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of solutions are given in terms of some convergent infinite series of fractional integro-
differential operators, which can be widely and efficiently used for analytic and computa-
tional purposes. In the case of constant coefficients, the solution can be expressed in terms
of the multivariate Mittag-Leffler functions. In particular, the obtained result extends the
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1. Introduction

In the recent years, the fractional derivatives became an important tool for modelling a variety of physical problems.
They take into account the memory effect and other physical characteristics of a modelled process.

One of the many open problems in fractional calculus is to present explicit solutions of fractional differential equations
(FDEs) with variable coefficients. A few papers have been published in this direction in the last fifty years, see e.g. [2-5].
Note that existence and uniqueness results for these types of problems can be found in the literature. To the best of our
knowledge, the first paper [6] on explicit solutions was published in 1968, and then some significant results continue this
study, such as those presented before, also [1,7-11], among others.

In this paper, we use a modification of the method of successive approximations to give explicit representations of solu-
tions for a general class of FDEs of complex fractional orders with respect to functions and with continuous variable coeffi-
cients. The obtained solutions are given explicitly in terms of some convergent infinite series of fractional integro-differential
operators. Surprisingly, the method of successive approximations has been frequently used in FDEs with constant coefficients
(see e.g.[4,12-14]) but not much in FDEs with variable coefficients (see, e.g. [5,11]). In fact, we transform FDEs with variable
coefficients to equivalent integral equations, for which the existence and uniqueness are proved by the contractive mapping
method. For more details and expository discussions of the topic we refer to |14, Sections 3 and 4], and the books [15,16].
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Thus, we combine the latter classical approach with a modified method of successive approximations to establish a
unique analytic solution of general FDEs of complex fractional orders with continuous variable coefficients.

So, we study a new direction of investigation on construction of explicit solutions of fractional differential equations with
variable coefficients and some of the most general fractional integro-differential operators, i.e. fractional integro-differential
operators with respect to a given function. One of the main advantages of these operators is that they cover many well-
known fractional operators such as those of Riemann-Liouville, Hadamard, Erdély-Kober, etc [17]. In this manuscript there
is also an application of the Banach fixed point theorem in the theory of fractional differential equations, which seems an
indispensable tool to fill the gap in the investigation of differential equations with fractional operators.

A particular case of the obtained result gives, for instance, the Luchko-Gorenflo representation formula [1, Theorem 4.1].
Indeed, the results of this paper extend the Luchko-Gorenflo representation formula in several directions:

o to a general class of linear fractional differential equations with variable coefficients;
e to fractional derivatives with respect to a given function;
e and to complex fractional orders.

The latter concepts were introduced by Kober in [18] and Love in [19,20]. This type of fractional operators played an
important role on hypergeometric integral equations whose solutions involved fractional integrals and derivatives of complex
orders, see e.g. classical works [19-21], recent papers [22-25] and references therein. These formulas play a crucial role in
the analysis of solutions to a variety of fractional problems. For example, in [26,27] they have been used for the analysis of
equations with singularities, in [28] for the analysis of multi-term diffusion-wave equations, in [29] for the inverse problems
for subdiffusion equations.

The structure of this paper is given as follows: Section 2 is devoted to collecting definitions and some basic results
on fractional calculus and fractional differential equations. In Section 3, we present the main results. First, we concentrate
on the canonical sets of solutions of the initial value problem (2.5) under the homogeneous initial conditions (2.8). Then
we establish explicit representations of solutions for the general setting, i.e. for the initial value problem (2.5) under the
conditions (2.6). We also demonstrate a particular example. Section 5 discusses the consequences of the obtained results
and compares them with some previously known important results.

2. Preliminaries

In this section we discuss some basic definitions and auxiliary results on fractional calculus.

2.1. Fractional calculus

Here we briefly recall the definitions and properties of the fractional integro-differential operators with respect to another
function, see e.g. [14] and also [16, Chapter 4]. For further discussion we refer to [17,30-32]. We recommend the following
papers on applications of fractional calculus with respect to functions [33-35].

Below, as usual, C![a, b] denotes the space of functions whose derivatives are bounded and continuous in [a, b].

Definition 2.1. Let o € C, Re(ar) > 0, —oo < a < b < oo, let f be an integrable function defined on [a, b], and let ¢ € C![a, b]
be such that ¢/(t) > 0 for all t € [a, b]. The left-sided Riemann-Liouville fractional integral of a function f with respect to
another function ¢ is defined as [14, Formula 2.5.1]

52 f () = ﬁ fax P' (O (P(x) — () f(B)de. (2.1)

Definition 2.2. Let v € C, Re() > 0, —co < a < b < oo, let f be an integrable function defined on [a, b], and let ¢ € C"[a, b]
be such that ¢’(t) > 0 for all t € [a, b]. The left-sided Riemann-Liouville fractional derivative of a function f with respect to
another function ¢ is defined as [14, Formula 2.5.17]

wfﬂw=<¢kﬂi)(&%ﬁyw, (22)

where n = [Re(a)]| +1 (or n=—|—Re(«)]) and |-] is the floor function. It must be clear that n — 1 < Re(«) < n.

In some particular cases, (2.2) becomes classical fractional operators. For example, for ¢(t) =t, we obtain the Caputo
fractional derivative [36]:

Cno.x _ 1 X _ #\n—a—1 fg(n)
D00 = gy . -0 P @,

While for the case ¢ (t) = Int, we get the Caputo-Hadamard fractional derivative (see e.g. [37]):

o.Inx _ 1 *1 x\"e-1( d "
CDa+ fx) = mv/a‘ ?<ln f) (tdt> f(t)dt.

2
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Everywhere in this paper when we refer to the operators Iy ¢ or Daj’, we assume ¢ € Cl[a, b] such that ¢'(t) > 0 for

all ¢ € [a, b]. The definitions above can be considered as some generahzatlons of the Riemann-Liouville fractional integro-
differentiation operators containing a large class of functions. Thus, it allows establishing analogous properties of the
Riemann-Liouville operators. Taking into account [16, Theorem 2.4] one obtains the following results.

Theorem 2.3. If « € C (Re(a) > 0) and f € L'(a, b), then
DEPIE? f(x) = f(x)
holds almost everywhere on [a, b].

Theorem 2.4. Let o € C (Re(a) > 0) and n= |a| + 1. If f e L' (a, b) and IZ';"‘"”f(x) € AC"[a, b], then

—\ (D" 1f)(a)

(LDE2 ) 0 = f(0) - Z F(a (P (x) — (a))*I!

holds almost everywhere on [a, b].

The following statement can be proved by using Theorem 2.3 and the semi-group property of the operator 1;‘;75 (see [12,
Property 5]).

Theorem 2.5. Let oo, B € C, Re(ar) > Re(B) > 0. For all f e L'(a, b),
DELILY F(0) = 1677 f(x)
holds almost everywhere on [a, b].

Note that in [13, Formula 1.3] the authors used a modified fractional derivative by means of the Riemann-Liouville frac-
tional derivative. Throughout this paper, we use the following modified fractional derivative with respect to another function
(cf. [13, Formula 1.3]):

n-1 j.P )
DL f(x) = (Dgf’ |:f(t) Z (Ds ]{)(0) (px) — ¢(0))1D (x), @ € C, Re(a) > 0, (2.3)
j=0
where n = —[-Re(a)] fora ¢ Nand n=¢« for v e N

The above type of modified fractional derivatives will allow to gather a wide range of special spaces of functions, which
normally require less and weaker conditions for existence of the considered fractional differential operators. Notice also
that the large class of fractional derivatives given by the operator (2.3) will variate from their initial conditions (when
o =1 in (2.3)) and even from behavior of the Riemann-Liouville fractional integrals. In fact, in [38], the imposed initial
conditions over some considered fractional differential equations have several different interpretations and meanings in
nature of physical phenomena or/and operators.

Ifao>0,n—1<a<nand feCa,b], then (2.3) gives the Caputo fractional derivative [17, Theorem 3], i.e.

CDg ¢f(x) = ¢(¢/1(x) dx> fx), (2.4)

where n= |a|+1 for @ ¢ N and n=a for a € N. Here f(™ e L![a, b] is sufficient for the existence of the Caputo frac-
tional derivative (2.4), and f € C"[a, b] ensures the continuity for the Caputo derivative. Moreover, if & = n, then one has

DgLf(t) =D f(t) = F™ (D).

The following result follows the same steps of the proof of the necessity in [13, Theorem 1]. Therefore, we omit its proof.

Theorem 2.6. If a € C, Re(a) > 0, f € C""1[a, b], then

n-1 J¢ .
20D 00 = f00 - 3 LoD (460 gay)

j=0 i

We conclude this subsection by the following useful lemma:
Lemma 2.7. If @ € C, Re() > 0 and f is continuous in [0, b] then the following statements hold:

@ ; ; ;
1. Ig‘+ f(x)(bls a continuous function on [0, b].
2. xlir&la fx) =
3. For any Re(«) > Re(fB) > 0, we have
DELIE F(x) = 13770 f(x).

For o = B. we have SDXP1ZY f(x) = f(x).
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Proof. The first assertion can be proved directly by using the boundedness of the function f and the integrability of
@' (5)(@(t) — P (s))* ! over 0 <s<t<b. The mean value theorem for integrals implies the second statement. The proof
of the last assertion follows from Definition 2.3, Theorems 2.3, 2.5 and the second statement. O

2.2. Fractional differential equations

We consider the following fractional differential equation with continuous variable coefficients:
m
DLOx(t) + 3 di (D x(t) = h(t), te[0,T], meN, (2.5)
i=1

under the initial conditions

¢'(t) dt

where ; € C, Re(B;) >0,i=0,1,...,m—1, Re(By) > Re(B1) > ... > Re(Bm) > 0 (If Re(Bin) = 0, then we assume Im(fp) =
0 as well) and n; are non-negative integers satisfying n; —1 <Re(B;) <n;, n;=|ReB;] +1 (or n;=—|—-Re(B;)]), i=
0,1,...,m. We also consider the homogeneous case

1 d\*
( )x(t)|[+0:cke]R, k=0,1,...,n0 -1, (2.6)

m
DY Ox(t) + > di(O°DE () =0, te[0. Tl meN, (2.7)
i=1

and

1 d\*
FEar) XOlew =0 k=0.1m-1. (2.8)

Let us denote the set K; by
Kj:={i:0<Re(f) <ji=1,....m}, j=01,...,n0-1,

and x; = min{K;} if K; # #. Notice that s € K; implies Re(8s) < j and K;, C K, for ji < jp.
Under this notation we notice the possible cases:

1. Bm =0 or Bm = 0. Here it follows that K; # ¢ for any j=0,1,...,n9 — 1.
2. ng > 2 and there exists jg € {0,1,...,ng — 2} which satisfy jo < Re(B;) < jo+ 1 for some r e {1,...,m}. It is equivalent
to Kj, =¥ and K; 1 # #. We then get that K; = ¢ forany j=0,1,..., jo and K; #¢ forany j=jo+1,..., ng — 1.
3. Re(B)) >ng—1foranyi=1,...,m, i.e. Ky,_; = 4. Hence K; =@ for any j=0,1,...,n9 - 1.
Definition 2.8. A set of functions x;(t) (j=0,1,...,ng) is called a canonical set of solutions of Eq. (2.7) if it satisfies
m
DYOx;(t) = = Y di(t)DEIx;(0)., 0 <t<T,
i=1

and
LI DR O E
¢/(t)ydt ) =00, j#£k j=0,1,...,n0— 1.

3. Main results

We begin this section by introducing a special function space to be used in our analysis:

cro-15o[0, T] := {x(t) € C'[0, T], SDF?x(t) [0, T]}

1 d\"
dodr )

endowed with the norm

no—1

||X||cno4-ﬁo[o,r] = Z

k=0

+ ” CDoﬂiqu”qo,T]'

clo.T]
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3.1. Canonical sets of solutions

Here we prove the existence and uniqueness of solutions for the initial value problem (2.5) with conditions (2.8), where
the solution is given by the limit of a convergent sequence.

Lemma 3.1. Let h,d; €C[0,T], i=1,...,m. Then the initial value problem (2.5) and (2.8) has a unique solution x e
C0-1.0[0, T], and it is given by the limit x(t) = nlirpmxn (t) of the sequence

_ 1Bo¢
{XO(t) =I[h(t). (31)

Xn(t)  =xo(t) I XM di() DS % 1 (), n=1.2,...,

m

whenever Z ||d,-||maxlgﬂ_ﬂ"’¢e‘” < Ce" for any t € [0, T], some fixed v € R, and a constant 0 < C < 1, which does not depend
i=1

ont.

Proof. First, we show that the initial value problem (2.5) and (2.8) is equivalent to an integral equation. Suppose that x(t)
Cho=1.80[0, T] satisfies (2.5) and (2.8). Setting w(t) = CDg‘}r“ﬁx(t), we have w(t) € C[0, T] since x(t) e Cho~1-£o[0, T]. Moreover,
we obtain

1B Pw(t) = 1829 CDE O x(t) = x(t). (3.2)

Here we have used Theorem 2.6 and the initial conditions (2.8). Using the fact w(t) € C[0,T], Re(Bp) > Re(f;) > 0 and
Lemma 2.7 we get

DELx(t) = DL w(t) = 1P P Pw(t),
foranyi=1,..., m. If Re(Bm) =0, then B =0, and the equality above follows immediately. Thus, Eq. (2.5) becomes
m
w(t) + > d; (O PPw(t) = h(o). (3.3)
i=1

So, if x(t) € C"0~1.A0[0, T] is a solution of problem (2.5) and (2.8), then w(t) = CDgg‘d’x(t) € C[0, T] is the solution of integral
Eq. (3.3).

Let us now prove the converse statement. Assume that w(t) € C[0, T] is the solution of (3.3). Applying the operator Igfi"f’
to expression (3.3) we obtain

m
B0w(e) + 120 3" di )1 P w(t) = 170 h(o).
i=1
Let x(t) = Igi"Pw(t). By Lemma 2.7 we have CDgir‘d’x(t) = Igf:_ﬁ"’qbw(t) and Igg_ﬂ""bw(t) € C[0, T]. It implies

m
X(0) + 15073 di (DD x(t) = 172 h(D).
i=1
Thus,
m
DEPx(t) + DYOI? S di (D x(t) = DRI h ().

0+ 0+
i=1
From Lemma 2.7 it follows that
m
DRPx(6) + Y di()DPx(t) = h(b).

i=1

Also, by Lemma 2.7 and Re(By) > ng — 1 we have

k k
(q&’l(t);t) x|, = (d)’](t);t) Igi‘l’w(f)l[:w = Igi"""’w(f)h:m =0,

orany k=0,1,...,np—1, an TX(t) = ’ Tw(t) =w(t) e , 1. en the solution w(t) e s o D) 1Im-
f k=0,1 1, and DJo?x(t) = DE?1PPw(t) = w(t) e C[0. T]. Then the solution w(t) € C[0,T] of (3.3) i

plies that x(t) =Igﬁ’¢w(t) e C"o~1.A0[0, T] is the solution of problem (2.5) satisfying conditions (2.8). Hence initial value
problem (2.5) and (2.8) is equivalent to integral Eq. (3.3).
Now we prove the existence and uniqueness of a solution of Eq. (3.3). From (3.3) we have

w(t) = h(t) - idi(t)lgf"“‘¢w(t). (34)

i=1
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Let us define the operator T by
m
Tw(t) := h(t) = Y di (I Pw(t).
i=1

By (3.4) we know that Tw(t) = w(t), so T : C[0,T] — C[0, T]. From now on we use an equivalent norm to the maximum

m
norm on C[0, T], i.e. ||z]ly := n?(:):lx]{e‘”f|z(t)|} for the fixed v € R,. Since Z ||d,-||maxlgfﬁ"’¢e” < Ce" for some 0 <C < 1, it
te[0,T -
i=1
follows for any t € [0, T] that

m
ITwi (£) = Tw2 ()] <3 l1dillmaxdye % [w (£) — w2 (0)|
i=1

m
< Nwr = wally Y ldillmaxtfe 70
i=1
< Cllwy —wallve™.
This yields
eV Twy (t) — Twy (t)| < Cllwy —wally = [[Twy — Twa |y < Cllwy — wa|l,.

It means that the operator T is contractive with respect to the norm || -||,, hence it is contractive with respect to the
maximum norm || - ||max. Thus, by the Banach fixed point theorem, integral Eq. (3.3) has a unique solution with respect to

m
Il - [Imax and the sequence {wn(t)},>0 given by wy(t) = h(t) — Zd,z(t)lgfﬂi"pwn,l(t) converges with respect to || - ||max in
i=1
lo, TJ.
It remains to prove that the sequence (3.1) converges in C"o~1-0[0, T| with respect to the norm || - ||

that

cro-1Bofo.1]" It is clear

wo(t) = h(t),

wi(6) = h(©) = 2 OB P w @),

converges with respect to || - ||max. Thus, we have

K %wo(t)  =1h(b),

L Pwa(®) = Iy h(e) 137 S di (01 P wn (0).

We set xa(t) = 1P wy (¢). Then D5 ?x, 1 (t) = 150 #%w,_;(¢t) and

xo(t)  =1520h(t),

Xa(t) = xo(t) — 150% YI, di(6) D %1 (1),

The sequence above is the same as in (3.1). It is clear that x,(t) e C"~1-fo[0, T].

Now we prove the convergence of {x;(t)}n>0 in C"0~1.0[0, T]. Indeed, since x,(t) = Igji‘qbwn(t) and CDgi"Pxn(t) =wn(t)
we obtain

1 d\* fok
_ n = n s =U,1,...,np— 1.
IGKG Xn(t) = Iy " Pwn(t), k=0,1 ng—1

Hence || D%y [Imax = [|Wa|max. and

1 d\* TRe(Bo)—k
dod) ™| < TRy ki Wellmae k=011
max

Thus, we arrive at

no—1 k no—1 B

1 d Crod TRe(fo)
- ¢ ) - TR0k

k; ((ﬁ’(t) dt) Xn + I Dy Xnlmax < g F(Re(By) —k+ 1) + 1 ) Iwn |l max-

- max —|

Since the sequence {wjy(t)},>o converges with respect to || - ||max, then the sequence {x,(t)},>o converges in cno=1.80[0, T]
with respect to || - ||C,,0,1<,30[0 e It completes the proof. O

Remark 3.2. Let us give an example about the assumption

m
Z ”di”maxlgg:ﬁh¢em < Ce”t
i=1
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being fulfilled under consideration of some well-known function ¢. For this purpose, let us consider the case ¢(x) =x. In

this case, we have Igfﬂ"ek*‘ < (k;’;;t-ﬁi forany i=1,...,m and any k* € R,. Indeed
. 1 t ekt t
Iﬁo*ﬂnek-t I / t— X)ﬂo_ﬂi_lek*xdx _ / uﬂo_ﬂf_]e_k*“du
o I'(Bo—Bi) Jo ( I'(Bo—Bi) Jo
ek*f +o0 o1 d ek*f
< Ry |
T'(Bo — Bi) (k*)Po=Pr /0 (k*)Bo—Pi

So, there exists v € R, such that for any k* > v we have

m 1 m 1
Z ”di”maxm < Z ”di”maxm <1
i=1 i=1

and

m
Z ”di”maxlgg:ﬁ'.’%?m < Ce™.
i=1

Now we focus on finding the canonical set of solutions of homogeneous Eq. (2.7) under different cases of K; (j =
o,..., ng — 1) and the relation between ny and n;.

Lemma 3.3. Let ng>ny, d;j€C[0,T] for any i=1,....m and Bn =0. Then there exists a unique canonical set x; e
C0-1.£0[0,T], j=0,1,...,ng — 1, of solutions of Eq. (2.7) in the form
+0o0 m k m
X () = Wi () + Y (DR ST )P0 ) S di (DS (), (3.5)
k=0 i=1 i=x;
for j=0,1,...,n; — 1, and
k
“+00 m m
Xj(6) = Wi(0) + Y (~ 1)k fd (Z di(t)Igi‘ﬂf“”) > di(©)D Wy (0), (3.6)
k=0 i=1 i=1

) _$(0))
for j=ny,ng+1,..., ng — 1, where \Pj(t)zwl%%?)).

Proof. We show that the canonical set of solutions of Eq. (2.7) is given by the limit of the sequence:
X)) =w(),
111 0 [Pod ~m d cpbidyn-1 1.2 (3.7)
Xj(t)  =x;(t) —Ip7" 3, di() "D "X (t), n=1.2,...,

for any j=0,1,...,n9 — 1. Notice that the sequence above appears naturally from Eq. (2.7) taking into account the inverse
operations between CD§$’¢, Igi‘¢, Theorem 2.6 and Lemma 2.7. Let us fix j € {0,1,...,n9 — 1} and find the jth term x;(t) of
the canonical set. Note that for k=0,1,...,n; —1 and m >i > 1, we have

k
1 d 1, k=j,
((i)/(t) d[’) llfj(t)lt:0+ - :0’ k;ﬁ]

Thus, for j=0,1,...,ny — 1 and ng > ny > n; we get

DEOw (1) =
0+ J() 1<i<}fj(n,->j).

DRI, xy<i<m(zm),
0,
For j=ny,.... ng — 1 we have k < j and
DEIW;(t) = DEOw(t), i=1,....m.
Now we obtain the first approximation of x;(t) by
m m
xXH(E) = W) — 1500 3 di(0) DG W(6) = Wi(e) — 1509 Y di(0)Dw (o),
i=x; i=x;
j=0,1,...,n1 —1, and

XH(E) = W) — 15003 di(6) DY (0) = W) — 1507 3 di (0D (0),
i=1 i=1
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j=nq,n1+1,...,n9— 1. Therefore, it follows that x} (t) e Co=1.h0[0, T] for any j=0,1,...,ny— 1, see Lemma 2.7. For j =
0,1,...,n; — 1, we have the second approximation as follows

m
X (t) = W) — 107y di(6) D Ox (D)
i=1

0+ "0+

m m m
=W;(0) — 1590 3 di() DG (0) + 1500 S di(6) DL IS Y di(6) DY W ().
i=1 i=1

f:J{]'
Due to Lemma 2.7 we have
m m
DL N di (DG (0) = 107 S di (D (0.
i=x; i=x;

Combining the latter equality, formula (3.8) and the above representation of sz. (t) we get

m m m
X2 (0) = W) — 150 3 di(©DE W (6) + 1500 S dy (01527 3 dy(6) D (1)
i=1

1=xj i=x;

1 m k m
=) + Y (~Dkpd (Z d,-(t)Igj‘ﬁf“”) > di(©DE S w(t).
i=1

k=0 i=x;

Similarly, for j =nq,n; +1,...,n9 — 1 we obtain the second approximation by

m
X (E) = W) — 1507y di(6) DY OxL(E)
i=1
K

k
1 m
=Wi(0) + Y (~Dke? (Z di(t)IOﬂiﬁ"d’) > di (DG W (D).
i=1

k=0 i=1

Hence the second approximation of x;(t) is given by

k=0

k
1 m m
X}(0) = Wi(0) + Y (DR (Z d,-angzﬂf"”) > (DG ;o).
i=1

i=x;

for j=0,1,...,n; =1, and

k=0 i=1

k
1 m m
X2 () = W) + Y (-1 o (Z d,-(t)Igiﬂ”"”) > di()DF (o),
i=1

for j=nq,ny+1,...,n9— 1. Also we have x?(t) e C"0-1.A0[0, T] for any j=0,1,...,ng — 1. By using the induction process
we can arrive at

k
n-1 m m
XH(E) = W) + Y (-1 H? (Z df(t)tgrﬂf*‘i’) 3 di(©DEw(t),
i=1

k=0 i=x;

for j=0,1,...,n; — 1, and

k
n-1 m m
XH(E) = W) + Y (-1 (Z d«t)!ﬁﬁf*‘i’) > di()DF: W (o),
i=1 i=1

k=0
for j=n;,ny+1,...,np—1, and x?(t) e Cho~1.6o[0, T] for j=0,1,...,ng — 1. By the same argument given at the end of the
proof of Lemma 3.1 we have x;(t) = nliT x'} (t) e C0=1Fo[0, T]. Thus, taking into account Lemma 2.7 we verify that the
— 400

canonical set x; € Cn0-10[0,T], j=0,1,...,n9 — 1, of solutions of Eq. (2.7) is given by (3.5) and (3.6). O

Lemma 3.4. Let ng =ny, d; e C[0, T] forany i=1,...,m and B = 0. Then there exists a unique canonical set x; € cno-1.8[0, T,
j=0,1,...,n9 — 1, of solutions of Eq. (2.7) in the form
+00 m ¢ m
X () = Wi(0) + Y (DR ST dy o P ) ST di (D), (3.9)
k=0 i=1 i=x;

8
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. —$(0)))
for j=0,1,...,n9 — 1, where W;(t) = %.

Proof. Let us show that the canonical set of solutions of Eq. (2.7) is given by the limit in C"0~1-0[0, T] of approximation
sequence (3.7). We start with the first element xq(t). From (3.7) we have xg(t) = Wy (t) and

m m
xh(0) = x3(6) = 150 3 di(0) DR xE () = Wo () — 152%™ di(t) DL W (0. (3.10)
i=1 i=1

Since fm =0 we have xp = min{Ko} = m. For i=m, fm=nm =0 and D Wy (t) = DE™PWy(t) = Wy (t). While, for i=
1,...,m—1 we have Re(8;) >0, n;—1 <Re(B;) <nj, n; >1 and CDgid’\Po(t) = 0. Substituting these in (3.10) we get

X5(6) = Wo(t) — 1520 dn () Wo (1).

Due to »%g =m, m =0 and Doﬂfd’\llg(t) we also obtain

Xb(6) = Wo(t) — 1529 3" di(6) D5 Wo (0).

i=xo

We thus have the first term of formula (3.9) for j = 0, where xa(t) e Co=1.A0[0, T]. Now the second approximation as fol-
lows

m m m
X(6) = Wo(0) ~Igy® 37 di(0) DG Wo(6) + 15y 37 di()Igy 3 di(e)DG Wo (0)
i=1 i=1

i=xg

m m m
= Wo(t) = 1527 3" dm (DS o (6) + 150 > dy (01572 3" di(6)Df P Wo (1)

i=xg i=1 i=xg

k
1 m m
=Wo(t) + Y (~1k? (Z d,-(t)lggﬂf~‘f’> 3 di (DS W (0).
i=1

k=0 i=xq

Since di(t)Dgi‘b\Do(t) € C[0,T] for any i= xq,...,m we have x(z](t) e C"o-1.A0[0, T]. Using the induction process it can be
proved that the nth approximation of xy(t) is given by

n-1 m k m
X3(6) = Wo(t) + Y (~ 1)k fe? (Z d,-<t)151—'3*~¢) > di(t)DE P W (1),
i=1

k=0 i=xg

where x§(t) € C"0=1.o[0, T]. So the sequence converges in C"0~1-fo[0, T] and the first term x,(t) of the canonical set is given
by

k
+00 m m
Xo(t) = lim x5(6) = Wo(t) + )_(~D*'IR? (Z di(t)lgzﬁf*“’) > di (0D W (0).
k=0 i=1

i=x9
Now let us give the jth term x;(t) of the canonical set for any fixed j e {1,...,ng — 1}. From (3.7) it follows
m m
L) = Wi(0) = 1003 di(0) CDEPX(0) = Wy(e) — 1800 3 di(6) DL W (o).
i=1 i=1
Similarly as in formula (3.8) we obtain
- brow,(t i<i<m
CDISMP\IJ, t) = D0+ j( )5 ){] xtx ML
o Wit) 0, 1<i<ux.
Hence
m
xXH(E) = W) — 157 3" di (DS W (1),
i=x;

and x} (t) € Co=1.o[0, T]. A direct computation gives the second approximation of x(t):

m
X)) = Wi(0) — 1500 3 di(0) DXL (1)
i=1
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=W;(0) — 1590 3 di() DG | W) — 1500 > di(0)DE P W(6)
i=1

l=}{j

=W;(6) — 159 " di(e) CDf? (xpj(t) —ey di(t)D{j;%j(r))
i=1

l=){j

m m m
= W(0) — 187 S di(ODEPW () + 1503 di (OIS di(6) DB W)
i=1

1=x; 1=x;

k
1 m m
= W(t) + Y (-DkH? (Z d,~<r>151‘-"1~4’) > di()Dy W (t),
i=1

k=0 i=x;

where x? (t) € Co=1.Fo[0, T]. By using the induction process, the nth approximation of xj(t) can be given by the formula

k
n—1 m m
XI(E) = W) + Y (-1 ? (Z di(t)Igjﬂf"ﬁ) 3 di(©DE W (t).
i=1

k=0 i=x;

Thus, we arrive at

k
+00 m m
x;(6) = lim x3(6) = W;(0) + Y (- D <Z di<r)153ﬂf~¢) > di(O)DE S w(t).
i=1

k=0 i=x;
O
Lemma 3.5. Let ng > ny, d; € C[0, T] for i=1,...,m, ng > 2. Assume that there exists jo € {0, 1,...,ng — 2} such that K;, =9

and Kj 1 # 9. Then there exists a unique canonical set x; € Ch0-1.60[0,T], j=0,1,...,n9 — 1, of solutions of Eq. (2.7) in the
form

xj(t):\ljj(t)’ j:0’1""’j0’ (3-11)
k
“+o0 m m
X () = W) + Y (DR ST dy o P ) S di (D), (3.12)
k=0 i=1 i=x;
for j=jo+1,..., ny —1, and
“+o0 m k m
X () = Wi(0) + Y (DR S dy P ) S di)DE (o). (3.13)
k=0 i=1 i=1
for j=ny,ni+1,..., ng — 1, where \Ilj(t):%fl(?))j.

Proof. Following the same steps of the proofs of the above lemmas, it can be proved. Indeed, the first approximation of
x;(t) is given by

XH(O) =W;(0). j=0.1..... jo.
m
Xt = W) — 1500 Y di(Dy P wi(6), j=jo+1.....m -1,

0
+
1=}t}'

m
XHE) = W) — 100 Y di(ODF W), j=nim 41, -1
i=1

Besides the second approximation of xf (t) is given by

x?(t) =W;(t), j=0,1,...,jo,

k
1 m m
X2 (0) = W) + Y (-1 1o (Z d«t)!ﬁiﬂ“"’) 3 di(©DE (1),
i=1

k=0 i=x;

10
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for j=jo+1,....,ny — 1, and

k
1 m m
X)) = Wj(0) + Y (~1)Fe? (Z df<t)1€1ﬁf-¢> > di(e)D W (o),
i=1 i=1

k=0
for j=nq,n; +1,...,n9 — 1. This procedure gives the nth approximation of x;(t) and then letting n — +oo we arrive at the
canonical set of solutions given by (3.11), (3.12) and (3.13). It is also clear that x; € ¢no-1.8[0,T] for any j=0,1,...,n9—
1. O

Lemma 3.6. Let ng = ny, d; € C[0, T] for i=1,...,m, ng > 2. Assume that there exists a jo € {0, 1. ..., ng — 2} such that K;, = ¢
}Jnd Kjy+1 # #. Then there exists a unique canonical set x;(t) € C0-1.£0[0,T], j=0,1,...,ng — 1, of solutions of Eq. (2.7) in the
orm

+00 m g m
X () = Wi(0) + Y (= Dk5? (Z di(t)lgiﬁf"”) > di()DG W (0), (3.15)
k=0 i=1 i=x;

o —p(0))
for j=jo+1,....,ng—1, where \Iﬁ(t):%.

Proof. By using a suitable approximation sequence for each case we can get the desired result. In fact, the first approxima-
tion of x;(t) is given by

X () =), j=0.1.....jo.

m
XHE) = W) — 120 S di (DS Wi(t), j=jo+ 1. m— 1.

i:}{j
The second approximation of sz (t) is given by

X?(t):qj}(t)’ j:Ovl""v.’.Ov

k
1 m m
X(0) = () + Y (- DR (} :d,-(tﬂoﬁiﬂ*’"”) > di (D)W1),
i=1

k=0 i=x;
for j=jo+1,....n9 — 1. Continuing this procedure we obtain the nth approximation of x;(t) and then letting n — +oc0 we
arrive at the canonical set of solutions given by (3.14) and (3.15). It also follows that x; € Cno-1.0[0, T] for j=0,1,...,ng —
1. O
Lemma 3.7. Let d; €C[0,T] for i=1,...,m and K, _q =# Then there exists a unique canonical set x; € C*[0,T], j=
0,1,...,n9 — 1, of solutions of Eq. (2.7) in the form
Xj(f):‘ljj(t), j:O,l,...,no—l, (3]6)

() — (@®-¢ )
where W;(t) = T

Proof. By (3.7) we have that x?(t) =W;(t) for j=0,1,...,n9 — 1. Also it follows that
m
xH(E) = W) — 1507y di(6) DYy (o).
i=1

Since Ky,_1 = # we have ng — 1 <Re(f;) <ng fori=1,...,m. Hence
cpbid —
Dyt " W;(t) =0,

forany j=1,...,n9—1, and x} (t) = W;(t). This procedure gives x;?(t) =Wj(t) foranyneNand j=0,1,...,n9 — 1, as well
as

Xj(t):\lfj(t)eCm[O,T], jZO,l,...,Tlo—l.

1
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3.2. Representation of the solutions in the general case

Theorem 3.8. Let h,d; €C[0,T], i=1,...,m. Then the initial value problem (2.5) and (2.8) has a unique solution x e
Cho-1.A0[0, T] and it is given by the formula

k
x(t) = Y (~DFE? (Z di(t)lgz—M) h(t), (3.17)
k=0 i=1

m
whenever Z ||di||maxlgﬁ_ﬁ"‘¢e”t < Ce"t for some v > 0, where the constant 0 < C < 1 does not depend on t.
i=1

Proof. Lemma 3.1 implies the existence and uniqueness of the solution of the initial value problem (2.5) and (2.8). Let us
now find the explicit solution. From (3.1) the first approximation solution is given by

0

o

m
X1(6) = 1P h(e) — 1529 " di(t) DY 15 he).
i=1

Lemma 2.7 implies that CDgir"blgfl"Ph(t) = Igfﬁ‘”qﬁh(t). Thus, we have

k
m 1 m
X1(0) = 1500h (@) = 150 S dy (15 Pty = Y (—DkIG? (Z d,-(t)lgiﬁ“‘?’) h(t),
i=1 i=1

k=0

and x'(t) e C"o—1.£o[0, T]. Let us find the second approximation solution. We take n =2 in (3.1):

m
X2 () = 150 h(e) — 1509 57 di(0) DS Px1 (1)

i=1

m m
=15Ph(t) — 152" di(t) Df:? (153%@) NS di(t)Igj‘ﬂf’¢h(t)>
i=1 i=1

2
m m
=1Ph(t) — 152" di (1P (e) + 1507 (Z di(t)lgff’””) h(t)
i=1 i=1

k
2 m
=2 DM’ (Z di“”ﬁi”‘"”) h(o).
k=0 i=1

Now we assume that for n € N the approximation solution is given by

k
X = Y (DRI (Z di(r)lﬁfﬂ*"’) h(t),
i=1

k=0

and x"(t) € C"o—1-£o[0, T]. Let us show that the approximation solution holds for n + 1. Indeed, we have

m
X () = = I8P h(t) — 130 " di(t) DYy (1)
i=1

k
m n m
=12 Ph(O 5 3 diO DR | (DR (Z df(f)lé?i‘ﬁ“d’) h(®)
i=1 k=0 i=1

k=0

k+1
n m
=I0%h(t) + Y (1R ¢ (Z di(t)Igjﬁf'¢) h(t)
i=1

n+1

k
==k (Z di(t)1§35f¢> h(t).
k=0 i=1

Finally, we obtain that the nth approximation solution is given by

k
X0 =Y (=DM <Z ai<r)1§1f‘“”> h(t)
k=0 i=1
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and

k
+o0 m
x(0) = lim y"(6) = Y (- DM (Z df<t>1€1ﬂf~¢) h(t).
k=0 i=1

O

Now we state some consequences of Theorem 3.8 without proofs. Their proofs follow from Theorem 3.8 and the super-
position principle.

Theorem 3.9. Let ng =ny, Bm =0 and h,d; e C[0,T], i=1,..., m. Then the initial value problem (2.5) and (2.6) has a unique
solution x e C"o—1.A0[0, T|, which is given by

np—1 400 m k
x(t) = Y cx() + Y (DR (Z d,-(t)Igj‘ﬁ’“d’) h(t). (3.18)
j=0 k=0 i=1

m
whenever Z ||d,-||maxlgfﬁ"‘¢e“ < Ce" for some v > 0, where the constant 0 < C < 1 does not depend on t and xj(t) is the
i=1
canonical set from Lemma 3.4.
Theorem 3.10. Let ng > ny, Bm =0 and h,d; e C[0,T], i=1,..., m. Then the initial value problem (2.5) and (2.6) has a unique
solution x e C"o=1.A0[0, T|, which is given by

np—1 400 m k
x(t) = Y cx() + Y (DS (Z d,-(t)Igfﬂ"‘d’) h(t),
j=0 k=0 i=1

m
whenever Z ||d,~||maxlgfﬁ"’¢e“ < Ce" for some v > 0, where the constant 0 < C < 1 does not depend on t and xj(t) is the
i=1
canonical set from Lemma 3.3.
Theorem 3.11. Let ny = ny, ng > 2 and there exists a jo € {0, 1,...,ng — 2} such that K;, =¥ and K; 1 # ¢, and h,d; € C[0, T],
i=1,..., m. Then the initial value problem (2.5) and (2.6) has a unique solution x € C"o~'-£[0, T], which is given by

np—1 400 m k
x(t) = Y cx() + Y (~DRIE? (Z d,-(t)lgfﬁf~¢) h(t),
j=0 k=0 i=1

m
whenever Z ||d,~||maxlgfﬁ’“¢e"t < Ce" for some v > 0, where the constant 0 < C < 1 does not depend on t and xj(t) is the
i=1
canonical set from Lemma 3.6.
Theorem 3.12. Let ng > ny, ng > 2 and there exists a jo € {0, 1, ...,ng — 2} such that K;, =% and K 1 # ¢, and h,d; € C[0, T],
i=1,...,m. Then the initial value problem (2.5) and (2.6) has a unique solution x € C"0~1-o[0, T], which is given by

k
np—1 400 m
x(t) = Y cx(t) + Y (RIS (Z d,-(t)Igfﬂf~¢) h(t),
j=0 k=0 i=1

m
whenever Z ||d,~||maxlgfﬁ’“¢e“ < Ce" for some v > 0, where the constant 0 < C < 1 does not depend on t and xj(t) is the

i=1
canonical set from Lemma 3.5.

Theorem 3.13. Let ng =ny, Ky,_1 =% and h,d; eC[0,T], i=1,...,m. Then the initial value problem (2.5) and (2.6) has a
unique solution x € C"o=1.A0[0, T], which is given by

k
np—1 +oo m
x(6) = Y cixi(t) + Y (~DkE? (Z d,~<t>151f’*~¢) h(t),
j=0 k=0 i=1

m
whenever Z ||d,-||maxlgﬂ_ﬁ’"¢e”t < Ce for some v > 0, where the constant 0 < C < 1 does not depend on t and x;j(t) is the

i=1
canonical set from Lemma 3.7.
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3.3. Examples

We use the notations I? CD€+ instead of Igf’, CDgf’ when ¢ (t) = t. For the further calculations we need the following

- 0+
expression:
rg+1)
A (+BY A+B _
I+(t)_l“(k+,3+l)t , t>0,A>0, f>-1. (3.19)
Let us now consider the (fractional) initial problem:
DYox(t) + 2Dy x(t) =P, x(D)]_, =0. (3.20)

where 0 < 81 < Bp <1 and «, B € R,. Remark 3.2 and Theorem 3.8 imply that the solution of Eq. (3.20) is given by
+o0 k
X(O) = S DM (et ) o,
k=0

By using (3.19) it can be proved that

s\ s T TGla+Bo—P)+B+1)
abo-bBi\ +B _ J + Po — P k(ot+Bo—P1)+B
(t lo )t _Jl_[ F(j(a+,30—,31)+,30—/31+,3+1)t ’

=0
Thus, we have

+00 k
X(O = SO () O = e (PR (o),
k=0

where
+00
A _ k
Eyp, =) Gz zeC,
k=0

with

o T@ljB+yl+1D)
=1, C":gr(a[jﬁ+y]+k+1)’

k=1,2,..., o,B,AeR,yeC.

Notice that in the case A = o we obtain that ES By is the generalized (Kilbas-Saigo) Mittag-Leffler type function [39, Chap-
ter 5].
Consider the following fractional equation:

Dfox(t) +t*Dfix(t) =tP, x(D)]_, =0. X(0)]_, =0 (3.21)

where 0 < 81 <1< B9 <2, Bo—PB1 =1 and «, B € R;. By Theorem 3.8 and previous example we obtain the solution as
follows

X(t) = ~150 (tPEy g pyp, 5 (D)% PP,

for the generalized (Kilbas-Saigo) Mittag-Leffler type function E; 4, g, _g, g(2). Moreover, by [39, Theorem 5.27] and B=Po
we get

Igi(fﬂ"Eerﬂo-ﬁl,ﬁo((—f)‘“ﬂ”_ﬂ‘)) = —tP O (Eq g pypy o (D)) — 1),
Hence the solution of Eq. (3.21) is given by
1 t 1 B
X0 =~ /0 (t = )P ISPE, o g5 5((—5)@+PoFr)ds.
While for 8 = By we have
X(6) = tPTEy o g, g, (—8)* PPy —gPrest,
4. Constant coefficients

In this section we treat the case of constant coefficients. We consider (2.5) with d;(t) = A; € C for any i =0,1,...,m. In
fact

m
DL Ox(t) + > A DEOx(t) =h(t). te[0.T], meN, (4.1)
i=1

14
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under the initial conditions

1 d\"
(d”(f)df) x(O)]_o=ceR, k=01,...,n9—-1, (4.2)
or
1 d\
WE X(t)|[:+0=0, k=0,1,...,n9 -1, (4.3)

where ; e C, Re(B;) >0,i=0,1,...,m—1, Re(By) > Re(B1) > ... > Re(Bm) > 0 (If Re(Bin) = 0, then we assume Im(fp) =
0 as well) and n; are non-negative integers satisfying n; — 1 <Re(8;) <n;, nj=|ReB;] +1 (or nj=—|-Re(B))]), i=
0,1,...,m.

Let us recall two useful expressions, see e.g. [14, Properties 2.18, 2.20].

rp+1)

B0 -90) = 5 IS 00 - 4007, Re@) ~ 0. Re(B) - 0 (44)
D ((6) - $(0)) = %(d)(t) — $(0)#, Re(@) > 0, Re(8) > 0. (45)

We recall the definition of the multivariate Mittag-Leffler function. We use it in the representations of solutions of the
considered fractional differential equations with constants coefficients.

Definition 4.1. The multivariate Mittag-Leffler function E¢;, _ q,)5(21,...,2n) of n complex variables zy,...,zy € C with com-
plex parameters ay, ..., ay, b € C (with positive real parts) is defined by

+o0 I(
..... anb(Z1s 1 Zn) = Z Z (l I e (4.6)
k=0 ly-+--tlymk, Iy, ly=0 N\ 177700 r b+2n:a‘l‘
11
i=1

where the multinomial coefficients are given by

k B k!
11,...,1,1 - l]' ><~~-Xln!.

Notice that from the viewpoint of fractional calculus and applications, the readers may find interesting more detailed
studies of the bivariate (n = 2) [40] and trivariate (n = 3) [41] cases.

Below we show that the representation of the solution of Eqs. (4.1) and (4.2) is given by the multivariate Mittag-Leffler
function.

Theorem 4.2. Let ng > ny, Bm =0 and h € C[0, T]. Then the initial value problem (4.1) and (4.2) has a unique solution x
C"0-1.60[0, T] and it is given by

ng—1

X0 =Y 0+ [ $6@O) - 9s)H 1 x
j=0
X Epopy - o (=21 (SO = NP _hn(@(6) — p(5))PP)h(s)ds,

where
Xj(t) =W(t) + Y Ai(p(t) — ¢(0))FoFix
X Ey—pr. o) 14 Bo—p A1 (D (6) — (0N Pr A ((t) — ¢(0))FoPm),
for j=0,1,...,ny — 1, where »; = min{K;}, and

Xi(6) =W5(0) + D hi(@(6) = p(0))FoFix

i=1

X Epy—pr....bo-Pu) i1 40— A1 (D () = 9(0)~P1 L A ((£) — ¢ (0))Po~Fm),

. m
for j=ny,ny+1,...,n9 -1, with ¥;(t) = %7?1«;))}, whenever ) |)»1|Igfi_ﬂ"’¢€” < Ce for some v > 0, where the constant
i=1
0 < C < 1 does not depend on t.
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Proof. By Theorem 3.10 and Lemma 3.3, the solution of (4.1) is given by

k
no—1
x(t) = chxj(t)—i—Z( DkIfe? (Zmﬂv B ) h(t),

j=0 k=0

where

k
+o0 m m
X () = Wi(0) + Y (~ 1k E? (Z ,\ilgg—ﬂfv‘P) > DG W),

k=0 i=1 i=x;

for j=0,1,...,n; — 1, where »; = min{K;} and

k
“+00 m m
X () = Wi(0) + Y (= Dk5? (Z Aizgiﬂf*‘b) > ADE W (1),
k=0 i=1

i=1

for j=ny,ny+1,..., ng — 1, with ¥;(t) = @5(15)(7?1(?))]'

Applied Mathematics and Computation 403 (2021) 126177

(4.8)

(4.9)

Let us calculate the second term of (4.7). By the multinomial theorem we get

k
+0oo m
Zvﬂ%W<ZM@ﬁ”)M0
i=1

k=0

+00
_ Z(l)klgiq&( Z (1 k )1_[)‘11’ i (Bo— ﬂ)¢>h(t)
k=0 1oeees i=1

L+ +lm=k

+o0 k T b\ Bor 3 L (Bo—B) b

Ltotlm=k N\ 77707 i=1
m

Il

[Tk

k i—
—Z Z (1 ..,lm> ( l1m )X
k=0 I +-+Im=k

T Bo+ > liBo—B)

i=1

< [ H OGO g s
0

mo(=A; — Bo—Bi )i
/ ¢/(S)(¢([’)—¢(S))'BO Z Z (Il k Im) 1_[1:1( )"z((ant) d)(s)) ) h(S)dS

k=0 L +-+ln=k

t
- /0 & (5) (P (6) — p(s)) o

r (/30 + Y Li(Bo - ﬁi))
i=1

EBo—pir....fopm) o (=21 (D () — D(5))P0~Pr —Am(@ () — $(5))PPr)h(s)ds.

By (4.5) and (4.9) we also have that

k=0

N ket fod [ X g b (@) — 9 (0))/F
St (Sa )ZA e

k=0 li+-+ln=k

$(0)))F

_ = 1)k+1Pod Al Il i(Bo—P0).¢ A @®)
=>evepe( o (L F H X3‘Tafﬁrﬁ*

+00 o
Sy o0 | S, (B0 — B0
X 1)+<,1+,,.Z+,,,1_k<1 ----- )H“ )ZA FG-F+D)

:ff(—l)k“( 2 <1 ,,,,, )ﬁ

k=0 I+ +lm=k
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By the estimation (4.4) we have

oo K m m Iﬂo+2{'_l1 Ii(ﬁu—ﬁi)~¢((¢(t) _ ¢(0))j—/3,»)
1kt b O+
g( D ( > (11,...,1,,1). A’)ZA’ FG-pAi+1

L+ A=k i=1 i=0

= KN\ (00 — ¢(0))-Brbor Sl Liha-p)
— -1 k+1 )LI,' )\i .
g( : ( 2. (11"“’1”1)1_[ I)Z TG =Bi+1+po+ 2 i(Bo—B))

L +-+ln=k i=0

= Bt o k [T, (—Ai(p(t) — ¢ (0))Po—Fr)h
= —A — ¢ (0))IPitho iz .
g( )(@(t) — $(0)) %(z,+§mk <l1,...,lm>F(]—,B,--i-l-l—,Bo-i-ZT] :(Bo— B)

From the definition of the multivariate Mittag-Leffler function we obtain

u BBy k [T (=Ai((t) — @(0))Po—Pi)l
iy — Bi+Bo i=1
D (=2 (D) — ¢(0)) Z( > (11’_“1,")[*(]'ﬂi+1+ﬂ0+zlm] 1,.(,30/31.))>

i=0 k=0 \lj++ln=k

=Y (A (D (1) — $(0))IFithox

i=0

Hence, we have

X(0) = () + D (-2 ((O) — (0))Fo-Fix

i=0

for any j=nq,...,ng— 1. The case j=0,...,ng — 1 can be proved similarly. O

Now we state other cases and it can be proved similarly by using the results giving in Section 3. Notice that the next
result extend some of the results given in [1].

Theorem 4.3. Let h € C[0, T]. Then the initial value problem (4.1) and (4.3) has a unique solution x e C"0~1-£o[0, T] and it is
given by the formula

t
x(t) = /0 &' (5) (@) — p(s))fo T x

m
whenever Z |Aillgﬁ_ﬂf’¢e”t < Ce"t for some v > 0, where the constant 0 < C < 1 does not depend on t.
i=1

Theorem 4.4. Let ng =ny, fm =0 and h € C[0, T]. Then the initial value problem (4.1) and (4.2) has a unique solution x
Cno—1.80[0, T], which is given by

ng—1 ¢
X0 =Y 0+ [ $6@0) = 9s)Hx
j=0
X Egy— ooty o (=21 (DO — DENFPE —dn(@(t) — ()PP )h(s)ds,
where
Xi(0) =Wi(0) + Y Mi(p(0) — $(0)) o Fix

X Eo—pr....bo-pu) i1 40— A1 (D () = 9(0)Pr L A ((£) — ¢(0))PoFm),

. m
for j=0,1,...,n9 — 1, with ¥;(t) = Wp%fl(?))f’ whenever Z |)L,-|Igﬁfﬁf’¢e”t < Ce" for some v > 0, where the constant 0 <
i=1
C < 1 does not depend on t.
Theorem 4.5. Let ng = ny, ng > 2 and there exists a jo € {0,1,...,n9 — 2} such that K; = ¢ and K; 1 # 4, and h € C[0, T].
Then the initial value problem (4.1) and (4.2) has a unique solution x € C"o~1.8[0, T|, which is given by

ng—1

x(0) = Y () + /0 () () — p ()P x

j=0

17
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X Epypy. - o (31 (SO = NP —dn(@(6) = §(5))PP)h(s)ds,
where
Xj(t):\l"j(t)a j:0’1*‘-~7j07
and

Xj(©) =) + Y Ai(@(6) — $(0))Fo-Fix

l=)fj

. m
for j=jo+1,...,n9 =1, with ¥;(t) = WP&%, where x; = min{K;} and whenever Z |)\,-|Igfﬁ"’¢e”‘ < Ce't for some v >
i=1
0, where the constant 0 < C < 1 does not depend on t.

Theorem 4.6. Let ng > ny, ng > 2 and there exists a jo € {0,1,...,n9 — 2} such that K; = ¢ and K; 41 # 4, and h € C[0,T].
Then the initial value problem (4.1) and (4.2) has a unique solution x € C"o~1.A0[0, T], which is given by

ng—1

X0 = 0+ [ 9@ p(s)Hx
j=0

where

Xj(f):‘l/j(t), j:o,l,...,jo,

and
m .
Xi(6) =Wi(t) + Y Ai(@(t) — ¢(0)) HFo—Fix
i:xj
X EBo—py o) j 14 fo—pp 1 (D (£) = §(0))P P A (@ () — ¢p(0))FoFm),
for j=jo+1,..., ny — 1, where »x; = min{K;}, and
m
Xi(6) =Wi(t) + > Ai(@(t) — ¢(0))I FoFix
i=1
X Ego o o) i1t fops A1 (@ (6) — @(0)PoPr X (@ (£) — ¢(0))PoFm),
. m
for j=ny,...,ng—1, with W;(t) = %71’1((;))] and whenever Z |Ai|I€j‘:’3"’¢e“f < Ce for some v > 0, where the constant

i=1
0 < C < 1 does not depend on t.

Theorem 4.7. Let ng = ny, Kp,_1 =% and h € C[0,T]. Then the initial value problem (4.1) and (4.2) has a unique solution x €
Co-1.A0[0, T], which is given by

ng—1 t
X(£) =) c;W;(t) +/O P'(5)(P(t) — p(s))P" x
Jj=0
X E(gy—pyo o o (21 (D (E) = D ()PP = (@ () — p(5))oPm)h(s)ds,

. m
where W;(t) = W and whenever Z |Ai|153_ﬂf’¢e”t < Ce" for some v > 0, where the constant 0 < C < 1 does not de-
i=1
pend on t.

4.1. The case ¢(t) =t

The following corollaries follow by taking ¢ (t) =t in the above results. We formulate them for the convenience of the
reader. We then consider

m
Dfox(t) + 3 ADfix(t) =h(t). te[0.T], meN, (4.10)
i=1
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under the initial conditions

k
(i) X(t)|1:+0=CkeR, k=0,1,...,n0 -1, (411)
or
d k
(dt) x(t)|_,=0, k=0,1,....,n0—1, (412)

where ; e C, Re(B;) >0,i=0,1,...,m—1, Re(By) > Re(B1) > ... > Re(Bm) > 0 (If Re(Bin) = 0, then we assume Im(Bp) =
0 as well) and n; are non-negative integers satisfying n; —1 <Re(B;) <n;, n;=|ReB;] +1 (or n;=—|—-Re(B;)]), i=
0,1,..., m. Everywhere below we assume that x; = min{K}.

Corollary 4.8. Let ng > ny, Bm =0 and h € C[0, T]. Then the initial value problem (4.10) and (4.11) has a unique solution x
C"o=1.80[0, T] and it is given by

ng—1

t
— Y _g)Po-1,
x(t) = g c,x,(t)+/0 )

X E(ﬂo—ﬂl«---vﬂu—ﬂm)ﬁo (_)\’1 (t - S)'BO_'BI LA _}\m (t - S)'BO_'Bm )h(S)dS,
where
t) 5 ibo—b fo-B fo—p
5O =rG * DM PE g gy oo Pt At PP,
l‘=J{j
for j=0,1,...,n; — 1, and
t) 5 ibob Bo-B fo—B
%O =gy M T E oo i1 o Ot P At ),
i=1

for j=ny,ni+1,...,n9—1.

Corollary 4.9. Let h € C[0, T]. Then the initial value problem (4.10) and (4.12) has a unique solution x € C"o~1.£o[0, T| and it is
given by the formula

Corollary 4.10. Let ng = ny, Bm =0 and h € C[0, T]. Then the initial value problem (4.10) and (4.11) has a unique solution x €
Cno=1.80[0, T], which is given by

ng—1

_ oy ' _g)Po-14
x(t)_];;c]x](t)+/o )

X Egy—po. o) fo (A1 (€ = )PP (6 — s)Po~Pm)h(s)ds,
where
t) 5 citPob Bo—B Bo—B
X1 =7y + 2 M E e et a7 A7),
l‘=}t]'

for j=0,1,....,n9— 1.

Corollary 4.11. Let ng = ny, np > 2 and there exists a jo € {0,1,...,ng — 2} such that K;) = ¢ and K; 1 # ¥, and h € C[0, T].
Then the initial value problem (4.10) and (4.11) has a unique solution x € C"~1.£[0, T|, which is given by

ng—1 t
x(0) = ¥ ex;(0) +/ (t —s)Po-Tx
J=0 0
X E(By—pr.... fo—fin) o (=21 (€ = )PP —hn (¢ — 5)PoPm)h(s)ds,

where
Xj(t):\ljj(t)v j:0’1!"-1j07

and
m

ti i+ Bof - -
Xi(O) =gy + 2 MU P E G g o g o GatP TP At P,
rG+n " &
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for j=jo+1,...,n9—1.

Corollary 4.12. Let ng > nq, ng > 2 and there exists a jo € {0, 1,...,n9 — 2} such that K; = ¢ and Kj 1 # %, and h € C[0, T].
Then the initial value problem (4.10) and (4.11) has a unique solution x e C"o~1.£0[0, T|, which is given by

no—1

t
x(6) =3 ijj(t)+/ (t —s5)Po
j=0 0
X EBy—py. o) o (— M1 (£ = )PP (£ — 5)Po=Pr)h(s)ds,
where
ti . .
xj(t) = m, j=0,1,..., jo,
and

for j=nq,...,ng—1.
Corollary 4.13. Let ng = ny, K;,_1 =% and h € C[0, T]. Then the initial value problem (4.10) and (4.11) has a unique solution
x € Cho=1.80[0, T], which is given by

ng—1

ti t
X(t) =) i +/ (t —s)Po-1x
o rg+1 0
X Egypr.. fop) o (“A1 (& = )PP dn (& — s)Po=Pm)h(s)ds.

5. Concluding remarks

In a particular case our results presented in Section 4 imply [1, Theorem 4.1]. That is, for example, in the case of constant
coefficients of real orders and ¢ (x) = x, Theorem 4.2 coincides with [1, Theorem 4.1]. The method developed in [1] used a
very different approach from the current paper. So, it is important to verify the consistency of these results. Below we recall
[1, Theorem 4.1] to compare easily the coincidence of the results. Firstly, we introduce some notation. For any 8 € R we
define

Cp:={f:R" > C:3qeR q> B.such that f(x) = xf;(x), fi [0, +o0)}
and for n € Ny we have

fecC if and only if f™ eCg.
Here we assume that €9 = Cg. Now let us recall [1, Theorem 4.1].

Theorem 5.1. [1, Theorem 4.1] Let By > 1> --->Bm >0, nj—1 < B;<n;, e Ng=NU{0}, A; eR, i=1,...,m. Consider
the following initial value problem
D x(t) + M DR x(t) = h(t), te[0.T],

(51)
(%)kx(t)|r:+0 =c,eR, k=0,1,....,n0—1, ng—1 < By <ny,

whe;e h is assumed to be in C_q if By € N or in Q] if By ¢ N. Then the problem (5.1) has a unique solution in the space Cﬁ‘{ of
the form

t ng—1
X(t) = /0 P TE oo popir o 1S PL L AnsP PR — )ds + 3 (0, (52)
k=0
where
tk m K
X () = T + Z Ait +ﬂ07ﬂi£(ﬁo*ﬂ1.m,ﬂo*ﬁm)1k+1+ﬂ07}3i ()qSﬁUfﬁl RN kmsﬁﬂ’ﬁ"') (5.3)
R SN |
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and x,((l) (0) =6y, k. 1=0,...,ng — 1. The natural numbers I, for k=0, ...,ny — 1 are determined from the conditions n, > k+1
and 41 < k. In the case n; <k fori=0,...,ng— 1, we set [, =0, while [, =m forn; >k+1 fori=0,...,n9 — 1.

In all theorems of this paper (such as Theorem 3.8, Theorem 4.2 and Theorem 5.1) analytical solutions are presented
and these solutions are indeed unique “classical” ones (with respect to the function h). It is clear that the function h in
Theorem 5.1 must be in C_; or Q] that it is less restrictive than in our case that can be assumed to be in C since C c C_;.
However, of course, Theorem 3.8 covers much more general case and we believe one can weaken the assumption on the
function h in special cases.

Finally, we should mention that a different approach to find an analytic solution of FDEs with variable coefficients was
given in [2]. The authors studied the case of homogeneous FDEs with variable coefficients for Riemann-Liouville fractional
derivatives with boundary values involving fractional derivatives as well. In turn, those results in [2] can be used to extend
our techniques to not only initial (Cauchy) problems, but also initial boundary value problems with the Riemann-Liouville
fractional derivatives.
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