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Chapter 1

Introduction

Mixture models are among the most widely used approaches for modeling real-
world data distributions, as natural data (e.g., text and images) often consist of mul-
tiple subpopulations. As an illustrative example, consider the AG News text classi-
fication dataset,1 which contains news articles categorized by topic (world, sports,
business, sci/tech, etc.). Figure 1.1 depicts BERT representations Devlin et al., 2019
of articles from the four largest classes, projected onto two dimensions using UMAP
McInnes et al., 2018.

FIGURE 1.1: BERT representations of news articles from the AG News
dataset, projected to two dimensions using UMAP. Colors denote dif-

ferent classes.

Within the ‘World’ category, the data distribution exhibits distinct subpopula-
tions, suggesting that a mixture of multiple components could naturally model this
distribution.

However, in practice, the number of components is often unknown. A com-
mon strategy is to overspecify the number of components, relying on algorithms
such as expectation-maximization (EM) to yield a distribution close to the true one,
which may have fewer components. This approach was examined by Dwivedi et
al. (2020b), who analyzed the fitting of a two-component Gaussian mixture to data
drawn from a single Gaussian in Rd. They demonstrated that in the balanced case,
the EM algorithm Dempster, Laird, and Rubin, 1977 requires Õ(

√
n/d) iterations

to estimate the location parameters within O( 4
√

d/n) of the true parameters (in Eu-
clidean distance), assuming a known variance. Later, Dwivedi et al. (2020a) relaxed
this assumption for a balanced mixture and showed that both the algorithmic and
statistical convergence rates remain unchanged when the variance is also learned.

In many applications involving Gaussian mixtures, the primary concern is the
proximity of the learned distribution to the true underlying distribution in terms of

1http://groups.di.unipi.it/~gulli/AG_corpus_of_news_articles.html

http://groups.di.unipi.it/~gulli/AG_corpus_of_news_articles.html
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the Kullback–Leibler (KL) divergence, rather than the Euclidean distance between
parameters. For example, when modeling class-conditional distributions with Gaus-
sian mixtures, minimizing the KL divergence to the true distributions leads to lower
classification error rates (Devroye, Györfi, and Lugosi, 2013, Chapter 2).

Xu, Fazel, and Du (2024) offer population-level guarantees for fitting a k-component
mixture with fixed covariance matrices to a single Gaussian, showing that the EM
algorithm requires O(1/ϵ2) steps to produce a mixture whose KL distance to the
true distribution is O(ϵ).

This thesis work establishes population-level guarantee for a two-component,
balanced mixture where both location and scale parameters are learned, specifically,
that the population-level EM algorithm requires O(1/

√
ϵ) iterations to produce a

mixture whose KL distance to the true distribution (a single Gaussian) is O(ϵ).
This thesis is based on a research project conducted in collaboration with Dr.

Assylbekov, Dr. Legg, Dr. Melnykov and Arman Bolatov. While all chapters have
been adapted to fit the thesis format, certain sections contain contributions from my
co-authors. Specifically, Chapter 2 was developed with significant input from Dr.
Melnykov, and proof in A.4 incorporates the work of Dr. Legg (specifically items 1
and 3).
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Chapter 2

Related work

The study of the Expectation-Maximization (EM) algorithm and its convergence
properties in Gaussian mixture models has been a rapidly evolving field of research.
Balakrishnan, Wainwright, and Yu (2017) established a framework for determining
the convergence region of the algorithm concerning distribution parameters. Their
analysis distinguished between a population-level approach and the sample-based
implementation typically used in practice. Their characterization of the convergence
region focused on the correctly specified case of k = 2 components, considering both
balanced and unbalanced scenarios.

Within this framework, considerable attention has been given to the initializa-
tion of the EM algorithm to ensure convergence to the global optimum. Klusowski
and Brinda (2016) demonstrated that local convergence occurs in a broader region
than identified by Balakrishnan, Wainwright, and Yu (2017) for the two-component
case, while Zhao, Li, and Sun (2020) explored the effect of initialization for an arbi-
trary number of well-separated components. Daskalakis, Tzamos, and Zampetakis
(2017) established global convergence results for a two-component mixture where
the mean vectors are symmetrically located around the origin. For k well-separated
components, Segol and Nadler (2021) proved that convergence is guaranteed even
when the algorithm is initialized near the midpoint between two clusters. They also
improved the bound on the resulting estimation error and demonstrated similar re-
sults for Gradient EM, a variant of the classical EM algorithm. The convergence rate
and local contraction radius of the Gradient EM algorithm for an arbitrary number
of mixture components were further analyzed by Yan, Yin, and Sarkar (2017).

Model misspecification has also been a prominent topic in the literature. Dwivedi
et al. (2018) examined an underspecified model where a two-component Gaussian
mixture is fitted to data generated from a three-component mixture, providing a
characterization of the bias induced by such misspecification. They also investi-
gated the impact of initialization on convergence. The practical utility of overspec-
ified mixture models has been recognized by Dwivedi et al. (2020b), Dwivedi et al.
(2020a), Chen et al. (2024), and others. Dwivedi et al. (2020b) and Dwivedi et al.
(2020a) analyzed the case where two Gaussian components are fitted to data orig-
inating from a single Gaussian distribution. They compared balanced and unbal-
anced cases and showed that in the sample-based EM, the unbalanced scenario ex-
hibits significantly faster O(1/

√
n) statistical convergence compared to the balanced

case, which follows O( 4
√

1/n) when learning mean vectors under both known and
estimated isotropic covariance structures. Furthermore, they demonstrated that the
algorithmic convergence rate is exponentially faster in the unbalanced scenario.

The study of model overspecification in a Bayesian setting by Rousseau and
Mengersen (2011) revealed that learned mixture weights tend to vary significantly in
magnitude. When the number of components considerably exceeds the true number,
some components tend to become hollowed out, allowing model improvement by
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removing those with exceptionally small weights. Regarding spurious components,
Chen et al. (2024) showed that all local minima of the negative log-likelihood, in-
cluding spurious ones, encode structural information useful for identifying compo-
nent means. They also highlighted the advantages of overspecification over under-
specification, describing the comparison as “many-fit-one” versus “one-fit-many,”
respectively. Dasgupta and Schulman (2013) proposed an approach to finite mix-
ture overspecification, recommending that the model be deliberately overspecified
with log(k)

wmin
initial clusters, where wmin is the smallest weight, leading to significantly

accelerated algorithmic convergence.
Compared to the extensive literature on convergence in terms of distribution pa-

rameters, research measuring the quality of fit using Kullback-Leibler (KL) diver-
gence remains relatively scarce. Ghosal and Vaart (2001) established a statistical con-
vergence rate of (log n)κ/

√
n in Hellinger distance, translating to a lower bound of

(log n)2κ/n in KL distance. However, they did not address algorithmic aspects and
worked in a well-specified setting. Dwivedi et al. (2018) employed KL divergence
to analyze underspecified mixtures, but, to our knowledge, no study investigated
KL divergence in the context of overspecified mixtures until the recent work of Xu,
Fazel, and Du (2024). They derived KL distance bounds for the population version
of Gradient EM applied to a mixture of k components with known variances. This
work extends these results by analyzing population-based EM with learned compo-
nent variances in a two-component mixture.
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Chapter 3

Main Result

Notation We write R for the real numbers. Boldface lowercase letters (e.g. x) de-
note vectors in Rd, while boldface uppercase letters (e.g. A, X) denote matrices or
random vectors, and regular lowercase letters (e.g. x) denote scalars. The Euclidean
norm of x ∈ Rd is ∥x∥ :=

√
x⊤x.

For functions f : R → R and g : R → R+, we write f ≾ g if there exist
x0, c ∈ R+ such that | f (x)| ≤ c g(x) for all x > x0. When f : R → R+, we write
f ≍ g if f ≾ g and g ≾ f . We use c, c1, c2, etc. to denote positive constants that may
change in value at each occurrence.

Convergence of the EM algorithm Let Z1, . . . , Zn be i.i.d. random variables from
the d-dimensional Gaussian distribution N (0, I), where 0 ∈ Rd is the mean vector
and I ∈ Rd×d is the identity covariance matrix. We wish to fit a balanced two-
component location-scale Gaussian mixture

G(θ, σ2) :=
1
2
N (−θ, σ2 I) +

1
2
N (θ, σ2 I) (3.1)

to this sample. Denoting its probability density function by f (x; θ, σ2), we define the
maximum likelihood estimator (MLE) of (θ, σ2) as

(θ̂, σ̂2) ∈ arg max
(θ,σ2)

1
n

n

∑
i=1

log f (Zi; θ, σ2). (3.2)

Since (3.2) admits no closed-form solution, one typically resorts to iterative optimiza-
tion methods such as the EM algorithm (Dempster, Laird, and Rubin, 1977). Note
that the log-likelihood in (3.2) is not concave, hence EM can converge to different
local optima depending on the initialization.

To separate the algorithmic complexity from the statistical aspects, this analysis
considers the so-called population EM, which replaces the empirical mean by the ex-
pectation under Z ∼ N (0, I). In that setting, we can show that after running the
population EM algorithm for t iterations, it outputs a parameter estimate (θt, σt)
satisfying

DKL
[
N (0, I)

∥∥ G(θt, σ2
t )
]
≾

1
t2 . (3.3)

The next theorem provides a more precise statement.

Theorem 1. Fix ϵ > 0 and let d ≥ 2. For any θ0 ∈ Rd with ∥θ0∥ ≤ 1/5, the population
EM algorithm (which has access to an infinite sample) generates a sequence {(θt, σ2

t )} such
that

DKL

[
N (0, I)

∥∥∥ G(θT, σ2
T)
]
≾ ϵ for T ≿

log(1/ϵ)√
ϵ

.
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FIGURE 3.1: Log-log plot of KL divergence over iteration (log t) for
a 5-dimensional parameter space. The red points represent the com-
puted values of log KL divergence, while the blue line corresponds to
the best-fit linear regression with a slope of −2.14 and an intercept of
−0.89. The initial parameter values were set as θ0 = (0.7, . . . , 0.7).
The expectation in the loss function was approximated using the
trapezoidal rule, while the expectation in the update step for θ was
computed via Gauss-Hermite quadrature with 15 points per dimen-

sion.

Figure 3.1 exhibits numerical verification of the bound (3.3). As we can see, the
KL distance indeed drops at a rate close to O(1/t2).
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Chapter 4

Population Level Analysis

In the population setting, we assume access to infinitely many samples and replace
the sample-based log-likelihood (3.2) by the population log-likelihood

L(θ, σ2) := E
Z∼N (0, I)

[
log f (Z; θ, σ2)

]
. (4.1)

The Population EM algorithm then proceeds iteratively as follows:

• Expectation step. Given (θt, σ2
t ), compute

Q
(
θ, σ2; θt, σ2

t
)

:= E
Z∼N (0, I)

[
w
(
Z; θt, σ2

t
)

log ϕ
(

Z−θ
σ

)
+
(
1 − w

(
Z; θt, σ2

t
))

log ϕ
(

Z+θ
σ

)]
,

where
w
(
z; θt, σ2

t
)

:=
(

1 + exp
(
− 2 θ⊤t z

σ2
t

))−1
.

• Maximization step. Update θt+1 and σ2
t+1 by solving

(θt+1, σ2
t+1) ∈ arg max

(θ, σ2)
Q
(
θ, σ2; θt, σ2

t
)
.

For the mixture model (3.1) applied to data from N (0, I), it is possible to derive
explicit update formulas for (θt, σ2

t ) in the population setting (see Appendix A.1):

θt+1 = E
Z∼N (0, I)

[
tanh

(
θ⊤t Z

1−∥θt∥2/d

)
Z
]
, (4.2)

σ2
t+1 = 1 − ∥θt+1∥2

d . (4.3)

Observe that the iterates
(
θt, σ2

t
)

lie on the hypersurface

S :=
{
(θ, σ2) ∈ Rd+1 | σ2 = 1 − ∥θ∥2

d

}
, (4.4)

so that σ2
t is entirely determined by ∥θt∥.

Radial form of the risk function. To study the population log-likelihood (4.1) re-
stricted to S , we note that on S the log-likelihood depends on θ only through its
norm. Introduce the function

L(θ) := −L
(

θ, 1 − ∥θ∥2

d

)
, (4.5)
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which can be interpreted as a risk function by virtue of the leading minus sign. In
Appendix A.2, we show that L(θ) is radial. Specifically, let θ := ∥θ∥ and define

ℓ(θ) := d
2 log

(
2π
(
1 − θ2

d

))
+ d+θ2

2
(

1−θ2/d
) − E

Z ∼N (0,1)

[
log
(

cosh
(

θ Z
1−θ2/d

))]
. (4.6)

Then
L(θ) = ℓ

(
∥θ∥

)
, i.e. the risk depends on θ only via θ.

Population EM operator in one dimension. In view of the updates (4.2)–(4.3), the
sequence {θt} evolves under the Population EM operator

M(θ) := E
Z∼N (0, I)

[
tanh

(
θ⊤Z

1−∥θ∥2/d

)
Z
]

. (4.7)

Thus θt+1 = M(θt). Because L(θ) is radial, we only need to track the evolution of
∥θt∥. Indeed, it is easily shown (Appendix A.3) that

∥M(θ)∥ = E
Z ∼N (0,1)

[
tanh

(
∥θ∥ Z

1−∥θ∥2/d

)
Z
]
. (4.8)

Defining θt := ∥θt∥, we see that θt+1 = m(θt) where

m(θ) := E
Z ∼N (0,1)

[
tanh

(
θ Z

1−θ2/d

)
Z
]
. (4.9)

Hence understanding {θt} reduces to analyzing the univariate functions ℓ(θ) and
m(θ). We summarize their properties in the following lemma.

Lemma 2. Let ℓ(θ) be defined by (4.6) and m(θ) be defined by (4.9). Then

1. m′(θ) < 1 for all |θ| ≤ 1
5 .

2. ℓ(θ) is convex for θ ∈ [0, 1
5 ].

3. For θ ∈ [0, 1
5 ] and d ≥ 2, we have

θ
(
1 − ad θ2) ≤ m(θ) ≤ θ

(
1 − bd θ2),

where ad = 1 − 22
25 d and bd = 1

3

(
2 − 1

d −
1
d2

)
.

4. Let θ0 ∈ [0, 1
5 ]. Then θt < ϵ for t ≥ log(θ0/ϵ)

bd ϵ2 + 1.

The convexity of L(θ) follows immediately from Lemma 2 part 2. For θ1, θ2 with
∥θi∥ ≤ 1/5, i = 1, 2, and α ∈ [0, 1],

L
(
αθ1 + (1 − α)θ2

)
= ℓ

(
∥αθ1 + (1 − α)θ2∥

)
≤ ℓ

(
α∥θ1∥+ (1 − α)∥θ2∥

)
≤ α L(θ1) + (1 − α) L(θ2),

where the second inequality uses the convexity of ℓ(θ).
Figure 4.1 illustrates L(θ) for d = 2, and Figure 4.2 shows ℓ(θ). Note that while

both functions are convex near the origin, they also flatten significantly as θ → 0,
causing slower convergence for the over-specified mixture model compared to the
faster (exponential) convergence known under well-specified conditions Balakrish-
nan, Wainwright, and Yu, 2017.
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FIGURE 4.1: Plot of
L(θ) in (4.5), for d = 2.

FIGURE 4.2: Plot of
ℓ(θ) in (4.6), for d = 2.

4.1 Proof of Theorem 1.

Proof. We can now bound the KL divergence KL
[
N (0, I)

∥∥ G(θt, σ2
t )
]
. Since

KL
[
N (0, I)

∥∥ G(θt, σ2
t )
]
= L(θt) − L

(
0
)
,

it suffices to show L(θt)− L(0) ≾ θ4
t . From Lemma 2 part 2 and the fact that L

(
θ
)

is
radial, we have

L(θt)− L(0) = ℓ(θt)− ℓ(0) ≤ ℓ′(θt) θt =
1+

θ2
t

d(
1−

θ2
t

d

)2

(
θt − m(θt)

)
θt. (4.10)

By Lemma 2 part 3, θt − m(θt) ≤ ad θ3
t for some constant ad. Hence

L(θt)− L(0) ≤ 1+
θ2

0
d(

1−
θ2

0
d

)2 ad︸ ︷︷ ︸
≾ 1

θ4
t ≾ θ4

t .

Lemma 4 implies that θT ≤ 4
√

ϵ once T ≿ (log(1/ϵ))/
√

ϵ. Consequently,

L(θT)− L(0) ≾ θ4
T ≾ ϵ,

which completes the proof of Theorem 1.
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Chapter 5

Conclusion

This study establishes algorithmic complexity of the EM algorithm in the overspec-
ified setup. In the extended work, this result aids in a finite sample analysis to es-
tablish statistical complexity. Additionally, this bound is applied in the analysis of
binary classification error using over-specified MDA. In a broader context, it allows
us to compare the efficiency of different algorithms in suitable settings.

Finally, study of the behavior of the EM algorithm for fitting two components
of GMM to a single Gaussian distribution can be extended in the future in multiple
ways: examining unbalanced mixture components; examining a single Gaussian
GMM fitting k component for k > 2; examining convergence in KL divergence of
GMM to more complex distributions.
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Appendix A

Appendix A

A.1 Explicit formulae for the Population EM iterates

We first give more details on the EM algorithm. It will be convenient to represent
the mixture distribution (3.1) using a hidden Bernoulli random variable K, which
serves as an identifier of the mixture components. Since both components have
equal weight, we assume that Pr[K = 0] = Pr[K = 1] = 1/2. Next, we define
the conditional distribution

(X | K = 0) ∼ N (−θ, σ2I), (X | K = 1) ∼ N (θ, σ2I).

This determines the joint distribution of the tuple (X, K), and by construction, the
marginal distribution of X is the Gaussian mixture G(θ, σ2) given by (3.1). The Pop-
ulation EM algorithm attempts to maximize the expected log-likelihood (4.1) by it-
eratively applying these two steps:

• E step: Given the current estimate (θt, σ2
t ), do a soft assignment of any x ∈ Rd

to the component K = 1, i.e. compute the conditional probability of K = 1
given X = x:

w(x; θt, σ2
t ) =

ϕ
(

x−θt
σt

)
ϕ
(

x−θt
σt

)
+ ϕ

(
x+θt

σt

) . (A.1)

• M step: Use the assignment (A.1) to update the parameters by computing the
weighted mean and variance:

θt+1 =
EZ∼N (0,I)[w(Z; θt, σ2

t )Z]

EZ∼N (0,I)[w(Z; θt, σ2
t )]

,

σ2
t+1 =

1
d
·

EZ∼N (0,I)[w(Z; θt, σ2
t )∥Z − θt+1∥2]

EZ∼N (0,I)[w(Z; θt, σ2
t )]

. (A.2)

The derivation of formulas (A.1) and (A.2) for a more general case is given in the
work of Cai, Ma, and Zhang, 2019, see their formulas (3.6) and (3.7).

Lemma 3. Let the expected log-likelihood (4.1) be maximized by the Population EM algo-
rithm. Then the parameter updates are given by

θt+1 = E
Z∼N (0,I)

[
tanh

(
θ⊤t Z

1 − ∥θt∥2

d

)
Z

]
,

σ2
t+1 = 1 − ∥θt+1∥2

d
.
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Proof. First, we rewrite the weight function (A.1) as

w(z; θ, σ2) =
1

1 + exp
(
− 2θ⊤z

σ2

) = s

(
2θ⊤z

σ2

)
,

where s(x) = (1+ exp(−x))−1 is the logistic sigmoid function. Then the population
EM update for θ is given by

θt+1 =
EZ

[
s
(

2θ⊤t Z
σ2

t

)
Z
]

EZ

[
s
(

2θ⊤t Z
σ2

t

)] . (A.3)

Taking into account that s(x) = 1 − s(−x), the denominator in (A.3) can be written
as

E
Z

[
s

(
2θ⊤t Z

σ2
t

)]
= E

Z

[
1 − s

(
−2θ⊤t Z

σ2
t

)]
= 1 − E

Z

[
s

(
2θ⊤t Z

σ2
t

)]
, (A.4)

where we used the fact that θ⊤Z and −θ⊤Z are identically distributed. From (A.4)
we have

E
Z

[
s

(
2θ⊤t Z

σ2
t

)]
=

1
2

. (A.5)

Since EZ[Z] = 0, and using (A.5), the update (A.3) can be rewritten as

θt+1 = E
Z

[(
2s

(
2θ⊤t Z

σ2
t

)
− 1

)
Z

]
= E

Z

[
tanh

(
θ⊤t Z
σ2

t

)
Z

]
. (A.6)

Now, let us focus on the population EM update for σ2:

dσ2
t+1 =

EZ[s(2θ⊤t Z/σ2
t )∥Z − θt+1∥2]

EZ[s(2θ⊤t Z/σ2
t )]

=E
Z

[(
2s

(
2θ⊤t Z

σ2

)
− 1

)
∥Z − θt+1∥2

]
+ E

Z

[
∥Z − θt+1∥2]

=E
Z

[
tanh

(
θ⊤t Z
σ2

t

)
∥Z∥2

]
+ E

Z

[
tanh

(
θ⊤t Z
σ2

t

)
∥θt+1∥2

]

− 2 E
Z

[
tanh

(
θ⊤t Z
σ2

t

)
θ⊤t+1Z

]
+ E

Z
[∥Z∥2] + ∥θt+1∥2 − 2 · θt+1 E

Z
[Z] (A.7)

Since tanh(x) = − tanh(−x), we have

E
Z

[
tanh

(
θ⊤t Z
σ2

t

)
∥Z∥2

]
= E

Z

[
− tanh

(
−θ⊤t Z

σ2
t

)
∥ − Z∥2

]
= −E

Z

[
tanh

(
θ⊤t Z
σ2

t

)
∥Z∥2

]
,

which implies EZ

[
tanh

(
θ⊤t Z
σ2

t

)
∥Z∥2

]
= 0. Similarly, EZ

[
tanh

(
θ⊤t Z
σ2

t

)
∥θt+1∥2

]
= 0.

Also, notice that ∥Z∥2 ∼ χ2
d, and thus EZ[∥Z∥2] = d. Plugging these into (A.7) we
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get

dσ2
t+1 = −2θ⊤t+1 E

Z

[
tanh

(
θ⊤t Z
σ2

t

)
Z

]
︸ ︷︷ ︸

θt+1

+d + ∥θt+1∥2 = d − ∥θt+1∥2,

which implies (4.3). Now, plugging σ2
t = 1 − ∥θt∥2

d into (A.6) we obtain (4.2).

A.2 Radiality of the function L(θ)

Lemma 4. Consider the function L : Rd → R defined as

L(θ) := −L(θ, 1 − ∥θ∥2/d).

Then L(θ) is a radial function of θ ∈ Rd. It can be explicitly written as

L(θ) =
d
2

log(2π(1 − ∥θ∥2/d)) +
d + ∥θ∥2

2(1 − ∥θ∥2/d)

− E
Z∼N (0,1)

[
log
(

cosh
(

∥θ∥Z
1 − ∥θ∥2/d

))]
.

Proof. Since f (x; θ, σ2) is the p.d.f. of 1
2N (−θ, σ2I) + 1

2N (+θ, σ2I), it can be written
as

f (x; θ, σ2) =
1

2σd ϕ

(
x + θ

σ

)
+

1
2σd ϕ

(
x − θ

σ

)
= (2πσ2)−d/2 · exp

(
−∥x∥2 + ∥θ∥2

2σ2

)
· cosh

(
θ⊤x
σ2

)
.

Hence

log f (x; θ, σ2) = −d
2

log(2πσ2)− ∥x∥2 + ∥θ∥2

2σ2 + log

(
cosh

(
θ⊤x
σ2

))
,

and thus the negative population log-likelihood is

−L(θ, σ2) = −E
Z

[
log f (Z; θ, σ2)

]
=

d
2

log(2πσ2) +
d + ∥θ∥2

2σ2 − E
Z

[
log

(
cosh

(
θ⊤Z
σ2

))]
= {since θ⊤Z ∼ N (0, ∥θ∥2)}

=
d
2

log(2πσ2) +
d + ∥θ∥2

2σ2 − E
Z∼N (0,1)

[
log
(

cosh
(
∥θ∥Z

σ2

))]
︸ ︷︷ ︸

q(∥θ∥,σ2)

. (A.8)
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As we can notice, the L(θ, σ2) depends on θ only through its norm. Plugging in
σ2 = 1 − ∥θ∥2/d, we get

L(θ) = −L(θ, 1 − ∥θ∥2/d)

=
d
2

log(2π(1 − ∥θ∥2/d)) +
d + ∥θ∥2

2(1 − ∥θ∥2/d)
− E

Z∼N (0,1)

[
log
(

cosh
(

∥θ∥Z
1 − ∥θ∥2/d

))]
,

which immediately implies the statement of the lemma.

A.3 Radiality of ∥M(θ)∥
Lemma 5. For the population EM operator M(θ) defined by (4.7), we have

∥M(θ)∥ = E
Z∼N (0,1)

[
tanh

(
∥θ∥Z

1 − ∥θ∥2

d

)
Z

]
.

Proof. Let R be an orthonormal matrix such that Rθ = ∥θ∥e1, where e1 is the first
canonical basis vector in Rd. Let Y = RZ, then Y ∼ N (0, I), and Z = R⊤Y. Thus,
we have

∥M(θ)∥ =

∥∥∥∥∥ E
Z∼N (0,I)

[
tanh

(
θ⊤Z

1 − ∥θ∥2/d

)
Z

]∥∥∥∥∥ =

∥∥∥∥ E
Y∼N (0,I)

[
tanh

(
∥θ∥Y1

1 − ∥θ∥2/d

)
R⊤Y

]∥∥∥∥
=

∥∥∥∥∥∥∥R⊤ E
Y∼N (0,I)

tanh
(

∥θ∥Y1

1 − ∥θ∥2/d

)
·

Y1
...

Yn



∥∥∥∥∥∥∥

=

∥∥∥∥∥∥∥∥∥∥
R⊤


EY1∼N (0,1)

[
tanh

(
∥θ∥Y1

1−∥θ∥2/d

)
Y1

]
0
...
0


∥∥∥∥∥∥∥∥∥∥

= E
Y1∼N (0,1)

[
tanh

(
∥θ∥Y1

1 − ∥θ∥2/d

)
Y1

]
.

A.4 Proof of Lemma 2

1. We first consider the case d = 1.

Lemma 6. Define

m1(θ) :=
1√
2π

∫ ∞

−∞
tanh

(
θx

1 − θ2

)
x e−x2/2dx.

Then m′
1(θ) ≤ 1 for 0 ≤ θ ≤ 0.2.

Proof. By differentiating under the integral sign

m′
1(θ) =

1√
2π

1 + θ2

(1 − θ2)2

∫ ∞

−∞
sech2

(
θx

1 − θ2

)
x2 e−x2/2dx.
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We use the Maclaurin expansion of sech2(x) of order 8, which is

T8(x) := 1 − x2 + (2/3) x4 − (17/45) x6 + (62/315) x8.

Define the approximation F by

F(θ) :=
1√
2π

1 + θ2

(1 − θ2)2

∫ ∞

−∞
T8

(
θx

1 − θ2

)
x2 e−x2/2dx.

By Taylor’s Theorem (and evenness) R(x) := |sech2(x) − T8(x)| is bounded
above by K x10/10!, where K is any upper bound on |d10/dx10(sech2(x))|. Now
this tenth derivative is the composition

d10/dx10(sech2x) = q(sech(x)),

where q is the polynomial

q(x) := 1024x2 − 523776x4 + 10813440x6 − 50561280x8 + 79833600x10 − 39916800x12.

Since 0 ≤ sech(x) ≤ 1 for all x, we need only bound |q(x)| on the domain
0 ≤ x ≤ 1, and it is easily checked by calculus that the maximum on this
interval occurs at x = 1. Thus

R(x) ≤ |q(1)| x10/10! ≤ 0.0975x10.

It is also simple to verify that T8 is positive-valued everywhere, so that the
triangle inequality gives

m′
1(θ) ≤ F(θ) +

0.0975√
2π

1 + θ2

(1 − θ2)2

∫ ∞

−∞

(
θx

1 − θ2

)10

x2 e−x2/2dx.

The right hand side can be explicitly computed and gives

m′
1(θ) ≤

1 + θ2

(1 − θ2)12

10

∑
j=0

(−1)j cj θ2j,

with coefficients

c0 = c10 = 1, c1 = c9 = 13, c2 = c8 = 79,

c3 = c7 =
911
3

, c4 = c6 =
2618

3
, c5 =

20679
80

.

Notice that m′
1(0) = 1. Calculus and a root-finding algorithm will show that

(1 − m′
1(θ)) > 0 for 0 < θ < 0.226.

We now prove the statement for any d ≥ 1. By differentiation under the inte-
gral sign

m′(θ) =
1√
2π

1 + θ2/d
(1 − θ2/d)2

∫ ∞

−∞
sech2

(
θx

1 − θ2/d

)
x2 e−x2/2dx.
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It is now advantageous to consider m′ as a function of both θ and d, so define

µ(d, θ) :=
1√
2π

1 + θ2/d
(1 − θ2/d)2

∫ ∞

−∞
sech2

(
θx

1 − θ2/d

)
x2 e−x2/2dx.

In the previous lemma we showed that µ(1, θ) < 1 for 0 < θ < 1/5. To show
that m′(θ) < 1 for such θ and for all d ≥ 1, it will suffice to show that µ(d, θ)
is always decreasing in d ≥ 1 for each fixed θ. To that end compute the partial
derivative and simplify, getting

∂µ

∂d
=

2θ2

(d − θ2)4
√

2π

∫ ∞

−∞
g(d, θ, x) sech2( θx

1 − θ2/d
)
x2 e−x2/2dx,

where the function g is defined as

g(d, θ, x) :=
(
− 3

2
− θ x tanh

(
θx

1 − θ2/d

))
d2 +

(
θ2 − θ3x tanh

(
θx

1 − θ2/d

))
d+

θ4

2
.

Since we consider d > 1 and θ < 1 it is clear that

g(d, θ, x) ≤ −3
2

d2 + θ2d +
θ4

2
;

even more, since we consider 0 ≤ θ ≤ 1/5, we get

g(d, θ, x) ≤ −3
2

d2 +
1
25

d +
1

1250
.

This in turn guarantees, uniformly in x and for all d > 1/25, 0 ≤ θ ≤ 1/5, that

g(d, θ, x) < 0.

Hence we obviously have by the integral formula above

∂µ

∂d
< 0

for all such parameter values.

In summary, since now µ is decreasing in d, we have for each fixed d > 1 and
for all 0 ≤ θ ≤ 1/5,

m′(θ) = µ(d, θ) ≤ µ(1, θ) ≤ 1.

2. Recall the notation θ := ∥θ∥ and ℓ(θ) := L(θ). Let q(θ, σ2) be the function
defined in (A.8), then ℓ(θ) := q(θ, 1 − θ2/d). To analyze the derivative ℓ′, we
first find partial derivatives of q:

∂q
∂θ

(θ, σ2) =
θ

σ2 − 1
σ2 E

Z∼N (0,1)

[
tanh

(
θZ
σ2

)
Z
]

,

∂q
∂σ2 (θ, σ2) =

d
2σ2 − d + θ2

2σ4 +
1
σ4 E

Z∼N (0,1)

[
tanh

(
θZ
σ2

)
θZ
]
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Using the notation m(θ) := EZ∼N (0,1)

[
tanh

(
θZ

1−θ2/d

)
Z
]

introduced in (4.9),
we have

ℓ′(θ) =
∂q
∂θ

(θ, 1 − θ2/d) +
∂q

∂σ2 (θ, 1 − θ2/d) ·
(
−2θ

d

)
=

θ

1 − θ2/d
− M(θ)

1 − θ2/d
− θ

1 − θ2/d
+

(1 + θ2/d)θ
(1 − θ2/d)2 − 2M(θ) · θ2/d

(1 − θ2/d)2

=
−M(θ)(1 − θ2/d) + (1 + θ2/d)θ − 2M(θ)θ2/d

(1 − θ2/d)2

=
1 + θ2/d

(1 − θ2/d)2 · (θ − m(θ)) .

From the previous part, we have m′(θ) ≤ 1 for θ ∈ [0, 1
5 ], implying θ − m(θ) is

nondecreasing on that interval. Consequently, ℓ′(θ) is an increasing function
on [0, 1

5 ], which shows that ℓ(θ) is convex there. Also, ℓ′(0) = 0 and ℓ′(θ) > 0
for θ > 0, so ℓ(θ) is increasing on that range.

3. We begin by noting that for all real z, 1 − z2 ≤ sech2(z) ≤ 1 − z2 + 2
3 z4. For

z in the interval of convergence of the MacLaurin series, this comes by notic-
ing sech2(z) has alternating decreasing MacLaurin coefficients; and then the
inequality extends beyond the interval of convergence by simple calculus.

Integrating by parts, m(θ) is equivalently

m(θ) =
1√
2π

· θ

1 − θ2/d
·
∫ ∞

−∞
sech2( θx

1 − θ2/d
)

e−x2/2 dx.

From the above inequality together with the integral values

1√
2π

∫ ∞

−∞
e−x2/2 dx =

1√
2π

∫ ∞

−∞
x2e−x2/2 = 1,

1√
2π

∫ ∞

−∞
x4 e−x2/2 dx = 3,

we see immediately that

θ

1 − θ2/d
(

1− θ2

(1 − θ2/d)2

)
≤ m(θ) ≤ θ

1 − θ2/d
(

1− θ2

(1 − θ2/d)2 +
2 θ4

(1 − θ2/d)4

)
We analyze each side of this inequality in turn.

From the lower bound on m(θ), algebraic manipulation shows that

− 1
θ2

(m(θ)

θ
− 1
)
≤ q(θ, d),

where we use

q(θ, d) :=
d3 − d2 + 2θ2d − θ4

(d − θ2)3 .

The partial derivative in θ is

∂q
∂θ

=
2θ

(d − θ2)4 ( 3d3 − d2 + 2θ2d − θ4 ).
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By the quadratic formula, for each fixed d ≥ 1, the polynomial in parentheses
in the previous line has roots only at

θ = ±
√

d +
√

3d3

and so it is clear that ∂q/∂θ ≥ 0 for all 0 ≤ θ ≤ 1 and for all d ≥ 1.

Let now T be a positive constant T ≤ 1/5, and we restrict θ to the domain
[0, T]. From what we have determined so far, for such θ we have

− 1
θ2

(m(θ)

θ
− 1
)
≤ q(T, d),

whenever d ≥ 1.

Consider now the function

r(d) := d ( 1 − q(T, d) ).

Some computation reveals that

r′(d) =
(6T4 − T2)d2 + (2T4 − 4T6)d + T8 − T6

(d − T2)3.

Notice the numerator is quadratic in d and by our assumption that T ≤ 1/5,
the leading term is negative. Thus r′(d) < 0 whenever d is greater than the
greater root of the numerator. That root is

2T2 − 1 −
√

3T2 − 2T4

6T2 − 1
,

which is less than 2 when T ≤ 1/5 as can be checked with calculus. Hence
r′(d) < 0 for all d ≥ 2.

We conclude that for d ≥ 2, r(d) decreases asymptotically to limd→∞ r(d) =
1 − 3T2. In particular, r(d) > 1 − 3T2 for all d ≥ 2. Appealing to the definition
of r(d) above, we manipulate algebraically to see that

q(T, d) ≤ 1 − 1 − 3T2

d
,

from which it follows that

− 1
θ2

(m(θ)

θ
− 1
)
≤ q(T, d) ≤ 1 − 1 − 3T2

d
,

and after manipulating

m(θ) ≥ θ · (1 − 1 − 3T2

d
· θ2).

Choosing T = 1/5, we see that

θ · (1 − ad · θ2) ≤ m(θ),

with ad := 1 − 22/(25d), valid for all 0 ≤ θ ≤ 1/5 and d ≥ 2.
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Next we turn to the upper bound on m(θ). This time, after rearranging we
have

− 1
θ2

( m(θ)

θ
− 1
)
≥ Q(θ, d),

where we have used

Q(θ, d) := − θ8 − 4dθ6 + (6d2 − d3)θ4 + (2d5 + 2d4 − 4d3)θ2 − d5 + d4

(d − θ2)5 .

The partial derivative in θ is

∂Q
∂θ

= − 2 θ

(d − θ2)6 p(θ, d),

where p is the polynomial

p(θ, d) := θ8 + 8d5θ2 − 3d3θ4 − 4dθ6 + 2d6 + 6d4θ2 + 2d2θ4 − 3d5 − 4d3θ2 + d4.

To control p(θ, d), we note that for 0 ≤ θ ≤ 1/5, we have in particular 0 ≤ θ ≤
1/

√
6. We make a rough estimate plugging in 0 and 1/

√
6 for θ into the terms

with positive and negative coefficients respectively:

p(θ, d) ≥ 2d6 − 3d5 + d4 − 3
4

d3 − 1
54

d.

Now the greatest real root of the right side of the inequality is around d ≈ 1.33,
implying that p(θ, d) > 0 for all d ≥ 2 and 0 ≤ θ ≤ 1/

√
6. In turn, Q(θ, d) is

decreasing for such values. And so for 0 ≤ θ ≤ 1/5 and all d ≥ 2 we have

Q(θ, d) ≥ Q(1/
√

6, d).

To finish, we define the function R via

R(d) :=
Q(1/

√
6, d)

2 − 1
d −

1
d2

.

A direct computation will show that

R′(d) =
6 d

(2d2 − d − 1)2(6d − 1)2 · ρ(d),

where ρ is the following seventh-degree polynomial with positive leading co-
efficient:

ρ(d) = 6912d7 − 12960d6 + 15552d5 − 9648d4 + 3000d3 − 552d2 + 53d − 2.

The greatest real root of ρ is d ≈ 0.53, which means that ρ(d) > 0 for all d ≥ 1,
and so also R(d) is increasing for all d ≥ 1. But R(d) also has the limiting value
limd→∞ R(d) = 1/3.

We conclude that for all d ≥ 1,

Q(θ, d) ≥
(

2 − 1
d
− 1

d2

)
· 1

3
,
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and by algebraic manipulation

m(θ) ≤ θ2 · (1 − bd · θ),

where
bd =

2
3
− 1

3d
− 1

3d2 ,

and the inequality in particular is valid for all 0 ≤ θ ≤ 1/5 and for all d ≥ 1.
That finishes the proof.

4. Because θt+1 = m(θt) ≤ θt
(
1 − bd θ2

t
)

for θt ∈ [0, 1
5 ], the sequence {θt} is a

strictly decreasing sequence in [0, 1
5 ] that converges to zero. Let τ be the last

index such that θτ ≥ ϵ. Then

θτ = m(θτ−1) ≤ θτ−1

(
1 − bd ϵ2

)
≤ · · · ≤ θ0

(
1 − bd ϵ2

)τ
.

Taking logarithms and combining with θτ ≥ ϵ gives

log ϵ ≤ log(θτ) ≤ log(θ0) + τ log
(
1 − bd ϵ2) ≤ log(θ0) − τ bd ϵ2.

Rearranging completes the proof.
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