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ANALYTIC SOLUTIONS FOR A NONLINEAR TRANSPORT EQUATION

Abstract

We prove that the Cauchy problem for a transport equation with algebraic nonlinearity of
degree p with initial data in Gevrey spaces is locally well-posed. In particular, we show that
the analyticity of solutions persists for a short time and we derive a sufficient condition for
solutions to be analytic for all times.
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1 Introduction

Solutions to partial differential equations often behave in unexpected ways. An interesting
example of this is the Korteweg-de Vries equation u; + ty., + uu, = 0, which has solutions
which are analytic, even for initial conditions which are not differentiable. Observations such
as this have led many mathematicians to consider the following question: suppose we have
a partial differential equation, and an initial condition u(x,0) = f(x) which has an analytic
continuation on the subset of the complex plane

Se={z+iyeC: |yl <o}

What will happen to the analyticity of the solution u as time progresses? Many authors
have considered this question for many different equations [I], 2, [3]. In almost all cases, the
authors obtained estimates on how quickly the width ¢ can shrink over time. In this project,
we will consider this question for the initial value problem

{u(x,O) = f(2). (1.1)

where p > 1 is an integer, the unknown wu(z,t), and the datum f(x) are real-valued. In
particular, we will try to obtain a simple condition on the solution to ensure that the width
o does not decay at all over time, as was done in [4] 5].

Next, we introduce some notations and definitions. We use the Lebesgue norms

1/q
1l = ( / |f<w>|qdas) |

for 1 < ¢ < oo, with the usual convention

[ f 1l o< () = esssup | f(z)].

zeR

We define the mixed Lebesgue norms L{ L’ (I x R) for any time interval I as the space of all
functions u(x,t) with norm

1/q q/r
lullporpawry = | [ lu@®l7,@dt )] = lu(z, t)|"dx | dt
I * I R

with the usual modifications when ¢ = oo or r = co. Then the vector space C'(I) can be
defined by the norm

1/q

lulleqry = sup |u(z)].
zel
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Suppose we have a function u(z,t). Then the combination of L>*(R) and H*(R) spaces is
L H}(R x R) with the norm

HUHL?"Hﬁ(RxR) = sup ||u(:, t)”H;(R)
tel

The Fourier transform of f, denoted by f , is given by
(Ff)(& / f(z)e ™" da.

Here, i = v/—1, and £ is the frequency variable. The inverse Fourier transform of g, denoted
by g, is given by

(Flg)(x) = 3(x) = / 9(€)e™ de.

[e.9]

The Sobolev space H*(R) for s € R is defined by the norm

1£ 1y = 146)° F(E) | 2qmys

where (&) = (14 ¢2)1/2.

Definition 1.1. Let u(z) be a function with Fourier transform @(§). Let p(§) be some
locally integrable function of £&. Then the expression

p(V/iju = F(p(&)i(¢))

is called a Fourier multiplier. The function p(&) is called the symbol of the multiplier.

We define the operator p(V /i) = |D,| = |d/dx| as the Fourier multiplier with symbol |£].
In the present work, we will consider the problem (1.1]) with initial data in Gevrey spaces
G7° = G”*(R), with norm defined by

1f s @) = lle” =Dy fllzmy = 11e4€)° F () 2as

where D, = —id,, £ is the Fourier variable corresponding to x. These spaces have the
following property

Theorem 1.2 (Paley-Wiener theorem (see [6], p.209)). Let 0 > 0 and s € R. Then, the
following statements are equivalent:

(i) [ € G*(R).

(11) f is the restriction to the real line of a function F' which is holomorphic in the strip
Se={z+iy: z,y €R, |yl <o}

and satisfies
sup |F(z + i) mzqey < oo.
ly|<o

A function f: R — C is said to be rapidly decreasing if we have

K2} f (@)l < 00

for all N > 0, where (z) = (1 4+ 22)"/2. We say that a function is a Schwartz function if
it is smooth and all of its derivatives are rapidly decreasing. We use S(R) to denote the
space of all Schwartz functions. The space S(R) has a dual S’(R), the space of tempered
distributions.
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Definition 1.3. A tempered distribution on R is a continuous linear functional on S(R).

Definition 1.4. Let ¢ € [1,00]. The Fourier Lebesgue space FLI(R) is the inverse Fourier
image of L4(R), i.e., FLI(R) consists of all f € S’(R) such that

1 fll7za = 1£(E) I awy
is finite ([7], p. 378).

Thus, any function f in G7*(R) is analytic in a strip whose width is at least 0. We will
consider the following question: will the solution of the problem also belong to the
space G7*(R) at a time ¢ > 07 Similar issues were considered in [4] [} [§].

Our main results in this paper are the following theorems

Theorem 1.5. Let 0 > 0 and s > 1/2. Then the Cauchy problem 15 locally well-
posed for initial data f in G7*(R). That is, there exists T > 0 such that there exists a
unique solution u(x,t) of problem in C([0, T]; G"*(R)). Moreover, the solution depends
continuously on the initial data. Thus, a solution which is analytic in S, at t = 0 will
continue to be analytic in S, at least in [0,T].

This first main result states that analycity persists, at least for a short time. The proof
of Theorem [[.5]is contained in Section 3.

Theorem 1.6. Let u be a solution of the Cauchy problem (1.1)) for initial data f € G7*(R),
o >0 and s > 1/2. Define

T =sup{T > 0: ||u(-t)]|gss < o0 for t €[0,T]}.
Then either T* = oo or there exists at least one k such that 1 <k <p—1 and
e?Prlyt ¢ L FLL([0,T7] x R).

This second main result gives us a sufficient condition to determine if analyticity persists
for all time. The proof is contained in Section 4.

2 Preliminaries

We will need the following inequality later (see [9, Lemma A8, p.338])
Lemma 2.1. If f, g € H*(R) N L>®(R) and s > 0, then

1f9llme@ < Csllflas@ gl + [fllLe@llgllasm), (2.1)
if f,9€ H*(R) and s > 1/2, then
1f9ll @y < Clfla=@llgll e ry- (2.2)
Next we will prove the following product estimates
Lemma 2.2. If f,g € G7*(R) and s > 1/2, then
1f9llces < Cllfllaosllgllaes, (2.3)
if e?Plf e7Plg e H*(R)N FL'(R), and s > 0 then
1£gllaes < C(lI fllams e gll 7oy + 7P fllzrr@llgllaes ), (2.4)
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Proof. Indeed, if s > 1/2, then by ([2.2) and Plancherel’s theorem [6], p.156|, we have

1FgllGes = lle”P{DY* Fgllr2gry = le”4€)* (F9) () 2qey

= ([ @] [ fe=matnan| ag)”

( /R <g>28[ /R (717 e —n)l)(e”'lﬁ(n)l)dn]Qdé“)l/2
= (D)= (P F(FEN) (PIF1GED) | ey

= II(e“"D'f*1<|f<§>|>)(ea'D'f*(m(&)D)IIHs(R)
< Ol PIEFEN | e e 1P F AN | e ey
—c( [ereiiera)”( [eoretiaord)”
= C|fllce+ gl
if e?Plf e7Plg c H5(R)N FLY(R), and s > 0 then by
| £glls < [[(e?PFFED) (P F1(g(E)D)]
< ([P F 1 f )

IA

H(R)

oIl F=1(15(8) )HLoo(R)

| e e P F D1 )

<C(Ifleee [ e a©)lde + [ IO gl

= C(Ifllgolle”gllziie + e fllrormllgllaes)-

in the last inequality we used the following

lrzeqwy lle

+||eetPLF~ LI ()

PN ey < eV Fllrre (2.5)
Indeed, ) R
[e”PLE(FEOD] = [F (e I f(©))]
= | [ et < [ e
= e f ()l 1z = e fll 7 m)-
Hence we have (12.5)). Thus, Lemma is proved. O]

3 Proof of Theorem [1.5

For the proof of Theorem [I.5, we will use Picard iteration. Define a sequence of functions
{u,}22, according to

Oyug — Opug = 0, wuo(x,0) = f(z), f€ G"*(R),

and
Optin, — Oy, = ub 1, uy(2,0) = f(x), n > 1.

bt
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Using Duhamel’s principle [9], p. 67|, it is easy to see that
UQ(.T,t> - f(ZL’ + t)7

un(z,t) = f(z +1) + /Ot @ (et (t—7).7) dr (3.1)

We must first show that u,, € C([0,T]; G”*) for all n > 0. We will give a proof by induction
on n. Indeed, first observe that

[uolleqorygesy = sup luo(-, t)||gos
te[0,7

- 1/2
=:wp<Af%“@Y%ﬂw+wF%)

te[0,7]

1/2
= s ([ eniepeniop )
t€[0,T R
= || fllgos < 2/ fllgos-

Now assume that u,_; € C([0,T]; G7*), with

[un—1lleqom;cos) < 2| fllges-

We will show that the same is true for u,. By (3.1]), we have

[unllges < NI fllges + II/ +(t—=7),7)drlgos.

By the formula (3.1]), Minkowski inequality [0, p. 273|, and using inequality (2.3)

H/ F=m)mydr| /Hun (ot (= 1), 7)o dr

/ﬁmnl Ao dr 5 [ 136l

/ [ ||p”d7<0/ [t [Ex0.17; oy AT < 2CT || [ Gos-

Up— 1( )HG"’S dT

Then we have

[l oqory; oy < (14 20T || £[|%s)

[fllges < 2[| fllgee
if
1
2C|’f||G"S

We will now use this bound on the norms of the u,, to show convergence. Note that it suffices
to show that

|tn = Un—1|lco,r); Gy < [tn—1 — Un—2|lc(0,1]; 7%
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for all n. Using the inequality ([2.3) it follows that

|tn — Un_1||ges = H/ (t—7),7)—ul_o(x+ (¢ —T),T)) dT‘
‘/H%IT Wy 7)o dr

Ga,s

S |IUZ111(-,T) oy ()t (4 7) (T ()

+U%_1(-, T)UZ;L:?;(7 T) + U’ﬂ—l('7 T)UfL:Qz(a T)

(s Tllome -1 7) = iz, 7) |G d

t
S [ (a1 + Ntnoa R Pl + -

Httn-1 (-, 7) || Gos

s, I
a7 ok ) ltns (27) = a7 o dr
< Cpor- 1nfngasu/“nun L(7) =t 7)o dr

<cmpwﬂm“/WmnleM2mmnawmf

< Cp2* || fllm

Up—1 — Unf2||C([O,T];G°v5) < Hunq - un72HC([O,T};G"’v5)7

as
1

= Oz AN

Thus, it was proved that the sequence {u,}22, as the Cauchy sequence in Banach space
C([0,T]; G*®) converges to u(zx,t) in C([0,T]; G>®). By passing to the limit as n — oo in
the equations (3.1]), we see that u(z,t) is the solution of the problem (L.1)).

We will prove that the map f — w is continuous as a mapping from G7*(R) to
C([0,T];G*). Suppose that for two initial conditions f,g € G?*, we have correspond-
ing solutions u and v, respectively. Let us estimate the difference between the solutions u
and v in the space C’([O T); G7%).

HU_UHGU’S
t
sHﬂr+w—g@+wm@§+/Wm%x+u—7»ﬂ—mww+u_7»ﬂmwﬁh
0
t
= Hf—gllav«s+/ [P (-, 7) = P (-, 7) [l d
0

t
SW—QMM+C/Hﬁ*hﬂ+ﬂ“%JWhﬂ+~-
0

Fu(, TP 1) + 0P ) eqo ;g llu(, T) = v T loqory ey AT
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t
<|If = gllges + C/O (Hu('77—)”GH e g oG, 7)llges +
v )G + v, )IGGS)IIU( 7) = v( Tlleqorygoe) dT

<If = gllges + 227 OT (|| f I + 111

Hlul, Tl ges

9llges +

| FllamellglEa + llglZes) lu = vllogo,ry; goe.-
Then
lu = vlleqoaiansy < If = gllaos + 207 CT (|| 15 + I fIfoslgllcos +

| Fllame gl + lglZes) lu = vlleqors gme-

If
1

= - (1 + I gl aes + -+ [ f llgmsllglBms + lgllFes)

then

|w = vlleqor; e
1

If = gllGes
gllges + ...+ || fllgos

= T T (E + B2 gllts + llglle)

Thus, we have proven Theorem [1.5]

4 Proof of Theorem [1.6

For the proof of Theorem [1.6] we need to estimate the norm ||u||g-=. We apply the operator
e?!P=1{D,)* to the both sides of the equation (I.1]) to get

Pl (D Vouy — e7P=l(D,)ou, = e71P=1(D, ) uP.

If we define
U= e”lD“|(D$>Su,

then the commutativity of Fourier multipliers lets us rewrite the result as
1 2 1 2 0| Dg| s

We now integrate both sides of this equation in space. Then by the equality

/@tUth :—/U2$t
/U2dx—/3 U?d x2/Ue”|DI YouP de.

The first integral on the left-hand side of the equation is nothing more than ||u(-,)||%..
The second integral on the left-hand side of the equation vanishes, since U must vanish at

we get
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infinity [10, Corollary 7.9.4, p.243]. On the right-hand side the integral can be estimated by
using Holder’s inequality [I1), Proposition 1.1, p 1| and the inequality ([2.4))

2‘/U60D1<Dx>supdx‘ §2</U2d$>1/2</ ‘eUDx<D$>Sup‘2dx>l/2
R R R

= 2Jullge

upHGa,s

< 2ullgr (g eI

|UHG0,5 |Up_1||]-‘L1(]R) + ||€U‘Dr|u||]:L1(R)Hup_1||Ga,s)

S 2llullges (lullgesle”Ps 7\ 7PeluP =2 1 )

|z ey + [[ullgeslle” P ullzoi e

o|Dg

HeP= | 7Ly lle”P | 7oy 0?2 o)

< 20 |ullges ([lePlur = | mraqey + lle” Pl ey lle”P=1uP =2 pro ey

o|Dg

+||6”|Dz|u||3:L1(R)||€ R s ||60|DZ|U||fL1(R)||€U|Dz|“||fL1(R))

-2

p . .
= 2CHUH%~J,S ZO (HGJ‘DZ‘U”‘,]FLl(R) ||60‘Dz‘up_1_] H]:Ll(R)) .
J=

If we define
E(t) = |lullZe.s,

we have the inequality

[\

d < o j o —1—j
B0 <203 (e ullgs gyl | p11cay ) BLO)

<
I
o

By Gronwall’s inequality [9, Theorem 1.10, p. 11|, we have that

t p—2

E(t) < E(0) eXp zc / Z He"lDI e e HM(R)) dT)
<[ fl[Ees exp (20 ZO <||€”‘D“”‘U||]L;>o;rL;<R>||€”'Dz'up*1’j||L§°FL;(R)>75>-
J:

If T* = oo, then we have proven Theorem [I.6] If 7% < oo, then it must be the case that
lu(-,t)]|ges —> 00, as t — T,

Otherwise, we would be able to apply Theorem [I.5] again to extend our solution to a slightly
larger interval [0, 7 4 ]. But this is a contradiction, as it would violate the definition of
T*. Then from the resulting inequality

p—2
lullZee < 1 0re exp (203 (le P ull ey oy 7P e aa ) ).
§=0
it follows that there exists at least one k£ such that 1 <k <p—1 and
e”P=lyk ¢ L FLL(R)([0,T7] x R).

Thus, Theorem [I.6] is proved.
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5 Conclusion

It was proven that the Cauchy problem for a transport equation with algebraic nonlinearity of
degree p with initial data in Gevrey spaces is locally well-posed. In particular, the persistence
of the analyticity of solutions for a short time was proven and a sufficient condition for
solutions to be analytic for all times was derived.
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