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Abstract

We study the 2 species PushTASEP, an stochastic model with finitely many particles
each labeled by a positive integer acting on the Z lattice pushing one another. The
main object of the research is the specific problem of the multi-species PushTASEP:
the probability that particle of species 2 moving to the left-most position and initially
left-most particle of species 1 going after particle of species 2 after some time t. We
study the N-particle system in which particles are initially ordered as 11---12 —
that is, N — 1 particles of species 1 followed by a single particle of species 2 — and
derive an exact formula for the probability that the leftmost particle of species 1 is at
position x at time t and particle of species 2 is to the left of the the leftmost species
1 particle. We show the exact formula using Bethe Ansatz method for N=3, N=4
cases and proof of the general formula using strong induction.
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Chapter 1

Introduction

In this paper, we analyze a two-species stochastic model with finitely many particles
on the infinite lattice Z, which has the exclusion rule that each site cannot be occupied
by more than one particle. Each particle is labeled by a positive integer [, representing
its species. A state of the system can be described by each particle’s species and its
location. In specific, if X = (x1,...,2y) € ZY with x; < -+ < xy represents the
positions of N particles, and the species of the particle at x; is denoted by 7;, then we

denote the state of the system by (X, 7) = (x1,...,2n,m - 7y) With 7 =7y -+ - .

The model we are interested in is PushTASEP, also well-known as the drop-push
model [1, 5, 6]. In the PushTASEP, each particle waits an exponential time with rate
1 and then jumps to the right. Unlike TASEP model, a particle can jump even if the

right site is already occupied.

In the multi-species PushTASEP, a particle of higher-numbered species has an
advantage over a particle of lower-numbered species while jumping. To be more
precise, if a particle of species [ at position x chooses to jump to the position x + 1,
which is already occupied by another particle of species I’ and I’ < [, then the particle
[ can jump to the site by pushing all other particles to the right. However, if I' > [,

then the particle [ chooses the nearest available position.



1.1 Definition of the Model

In this thesis, we study the two-species PushTASEP, that is, the light version of
the multi-species asymmetric simple exclusion process introduced in [2]. The precise

definition is derived from [2].
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Figure 1: PushTASEP: species-2 particle at position z jumps to z + 1, which
is occupied by a species-1 particle. The species-1 particle at = + 1 is pushed
to x + 2, the one at  + 2 is pushed to = + 3, and so on. The configuration
(...,2,1,1,1,...) at positions (z, z+1, x+2, x+3) becomes (...,0,2,1,1,1,...) at

positions (z, z+1, z+2, x+3, z+4).

species 1 jumps to nearest 0
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Figure 2: PushTASEP: species-1 particle at = jumps to the nearest site with I’ < 1,
i.e. the nearest empty site at x4 3. Since species 2 at 2+ 1 has higher priority (2 >
1), it is not pushed. The configuration (1, 2, 1, 0) at positions (z, z+1, z+2, x+3)
becomes (0, 2, 1, 1).

Definition 1.1. A particle of species | at position x waits an exponential time with

rate 1 to jump to the right. It jumps to the nearest right site occupied by species of I’



and I <l (including I" = 0, which corresponds to an empty site), and pushing l' to
the nearest right site occupied by species of " and I” < I'. The two specific examples

are shown in figures 1,2.

1.2 Notations

Suppose that there are N particles, of which N — 1 are of species 1 and one is of
species 2, and let M = [1,1,...,1,2] be the multi-set of those N integers. Let
P(v11..12)(X, 21...11; t) be the probability that the system will be in state (X, 21...11)
at time ¢, given that the system is in state (Y, 11...12) at time 0.

Throughout this thesis, I denotes the identity matrix, and 0 denotes the zero
matrix. If needed, we write I, and 0, to specify that their dimensions are n by
n. We write M) for the (7, v)-element of a matrix M. The two-body scattering

coefficients are defined by:
1 _

Spa = — 0

ACED A T (11

The transition probability matrix derived by Lee and Raimbekov in [4] is given

by

N
Ti—Yos(i —1 .
P(y711__12) (X, 2111, t) - f T f Z I:AO':I21._'11’11_“12 H (50@)?! @ 66(£’)t> d§1 ce di
c c ceSN =1

(1.2)
where A, is an NV x NV matrix, and §, implies (1/2ni) [, where the contour C'is
a positively oriented circle centered at the origin with radius bigger than 1, so that

all poles are included in C', and

H(&) = 51 Y (1.3)

The R-matrix for PushTASEP explicitly derived by Lee in [2]. The general form of
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Rg. shown below:

Spe ifij =1Im and i > j,
—1 ifij =Ilm and i < j,

(Rﬁo)(ij, Im) — (14)
Tso ifij =ml and i > j,

0 otherwise.

We also define T; similar to [3| as the simple transposition in Sy that swaps the i-th
and (i + 1)-th positions. Since any permutation ¢ € Sy can be decomposed into a

product of simple transpositions, we write

0 = Tz‘j (ﬁj, Oéj) Tij_1(6j—17 aj—1) e 'Til(ﬁh 041)7 (1-5)

where the notation T;, (0, ax) means the simple transposition T;, applied at step k,
with By and «y represent the two values being swapped at that step. To each such
simple transposition T;(3, ) we associate an NV x NV matrix T;(8, ), defined by

placing the N? x N? matrix Rg, in the i-th slot and identity matrices Iy everywhere

else:
Ti(B,0) =IN® - @ IN®Rpo @IN®---® Iy, (1.6)
(i—1) times (N—i—1) times

where rows and columns of R, are labelled lexicographically by 11,12, ..., NN. The

matrix A, is then defined as the ordered product

Acr = 7;]' (ﬁja O‘j) 7;];1 (ijla ajfl) o 7;1 (ﬁlv 041)' (17>

The restricted form of 7;(3, ) is taken to be an N x N matrix, which we again denote

by T:(53,«), whose entries are given by



1 ifk=1=1

Sge ifk=1andl#1,
[Ti(B, )]0y = (1.8)
Tso ifk=1i+1andl=i,

0 otherwise.

1.3 Organization of the Paper

In Chapter 2 and Chapter 3, we investigate the cases of N = 3 and N = 4 respectively.
Both results then are used to derive the general formula for P(y;11..12)(X, 21...11;¢),
that is the probability that the leftmost particle of species 1 coming right after
the particle of species 2. This will help to obtain the conjecture of the formula
of [As]21. 1111..12. After deriving the general formula, we shall prove the result by

strong induction.

10



Chapter 2

N=3 Particle System

The probability that leftmost particle of species 1 is at position x after time t for

three particles system is given by

ZZwaygllQ Za:x—i—],Qllt 227{%% £1+ +7_3

=1 j=1 =1 j=1

T—J—Yr(1)—1 Z—Yr2)—1 T+T—Yr(3)—1
X [Aﬂ]o,n gw(lj) o fw(;)/ v gw(;) e A€y d&s dEs. (2-1)

We compute the transition from 112 to 211 with particles located at positions x1, xs, x3.

the simple transposition matrices 71, 75 acting on the basis {112, 121,211} as follows

521 0 0 -1 0 0
T2)=10 -1 0|, 7032 =Ty S 0|,
0 Tun Sn 0 0 Sz

where T, and Sg, are defined in equation (1.1).
We then compute all matrix products needed to build A, for 7 € S3
—S31 0 0

71(3, 1)75(37 2) - _T32 _532 0 ’
T3 T3 T31532 531532

11



—S9; 0 0
T3, 1)Ti(2,1) = | T51.81 —S3 0 )
0 S31Th1 So15%1

_S3QS21 0 0
71(37 2)75<37 1>7-1(27 1) = _T31821 531 0
T31T32521 _S31T32 + S31532T21 531532321

Out of all 3! = 6 permutations, only (N — 1)! = 2 of them give nonzero coefficients

[A312]211, 112 = T31T327 [A321]211, 112 — T31T32S217

Giving the coefficients, we can now fully represent our equation we can represent our

equation

ZZP(yLyz,ys,nz)(ﬂc — i, x,x+ 7,211 t) = ZZ% ]{ 7{ et(é+é+é_3)
cJcJo

=1 j=1 i=1 j=1

X [T T &7 G G0 S Ty TG0 | dp dy.

Now we can factor out common terms from the equation, which yields

[c’eINe] e 1411 x—y1—1x—ys—1 ~x—y3—
S S Pummam(e—iarsi 21t = Y3 § f § lErard ) (grmgamgme)

i=1 j=1 i=1 j=1

X [T31T32 &5°€) + T Ts25% 55%{} d&y d&s d&s.
For simplicity, from now on we set
B = latatas) (gf*yrlggfyrlgg*yrl). (2.2)

We can now push the sums inside the integrals to get

ji 740 ]i i i R [T31T32 656 + T3, Ts95 53_15{] dé, déy dés.

i=1 j=1

12



Using the formula for summation of geometric series, we can evaluate the summation
for —i without any restrictions, because the we are working on big contour C. We can

split and obtain two integrals

L—fffE)aﬁm@ _y@@%&
I, = 7{ ]{ 7{ ZB T3 T3250:€] o )d§1 déy d&;.

To evaluate the summation for j, we need to shrink the contour to ¢, that is positively
orientated circle centered at the origin with radius less than 1, where all the poles are
located outside the c, except those located at the origin. We shrink both contours for

respective ¢’s and after evaluating the summation, we obtain

n= f f 8 [Ty A
- &
@—éﬁiBh@@m_w@_J%mm&

To increase the contour back to big one, we further need to consider the singularities

at & = 1 and & = 0. However, we can neglect the singularities at 0, since they are
included in both contours. The only singularity we consider is at & = 1 and after

calculating its residue, we get

(53 - 51)(53 - 1)
G(&—1)7°

Resg,—1 =

Respective two integrals with big contours now become

= 3
h= j{‘]i]iB [T31T32 (1 —&)(& — 1)} A&y dSadss + %Cj{CBT:n 3
= &1
I, = jé]ijiB {T31T32521(1 )G = 1>1 dé désdEs.

1
—1 dgldg?)a

13



Combining both Z; and Z, we get

%Cj{cchXT?’lT”ggl_l L §2§2+S21 55 ]dfldfzdffr]{ ]{ B><T31

Putting the values for Sy; into the equation, we get

1 &2 52(1—51) & ] 1
]{?{Y{BXT“T”&AL—@ ACES d&d@dfﬁ]{cf{cBXTM&,—

Evaluating the full sum, we finally get the final result for probability, that start-

—dadss,

L6

ing from configuration (Y, 112) the system reaches configuration (X,221) at time t,
meaning the particle of species 2 has moved to the position with all species 1 to its
right, and the initially leftmost particle of species 1 is at position x. To represent
final result, we also need also to consider the value B from (2.2) at {& = 1. The final

result for N=3 case will have following form

1
f% m yi—t g—yg—l X T31 déldfg (23)
§&—1

14



Chapter 3

N= Particle System

The probability that the leftmost particle of species 1 is at position x after time t for

four particles system is given by

o0

YYD Plrpgsga (T — i, @, x4 i, + o+ i, 21115 1)

i=1 ji=1 jo=1
o0 o0 o0
1 1 1 1
— § (E E 7{ 7{ j{ f{ et(a+5+§+a—4>
cJCcJCJC

=1 j1=1j2=1
X Adon o) T b by Y T 6 dEy dés dEs. (3.1)
We compute the transition from 1112 to 2111 with particles located at positions
1, X2, T3, 4. Similar to N=3 case, we define the resticted form of simple transposition

matrices Tq, T2, T3 acting on the basis {1112,1121,1211,2111} as follows

321 0 0 0 532 0 0 0
0 Sy O 0 0 -1 0 0
71(27 1) = 5 75(3a 2) = )
0 0 -1 0 0 T3 S3 0
0 0 T21 821 0 0 0 332

15



-1 0 0 0

Tys Sis 00
0 0 S 0
0 0 0 Sy

T3(4,3) =

All the heavy matrix multiplication calculations, needed to evaluate the nonzero
amplitudes [Ar]2111, 1112, is carried out in Appendix B. From those computations,

only six permutations out of 4! = 24 give nonzero contributions

T [Ar]o111, 1112
4123 Ty TaoTy3
4132 SaoTy1TyoTys
4213 So1 Ty Tio Tz (32)

4231 So1Ss1TunTuoTys
4312 S351530Tu1 Ty T3
4321 S91551 539111 Ty T3

In total 18 permutations has value of zero and 6 permutations has nonzero value,
which is exactly (N-1)! number of permutations. Full table of all values can be seen in
Appendix A. As previously, we substitute (z1, g, x3, 4) with (z—i, x, 2+j1, x+j1+J2)
and for simplicity set

B lararatdy) (Ermt gzt grmwt grmual) (3.3)

2

Substituting the nonzero amplitudes and factoring out common terms, we obtain

oo o0

Z Z Z P yl,yg,yg,y4,1112)(x — 'L X, X +]1, T ‘|‘]1 ‘|‘]2, 2111 t)

11]1 1]21

o Z Z Z% j{ % % B X TinTyoTys - €4 J1+]2 + S39 ]1+32 + S fjl J1tj2

1=1 j1=1jo=1

+ o131 EFEITI - Sy Sap E1EST? 1 g1 31530 EE2 | dEy dEy dEs dEy.

16



We can put the sums inside the integrals and evaluate them term by term. From

here, we will treat each term separately labeling them 7,7, 735, 74, Z5, Zs.

T = 7{ f{ ]{ }'{ B-TyTyTys - 5 Z £263 ﬂZg A&, déydésde,

We can shrink the contour for &3 to evaluate the sum for j5, giving us

f{f{f{]{B TnTiTis - 51 Z(&ﬁg) 6353 dsdesde,

Expand back the contour to the big one with residue term at {5 =1

44§ nmnt

Z(&&) s S dy dea da d

1 - J1
+ jé]i?éB . T41T42€4 7 ]Zl(fz) dé, d&y déy

Now, we need to deal with the summation over j; in triple integral. We shrink the

1 &
.94 B TuTa e dadeade,

Expand the contour back to big one with the residue term for & =1

7£7€7€B'T41T42 | 541-11 52& d&dfﬁfcjéB-Tu@_ -d6dé,

The overall result for the first term is

contour for &

T = f{ f{ % 7{ B-TuTulig ! 2(5253) & =, d6 ey dey

P
+ fc ﬁ jé B-TuTi gt diudéad

+ﬁ£B-T41§41_1d§1d54

17



Moving forward to second term, which has the following form

IQ \% % f f B- S32T41T42T43

Evaluate summation for j, by shrinking the contour for &

1 L&
= 74 7{ 74 f 53_1 T41T42T43 &—_1321(5253)] g dde g dga.

Expanding the contour back to the big one without a residue term, since after can-

Z Z (£283)71 €82 dEy dy dés dés.

cellation of similar terms there are no singularities and we obtain

I, - f 75 ]f f B SuTuTuTa: PICE 5252 06, de de,

Combining Terms Z; and Z,, using the cancellation identity = 0, the

1

quadruple integrals cancel each other leaving only

1
1, +1y Z%ffB'TuT@' 2 . d§; d&s d&y
clJo e 1-& &—1

+7{Cj{CB-T41-£41_1d§1dg4.

For the third term, we have

I3 f % f f B- 521T41T42T43

Evaluate summation for j; by shrinking the contour for &3

T, - 75 f 74 f B SuTuTuTug— PICE 5353 46, dés .

Z Z §183) ER d&y sy dés iy

18



Expanding back the contour to the big one with the residue term at &3 = 1 and we

obtain

I3 = fgiﬁjﬂB - STy TyoTys - 7 1_ 1 Z(f1f3)jl 1 535 dé, dés déy

% % % B- 821T41T42

Evaluating the summation over j; in the triple integral by shrinking the contour for

Z &l dgy déy dé.

& we get

I3 = ]{j{fj{B 521T41T42T43[5 2(5153) 5353 d&y d€3 d&y

1 &1
]{ f{j[ 51 52 - 1 T41T42§4 11-4 d§y do d&y.

Expanding the contour back to the big one without a residue term, since after can-

cellation of similar terms there are no singularities and we get

I3 = i‘é‘féiB . 521T41T42T43§ 1_ 1 Z(flfﬁ%)jl 1 535 d&y d&s d€y

7{%7{3 T41T42 1 54 d& d&s d€,.

Forth term of the equation will have following form

I, = f%%%B 521531T41T42T43

Evaluating the summation for j, by shrinking the contour for & we get

7{ j{ ?{ j(’{ 5 — 1 531T41T42T43£4 ! jzl(flf:%)jl 1 Elfl d€y dés d&y.

Z Z §183)7 €2 d&y dy dés .

19



Expanding the contour back to the big one without a residue term, since after the

cancellation of similar terms there are no singularities, so we obtain

7{ f 74 ]{ B SuSuTuTuTuz— (66 5151 46, €y €.

= 0, the

quadruple integrals cancel each other leaving only

1
1 +I4=7{%%B‘T41T42 z A&y d& d&y.
cJolJo §—1&6 -1

Now we need to deal with last two terms of the equation. For the fifth term we have

7, — 7{ 7{ 7{ 7{ B SuSuTuTuTu

Evaluating summation for j, by shrinking the contour for & to get

—¢ 1 J1 §
}{ 7{ 7{7{ B - 531 §3 — i;T41T42T43§4 1 ;(5152) 1 —252 déy d€s dE,y.

—1 2D (Ga&e) & d6y dey d da.

Jj1 J2

Expanding the contour back to the big one without a residue term, since after the

cancellation of similar terms there are no singularities, so we get

%%%%B 531532T41T42T43§ 2(5152) 52& d&s d&3 d&y.

The last term of the equation is sixth one and it has following form

IG f f f % B - 521531532T41T42T43

Evaluating summation for j, by shrinking the contour for &; to obtain

%7{7{?{ S31$32T41T42T43§ ! Z(flfz)jllflgl d&o d&sz d&y.
Ji

— 2 D Q&) 6y déy ds dé.

Ji J2

20



Expanding the contour back to the big one without a residue term, since after the

cancellation of similar terms there are no singularities, so as the result we get

]4 75 ]4 75 B SuSuSuTuTaTu— () 5151 46, € €.

C = 0, these

two terms cancel entirely, and we obtain

I5 +IGIO

Finally, we can now combine all terms and substitute back B at & = 1,&3 = 1 to

calculate the probability for N=4 particle case, so we get

a— 1
ff x y1— 1628 Ya 1><T41£4_1d£1d€4 (34)
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Chapter 4

General N Particle System

Based on the results for N = 3 and N = 4, we now state and prove the general
formula for arbitrary N. The pattern observed in both cases suggests that only the
(N — 1)! permutations with NV in the first position contribute nonzero amplitudes,
and that the coefficients are products of S-factors determined by the inversions of the

remaining permutation.

4.1 General Amplitude

The conjecture of general amplitude formula is given by the following

N-1
(H TNk> : 1T Sy ifo(1) =N,
(AN, 0(1) o1 g1ty 11 = § i appears sher j in 0
0 otherwise.
(4.1)

The coefficient of each o € Sy_; is thus:

coefficient of o = H Sji. (4.2)

1<J
i appears after j in o

We verify this formula for N =3 and N = 4.

22



4.2 Verification via N=3 and N—=4

4.2.1 Verification for N=3

Verification for N = 3. Here 0 € Sy acts on {1,2} and the common prefactor is

T31T35. We go through each o

e 0 = (1,2): No pair is out of order. The product over inversions is empty, so the

coefficient is 1. Thus

[A312]211,112 = T31T32 1= T31T32-

e 0 = (2,1): The pair (1,2) has 1 appearing after 2. The coefficient is Sg;. Thus

[A321]211,112 = T31T32 : 521 = T31T32521-

Both match the values computed directly from the matrix products 7;7; and T; 7571
in the N = 3 section.

4.2.2 Verification for N—=4

Verification for N = 4. Here o0 € S5 acts on {1, 2,3} and the common prefactor is

Ty TyTys. We go through each o € Ss:

e 0 = (1,2,3): No pair is out of order. The product over inversions is empty, so

the coeflicient is 1. Thus

[A4123}2111,1112 = T41T42T43 1= T41T42T43-

e 0 = (1,3,2): The pair (2,3) has 2 appearing after 3. The coefficient is Sss.
Thus
[Agizo]o111,1112 = T TuoTys - Sz2 = S3oTu1 TyoThs.

23



e 0 = (2,1,3): The pair (1,2) has 1 appearing after 2. The coefficient is So;.
Thus
[As13]o111,1112 = T Tuo Ty - So1 = ST TyoThs.

e 0 =(2,3,1): We check all pairs:

— Pair (1,2): 1 appears after 2. Contributes So;.
— Pair (1,3): 1 appears after 3. Contributes Ss;.

— Pair (2,3): 2 appears before 3. No contribution.

The coefficient is S9;53;. Thus

[A4231]2111,1112 = T41T42T43 : 521331 = S21831T41T42T43‘

e 0 =(3,1,2): We check all pairs:

— Pair (1,2): 1 appears before 2. No contribution.
— Pair (1,3): 1 appears after 3. Contributes Ss;.

— Pair (2,3): 2 appears after 3. Contributes Ss».

The coefficient is S31.533. Thus

[A4312]2111,1112 = T41T42T43 : 531532 = 531532T41T42T43-

e 0 =(3,2,1): We check all pairs:

— Pair (1,2): 1 appears after 2. Contributes So;.
— Pair (1,3): 1 appears after 3. Contributes Ss;.

— Pair (2,3): 2 appears after 3. Contributes Ss,.

The coefficient is S51.551532. Thus

[A4321]211171112 = T41T42T43 : 521831S32 = 321831532T41T42T43-

24



All six nonzero amplitudes match the values computed directly from the matrix prod-
ucts in the N = 4 section and listed in Appendix B. All remaining 18 permutations
7 € S, that do not have 4 in the first position give [Az|2111,1112 = 0, also consistent

with the general formula since those permutations do not have N leading.

4.3 General N case

Theorem. For all N > 2,

>y oy - 7! ) S Ay

=1 ji=1 IN-2=1 cESN_1
X (o) Eov-1))’ Eo(N-1 ) o (v )N dEy - déy
+77 z—y1—1 cx—yn—1
%% 51 'TNl ! N d§1 d&v (43)
v —1

Proof. We proceed by strong induction on N. Let L(N) denote the left-hand side
and R(N) the right-hand side. Throughout the proof we write

1 1
B = et(H*“*a‘N)gf—yl—l e ]ﬂi{—yzv—l

Base case (N = 2). There are no gap variables ji. The only nonzero amplitude is

[A21]12,21 =15, so

:jéch’TQI';fgidfld&:j{C%CB'Tm'gzl_ldfld&:R(Q)y

where we used Y)0°, £ = 5%1 on the contour |¢| > 1.

Inductive hypothesis. Assume the theorem holds for all systems of size 2,3, ..., N—
1,ie. L(N —1)=R(N —1).

25



Inductive step The left-hand side is:

L(N):j{...%B. Z

TESN_1

N—1
< H TNk) H Sji
k=1 1<J

¢ after j in 7

X &N Gy G Gy VR Gy - dEn. (44)

We start by summing over jy_» > 1 on the small contour gives

- iN— gT(N—l
> Sy = T 6o L &rv-n| < 1.
=, Er(N—1)

Expanding from the small contour back to the large contour together with residue

term

f(&a) déa = f(&a) 6o — 2mi Resg,=1 f(&a)-

small large
Each term pairs up according to the permutation. They pair up by swapping the last
two positions: (...,a,b) <> (...,b,a). Each pair after expanding to the big contour

can be summed up as

ga gb o o
C’-(l_ga—FSba-T&))—C-O—O,

since

0.

£a . 1) _ §a . éb(fa — 1) . &b _
6 "M TG T 1o6 a1 1-6

So all summation will vanish completely.
The next step is to deal with residue terms. Each time the residue at {, = 1 eliminates
&, variable from the N-fold integral and reduces it to an (N — 1)-fold integral. We

get the integral form exactly like in equation (4.4)

N—-2
BW-D. (H TN—1,k> H Sii &N Gy vy (Erv—n) V3,
k=1 1<J
i after j in 7/
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where 7/ € Sy_» is the permutation induced by 7 on the remaining indices, and

BIV-1) _ et(é+..-+ﬁf(Nfl)> é.lx—yl—l o Jaif__y1N_l_1-
This is precisely the structure of L(N — 1).
By the inductive hypothesis L(N — 1) = R(N — 1), so the residue terms give:

i z—y1—1 f2—yn-—1—1

1 _
Z (residue terms) = 7{ f et<51+£N*1 1)TN1,1 ! Nl dép dén_q.
cJeo Ev-1—1

4 J1seJN—3

We perform the same procedure each time to each of the gap variables jn_3, jn_4, .-+, J1
reducing the problem one dimension at a time. After all N — 2 reductions, and after

evaluating the sum over —i, we get the final result

t<i+i71) f—y1—1 rz—yn—1
2 = f f e S S g dey — R

The result shows that regardless of the number of particles N, the probability of
the left-most particle 1 moving to the right of particle of species 2 reduces to a two-

dimensional contour integral depending only on & and &y.
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Appendix A

Full Amplitude Table for N=3, N=4

Table A.1: All values of [A;]211,112 for m € Ss.

™ [Aw]zn, 112
123 0

132 0

213 0

231 0
312 151159
321 | T31T3250
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Table A.2: All values of [Ay]2111, 1112 for o € Sy.
g [Aa]1112,2111
1234 0
1243
1324
1342
1423
1432

2134
2143
2314
2341
2413
2431

3124
3142
3214
3241
3412
3421
4123 Ty TaoThs
4132 STy Ty2Ty3
4213 So1 T Ty Tys
4231 | S91531 T TyoTys
4312 | S31532T 41 Ty T3
4321 | S21531S32 41 TuoTus

=N Eelel el ol ol K= RN Rk Rl Rel Ne i | el el el Ne i Bl
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Appendix B

S-matrix Products for the N—4

System

The rows and columns of all matrices below are ordered as 1112, 1121, 1211, 2111.

Pairwise products:

S31.539 0 0 0
0 —S31 0 0

T1(3,1)72(3,2) =
0 —T35  —53 0

0 T51T59 151530 S31550

Triple products:

—S41542 0 0 0

—SuT —S4uS 0 0
T4 1) Ta(4 2)T5(4.3) — 11143 41943

—TyoTys  —TuaSss  —Ss2543 0

T41T42T43 T41T42S43 T4IS4QS43 541342843
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Quadruple products:

Su1549 0 0 0
—T39541540 — S32S1Tas —S3251S 0 0
Ta(3,2)T: (4, 1)T5(4,2)T5(4,3) = | 27uwe — owouts =osouon |
—S59T 4T3 —S35Ty2S43  —S32542543 0
S32T41T42T43 SSQT41T4QS43 S32T41 542543 S32 541 8'42543
—8551541.542 0 0 0
SuT. SuS 0 0
T2(2,1)T1(4,1)T2(4,2)7T5(4,3) = 4143 41543
_T43(T2IS41 + 521T42) _S4S(T21541 + 521T42) — 891542543 0
ST ThoTy3 So1T41Ty2S43 So1T11S49S45  So1.541 54953
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