 0.
o Step 5.2.1. Construct the augmented matrix of the system, AugMat= [A2|b].
o Construct the coefficient matrix A2 = A =3 I3.

= A2 = A-3IdentityMatrix[3]; A2 // MatrixForm

Out[ » ]//MatrixForm=

14 -2
11-1
36 -4
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+ Augmented matrix:

n-1- AugMat2 = ArrayFlatten[{{A2, b}}]; MatrixForm[AugMat2]

Out[ » J//MatrixForm=

14 -20
11-10
36 -40

o Step 5.2.2. Transform the augmented matrix to echelon form.
¢ -1R;+R;» Ry

n[- 1=  AugMat2[2]

Out[ » J//MatrixForm=

-1 % AugMat2[1] + AugMat2[2]; AugMat2 // MatrixForm

1 4 -20
e -3 1 0o
3 6 -40

¢ -3Ri+R3 -5 R;

nf-1= AugMat2[3] = -3 » AugMat2[1] + AugMat2[3]; AugMat2 // MatrixForm

Out[ = J//MatrixForm=

1 4 -20
e -3 1 o
0 -6 2 0

* —2R2+R3—)R3

n[- 1= AugMat2[3]
Out[ » ]//MatrixForm=

1 4 -20

o -3 1 o

0 06 0 0

-2 % AugMat2[2] + AugMat2[3]; AugMat2 // MatrixForm

o Step 5.2.3. Perform the back substitution to find the eigenvector. Take x3 = 3 s:

n-]= Clear[x1, x2, x3]
x3 =3s;
eqo = x1+4x2-2x3 ==0;
eql = -3x2+x3 = 0;
soln = Solve[{eq@, eql}, {x1, x2}]
out[«]=
{{x1>2s, x2->5s}}

+ The general solution to u,:

mn-}= u2 = {x1, x2, x3} /. soln[1]; u2 // MatrixForm
out[ » J//MatrixForm=
2s
s
3s

« Basis for eigenspace of A, = 3:
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In[« ]:=

u2=u2/.s-1; u2// MatrixForm

Out[ = ]J//MatrixForm=

o Step 6. Verify the results using the built-in functions.

In[« ]:=
Out[«]=

In[e ]:=
Out[«]=

In[« ]:=

Oout[«]=

In[« ]:=

Out[« ]=

In[« ]:=

Out[«]=

checkPoly = CharacteristicPolynomial[A, A]
12-162+72%-2°

Solve[checkPoly == 9, A]

{{r=>2}, (A2}, {A->3}}

Eigenvalues[A]

{3, 2, 2}

v = Eigenvectors[A];
{MatrixForm[Vv[[1]], MatrixForm[v[2]], MatrixForm[v[3]]}

2 1 -2
{1,0,1}
3 1 0

sys = Eigensystem[A];
{sys[1], MatrixForm[sys[2, 1]], MatrixForm[sys[2, 2]], MatrixForm[sys[2, 3]]}

2 (1) (-2
{B.2,2, 1| {olf 1|}
3)01) Lo

Example 11.3: Diagonalization

Definition 11.4: Diagonalizable Matrix

An n x n matrix 4 is diagonalizable if there exist n x n matrices D and P, with D diagonal and P
invertible, such that

A = PDP!

where the columns of P are the eigenvectors of the matrix 4, such that P = [u; ... u,] and the diagonal
entries of D given by the corresponding eigenvalues Ay, ..., A,.

/\ Note that the order of the eigenvalues in D does not matter, as long as it matches the order of the
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corresponding eigenvectors in P.

1. An n x n matrix 4 is diagonalizable if and only if 4 has eigenvectors that form a basis for R”".

2. If 4 has n linearly independent eigenvectors u;, ..., u,, then 4 is diagonalizable.

3. Suppose that an n x n matrix 4 has only real eigenvalues. Then 4 is diagonalizable if and only if the
dimension of each eigenspace is equal to the multiplicity of the corresponding eigenvalue.

4. If A is an n x n matrix with n distinct real eigenvalues, then A4 is always diagonalizable.

If {Aq, ..., A} are distinct eigenvalues of a matrix A, then any set of associated eigenvectors
{uy, ..., ug}is linearly independent.

Example 11.3.1. If possible, diagonalize the given matrix A:

02 -1
A=|1-1 0
1-2 0

« Step 1. Define the matrix A.

= ClearAll["Global™ "]
A={{0,2, -1}, {1, -1, 0}, {1, -2, 0}}; MatrixForm[A]

Out[ » J//MatrixForm=

e 2 -1
1 -1 0
1 -2 0

« Step 2. Find the eigenvalues of the matrix 4.

1= Factor[CharacteristicPolynomial[A, A]]
Out[«]=

~((-1+2) (1+)3?)

- Solve[Det[A - % IdentityMatrix[3]] =0, A]
Oout[«]=

{{x~ -1}, (A> -1}, {2~ 1}}
- Eigenvalues[A]
Out[«]=

{-1, -1, 1}

« Results show that the matrix A has two distinct eigenvalues, A; = —1 (multiplicity 2)
and A, = 1 (multiplicity 1).
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« Step 3. Find the corresponding eigenvectors.
« Basis for eigenspace of 4y = —1:

In[+ ]:= 11 = —1;
NullSpace[A - A; IdentityMatrix[3]] // Transpose // MatrixForm

Out[ = ]J//MatrixForm=

0
1
2

/\ Note that although the eigenvalue A; = —1 has multiplicity of 2, its associated eigenspace has
dimension 1 (i.c., a line).

« Basis for eigenspace of A, = 1:

n[-J= Ay = 1j
NullSpace[A - X, IdentityMatrix[3]] // Transpose // MatrixForm

Out[ » ]//MatrixForm=

2
1
0

« Step 4. Check the matrix for diagonalizability based on the eigenvalues and eigenvectors.

For the given matrix 4, the dimension of eigenspace of 1; = —1 is less than the multiplicity of the
corresponding eigenvalue, therefore, according to the and , the given

matrix 4 is non-diagonalizable.

« Step 5. Verify the conclusion using DiagonalizableMatrixQ.

n-1- DiagonalizableMatrixQ[A]

Out[« ]=
False

Example 11.3.2. If possible, find matrices P and D to diagonalize the given matrix 4:

1-43
A=10 7 1
002

o Step 1. Define the matrix 4.

- J- ClearAll["Global™ "]
A={{1, -4, 3}, {0, 7, 1}, {0, 0, 2}}; MatrixForm[A]
Out[ « ]//MatrixForm=
1 -4 3
o 7 1
0 0 2
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o Step 2. Find the eigenvalues of the matrix 4.

n-J- Factor[CharacteristicPolynomial[A, A]]

Out[« ]=
- ((=7+A) (-2+A) (-1+))

n-]= Solve[Det[A - A x IdentityMatrix[3]] =0, A]

Out[«]=
{({r=>1}, (A2}, (A7}

- Eigenvalues [A]

Oout[«]=

{7, 2, 1}
+ Results show that the matrix A has three distinct eigenvalues, A; =7, 1, =2, and ;3 = 1.
« Step 3. Find the corresponding eigenvectors.
« Basis for eigenspace of A; = 7:

1= Aq =7;
u; = NullSpace[A - A; IdentityMatrix[3]]; u; // Transpose // MatrixForm

Out[ « [//MatrixForm=

-2
|
0

« Basis for eigenspace of A, = 2:

nf-]= Ay = 23
u, = NullSpace[A - A, IdentityMatrix[3]]; u, // Transpose // MatrixForm

Out[ » ]//MatrixForm=
19
-1

5

« Basis for eigenspace of A3 = 1:

n[-]= Az =1j
uz = NullSpace[A - A3 IdentityMatrix[3]]; us // Transpose // MatrixForm
out[ « ]J//MatrixForm=
1
(4]
(4]

« Step 4. Check the matrix for diagonalizability based on the eigenvalues and eigenvectors.

« Since the matrix A has three distinct eigenvalues and three eigenvectors corresponsing to

these eigenvalues, therefore by the set of eigenvectors is linearly idepen-
dent and thus forms a basis for R.

« According to the and , the given matrix 4 is
diagonalizable.
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« Step 5. Verity the conclusion.

« The following nonzero determinant implies that the eigenvectors are linearly independent.

n-1- Det[Eigenvectors[A]]

Out[« ]=
15

n-]- DiagonalizableMatrixQ[A]
Oout[«]=
True

« Step 6. Define the matrices P and D based on the Definition 11.4.

mn-]= D1 = DiagonalMatrix[{A;, A, A3}]1; D1 // MatrixForm

out[ « ]J//MatrixForm=

S O 2
S N O
— o O

n-}= P =Transpose[{u;[1], u,[1], us[1]}]; P // MatrixForm

out[ « ]J//MatrixForm=

-2 19 1
3 -10
0 5 0

« Step 7. If possible, obtain the inverse of matrix P.
o Calculate the determinant of P.

m-1= Det[P] # @
Out[« ]=
True

+ The nonzero determinant implies that the matrix P is invertible.

in-1= InvP = Inverse[P]; InvP // MatrixForm

Out[ » J//MatrixForm=

11
0 = =
315

1

e 0 =
5
2 11

1 = - =
3 3

o Step 7.1. Show that 4 = PDP~L.

w J- A= Dot[P, D1, InvP]
Out[« ]=

True

« Step 7.2. Alternatively, since P is invertible, show that AP = PD.
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n-1= AP =P.D1
Oout[«]=
True

Example 11.4: Matrix Powers

Definition 11.5: Matrix Powers

Suppose that n x n matrix 4 is diagonalizable with A = PDP~. Then the k™ power of A is defined to be

Ak = pDp* p-1
Find 4° via diagonalization.
12
|39
A=l2 2
39
o Step 1. Define the matrix A4.
mn-1= ClearAll["Global™ x"]
1 2 2 7
A= {{;, ;}, {;, ;}}, MatrixForm[A]
Out[ » ]//MatrixForm=
12
3 9
2 7
3 9

« Step 2. Find the eigenvalues and corresponding eigenvectors of the matrix 4.

1= A = Eigenvalues[A]
Out[«]=
1
1 —
{5
mn-J- u = Eigenvectors[A];
{ MatrixForm[u[1] ], MatrixForm[u[2]]}
Oout[«]=
1
2 -1
{ aE ( 1 )}
1

« Step 3. Check the matrix for diagonalizability based on the eigenvalues and eigenvectors.

+ The following nonzero determinant implies that the eigenvectors are linearly independent.
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n-1- Det[Eigenvectors[A]]

Oout[«]=

4

3

- DiagonalizableMatrixQ[A]

Out[« ]=
True

« Step 4. Define the matrices P and D based on the Definition 11.4.

mn-]= D1 = DiagonalMatrix[{A[1], A[2]}]1; D1 // MatrixForm

Out[ » ]//MatrixForm=

1
0
n-]= P =Transpose[u]; P // MatrixForm

olr ®

Out[ » ]//MatrixForm=

3
11

« Step 5. If possible, obtain the inverse of matrix P.
« Calculate the determinant of P.

In[« ]= Det[P] #0
Out[«]=

True

+ The nonzero determinant implies that the matrix P is invertible.

n-]= InvP = Inverse[P]; InvP // MatrixForm
Out[ = J//MatrixForm=

5l

+ Step 6. Calculate the 5™ power of the diagonal matrix.

Ak plw

The k™ power of a diagonal matrix D is a diagonal matrix whose diagonal entries are the k™ powers of

the corresponsing entries of D.

« Diagonal entries of D:

= d = Diagonal[D1]

Out[+ =
{1 ;}
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n-1- D5 = DiagonalMatrix[Power[d, 5]]; D5 // MatrixForm
Out[ » J//MatrixForm=
1 0
|
59049

+ Step 6. Compute 4° based on the Definition 11.5. Calculate the 5™ power of the diago-
nal matrix.

mn-}- A5 =P.D5.InvP; A5 // MatrixForm

Out[ » J//MatrixForm=

14762 44287

4921 14762
[ 19683 59049 ]
19683 59049

« Step 7. Verity the obtained solution.

nl-J= MatrixPower[A, 5] = A5
Oout[«]=
True

Summary

After completing this chapter, you should be able to

= develop SOPs to find the eigensystem (eigenvalues and eigenvectors) of a given
square matrix.

= perform step-by-step matrix diagonalization in Mathematica.
= perform matrix power operations in Mathematica.

= develop the habit of always checking your solutions for quality assurance.
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Week 12: Linear Algebra and Geometry
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8. Summary

Commands list

= Arrowheads
= Arrow

= Show

= Graphics

= Point

= Line

= Dot

= Norm

= EuclideanDistance
= VectorAngle
= Expand

m BezierCurve

Prerequisite: Operations on Vectors | Plane Geometry

The Wolfram Language represents vectors as a lists, and never needs to distinguish between
row and column cases. Vectors in the Wolfram Language can always mix numbers and
arbitrary symbolic or algebraic elements. There are varoius built-in functions for constructing
and displaying the vectors, performing operations on vectors, and for vector analysis.

Operations on Vectors:
https://reference.wolfram.com/language/guide/OperationsOnVectors.html

The Wolfram Language provides fully integrated support for plane geometry, including basic
regions such as points, lines, triangles, and disks; functions for computing basic properties
such as arc length and area; and nearst points to solvers to find the intersection of regions or
integrals over regions. It is a powerful tool of visualization of geometrical figures and
graphical images, and consists of explicit list of primitives, directives, wrappers, and options.

Plane Geometry:
https://reference.wolfram.com/language/guide/PlaneGeometry.html

Example 12.1: Vectors and Vector Operations
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Definition 12.1: Vector and R”

A vector is an object that has both magnitude and direction. It can be represented by an ordered list of
real numbers u;, u, ..., u, expressed as

uj
up
Uy
orasu = (uy, uy, ..., Uy).

The set of all vectors with 7 entries is denoted by R” (real coordinate space of dimension 7).

Definition 12.2: Vector Arithmetic, Scalar, Euclidean Space

Let u and v be vectors in R” given by

uj Vi
up V2
u=| . and v=| .
Up Vn
Equality: u=v ifandonlyif wu;=v,uy=vy ..., u, =v,.
3] Vi u+wv;
.. Uy V2 Uy +v
Addition: u+v=| . |+]| . |= .
Uy, Vi U, +v,
u C- Uy
e Up C-Up
Scalar Multiplication: cu=c| . |= )
Uy, C- Uy

where c is a real number, called a scalar.

The set of all vectors in R”, taken together with theses definitions of addition and scalar multiplication,
is called Euclidean space. The Euclidean space is an example of a vector space.

Let a and b be scalars, and u, v, and w be vectors in R”. Then
(a) u+v=v+u
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(b) a(u+v)=av+au
(c) (a+b)u=au+bu
(d W+v)+w=u+(vV+w)

() a(bu)=(ab)u

) u+(-w=0
(g u+0=0+u=mu
(h) Tu=u
(i) -u=(-Du
0
_ 0
where the zero vector given by 0 =
0

/\ Note that two vectors can be equal if they have the same number of components. Similarly, it is
impossible to add two vectors that have a different number of components.

Suppose that we have the vectors in R*. Perform operations on following vectors to find u+v,

-4v, and 2u-3v.
2 -4
_ -3 _ 6
u=| o V=
-1 7

o Step 1. Define vectors u and v.

mn-J= ClearAll["Global™ "]
u={{2}, {-3}, {0}, {-1}}; MatrixForm[u]
Out[ » ]//MatrixForm=
2
-3
0
-1

n-1= v={{-4}, {6}, {-2}, {7}}; MatrixForm[v]
Out[ » ]//MatrixForm=
-4
6
-2
7

« Step 2. Check the number of component of the given vectors for equality.
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-] Dimensions[u] == Dimensions[v]
Oout[«]=
True

+ Step 3. Find the sum, u + v, by adding the corresponding components.

m-}= soll = {u[1] +v[1], ul2] + v[2], u[3] +v@I3], u[4] +Vv[4]}; soll // MatrixForm

Out[ « ]J//MatrixForm=

o Step 4. Find the scalar multiplication: —4 v. Use a Do loop to perform vector operations.
+ Get the dimension of the vector.

- = dim = Dimensions [Vv]

Out[«]=
{4, 1}

& Construct a zero vector.

- $0l2 = ConstantArray[@, dim]; MatrixForm[sol2]

Out[ » ]//MatrixForm=

(4]

(SRR GIN )

+ Run a do loop to perform the scalar multiplication.

ni-1= Do[sol2[i, j1 = -4 *Vv[i, j1, {i, 1, dim[1]}, {j, 1, dim[2]}];
MatrixForm[sol2]

16

o Step 5. Find the expression: 2 u — 3 v, which is an exampe of a linear combination of
vectors. Use a For loop to perform vector operations.

Definition 12.3: Linear Combination

If u;, wy, ..., u, are vectors and ¢y, ¢, ..., ¢, are scalars, then

ctupt+couy+ -+ Uy,

is a linear combination of uj, uy, ..., u,.
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A\ Note that it is possible for scalars to be negative or equal to zero.

o Get the dimension of one of the vectors.

imf-]= dim = Dimensions [u]

Out[«]=
{4, 1}

o Construct a zero vector.

n-1- $0l13 = ConstantArray[@, dim]; MatrixForm[sol3]
Out[ = ]//MatrixForm=
0
0
0
0

+ Run a for loop to perform the given vector operation.

« Difference of two vectors can be rewritten in the following way:
2u-3v=2u+(-3)v

mn-J= so0l3 = ConstantArray[0, dim];
For[i=1, i<dim[1], i++,
For[j =1, j <dim[2], j++,
sol3[i, j] = 2»uf[i, jI + (-3) *=v[i, jI
115

MatrixForm[sol3]

« Step 8. Verify the results.

- = FullSimplify[soll == u + v]
Out[«]=
True

- = FullSimplify[sol2 == -4 v]
Out[«]=
True

- = FullSimplify[sol3 == 2u-3v]

Out[«]=
True
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Example 12.2: Geometry of Vectors

Definition 11.4: Tip, Tail of Vector

Vectors have a geometric interpretation that is most easilty understood in R%. We plot the vector (xl
2

by drawing an arrow from the origin to the point (x;, x,) in the plane.

The end of the vector with the arrow is called the tip, and the end at the origin is called the tail.

& The built-in command Arrow can be used to visualize the vectors.

mn-1= ul = {Arrowheads [Medium], Arrow[{{O@, 0}, {-1, 1}}1};
u2 = {Arrowheads [Medium], Arrow[{{@, 0}, {1, 2}}]1};
u3 = {Arrowheads [Medium], Arrow[{{O0, 0}, {2, -1}}1};

« Then, Graphics and Show functions were used to display them in coordinate system.

n-1- Show[Graphics[{Thick, Blue, ul, u2, u3,

Red, PointSize[0.02], Point[{-1, 1}], Point[{1, 2}], Point[{2, -1}], Black,
Text[Style[" (-1, 1)", FontFamily - "Times", FontSize - 14], {-1, 1.3}],
Text[Style[" (1, 2)", FontFamily - "Times", FontSize - 14], {1.2, 2.1}],
Text[Style[" (2, -1)", FontFamily - "Times", FontSize - 14], {2, -0.6}]1}1,

Axes - True, AxesLabel -» {"x;", "x,"}, LabelStyle »

Directive [FontFamily - "Times", FontSize - 14, Black],
ImageSize -» 360, AspectRatio - 1 / GoldenRatio]

Out[« ]=

X2

Suppose that we have the vectors in R?. Perform vector operations and illustrate them
graphically.

1. The Tip-to-Tail Rule: Let u and v be two vectors. Tranlate the graph of v, preserving direction, so

that its tail is at the tip of u. Then the tip of the translated v is at the tip of u +v.
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2. The Parallelogram Rule: Let vectors u and v form two adjacent sides of a parallelogram with

vertices at the origin, the tip of u, and the tip of v. Then the tip of u + v is at the fourth vertex.

Example 12.2.1. Vector addition

o Step 1. Define vectors u and v.

mn-1= ClearAll["Global™ "]
u= {2, 5}; u// MatrixForm

Out[ = ]J//MatrixForm=
5]
5
n-1= Vv ={4, 2}; v // MatrixForm

Out[ » J//MatrixForm=
4
2
« Step 2. Check the number of component of the given vectors for equality.

n[-}- Dimensions[u] == Dimensions[v]
Out[« ]=
True

o Step 3. Find the sum, u + v.

m[-]= Sum = u+V; sum // MatrixForm

Out[ » J//MatrixForm=
)
7
« Step 4. Represent the vectors u, v, and their sum as an arrow.

mn-}= ul = {Arrowheads [Medium], Arrow[{{O9, 0}, u}]};
vl = {Arrowheads [Medium], Arrow[{{©, 0}, V}]};
suml = {Arrowheads [Medium], Arrow[{{9, 0}, sum}]};

« Step 5. Display the geometric interpretation of the Tip-to-Tail Rule for vector addition.
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n-1- Show[Graphics[{Black, Dashed, Thickness[0.005], {Arrowheads[Medium], Arrow[{u, sum}]},
Dashing[None], Thick, Blue, ul, vi, RGBColor[1l, @, ©.4], suml, Black,
Text[Style["u", Bold, FontFamily -» "Times", FontSize - 14], {1.5, 4.9}],
Text[Style["v", Bold, FontFamily - "Times", FontSize - 14], {4, 1.6}],
Text[Style["u + v", Bold, FontFamily - "Times", FontSize - 14], {6.6, 7.2}],
Text [Style["v", Bold, FontFamily -» "Times", FontSize - 14], {4.2, 6.7}]1}1,

Axes - True, AxesLabel -» {"x;", "x;"},
LabelStyle - Directive [FontFamily - "Times", FontSize - 14, Black],
ImageSize -» 360, AspectRatio -» 1/ GoldenRatio]
outl+ J=
X2
u+v

(@)} 3
T

‘“““““““““““‘xl

+ The figure above shows vectors u, v, the translated v (dashed), and u + v. When we add
v to u, we add each component of v to the corresponding component of u. Note that we
get to the same place if we translate u instead of v.

o Step 6. Display the geometric interpretation of the Parallelogram Rule for vector
addition.
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n-}- Show[Graphics[{Thick, Blue, ul, vi, RGBColor[1l, 9, ©0.4], suml,

Black, Dashed, Thickness[0.005], Line[{u, sum}] , Line[{v, sum}],
Text[Style["u", Bold, FontFamily -» "Times", FontSize - 14], {1.5, 4.9}],
Text[Style["v", Bold, FontFamily - "Times", FontSize - 14], {4, 1.6}],
Text[Style["u + v", Bold, FontFamily - "Times", FontSize - 14], {6.6, 7.2}]}1,

Axes - True, AxesLabel -» {"x;", "x;"},

LabelStyle -» Directive [FontFamily -» "Times", FontSize -» 14, Black],

ImageSize » 360, AspectRatio » 1/ GoldenRatio]

Oout[«]=

u+v

s — o |
1 2 3 4 5 6

« The figure above shows that the third and fourth sides of the parallelogram are translated
copies of u and v, which shows the connection to the Tip-to-Tail Rule.

If a vector u is multiplied by a scalar ¢, then the new vector cu points in the same direction as u when
¢ > 0 and in the opposite direction when ¢ < 0. The length of cu is equal to the length of u multiplied by

lcl.

Example 12.2.2. Scalar Multiplication

o Step 1. Define vector u.

n-1= ClearAll["Global™ "]
u={-1, 1}; u // MatrixForm

Out[ » ]//MatrixForm=
"
1

« Step 2. Multiply the vector u by scalars.
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n-}= MatrixForm[u2 = -u]
Out[ » ]//MatrixForm=
=
-1
- }= MatrixForm[u3 = 2.5 % u]

Out[ » J//MatrixForm=
( -2.5 )
2.5
nl-J= MatrixForm[u4 = -2u]

Out[ » J//MatrixForm=
2
-2

« Step 3. Represent all resulting vectors as arrows.

mn-J= ul = {Arrowheads [Medium], Arrow[{{@, O}, u}1};
u2 = {Arrowheads [Medium], Arrow[{{0©, 0}, u2}]};
u3 = {Arrowheads [Medium], Arrow[{{©, 0}, u3}]};
u4 = {Arrowheads [Medium], Arrow[{{0©, 0}, ud}]};

« Step 4. Display the geometric interpretation of the scalar multiples of the vector u.

n-]-= Show[Graphics[{Thick, Pink, u3, Yellow, u4, Blue, ul, Green, u2, Black,

Text[Style["u", Bold, FontFamily - "Times", FontSize - 14], {-0.7, 1}],
Text[Style["-u", Bold, FontFamily -» "Times", FontSize -» 14], {1, -0.6}],
Text[Style["2.5u", Bold, FontFamily - "Times", FontSize - 14], {-1.9, 2.5}],
Text[Style["-2u", Bold, FontFamily - "Times", FontSize - 14], {2.2, -1.7}]1}]1,

Axes - True, AxesLabel -» {"x;", "x,"}, LabelStyle -

Directive[FontFamily » "Times", FontSize - 14, Black],
ImageSize -» 360, AspectRatio » 1/ GoldenRatio]

Out[« ]=

X2
2.5u [
2t
u 1 r
| | L | | | XI
-2 -1 r 1 2
I -u
-1
[ -2u
2t

+ 2.5u points in the same direction as u and is 2.5 times as long.

« -u points in the opposite direction of u and is equal in length.

245



12 | Week 12_Linear Algebra and Geometry.nb

+ -2u points in the opposite direction of u and is twice as long.

Draw a vector w from the tip of v to the tip of u. Then translate w, preserving direction and placing the

tail at the origin. The resulting vector is u - v.

Example 12.2.3. Vector Subtraction

« Step 1. Define vectors u and v.

n[-}= ClearAll["Global™ "]
u= {2, 6}; u// MatrixForm

Out[ » J//MatrixForm=
N
6
mn-1= Vv ={5,4}; v // MatrixForm

Out[ » J//MatrixForm=
5
"
« Step 2. Check the number of component of the given vectors for equality.

-] Dimensions[u] == Dimensions[v]
Out[«]=
True

« Step 3. Find the difference, u — v.

mn-}- diff = u-v; diff // MatrixForm

Out[ » ]//MatrixForm=
"
2
« Step 4. Represent the vectors u, v, and their difference as an arrow.

mn-1= ul = {Arrowheads [Medium], Arrow[{{O9, 0}, u}]};
vl = {Arrowheads [Medium], Arrow[{{O9, 0}, V}1};
diffl = {Arrowheads [Medium], Arrow[{{0, O}, diff}]};

« Step 5. Display the geometric interpretation of the vector subtraction procedure.
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n-}- Show[Graphics[{Thick, Blue, ul, vi, RGBColor[1l, 0, 0.4], diffl,

Black, Dashed, Thickness[0.005], {Arrowheads[Medium], Arrow[{v, u}]},
Text[Style["u", Bold, FontFamily -» "Times", FontSize - 14], {1.5,5.7}],
Text[Style["v", Bold, FontFamily -» "Times", FontSize - 14], {4.8, 3.2}],
Text[Style["u - v", Bold, FontFamily -» "Times", FontSize - 14], {-2, 2.3}],
Text [Style["w", Bold, FontFamily -» "Times", FontSize - 14], {3.5, 5.6}]11}1,

Axes - True, AxesLabel -» {"x;", "x;"},

LabelStyle - Directive [FontFamily - "Times", FontSize - 14, Black],

ImageSize -» 360, AspectRatio -» 1/ GoldenRatio]

Out[«]=

X1

Example 12.3: Span

Definition 12.5: Span

Let {uj, up, ..., u,} be a set of vectors in R”. The span of this set is denoted span {u;, u,, ..., u,}
and is defined as the set of all linear combinations

XU +xouy+ -+ X Uy
where x; +x, + -+ + Xx;; can be any real numbers.

If span {u;, uy, ..., u,} = R”, then we say that the set {u;, uy, ..., u,} spans R".

Show that v is in S = span {u;, u,}, and that v, is not.

2 1 -1 8
uy =1 u =|2 vi=| 4 v =12
1 3 7 1

o Step 1.1. Specify the given vectors.
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mn-1= ClearAll["Global™ x"]
ul = {{2}, {1}, {1}}; ul // MatrixForm

Out[ » J//MatrixForm=

2
1
1

m-1= u2 = {{1}, {2}, {3}}; u2 // MatrixForm

out[ « ]J//MatrixForm=
1

2
3

mn-1= vl={{-1}, {4}, {7}}; v1 // MatrixForm
Out[ = ]J//MatrixForm=
-1
4
7

Let uy, uy, ..., u, and v be vectors in R”. The v is an element of span {u;, uy, ..., u,} if and only if
the linear system with vector equation and augmented matrix

Xt +xowm+--+x,U0, =V
[ uy - uy [ V]

have a solution.

« Step 2.1. Construct the vector equation of the form: x; u; + x, u; = vy.

- 1= X1 % MatrixForm[ul] + X2 » MatrixForm[u2] == MatrixForm[v1]

Out[« ]=

1 2 -1
X2 |2 | +x1 1]—- 4
3 1 7

« Step 3.1. Construct the augmented matrix of the system, A =[u; u, | vq].

n-J= A = ArrayFlatten[{{ul, u2, v1}}]; MatrixForm[A]

Out[ » J//MatrixForm=

21 -1
12 4
13 7

« Step 4.1. Transform the augmented matrix to echelon form.
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n-]- RowReduce[A] // MatrixForm

Out[ = ]J//MatrixForm=
1 -2

0
1
0

01 3

00 o

o Step 5.1. Perform the back substitution to find scalars x; and x, and check the solution
using LinearSolve function.

n[-]= X2 =3}
X1l =-2;

mn-J- LinearSolve[({{2, 1}, {1, 2}, {1, 3}}, {-1, 4, 7}]

Out[«]=

{_29 3}

« Since the augmented matrix has a solution, v, is in S = span {u;, u,}.
« Step 6.1. Define the linear combination.

nf-]= Clear[ul, u2, vl1]
V1 == X1 % ul + X2 % u2
Out[« ]=
vl==-2ul+3u2

o Step 1.2. Specify the given vectors.

mn-1= ClearAll["Global™ x"]
ul = {{2}, {1}, {1}}; ul // MatrixForm

Out[ » ]//MatrixForm=

2
1
1

m-1= u2 = {{1}, {2}, {3}}; u2 // MatrixForm

Out[ » J//MatrixForm=

1
2
3

n-1= v2 = {{8}, {2}, {1}}; v2 // MatrixForm

Out[ » ]J//MatrixForm=

8
2
1

« Step 2.2. Construct the vector equation of the form: x; u; + x, u; = v,.
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n- 1= X1 % MatrixForm[ul] + X2 » MatrixForm[u2] == MatrixForm[v2]

Oout[«]=

1 2 8
X2 |2 | +x1 1]—- 2
3 1 1

« Step 3.2. Construct the augmented matrix of the system, A=[u; u, | v, ].

n-J= A = ArrayFlatten[{{ul, u2, v2}}]; MatrixForm[A]

Out[ = ]//MatrixForm=

218
122
131

o Step 4.2. Transform the augmented matrix to echelon form.

- RowReduce[A] // MatrixForm

Out[ » J//MatrixForm=

100

01 e]

001

o The third row of the echelon matrix corresponds to the equation 0=1. Thus the system
has no solutions and v, is not in § = span {u;, u,}.

« Step 5.2. Check the solution using LinearSolve function.

mn-J- LinearSolve[{{2, 1}, {1, 2}, {1, 3}}, {8, 2, 1}]

-+« LinearSolve: Linear equation encountered that has no solution.

Out[«]=

LinearSolve[{{2, 1}, {1, 2}, {1, 3}}, {8, 2, 1}]

# Other theorems on span are listed below.

Let uy, uy, ..., u, and u be vectors in R”. If u is in span {u;, uy, ..., u,} then

span {u, uj, up, ..., Uy} =span{uy, Uy, ..., Wy}

Suppose that u;, uy, ..., u, are in R”, and let
A=[ w w - u,]~B

where B is in echelon form. Then span {uy, ..., u,} = R” exactly when B has a pivot position in every
TOW.
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Let {u;, uy, ..., u,} be a set of vectors in R”. If m < n, then this set does not span R”. If m > n, then
the set might span R” or it might not. In this case, we cannot say more without additional information

about the vectors.

Let a;, ay, ..., a, and b be vectors in R”. Then the following statements are equivalent. That is, if one
is true, then so are the others, and if one i false then so are others.

(a) bisinspan{aj, ay, ..., a,}.

(b) The vector equation x; a; +x, a, + -+ + X, a,, = b has at least one solution.

(c) The linear system correspondingto[ a; a, --- a, | b ]has atleast one solution.

(d) The equation Ax = b, with 4 and x given as

X1
A=[ a; a, - ay] and X = x.2
b
has at least one solution.
Example 12.4: Linear Independence
Definition 12.6: Linear Independence
Let {u;, uy, ..., u,} be a set of vectors in R”. If the only solution to the vector equation
Xjup+xpW+ -+ X, 0, =0
is the trivial solution given by x; =x; = --- = x,, = 0, then the set {u;, uy, ..., u,} is linearly

independent.

If there are nontrivial solutions, then the set is linearly dependent.

Determine if the given set is linearly dependent or linearly independent.

-1 3 =2

4 -13 1

u = _ u = 7 usz = 9
-3 7 -5

o Step 1.1. Specify the given vectors.

(]
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mn-1= ClearAll["Global™ x"]
ul = {{-1}, {4}, {-2}, {-3}}; ul // MatrixForm
Out[ « J//MatrixForm=
-1
4
-2
-3

nok- u2 = {{3}, {-13}, {7}, {7}}; u2 // MatrixForm

Out[ = ]//MatrixForm=

3
-13
7
7

o 1= u3d = {{-2}, {1}, {9}, {-5}}; u3 // MatrixForm
Out[ « J//MatrixForm=
-2
1
9
-5

o Step 2.1. Construct the vector equation of the form: x; u; + x, u, + x3u3 = 0.

n-1- b = ConstantArray[0, {4, 1}];
MatrixForm[x1 % ul] + MatrixForm[x2 x u2] + MatrixForm[x3 % u3] == MatrixForm[b]
Out[«]=

-x1 3 x2 -2x3 0
4 x1 -13 x2 X3 0
ax1 | 7x2 | Tl ex3 | |e
-3x1 7 X2 -5x3 0

« Step 3.1. Construct the corresponding augmented matrix: A=[u; u, uz | 0]

n-1- A = ArrayFlatten[{{ul, u2, u3, b}}]; MatrixForm[A]

Out[ » J//MatrixForm=

-1 3 -2 0
4 -13 1 o
-2 7 9 0o
-3 7 -50

o Step 4.1. Transform the augmented matrix to echelon form.

n-]- RowReduce[A] // MatrixForm

Out[ » J//MatrixForm=

®© 0 0 R
0O Fr O
O r OO
© O 00

o Step 5.1. Perform the back substitution and check the solution using LinearSolve func-
tion.
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X3 = 9;
X2 = 9;
x1 = 0;

o - LinearSolve[{{-1, 3, -2}, {4, -13, 1}, {-2, 7, 9}, {-3, 7, -5}}, b]

Oout[«]=

{{0}, {03, {O}}

o The results show that the only solution is the trivial one, x; = x, = x3 = 0. Hence the
{uy, uy, us} is linearly independent.

« Other theorems on linear independence are listed below.

Suppose that {0, u;, uy, ..., u,} is a set of vectors in R”. Then the set is linearly dependent.
Suppose that {u;, uy, ..., u,} is a set of vectors in R”. If n < m, then the set is linearly dependent.

Let {u;, uy, ..., u,} be a set of vectors in R”. Then this set is linearly dependent if and only if one of

the vectors in the set is in the span of the other vectors.

Let u;, uy, ..., u, bein R”, and suppose
A= w w - uw,]~B
where B is in echelon form. Then
(a) spanfuy, ..., u,} = R" exactly when B has a pivot position in every row.

(b) {uy, ..., u,}is linearly independent exactly when B has a pivot position in every column.

Let a;, ay, ..., a, and b be vectors in R”. Then the following statements are equivalent. That is, if one
is true, then so are the others, and if one i false then so are others.

(a) The set{a;, a,, ..., a,} is linearly independent.

(b) The vector equation x; a; +x; a, + --- + X, a,, = b has at most one solution for every b.

(c) The linear system correspondingto[ a; a, --- a, | b ]hasatmost one solution for every b.

(d) The equation Ax =b, with A =[ a; a, --- ay ], has at most one solution for every b.

Example 12.5: Dot Products and its Applications

Definition 12.7: Dot Product

Suppose that
Uy Vi
u=|: and v=|:

u, 253 Vn
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are both in R”. Then the dot product of u and v is given by
U-v=uvy+--+ U, v,
An alternative way to define the dot product of u and v is with matrix multiplication

V1

uv=ulv=(u - uy)| P |=ug v+ F u,v,

Vn

/\ Unlike vector addition, which produces a new vector, the dot product of two vectors yields a scalar.

Let u, v, and w be vectors in R”, and ¢ be a scalar. Then
(@) u-v=v-u

(b) (u+v)-w=u-w+v-w

(c) (cu)-v=u-(cu)=c(u-v)

(d) u-u=0,andu-u=0only whenu =0
Prove the property (b) of Theorem 12.6 using the given vectors.
2 -1 5
1 4 0
u= V= W=
-3 0 1
2 3 2

« Step 1. Define the given vectors.

- ClearAll["Global™ "]
u={2,1, -3, 2}; u// MatrixForm

Out[ » J//MatrixForm=

2

1
-3

2

m-1= v=4{-1, 4, 0, 3}; v // MatrixForm
Out[ » ]//MatrixForm=
-1
4
0
3
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n-1= W= {5, 0, 1, 2}; w // MatrixForm

Out[ » J//MatrixForm=

5
0
1
2

o Lets start with the right-hand-side of (b).
o Step 2. Compute the sum u + v.

m-]= sumUV = u +Vv; sumUV // MatrixForm

Out[ » J//MatrixForm=

1
5
-3
5
« Step 3. Compute the dot product of u + vand w by multiplying the corresponding
entries and adding them together.

+ So the right-hand-side of Theorem 12.6 (b) equals to:

in[-]= RHS = sumUV[1] * w[1] + sumUV[2] * w[2] + sumUV[3] » w[3] + sumUV[4] » w[4]

Out[«]=
12

+ Compute the left-hand-side expression of (b) using a Do and For loops.
« Step 4. Get the dimension of one of the vectors.

in[-}- dim = Dimensions[u]

Out[«]=

{4}
o Step 5. Assign the two new variables responsible for the dot products u-wandv-wa
zero value.

n-1= dotUW = @3
dotVW = 9;

« Step 6. Run a do loop for computing the dot product of the vectors u and w.

-} Do[dotUWN = dotUW + u[i]] » w[i], {i, 1, dim[1]}];
dotUW

Oout[«]=

11

o Step 7. Run a for loop for computing the dot product of the vectors v and w.
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m-}- For[i=1, i<dim[1l], i++,
dotVIW = dotVW + v[[i]] » w[i]
15
dotViW
Out[« ]=
1

« Step 8. Sum upp the two dot products.

nf-1= LHS = dotUW + dotViW
Out[« ]=
12

o Step 9. Check the two sides of (b) for equality.

in[-]= RHS == LHS

Out[«]=

True

o Step 10. Confirm the results using the built-in function Dot(.).

in[-J= RHS =Dot[(u+vVv), w]
Out[« ]=

True
m-]= LHS == U.W+ V.W
Out[«]=
True

The dot product is used to find the lengths, distances, angles, and orthogonality of vectors.

Definition 12.8: Norm of a Vector

Let x be a vector in R”. Then the norm (or length) of x is given by

— 4f _ 2,,2 2
x|l = x-x_\/x1+x2+---+xn

For a scalar ¢ and a vector x, it follows from Theorem 12.6¢ that

llex|l = |c| IIx]]

Find || x || and || -5x || for the given vector X.
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« Step 1. Define the given vector x.

= ClearAll["Global™ "]

x ={-3,1, 4}; x // MatrixForm
out[ » |//MatrixForm=
-3
1
4

« Step 2. Compute the length of x using the definition.

n-7= horml = '\/x[[l]]2+x[[2]]2+x[[3]]2

Out[«]=

26

« Step 3. Compute the length of -5x using the definition.

n[-]= norm2 = Abs[-5] * norml

Oout[«]=

5 /26

« Step 4. Confirm the results using the built-in functions.

Inf ]:= '\/x.x == horml

Out[« ]=
True

in[-1= Norm[-5 X] == norm2

Out[«]=
True

Definition 12.9: Distance Between Vectors
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For two vectors u and v in R”, the distance between u and v is given by ||u —=v]||.

Compute the distance between the given vectors u and v.

-1 7
u=| 3 v=]| 1
2 -5

o Step 1. Define the given vectors u and v.
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mn-1= ClearAll["Global™ x"]
u={-1, 3, 2}; u // MatrixForm
Out[ « J//MatrixForm=
-1
3
2

mn-}- v={7,1, -=5}; v // MatrixForm
Out[ » ]//MatrixForm=
7
1
-5

« Step 2. Compute the difference of two vectors: u - v.

n-}- diff = u-v; diff // MatrixForm
Out[ « J//MatrixForm=
-8

2
7

« Step 3. Compute the distance between two vectors using the definition.

- d= A difF[1]2 + diff[2]2 + difF[3]2

Oout[«]=

3413
« Step 4. Confirm the results using the built-in functions Norm and EuclideanDistance.
mnf-1= Norm[u-vVv] =d
Out[«]=
True

n-- EuclideanDistance[u, v] ==d
Out[« ]=
True

Definition 12.10: Angle Between Vectors

Let u and v be vectors in R”. Then the angle 6 between u and v is given by

u-v=|[ufl [[v]fcos®)

Compute the angle between the given vectors u and v.

=) =)
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« Step 1. Define the given vectors u and v.

= ClearAll["Global™ "]
u= {2, 3}; u// MatrixForm

Out[ » ]//MatrixForm=
5
3
mn-}= Vv={-3,4}; v // MatrixForm

Out[ » J//MatrixForm=

"

« Step 2. Solve the equation in definition for cos(6).

u.v
In[-]= €OS =
Norm[u] * Norm[V]
Out[« ]=
6
513

« Step 3. Find the angle 6.

n-1- angle = ArcCos[cos]

Out[«]=

6
ArcCos | ]
5413
« Step 4. Convert the angle into degrees.
180
n-1- angleDeg = N[angle] » —
Pi

Out[«]=

70.56
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« Step 5. Confirm the results using the built-in function VectorAngle.

- VectorAngle[u, v]

Out[«]=

6
ArcCos [ - \/ﬁ ]

Definition 12.11: Orthogonal Vectors

| Vectors u and v in R” are orthogonal if u-v = 0.

Determine if any pair among u, v, and w is orthogonal.
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2 3
-1 2

u= vV =
-2 0

o Step 1. Define the given vectors u, v, and w.

= ClearAll["Global™ "]
u= {2, -1, 5, -2}; u// MatrixForm
Out[ » J//MatrixForm=
2
-1
5
-2

m-}- v={3,2, -4, 0}; v // MatrixForm
Out[ » J//MatrixForm=
3
2
-4
0

n-}- W= {2, 9, 6, 4}; w // MatrixForm

Out[ » J//MatrixForm=

2

H o L©

« Step 2. Compute their dot products.

In[+ ]:= u.v

Out[« ]=
-16

« The dot product is not equal to zero, hence u and v are not orthogonal.

In[« ]:= Uu.w

Out[« ]=
17

+ The dot product is not equal to zero, hence u and w are not orthogonal.

In[~]= V.W

Out[«]=

+ The dot product is equal to zero, hence v and w are orthogonal.

« Step 3. Confirm the results by computing the angles between vectors.
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+ The term orthogonal is commonly said to be equivalent to perpendicular.

180
mn-1= N[VectorAngle[u, v]] * —
Pi
Out[«]=
120.633
180
mn-J= N[VectorAngle[u, w]] * —
Pi
Oout[«]=
75.5766
180

mn-1= N[VectorAngle[v, w]] * —
Pi

Out[« ]=
90.

+ The angle between v and w vectors is 90°, hence they are perpendicular~orthogonal.

Example 12.6: Linear Transformations

Definition 12.12: Linear Transformation

A function 7: R” - R” is a linear transformation if for all vectors u and vin R™ and all scalars » and
s we have

@ T@+v)=Tm@+T(w)

(b) T @ru)=rT (u)

Conditions (a) and (b) can be combined into a single condition

T (ra+sv)=rT (u)+sT (V)

Suppose that T: R? - R*is defined by

2X1 +X3
X
T C —X1 +2XZ
X2 =
¥ X1—3)C2+5)C3
3
4XZ

(a) Show that T'is a linear transformation.
(b) Is alinear transformation one-to-one?

(c) Is alinear transformation onto?
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(a) Approach 1: To show that T is a linear transformation requires the verifying the both
conditions (a) and (b) of Definition 12.12.

« Step 1. Define the vectors u and v, and the given linear transformation.

mn-}- ClearAll["Global x"]
u={ul, u2, u3}; u// MatrixForm
Out[ » J//MatrixForm=
ul
u2
u3

m-}= Vv ={vl, v2, v3}; v // MatrixForm
out[ » //MatrixForm=
vl
v2
v3

m-l= TL{X1_, X2_, X3_}] = {{2x1+x3}, {-x1+2x2}, {x1-3x2+5x3}, {4x2}}
o Step 2. For Part (a), verify that T(u +v) = T (u) + T(v).
o Left-hand-side: T(u +v).

m-}= aLHS = T[u+v]; aLHS // MatrixForm

Out[ » ]//MatrixForm=

ud+2 (ul+vl) +v3
—ul-v1l+2 (u2+v2)
ul+vl-3 (u2+v2) +5 (U3 +v3)
4 (u2 +v2)

+ Expanded form:

n-1= Expand[%] // MatrixForm

Out[ » J//MatrixForm=

2ul +u3+2vl+v3
-ul+2u2-v1l+2v2
ul-3u2+5u3+vl1-3v2+5v3
4u2+4v2

« Right-hand-side: T (u) + T'(»v).

mn-}= aRHS = T[u] + T[v]; aRHS // MatrixForm

Out[ » J//MatrixForm=

2ul +u3+2v1+v3
-ul+2u2-v1l+2v2
ul-3u2+5u3+vl1-3v2+5v3
4u2+4v2

+ Checking both sides of (a) for equality:
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inf-]= FullSimplify[aLHS == aRHS]

Oout[«]=

True

o Step 3. For Part (b), verify that T(ru) = T (u).
o Left-hand-side: T(ru).

mnf-}= bLHS = T[r*u]; bLHS // MatrixForm

Out[ » ]//MatrixForm=
2rul+ru3

-rul+2ru2
rul-3ru2+5ru3
4ru2

« Right-hand-side: »T (u).

m-7- bDRHS = r%T[u]; bRHS // MatrixForm

Out[ » ]//MatrixForm=

r (2ul +u3)
r(-ul+2u2)
r (ul-3u2+5u3)
4ru2

+ Expanded form:

n-1- Expand[%] // MatrixForm

Out[ » ]//MatrixForm=
2rul+ru3

-rul+2ru2
rul-3ru2+5ru3
4ru2

« Checking both sides of (a) for equality:

inf- = FullSimplify [bLHS == bRHS]

Out[« ]=

True

The results verify that both parts of the Definition 12.12 hold, so 7 is a linear
transformation.

Let 7: R™ - R”. Then T is a linear transformation if and only if 7'(x) = Ax for some 7 X m matrix 4.

(a) Approach 2: To apply the and find matrix A4 such that 7'(x) = Ax to show
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that 7' 1s a linear transformation.
« Step 1. Define the vector x and the given linear transformation.

n-}= ClearAll["Global™ "]
x = {x1, x2, x3}; x // MatrixForm

Out[ = ]J//MatrixForm=
x1
X2

x3

m-l= TL{X1_, X2_, X3_}] := {{2x1+x3}, {-x1+2x2}, {x1-3x2+5x3}, {4x2}}

« Step 2. Compute the linear transformation of x.

nf-1=  T[x] // MatrixForm

Out[ » J//MatrixForm=

2 X1+ X3
-x1+2x2
x1-3x2+5x3
4 x2

« Step 3. Rewrite the given linear transformation function by adding the missing elements.

m-}= newT[{x1_, x2_, x3_}] :=
{{2x1+0x2+x3}, {-x1+2x2+0x3}, {x1-3x2+5x3}, {0x1+4x2+0x3}}

1= newT[{x1, x2, x3}] // MatrixForm

Out[ » ]//MatrixForm=
2x1+x3

-x1+2x2
X1-3x2+5x3
4 x2

o Step 4. Verify that nothing have changed and the linear transformations are the same.

mf-1= T[{x1, x2, x3}] == newT [ {x1, x2, x3}]

Out[« ]=
True

« Step 5. Find the matrix 4 so that 7'(x) = Ax.

m-}= newT[{x1_, x2_, X3_}] :=
{{2x1, +6x2, +x3}, {-x1, +2x2, +0x3}, {x1, -3x2, +5x3}, {0x1, +4x2, +0x3}}

A=newT[{1, 1, 1}]; A // MatrixForm
Out[ » J//MatrixForm=
2 0 1
-1 2 0
1 -35
0 4 0
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o Step 6. Verify the equality 7'(x) = Ax.

x1
nf-}=  T[X] == A. xz] // FullSimplify
x3
Out[« ]=
True

o Since, 7(x) = Ax, T is a linear transformation by

Definition 12.13: One-to-One and Onto Linear Transformations

Let 7: R™ - R” be a linear transformation. Then if for all vectors u and v in R” and all scalars » and s
we have

(a) Tis one-to-one if for every vector w in R” there exists at most one vector u in R” such that

T (u) = w.

(b) Tis onto if for every vector w in R” there exists at least one vector u in R” such that 7 (u) = w.

Let 7 be a linear transformation. Then 7 is one-to-one if and only if the solution to 7'(x) = 0 is the

trivial solution x = 0.

Let 4 bea nxm matrix and define 7: R” —» R” by T(x) = Ax. Then

(a) Tis one-to-one if and only if the columns of 4 are linearly independent.

(b) IfA4 ~ B and B is in echelon form, then 7 is one-to-one if and only if B has a pivot position in every
column.

(c) Ifn <m,then T is not one-to-one.

(b) To find whether the linear transformation is one-to-one or not, we shoud apply either part
of

According to the , we need to find the solution to 7'(x) =0, which is
equivalent to solving Ax = 0.

« Step 1. Define the given linear transformation and corresponding matrix 4.
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m-1= TL{x1_, X2_, X3_}] :=
{{2x1, +0x2, +x3}, {-x1, +2x2, +0x3}, {x1, -3x2, +5x3}, {06x1, +4x2, +0x3}}

A=T[{1,1, 1}]; A // MatrixForm

Out[ = ]//MatrixForm=

2 01
-1 2 ©
1 -35
e 4 0o

« Step 2. Construct the corresponding augmented matrix for Ax = 0.

mn-J- b = ConstantArray[0, {4, 1}];
AugMat = ArrayFlatten[{{A, b}}]; AugMat // MatrixForm

Out[ » ]//MatrixForm=

2 0 10
-1 2 0 0
1 -350
e 4 00

« Step 3. Reduce the augmented matrix to row echelon form.

- - RowReduce[AugMat] // MatrixForm

Out[ » J//MatrixForm

<

1000
0100
00160
0 000

+ The echelon form shows that Ax = 0 has only the trivial solution.
o Step 4. Verity the result using built-in function.

n-1- LinearSolve[A, b]

Out[«]=

{{e}, {@}, {0}}

T (x) = 0 has only the trivial solution and thus 7 is one-to-one.

Let 4 bea nxm matrix and define 7: R” - R” by T'(x) = Ax. Then
(a) Tis onto if and only if the columns of 4 span the codomain R”.
(b) If 4 ~ B and B is in echelon form, then 7 is onto if and only if B has a pivot position in every row.

(¢) Ifn > m,then T is not onto.

(¢) To find whether the linear transformation is onto or not, we shoud apply
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« Step 1. Define the given linear transformation and corresponding matrix 4.
m-1= TL{x1_, X2_, X3_}] :=
{{2x1, +0x2, +x3}, {-x1, +2x2, +0x3}, {x1, -3x2, +5x3}, {0x1, +4x2, +0x3}}

A=T[{1,1, 1}]; A // MatrixForm

Out[ » J//MatrixForm=

2 01
-1 2

1 -35
e 4 0

« Step 2. Get the dimensions of the matrix A.

n[-}- dim = Dimensions[A]
Out[«]=
{4, 3}

n-1=  n=dim[1];
m = dim[2];

o Step 3. Check the condition (c) of the given theorem and compare the number of rows
and columns.

n[-]= N >m
Out[«]=
True

Since n =4 > m = 3, t 1s not onto.

Example 12.7: Geometry of Linear Transformations

Every linear transformation of the plane has a geometric effects and used to change the
position. orientation, or shape of geometric objects. This section discusses the different types

of common geometric linear transformations like reflections, rotations, shears, dilations, and
projections.

& Define the vector u.

- ClearAll["Global %"]
u= {5, 4}; u// MatrixForm

Out[ » ]//MatrixForm=

"

Refection Across x-Axis
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+ Define the given geometric transformation with the matrix A.

n-1- A= {{1, 0}, {0, -1}}; A // MatrixForm

Out[ » ]J//MatrixForm=
10
o 1)
# Define the corresponding linear transformation using the definition 7'(x) = 4x.

m-J= TI{X_, y_}] =A.u
Oout[«]=

{5, -4}

o Find the reflection of the vector u across the x-axis.

m-1= RX =T[u]
Out[«]=
{5, -4}

+ Represent the vector u and its image as an arrow.

n-1= ul = {Arrowheads[0.05], Arrow[{{0, 0}, u}]};
Rx1 = {Arrowheads[0.05], Arrow[{{©, 0}, Rx}1};

+ Show the image of vector u under the reflection across x-axis.

-] Show[Graphics[{Thickness[0.008], Black, Dashed, Line[{{©@, 0}, {5.2, 0}}], Dashing[None],
Blue, ul, RGBColor[1l, 9, 0.4], Rx1, Red, PointSize[0.02], Point[u], Point[Rx], Black,
Text [Style["u", Bold, FontFamily » "Times", FontSize - 16], {4.5, 4.3}],
Text[Style["u'", Bold, FontFamily - "Times", FontSize - 16], {4.5, -4.3}1},
GridLines -» Automatic], Axes - True, AxeslLabel -» {"x", "y"},

PlotRange » {{-0.5, 5.5}, {-5, 5}},

LabelStyle -» Directive[FontFamily -» "Times", FontSize -» 14, Black],

ImageSize -» 360, AspectRatio -» 1/ GoldenRatio]

Out[+ =

y

Ny
\i

\

_—

- T R R S PR A Y P PR -l

~_

\

Refection Across y-Axis
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« Define the given geometric transformation with the matrix A.

m-1- A={{-1, 0}, {0, 1}}; A // MatrixForm

Out[ » ]//MatrixForm=
-1 0
( 0 1)
« Define the corresponding linear transformation using the definition 7'(x) = 4x.

m-l= T[{X_, y_}] =A.u
Out[« ]=
{-5, 4}

« Find the reflection of the vector u across the y-axis.

m-J= Ry =T[u]
Out[«]=
{-5,4}

+ Represent the vector u and its image as an arrow.

mn-1= ul = {Arrowheads[0.05], Arrow[{{@, 0}, u}]};
Ryl = {Arrowheads[0.05], Arrow[{{@, 0}, Ry}1};

+ Show the image of vector u under the reflection across y-axis.

- 1= Show[Graphics[{Thickness[0.008], Black, Dashed, Line[{{©@, 0}, {©, 4.5}}], Dashing[None],
Blue, ul, RGBColor[1l, O, ©.4], Ryl, Red, PointSize[0.02], Point[u], Point[Ry], Black,
Text[Style["u", Bold, FontFamily -» "Times", FontSize - 16], {4.5, 4.3}],
Text[Style["u'", Bold, FontFamily - "Times", FontSize - 16], {-4.5, 4.3}1},

GridLines -» Automatic], Axes - True, AxesLabel - {"x", "y"},
PlotRange -» {{-5.5, 5.5}, {-0.5, 4.5}},
LabelStyle - Directive [FontFamily - "Times", FontSize - 14, Black],
ImageSize » 360, AspectRatio » 1/ GoldenRatio]

Out[« ]=

u'

~

=

I

f

-———

W

N4 S

/
N\

—_—

———
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Rotation by Angle 6

+ Define the given geometric transformation with the matrix 4.

mn-J= A= {{Cos[6], -Sin[6]}, {Sin[6], Cos[6]}}; A // MatrixForm

Out[ = ]//MatrixForm=

Cos[@] -Sin[o]
Sin[e] Cos[@]
# Define the corresponding linear transformation using the definition 7'(x) = 4x.

ni-J= TI{X_, y_}1 = A.{X, y}
Out[«]=
{xCos[©] ~ySin[©], yCos[O] +xSin[6]}

+ Find the rotation of the vector u by angle 6 = 30°.

n-]= © = 25Degree;
RO = T[u]
Out[+ =
{5C0s[25°] -4Sin[25°], 4Cos[25°] +5Sin[25°]}

+ Represent the vector u and its image as an arrow.

n-]= ul = {Arrowheads[0.05], Arrow[{{0, 0}, u}]};
Rel = {Arrowheads[0.05], Arrow[{{O, O}, R6}1};

+ Show the image of vector u under the rotation by angle 6.
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ni-1-  Show[Graphics[{Thickness[0.008], Blue, ul, RGBColor[1l, @, 0.4], Rel,
Red, PointSize[0.02], Point[u], Point[Re], Black, Thickness[0.005],
Arrow[BezierCurve[{{1, 0.8}, {1.2, 1.8}, {0.7, 1.4}}11,
Text[Style["u", Bold, FontFamily » "Times", FontSize - 16], u+0.3],
Text[Style["u'", Bold, FontFamily -» "Times", FontSize - 16], {2.6, 6.1}],
Text [Style["e=25°", Bold, FontFamily - "Times", FontSize -» 14|, {1.4, 1.8}]},

GridLines » Automatic] , Axes - True, AxeslLabel -» {"x", "y"},
LabelStyle -» Directive [FontFamily -» "Times", FontSize - 14, Black],
ImageSize -» 360, AspectRatio » 1/ GoldenRatio]

Out[« ]=

y

p—
-

(@)}

\:

W
T

\\

\

—_—
\

Vertical Shear Transformation

+ Define the given geometric transformation with the matrix 4.

n-1= A= {{1, @}, {v, 1}}; A // MatrixForm
Out[ » ]//MatrixForm=
10
\Y 1)

o where v 1s a vertical shear factor.

# Define the corresponding linear transformation using the definition 7'(x) = 4x.

m-l= TI{X_, y_}1 =A.{X, ¥}
Out[«]=
{x, vx+y}

o Find the vertical shear of the vector u by a factor of 3.

n[-1= V=3
vSht = T[u]
out[«]=
{5, 19}
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+ Represent the vector u and its image as an arrow.

mn-1= ul = {Arrowheads[0.05], Arrow[{{@, 0}, u}]};
vShtl = {Arrowheads[0.05], Arrow[{{©, 0}, vSht}]};

+ Show the image of vector u under the vertical shearing.

n-1- Show[Graphics[{Thickness[0.008], Blue, ul, RGBColor[1l, 9, 0.4],
vShtl, Red, PointSize[0.02], Point[u], Point[vSht], Black,
Text[Style["u", Bold, FontFamily -» "Times", FontSize - 16], u+9.3],
Text[Style["u'", Bold, FontFamily - "Times", FontSize - 16], vSht +0.3]},
GridLines -» Automatic], Axes - True, AxesLabel - {"x", "y"},
LabelStyle -» Directive [FontFamily -» "Times", FontSize -» 14, Black],
ImageSize -» 360, AspectRatio - 1 / GoldenRatio]

Out[«]=

y
» u'
15 /
10} //
5’ // » U
2 3 4 5

Horizontal Shear Transformation

+ Define the given geometric transformation with the matrix A.

n-1- A= {{1, h}, {0, 1}}; A // MatrixForm

Out[ = J//MatrixForm=
( 1 h
01

« where / 1s a horizontal shear factor.
« Define the corresponding linear transformation using the definition 7'(x) = Ax.

m-1= TI{X_, y_}1 =A.{X, ¥}
Out[«]=

{x+hy, y}

+ Find the horizontal shear of the vector u by a factor of 2.
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n-1= h=2;
hSht = T[u]
Out[+ =
{13, 4}

« Represent the vector u and its image as an arrow.

mn-]= ul = {Arrowheads[0.05], Arrow[{{©, 0}, u}]};
hShtl = {Arrowheads[0.05], Arrow[{{9, 0}, hSht}]};

« Show the image of vector u under the horizontal shearing.

n-1- Show[Graphics[{Thickness[0.008], Blue, ul, RGBColor[1l, 9, 0.4],
hShtl, Red, PointSize[0.02], Point[u], Point[hSht], Black,
Text[Style["u", Bold, FontFamily -» "Times", FontSize - 16], {5.7, 4.3}],
Text[Style["u'", Bold, FontFamily - "Times", FontSize - 16], {13.7, 4.3}]1},
GridLines -» Automatic], Axes - True, AxesLabel -» {"x", "y"},
LabelStyle -» Directive [FontFamily -» "Times", FontSize - 14, Black],
ImageSize -» 360, AspectRatio -» 1/ GoldenRatio]
Out[« ]=

y

Ry AR

A\

Dilation

« Define the given geometric transformation with the matrix A.

n-1- A= {{d, @}, {0, d}}; A // MatrixForm

Out[ » ]//MatrixForm=
[od)
o d
o where d is a scale factor which determines how much larger or smaller the image will be
compared to the original geometric object.

« Define the corresponding linear transformation using the definition 7'(x) = 4x.
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m-1= TI{X_, y_}1 =A.{X, ¥}
Out[«]=

{dx, dy}
« Find the dilation of the vector u by a factor of 1.5.

n-1= d=1.5;
Du = T[u]
Oout[«]=

(7.5, 6.1

+ Represent the vector u and its image as an arrow.

mn-1= ul = {Arrowheads[0.05], Arrow[{{0, 0}, u}]};
Dul = {Arrowheads[0.05], Arrow[{{@, 0}, Du}]1};

+ Show the image of vector u under the dilation.

- 1= Show[Graphics[{Thickness[0.008], RGBColor[1, O, 0.4],
Dul, Blue, ul, Red, PointSize[0.02], Point[u], Point[Du], Black,
Text[Style["u", Bold, FontFamily -» "Times", FontSize - 16], {5.1, 4.5}],
Text[Style["u'", Bold, FontFamily - "Times", FontSize - 16], {7.6, 6.5}1},
GridLines - Automatic], Axes - True, AxesLabel - {"x", "y"},
LabelStyle -» Directive [FontFamily -» "Times", FontSize - 14, Black],
ImageSize » 360, AspectRatio -» 1/ GoldenRatio]
Out[+ =

y

\

\

N
T

\

\

Projection onto the x-Axis

+ Define the given geometric transformation with the matrix 4.

n-1= A= {{1, @}, {0, 0}}; A // MatrixForm

Out[ » ]//MatrixForm=

[0 o)
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# Define the corresponding linear transformation using the definition 7'(x) = 4x.

m-= TI{X_, y_}] = A.{X, y}
Out[« ]=
{x, 0}

+ Find the projetion of the vector u onto the x-axis.

nf-1= PX =T[u]
Oout[«]=

{5, 0}

+ Represent the vector u and its image as an arrow.

n-1= ul = {Arrowheads[0.05], Arrow[{{0, 0}, u}]};
Px1 = {Arrowheads[0.05], Arrow[{{9, 0}, Px}1};

+ Show the image of vector u under the projection onto the x-axis.

n-]= Show[Graphics[{Thickness[0.008], Dashed, Line[{{5, 0}, {5, 4}}], Dashing[None], Blue, ul,
RGBColor[1l, @, ©.4], Px1, Red, PointSize[0.02], Point[u], Point[Px], Black,
Text[Style["u", Bold, FontFamily -» "Times", FontSize -» 16], u+9.3],
Text[Style["u'", Bold, FontFamily -» "Times", FontSize - 16], Px+0.3]},
GridLines -» Automatic], Axes - True, AxesLabel -» {"x", "y"},
LabelStyle -» Directive[FontFamily -» "Times", FontSize -» 14, Black],
ImageSize -» 360, AspectRatio -» 1/ GoldenRatio]

Out[« ]=

y
N u
3 //
N pd
//
! e
u'
2 3 4 By x

Projection onto the y-Axis

+ Define the given geometric transformation with the matrix A.

n-1- A= {{0, 0}, {0, 1}}; A // MatrixForm

Out[ » ]//MatrixForm=

[0 1)
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# Define the corresponding linear transformation using the definition 7'(x) = 4x.

m-= TI{X_, y_}] = A.{X, y}
Out[« ]=
{0, y}

+ Find the projetion of the vector u onto the y-axis.

in[-]= Py = T[u]
Oout[«]=

{6, 4}

+ Represent the vector u and its image as an arrow.

n-1= ul = {Arrowheads[0.05], Arrow[{{0, 0}, u}]};
Pyl = {Arrowheads[0.05], Arrow[{{@, O}, Py}1};

« Show the image of vector u under the projection onto the y-axis.

-] Show[Graphics[{Thickness[0.008], Black, Dashed, Line[{{©@, 4}, {5, 4}}], Dashing[None],
Blue, ul, RGBColor[1l, O, ©.4], Pyl, Red, PointSize[0.02], Point[u], Point[Py], Black,
Text[Style["u", Bold, FontFamily -» "Times", FontSize -» 16], u+9.3],

Text[Style["u'", Bold, FontFamily -» "Times", FontSize - 16], Py +0.3]},
GridLines -» Automatic], Axes - True, PlotRange » {{-0.5, 5.5}, {-0.5, 4.5}},
AxesLabel -» {"x", "y"}, LabelStyle -» Directive[FontFamily » "Times", FontSize - 14, Black],
ImageSize -» 360, AspectRatio -» 1/ GoldenRatio]
out[«]=

y

iu' u

\

\

In[« ]:=

Summary

After completing this chapter, you should be able to
= analyze vectors, simple vector operations, and geometry of vectors in Mathematica.

= analyze span and linear independence of vectors in Mathematica.
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= analyze the dot product of two vectors and related applications in Mathematica.
= analyze linear transformations in Mathematica.

= learn and use information, tools, and technology to solve problems.
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Week 13: Linear Systems of ODEs

How to solve a system of differential equations?

Table of Contents

1. Homogeneous First-Order Linear System of ODEs with Initial Condition
1.1. Method 1: Separation of Variables
1.2. Method 2: Laplace Transforms
1.3. Method 3: Eigenvalues and Eigenvectors

2. Summary

Commands list

= [ntegrate

= Solve

= DSolve

= LaplaceTransform

= [nverseLaplaceTransform
= RowReduce

= Transpose

= Join

= [nverse

= CharacteristicPolynomial
= Figenvalues

= Eigenvectors

= Eigensystem

= Wronskian

= DiagoalizableMatrixQ

Prerequisite: Eigenvalues and Eigenvectors

The Wolfram Language includes built-in functions that are helpful in solving the systems of
differential equations. This section dicusses the 3 methods for solving the homogeneous linear
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systems ODEs of first order with initial condition. Therefore it is recommended to visit and
read the sections for Weeks 1, 6, and 11 of this guidebook to learn more about these methods.

Week 1 | 1st Order ODEs
Week 6 | Laplace Transforms-2 (Solving ODEs)
Week 11 | Eigenvalues and Eigenvectors

Homogeneous First-Order Linear System of ODEs with IVP

Example 13.1: Consider the reaction network of two irreversible (one-way), first-order
reaction in series:

kq k»
A—>B—C

Suppose at time ¢ = 0, we have initial conditions [A4] = [4y], [B] = 0, [C] = 0, where [4], [B],
and [C] denote the concentrations of species 4, B, and C, respectively. Using the Guldberg-

Waage form of the reaction rates to describes the network 4 - B - C gives for

volume:
a4l _
- —k[A4]
d[B
T = A1 - ol B
d[C]

Solve the above rate equations (system of ODEs) to determine the concentrations [A4], [B], ar

[C] as a function of time.

Solution: Instaed of using notations like [4], [B], and [C], let’s introduce y; = [4], y, = [B],

and y; =[c] and rewrite the system of ODEs as

dyl
i =yi=-kin

dy
th =yy=kiyi—ky
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dys
o BTk

with initial conditions y;(0) = [4y], ¥2(0) = 0, and y3(0) = 0.

Method 1: Sepataion of Variables

Since the first ODE are separable equations, we will solve it by the method of separation of
variables.

o Step 1. The first ODE is separable: y;! dy; = —k; dt.

mn-1= ClearAll["Global™ x"]
expr =yl'[t] +k1l»yl[t]
Out[« ]=
klyl[t] +yl'[t]

o Step 2. Integrate the left-hand-side with respect to y;.

ni-1- LHS = Integrate[y1l™, yi]
Out[« ]=
Loglyl]

« Step 3. Integrate the right-hand-side with respect to ¢.

n-1- RHS = Integrate[-k1, t]
Out[«]=
-k1t

« Step 4. By integration we got: Iny, = —k; t + C. Solve the expression to get the general
solution to ODE.

-1~ Solve[LHS == RHS + C, y1, Reals]

Out[« ]=

(v~ ey

n- 1= ylgenSoln = C % Exp[-k1 % t]
Out[«]=
C e—klt

« Step 5. Use initial value condition y;(0) = 4, to find the particular solution.

1= Ylg =ylgenSoln /.t -0
Out[« ]=
C

« Solve for the arbitrary constant.
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1= Solve[yly = AQ, C]
Oout[«]=

{{C->A0}}

« Substitute the arbitrary constant to the general solution.

mn-J= ylpartSol = ylgenSoln /. C » A@;
y1[t] = ylpartSol

Oout[«]=

yi[t] = AQ ¢!

« Step 6. Verify the obtained solution.

mn-1- dsoll = DSolve[{expr == 0, y1[0] == A@}, y1[t], t]
Out[«]=

{{y1[t] > Aee™ }}

n-1- FullSimplify[ylpartSol == A@ e ]
Out[« ]=
True

Now we move to the second ODE. Substituting the solution y;(¢) into the second ODE,
y; = k1 y1 — ky y», we get a non-homogeneous linear ODE of first order.

o Step 1. Define the second ODE and substitute the solution y;(¢).

1= expr2 =y2'[t] -klxyl[t] +k2*y2[t]
Out[«]=

~klyl[t] +k2y2[t] +y2' [t]

n-J= expr2 =expr2 /.yl[t] » A@ » Exp[-k1 » t]
Out[«]=
A0 e MKl k2y2(t] +y2'[t]
+ Now we have a non-homogeneous linear ODE of the form y' + p(¢) y = r(z).
o Step 2. Define the p(?) and r(2).

In[+ ]:= p=k2}
r=A0 »Exp[-k1*t] » ki1;

« Step 3. Calculate the integrting factor k as: h = f p@ dt.

n-1- h=Integrate[p, t]
Out[«]=

k2t

o Step 4. Find the general solution to given ODE: p(#) = e [e" rdt + c ™.
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n-1= y2genSol = Exp[-h] » Integrate[Exp[h] *r, t] + Exp[-h] = C
Oout[«]=

AD efk2 t+ (-k1+k2) t k1
Ce®2t,

-k1 +k2

« Step 5. Find the particular solution by the initial condition y,(0) = 0.

1= Y2q =Yy2gensol /. t >0

Out[«]=
AO k1

-k1 + k2

C+

« Solve for the arbitrary constant.

inf-1= Solve[y2g =0, C]
Out[«]=
Ao k1

U iatal)

« Substitute the arbitrary constant to the general solution.

n- 1= y2partSol = y2genSol /. C -» AQ;

k1 - k2
y2[t] == FullSimplify[y2partSol]

Out[«]=

A0 e—k2t (_ 1+ e(—k1+k2) t) k1
-kl +k2

« Step 6. Verify the obtained solution.

n-1- dsol2 = DSolve[{expr2 =0, y2[0] == 0}, y2[t], t]
Out[«]=
AO (e—kzt (71 + e(—k1+k2) t) k1

e }

AQ e-K2t (_1 + @ (-k1+k2) t) k1
In[+ = FullSimpli-Fy[yZpar‘tSol =

-k1 + k2
Out[«]=
True

Substituting the solution y,(#) into the third ODE, y3; = k; y,, we get again a separable equation
which can be solved by separation of variables.
« Step 1. Define the third ODE and substitute the solution y,(#).

1= expr3 =y3'[t] -k2xy2[t]
Out[«]=

-k2y2[t] +y3'[t]
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AO x k1 xExp[-k2*t] (-1+Exp[-kl*xt+k2=t])
-k1 + k2

n[-]= expr3 =expr3 /. y2[t] »

Out[«]=

AO e—th <71 + e—kl ‘t+k2t> kl k2
- +y3'[t]
-k1 + k2

1= expr3 // FullSimplify
Out[« ]=
AG (et - et k1k2

+y3'[t]
k1 - k2

Ay (e‘k' t_e ke t) ki ky

+ Now we have a separable equation: dy; = — P dt.
1—K2

« Step 2. Integrate the left-hand-side with respect to y;.

m[-1= LHS = Integrate[1, y3]
Out[«]=

y3
« Step 3. Integrate the right-hand-side with respect to .

AQ x (Exp[-k1l*t] -Exp[-k2*t]) »kl »k2

n[- 1= RHS = Integr‘ate[— ) ]
k1 - k2
Out[«]=
A@ kl (_ efklt . e7k21:)
k1 k2
k1l - k2

- ]= RHS = FullSimplify [RHS]
Out[«]=
A8 (e**tkl-e "t k2)

k1l - k2

A()(e_k2 ! kl—e‘k' ! kz)

« Step 4. By integration we got: y3 = — +C. Solve the expression for

y3 to get the general solution to ODE.

in[-1= Solve[LHS == RHS + C, y3]
Out[«]=
AQ (et kl-e "t k2)

{by3oc K- k2 })

AQ » (Exp[-k2 % t] *kl-Exp[-k1*t] »k2)
k1 - k2

mn-J= y3genSoln = C -

Out[«]=

A8 (e ¥ k1l-e "t k2)
C-

k1l - k2
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« Step 5. Use initial value condition y3(0) = 0 to find the particular solution.

1= Y3g =Yy3gensoln /. t->0

Out[« ]=
-A0 +C

« Solve for the arbitrary constant.

1= Solve[y3g =0, C]

Out[« ]=
{{C>A0}}

« Substitute the arbitrary constant to the general solution.

1= y3partSol = y3genSoln /. C » A@;
y3 = y3partSol

Out[«]=

A0 (e_th k1l — ekt k2)

— AO—
v3 kl-k2

« Step 6. Verify the obtained solution.

- dsol3 = FullSimplify[DSolve[ {expr3 == 0, y3[0] == 0}, y3[t], t]]
Out[« ]=
AG (k1-e T kl+ (-1+e ") k2)
{31 }
k1 - k2

AO (kl—e'k“ k1 + (-1+e'k“) k2)

Inf J:= FullSimplify[yE}par‘tSol == ]
k1 - k2
Out[«]=
True

Method 2: Laplace Transform

Now lets solve the system od ODEs using Laplace transforms.

dyl
’m =yi=-kin
dy
th =yy=kiyr—ky
dy3
@ Tk

with initial conditions y;(0) = [4y], ¥2(0) = 0, and y3(0) = 0.

« Step 1.1. Define the first ODE as an equation and its intial condition as a substitution.
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In[« ]:=

Out[«]=

In[« ]:=

Out[«]=

In[« ]:=

Oout[«]=

In[« ]:=
Out[« ]=

In[« ]:=

Out[« ]=

In[« ]:=
Out[«]=

In[« ]:=

Out[«]=

ClearAll["Global "]
odel = yl ! [t] == -k1 % yl[t]

yl'[t] = -k1lyl[t]
IC1 = {y1[@] - A@}
{yl[@] - Ao}

Step 2.1. Compute the Laplace transforms of both sides of the ODE and substitute the
initial condition.

LT1 = LaplaceTransform[odel, t, s] /. IC1

-AQ@ + s LaplaceTransform[yl[t], t, s] == -kl LaplaceTransform[yl[t], t, s]

Replace L{y} with Y.

egnforYl = LT1 /. LaplaceTransform[yl[t], t, s] » Y1[s]

~A@+sY1[s] = -k1Y1[s]

Step 1.2. Define the second ODE as an equation and its intial condition as a substitution.
ode2 = y2 ' [t] = k1 *yl[t] - k2 *y2[t]

y2'[t] = klyl[t] -k2y2[t]

IC2 = {y2[@] - 0}

{y2[@] - @}

Step 2.2. Compute the Laplace transforms of both sides of the ODE and substitute the
initial condition.

LT2 = LaplaceTransform[ode2, t, s] /. IC2

s LaplaceTransform[y2[t], t, s] =
k1 LaplaceTransform[yl[t], t, s] - k2 LaplaceTransform[y2[t], t, s]

« Replace £ {y,} with Y, and L{y,} with Y.

In[ I:=

Out[« ]=

egnforY2 =
LT2 /. {LaplaceTransform[yl[t], t, s] » Y1[s], LaplaceTransform[y2[t], t, s] » Y2[s]}

sY2[s] ==k1lY1l[s] -k2Y2[s]

o Step 1.3. Define the third ODE as an equation and its intial condition as a substitution.

In[« ]:=

Out[«]=

ode3 = y3'[t] = k2 xy2[t]

y3'[t] = k2y2[t]
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mn-1= IC3 = {y3[0] -» O}
Oout[«]=

{y3[e] » e}

o Step 2.3. Compute the Laplace transforms of both sides of the ODE and substitute the
initial condition.

mn-}- LT3 = LaplaceTransform[ode3, t, s] /. IC3

Out[« ]=
s LaplaceTransform[y3[t], t, s] == k2 LaplaceTransform[y2[t], t, s]

+ Replace £ {y,} with Y, and £ {3} with Y.

n-1= eqnforY3 =
LT3 /. {LaplaceTransform[y2[t], t, s] - Y2[s], LaplaceTransform[y3[t], t, s] » Y3[s]}

Out[« ]=
sY3[s] ==k2VY2[s]

« Step 3. Solve the obtained algebraic system of equations.

n-1= sys = {eqnforY1l, eqnforY2, eqnforY3}; sys // Column
Out[«]=
-A@ +sY1l[s] == -k1Y1l[s]
sY2[s] ==k1lY1l[s] -k2Y2[s]
sY3[s] == k2Y2[s]

mn-1= soln = Solve[sys, {Y1[s], Y2[s], Y3[s] }1

Out[« ]=
AO AQ k1 AO k1 k2
{{Yl[s} S, Y2[S] & ,Y3[s] - }}
kl+s (k1+s) (k2 +s) s (k1+s) (k2+s)

+ The Laplace transforms of the solutions are:

m-J= Y1sol[s_] :=Y1[s] /. soln[1, 1]; Y1lsol[s]

Out[« ]=
Ao

kl+s

mn-J= Y2s0l[s_] :=Y2[s] /. soln[1, 2]]; Y2sol[s]

Out[«]=
AO k1

(k1+s) (k2 +s)

mn-J= Y3s0l[s_] :=Y3[s] /. soln[1, 3]; Y3sol[s]

Out[«]=
AO k1 k2

s (k1+s) (k2+s)

o Step 4. Take the inverse transforms of Y, Y,, and Y3 to get the solution to the given
system of ODEs.
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1= ylSoln[t_] = InverseLaplaceTransform[Ylsol[s], s, t]; y; == y1Soln[t]

Oout[«]=

y1 = A0~

mn-1= y2So0ln[t_] = InverseLaplaceTransform[Y2s0ol[s], s, t]; y, == y2Soln[t]

Oout[«]=

A0 (e—kl t_ e—kZ t) k1
k1l -k2

Y2 =-

= y3Soln[t_] = InverseLaplaceTransform[Y3sol[s], s, t]; ys == FullSimplify[y3Soln[t]]

Out[«]=

A0 (k1 - e 2kl + (=1 +e™Y)k2)
k1 -k2

y3 =

« Step 5. Verify the obtained results.

n-]= dsol = FullSimplify[
DSolve[ {odel, ode2, ode3, y1[0] == A@, y2[0] == 0, y3[0] == 0}, {y1[t], y2[t], y3[t]}, t]]
Oout[«]=
AB (et -e ™t k1 AG (k1-e™*kl+ (-1+e™%)k2)

{{yirtr > nee ™, y2rt) - k2 o Y3t = k1 - k2 t

- ]= FullSimplify[ylSoln[t] == y1[t] /. dsol[1, 1]]
Out[«]=
True

- ]= FullSimplify[y2Soln[t] == y2[t] /. dsol[1, 2]]
Out[«]=
True

inf-}= FullSimplify[y3Soln[t] == y3[t] /. dsol[1, 3]]
Out[«]=
True

Method 3: Eigenvalues and Eigenvectors

The given system of linear first-order ODEs can be expressed as y' = Ay:

Yi —ki 0 0)(W1
Val=| ki -k 0|y
Y3 0 k 0)\ys

« Step 1. Define the coefficient matrix 4.
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mn-1= ClearAll["Global™ x"]
A= {{-k1, @, 0}, {k1, -k2, 0}, {0, k2, ©}}; A // MatrixForm

Out[ » J//MatrixForm=

-k1 o o
ki -k2 o
0 k2 o

« Step 2. Determine the eigenvalues of A by calculating the characteristic polynomial,
det (A — AlLy).

- Factor[CharacteristicPolynomial[A, A]]
Out[« ]=

-2 (k1+2) (k2+2x)

« The eigenvalues for a matrix A are given by the roots of the characteristic equation.

n-}- Solve[Det[A - xIdentityMatrix[3]] ==0 =29, 2]
Out[« ]=

{{x->0}, {(A->-k1}, {A-> -k2}}

« Results show that the matrix A has three distinct eigenvalues, A; =0, A, = -k, and
A3 = —kz.

1= {Al, A2, A3} = Eigenvalues[A]
Out[«]=

{0, -k1, -k2}

« Step 3. Find the eigenvectors associated with corresponding eigenvalues.

n-1= {ul, u2, u3} = Eigenvectors[A];
{MatrixForm[ul], MatrixForm[u2], MatrixForm[u3]}

Out[«]=
-k1+k2
k2
ki
k2
1

R o

Suppose that y' = Ay is a first-order linear system of differential equations. If 4 is an nxn
diagonalizable matrix, then the general solution to the system is given by

Ayt Ay t

Y=cie'"u+--+c,em u,

where uy, ..., u, are n linearly independent eigenvectors with associayed eigenvalues A, ..., A, and
ci, ... , Cy are constants.

o Step 4. Check the matrix for diagonalizability.
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n-]- DiagonalizableMatrixQ[A]
Oout[«]=
True

+ Step 5. By Theorem 13.1, the corresponding solutions of the differential equations are:

mn-J= $011 = ul x EXp[A1l *t]; soll // MatrixForm

Out[ « ]J//MatrixForm=

0
0
1

n-]= $012 = u2 * EXp[A2 *t]; sol2 // MatrixForm

Out[ = ]J//MatrixForm=
et (-k1+k2)
k2
ekt g
k2
(efklt

mn-}- s0l3 = u3 xExp[A3 xt]; sol3 // MatrixForm

Out[ » ]//MatrixForm=
0
_ e—kZ t

e—th

o Step 6. The Wronskian determinant can be used to check if these functions form a
fundamental solution set:
n-1- Wronskian[ {soll, sol2, sol3}, t]

Out[« ]=
e (k2B (k1 4 k2)

k2

o Since the Wronskian detrminant is not equal to zero for real values of ¢, these fu
form a fundamental solution set.

o Step 7. By Theorem 13.1, the general solution of the system is:

Ay

y=cietlu  +c e uy +c3etlug

n-1= genSol = ¢l » soll + c2 » s0l12 + ¢3 % sol3;

MatrixForm[{yi, Y2, ¥a}] ==
cl x MatrixForm[soll] + c2 » MatrixForm[so0l2] + c3 » MatrixForm[sol3]

Y1 0
Yy, | ==cl | 0@

Vg 1

Out[«]=

e Mt (_k1+k2)
0 B k2

_ e—kzt +c2 ~ ekt g

- k2
e k2t at
e

+c3
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o Step 8. Find the particular solution with initial conditions: y;(0) = Ay, y,(0) =0,

y3(0) = 0.
Y1 Ay
o Define|y2 | =| O
Y3 Jo 0

mn-}- IC= {{A@}, {@}, {0}}; IC // MatrixForm

Out[ » J//MatrixForm=

Ao
0
0

« Substitute the value ¢, = 0:

n-1= soll = {{soll1[1]}, {sollf2]}, {soll[3]}} /. t -» ©;
soll // MatrixForm

Out[ » ]//MatrixForm=

0
0
1

mn-}- $012 = {{s0l2[[1]}, {sol2[2]}, {sol2[3]}} /. t » @;
sol2 // MatrixForm

Out[ » J//MatrixForm=
-k1+k2
Tk
k1
T k2
1

n-}- so0l3 = {{sol3[1]}, {sol3[2]}, {sol3[3]}} /. t » 0;
sol3 // MatrixForm

Out[ » J//MatrixForm=
0
-1
1

+ Define the corresponding augmented matrix of the system with initial conditions.

n[-J= AugMat =
Transpose[Join[Transpose[s0ll], Transpose[s0l2], Transpose[sol3], Transpose[IC]]];
AugMat // MatrixForm
Out[ » J//MatrixForm=
9 - -k1+k2
k2
e -2 _1.9
k2
1 1 1 0

0 Ao

+ Reduce the augmented matrix to row echelon form.
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In[« ]:=

RowReduce [AugMat] // MatrixForm
Out[ = ]J//MatrixForm=
10 0 AQ
210 AO k2
k1-k2
20 1 - A0 k1
k1-k2

« Perform a back substitution and find the arbitrary constants.

k1
n[-]= €3 = - AO;
k1 - k2
k2
c2 = A9;
k1 - k2
cl = AQ;

« Obtain the particular solution.

n-J= partsol = Simplify[genSol /. {cl - AQ, c2 -

A9, c3 - - AO}] ;
ki - k2 ki - k2
MatrixForm[{yi, Y2, Y3}] = MatrixForm[partSol]
outf[«]=
AO e—klt
YI A0 (efkl t_e—th) k1
2 1= B KI-k2
3 A0 (K1-e™ 21kl +(~1+e™K1Y) k2)
kl-k2
o Or alternatively:

In[« ]:=

Out[« ]=

MatrixForm[{yi, Y2, Y3}] == A@ x MatrixForm[partSol /. A@ - 1]

ekt

Y1 (efkltie—kzt) K1

Y2 | =A@ B k1-k2

Y3 k1-e 2T ki+ (-1+e™t) k2
k1-k2

o Step 9. Verify the solution using DSolve function
- ClearAll["Global™ "]

dsol = FullSimplify[DSolve[{yl'[t]
Out[« ]=

—k1xyl[t], y2'[t] =K1*yl[t]-k2=*y2[t],
y3'[t] = k2*y2[t], y1[0] == A@, y2[0] == 0, y3[0] == O}, {yl[t], y2[t], y3[t]}, t]]

at 7A0 (e’klt—e’k“) k1
{{yl[t} SABe ™Y, y2rt] -

A8 (k1-e™*kl+ (-1+e™*) k2)
> y3[t] =
k1 - k2

P. Braselton, Chapter 6.

e f
Another technique for solving initial-value problems and ample solution were taken from the
book “Differential Equations with Mathematica, Sth Ed.” by Martha L. Abell and James
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Let ®(¢) be a fundamnetal matrix for the system of equations X' (r) = A(¢) X(¢) and define it as follows

®=( eM'u; eM'uy - eMlu, )

Then, a general solution is X' () = ®(¢) C, where C is a constant vector. If the initial condition

X(0) = X is given, then X(0) = ®0) C,
Xo=9(0)C,
C = o7'(0) X,.
Therefore, the the solution to the initial-value problem { i; é;):;; O X@® is X0 = &) x®1(0) X,.

o Step 1. Define the coefficient matrix A.

n-}= ClearAll["Global™ "]
A= {{-k1, 0, 0}, {k1, -k2, @}, {0, k2, 0}}; A // MatrixForm

Out[ = ]J//MatrixForm=

-k1 o o
ki -k2 o J
0 k2 o

« Step 2. Compute the eigenvalues and corresponding eigenvectors of 4.

1= s1 = Eigensystem[A]

Out[« ]=
-k1 + k2 k1

{{@, “k1, -k2}, {{0, 0, 1}, {- o 1}, (0, -1, 1}}}

« Results show that eigenvalues are A; =0, A, = —kq, and A3 = —k, with corresponding
eigenvectors, respectively:

0 Tk 0
u = 0 ) u; = _h N and us = -1
1 . 1
1
o Step 3. Define the fundamental matrix as follows: ® = ( eM’u; eM'fu; -+ eM'm, ).
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m-1= phi[t_] = {s1[2, 1] » Exp[s1[1, 1] = t],
s1l[2, 2] = Exp[s1[1, 2] =t], s1[2, 3] » Exp[s1[1, 3] *t]} // Transpose;
phi[t] // MatrixForm

Out[ « ]J//MatrixForm=
e Mt (k1+k2)

0 - 0
k2

0 - ekt g - e—kzt
k2

1 e—klt eka‘t

+ Step 4. Calculate ®! with Inverse function.

1= Inverse[phi[t]] // MatrixForm

Out[ » J//MatrixForm=

1 1 1
-k2t
e
- 0 (4
ekt ekltk2t g
k2
kit
K1t € k1
efklt k1 -@ +7k2

-klt-k2t -klt-k2t
kit k2t © kl) K2 e ktket_ e k1

k2

e

k2

« Step 5. Calculate the solution to the initial-value problem.
n-1= IC= {AO, O, O};

mn-]= sol = Dot[phi[t], Inverse[phi[@]], IC] // Simplify // MatrixForm

Out[ » ]//MatrixForm=

A0 @—kl t
A0 (e 24 k]
kl-k2
A0 (k1-e2 k1 +(~1+e71 1) k2)
kl1-k2

« Step 6. Verify the solution using DSolve function.

n-]= ClearAll["Global  *"]
dsol = FullSimplify[DSolve[{yl'[t] == -k1xyl[t], y2'[t] ==klxyl[t] -k2=xy2[t],
y3'[t] == k2xy2[t], y1[0] == AQ, y2[0@] == O, y3[0O] =0}, {yl[t], y2[t], y3[t]l}, t]]
Out[« ]=
AB (et -e™t) k1 AG (k1-e ™t kl+ (-1+e %) Kk2)

{{yirtr > nee ™, y2rt) - k2 > y3[tl = k1 - k2 t

Summary

After completing this chapter, you should be able to
= improve problem-solving skills by practicing different methods.
= develop SOPs and streamline your workflow after you are familar with the methods.

= always check/verify your solutions for quality assurance.
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= Remember, “to learn and not to do is really not to learn. To know and not to do is
really not to know.” - Stephen R. Covey.
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