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Abstract

Deep neural networks can be used to generate new data by sampling
from the data distribution without explicitly defining the distribution.
These nets heavy rely on optimization for efficient learning, and hence,
they need mathematical guarantees for feasibility of learning. Generative
Adversarial Networks (GAN) were proposed to generate images by the use
of a mini-max objective function that is ”played” among two agents - a
generator and a discriminator network. Later, Generative Moment Match-
ing Networks (GMMN) were proposed to use a two-sample test instead of
a discriminator network. GMMN uses Maximum Mean Discrepancy met-
ric for distinguishing between real and generated images, but it only trains
the generator network, and was implemented inefficiently. Lastly, Maxi-
mum Mean Discrepancy Generative Adversarial Networks (MMD GAN)
were introduced that use adversarial kernel learning that has a mini-max
objective function, efficient learning and mathematical guarantees that
justify its improved performance. In this work, the mathematical reason-
ing behind the idea of MMD GAN was analyzed and experiments were
made to tweak the parameters of the network. The loss function of MMD
GAN is said to enjoy a weak topology - that MMD should tend to zero
as two probability distributions converge to each other - and it will be
shown empirically. Also, since the network has a loss function that is
locally Lipschitz and continuous everywhere, and almost everywhere dif-
ferentiable, the network was able to learn efficiently. Finally, MMD GAN
with changed bandwidth parameters will be introduced that showed im-
proved convergence with less MMD loss during training, although the loss
was less smooth over epochs.

Keywords: generator, discriminator, kernel, bandwidth, maximum mean discrep-
ancy, loss function.
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1 Introduction

1.1 The Learning Paradigm

The idea of statistical learning is based on error minimization. The learnability of
common modern deep learning networks are defined through a ”loss function”. Learn-
ing is done through minimizing a loss, and the parameters or weights of a network are
tuned by taking a step over the gradient. Formally, we want to find such w1, w2, ..., wn

that minimize the loss function. The weight update rule is done through computing
gradients. The gradient is a list of partial derivatives of the loss functions relative to
each weight component:

∇f(w) =

(
∂f(w)

∂w1
, . . . ,

∂f(w)

∂wn

)
[6] For a simple minimization task, a learner needs to do gradient descent over the loss
landscape towards a minimum by minimizing loss.

Toy examples of optimization problems usually have continuous, differentiable,
and convex loss functions. Yet, with real data and real problems, the loss landscapes
of deep learning models are more complex - they are highly-dimensional and are not
convex, they can have saddle points, or may contain flatter minima that can be more
desirable due to robustness, or minima can have ”asymmetric” directions due to high-
dimensionality [3]. At the very least, there should be guarantees for continuity and
differentiability for feasibility of learning when a new mode is proposed. This paper
is aimed at revealing how MMD GAN’s efficiency is justified mathematically, and at
introducing experiments with discussions.

1.2 Generative Adversarial Networks

The generative adversarial nets (GAN) were proposed for generating images using
a two-agent deep neural network by sampling from the data distribution without ex-
plicitly defining it. It consists of a generator and discriminator part which are designed
to learn in a two-player mini-max regime [2]. The generator takes noise input data
and tries to generate images, and the discriminator tries to distinguish if an image is
from the dataset or is it generated by the network. The generator is learnt to bet-
ter fool the discriminator by generating images that are similar to those from a given
dataset, while the discriminator learns to better predict if an image is generated or not.

The objective function for the network was defined to be

min
G

max
D

V (D,G) = Ex∼pdata(x)[logD(x)] + Ez∼pz(z)[log(1−D(G(z)))]

, where

• pg represents the probability distribution of the generator.

• D denotes the discriminator network with parameters θd.

• D(x) represents the probability that x is from the dataset rather than pg.

• G denotes the generator function with parameters θg.
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• G(z) represents the mapping from noise space to data space.

• pz(z) represents the generator’s prior noise distribution.

[2]
The learning is done through gradient ascent for the discriminator network so that

it gets better at differentiating between real and fake images, and gradient descent for
the generator to produce images that result in as less loss as possible in a discriminator
network.

1.3 Generative Moment Matching Networks (GMMN) and
the Maximum Mean Discrepancy (MMD) metric

The main idea of GMMN is to replace the discriminator network in the original
GAN architecture with a two-sample test metric. Intuition of using the Maximum
Mean Discrepancy metric lies in the comparison of the moments of probability distri-
butions of real data and generated data: if the corresponding moments of given two
datasets are similar, then they are likely to be from the same distribution [5].

The MMD metric can be defined as follows:

for given two samples X = {x1, x2, . . . , xN} and Y = {y1, y2, . . . , yM} the mean
squared differences of statistics using MMD is

LMMD2 =

∥∥∥∥∥ 1

N

N∑
i=1

ϕ(xi)−
1

M

M∑
j=1

ϕ(yj)

∥∥∥∥∥
2

(1)

=
1

N2

N∑
i=1

N∑
i′=1

ϕ(xi)
Tϕ(xi′)

− 2

NM

N∑
i=1

M∑
j=1

ϕ(xi)
Tϕ(yj)

+
1

M2

M∑
j=1

M∑
j′=1

ϕ(yj)
Tϕ(yj′) (2)

One can choose ϕ for comparing a specific moment (e.g., choosing ϕ as an identity
function would compare the first moments - the means of distributions).

The form (2) includes only inner products of ϕ which means that a kernel trick,
that will be introduced in the following subsection, can be applied.

LMMD2 =
1

N2

N∑
i=1

N∑
i′=1

k(xi, xi′)

− 2

NM

N∑
i=1

M∑
j=1

k(xi, yj)

+
1

M2

M∑
j=1

M∑
j′=1

k(yj , yj′) (3)
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Regarding the objective function, GMMN network relies on a fixed ”discriminator”
that is the MMD metric with a fixed kernel, so its objective function is now relaxed
to be

min
θ

Mk(PX , Pθ)

, where k is a Gaussian kernel, X is the real data sample, θ are parameters of the
generator network, and Pθ is the distribution of generator’s output data [4]. Later it
will be discussed why this simpler objective function is one of the disadvantages of the
GMMN network.

1.4 Kernel trick and its application to the MMD metric

A kernel is a similarity measure between two entities, and they can be represented
as an inner product in some Hilbert space. According to [6], ”A Hilbert space is a
vector space with an inner product, which is also complete. A space is complete if all
Cauchy sequences in the space converge.” A ”kernel trick” is a method that allows to
learn efficiently without having to handle higher-dimensional representation of vectors.

Kernel tricks are often used in machine learning. A trivial example is a linear
separation task, where data can be initially non-separable, but applying a kernel trick
and raising the data space into a higher dimension would make it separable.

For example, the Gaussian kernel is defined as

K(x, x′) = e−
∥x−x′∥2

2

The general case would be

K(x, x′) = e−
∥x−x′∥2

2σ

, where σ is a bandwidth parameter.

To interpret, the similarity between two vectors that are far away would be 0 with
this kernel function, and it equals 1 for vectors that are close to each other.

When this kernel function is applied to the MMD metric with a Taylor expansion,
one can get a feature map representation ϕ that contains infinite terms that corre-
spond to all the higher (infinite) moments of distributions [5].

Having this kind of feature expansion allows us to minimize the MMD loss by
minimizing differences between all the moments of distributions.

Previous research on this topic has shown that when the data space is raised to a
reproducing kernel Hilbert space (RKHS) (if k is a characteristic kernel), the MMD
metric is equal to 0 if and only if distribution of data are the same: P1 = P2 which is
a desired characteristic for learning how to sample from a distribution [5].
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1.5 Maximum Mean Discrepancy GAN (MMD GAN)

This paper introduced adversarial kernel learning which results in a mini-max
objective function similar to that of the original GAN network. In other words, it
allows to have such an MMD metric that will be learnt to distinguish between different
data better. While GMMN had a fixed kernel, MMD GAN has an adversarially learned
kernel

argmax
k∈K

Mk(PX , Pθ)

[4]

The new objective function is

min
θ

max
k∈K

Mk(PX , Pθ)

, where k is a kernel from the set K of characteristic kernels, X is the real data sample,
θ are parameters of the generator network, and Pθ is the distribution of generator’s
output data.

The authors also suggest that g (the mapping from noise input to data space) is
locally Lipschitz, and that the objective function of maximizing the MMD metric is
continuous, and differentiable almost everywhere. In such cases, the network can be
learnt via gradient descent and backpropagation [4]. Thus, the mathematical crite-
ria for feasibility of learning were met for the introduced adversarial kernel learning
method.

Also, it was shown in the paper that MMD GAN benefits from a weak topology -
here, convergence in distribution implies decreasing MMD distance, and the converse
statement is true. This matches with the experiments done for this project.

2 Experimentation and Discussion

2.1 Experimental setup

The training of this network requires a machine with an up-to-date GPU and
the software part. The setup was the following: Ubuntu 22.04, NVIDIA GeForce
GTX 1650, Python 3.10.12, NVIDIA Driver Version 550.54.15, CUDA 12.1, CUDNN
8.9.2.26, and PyTorch 2.3.0+cu121.

2.2 Experiments

There are several results from tweaking the parameters of the network during
this project. The bandwidth parameters of the Gaussian kernel were changed. The
network is firstly trained on MNIST dataset (one channel handwritten digits dataset)
with σ ∈ [1, 2, 4, 8, 16] as in the MMD GAN paper, then it is trained separately on
the same dataset with σ ∈ [2, 4, 8, 16, 32]. The value 32 of the parameter was chosen
since it is the next power of two.

The first result - presence of rare distorted images with larger bandwidth pa-
rameters
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There is one major difference between generation of images by these two sets of
bandwidths. In some batches, the network with changed bandwidths [2, 4, 8, 16, 32]
produce noisy images that were not expected to be observed, and that are more noisy
even compared to images at early stages of training (Figure 1). A possible reason for
that is that this networks uses the Gaussian kernel variation with σ2 in the denomi-
nator of the exponent, so 32 gets squared which may affect computation heavier than
squaring lower powers of two.

Figure 1: A few batches of rare erroneous generated images from a modified
network

The second result - the quality of images is roughly similar, with images pro-
duced by changing bandwidths being slightly better

Apart from these, there are no major noticeable differences in the quality of gen-
erated images, except net trained with [2, 4, 8, 16, 32] bandwidths might have more
noise during the training and images produced by it might have a better quality; the
full results will be uploaded on Github alongside with the code. For comparison, im-
ages from the dataset and generated images by the networks are introduced (Figure
2; Figure 3). Figure 2 is from the first epoch of training, and Figure 3 is from the last
one. To be more conclusive on the difference of qualities of images, additional test can
be done (e.g., Inception score - comparing classification scores by using a pre-trained
convolutional network).
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Figure 2: Left: samples from MNIST dataset; middle: generated by MMD GAN
with bandwidth parameters σ ∈ [1, 2, 4, 8, 16] at first epoch; right: generated
by MMD GAN with bandwidth parameters σ ∈ [2, 4, 8, 16, 32] at first epoch

Figure 3: Left: samples from MNIST dataset; middle: generated by MMD GAN
with bandwidth parameters σ ∈ [1, 2, 4, 8, 16] at final epoch; right: generated
by MMD GAN with bandwidth parameters σ ∈ [2, 4, 8, 16, 32] at final epoch

The third result - MMD GAN with larger bandwidths results in less smooth
MMD measurements during training, but has lower MMD metric and seems to con-
verge more rapidly

From the logs of trainings, dynamics of MMD distance were plotted to see if the
graph matches with the weak topology proposed for both variations of the model. The
moving averages were calculated to increase smoothness and decrease the influence of
variance created by mini-batch stochastic gradient descent.

As can be seen from Figure 4, the improvement of quality corresponds to decreas-
ing MMD distance. Also, the training consists of 1000 epochs, and after the first half
of training, quality of images slowed in improvement which corresponds with the ob-
servation that the MMD metric does not decrease sufficiently.

Comparing the two plots, the original MMD GAN starts at higher loss values,
and gradually converges, while the changed MMD GAN starts at lower loss values,
maintains lower values during training, but is less smooth - it has a lot of sharp
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fluctuations that might correspond to the unexpected distorted images from Figure 1.
Such fluctuations can imply that using larger bandwidths may be used in a ”high risk,
high reward” fashion for less smooth, but more efficient learning.

Figure 4: MMD distance of Original MMD GAN (σ ∈ [1, 2, 4, 8, 16]) and
Changed MMD GAN (σ ∈ [2, 4, 8, 16, 32]) over generator iterations (max.
1000 epochs)

2.3 Future work

The GMMN and MMD GAN papers use Gaussian kernel. These networks can be
implemented with other characteristic kernels too. According to [1], Laplacian kernel
is a characteristic one. It is similar to the Gaussian and can be defined as

K(x, x′) = e−
∥x−x′∥

σ

The code for the Laplacian kernel was made and commented in the repository for
this project, but not yet implemented. One can expect less smooth results and faster
convergence relative to using the Gaussian kernel.

A lot of experiments in terms of changing bandwidth parameters can be made too
as was shown above.

2.4 Code

The original code is from the authors of MMD GAN paper and it can be found
here: https://github.com/OctoberChang/MMD-GAN .

Since the paper was published in 2017, some functions of the code were deprecated
and libraries have changed. The debugged code and accompanying work done for this
project can be found here: https://github.com/Memirlan/MMD-GAN .

9



3 Conclusion

Although currently there are many better generative deep learning networks,
GAN, GMMN and MMDGAN had a significant impact on the development of machine
learning. They added novelty to existent methods and the mathematical analysis that
lies behind the idea of these networks is useful for general understanding of learning.

MMD GAN outperformed GMMN, but it still can be improved, since the choice
of kernel functions and selection of bandwidths remains an open problem.

Such models cannot outperform current state-of-the-art models, but they can shed
light on interpretability and transparency of ”black-box” deep learning models by
using mathematical analysis, and they can re-gain their popularity later if theoretical
machine learning and practical deep learning will eventually converge.
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