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ABSTRACT

Expectation values of singular operators evaluated in the framework of the Rayleigh-Ritz

variational method in quantum mechanics may show slow convergence with increasing

the number of basis functions, K. An example of such commonly used operator in the

case of high-accuracy calculations of few-electron atoms and molecules is the Dirac delta

function dependent on interparticle distances, δ(rij). One way to improve the convergence

is to adopt the expectation value identities, in which the singular operator is replaced by

an certain non-singular operator so that the expectation value is the same in the limit

when the trial wave function approaches the exact solution to the Schrödinger equation.

However, when the wave function is approximate, which takes place for any finite K, the

convergence of the expectation value of this equivalent non-singular operator is usually

improved, often by orders of magnitude. In this thesis, we provide the derivation of

formulas for such expectation value identities and implement them into a computer code

for the case of atomic P -states, whose wave function is expanded in terms of all-particle

explicitly correlated Gaussian basis functions.
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1 Introduction

The few-body problem is encountered in many areas of physics. Solving the few-body

problem, especially for quantum systems, is a non-trivial task. Common examples of

few-body systems in quantum mechanics are the helium and lithium atoms. They are

composed of electrons that interact with each other via Coulomb forces. The solutions to

the Schrödinger equation for such systems cannot be obtained in analytical form. Instead

one has to resort to numerical approaches. Since the adoption of electronic computers

in scientific research in 1960s, a number of techniques have been developed to solve the

Schrödinger equation numerically with high accuracy. These include quantum Monte

Carlo (QMC) [1, 2], configuration-interaction (CI) [3], many body perturbation theory

(MBPT) [4, 5], coupled-cluster (CC) [6], method of hyperspherical harmonics (HH) [7],

multi-component Hartree-Fock (MCHF)[8], and other techniques.

A commonly used approach to approximate the solutions to the Schrödinger equation

is the Rayleigh-Ritz variational method, which approximates the wave function as a linear

combination of some basis functions. Given a basis set that can effectively mimic the wave

function of the system, one can obtain highly accurate solutions to the Schrödinger equa-

tion for atomic and molecular systems. The Hartree-Fock, variational quantum Monte-

Carlo, configuration-interaction, and the method of hyperspherical harmonics are partial

cases of the variational method.

Choosing appropriate basis functions is a crucial point in variational calculations

[9]. When the calculations target very high accuracy (e.g. in theoretical spectroscopy

of few-electron atoms) these basis functions should be capable of describing important

features of the wave function of the system very well. At the same time it is highly

desirable that all the necessary matrix elements with these functions can be evaluated

analytically. There are some popular choices that include Hylleraas-type basis functions,

Slater-type functions, James-Coolidge-type functions and explicitly correlated Gaussians.

The Hylleraas-type basis functions, which include the inter-particle distances rij were first

introduced by Hylleraas back in 1929 [10] to calculate the energy of the Helium atom.

The Slater-type basis functions [11] could be considered as a modification to the Hyller-

aas type functions. They include the inter-electronic distances in the argument of the
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exponent. Both the Hylleraas and Slater type basis functions can be used for systems

containing no more than 3-4 particles because of the difficulty of calculating the Hamil-

tonian and overlap matrix elements analitically. Another commonly used basis functions

in variational calculations of various few-particle systems are explicitly correlated Gaus-

sians (ECGs) [12]. They also explicitly depend on the distances between particles in the

system and can provide very accurate solutions to the Schrödinger equation. ECGs were

first introduced in the works of Boys and Singer [13, 14]. For a general N -particle system

in a state with zero total orbital angular momentum they have the following form

ψk = exp

[
−

N∑
i>j=1

α
(k)
ij (ri − rj)

2

]
, (1.1)

where α(k)
ij are some adjustable parameters. The main advantage of using ECGs is that

all matrix elements with them can be calculated analytically for an arbitrary number of

particles in the system [12].

After constructing an accurate trial wave function by expanding it in terms of some

basis set, one can evaluate expectation values of operators that correspond to various

properties of the system. Some of those that represent particular interest are singular

operators, in the sense that they are highly localized in the coordinate space. The ex-

pectation values of these operators may show slow convergence with the increase of the

number of basis functions. This general behavior is illustrated in Table 1, where the con-

vergence of the expectation values of 〈δ(rij)〉 is compared with the expectation values of

the nonrelativistic energy and the interparticle distance rij for Helium atom.

Table 1: Convergence of the expectation values of 〈δ(rij)〉 for the lowest P -state of helium atom. All
quantities are in a.u.

Basis size Energy 〈rij〉 〈δ(rij)〉

100 −2.12384297654 5.138326834 0.000742402

200 −2.12384307541 5.138328140 0.000737019

500 −2.12384308642 5.138328346 0.000735331

1000 −2.12384308649 5.138328371 0.000735210

It should be noted that the expectation values of δ(ri) and δ(rij) are not of purely

technical interest. They are needed in calculations of many important properties. In
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particular, in order to achieve high accuracy in the calculations and good agreement with

experiment for atoms and molecules with small Z’s (nuclear charges), one must take into

account the relativistic corrections and quantum electrodynamic (QED) effects. It can be

done in the framework of the perturbation theory [15]. The operator representing the total

relativistic correction can be decomposed into several contributions commonly referred to

as the mass-velocity (MV), Darwin (D), orbit-orbit (OO), spin-spin (SS) and spin-orbit

(SO) interactions [9]. Many of them contain the Dirac delta-functions depending on

interparticle distances. The QED correction also includes the expectation values of δ(ri)

and δ(rij). The expectation values of the Dirac delta-functions are also needed in the

calculations of electron-positron annihilation rates in positronic systems [16]. Therefore,

finding a way to accelerate the convergence rate of the expectation values of the Dirac

delta-function may bring many practical benefits and reduce the size of the basis in

variational calculations.

There is another singular operator found in the relativistic correction, which is pro-

portional to the fourth power of linear momenta. It is commonly referred to as the

mass-velocity Hamiltonian [9] and has the following form

HMV = −1

8

n∑
i=1

P4
i

M3
i

, (1.2)

where Mi is the mass and Pi is the momentum of the ith particle in the laboratory

coordinate frame. In order to understand the nature of the singularity due to the presence

of P4
i (∝ ∇4

i ) inHMV , one may consider the expectation value of∇4 with the exact ground

state wave function of the hydrogen atom, ψ. First acting with∇2 on ψ one obtains∇2ψ ∝

(E−1/r)ψ, which behaves as ψ/r when r approaches zero. The subsequent application of

∇2 will then yield terms containing the Dirac delta-function because ∇2(1/r) = −4πδ(r).

The singular operators are very demanding with respect to local properties of the

trial wave function. More specifically, the expectation values of singular operators are

accurate only to the first order in error, since the variational trial wave function is sampled

locally rather than globally when the corresponding integrals are computed. While it is

known that the expectation values of energy are accurate to the second order [17]. This

implies that the convergence of the singular operator’s expectation value is much slower

compared to the energy. For example, as we can see in Table 1, the number of converged
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digits in the expectation values of delta function is around twice fewer than the energy.

Approximately the same accuracy as in the energy estimation can be expected when

evaluating the expectation values of operators which depend on the same region of space

that determines the energy [18].

Several approaches have been proposed to improve the accuracy of the expectation

values of singular operators. These include the expectation value identity of Drachman

[19], integral transform [20], the Hiller-Sucher-Feinberg (HSF) approach [21], and using

basis functions with linear prefactors that improve the description of the cusp region [22].

In work [19], Drachman proposed an expectation value identity for 〈δ(rij)〉 and demon-

strated that it provides a significant improvement in terms of accuracy for the helium

isoelectronic sequence. His approach is based on the idea of replacing a singular operator

by another global non-singular operator, so that its expectation value with the exact wave

function is the same as the expectation value of the corresponding singular operator. In

this thesis, we adopt the Drachman’s approach and apply it for the calculations of 〈δ(ri)〉

and 〈δ(rij)〉 in few-electron atoms, while for the fourth powers of momenta we apply

somewhat different regularization scheme, which will be discussed later. An expectation

value identity is relation that can be cast in the following form:

〈ψ|δ(rij)|ψ〉 = 〈ψ|Ô|ψ〉, (1.3)

where Ô is certain global non-singular operator (the explicit form of it will be derived

later) and ψ is the exact wave function. It is important to note that expression (1.3)

is valid only for the exact wave function of the system ψ, not for any function. In the

case of the Dirac delta-function, matrix elements of the global operator Ô for the case of

atoms can be computed analytically, while for molecular systems it becomes difficult to

implement. Instead, one can apply the integral tranform (IT) approach [20], which works

for both atoms and molecules.
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2 The variational principle

The main idea of the variaitonal principle is based on the Ritz theorem [23], which states

that the expectation value of the Hamiltonian with some normalized trial wave function

Ψ (such that 〈Ψ|Ψ〉 = 1) gives an upper bound to the exact ground state energy of the

system

E = 〈Ψ|H|Ψ〉 ≥ E0. (2.1)

Adjusting the trial wave function Ψ allows one to approximate the wave function of the

system, essentially, with any accuracy, limited only by the computational power available.

In practice, the trial wave function Ψ is expanded in terms of some basis set

|Ψ〉 =
N∑
l=1

cl|ψl(αl)〉, (2.2)

where basis functions ψl(αl) may contain some adjustable parameters αl. Coefficients cl

and parameters αl in the trial wave function are adjusted to minimize the expectation

value of the Hamiltonian. Minimizing the energy with respect to the linear coefficients cl

results in a generalized eigenvalue problem

Hc = εSc, (2.3)

where c is a column vector, which consists of coefficients cl, while H and S are N × N

Hamiltonian and overlap matrices respectively, whose matrix elements are

Hlk = 〈ψl|H|ψk〉, Slk = 〈ψl|ψk〉. (2.4)

Minimizing the energy with respect to parameters αl leads to a nonlinear optimiza-

tion problem. The generalized eigenvalue problem (2.3) with hermitian (or symmetric

if basis functions are real) matrices H and S has N solutions – eigenvalues ε(i) and the

corresponding eigenvectors c(i). According to the mini-max theorem, if eigenvalues ε(i)

are sorted in an increasing order, then the first eigenvalue, ε(1) gives an upper bound to

the exact ground state energy of the system. The second eigenvalue, ε(2), gives an upper

bound to the the first excited state energy of the system and so on [24]. In other words,

by minimizing the eigenvalues of above generalized eigenvalue problem with respect to

parameters αl, one can target a specific bound state of the system.
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3 Notations

The notation scheme used in this thesis is adopted from the works on explicitly correlated

complex Gaussians [25, 26]. Let us list the conventions used in this notation scheme:

• Lower-case Greek letters (β, γ etc.) denote scalars.

• Lower-case Latin letters (a, b, c etc.) denote n-component column vectors.

• Bold lower-case Greek letters (α, β, γ, etc.) denote 3-component vectors, i.e.

vectors in 3D space.

• Bold lower-case Latin letters (x, y, j, etc.) denote 3n-component vectors.

• Upper case Greek letters (Λ, Ξ, Θ etc.) denote 3× 3 matrices.

• Upper case Latin letters (A, B, C, etc.) denote N ×N matrices.

• Bold upper case Latin letters (A, B, C, etc.) denote 3N × 3N matrices.

• Prime after the letters (r′, A′, v′, etc.) stands for the matrix or vector transpose.

• A−1, A−1 denotes the inverse matrix.

• A∗,A∗, a∗, β∗, etc. - denotes the complex conjugate of a matrix or vector.

• A†,A†, a†, β†, etc. - denotes the transpose of a matrix or vector followed by the

complex conjugation.

• Vertical bars with the vector in between (|r|, |v|, etc.) stands for the absolute value

of the vector.

• Vertical bars with the matrix in between (|A|, |A|, etc.) stands for the determinant

of the matrix.

• tr(A), tr(A) denotes the trace of the matrix.

• A⊗B, a⊗ b, etc., denotes the Kronecker product of matrices or vectors.
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• Upper case Latin letters A, B, and etc., written in typewriter font denotes the matri-

ces in basis functions space. For example, in the case of basis size K, these becomes

K ×K matrices.

• The letter I is used to denote the identity matrices. For example, I3 and In denote

the 3× 3 and n× n identity matrices respectively.

In some derivations we will need to take the differentials of matrix expressions. In partic-

ular, for an arbitrary matrix X the following relations take place [27]:

d|X| = |X|tr[X−1dX],

d(X−1) = −X−1(dX)X−1.

Lastly, let us give the value of the n-dimensional Gaussian integral∫
exp(−x′Ax+ y′x)dx = exp

(
1

4
y′A−1y

)
(π)n/2

|A|1/2
, (3.1)

where x is a n-component vector of variables, y is a n-component constant vector, and A

is a complex symmetric n × n matrix with a positive definite real part. The derivation

of the above integral and some other related integrals are given in subsection Gaussian

integrals.
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4 Separation of the center of mass motion

4.1 The nonrelativistic Hamiltonian

Let us consider a general quantum system of N particles with Coulomb interaction be-

tween the particles. Let Ri, Mi and Qi be the position vector, mass and charge of the ith

particle in the laboratory Cartesian coordinate frame. Then, the nonrelativistic Hamilto-

nian of the system is

Ĥ = −
N∑
i=1

1

2Mi

∇2
Ri

+
N∑
i=1

N∑
j>i

QiQj

Rij

. (4.1)

Here Rij = |Rj − Ri| is the distance between ith and jth particles and ∇Ri
is the

gradient with respect to the position vector of the ith particle.

4.2 Separating the center of mass motion

In the bound state calculations of quantum systems it is necessary to separate out the

motion of the center of mass from the laboratory frame Hamiltonian [9]. In this procedure

we place one particle (usually the heaviest one) at the origin of the internal reference frame

and we will define the coordinates of other particles with respect to this new reference

particle. The relation between the internal and laboratory coordinates is given by

ri = −R1 + Ri+1, i = 1, 2, . . . , N − 1. (4.2)

The total mass of the system is mt =
∑N

i=1mi and the coordinate of the center of mass

is defined as follows:

r0 =
N∑
i=1

miri
mt

. (4.3)

Starting from the laboratory Cartesian coordinate with N particles, we will move to the

new internal coordinate system with n = N − 1 pseudo-particles, with masses mi = Mi+1

and charges qi = Qi+1.

Writing the gradient ∇2
Ri

in equation (4.1) in terms of the internal coordinates ri

and using the reduced masses µi = m0mi/(m0 + mi), the laboratory frame Hamiltonian

becomes:

Ĥ = − 1

2mt

∇2
0 −

n∑
i=1

1

2µi
∇2
i −

n∑
i 6=j

1

2m0

∇′i∇j +
n∑
i=1

q0qi
ri

+
n∑
i=1

n∑
j>i

qiqj
rij

. (4.4)
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The first term describes the motion of the center of mass (center of mass Hamiltonian

Ĥcm), while other terms are called an "internal" Hamiltonian:

Ĥcm = − 1

2mt

∇2
0, (4.5)

Ĥinternal = −
n∑
i=1

1

2µi
∇2
i −

n∑
i 6=j

1

2m0

∇′i∇j +
n∑
i=1

q0qi
ri

+
n∑
i=1

n∑
j>i

qiqj
rij

. (4.6)

The internal Hamiltonian describes the motion of the n pseudo-particles with the origin

of the internal coordinate system ri and contains rij = |rj− ri| term, which is the relative

distance between the ith and jth pseudo-particles.

4.3 Matrix form of the internal Hamiltonian

Hamiltonian (4.6) can be written in the matrix form in order to make further derivations

simple and convenient. For that purpose, we will write the position and gradients of n

pseudo-particles as 3n-component vectors

r =



r1

r2

...

rn


; ∇r =



∇r1

∇r2

...

∇rn


=



∇1

∇2

...

∇n


. (4.7)

With above short notations we have

Ĥinternal = −∇′rM∇r +
n∑
i=1

q0qi
ri

+
n∑
i=1

n∑
j>i

qiqj
rij

, (4.8)

where M = M ⊗ I3 is the Kronecker product between n × n matrix M and the 3 × 3

identity matrix I. Matrix elements of M are

Mij =


1

2µi
, i = j

1
m0
, otherwise

(4.9)

15



4.4 Mass-velocity Hamiltonian

The mass-velocity Hamiltonian, which in the laboratory coordinates is proportional to

the sum of the fourth power of linear momenta,

HMV = −1

8

n∑
i=1

P4
i

M3
i

in the internal coordinate frame can be written in the following form:

HMV = −1

8

[
1

m3
0

( n∑
i=1

∇ri

)4

+
n∑
i=1

1

m3
i

∇4
ri

]
. (4.10)

In order to evaluate the matrix elements of the internal mass-velocity Hamiltonian, we will

write the above expression in the matrix form. For this purpose, we define new matrices

J = J ⊗ I3 and Jii = Jii ⊗ I3, J is a n× n matrix with all its elements equal to 1, while

matrix Jii is a n× n matrix with only one nonzero element, which is set to 1. With these

notations, the matrix form of the internal mass-velocity Hamiltonian is given by:

HMV = −(∇′rβ0J∇r)
2 −

n∑
i=1

(∇′rβiJii∇r)
2, (4.11)

where we defined β0 = 1/
√

8m3
0 and βi = 1/

√
8m3

i .
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5 Expectation Value Identities

5.1 Example of derivation

We will derive the simplest form of the expectation value identity by considering the

Hamiltonian of a nonrelativistic Coulombic system consisting of N particles

Ĥ = −
N∑
i=1

1

2mi

∇2
ri

+ V (r).

Let ψ(r1, . . . , rN) be the wave function of the system. Using the following identities

∇2
j(1/rjk) = −4πδ(rjk)

∇2
k(1/rjk) = −4πδ(rjk), (5.1)

where rjk = |rj − rk|, and hermicity of ∇2 operator we can write∫
drN

1

rjk

[
1

2mj

∇2
j +

1

2mk

∇2
k

]
|ψ|2 =

∫
drN |ψ|2

[
1

2mj

∇2
j +

1

2mk

∇2
k

]
1

rjk
=

= −2π

∫
drN |ψ|2

[
1

mk

+
1

mj

]
δ(rjk) = − 2π

µjk

∫
drN |ψ|2δ(rjk) = − 2π

µjk
〈δ(rjk)〉. (5.2)

Now, from equation (5.2):∫
drN |ψ|2

[
1

2mj

∇2
j +

1

2mk

∇2
k

]
1

rjk
= − 2π

µjk
〈δ(rjk)〉 ⇒

⇒ 〈δ(rjk〉 = −µjk
4π

∫
drN |ψ|2

[
1

mj

∇2
j +

1

mk

∇2
k

]
1

rjk
. (5.3)

Using the Schrödinger equation

Ĥψ = Eψ ⇒

⇒
[
−

N∑
i=1

1

2mi

∇2
ri

+ V (r)

]
ψ = Eψ

⇒ −
N∑
i=1

1

2mi

∇2
ri
ψ = (E − V )ψ. (5.4)

After multiplying both sides of equation (5.4) by ψ, we can obtain

−
N∑
i=1

1

2mi

ψ∗∇2
ri
ψ = (E − V )ψ2. (5.5)
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There is a neat way of applying the property of ∇2 operator, which is

∇2ψ2 = 2ψ∗∇2ψ + 2(∇ψ)2 ⇒

⇒ ψ∗∇2ψ =
∇2ψ2

2
− (∇ψ)2. (5.6)

Substituting the above identity into equation (5.5), we have

−
N∑
i=1

1

mi

[
∇2

ri
ψ2

2
− (∇riψ)2

]
= 2(E − V )ψ2 ⇒

⇒
N∑
i=1

1

mi

∇2
ri
ψ2

2
=

N∑
i=1

1

mi

(∇riψ)2 − 2(E − V )ψ2 ⇒

⇒
N∑
i=1

∇2
ri
ψ2

mi

=
N∑
i=1

2

mi

(∇riψ)2 − 4(E − V )ψ2. (5.7)

In order to substitute equation (5.7) in equation (5.3), we will use the following relation:

N∑
i=1

1

mi

∇2
i

[
1

rjk

]
=

[
1

mj

∇2
j +

1

mk

∇2
k

]
1

rjk
. (5.8)

Substituting the equation (5.8) back to equation (5.3) yields

〈δ(rjk〉 = −µjk
4π

∫
drN |ψ|2

N∑
i=1

1

mi

∇2
i

[
1

rjk

]
. (5.9)

Using the hermiticity of the Laplace operator and equation (5.7), we have

〈δ(rjk〉 = −µjk
4π

∫
drN

1

rjk

N∑
i=1

1

mi

∇2
i |ψ|2 = −µjk

4π

∫
drN

1

rjk

[ N∑
i=1

2

mi

(∇riψ)2−4(E−V )ψ2

]

⇒ 〈δ(rjk)〉 =
µjk
π

∫
drN

1

rjk

[
(E − V )|ψ|2 −

N∑
i=1

1

2mi

∇2
i |ψ|2

]
. (5.10)

The same procedure between equation (5.1) and (5.10) can be easily used for the internal

Hamiltonian (4.6) described in the previous section.

5.2 Expectation value identity for the internal Hamiltonian

Before going into detail, we will rewrite the internal Hamiltonian (4.6) in a different form

for convenience:

Ĥinternal = −
n∑
i=1

1

2µi
∇2
i −

n∑
i 6=j

1

2m0

∇′i∇j +
n∑
i=1

q0qi
ri

+
n∑
i=1

n∑
j>i

qiqj
rij

=
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= −1

2

[ n∑
i=1

1

µi
∇2
i +

n∑
i 6=j

1

m0

∇′i∇j

]
+ V (r) =

= −1

2

[ n∑
i=1

1

mi

∇2
i +

n∑
i=1

1

m0

∇2
i +

n∑
i 6=j

1

m0

∇′i∇j

]
+ V (r) =

= −1

2

[ n∑
i=1

1

mi

∇2
i +

1

m0

n∑
i=1

n∑
j=1

∇i∇j

]
+ V (r) = Ĥinternal, (5.11)

where V (r) =
∑n

i=1
q0qi
ri

+
∑n

i=1

∑n
j>i

qiqj
rij

. Now, we substitute Ĥinternal in the sta-

tionary Schrödinger equation

−1

2

[ n∑
i=1

1

mi

∇2
i +

1

m0

n∑
i=1

n∑
j=1

∇i∇j

]
ψ + V (r)ψ = Eψ ⇒

⇒ −
n∑
i=1

1

mi

∇2
iψ = 2[E − V (r)]ψ +

1

m0

n∑
i=1

n∑
j=1

∇i∇jψ. (5.12)

Let us multiply both sides by ψ

−
n∑
i=1

1

mi

ψ∗∇2
iψ = 2[E − V (r)]|ψ|2 +

1

m0

n∑
i=1

n∑
j=1

ψ∗∇i∇jψ. (5.13)

As we can see from equation (5.13), we can use the properties of Laplace operator re-

garding the term on the left (ψ∗∇2
iψ) and the second term on the right (ψ∗∇i∇jψ). As

before, the first term using identity ∇2ψ2 = 2ψ∗∇2ψ + 2(∇ψ)2, can be written

ψ∗∇2ψ =
∇2ψ2

2
− (∇ψ)2, (5.14)

while the second term, can be rearranged using the following identity

∇i∇j|ψ|2 = ψ∇i∇jψ
∗ + ψ∗∇i∇jψ +∇iψ∇jψ

∗ +∇iψ
∗∇jψ ⇒

⇒ ∇i∇j|ψ|2 = 2ψ∗∇i∇jψ + 2(∇iψ)∗∇jψ. (5.15)

Using identity (5.15), we can replace the last term in equation (5.13):

ψ∗∇i∇jψ =
∇i∇j|ψ|2

2
− (∇iψ)∗∇jψ. (5.16)

Substituting (5.14) and (5.16) back to (5.13), we have

−
n∑
i=1

1

mi

[
∇2
iψ

2

2
− (∇iψ)2

]
= 2[E − V (r)]|ψ|2 +

1

m0

n∑
i=1

n∑
j=1

[
∇i∇j|ψ|2

2
− (∇iψ)∗∇jψ

]
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⇒ −
n∑
i=1

1

mi

∇2
iψ

2 =

= 4[E − V (r)]|ψ|2 +
1

m0

n∑
i=j=1

∇i∇j|ψ|2 −
2

m0

n∑
i=j=1

(∇iψ)∗∇jψ −
n∑
i=1

2

mi

(∇iψ)2. (5.17)

As before, we use the relation involving the sum:

N∑
i=1

1

mi

∇2
i

[
1

rkl

]
=

[
1

mk

∇2
k +

1

ml

∇2
l

]
1

rkl
. (5.18)

Now we will rewrite the equation (5.3) by changing the index j to l and reversing k

and l for convenience (as in equation (5.18)). This is because we already have index j in

equation (5.17) and that may cause a confusion.

〈δ(rkl)〉 = −µkl
4π

∫
drN |ψ|2

[
1

mk

∇2
k +

1

ml

∇2
l

]
1

rkl
= −µkl

4π

∫
drN |ψ|2

N∑
i=1

1

mi

∇2
i

[
1

rkl

]
=

= −µkl
4π

∫
drN

1

rkl

N∑
i=1

1

mi

∇2
i |ψ|2 = 〈δ(rkl)〉. (5.19)

Now we substitute equation (5.17) in equation (5.19) and use the hermicity of the Laplace

operator one more time:

〈δ(rkl)〉 =
µkl
4π

∫
drN

[
4[E − V (r)]|ψ|2 +

1

m0

n∑
i=j=1

∇i∇j|ψ|2

− 2

m0

n∑
i=j=1

(∇iψ)∗∇jψ −
n∑
i=1

2

mi

(∇iψ)2
]

1

rkl
⇒

〈δ(rkl)〉 =
µkl
π

∫
drN

1

rkl

[
(E−V (r))|ψ|2− 1

2m0

n∑
i=j=1

(∇iψ)∗∇jψ−
n∑
i=1

1

2mi

(∇iψ)2
]
. (5.20)

In the above procedure, the tricky part was the term 1
m0

∑n
i=j=1∇i∇j|ψ|2 1

rkl
, which is es-

sentially equal to 0 in our situation. We can prove this by considering (also by considering

equation (5.18)):

1

m0

1

rkl

n∑
i=j=1

∇i∇j|ψ|2 =
1

m0

|ψ|2
n∑

i=j=1

∇i∇j
1

rkl
⇒

⇒ ∇i∇j
1

rkl
=


0, kl 6= ij

−4πδ(rkl), kl = ij; i = j

4πδ(rkl), kl = ij; i 6= j

(5.21)
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Equation (5.20) in the matrix form in terms of expectation values becomes:

〈δ(rkl)〉 =
µkl
π

[〈
ψ

∣∣∣∣E − Vrkl

∣∣∣∣ψ〉−〈∇rψ

∣∣∣∣Mrkl
∣∣∣∣∇rψ

〉]
. (5.22)

If we derive everything using i and j instead of k and l, this becomes:

〈δ(rij)〉 =
µij
π

[〈
ψ

∣∣∣∣E − Vrij

∣∣∣∣ψ〉−〈∇rψ

∣∣∣∣Mrij
∣∣∣∣∇rψ

〉]
. (5.23)

In the case of the internal mass-velocity Hamiltonian (4.10) one can use the following

identity

〈ψ|HMV |ψ〉 = −λ2〈ψ|(E − V )2|ψ〉 − λ2〈ψ|(E − V )(∇′rB∇r)|ψ〉+ λ2〈ψ|(∇′rM∇r)
2|ψ〉+

λ2〈ψ|(∇′rM∇r)(∇′rB∇r)|ψ〉 − β0〈ψ|(∇′rJ∇r)
2|ψ〉 −

n∑
i=1

βi〈ψ|(∇′rJii∇r)
2|ψ〉. (5.24)

Matrix B = B ⊗ I3 and parameter λ in the above identity are chosen in the following

manner:

λ2 =
β2
0 + β2

k

(M)2kk
; (B)ii =

β2
0 + β2

k

λ2(M)ii
− (M)ii, (5.25)

where k is the lightest particle in the system. When there is a huge difference between

the lightest mass mk and the masses of other particles, the right hand side of the above

equation converges much faster towards the complete basis set limit.
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6 Expectation values in ECGs basis

6.1 ECGs basis

The basis set we used in this thesis are explicitly correlated Gaussian functions with

complex parameters [25, 26]:

φk = zmk
exp[−r′Ckr] ≡ zmk

exp[−r′((Ak + iBk)⊗ I3)r], (6.1)

where mk is an integer with k values from 1 to n, while k subscript of these matrices

means that they are unique for each basis function. Ak, Bk are n×n symmetric matrices,

but they do not have to be symmetric, since one can always make their elements in a

way that they become symmetric. We recall that trial basis functions used in bound

state calculations have to be square integrable, hence this imposes the restriction on the

elements of Ak. The restriction is matrix Ak must be positive definite, which means that

this matrix can be represented in a Cholesky-factored form Ak = LkL
′
k, with a triangular

matrix Lk. Consequently, during the variational optimization of the basis functions, the

elements of Lk can be varied without any restriction in the range [−∞,∞] [25].

Wave function (6.1) can be represented in an alternative form for the derivation of

matrix elements:

φk = lim
αk→ 0

∂

∂αk
exp[−r′Ckr + αkzmk

] = lim
αk→ 0

∂

∂αk
exp[−r′Ckr + αk(v

k)′r], (6.2)

where αk is a parameter and vk = vk⊗w with w′ = (0, 0, 1). Hence, vk is the vector with

only one non-zero 3mk-th component, which is 1. For convenience, we define a generating

function ϕk from equation (6.2):

φk = lim
αk→ 0

∂

∂αk
ϕk ⇒ ϕk = exp[−r′Ckr + αk(v

k)′r]. (6.3)

Before providing the answers to the question of why we chose the basis function (6.1), first

we will provide general information. Constructing the basis set is the main part in the

bound state calculations when the Born-Oppenheimer (BO) approximation is not assumed

[9]. In the BO approximation the nuclei are considered much heavier than electrons and

thus, are placed in some fixed positions. Then the electronic wave function is determined

treating the fixed positions of nuclei as parameters. For example, in the case of atoms,
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the BO approximation is used to describe the motion of electrons in the static field of

the nucleus located at the origin. Since we want to describe the atomic systems with

high accuracy by taking into account the coupled motions of both electrons and nucleus,

we do not assume the BO approximation. This means that our basis functions should

depend not only on the inter-electronic distances, but also on the distances between the

electrons and nucleus. After separating the center-of-mass motion from the laboratory

frame Hamiltonian and considering the nucleus as the center of the coordinate system, the

internal Hamiltonian describes the motion of pseudo-electrons in the central field of the

nucleus (positive charge) located in the origin of the internal coordinate system. (In this

case we can say that the finite nuclear mass (FNM) is explicitly included in the internal

Hamiltonian (4.8) in a nonperturbative way). Consequently, the basis set we should

choose in this case have to accurately describe only the electronic correlation effect and

the distribution of the electrons around the positively charged central nucleus.

The choice of basis functions (6.1) is motivated by the following properties. First,

the exponential part of this function is spherically symmetric (rotationally invariant or

does not change under 3D rotations) as required by the symmetry of the problem. The

rotationally invariant function means that the function is invariant with respect to any

orthogonal transformation. To see this, let U be any 3× 3 orthogonal matrix that rotates

vectors ri in the 3D space. We can use the property of the Kronecker product which reads

that if A = Q⊗U , where Q and U are orthogonal (or unitary) matrices, then A is also an

orthogonal matrix [27]. The identity matrix In is a special case of a unitary matrix with

its determinant equal to unity. Now we act on our basis function by an orthogonal matrix

In ⊗ U (since the Kronecker product between orthogonal matrices is also orthogonal) to

show the spherical symmetry:

φk = exp[−((In⊗U)r)′((Ak+iBk)⊗I3)(In⊗U)r] = exp[−r′(In⊗U ′)((Ak+iBk)⊗I3)(In⊗U)r]

= exp[−r′((Ak + iBk)⊗ U ′U)r] = exp[−r′((Ak + iBk)⊗ I3)r].

Second, basis functions (6.1) have complex exponential parameters. Using ECGs

with complex exponential parameters facilitates an adequate description of the radial

nodes in the ground and excited state wave functions of atomic and molecular systems.

Such complex functions are more flexible than real Gaussians (one-center correlated Gaus-

23



sians φk = exp[−r′(Ak⊗ I3)r] ) and if put together in a certain combinations (to simulate

periodic functions namely sine or cosine functions), they should correctly describe the

radial nodes (oscillations) in the wave function in atomic also molecular excited states

[25, 26]. It is also worth mentioning a big advantage of using Gaussians as a basis func-

tion compared to the other basis functions: all matrix elements with Gaussians can be

evaluated analytically for an arbitrary number of particles.

Third, there is another concern regarding the excited states in atomic calculations.

In particular, it is related to describing the radial and angular nodes in the wave func-

tions. We already showed the one way of describing the radial nodes with use of complex

Gaussians, while both radial and angular nodes can be described by using premultipliers

to the complex Gaussian we defined above. Let us describe about premultipliers in detail.

We know that when there is no external fields are present the Hamiltonian commutes

with the total orbital angular momentum operator L̂2 and with the projection of it on

a selected axis L̂z [23]. Hence, the exact solutions of the corresponding Schrödinger

equation must also be eigenfunctions of these operators. Because of the degeneracy of the

energy levels corresponding to different quantum numbers M (eigenvalues of L̂z ), it is

not required that basis functions must correspond to a particular M value. In addition

to this, according to the Wigner-Eckardt theorem, the energy of the system described by

a spherically symmetric Hamiltonian is independent of M .

In short, it becomes necessary to construct basis functions that are eigenfunctions of

the square of the total angular momentum operator with angular momentum L. Since

the eigenfunctions of L2 and Lz are nothing but the old spherical harmonics [23], and in-

cluding the electron-nucleus distances powers in the wave function for better presentation

of the radial nodes, a common approach to building basis functions of proper rotational

symmetry, is to multiply exp[−r′Ckr] by a generalized solid spherical harmonic ΘLM(r),

φk = ΘLM(r) exp[−r′Ckr].

ΘLM(r) can be formed by successively coupling solid spherical harmonics,

ΘLM(r) = rl11 · · · rlnn [[[Yl1m1(r̂1)Yl2m2(r̂2)]L12M12Yl3m3(r̂3)]L123M123 · · ·Ylnmn(r̂n)]LM .

Using above equation, it is possible to build basis functions for any value of the total

orbital angular momentum and its z projection. For L = 1, M = 0 states, with a single

24



Cartesian coordinate, in which the dominant configuration corresponds to one particle

with l = 1 and all others with l = 0 (i.e., lk = 1, li = 0, k 6= i), which lead to the rkY10(rk)

, so that the ECGs have the following form:

φk = zmk
exp[−r′Ckr].

In addition to this, in the case of high values of total angular momentum L, implementing

the above procedure is complicated, instead one can use the following general form:

ΘLM(r) = v2K+LYLM(v̂),

where v =
∑n

i=1 uiri, and v = |v| is defined as a linear combination of all pseudoparticle

coordinates. The integer variational parameter K, which can take any non-negative value,

introduces an additional flexibility that can be used to improve the short-range behavior

of the basis functions [28].

6.2 Gaussian integrals

The Gaussian integral:∫ ∞
−∞

∫ ∞
−∞
· · ·
∫ ∞
−∞

exp(−1

2
x′Ax)dx1dx2...dxn,

where x′ is a transpose of a n dimensional x column vector and A is a symmetric, non-

singular(determinant is non-zero) n×n matrix, can be solved in the following way. Let us

transform the vector x to some other vector y with an orthogonal matrix S (S ′ = S−1),

whose determinant is unity |S|=1. Next requirement to solve this integral is that matrix

S should be diagonalizing matrix, which means that S−1AS be a diagonal matrix D (all

elements are zeros, except diagonal terms) with diagonal elements d1, d2, ..., dn, which are

eigenvalues of a matrix A.

x = Sy, dx = Sdy, dx1dx2... = |S|dy1dy2...∫
exp(−1

2
y′Dy)dy =

∫ ∞
−∞

∫ ∞
−∞
· · ·
∫ ∞
−∞

exp(−1

2
[d1y

2
1 + d2y

2
2 + ...+ dny

2
n])dy1dy2...dyn =

=

√
2π

d1
·
√

2π

d2
· · ·
√

2π

dn
=

n∏
i=1

√
(2π)n

di
=

(
(2π)n

|D|

)1/2

=

(
(2π)n

|A|

)1/2

⇒
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⇒
∫

exp(−1

2
x′Ax)dx =

(
(2π)n

|A|

)1/2

. (6.4)

In addition, the following integral∫
exp(−1

2
x′Ax+ J ′x)dx,

where additional J is a vector, whose elements are constants, can be solved using the

property of non-singular positive symmetric matrix A and rule of transpose, which are:

A−1 = (A−1)′, (xA)′ = A′x′.

Using only above properties and noting that d(x − A−1J) is the same as dx, since both

A and J has no x components, we can easily calculate the integral as follows:∫
exp(−1

2
x′Ax+ J ′x)dx =

∫
exp

[
− 1

2
(x− A−1J)′A(x− A−1J) +

1

2
J ′A−1J

]
dx =

= exp

(
1

2
J ′A−1J

)∫
exp

[
− 1

2
(x− A−1J)′A(x− A−1J)

]
d(x− A−1J)⇒

⇒
∫

exp(−1

2
x′Ax+ J ′x)dx = exp

(
1

2
J ′A−1J

)√
(2π)n

|A|
. (6.5)

6.3 Overlap Integral

The overlap integral can be calculated by noting that Ckl = Ck + Cl:

〈ϕk|ϕl〉 =

∫
e[−r

′Ckr+αk(v
k)′r]e[−r

′Clr+αl(v
l)′r]dr =

=

∫
dr exp[−r′(Ck + Cl)r + (αkv

′
k + αlv

′
l)r] =

∫
dr exp[−r′(Ckl)r + (αkv

′
k + αlv

′
l)r]⇒

⇒ 〈ϕk|ϕl〉 =
π3n/2

|Ckl|1/2
exp[

1

4
(αkvk + αlvl)

′C−1kl (αkvk + αlvl)].

By substituting the definitions vk = vk ⊗ w and Ckl = Ckl ⊗ I3 as well as using the fact

that |Ckl| ≡ |Ckl⊗ I3| = |Ckl|3, and (a′⊗w′)(Ckl⊗ I3)(a⊗w) = a′Ckla⊗w′I3w = a′Ckla,

above integral reduces to the following form:

〈ϕk|ϕl〉 =
π3n/2

|Ckl|3/2
exp[

1

4
(αkvk + αlvl)

′C−1kl (αkvk + αlvl)].
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In order to find the overlap integral, we still need to take the derivative followed by the

limit from above integral:

〈φk|φl〉 = lim
αk→ 0

∂

∂αk
lim
αl→ 0

∂

∂αl
〈ϕk|ϕl〉;

⇒ lim
αl→ 0

π3n/2

|Ckl|3/2

[
1

2
C−1kl (αkvk + αlvl)vl

]
exp[

1

4
C−1kl (αkvk + αlvl)

2] =

=
π3n/2

|Ckl|3/2

[
1

2
C−1kl (αkvk)vl

]
exp[

1

4
C−1kl (αkvk)

2].

⇒ lim
αk→ 0

π3n/2

|Ckl|3/2
1

2

[
C−1kl vkvl exp[

1

4
C−1kl (αkvk)

2] + C−1kl αkvkvl[
1

2
αkv

2
k] exp[

1

4
C−1kl (αkvk)

2]

]
=

=
π3n/2

|Ckl|3/2
1

2
C−1kl vkvl ⇒ 〈φk|φl〉 =

π3n/2

|Ckl|3/2
1

2
v′kC

−1
kl vl. (6.6)

Finally, the normalized overlap matrix elements are:

Skl =
〈φk|φl〉√
〈φk|φk〉〈φl|φl〉

=
(|Ckk|3/2|Cll|3/2)1/2

|Ckl|3/2
v′kC

−1
kl vl

(v′kC
−1
kk vkv

′
lC
−1
ll vl)

1/2
=

= 23n/2

(∣∣|Lk|∣∣∣∣|Ll|∣∣
|Ckl|3/2

)3/2
v′kC

−1
kl vl

(v′kC
−1
kk vkv

′
lC
−1
ll vl)

1/2
, (6.7)

where we used Ck = LkL
′
k = |Lk|2 → Ckk = Ck + Ck = 2|Lk|2.

6.4
〈
ψ

∣∣∣∣ 1
rij

∣∣∣∣ψ〉 integral

In order to derive the matrix elements of necessary operators, we need to calculate〈
ψ

∣∣∣∣ 1
rij

∣∣∣∣ψ〉 integral first, since we will use this integral several times. We start by us-

ing the following Gaussian integral:∫ ∞
−∞

dβ exp[−β2r2ij] = 2

∫ ∞
0

dβ exp[−β2r2ij] =

√
π

rij
⇒

⇒ 1

rij
=

2√
π

∫ ∞
0

dβ exp[−β2r2ij].

Substituting the new form of 1
rij

we have

〈
φk

∣∣∣ 1

rij

∣∣∣φl〉 =
2√
π

∫ ∞
0

dβ〈φk| exp[−β2r2ij]|φl〉. (6.8)
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In addition, we introduce matrix Jij = Jij ⊗ I3 for further calculations:

r2ij = r′Jijr, r2i = r′Jiir, Jij = jij
′
jij, Jii = ji, (6.9)

where jij = ji − jj. ji is the vector with all zero elements except the i-th term, which is

set to one. Then equation (6.8) can be re-expressed as〈
φk

∣∣∣ 1

rij

∣∣∣φl〉 =
2√
π

lim
αk→ 0

∂

∂αk
lim
αl→ 0

∂

∂αl

∫ ∞
0

dβ

∫ ∞
∞

dr exp

[
−r′(Ckl+β

2Jij)r+(αkvk+αlvl)
′r

]
.

The above integral is the same as overlap integral with Ckl + β2Jij instead of Ckl, so we

just substitute the result from the overlap integral〈
φk

∣∣∣ 1

rij

∣∣∣φl〉 = π
3N−1

2

∫ ∞
0

dβ
v′k(Ckl + β2Jij)

−1vl

|Ckl + β2Jij|
3
2

. (6.10)

In order to calculate the integral above, the following transformations should be applied

v′k(Ckl + β2Jij)
−1vl = tr[(Ckl + β2Jij)

−1vlv
′
k],

tr[(Ckl + β2Jij)
−1vlv

′
k]

|Ckl + β2Jij|
3
2

= −2

3

∂

∂ε

1

|Ckl + εvlv′k + β2Jij|
3
2

∣∣∣∣∣
ε=0

,

where we used shorthand notation for limit, which is
∣∣∣∣
ε=0

. Now integral (6.10) turns to

〈
φk

∣∣∣ 1

rij

∣∣∣φl〉 = −2π
3N−1

2

3

∂

∂ε

∫ ∞
0

dβ
1

|Ckl + εvlv′k + β2Jij|
3
2

∣∣∣∣∣
ε=0

. (6.11)

For symmetric square matrix A we can use the following relation [27]

|A+ xy′| = |A|
[
1 + tr(A−1xy′)

]
. (6.12)

From (6.12) determinant turns into

|Ckl + εvlv
′
k + β2Jij| = |Ckl + εvlv

′
k|
(

1 + tr
[
β2(Ckl + εvlv

′
k)
−1Jij

])
. (6.13)

Substituting (6.13) into (6.11) we have〈
φk

∣∣∣ 1

rij

∣∣∣φl〉 = −2π
3N
2

3
√
π

∂

∂ε
|Ckl + εvlv

′
k|−

3
2

∫ ∞
0

dβ
1(

1 + tr
[
β2(Ckl + εvlv′k)

−1Jij
]) 3

2

∣∣∣∣∣
ε=0

=

= −2π
3N
2

3
√
π

∂

∂ε
|Ckl + εvlv

′
k|−

3
2

[
tr(Ckl + εvlv

′
k)
−1Jij

]− 1
2

∣∣∣
ε=0
.
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Evaluation of the derivative leads to

∂

∂ε
|Ckl + εvlv

′
k|−

3
2

[
tr(Ckl + εvlv

′
k)
−1Jij

]− 1
2

∣∣∣
ε=0

=

=
[
tr(C−1kl Jij)

]− 1
2
∂

∂ε
|Ckl + εvlv

′
k|−

3
2

∣∣∣
ε=0

+ |Ckl|−
3
2
∂

∂ε

[
tr(Ckl + εvlv

′
k)
−1Jij

]− 1
2

∣∣∣
ε=0

=

= −3

2

[
tr(C−1kl Jij)

]− 1
2 |Ckl|−

5
2 |Ckl|tr(C−1kl vlv

′
k)−

1

2
|Ckl|−

3
2

[
tr(C−1kl Jij)

]− 3
2 tr(−C−1kl vlv

′
kC
−1
kl Jij)

= −3

2
|Ckl|−

3
2

[
tr(C−1kl vlv

′
k)
[
tr(C−1kl Jij)

]− 1
2 − 1

3
tr(C−1kl vlv

′
kC
−1
kl Jij)

[
tr(C−1kl Jij)

]− 3
2

]
.

Substituting it back we get

〈
φk

∣∣∣ 1

rij

∣∣∣φl〉 =
π

3N−1
2

|Ckl|
3
2

[
tr(C−1kl vlv

′
k)

tr(C−1kl Jij)
1
2

− 1

3

tr(C−1kl vlv
′
kC
−1
kl Jij)

tr(C−1kl Jij)
3
2

]
. (6.14)

Using normalized basis functions, (6.14) becomes

〈
φk

∣∣∣ 1

rij

∣∣∣φl〉 =
2√
π

Skl
tr(C−1kl Jij)

1
2

[
1− 1

3tr(C−1kl Jij)

v′kC
−1
kl JijC

−1
kl vl

v′kC
−1
kl vl

]
. (6.15)

6.5
〈
∇rψ

∣∣∣∣Mrij
∣∣∣∣∇rψ

〉
term

First step is to take gradient ∇r of the generating function ϕk = exp[r′Ckr + αkv
′
kr],

which is simply (−2Ckr + αkvk)ϕk.〈
∇rϕk

∣∣∣∣Mrij
∣∣∣∣∇rϕl

〉
=

〈
(−2Ckr + αkvk)ϕk

∣∣∣∣Mrij
∣∣∣∣(−2Clr + αlvl)ϕl

〉
=

= 4

〈
ϕk

∣∣∣∣r′C†kMClr

rij

∣∣∣∣ϕl〉− 2αl

〈
ϕk

∣∣∣∣r′C†kMvl
rij

∣∣∣∣ϕl〉
−2αk

〈
ϕk

∣∣∣∣v′kMClr

rij

∣∣∣∣ϕl〉+ αkαlv
′
kMvl

〈
ϕk

∣∣∣∣ 1

rij

∣∣∣∣ϕl〉.
Since the derivation of these expectation values are lengthy, it is convenient to consider

above four different expectation values separately as four different terms and combine

them at the end.
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The first term: 4

〈
ϕk

∣∣∣∣r′C†kMClr

rij

∣∣∣∣ϕl〉
Using the following relation for a symmetric matrix W = W ⊗ I3 :

r′Wr = − ∂

∂γ
exp[−γr′Wr]

∣∣∣∣
γ=0

, (6.16)

and equations (6.8, 6.9), as well as adopting new notation C†kMCl+(C†kMCl)
′

2
=

C†kMCl+ClMC†k
2

= K , K = K ⊗ I3, we can write:〈
ϕk

∣∣∣∣r′Kr

rij

∣∣∣∣ϕl〉 = − 2√
π

∫ ∞
0

dβ
∂3

∂γ∂αk∂αl
×

×
∫
dr exp[−r′(Ckl + γK + β2Jij)r + (αkvk + αlvl)

′r]

∣∣∣∣
γ,αk,αl=0

=

= −π(3n−1)/2
∫ ∞
0

dβ
∂

∂γ

v′k(Ckl + γK + β2Jij)
−1vl

|Ckl + γK + β2Jij|2/3

∣∣∣∣
γ=0

. (6.17)

In order to calculate the integral above, the following transformations should be applied

v′k(Ckl + γK + β2Jij)
−1vl = tr[(Ckl + γK + β2Jij)

−1vlv
′
k],

tr[(Ckl + γK + β2Jij)
−1vlv

′
k]

|Ckl + γK + β2Jij|
3
2

= −2

3

∂

∂ε

1

|Ckl + εvlv′k + γK + β2Jij|
3
2

∣∣∣∣∣
ε=0

.

Now integral (6.17) turns to〈
ϕk

∣∣∣∣r′Kr

rij

∣∣∣∣ϕl〉 =
2π(3n−1)/2

3

∂

∂γ

∂

∂ε

∫ ∞
0

dβ
1

|Ckl + εvlv′k + γK + β2Jij|
3
2

∣∣∣∣∣
γ,ε=0

. (6.18)

For symmetric square matrix A we can use the following relation

|A+ xy′| = |A|
[
1 + tr(A−1xy′)

]
. (6.19)

Recall that Jij is the rank 1 matrix, and using the fact that matrix multiplication with

rank 1 matrix gives another rank 1 matrix, which have only one eigenvalue, determinant

in (6.18) can be rearranged using the relation (6.18)

|Ckl + γK + εvlv
′
k + β2Jij| = |Ckl + γK + εvlv

′
k||IN + β2(Ckl + γK + εvlv

′
k)
−1Jij| ⇒

|IN + β2(Ckl + γK + εvlv
′
k)
−1Jij| =

N∏
k=1

(1 + λk) = 1 + λ,

30



where λ is an eigenvalue of rank 1 matrix β2(Ckl + γK + εvlv
′
k)
−1Jij. From the fact of

trace-eigenvalue dependence

tr[β2(Ckl + γK + εvlv
′
k)
−1Jij] =

N∑
k=1

λk = λ,

⇒ |IN + β2(Ckl + γK + εvlv
′
k)
−1Jij| =

(
1 + tr[β2(Ckl + γK + εvlv

′
k)
−1Jij]

)
.

Finally, the determinant in equation (6.18) turns to

|Ckl+γK+εvlv
′
k+β2Jij| = |Ckl+γK+εvlv

′
k|
(

1+tr
[
β2(Ckl+γK+εvlv

′
k)
−1Jij

])
. (6.20)

Substituting (6.20) into (6.18) yields 〈
φk

∣∣∣ 1

rij

∣∣∣φl〉 =

=
2π

3n−1
2

3

∂

∂γ

∂

∂ε
|Ckl + γK+ εvlv

′
k|−

3
2

∫ ∞
0

dβ
1(

1 + tr
[
β2(Ckl + γK + εvlv′k)

−1Jij
]) 3

2

∣∣∣∣∣
γ,ε=0

=

=
2π

3n−1
2

3

∂

∂γ

∂

∂ε
|Ckl + γK + εvlv

′
k|−

3
2

(
tr([Ckl + γK + εvlv

′
k)
−1Jij]

)− 1
2

∣∣∣∣∣
γ,ε=0

.

In the β integral we used the fact that tr(aA) = atr(A) and
∫∞
0

1
(1+ax2)3/2

dx = 1√
a
.

Evaluation of the derivative with respect to ε:

∂

∂ε
|Ckl + γK + εvlv

′
k|−

3
2

[
tr((Ckl + γK + εvlv

′
k)
−1Jij)

]− 1
2

∣∣∣
ε=0

=

=
[
tr((Ckl + γK)−1Jij)

]− 1
2
∂

∂ε
|Ckl + γK + εvlv

′
k|−

3
2

∣∣∣
ε=0

+

+|Ckl + γK|−
3
2
∂

∂ε

[
tr((Ckl + γK + εvlv

′
k)
−1Jij)

]− 1
2

∣∣∣
ε=0

=

= −3

2

[
tr((Ckl + γK)−1Jij)

]− 1
2 |Ckl + γK|−

5
2 |Ckl + γK|tr((Ckl + γK)−1vlv

′
k)

−1

2
|Ckl + γK|−

3
2

[
tr((Ckl + γK)−1Jij)

]− 3
2 tr(−(Ckl + γK)−1vlv

′
k(Ckl + γK)−1Jij) =

= −3

2
|Ckl + γK|−

3
2

[
tr((Ckl + γK)−1vlv

′
k)
[
tr((Ckl + γK)−1Jij)

]− 1
2

−1

3
tr((Ckl + γK)−1vlv

′
k(Ckl + γK)−1Jij)

[
tr((Ckl + γK)−1Jij)

]− 3
2

]
.
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One note here is that, we could substitute Ckl + γK in stead of Ckl, and write the

equation (6.14) directly. Now it is time to take derivative with respect to γ. Derivatives

are strightforward, but a bit lengthy:

−3

2

[
tr(C−1kl vlv

′
k)
[
tr(C−1kl Jij)

]− 1
2− 1

3
tr(C−1kl vlv

′
kC
−1
kl Jij)

[
tr(C−1kl Jij)

]− 3
2

]
∂

∂γ
|Ckl+γK|−

3
2

∣∣∣∣
γ=0

−3

2
|Ckl|−

3
2
∂

∂γ

[
tr((Ckl + γK)−1vlv

′
k)
[
tr((Ckl + γK)−1Jij)

]− 1
2

−1

3
tr((Ckl + γK)−1vlv

′
k(Ckl + γK)−1Jij)

[
tr((Ckl + γK)−1Jij)

]− 3
2

]∣∣∣∣
γ=0

;

For the sake of convenience, let us consider the each derivative separately, then we will

substitute it back. First, considering d|X| = |X|tr[X−1dX],

∂

∂γ
|Ckl+γK|−

3
2

∣∣∣∣
γ=0

= −3

2
|Ckl+γK|−

5
2 |Ckl+γK|tr[(Ckl+γK)−1K]

∣∣∣∣
γ=0

= −3

2
|Ckl|−3/2tr[C−1kl K].

Second term derivative is longer:

∂

∂γ

[
tr((Ckl + γK)−1vlv

′
k)
[
tr((Ckl + γK)−1Jij)

]− 1
2

−1

3
tr((Ckl + γK)−1vlv

′
k(Ckl + γK)−1Jij)

[
tr((Ckl + γK)−1Jij)

]− 3
2

]∣∣∣∣
γ=0

=

[
tr(C−1kl Jij)

]−1/2
∂

∂γ
tr((Ckl +γK)−1vlv

′
k)

∣∣∣∣
γ=0

+ tr(C−1kl vlv
′
k)
∂

∂γ

[
tr((Ckl +γK)−1Jij)

]− 1
2

∣∣∣∣
γ=0

−1

3

[
tr(C−1kl Jij)

]− 3
2
∂

∂γ
tr((Ckl + γK)−1vlv

′
k(Ckl + γK)−1Jij)

∣∣∣∣
γ=0

−1

3
tr(C−1kl vlv

′
kC
−1
kl Jij)

∂

∂γ

[
tr((Ckl + γK)−1Jij)

]− 3
2

∣∣∣∣
γ=0

=

By noting that dtr(A) = tr(dA) and d(Ckl + γK)−1 = −(Ckl + γK)−1K(Ckl + γK)−1, we

have

=

[
tr(C−1kl Jij)

]−1/2
tr(−C−1kl KC

−1
kl vlv

′
k)−

1

2
tr(C−1kl vlv

′
k)(tr(C

−1
kl Jij))

−2/3tr(−C−1kl KC
−1
kl Jij)

−1

3

[
tr(C−1kl Jij)

]− 3
2 tr

(
− C−1kl KC

−1
kl vlv

′
kC
−1
kl Jij − C

−1
kl vlv

′
kC
−1
kl KC

−1
kl Jij

)
+

1

2
tr(C−1kl vlv

′
kC
−1
kl Jij)(tr(C

−1
kl Jij))

−5/2tr(−C−1kl KC
−1
kl Jij).
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Now it is remained to substitute everything into (6.18), which was our initial purpose,

but equations are getting messy, unless we introduce some new notations. Taking into

account of our previous definitions Jij = jij
′
jij and C†kMCl+ClMC†k

2
= K⇒ K = (C†kMCl+

ClMC†k)/2 as well as tr(−X) = −tr(X)

a = tr(C−1kl Jij) = jij
′
C−1kl j

ij,

g = tr(C−1kl vlv
′
k) = v′kC

−1
kl vl,

d = tr(C−1kl vlv
′
kC
−1
kl Jij) = v′kC

−1
kl JijC

−1
kl vl,

e = tr(C−1kl KC
−1
kl vlv

′
k) = v′kC

−1
kl KC

−1
kl vl,

b = tr(C−1kl KC
−1
kl Jij) = jij

′
C−1kl KC

−1
kl j

ij,

p = tr(C−1kl K),

f = tr

(
C−1kl KC

−1
kl vlv

′
kC
−1
kl Jij + C−1kl vlv

′
kC
−1
kl KC

−1
kl Jij

)
=

= v′kC
−1
kl JijC

−1
kl KC

−1
kl vl + v′kC

−1
kl KC

−1
kl JijC

−1
kl vl. (6.21)

Using above short notations the first term integral (ignoring 4 in front) becomes〈
φk

∣∣∣∣r′C†kMClr

rij

∣∣∣∣φl〉 =

2π(3n−1)/2

3
|Ckl|−3/2

[
9

4
p

(
ga−1/2−1

3
da−3/2

)
−3

2

(
−a−1/2e+1

2
ga−3/2b+

1

3
a−3/2f−1

2
da−5/2b

)]
=

π(3n−1)/2

|Ckl|3/2

[
3

2
pga−1/2 − 1

2
pda−3/2 + a−1/2e− 1

2
ga−3/2b− 1

3
fa−3/2 +

1

2
dba−5/2

]
.

The second term:−2αl

〈
ϕk

∣∣∣∣r′C†kMvl

rij

∣∣∣∣ϕl〉 integral

Let us start solving this integral as follows:

∂2

∂αk∂αl

(
αl

〈
ϕk

∣∣∣∣r′C†kMvl
rij

∣∣∣∣ϕl〉) =
∂

∂αk

[〈
ϕk

∣∣∣∣r′C†kMvl
rij

∣∣∣∣ϕl〉∣∣∣∣
αl=0

+ 0

]∣∣∣∣
αk=0

=

=
∂

∂αk

∫
dr

r′C†kMvl
rij

exp[−r′(Ckl)r + (αkv
′
k + αlv

′
l)r]

∣∣∣∣
αl,αk=0

∂

∂αk

∫
dr

[
r′C†kMvl

rij

]
exp[−r′(Ckl)r + (αkv

′
k)r]

∣∣∣∣
αk=0

=
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=

∫
dr

[
(v′kr)(r

′C†kMvl)

rij

]
exp[−r′(Ckl)r] =

∫
dr

[
(v′kr)(C

†
kMvl)

′r

rij

]
exp[−r′(Ckl)r].

(6.22)

Using the definition of 1/rij and denoting C†kM = F or C†kM = F , and using the Kro-

necker product property to make argument of exponent consistent (F ⊗ I3)(vl ⊗ ε) =

(Fvl)⊗ (I3ε) = (Fvl)⊗ ε, we have

2√
π

∫ ∞
0

dβ
∂2

∂α∂γ

∫
dr exp[−r′(Ckl + β2Jij)r + (αvk + γFvl)

′r]

∣∣∣∣
α,γ=0

.

Above integral is the same with the 〈φk| 1rij |φl〉, the only difference is that we substitute

Fvl or C†kMvl instead of vl and solution is directly from (6.14):

αl

〈
φk

∣∣∣∣r′C†kMvl
rij

∣∣∣∣φl〉 =
π

3N−1
2

|Ckl|
3
2

[
tr(C−1kl C

†
kMvlv

′
k)

tr(C−1kl Jij)
1
2

− 1

3

tr(C−1kl C
†
kMvlv

′
kC
−1
kl Jij)

tr(C−1kl Jij)
3
2

]
. (6.23)

Let us define the following short notations:

k = tr(C−1kl C
†
kMvlv

′
k),

h = tr(C−1kl C
†
kMvlv

′
kC
−1
kl Jij).

Taking into account the initial factor −2 in front of the integral, which we ignored for

convenience we have:

− 2αl

〈
φk

∣∣∣∣r′C†kMvl
rij

∣∣∣∣φl〉 = −2
π

3N−1
2

|Ckl|
3
2

[
a−1/2k − 1

3
a−3/2h

]
. (6.24)

The third term: −2αk

〈
ϕk

∣∣∣∣v′kMClr

rij

∣∣∣∣ϕl〉 integral

Calculation of this term is very similar to the previous subsections integral.

∂2

∂αk∂αl

(
αk

〈
ϕk

∣∣∣∣v′kMClr

rij

∣∣∣∣ϕl〉) =
∂

∂αl

[〈
ϕk

∣∣∣∣v′kMClr

rij

∣∣∣∣ϕl〉∣∣∣∣
αk=0

+ 0

]∣∣∣∣
αl=0

=

∂

∂αl

∫
dr

v′kMClr

rij
exp[−r′(Ckl)r + (αkv

′
k + αlv

′
l)r]

∣∣∣∣
αl,αk=0

=

∂

∂αl

∫
dr

[
v′kMClr

rij

]
exp[−r′(Ckl)r+(αlv

′
l)r]

∣∣∣∣
αl=0

=

∫
dr

[
(v′kMClr)(v

′
lr)

rij

]
exp[−r′(Ckl)r].

Using the definition of 1/rij and denoting MCl = G or MCl = G,

=
2√
π

∫ ∞
0

dβ
∂2

∂α∂γ

∫
dr exp[−r′(Ckl + β2Jij)r + (αvkG + γvl)

′r]

∣∣∣∣
α,γ=0

.
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Above integral is the same with the 〈φk| 1rij |φl〉, the only difference is that we substitute

v′kG or v′kMCl instead of v′k and solution is directly from (6.14):

αk

〈
φk

∣∣∣∣v′kMClr

rij

∣∣∣∣φl〉 =
π

3N−1
2

|Ckl|
3
2

[
tr(vlv

′
kMClC

−1
kl )

tr(C−1kl Jij)
1
2

− 1

3

tr(C−1kl vlv
′
kMClC

−1
kl Jij)

tr(C−1kl Jij)
3
2

]
. (6.25)

Introducing new notations for convenience:

n = tr(vlv
′
kMClC

−1
kl ),

m = tr(C−1kl vlv
′
kMClC

−1
kl Jij).

Taking into account the initial −2 factor in front of integral, that we ignored for conve-

nience we have:

− 2αk

〈
φk

∣∣∣∣v′kMClr

rij

∣∣∣∣φl〉 = −2
π

3N−1
2

|Ckl|
3
2

[
a−1/2n− 1

3
a−2/3m

]
. (6.26)

The forth term: αkαlv′kMvl〈ϕk| 1rij |ϕl〉 integral

Before solving this integral, let us recall how expectation value with trial basis function

φk looks like in terms of our defined function ϕk:

〈φk|φl〉 =
∂2

∂αk∂αl
〈ϕk|ϕl〉

∣∣∣∣
αk,αl=0

. (6.27)

Considering prefactor v′kMvl = v′kMvl as constant (since it does not contain any α

dependent value), our forth term becomes:

∂2

∂αk∂αl

[
αkαl〈ϕk|

1

rij
|ϕl〉
]∣∣∣∣
αk,αl=0

=

=
∂

∂αk

[(
αk〈ϕk|

1

rij
|ϕl〉
)∣∣∣∣

αl=0

+

(
αlαk

∂

∂αl
〈ϕk|

1

rij
|ϕl〉
)∣∣∣∣

αl=0

]∣∣∣∣
αk=0

.

Since the second term is zero anyway, we ignore the second term and substitute the

necessary part:

∂

∂αk

[(
2√
π
αk

∫ ∞
0

dβ

∫ ∞
−∞

dr exp[r′(Ckl + β2Jij)r + (αkvk + αlvl)
′r]

)∣∣
αl=0

]∣∣∣∣
αk=0

=

∂

∂αk

[
2√
π
αk

∫ ∞
0

dβ

∫ ∞
−∞

dr exp[r′(Ckl + β2Jij)r + (αkvk)
′r]

]∣∣∣∣
αk=0

.
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In the same way as above, we will ignore the second term, since it is zero:

2√
π

∫ ∞
0

dβ

∫ ∞
−∞

dr exp[r′(Ckl + β2Jij)r] =
2√
π

∫ ∞
0

dβ
π3n/2

|Ckl + β2Jij|3/2
.

We have already encountered this situation before. So we will make the same manipulation

here: |Ckl+β2Jij| = |Ckl|(1+β2tr(C−1kl Jij)). In addition,
∫∞
0
dx 1

(1+ax2)2/3
= 1√

a
. By these,

we have

2π(3n−1)/2

|Ckl|3/2

∫ ∞
0

dβ
1

(1 + β2tr(C−1kl Jij))
3/2

=
2π(3n−1)/2

|Ckl|3/2
[tr(C−1kl Jij)]

−1/2 =
2π(3n−1)/2

|Ckl|3/2
(a)−1/2.

To sum up, the forth integral is:

αkαlv
′
kMvl〈ϕk|

1

rij
|ϕl〉 =

2π(3n−1)/2

|Ckl|3/2
a−1/2q, (6.28)

where a = tr(C−1kl Jij) as our previous definition and q = v′kMvl.

All terms together

Recall that in the first term, we have 4 in front, we did not include it into derivation for

convenience, so including 4 in the first term:

4π(3n−1)/2

|Ckl|3/2

[
a−1/2e− 1

2
ga−3/2b− 1

3
a−3/2f +

1

2
da−5/2b+

3

2
pga−1/2 − 1

2
pda−3/2

]
−2π(3n−1)/2|Ckl|−3/2(ka−1/2 −

1

3
ha−3/2)− 2π(3n−1)/2|Ckl|−3/2(na−1/2 −

1

3
ma−3/2)+

+
2π(3n−1)/2

|Ckl|3/2
a−1/2q ⇒ 2π(3n−1)/2

|Ckl|3/2

[
2a−1/2e−ga−3/2b− 2

3
a−3/2f+da−5/2b+3pga−1/2−pda−3/2

−ka−1/2 +
1

3
ha−3/2 − na−1/2 +

1

3
ma−3/2 + a−1/2q

]
⇒

2π(3n−1)/2

|Ckl|3/2

[
a−1/2(2e+ 3pg − k − n+ q)− a−3/2(gb+

2

3
f + pd− 1

3
h− 1

3
m) + a−5/2db

]
=

⇒ 4Skl
g
√
π

[
a−1/2(2e+ 3pg−k−n+ q)−a−3/2(gb+

2

3
f +pd− 1

3
h− 1

3
m) +a−5/2db

]
. (6.29)

where Skl ≡ 〈φk|φl〉 = π3n/2

2

v′kC
−1
kl vl

|Ckl|3/2
= π3n/2

2
g

|Ckl|3/2
. So, the final result is:〈

∇rφk

∣∣∣∣Mrij
∣∣∣∣∇rφl

〉
=

=
4Skl
g
√
π

[
a−1/2(2e+ 3pg−k−n+ q)−a−3/2(gb+

2

3
f + pd− 1

3
h− 1

3
m) +a−5/2db

]
. (6.30)
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One note here is that terms 2e, k, n, q can be manipulated as follows:

2e− k − n− q = 2
v′kC

−1
kl (C†kMCl + ClMC†k)C

−1
kl vl

2
− tr(C−1kl C

†
kMvlv

′
k) =

− tr(MClC
−1
kl vlv

′
k) + tr(Mvlv

′
k) = 2tr(C−1kl ClMC†kC

−1
kl vlv

′
k) = 2λ. (6.31)

6.6
〈
ψ
∣∣ 1
rijrpq

∣∣ψ〉 term

Another required integral for computing the expectation value of regularization identity

(5.23) for the Dirac delta function is the integral 〈ψ
∣∣Vint

rij

∣∣ψ〉, which can be split into several

integrals of the form
〈
ψ
∣∣ 1
rijrpq

∣∣ψ〉. By applying equations (6.8) and (6.9), and using the

overlap integral (6.6), we have

〈
φk
∣∣ 1

rijrpq

∣∣φl〉 =
4

π

∫ ∞
0

∫ ∞
0

dαdβ〈φk| exp[−α2r2ij − β2r2pq]|φl〉 ⇒

⇒ 2π3N/2−1
∫ ∞
0

∫ ∞
0

dαdβ
tr[(Ckl + α2Jij + β2Jpq)

−1vlv
′
k]

|Ckl + α2Jij + β2Jpq|3/2
. (6.32)

We will use the same transformation as in the previous subsections:

tr[(Ckl + α2Jij + β2Jpq)
−1vlv

′
k]

|Ckl + α2Jij + β2Jpq|3/2
= −2

3

∂

∂ε

1

|Ckl + α2Jij + β2Jpq + εvlv′k|3/2

∣∣∣∣∣
ε=0

,

and the relation for symmetric square matrix A:

|A+ xy′| = |A|
[
1 + tr(A−1xy′)

]
. (6.33)

By applying the integral
∫∞
0

dx
(1+ax2)3/2

= 1√
a
, equation (6.32) becomes

〈
φk
∣∣ 1

rijrpq

∣∣φl〉 = −4

3
π

3N
2
−1 ∂

∂ε

∫ ∞
0

dα
|Ckl + α2Jij + εvlv

′
k|−3/2

(tr[(Ckl + α2Jij + εvlv′k)
−1Jpq])1/2

∣∣∣∣∣
ε=0

. (6.34)

Using formula (6.33) for the determinant, in the right hand side of (6.34) we get

|Ckl + α2Jij + εvlv
′
k| = |Ckl + εvlv

′
k|(1 + β2tr[(Ckl + εvlv

′
k)
−1Jij]), (6.35)

and for invertable square matrices Ckl + εvlv
′
k and Jij, we can use the Sherman-Morrison

formula:

(Ckl + εvlv
′
k + α2Jij)

−1 = (Ckl + εvlv
′
k)
−1 − α2(Ckl + εvlv

′
k)
−1Jij(Ckl + εvlv

′
k)
−1

1 + α2tr[(Ckl + εvlv′k)
−1Jij]

. (6.36)
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To simplify our calculations, we define new notations:

a = tr[(Ckl + εvlv
′
k)
−1Jij],

b = tr[(Ckl + εvlv
′
k)
−1Jpq],

c = tr[(Ckl + εvlv
′
k)
−1Jij(Ckl + εvlv

′
k)
−1Jpq].

Using these notations and formulas (6.35) and (6.36) term tr[(Ckl + α2Jij + εvlv
′
k)
−1Jpq]

becomes:

tr[(Ckl + α2Jij + εvlv
′
k)
−1Jpq] = b− α2c

1 + α2a
. (6.37)

Using above notations, equation (6.34) can be written in a compact form as〈
φk
∣∣ 1

rijrpq

∣∣φl〉 = −4

3
π

3N
2
−1 ∂

∂ε

1

|Ckl + εvlv′k|3/2

∫ ∞
0

dα
1

(1 + α2a)(b− α2c+ α2ba)1/2
=

= −4

3
π

3N
2
−1 ∂

∂ε

1

|Ckl + εvlv′k|3/2

[
1√
c

arccos

(√
1− c

ab

)]
, (6.38)

where a, b, c are constant parameters with b > 0, a > 0, c ≥ 0, ab− c ≥ 0. Let us find the

derivative in (6.38) separately

∂

∂ε

arccos

[√
1− tr

[
(Ckl+εvlv

′
k)
−1Jij(Ckl+εvlv

′
k)
−1Jpq

]
tr
[
(Ckl+εvlv

′
k)
−1Jij

]
tr
[
(Ckl+εvlv

′
k)
−1Jpq

]]
|Ckl + εvlv′k|

3
2

√
tr
[
(Ckl + εvlv′k)

−1Jij(Ckl + εvlv′k)
−1Jpq

]
∣∣∣∣∣
ε=0

=

= −3

2

arccos

[√
1− tr(C−1

kl JijC
−1
kl Jpq)

tr(C−1
kl Jij)tr(C

−1
kl Jpq)

]
|Ckl|

3
2

√
tr(C−1kl JijC

−1
kl Jpq)

tr(C−1kl vlv
′
k)+

+
1

2

arccos

[√
1− tr(C−1

kl JijC
−1
kl Jpq)

tr(C−1
kl Jij)tr(C

−1
kl Jpq)

]
|Ckl|

3
2

tr(C−1kl vlv
′
kC
−1
kl JijC

−1
kl Jpq + C−1kl JijC

−1
kl vlv

′
kC
−1
kl Jpq)[

tr(C−1kl JijC
−1
kl Jpq)

] 3
2

+

+
|Ckl|−

3
2√

tr(C−1kl JijC
−1
kl Jpq)

∂

∂ε
arccos

[√
1−

tr
[
(Ckl + εvlv′k)

−1Jij(Ckl + εvlv′k)
−1Jpq

]
tr
[
(Ckl + εvlv′k)

−1Jij
]
tr
[
(Ckl + εvlv′k)

−1Jpq
]]∣∣∣∣∣

ε=0

.

Taking into account the differential d arccos(x) = −1√
1−x2 , where x 6= ±1, we find the

derivative of arccosine function separately

∂

∂ε
arccos

[√
1−

tr
[
(Ckl + εvlv′k)

−1Jij(Ckl + εvlv′k)
−1Jpq

]
tr
[
(Ckl + εvlv′k)

−1Jij
]
tr
[
(Ckl + εvlv′k)

−1Jpq
]]∣∣∣∣∣

ε=0

=
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=
−1

2

√
tr
[
C−1

kl JijC
−1
kl Jpq

]
tr
[
C−1

kl Jij

]
tr
[
C−1

kl Jpq

]
1√√√√1−

∣∣∣∣∣ tr
[
C−1

kl JijC
−1
kl Jpq

]
tr
[
C−1

kl Jij

]
tr
[
C−1

kl Jpq

]∣∣∣∣∣
×

× ∂

∂ε

[
1−

tr
[
(Ckl + εvlv

′
k)
−1Jij(Ckl + εvlv

′
k)
−1Jpq

]
tr
[
(Ckl + εvlv′k)

−1Jij
]
tr
[
(Ckl + εvlv′k)

−1Jpq
]]∣∣∣∣∣

ε=0

=

=
1

2

√
tr
[
C−1

kl JijC
−1
kl Jpq

]
tr
[
C−1

kl Jij

]
tr
[
C−1

kl Jpq

]
1√√√√1−

∣∣∣∣∣ tr
[
C−1

kl JijC
−1
kl Jpq

]
tr
[
C−1

kl Jij

]
tr
[
C−1

kl Jpq

]∣∣∣∣∣
×

×

[
tr
[
C−1kl JijC

−1
kl Jpq

]
tr
[
C−1kl Jpq

] tr
[
C−1kl vlv

′
kC
−1
kl Jij

]
tr
[
C−1kl Jij

]2 +
tr
[
C−1kl JijC

−1
kl Jpq

]
tr
[
C−1kl Jij

] tr
[
C−1kl vlv

′
kC
−1
kl Jpq

]
tr
[
C−1kl Jpq

]2 −

−tr(C−1kl vlv
′
kC
−1
kl JijC

−1
kl Jpq + C−1kl JijC

−1
kl vlv

′
kC
−1
kl Jpq)

tr
[
C−1kl Jij

]
tr
[
C−1kl Jpq

] ]
.

Keeping in mind the definition Jij = jij ′jij, we can introduce the following short notations:

a = tr(C−1kl Jij) = jij ′C−1kl j
ij,

b = tr(C−1kl Jpq) = jpq ′C−1kl j
pq,

c = tr(C−1kl JijC
−1
kl Jpq) = jpq ′C−1kl j

ijjij ′C−1kl j
pq,

d = tr(C−1kl JijC
−1
kl vlv

′
k) = v′kC

−1
kl JijC

−1
kl vl,

e = tr(C−1kl JpqC
−1
kl vlv

′
k) = v′kC

−1
kl JpqC

−1
kl vl,

f = tr(C−1kl JijC
−1
kl JpqC

−1
kl vlv

′
k + C−1kl JpqC

−1
kl JijC

−1
kl vlv

′
k) =

= v′kC
−1
kl JijC

−1
kl JpqC

−1
kl vl + v′kC

−1
kl JpqC

−1
kl JijC

−1
kl vl,

g = tr(C−1kl vlv
′
k) = v′kC

−1
kl vl. (6.39)

Using these we can write equation (6.38) as follows:

〈
φk
∣∣ 1

rijrpq

∣∣φl〉 = − 4

3|Ckl|3/2
π

3N
2
−1

[
− 3

2

g arccos(
√

1− c
ab

)

c1/2
+
f arccos(

√
1− c

ab
)

2c3/2
+

+
1

c1/2

(
1

2
√

c
ab

1√
1−

∣∣ c
ab

∣∣
(
c

b

d

a2
+
c

a

e

b2
− f

ab

))]
= − 2

3|Ckl|3/2
π

3N
2
−1×

×

[
arccos

(√
1− c

ab

)[ f

c3/2
− 3g

c1/2

]
+

√
ab√

1−
∣∣ c
ab

∣∣
(
d

ba2
+

e

ab2
− f

cab

)]
.
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Using the normalized wave function, we have

〈
φk
∣∣ 1

rijrpq

∣∣φl〉 =
4Skl
3πg

[
arccos

(√
1− c

ab

)[ 3g

c1/2
− f

c3/2

]
+

1/
√
ab√

1−
∣∣ c
ab

∣∣
(
f

c
−d
a
−e
b

)]
. (6.40)

6.7 Matrix elements with the Dirac delta function

If we consider some arbitrary function f(rij), then using the property of Dirac delta-

function we can write it as

f(rij) =

∫
δ(θ − rij)f(θ)dθ, (6.41)

where the integration over θ takes place in 3D space, and δ(θ − rij) is 3D Dirac delta-

function. Using this relation the expectation value of f can be written as follows:

〈φk|f(rij)|φl〉 =

∫
f(θ)dθ〈φk|δ(θ − rij)|φl〉. (6.42)

In order to proceed with the resultant expectation value, we will use the representation

of the delta function in the form of a Gaussian with infinitely narrow width:

δ(θ − rij) = lim
β→∞

(β/π)3/2 exp(−β(θ − rij)
2). (6.43)

We can make a substitution rij = (b⊗I3)′r, where b = jj−ji (ji is an n-component vector

whose ith element is one, while all others are zero) and use the property of the Kronecker

product, which transforms the the right hand side of equation (6.42) as follows:

〈φk|δ(θ − rij)|φl〉 = lim
β→∞

(β
π

) 3
2 exp[−βθ2]

∂2

∂αk∂αl
×

×
∫
dr exp[−r′(Ckl + βbb′)r + (αkvk + αlvl + 2β((b⊗ I3)θ))′r)]

∣∣∣∣
αkαl=0

. (6.44)

As one can notice immediately, the integral in the last expression is similar to the overlap

integral, so the result is:

〈φk|δ(θ − rij)|φl〉 = lim
β→∞

(β
π

) 3
2 exp[−βθ2]

π
3N
2

|Ckl + βbb′|3/2
×

× ∂2

∂αk∂αl
exp[

1

4
(αkvk + αlvl + 2β((b⊗ I3)θ))′((Ckl + βbb′)−1 ⊗ I3)]×

× (αkvk + αlvl + 2β((b⊗ I3)θ))]

∣∣∣∣
αk,αl=0

. (6.45)
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Using the following relations

|Ckl + βbb′| = |Ckl|(1 + βtr(Cklbb
′)),

(A+B)−1 = A−1 − A−1BA−1

1 + tr(A−1B)
,

and taking the limit followed by taking the derivatives with respect to parameters αk and

αl (which is rather lengthy to write it here explicitly), we obtain the final result:

〈φk|δ(θ − rij)|φl〉 =
Skl

(πtr(C−1kl bb
′))3/2

exp

[
− θ2

tr(C−1kl bb
′)

]
×

×
[
1 +

v′kC
−1
kl bb

′C−1kl vl

tr(C−1kl bb
′)tr(C−1kl vlv

′
k)

(
2θ2

tr(C−1kl bb
′)
− 1

)]
. (6.46)

It should be noted that in actual numerical applications it is better to write terms contain-

ing the trace in terms of only matrix multiplications as in (6.21) as this is more efficient

from the computational point of view. Using b = jj − ji, jij = ji − jj and jijjij ′ = Jij,

we have

bb′ = (jj − ji)(jj − ji)′ = jjjj
′ − jijj ′ − jjji′ + jiji

′
= Ejj − Eij − Eji + Eii = Jij,

where Eij is a matrix with 1 in the i, jth position and 0’s everywhere. We came

up with the old matrix Jij , which is very useful to write the equation (6.46) in a more

compact form using the notations (6.21). So, the compact form is:

〈φk|δ(θ − rij)|φl〉 =
Skl

(πa)3/2
exp

[
− θ2

a

](
1 +

d

ag
(2θ2/a− 1)

)
. (6.47)

Expressions (6.41) and (6.47) allow to calculate the expectation value of any desired

function f(rij).
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7 Matrix elements for the mass-velocity identity

The expectation value identity for the case of the mass-velocity Hamiltonian is written as

in equation (5.24)

〈ψ|HMV |ψ〉 = −λ2〈ψ|(E − V )2|ψ〉 − λ2〈ψ|(E − V )(∇′rB∇r)|ψ〉+ λ2〈ψ|(∇′rM∇r)
2|ψ〉+

λ2〈ψ|(∇′rM∇r)(∇′rB∇r)|ψ〉 − β0〈ψ|(∇′rJ∇r)
2|ψ〉 −

n∑
i=1

βi〈ψ|(∇′rJii∇r)
2|ψ〉. (7.1)

One can notice that only four types of integrals appear here: one is overlap integral,

second is 〈φ|r′Xr|φ〉 type integral, which is very similar to the overlap integral, the third

type is derived in Section 6.5, while the last one is derived in the next subsection.

7.1 〈ψ|(∇′rM∇r)(∇′rB∇r)|ψ〉 integral

This integral is similar to other integrals, e.g. 〈ψ|(∇′rJii∇r)
2|ψ〉 integral. So we only

chose the arbitrary one to show the derivation. Before starting to solve the integral, for

convenience we write the following derivatives of generating function ϕk:

∇rϕk = ∇r exp[−r′Ckr + αk(v
k)′r] = [−2Ckr + αkvk] exp[−r′Ckr + αk(v

k)′r]⇒

∇rϕk = [−2Ckr + αkvk]ϕk,

∇′rϕk = [−2r′Ck + αkv
′
k]ϕk. (7.2)

Using the following property

〈ϕk|(∇′rM∇r)(∇′rB∇r)|ϕl〉 = 〈∇′rM∇rϕk|∇′rB∇rϕl〉, (7.3)

we see that, we also need the following derivatives

M∇rϕk = [−2MCkr + αkMvk]ϕk,

∇′rM∇rϕk = ∇′r([−2MCkr+αkMvk]ϕk) = −2tr[MCk] + (−2MCkr+αkMv)(−2r′Ck+

+ αkv
′
k)ϕk = [−2tr[MCk] + 4(r′CkMCkr)− 4αk(v

′
kMCkr) + α2

k(v
′
kMvk)]ϕk. (7.4)

Similarly

∇′rB∇rϕl = [−2tr[ClB] + 4(r′ClBClr)− 4αl(v
′
lBClr) + α2

l (v
′
lBvl)]ϕl. (7.5)
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In order to calculate the expectation value 〈∇′rM∇rϕk|∇′rB∇rϕl〉, we need to mul-

tiply equations (7.4) and (7.5) term by term by ignoring the α2 terms (because its expec-

tation value becomes zero when we take the limit with respect to α’s and set the α equal

to zero):

[−2tr[MCk] + 4(r′CkMCkr)− 4αk(v
′
kMCkr)][−2tr[ClB] + 4(r′ClBClr)− 4αl(v

′
lBClr)]

= 4tr[MCk]tr[ClB]− 8tr[MCk](r
′ClBClr) + 8αltr[MCk](v

′
lBClr)−

−8tr[ClB](r′CkMCkr) + 16(r′CkMCkr)(r
′ClBClr)− 16αl(r

′CkMCkr)(v
′
lBClr)

+8αktr[ClB](v′kMCkr)− 16αk(v
′
kMCkr)(r

′ClBClr) + 16αkαl(v
′
kMCkr)(v

′
lBClr).

Now we can proceed to writing the above expressions in terms of the expectation values

(since taking the limit with respect to αk and αl and setting it zero is straightforward, we

write the result at once)

〈∇′rM∇rφk|∇′rB∇rφl〉 = 36tr[CkM ]tr[ClB]〈φk|φl〉 − 24tr[CkM ]〈φk|r′ClBClr|φl〉

−24tr[ClB]〈φk|r′CkMCkr|φl〉+ 16〈φk|(r′CkMCkr)(r
′ClBClr)|φl〉

+24tr[CkM ]〈ϕk|(v′kr)(v′lBClr)|ϕl〉 − 16〈ϕk|(v′kr)(r′CkMCkr)(v
′
lBClr)|ϕl〉

+24tr[ClB]〈ϕk|(v′kMCkr)(v
′
lr)|ϕl〉 − 16〈ϕk|(v′kMCkr)(r

′ClBClr)(v
′
lr)|ϕl〉

+ 16〈ϕk|(v′kMCkr)(v
′
lBClr)|ϕl〉. (7.6)

Integrals that are similar to the one above were derived in Subsection 6.5, while the

remaining third and the seventh terms still need to be computed. Hence, we will show

how these terms can be calculated and give the final expression in the end.

〈φk|(r′CkMCkr)(r
′ClBClr)|φl〉 term

Before going into detail, let us define some useful symmetric matrices P = CkMCk and

Q = ClBCl. In the same way as we did in the previous calculations, we solve the integral

in the following way:

〈φk|(r′Pr)(r′Qr)|φl〉 =
π3n/2

2

∂

∂α

∂

∂β

v′k(Ckl + αP + βQ)−1vl
|Ckl + αP + βQ|3/2

∣∣∣∣
α,β=0

=
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= −π
3n/2

2

∂

∂α

[
v′k(Ckl + βQ)−1P (Ckl + βQ)−1vl

|Ckl + βQ|3/2
+

3

2

tr[(Ckl + βQ)−1P ]v′k(Ckl + βQ)−1vl
|Ckl + βQ|3/2

]

= −π
3n/2

2

[
(v′kC

′
klPCklvl+

3

2
tr[C−1kl)P ]v′kC

−1
kl vl)

(
3tr[C−1kl Q]

|Ckl|3/2

)
+

1

|Ckl|3/2

(
−v′kC−1kl QC

−1
kl PC

−1
kl vl

−v′kC−1kl PC
−1
kl QC

−1
kl vl +

3

2
tr[C−1kl P ]v′kC

−1
kl QC

−1
kl vl −

3

2
v′kC

−1
kl vltr[C

−1
kl QC

−1
kl P ]

)]
=

= 〈φk|φl〉

[
3

2
tr[C−1kl Q]

v′kC
−1
kl PC

−1
kl vl

v′kC
−1
kl vl

+
9

4
tr[C−1kl P ]C−1kl Q +

v′kC
−1
kl QC

−1
kl PC

−1
kl vl

v′kC
−1
kl vl

+

+
v′kC

−1
kl PC

−1
kl QC

−1
kl vl

v′kC
−1
kl vl

+
3

2

tr[C−1kl P ]v′kC
−1
kl QC

−1
kl vl

v′kC
−1
kl vl

+
3

2
tr[C−1kl QC

−1
kl P ]

]
.

Remaining terms

As it is mentioned, most of the terms in equation (7.6) are calculated in previous sections

and very similar to the overlap and other elementary integrals, so we provide here only

final results:

• 〈φk|r′ClBClr|φl〉 =

(
3
2
tr[C−1kl ClBCl] +

v′kC
−1
kl ClBClC

−1
kl vl

v′kC
−1
kl vl

)
〈φk|φl〉.

• 〈φk|r′CkMCkr|φl〉 =

(
3
2
tr[C−1kl CkMCk] +

v′kC
−1
kl CkMCkC

−1
kl vl

v′kC
−1
kl vl

)
〈φk|φl〉.

• 〈ϕk|(v′kr)(v′lBClr)|ϕl〉 =
v′kC

−1
kl ClBvl

v′kC
−1
kl vl

〈φk|φl〉.

• 〈ϕk|(v′kr)(r′CkMCkr)(v
′
lBClr)|ϕl〉 = 〈φk|φl〉

(
3
2
tr[C−1kl CkMCk]v

′
kC
−1
kl ClBvl +

v′kC
−1
kl CkMCkC

−1
kl ClBvl

v′kC
−1
kl vl

)
.

• 〈ϕk|(v′kMCkr)(v
′
lr)|ϕl〉 =

v′kMCkC
−1
kl vl

v′kC
−1
kl vl

〈φk|φl〉.

• 〈ϕk|(v′kMCkr)(r
′ClBClr)(v

′
lr)|ϕl〉 = 〈φk|φl〉

(
3
2
tr[C−1kl ClBCl]v

′
kMCkC

−1
kl vl +

v′kMCkC
−1
kl ClBClC

−1
kl vl

v′kC
−1
kl vl

)
.

• 〈ϕk|(v′kMCkr)(v
′
lBClr)|ϕl〉 =

v′kMCkC
−1
kl ClBvl

v′kC
−1
kl vl

〈φk|φl〉.
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All terms together

Now let us write all the terms together in a compact form. For this purpose we use the

formula Ckl = Ck +Cl, so that some terms can be canceled with each other. Here we will

present the final result only:

〈φk|(∇′rM∇r)(∇′rB∇r)|φl〉 = 16〈φk|(r′CkMCkr)(r
′ClBClr)|φl〉+ 〈φk|φl〉×

×

[
tr[CkM ]

(
36 tr[ClB]− 36 tr[C−1kl ClBCl]

)
− 36 tr[ClB]tr[C−1kl CkMCk]+

+
8

v′kC
−1
kl vl

(
3 tr[ClM ]v′kC

−1
kl ClBCkC

−1
kl vl + 3 tr[ClB]v′kC

−1
kl ClMCkC

−1
kl vl−

−3 tr[C−1kl CkMCk]v
′
kC
−1
kl ClBvl + 2v′kC

−1
kl ClMCkC

−1
kl ClBvl−

−3 tr[C−1kl ClBCl]v
′
kMCkC

−1
kl vl − 2v′kMCkC

−1
kl ClBClC

−1
kl vl

)]
.
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8 Numerical results

The analytic expressions obtained in Sections 6 and 7 have been implemented in Fortran

computer code and interfaced with a larger program for parallel variational calculations

of quantum-few body systems called ECG and maintained by Prof. Sergiy Bubin. To

verify the quality of our implementation we have performed several test calculations of

the expectation values for the lowest P -states of few-electron atoms as well as for the

positronium molecule, Ps2, consisting of two electrons and two positrons.

In our calculations of atoms we set the nucleus mass to infinity in order to compare

our results with the available literature values. Apart from the numerical results in the

form of tables, for each atomic system we also provide a plot illustrating the convergence

of the regularized expectation values of the delta-functions and HMV in comparison with

direct evaluation. While in this work we present the calculations for the lowest P -states

of atoms, our algorithm is general and can be applied for excited states as well, provided

their wave function (a suitable ECG basis set) is available as an input.

8.1 He atom

The helium atom is composed of two electrons bound to nucleus containing two protons. In

Table 2, for He in its lowest singlet P -state, it can be observed that the expectation value

of one particle delta function δ(ri) converged to 6 significant figures, while its regularized

version converged to 10 figures. In the case of two particle delta function δ(rij), the

former converged to 4 significant figures, while the latter to 7 figures. The regularized

expectation values agree with the available literature values. In particular, the values

obtained are in very good agreement with the results of Yan and Drake [29]. Our 〈δ(ri)〉

value reproduces that of all Yan and Drake in all 10 digits that they reported.
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Table 2: Convergence of the expectation values of direct and regularized delta functions with the size of
the basis set for He atom, with infinite mass of the nucleus, in the 2 1P state. All values are in atomic
units. Label "Reg." stands for "Regularized".

Basis size 〈δ(ri)〉 Reg. 〈δ(ri)〉 〈δ(rij)〉 Reg. 〈δ(rij)〉

100 1.272831 1.2743910956 0.00074240 0.00073507509

200 1.274024 1.2743927656 0.00073701 0.00073516144

500 1.274355 1.2743928849 0.00073533 0.00073516877

1000 1.274385 1.2743928862 0.00073521 0.00073516887

Ref. [29] 1.274392886(1) 0.0007351691(3)

Ref. [30] 1.2743859 0.00073522038

Figure 1: Graphical illustration of the data in Table 2.

Table 3: Convergence of the expectation values of direct and regularized mass-velocity with the size of
the basis set for He atom, with infinite mass of the nucleus, in the 2 1P state. All values are in atomic
units.

Basis size 〈HMV 〉 Reg. 〈HMV 〉

100 −10.01949 −10.02924302

200 −10.02695 −10.02925297

500 −10.02901 −10.02925157

1000 −10.02921 −10.02925142

Ref. [29] −10.029251357

Ref. [30] −10.0292159

The convergence of the expectation values of regularized mass-velocity Hamiltonian

is considerably higher reaching 9 significant figures in comparison with only 6 figures
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obtained by the direct evaluation (see Table 3). As in the case of the Dirac delta function,

the regularized values are also in good agreement with those reported in the work of Yan

and Drake [29].

Figure 2: Graphical illustration of the data in Table 3.

8.2 Li atom

The lithium atom contains three electrons bound to the nucleus. In Table 4, the conver-

gence of the regularized expectation values of one and two particle Dirac delta functions

for Li atom is considerably higher in comparison with the case of direct evaluation. The

accuracy increases from 7 to 11 and from 7 to 10 digits respectively. The results obtained

in this case are in good agreement with the values obtained by Puchalski and Pachucki

[31]. The leading 9 and 10 digits in the expectation values of the one and two-particle

delta functions match those reported by Puchalski and Pachucki. The regularized expec-

tation values of the mass-velocity Hamiltonian shown in Table 5 coincide in 7 significant

figures. It should be noted that Puchalski and Pachucki used a very large Hylleraas basis

set with the analytic integration and recursion relations for matrix elements in their work

[31]. Their values are highly accurate and can serve as a reference.

48



Table 4: Convergence of the expectation values of direct and regularized delta functions for Li atom in
the 2 1P1/2 state. All values are in atomic units.

Basis size 〈δ(ri)〉 Reg. 〈δ(ri)〉 〈δ(rij)〉 Reg. 〈δ(rij)〉

500 4.5562306 4.55873002783 0.17758132 0.177424454016

1000 4.5580211 4.55873213750 0.17747083 0.177424672382

2000 4.5585337 4.55873233559 0.17743459 0.177424697409

3000 4.5586621 4.55873234853 0.17743005 0.177424699470

4000 4.5586680 4.55873234941 0.17742773 0.177424699788

5000 4.5587036 4.55873234977 0.17742763 0.177424699786

6000 4.5587051 4.55873234980 0.17742707 0.177424699843

Ref. [32] 4.558612 0.177433

Ref. [31] 4.558732353 0.17742469963

Figure 3: Graphical illustration of the data in Table 4

Figure 4: Graphical illustration of the data in Table 5
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Table 5: Convergence of the expectation values of direct and regularized mass-velocity for Li atom in the
2 1P1/2 state. All values are in atomic units.

Basis size 〈HMV 〉 Reg. 〈HMV 〉

500 −77.468927 −77.5062913

1000 −77.495357 −77.5058185

2000 −77.502889 −77.5056613

3000 −77.504618 −77.5056422

4000 −77.504686 −77.5056303

5000 −77.505243 −77.5056299

6000 −77.505268 −77.5056276

Ref. [31] −77.505622125

8.3 Be atom

The regularized expectation values of singular operators obtained for Be atom, in the 2 1P

state, are in good agreement with the calculations of Puchalski, Pachucki, and Komasa

performed using the ECG basis set [33]. However, it should be mentioned that the number

of converged figures is around 7, which is fewer than what we saw for He and Li atoms.

This is expected as the overall accuracy of Be calculations (e.g. in terms of the total

energy) is lower because the wave function of the four-electron system is much more

complex.

Table 6: Convergence of the expectation values of direct and regularized delta functions for Be atom in
the 2 1P state. All values are in atomic units.

Basis size 〈δ(ri)〉 Reg. 〈δ(ri)〉 〈δ(rij)〉 Reg. 〈δ(rij)〉

500 8.70047 8.72428604 0.2624096 0.261311960

1000 8.71296 8.72444021 0.2617699 0.261321198

2000 8.72111 8.72447613 0.2615228 0.261323468

3000 8.72241 8.72447979 0.2614415 0.261323867

4000 8.72331 8.72448080 0.2613896 0.261323965

5000 8.72340 8.72448107 0.2613676 0.261323999

6000 8.72369 8.72448124 0.2613647 0.261324009

Ref. [33] 8.7244787(2) 0.26132393(7)

Ref. [30] 8.724225 0.261345

Ref. [34] 8.72426480 0.26134390
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Figure 5: Graphical illustration of the data in Table 6

Table 7: Convergence of the expectation values of direct and regularized mass-velocity for Be atom in
the 2 1P state. All values are in atomic units.

Basis size 〈HMV 〉 Reg. 〈HMV 〉

500 −266.0816 −266.665236

1000 −266.3806 −266.666484

2000 −266.5891 −266.665892

3000 −266.6137 −266.665297

4000 −266.6363 −266.664855

5000 −266.6378 −266.664646

6000 −266.6442 −266.664629

Ref. [30] −266.65862

Ref. [33] −266.66514

Ref. [34] −266.65902

Figure 6: Graphical illustration of the data in Table 7
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8.4 B atom

The largest system in our tests was the boron atom, which contains five electrons. Vari-

ational calculations with all-particle correlated Gaussians for B become more time con-

suming. Yet the method is capable of providing high accuracy results despite the high

computational cost. It should be mentioned that it is very difficult to obtain results of

spectroscopic accuracy for such larger system. The standard approaches that are based

on single-electron functions, e.g. configuration interaction (CI) and coupled cluster (CC)

methods struggle with this task. The expectation values of one-particle delta function

δ(ri) we obtained in our tests have the same number of converged digits (around 6, see

Table 8) as those reported by Puchalski, Komasa, and Pachucki [35]. The convergence of

regularized version of two particle delta function δ(rij) is improved by almost 3 significant

figures in comparison with the direct evaluation scheme. For the expectation value of the

mass-velocity Hamiltonian (shown in Table 9) one can also observe the improvement by

almost 3 orders of magnitude.

Table 8: Convergence of the expectation values of direct and regularized delta functions for B atom in
the 2 2P state. All values are in atomic units.

Basis size 〈δ(ri)〉 Reg. 〈δ(ri)〉 〈δ(rij)〉 Reg. 〈δ(rij)〉

100 13.99852 14.355664 0.3643148 0.353393438

200 14.16340 14.365303 0.3590545 0.353612202

500 14.29217 14.371915 0.3566628 0.353786635

1000 14.34245 14.372701 0.3550145 0.353826851

2000 14.35894 14.372946 0.3545289 0.353840378

3000 14.36181 14.372982 0.3542649 0.353843269

4000 14.36445 14.372996 0.3540843 0.353844640

5000 14.36830 14.373002 0.3540453 0.353845094

Ref. [35] 14.372994 0.35384532
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Figure 7: Graphical illustration of the data in Table 8

Table 9: Convergence of the expectation values of direct and regularized mass-velocity for B atom in the
2 2P state. All values are in atomic units.

Basis size 〈HMV 〉 Reg. 〈HMV 〉

100 −677.993 −692.35691

200 −684.954 −692.92120

500 −690.179 −693.32619

1000 −692.249 −693.35720

2000 −692.813 −693.36774

3000 −692.919 −693.36638

4000 −693.036 −693.36449

5000 −693.182 −693.36437

Ref. [35] −693.36550

Figure 8: Graphical illustration of the data in Table 9

53



8.5 Ps2 molecule

In addition to few-electron atoms, in this work we also performed calculation of the

positronium molecule, Ps2 – an exotic system consisting of two electrons and two positrons.

The existence of bound state of the positronium molecule for the case of orbital angular

momentum L = 1 (P -state) and negative parity was first predicted by Varga, Usukura

and Suzuki in their work [36]. In this system, the spins of the positronium atoms are

coupled to zero (S = 0). In this spin state, the positronium molecule can be separated

into two positronium atoms provided that the relative orbital angular momentum is even.

Hence, the positronium molecule with L = 1 and negative parity can not decay into the

ground states of two positronium atoms [36]. It changes the dissociation threshold and

allows the existence of a P state.

For the expectation values of the Dirac delta function and mass-velocity Hamilto-

nian, we observed a very significant improvement of the accuracy when we applied our

regularization schemes. The improvement is even more significant than for He, Li, Be

and B atoms. This can be attributed to the fact that the ECG basis is particularly suit-

able for the positronium molecule which possesses a high symmetry – the Hamiltonian is

invariant not only with respect to the permutations of identical particles but also with

respect to the charge conjugation (replacing all electrons with positrons and vice versa).

Our results for Ps2, agrees very well and improve upon those obtained by Puchalski and

Czarnecki [37], where the authors also used the ECG basis and applied regularization

schemes similar to those adopted in this work.
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Table 10: Convergence of the expectation values of direct and regularized delta functions for Ps2 molecule
in the bound P -state. All values are in atomic units.

Basis size 〈δ(ri)〉 Reg. 〈δ(ri)〉 〈δ(rij)〉 Reg. 〈δ(rij)〉

500 0.01120304 0.011217212389 0.000146107 0.000145343016

1000 0.01121484 0.011217230077 0.000145599 0.000145349758

2000 0.01121633 0.011217231425 0.000145433 0.000145350734

3000 0.01121686 0.011217231526 0.000145378 0.000145350821

4000 0.01121689 0.011217231540 0.000145374 0.000145350834

5000 0.01121699 0.011217231549 0.000145365 0.000145350840

6000 0.01121709 0.011217231551 0.000145359 0.000145350842

Ref. [37] 0.0112172338 0.00014535127

Ref. [38] 0.0112091 0.00014591

Figure 9: Graphical illustration of the data in Table 10

Table 11: Convergence of the expectation values of direct and regularized mass-velocity for Ps2 molecule
in the bound P -state. All values are in atomic units.

Basis size 〈HMV 〉 Reg. 〈HMV 〉

500 −0.08967072 −0.08976220184

1000 −0.08975041 −0.08976239511

2000 −0.08975713 −0.08976241398

3000 −0.08976028 −0.08976241519

4000 −0.08976017 −0.08976241546

5000 −0.08976094 −0.08976241557

6000 −0.08976153 −0.08976241561

Ref. [37] −0.0897629825
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Figure 10: Graphical illustration of the data in Table 11
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9 Conclusion

The variational method is a widely used approach in bound state calculations of atomic

and molecular systems. In this method, the expectation values of singular operators (i.e.

the operators that effectively sample the wave function within a small region of the total

coordinate space or within a subspace) often suffer from slow convergence with the in-

crease of the number of basis functions. In this thesis we applied regularization techniques

to tackle this issue in the case of atomic P -states (states with the total orbital angular

momentum L = 1), whose wave function is expanded in terms of all-particle explicitly

correlated Gaussian basis set. We used the regularization scheme proposed by Drachman

for the expectation values of the Dirac delta-function dependent on interparticle distances.

We also regularized the expectation values of the mass-velocity Hamiltonian containing

the fourth powers of linear momenta. All the necessary matrix elements involved in the

expectation value identities were derived and implemented into a computer code. We

performed test calculations for He, Be and B atoms in their lowest singlet P -states, for

Li atom in its lowest doublet P -state as well as for the positronium molecule (Ps2) in

its bound P -state. We demonstrated that the regularized versions of the expectation

values are considerably more accurate and converge faster to the complete basis set limit

in comparison with the direct evaluation scheme. This is an important result because it

allows us to increase the level of accuracy in determining the various properties of atoms

and molecules, e.g. in computing the relativistic corrections and quantum electrodynamic

(QED) effects. The results obtained in our test calculations agree well with the most accu-

rate values available in the literature. While in this work we reported our computational

results for the lowest P -states, our algorithm is general and can be applied for excited

states as well. The future research may involve the extension of regularization techniques

considered in this thesis for atomic D-states (states with the total orbital angular momen-

tum L = 2). As the wave function corresponding to higher angular momentum is more

complex compared to the lower ones, the derivation of the necessary matrix elements for

such states is more challenging task. It should also be mentioned that reliable numerical

calculations of the matrix elements may require a well thought out algorithms that are

not prone to significant rounding errors, in particular in the case of highly excited states.
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